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Abstract We address a long-standing debate over whether classical magnetic
forces can do work, ultimately answering the question in the affirmative. In
detail, we couple a classical particle with intrinsic spin and elementary dipole
moments to the electromagnetic field, derive the appropriate generalization
of the Lorentz force law, show that the particle’s dipole moments must be
collinear with its spin axis, and argue that the magnetic field does mechanical
work on the particle’s elementary magnetic dipole moment. As consistency
checks, we calculate the overall system’s energy-momentum and angular momentum,
and show that their local conservation equations lead to the same force law
and therefore the same conclusions about magnetic forces and work. We also
compute the system’s Belinfante-Rosenfeld energy-momentum tensor.

Keywords Gauge theory - Particle physics - Spin - Electromagnetism -
Relativistic multipole moments - Conservation laws

1 Introduction

Textbook treatments and research articles on classical electromagnetism, such
as [10,9], often suggest that magnetic fields cannot do mechanical work. On
the other hand, everyday examples of bar magnets lifting other bar magnets
would seem to suggest otherwise. In this paper, we show that there exists a
classical way to understand how magnetic fields can indeed do work.!

We start in Section 2 with a review of the kinematics of classical relativistic
point particles with intrinsic spin and permanent, elementary dipole moments.
In Section 3, we couple a particle of this kind to the electromagnetic field and
derive its dynamics, showing, in particular, that magnetic forces can classically
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1 For a more extensive treatment of the results in this paper, see [1].
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do work on the particle via its elementary magnetic dipole moment. We also
show as a matter of self-consistency that the particle’s elementary dipole
moments must be collinear with the particle’s intrinsic spin. In Section 4,
we derive expressions for the overall system’s energy-momentum and angular
momentum, and show that their associated conservation laws lead to the same
equations of motion as before, thereby providing further confirmation that
magnetic fields can do work on a particle with elementary dipole moments.
We conclude with one more new result by calculating the system’s Belinfante-
Rosenfeld energy-momentum tensor.

2 The Kinematics of a Relativistic Elementary Dipole

To start, we will need a relativistic description of the kinematics of a classical
particle with intrinsic spin.

2.1 The Phase Space for a Relativistic Massive Particle with Spin

Following [2,3,12], we model the particle’s kinematics using spacetime coordinates
X# = (¢T,X)", energy F, four-momentum p* = (E/c,p)*, positive inertial
mass m > 0, and antisymmetric spin tensor S*¥ by identifying the particle’s
phase space as a transitive or “irreducible” group action of the orthochronous
Poincaré group. The states in this phase space take the form (X, p,S) and
are each obtained from the reference state (0, (mc,0),Sp) by an appropriate
Poincaré transformation (a, A) € R* x O(1,3) according to

(X,p,S) = (a, A(me, 0), ASyA™T). (1)

Here the coordinates X* = a* and the variable Lorentz-transformation matrix
A¥,, are treated as the particle’s fundamental phase-space variables, with the
condition that ATnA = n = diag(—1, +1, +1, +1).

2.2 Charge and Elementary Dipole Moments

We can couple the particle to the electromagnetic field by assigning the particle
an electric-monopole charge ¢ and an antisymmetric elementary dipole tensor
mM so that the particle is an elementary dipole.

We note that elementary dipoles of this kind are neither of the Ampere
model, which consist of loops of moving electric monopoles, nor of the Gilbert
model, which consist of pairs of hypothetical magnetic monopoles. In particular,
the elementary dipoles that we examine here represent a classical extension of
Maxwell’s original theory of electromagnetism, as Maxwell’s theory includes
dipoles only of the Ampere type.2

2 We thank David Griffiths for pointing out this defining feature of Maxwell’s original
theory.
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We let u* = dX*/d)\ denote the particle’s four-velocity and v = u®/c
denote the particle’s associated Lorentz factor, where u* is not generically

normalized to u? = —c? unless the worldline parameter X is taken to be the
particle’s proper time 7. The particle’s four-velocity then takes the form
u' = (ye, ). (2)

The particle has four-dimensional electric-monopole current density

v v v 1
Je (X7 t) = (pe(x, t)C, Je(x, t)) =qu ;53()( - X) (3)
and elementary-dipole density
1
MM =mH =53 (x — X), (4)
v

with overall current density
37 (%, 1) = j& (x, ) + 0, M"™ (x, 1), (5)

where (1/7)83(x — X) is the Lorentz-invariant form of the three-dimensional
Dirac delta function.

It follows immediately from (3) that the particle’s electric-monopole density
pe = jt/c, its electric-monopole current density Jo = (5%, j¥, jZ), and its three-
velocity v = dX/dt satisfy the basic relationship

Je = pev. (6)

We emphasize that no such relationship holds for the particle’s elementary
dipole moments, which, again, are not assumed to arise from any underlying
motion of electric monopoles.

As in [9], by introducing suitable four-vectors 7# and p* and antisymmetric
tensors

1
o — KoV Vol 7
m mc(p ™ —p’nt), (7)
1
Ky — Hvpo o 8
p € ppp (8)

we can write the particle’s elementary dipole tensor in terms of an electric
part 7" and a magnetic part u*" as

i = g (9)

or, equivalently, as

ng
0 cmp cmy cm,

—emy e 0 —p
—CT, —fby fz O

mt’ =
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Here ¢"¥P? is the four-dimensional Levi-Civita symbol (with €iy,. = +1),
and 7 ()\) and p*(\) are related to their reference values 7ff = (0, ()"
and pff = (0, py)* and the particle’s variable Lorentz-transformation matrix
AH (X) according to

3 The Dynamics of a Relativistic Elementary Dipole

Next, we turn to a discussion of the particle’s dynamics.

3.1 The Action Functional for a Relativistic Massive Particle with Spin

In the absence of external interactions, as shown in [2,3,12], we can encode the
dynamics of a particle with intrinsic spin in terms of the manifestly covariant
action functional

1 .
Sparticle[Xa A] = /d)\ §Juu0lﬂl
. 1 .
_ /d/\ (puX” + QTf[SAA‘l]) (13)

where A is a smooth and monotonic but otherwise arbitrary parameter along
the particle’s worldline, J,, = L,, + S, is the particle’s total angular-
momentum tensor, L,, = X,p, — X,p, is its orbital angular-momentum
tensor, 8#” is an antisymmetric tensor of boost and angular degrees of freedom,
and we ignore irrelevant boundary terms. Consistency of the particle’s dynamics
with the required invariance of the quantities p* = —m?c? and s = (1/2)5,,, 5"~
requires the auxiliary phase-space condition

PuS = 0, (14)

3.2 The Particle’s Equations of Motion

Our next step will be to couple the particle to the electromagnetic field and
obtain the particle’s equations of motion, from which we will be able to infer
the appropriate generalization of the Lorentz force law.

Given the charge and elementary dipole moments outlined above, the
overall action functional for the elementary dipole and the electromagnetic
field is given by
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S[X, /1, A] = Sparticle [Xa A] + Sﬁeld [A] + Sint [X, A7 A]

. 1 .
= /d)\ (pHX“ + Tr[SAA_1]> (Sparticle)

+ [t [ ( FW@J (Stera) (15)
+/dt/d3xj”A, (Sint),

where F),, = 0,4, — 0, A, is the usual Faraday tensor, j* = j¥ + 0, M*" is
the particle’s overall current density, and the interaction term in the final line
ensures that extremizing the action functional with respect to the electromagnetic
gauge field A, yields the Maxwell equations in their usual form. The first line
in this action functional (Sparticle) is fixed by group theory, the second line
(Sfe1a) defines the vacuum in the pure Maxwell theory, and the third line (Sint)
provides the canonical coupling between the particle and the electromagnetic
field in a manner consistent with the Maxwell equations and the particle’s
features as laid out in the previous section.

After an integration by parts, we can write the interaction term in the final
line as

Sint[X, A, A] = /dt/d3 <]”A - fMP”’F ) (16)

Collecting together all the terms that involve the particle’s degrees of freedom,
we obtain

. 1 .
Sparticle+int [X, 4, A] = / d\ <p#X“ + 2Tr[5/1/11}>

/dt/ddeVA +/dt/d3x< ;) 0 R (17)
which we can further reduce to the form
Spurcetins X 4, 4] = [ A\ Byt (18)
for a manifestly covariant Lagrangian defined by
Lroarticletint = Pu X" + %TI"[S/M—l]
+qXVA, — QLC\/—iXQmWFW. (19)

It follows from a straightforward calculation that the particle’s equations of
motion, expressed in terms of the particle’s proper time 7, are then
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dp* P B 1 d -
E = 7qUVF - imp 3"Fpa — @%(Uﬂmp Fpo’)
1
= —qu, F"" — imp”(n‘“’ + utu”)0, Fpe
1 d .
- ﬁg(uump ) Epos (20)

as obtained in [6,12,8], and

dsH
dr

= (g — upt) — (O FY, — PP FY,), (21)

which generalizes the results of [4,6,12].

3.3 The Non-Relativistic Limit with Time-Independent External Fields

In the non-relativistic limit and ignoring self-field effects—so that we can
replace the overall electric and magnetic field with the external fields Eey
and Bext—the equations of motion (20)—(21) reduce to

dE

o RV (qEext + V(7 - Eoxt + 1 - Bext)), (22)
d

£ ~ q(Ecxt + v X cht) + V(7T ’ ECXt + K- BCXt)’ (23)
dJ d

E%XX£+7TXEext+“XBextv (24)

where the particle’s four-momentum in this limit is
P = (B/e,p)" = (mc® + (1/2)mv?, p)*, (25)

and the particle’s overall angular-momentum pseudovector J is made up of
orbital and spin contributions according to

J=L+S=(LV?, L%, L*) + (S¥7, §°%, §7). (26)

The dynamical equation (23) tells us that the electromagnetic force on the
particle is

F = quxt +qv X Bext + V(ﬂ' . Eext) + V(IJ . Bext)- (27)

We observe that the usual Lorentz force law, ¢Ecxt + qv X Bext, is enhanced in
the presence of the particle’s elementary dipole moments by the appearance of
two additional dipole terms, V(7 - Egxt) + V(¢ - Bext ), in which the magnetic
field appears on an equal footing with the electric field. Accordingly, the
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magnetic field contributes to the work done by the external electromagnetic
field, W = [dX - F:

B
W = / dt (qv - Eext) + A7 - Eext) + A(pt - Bext)- (28)
A

Moreover the rate at which work is done is in agreement with the dynamical
equation (22).

We have reached the key conclusion of this paper—namely, that magnetic
forces can do work on classical particles with elementary dipole moments.?
We next turn to a detailed treatment of self-consistency conditions on the
particle’s dynamics, as well as obtain the necessary formulas for determining
the particle’s four-velocity u* in the presence of a nonzero electromagnetic
field. Later on, we will analyze electromagnetic forces and work done on the
particle from the standpoint of local conservation laws.

3.4 Implications of Self-Consistency

Taking a derivative of the phase-space condition p,S*” from (14) yields the
self-consistency requirement

dpu dSH
“Ep gpv -0
dr +Pu dr ’
which entails that the particle’s four-momentum p* and its four-velocity u# =
dX*/dr (now normalized to u? = —c?) are related by
Pt = megu + b". (29)

Here meg, which plays the role of an effective mass, is defined by

m2c?

pru’
and the four-vector b, which is orthogonal to the particle’s four-momentum,
b-p=0, is given by

Meff = — (30)

1 (dp,
b= p7~ " (Cg_S”“ —pl,(m”pF“p — m“pF”p)>. (31)

As in [12], we regard (29) as an implicit formula for the particle’s four-velocity
u*. This formula ensures, in particular, that the particle’s four-momentum p*

has constant norm-squared p? = —m?2c?.

3 We thank Sebastiano Covone for suggesting the relevance of these results to the Bohr-van
Leeuwen theorem [5,11]. The Bohr-van Leeuwen theorem assumes the original Lorentz force
law without contributions from elementary dipole moments, and asserts that a non-rotating
system of particles, when treated classically, always has a vanishing average magnetization
at thermal equilibrium. The theorem’s implication is that phenomena like diamagnetism can
only be understood in terms of quantum effects, a view challenged by our results, at least
in principle.
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For vanishing field, F},, = 0, the relationship (29) reduces to the familiar
equation p* = mut, as expected. On the other hand, when the electromagnetic
field is nonzero, F),, # 0, (29) has the form

p* = mu* + (terms of order 1/c?). (32)

This relation ensures that there is no ambiguity over whether we should
identify the particle’s energy E as p'c or utmec? for the purposes of quantifying
the work done by the field on the particle in the non-relativistic regime.

Invoking the spin tensor’s equation of motion (21), together with the phase-
space condition (14), p,S*” = 0, and the constancy of the particle’s spin-
squared scalar s* = (1/2)5,,S**, we find

d, o d[1 v
dT(S )= dr <2SWS )
= (87, mt? — S7 m'*)F,; =0, (33)
which yields the condition
SP,mt? = 5%, mhP. (34)

In the particle’s reference state, this equality produces the relations

X Sg =0,
o 0 } (35)
IJ’O X SO = 0)

which dictate that the particle’s elementary electric and magnetic dipole moments
must be collinear with the particle’s spin pseudovector Sgy:

(36)

Here = is a pseudoscalar and I' is the particle’s scalar gyromagnetic ratio. We
can understand these relationships physically as telling us that if the particle’s
elementary-dipole vectors were not collinear with the particle’s spin axis, then
torques exerted on the particle by the electromagnetic field would cause the
particle’s overall spin to speed up or slow down, in violation of the constancy
of 52.

4 Conservation Laws

For completeness, we verify that the equations of motion (20)—(21) also follow
from local conservation of energy-momentum and angular momentum. To
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begin, we recall the relevant version of Noether’s theorem, which states that
if a system’s dynamics has a continuous symmetry,

o = QA =(qa+ 55‘]04;
0eqa = qua,bfba (37)
b

where the quantities €, parameterize the symmetry and the quantities gq, »
characterize its precise form, then we have the following conservation law:

oL d
Qv = Z ﬁgqa,b — fo, CT? = 0. (38)

Here @y are a set of conserved quantities, L is the system’s Lagrangian, g, are
its degrees of freedom, and the functions f, are related to the change in the
Lagrangian according to

Les L+6.L,
d dfe
L = - = .
T (%: fb€b> .t € (39)

4.1 Local Conservation of Energy-Momentum

In order to employ Noether’s theorem to obtain the overall system’s energy-
momentum tensor, we examine the behavior of the system under a translation
in spacetime by an infinitesimal four-vector e*. The particle’s phase-space
variables transform as

XHA) = X™*(N) = XH(N) + €, (40
2,0 > 2, 0) = 44, (3, )
and the electromagnetic gauge potential transforms as
Ay(x) = Al (x) = Au(x —€)
=A,(z) — 0, A,(x)e". (41)

By an application of Noether’s theorem to the particle’s manifestly covariant
Lagrangian £ = Zparticle+int defined by (18) and the Lagrangian density £
for the overall system defined in terms of the action functional S[X, A, A] =
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Jdt [d3z L from (15), one finds that the overall system’s conserved four-
momentum is expressible as

0L - oL
Pu = o Py d‘3 — _ v— Ju
axrIx" +/ ) ey e
1
- pl/ + qA + 2 2 mUTFU'T

e, (o)
= [ #s-nath,,, (12)

where n, = (—1,0), is a unit timelike vector orthogonal to the three-dimensional
spatial hypersurface of integration. In this expression, the overall system’s
canonical energy-momentum tensor is given by

TH = TH + T (43)

can can,particle can,field’

with the contributions from the particle and the field given respectively by*

:;;1 particle — u/i 63 (X - X) (44)
’ Y
and
1
ThY g = HMPFY, —pY —F?
can,field P 4/1’0
+ Lu“u"m”"F l(53(x -X)
2c2 Po

+ 0,(HMPA”). (45)

Here H*¥ is the auxiliary Faraday tensor:

o = iFlW + MM

Ho

1 v v 1 3

= —F*" +m*=6(x — X). (46)

Ho v
The last term in (45) is a total spacetime divergence with vanishing divergence
0,,0,(H"” A”) = 0 on its p index, and its temporal component d,(H' A”) has
vanishing integral over three-dimensional space under the assumption that the
fields go to zero sufficiently rapidly at spatial infinity. We emphasize that in our
approach, all the terms in the overall system’s canonical energy-momentum
tensor follow from the systematic application of Noether’s theorem to the
relevant action functionals.

4 The authors of [9] decompose the overall energy-momentum tensor by including the
interaction terms with the energy-momentum tensor for the particle, an approach that
obscures the work being done by the electromagnetic field on the particle.
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We can integrate the local conservation law 0, ¥ = 0 over three-dimensional

space to compute the time derivative of the particle’s four-momentum p*:

dp _1d
= BT, o
dt c dt can,particle
1d
- _Ea/d?)l. T(fan Jfield

o)

1 d -
72(7( YmP? F,y)

212 di( mP? Fyy ).
After invoking the electromagnetic Bianchi identity O* F¥P + 0P FH 4 0¥ FPH =
0, we obtain the equation of motion (20).

Our formulas above for the overall system’s canonical energy-momentum
tensor are new results. By replicating the particle’s equation of motion (20),
they provide further support for the key claim of this paper—that magnetic
forces can classically do work on particles with elementary dipole moments.

= —qu, " +m,, 0N F"P —

4.2 Local Conservation of Angular Momentum

Next, we use Noether’s theorem to examine the overall system’s angular momentum
and its local conservation. Under an infinitesimal Lorentz transformation

Ainf =1+ %epoapaa (47)
the particle’s phase-space variables transform as
XHEA) = X)) = (A X (N)*
= X"(N) + 3¢ 00", X¥ V),

/ (48)
AL (A) = AT (A) = (AineA(N)*,

= 44,00 + 2oy A (V).
The second of these two transformation laws is equivalent to the following
transformation rule for the particle’s Lorentz parameters 04" (\):
61V (X) — 07 (N) = 0M7 () + €. (49)
Meanwhile, the gauge field A, (x) transforms as
Au(@) = A () = (A(A2) M)
= AN (1 = (i/2)e" 0,0)) (8 = (i/2)e" [7,0]*,)
= Au(@) = 0, Au(@)(i/2)e" [05] " ya
= AN@)(i/2)e" (0,01, (50)
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Noether’s theorem (38) then yields the system’s overall angular-momentum
tensor, up to an overall minus sign:

—J _87 _A'_lai
T pxa N T 2 pgas?
: oL
B (—np) =g vp — o
+/ CC( nﬂ)a(CaMAa)ngu P f P

1 o (e} «
__ <pa @A~ 3 (~ua/)m AFM> (X,08 — X,02)

N %/d% (—ny,) <H“a — 0 (41sz)>

X Dy Ao (2,65 — 2,07

0B vp

- %/d% (—nyu)(H", A, — H* A,)
= —/d3$ (_nﬂ)jclén,up‘ (51)

Here we have identified the system’s canonical angular-momentum flux tensor
as

Jhve — Lrve | SRR (52)

with orbital contribution

wUp — v 1 o p L
L =z ETcan - ETcan (53)
and spin contribution
v 1 v 1 3 1 v v
SHP = —uytS*P—0°(x — X) + —(HHY AP — HFP AY). (54)
c vy c

We naturally read off the spin flux tensors for the particle and the field
respectively as

y 1 1
Sgarl;icle = EUHSVP763 (X - X)a (55)
v
1
Stelq = - (H" AP — H' A”). (56)
c
Integrating the local conservation law 0,J%7” = 0 over three-dimensional

space and taking advantage of the local conservation 0, T## = 0 of the overall

canonical energy-momentum tensor TH? , we can compute the time derivative
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of the particle’s spin tensor as follows:

asve  d .
dt = %/dgx Spafticle

d 1
=2 Az = (2" T, — aPTY + H™ AP — H'P AV)
C
=— / d3x 0, (x"TH, — xPTHY + HM AP — HMP AY)

1 1
= ——(u"p” —ufp”) — —(M"FP_ —mP°F")).
0

We therefore see that local conservation of angular momentum yields the
equation of motion (21).

4.3 The Belinfante-Rosenfeld Energy-Momentum Tensor

The overall system’s canonical energy-momentum tensor (43) is not symmetric
on its two indices, a feature that is required of the energy-momentum tensor
that locally sources the gravitational field in general relativity. To conclude this
paper, we follow the standard Belinfante-Rosenfeld construction® to construct
a properly symmetric energy-momentum tensor, which will likewise represent
a new result.

We start by introducing a new tensor

BHPY = g(s#l’ﬂ + SVHP 4 SPV)

— —HMPAY %(u”S"p S ur sy L3 (x - X), (57)
0

We then obtain a symmetric, locally conserved energy-momentum tensor 7+”

for the overall system from the relation TH" = TH" + 9,B1°V:5

1 1
T = i(u"p" + u”p")f(YB(x -X)
Y

1 1 1
CHHPEV 4 ZHYPEH gV PO
*3 r T3 T d p
1 1
—u'u'mP F,e—863(x — X
+ 52U um?E, 5 (x )
1
+ 20,(SIE o+ SR ). (58)

9 particle particle

5 For a review, see [7].

6 This formula differs from the corresponding result in [6], whose energy-momentum
tensor yields the correct equations of motion for the particle only after an unjustified four-
dimensional integration by parts.
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In the free-field limit, this energy-momentum tensor reduces to the standard
gauge-invariant Maxwell energy-momentum tensor, as expected:

1 1
o FIE L . (59)

T+
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