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Abstract

A contradiction is obtained, considering the axiom of infinity, then
N and Peano axioms, together a list of N subsets and with inclusion
relation and union operation.

Introduction

The issue of infinity, in particular the actual infinity, leads us to write this
article, as other previous ones [1] [2]. The purpose has always been to get a
proof of inconsistency rather than hypothesize it in a new system, or arbi-
trarily deny the infinity.

We consider the axiom of infinity [4] [5] [8] , then the existence of N
and Peano axioms [3]. Sets are considered with the usual graphical-symbolic
notation {0,1,2,..n} (see also [6] [7]). We start with the sets-list {z|z <
y} Yy € N with all y taken together. Each set is shown to be finite,
then using inclusion relation and union operation, we obtain a contradiction.

1 Iconsistency of N
We consider an infinite list of sets defined by:

{z|lz <y} YyeN with all y taken together (1)
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They are proper subsets of N. In agreement with the axiom of infinity
and the axiom of separation, the set of all Natural numbers N exists, together
its subsets.

We highlight the greatest number of each set, y, and there is the list of
these numbers, which are all numbers of N.

{0} 0
{0,1} 1
{0,1,2} 2
{0,1,2,3} 3
{0,1,2,3,4} 4

{0,1,2,3,4,... 2} ?

Immediately we deduce that there isn’t a set equal to N in the sets-list,
because each set is a finite set (but in the list there are all natural numbers).
In fact each y is a natural number (a finite number) that does have a successor
for Peano axioms; so each set doesn’t have all numbers, unlike N. So we have:
{0} c {0,1} c {0,1,2} c {0,1,2,3} C {0,1,2,3,4} C ... C N. Or in a more
compact form:

IhchchLhc..cl,Cc..CN (2)

Each set is a proper subset of other sets that follow and obviously of N.

At finite (y finite) it is: [oUL UL U...UIL, = I, = lynion,, CN Vy € N,
In fact [, includes all numbers of its subsets.

But considering an infinite quantity of terms I;, like that would seem on
the left of "C N” in (2), "Lunion C N7 (With Lunion = ;e Ii) at first sight
isn’t demonstrable, because we can’t take a terminal I, that includes all I;
(I, has a successor), and then that couldn’t be equal to Iyion.

However each I; in (2) is a proper subset of N like in (1), it is
finite, each ”i” is finite. There aren’t infinite terms ;. Then, on
the left of ”C N” in (2) there is a finite number of terms /;, although



clearly indeterminate (for example for y = n the number of terms [; is n +
1).

SO Iynion is finite, it contains a finite number (indeterminate) of terms
and we have:

]union C N (3>

But from (1), in which are contained all natural numbers in agreement
with Vy, also we have UieN I; = N, that is I,,;on, = N and then:

“(Lunion C N) (4)

So we have a contradiction, being simultaneously (3) and (4).

2 Inconsistency in symbolic
representation of N

We consider a set-representation of N and its all proper subsets, all included
between them, like in (2). Then:

{{ 0L,1}.2}.31.4} .. 2}, o 7, Iy (5)

Blue brackets represent the sets of the list (1) (for simplicity we have only
considered one blue left bracket).

So, to describe the fact that all sets of the list are proper sub-
sets of N and simultaneously they observe relation (2), in the points
71,7 of (5) there are some numbers without blue brackets; that is
there are numbers of N which don’t belong to any set of the list. This is a
contradiction.

Another approach is the following.

We are referring to (1) and (J,.y /i = N.

{{ 0}’1}72}73}74}7”' } }N (6)

N includes all subsets (blue brackets) defined by list (1). These subsets
contain each natural number y (as defined in (1)). Then we see a blue
bracket including all natural numbers (and all subsets). So, there is a
proper subset (a blue bracket) including all natural numbers (let’s keep in
mind that there are all numbers).



But no proper subset on the list (1) includes all numbers; each num-
ber having a successor (for Peano axioms) and then each subset having a
"successor-set”. So there is a contradiction.

In this section we have shown that sets graphic symbolic representation
leads to contradictions when some consequences of axioms are applied to
that. So, if symbolism was a necessary aspect of Natural Numbers Set, it
would imply its inconsistency.

Conclusion

Infinity (actual infinity) is a fundamental part of N, as set, that determines
its existence. Inconsistency of one is that of the other and vice versa.

This proof uses second-order logic, because it directly refers to subsets,
and a first-order translation, if possible, would be desirable. This proof leads
us to ask some questions.

What consequences might this have on other theories that include N?

Without the axiom of infinity, are Peano axioms coherent?

The axiom of infinity implies a time-independent approach (unlike the
ambiguous potential infinity). So, is the concept of time necessary to achieve
coherence? Does this have a physical meaning?

Is this inconsistency a demonstration of a concrete, finite physical reality?
In our opinion the answer to this last question is affirmative.
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