 Arithmetic and the conditions of possible experience

Emily Carson

This paper is part of a larger project about the relation between mathematics and transcendental philosophy that I think is the most interesting feature of Kant’s philosophy of mathematics. This general view is that in the course of arguing independently of mathematical considerations for conditions of experience, Kant also establishes conditions of the possibility of mathematics. My broad aim in this paper is to clarify the sense in which this is an accurate description of Kant’s view of the relation between mathematics and transcendental philosophy. 

1. Mathematics and transcendental philosophy
I’ve argued elsewhere that Kant develops this view of the relation between mathematics and transcendental philosophy in order to address certain philosophical issues raised by his pre-Critical treatment of mathematics. In the Prize Essay of 1764, Kant contrasts the methods of mathematics and of metaphysics in order to determine whether metaphysics is capable of the same degree of certainty as mathematics. A key element of the comparison is the arbitrary definitions of mathematics. In his discussion of definitions, Kant focuses exclusively on geometry. The view put forward there seems to leave Kant open to charges of what we might call ‘formalism’ which he himself levelled against the so-called ‘metaphysicians’: that, for example, the concepts of mathematics are mere chimera with "no truth to them outside the field of mathematics". Kant’s account of the mathematical method in the Prize Essay was in need of a metaphysical grounding which would establish the objective reality or contentfulness, of mathematical concepts, as well as their applicability.


By the time of the first Critique, Kant argues in the Transcendental Aesthetic that unbounded singular space and time, as the forms of intuition, are conditions for the possibility of experience. In ‘The discipline of pure reason in its dogmatic employment’ towards the end of the first Critique, this doctrine of space as pure intuition is invoked to provide a fairly straightforward metaphysical grounding for the geometrical method as presented in the Prize Essay: in particular, constructibility in pure intuition establishes the objective reality of the arbitrarily defined concepts of geometry. In this way, transcendental philosophy provides a metaphysical grounding for geometry. Geometrical construction displays or exhibits the features of the space of the Transcendental Aesthetic.


It is often pointed out that this reading of Kant’s philosophy of geometry does not fit so naturally into an account of arithmetic. First of all, arithmetic is not the science of time in the way that geometry is the science of space. So which independent conditions of experience ‘ground’ arithmetic? Some commentators have argued that the difficulty of extending this idea of an independent metaphysical grounding to the case of arithmetic is evidence that the reading is wrong, and that on the contrary, a natural reading can be given of the role of the doctrine of pure intuition in arithmetic which can then be extended to the case of geometry.
 For a long time, the difficulty I had in trying to extend such a reading to the case of arithmetic tempted me towards this view.


I’ve come to think, however, that the case for taking Kant to be grounding arithmetic in necessary conditions of experience is perhaps even stronger than the case for geometry. However, it requires looking beyond the forms of intuition to the categories. This seems to me to support the general view about the relationship between mathematics and transcendental philosophy I’ve just described. So in this paper, I want to outline the case for a metaphysical grounding of arithmetic, like the one I’ve described for geometry. The case I propose places Kant in the tradition of late nineteenth- and early twentieth-century figures like Dedekind, Hilbert, and most clearly, Gödel, who saw mathematics (or in the case of Hilbert, metamathematics) as expressing or stemming from fundamental cognitive abilities which are not specific to mathematics. Gödel in particular explicitly aligns himself with Kant. The most suggestive example for my purposes is Gödel’s claim in “What is Cantor’s continuum problem?” that “the ‘given’ underlying mathematics is closely related to the abstract elements contained in our empirical ideas”.
 In this paper I want to clarify the sense in which this is an accurate description of Kant’s view of the relation between mathematics and transcendental philosophy. I also hope that ultimately this will go some way towards confirming another of Gödel’s pronouncements about Kant, that although it’s “a general feature of many of Kant’s assertions that literally understood they are false”, nonetheless “in a broader sense they contain deep truths”.
 At least, it would be nice to provide some confirmation of the second half of Gödel’s claim.

This view of the relation between transcendental philosophy and mathematics might be seen more clearly when set against the thought that Kant's insistence on the connection between mathematics and conditions of experience results simply from a straightforward application of the results of his transcendental philosophy. The idea would be that Kant argues on independent grounds that all knowledge must relate to possible experience, so mathematics, like any other body of knowledge, must be shown in some way—however artificial—to relate to intuition. This reading might be suggested by the notorious passage where Kant appeals to fingers and the beads of the abacus to provide sense for the concept of number. He begins by stating the demand, argued for in the Analytic, that all concepts and principles relate to possible experience. He then considers as examples the concepts of mathematics. Although the principles of geometry and the representation of the object of geometry are generated in the mind completely a priori, they would signify nothing, he says, if we couldn’t always exhibit their significance in appearances, or empirical objects. Similarly, in the same science:

the concept of magnitude seeks its standing and sense in number, but seeks this in turn in the fingers, in the beads of an abacus, or in strokes and points that are placed before the eyes. The concept is always generated a priori, together with the synthetic principles or formulas from such concepts; but their use and relation to supposed objects can in the end be sought nowhere but in experience, the possibility of which (as far as its form is concerned) is contained in them a priori. [A240/B299, my emphasis].

To take this passage as indicating that the appeal to fingers and beads is just to satisfy the independent demand of transcendental philosophy is to ignore the last clause of the passage: the use of these principles and their relation to supposed objects can only be sought in experience “the possibility of which (as far as its form is concerned) is contained in them a priori”. Quite to the contrary, then, by this point (that is, after the System of Principles) Kant believes that he has shown that the concepts of arithmetic as well as those of geometry somehow express formal conditions of experience. So to put it in Gödel’s terms, for Kant mathematics gives us knowledge of the abstract elements contained in our empirical ideas in that it is cognition of the formal aspects of empirical objects. Moreover, it is the nature of these formal aspects that makes mathematics possible.


On the one hand, Kant’s discussion of the method of mathematics in the Discipline of Pure Reason makes it clear that mathematics in general is knowledge of the form of intuition, but in the Transcendental Analytic, he connects the notion of number very closely to the category of quantity. So it may seem as though Kant’s answer to this question places arithmetic as much on the conceptual side of our knowledge as the intuitive side. The location of Kant's discussion of number in the Critique also suggests this disanalogy: whereas Kant discusses geometry in the Transcendental Aesthetic, which is concerned with the faculty of sensibility, the discussion of number only comes up in the Transcendental Analytic, which concerns the understanding. 


At the very least it seems that, whereas the link between geometry and intuition is direct (geometry is about the form of outer intuition), that between arithmetic and intuition is not so direct (arithmetic is not the science of time, the form of inner intuition). It's clear from this, in any case, that any role for intuition in grounding arithmetic is going to look rather different. If the relation between arithmetic and the form of intuition is not the same as the relation between geometry and the form of intuition, then in what sense does arithmetic express conditions of possible experience? How is it grounded in those conditions? This is the main question I want to address; to answer it, we will have to look beyond the intuitive conditions of experience.
2. Successive synthesis

I begin by considering two recent explanations for Kant’s appeal to intuition in mathematics. I want to take these explanations one step further to elaborate the sense in which arithmetic expresses conditions of possible experience.

I mentioned above that some commentators have thought that a more natural reading can be given of the role of the doctrine of pure intuition in arithmetic than in geometry. One proponent of such a view is Michael Friedman.
 Friedman focuses attention on the fact that arithmetic essentially involves the notion of progressive iteration. But given Kant’s limited logical resources, there is no possibility of a purely logical or conceptual representation of progressive iteration. Instead, as Charles Parsons has pointed out,
 what allows us to represent indefinite iteration is the pure intuition of time as the form of inner sense. As Friedman puts it, for any operation, there is always time for iterating or repeating it: this fact about the pure intuition of time as a form of inner sense allows us to represent the idea of progressive iteration. So the pure intuition of time is presupposed in any representation whatever of progressive iteration or of the number series.
 Once we recognize this, we see that there is a similar role for intuition in geometry insofar as geometry also involves the progressive iteration of basic constructive operations. Thus, Friedman concludes, “geometry is synthetic for much the same reasons as is arithmetic”—both involve progressive iteration—“and therefore the case of arithmetic is primary”.
 


Daniel Sutherland’s recent work has addressed the difficulty of explaining the role of intuition in arithmetical cognition by focusing attention on the important role that intuition has in the representation of magnitudes generally.
 Briefly, mathematical cognition—arithmetic, algebra and geometry—is cognition of magnitudes. A magnitude, for Kant, is a homogeneous manifold in intuition; a condition of cognition of a homogeneous manifold is the representation of numerical difference without qualitative difference. Since concepts on their own can only represent qualitative differences, they can’t, on their own, represent a homogeneous manifold. Intuition, by contrast, can represent numerical difference without qualitative difference, and so intuition allows us to represent magnitudes. So Sutherland’s focus on the role of magnitudes brings to light a previously neglected role for the intuitions of space and time in Kant’s philosophy of mathematics: that of making possible cognition of homogeneous manifolds, the subject of mathematics. In the case of arithmetic specifically, intuition allows us to represent a homogeneous manifold of pure spatiotemporal units. Thus for Sutherland, “pure spatiotemporal units … provide an a priori foundation for arithmetic”.
 Similarly for Friedman, the pure intuition of time makes the science of arithmetic possible in the first place by making possible the idea of progressive iteration.

So Sutherland emphasizes the role of intuition in the cognition of pure spatiotemporal units, while Friedman focuses on the role of intuition in the representation of progressive iteration. What underlies both, however, is Kant’s appeal to successive synthesis, and it is this I want to focus on. So yes, the pure intuitions of space and time are presupposed by our cognition of pure spatiotemporal units and the representation of progressive iteration essential to arithmetical cognition, but the key notion underlying both of these facts in turn (as both Sutherland and Friedman recognize) is that of successive synthesis. Cognition of magnitudes generally (i.e., not just in the mathematical case) involves an act of successive synthesis. Following the passage cited above from A240/B299 where Kant explains how we exhibit the significance of mathematical principles by construction of concepts, he goes on to explain that the significance of the categories also requires “descending to conditions of sensibility, thus to the form of appearances”:
No one can define the concept of magnitude in general except by something like this: that it is the determination of a thing through which it can be thought how many units are posited in it. Only this how-many-times is grounded on successive repetition, thus on time and the synthesis (of the homogeneous) in it [A242/B300, my emphasis] 
The significance of the categories of quantity depends on a ‘synthesis of the homogeneous in time’. It is this element in the cognition of magnitudes generally, this ‘synthesis of the homogeneous’ that I would like to focus on here, in order to make clear the sense in which arithmetic is rooted in conceptual conditions of possible experience. The synthesis grounding mathematical cognition is the very synthesis Kant identifies independently as a condition of possible experience of objects generally.  This, I hope, will in turn shed light on Kant’s claim in the Discipline of Pure Reason that arithmetic considers ‘the universal in the synthesis of one and the same thing in time and space’—a claim I’ll come back to shortly.
3.
Quantity and synthesis

Mathematical knowledge, for Kant, is characterized primarily as cognition from the construction of concepts. To construct a concept means to exhibit a priori the intuition which corresponds to the concept. Because, as Kant has argued in the Aesthetic, the only intuition given a priori is that of the mere form of appearances, space and time, it turns out that it is only the concept of quantity that allows of being constructed, or exhibited a priori in intuition. (Why this is so is something I hope to explain.) Qualities, by contrast, can be exhibited only in empirical intuition, so that the only rational cognition of qualities is through concepts alone. So, as Kant says, “the form of mathematical cognition is the cause of its pertaining solely to quanta” [A714/B743]: mathematics is cognition by construction; only the concept of quantity can be constructed a priori; therefore mathematics is the science of quantity. Mathematics is characterized by its form, and that in turn determines its subject matter.


So it’s because of a special relation between the concept of quantity and the form of appearance—space and time—that mathematical knowledge, including arithmetic, is possible. There is something special about a priori concepts of quantity, such that they contain in themselves a pure intuition, in contrast with other a priori concepts which contain only "the synthesis of possible intuitions which are not given a priori" [A719/B748]. To try to figure out what this special relation is, we’ll first consider what Kant cites as the reason for the difference between these two uses of reason, the mathematical and the philosophical.


The reason, Kant says, for the difference is that there are two components to the appearance through which all objects are given to us: the form and the matter, or content. The matter of appearances, what’s encountered in space and time, can only be determinately given empirically. So the only cognition we can have a priori of the matter of appearances is of indeterminate general rules or principles for connecting possible empirical intuitions: as Kant puts it, cognition of “a thing in general with regard to the conditions under which its perception could belong to possible experience” [A719/B747]. For example, we know by means of the use of reason in accordance with concepts alone that all alterations occur in accordance with the law of the connection of cause and effect. But complete determinate cognition of the matter of appearances requires empirical intuition and is therefore not a priori.


By contrast, Kant has argued in the Transcendental Aesthetic that we have an a priori intuition of the mere form of appearances, space and time. So the formal element of appearances "can be cognised and determined completely a priori" because “we create the objects themselves in space and time through homogeneous synthesis, considering them merely as quanta” [A723/B751, my emphasis]. It seems that to understand the special relation between space and time and the concept of quantity that allows for construction of the latter, we have to decipher this claim that we ‘create the objects of mathematics in space and time through homogeneous synthesis, considering them merely as quanta’. I hope at least to begin to do this in the rest of this paper. This in turn should illuminate Kant’s claim that concepts of quantity ‘contain in themselves’ a pure intuition. 


So Kant says, we construct a concept of space and time as quanta “together with either its quality (its shape) or else merely its quantity (the mere synthesis of the homogeneous manifold) through number” [A720/B748]. This gives us cognition of the formal element of appearances. Geometry, it would seem, is cognition of the determination of an intuition a priori in space with regard to its quality, i.e., its shape; arithmetic, Kant implies, is cognition of “the universal in the synthesis of one and the same thing in time and space, and the magnitude of an intuition in general (number) which arises from that” [A724/B752]. 


Again, the story for geometry seems reasonably straightforward, that for arithmetic not: whereas geometry is knowledge of determinations of space—figures in space—arithmetic seems to be described here as knowledge of synthesis in time and space. This might seem to put arithmetic at a conceptual remove from time and space themselves, as it seems to be described here as knowledge of our cognitive activity, rather than directly of the results of that activity. Nonetheless, Kant is quite clear in the same passage that knowledge of the universal in the synthesis in space and time is knowledge of the formal element of appearances, so of the form of intuition, space and time. This again raises the question of the apparent asymmetry between geometry and arithmetic. My task now is to try to figure out what Kant means by the 'universal in the synthesis of one and the same thing in time and space'. 


I’ll turn first to the notion of synthesis: Cognition, says Kant, is a whole in which representations stand compared and connected. While the manifold of representations can be given in a purely sensible intuition, so passively received, it requires an act of spontaneity for its combination. Synthesis “in the most general sense” is “the action of putting different representations together with each other and comprehending their manifoldness in one cognition” [A77/B103]. It alone “collects the elements for cognitions and unifies them into a certain content”. In the A-edition of the Transcendental Deduction, Kant describes a three-fold synthesis which he says must necessarily be found in all cognition: namely, the apprehension of representations as modifications of the mind in intuition, their reproduction in imagination, and their recognition in a concept. I’m not interested here in Kant’s argument for the necessity of this synthesis, so I'll consider each of these briefly in order; examples will follow. It is the examples I want to focus on.


Cognition requires a synthesis of apprehension because:

[e]very intuition contains a manifold in itself, which however would not be represented as such if the mind did not distinguish the time in the succession of impressions on one another; for as contained in one moment no representation can ever be anything other than absolute unity [A99].

The undifferentiated manifold passively received in intuition must be actively differentiated, distinguished or "run through" in order to be represented as manifold.
   
This synthesis of apprehension, Kant continues, is “inseparably combined with” the synthesis of reproduction which ensures the "reproducibility of appearances”. The apprehension of the manifold alone would not result in any connection of impressions if there weren’t a “subjective ground for calling back a perception from which the mind has passed on to another, to the succeeding ones” [A121]. The reproductive faculty of imagination allows for “exhibiting entire series of perceptions”.


Moreover, Kant goes on, any such reproduction in the series of representations would be useless if we were not also conscious that what we think is the very same as what we thought a moment before. This consciousness "unifies the manifold that has been successively intuited, and then also reproduced, into one representation" [A103]. This unification is effected by a synthesis of recognition in a concept.

These then are the elements of the three-fold synthesis which are necessarily found in all cognition: they are, Kant says, “subjective sources of cognition” which “make possible even the understanding” and thereby all experience. Of course at this point, Kant’s description of these activities is pretty abstract. What is of particular interest here are the examples Kant offers to illustrate this three-fold synthesis.

Although Kant is here describing conditions necessary for experience in general “as an empirical product of understanding” [A98], he claims that each of these syntheses must be exercised with regard to an a priori manifold, i.e., space and time. Otherwise, he says, even our purest a priori intuitions would provide no cognition. So we must assume a pure transcendental synthesis of imagination which grounds the possibility of all experience [A101]. 


In his description of the synthesis of reproduction, Kant illustrates this pure imaginative synthesis with the examples of lines, durations, and numbers.

Now it is obvious that if I draw a line in thought, or think of the time from one noon to the next, or even want to represent to myself a certain number, I must necessarily first grasp one of these manifold representations after another in my thoughts [synthesis of apprehension]. But if I were always to lose the preceding representations (the first parts of the line, the preceding parts of time, or the successively represented units) from my thoughts, and not reproduce them when I proceed to the following ones, then no whole representation … not even the purest and most fundamental representations of space and time, could ever arise. [A102, my italics]
The representations of space and time as presented in the Transcendental Aesthetic are undifferentiated wholes: space is “essentially single; the manifold in it...rests merely on limitations” [A25/B40]; similarly, according to Kant “every determinate magnitude of time is only possible through limitations of a single time grounding it” [A32/B48]. So the representations of lines, durations and number require that units of time or space—the first parts of a line, the preceding parts of time, the successively represented units—are differentiated by the synthesis of apprehension. Furthermore, in order for the manifold to be represented as a multiplicity or manifold, these units must also be reproduced. 


Kant takes this as enough to show that the pure synthesis of the imagination belongs among the transcendental actions of the mind. I want to suggest that it also constitutes the ‘universal in the synthesis of one and the same thing in time and space’ from the cognition of which, according to Kant, the magnitude of an intuition—number—arises. In other words, this transcendental action of the mind which is essential for spatio-temporal experience in general is closely tied to the concept of number.


Accordingly, the illustration of the third aspect of the three-fold synthesis, the synthesis of recognition in a concept brings all of the elements of the pure synthesis together in the example of counting: 

If, in counting, I forget that the units that now hover before my senses were successively added to each other by me, then I would not cognise the generation of the multitude through this successive addition of one to the other, and consequently I would not cognise the number; for this concept consists solely in the consciousness of this unity of the synthesis [A103]. 

In counting, then, we distinguish units in time, add them in succession, or combine them, reproducing the previous units as we proceed, and combine them into a whole, into one representation. To be conscious of the unity of this synthesis just is to bring the representations under the concept of number. We will return to the relation between the concept of number and the three-fold synthesis below.

So Kant argues that this transcendental synthesis of imagination is a necessary condition of experience insofar as it is required for the representation of determinate spaces and times. This idea that whatever is required for the representation of determinate spaces and times is thereby a necessary condition of experience is made clearer in the B-edition, although the steps of the argument are separated through several stages, beginning with the Transcendental Deduction and ending with the Axioms of Intuition. As this is the metaphysical grounding that I’m looking for, I want to look very briefly at those now.

4. Arithmetic and the figurative synthesis


In the B-edition of the Transcendental Deduction, the transcendental synthesis of imagination is called the ‘figurative synthesis’ and the pure version of it that I have been discussing plays a crucial role in connecting the categories with empirical intuition by means of this claim that whatever is a condition for a determinate representation of a space or a time is a condition for the apprehension of things intuited in space and time. 


As in A99, the B-deduction begins with a claim about the necessity for cognition of a synthesis: “we can represent nothing as combined in the object without having previously combined it ourselves” [B130]. Determinate intuitions, Kant tells us, are possible only “through the consciousness of the determination of the manifold through the transcendental action of the imagination”, the figurative synthesis [B154]. He claims that we can perceive this in ourselves: “we cannot think a line without drawing it in thought, we cannot think of a circle without describing it, … we cannot even represent time without, in drawing a straight line, attending merely to the action of the synthesis of the manifold through which we successively determine the inner sense” [B154]. These are all determinations of the manifold of pure intuition through the transcendental action of the imagination, figurative synthesis. What comes out more clearly in the B-edition is that these representations are in turn necessary conditions of experience of things in space and time. As Kant puts it in a footnote to B155, the determination of spaces, which is a “pure act of the successive synthesis of the manifold in outer intuition in general through productive imagination… belongs not only to geometry, but even to transcendental philosophy”. Again, the idea is that the synthesis involved in determining particular spaces, which are the objects of geometry, is a necessary condition of experience of things in space and time, and thus the pure imaginative synthesis belongs also to transcendental philosophy. 


As I said before, I want to suggest that this pure transcendental synthesis of imagination is the ‘universal in the synthesis of one and the same thing in space and time’, which is the subject matter of arithmetic. So I want to turn now to the connection between arithmetic and this ‘pure transcendental synthesis of imagination’. 

The connection to number—and therefore to arithmetic—is made explicit in the Schematism where Kant identifies number as the schema of the category of quantity. This alone is evidence of the fundamental status of number in the Critical philosophy as the question that the notion of schema is supposed to answer is the key question underlying the transcendental doctrine of judgement: that is, the question of how pure concepts of the understanding can be applied to appearances in general. A schema is supposed to be a ‘mediating representation’ which explains how—given the heterogeneity of pure concepts and sensible intuitions—intuitions can be subsumed under pure concepts, and so how categories can be applied to appearances. It provides “the conditions under which objects in harmony with those concepts can be given” [A136B175].

This subsumption of intuitions in the case of each category is made possible by what Kant calls a transcendental determination of time by the category: a schema. The schema is a representation that is both intellectual and sensible, so can mediate between concepts and intuitions. The representation is intellectual in that it is the product of the rule expressed by the category; it is sensible in that it is applied to pure intuition. So the schema is the product of the application of the rule expressed by the category to the pure temporal manifold; put another way, it is the interpretation of the rule in temporal terms that expresses “the general condition under which alone the category can be applied to any object” [A140/B179].

What then does it mean to say that the schema of the concept of quantity is number? And how does this show that arithmetic concerns ‘the universal in the synthesis of one and the same thing in time and space’?

The claim that number is the schema of the concept of quantity must be that number somehow expresses a rule for the determination of our intuition in accordance with the concept of quantity. This rule is supposed to be the “product” [A142/B181] of the rule expressed by the category and the manifold of time: it is a temporal version of the rule given by the category of quantity. Recall that determination of a manifold of intuition involves figurative synthesis. Kant’s claim that “the pure schema of magnitude…is number, which is a representation that summarises the successive addition of one (homogeneous) unit to another" [A142/B182] is the claim that the figurative synthesis of the temporal manifold in accordance with the concept of quantity involves the successive addition of one (homogeneous) unit to another. This is precisely the point Kant made at A102-3: “the purest and most fundamental representations of space and time”—both homogeneous manifolds—require that “I grasp one of these manifold representations after another in my thoughts” and “reproduce them when I proceed to the following ones”, and finally, this “manifold that has been successively intuited, and then also reproduced” must be unified into one representation; but according to Kant, the concept of number “consists solely in the consciousness of this unity of the synthesis” [A103].  In other words, the representation by means of figurative synthesis of particular spaces and times necessarily implicitly involves the concept of number. As Kant puts it in the B-edition, the concept of number just is “the unity of the synthesis of the manifold of a homogeneous intuition in general” [A143/B182].

To bring the A-edition discussion of the three-fold synthesis into correspondence with the B-edition discussion of the figurative synthesis, note the especially close correspondence between the particular illustration of the three-fold synthesis and the categories of quantity: that is, unity, plurality and totality. The synthesis of apprehension serves to distinguish units in the undifferentiated manifold; the synthesis of reproduction generates a plurality of those units; and the synthesis of recognition in a concept combines them into a whole or totality. The category of quantity is here an abstract counterpart of the three-fold synthesis—abstracted, that is, from the spatio-temporal form of intuition. It expresses a rule for determining/synthesising a manifold: the concept of magnitude consists in “consciousness of the homogeneous manifold in intuition in general” [B203]. The temporal interpretation of that rule is expressed by the concept of number as summarizing the successive addition of one homogeneous unit to another. Again, the three-fold synthesis, or figurative synthesis, which is involved in all cognition implicitly involves the concept of number. This, I want to suggest, is the basis of Kant’s claim that arithmetic considers the universal in the synthesis of one and the same thing in time and space.

We have now come full circle, back to the passage in the Discipline of Pure Reason where Kant explains the possibility of mathematics by the fact that only the concept of quantity ‘contains in itself a pure intuition’: a concept of space and time can be exhibited a priori in pure intuition—constructed—together with either its shape (a geometrical figure) or else merely its quantity (the mere synthesis of the homogeneous manifold) through number [A720/B748]. As Kant says in the Discipline, the construction of mere magnitude “entirely abstracts from the constitution of the object that is to be thought in accordance with such a concept of magnitude”. In this way it exhibits the formal features of the magnitude as determined only by the synthesis of the homogeneous manifold, the figurative synthesis, in accordance with the concept of quantity. For this reason, such a construction of mere magnitude is exactly what you’d appeal to in order to provide a minimally concrete illustration of the abstract notion of the three-fold synthesis. In this sense, the construction of mere magnitude exhibits the properties that objects have solely by virtue of the figurative synthesis in accordance with the concept of quantity. 

What those properties are which are exhibited by the construction of mere magnitude is set out in the Axioms of Intuition. The Axioms section specifies the synthetic a priori principle that flows from the pure concept of quantity under the conditions of sensibility, space and time. The principle of the Axioms is that all intuitions are extensive magnitudes, where an extensive magnitude is a magnitude in which the representation of the parts makes possible and therefore necessarily precedes the representation of the whole. Kant takes this to follow from the fact that all appearances presuppose this transcendental synthesis of imagination.


The argument begins with the claim that all appearances contain an intuition in space and time: appearances are subject to the form of intuition. It follows that they can only be apprehended through the synthesis of the manifold through which the representations of a determinate space or time are generated. The synthesis through which space and time—homogeneous manifolds—are determined is the synthesis of a homogeneous manifold in intuition. But the pure concept of magnitude just is, according to Kant, the consciousness of the homogeneous manifold in intuition in general. So this synthesis falls under the concept of magnitude, and the result of the synthesis is a determinate magnitude. That the magnitudes are extensive follows from the successive nature of the synthesis. Again we see the same examples of this determination of space or time: lines and times. We represent a line by successively generating from a point all its parts one after another, and a time by thinking that successive advance from one moment to another. Again, the successiveness of the synthesis is what the schematized category of quantity, number, expresses.

What I want to emphasise is that this is a general argument about all appearances, and leads to the identification of a formal feature of all appearances, that they are all extensive magnitudes because they are all generated by this successive synthesis. We can immediately see, for example, how this results in the measurability or numerability of appearances, as they are aggregates of previously given parts, parts that are differentiated in space and/or time. This is a result of the fact that number, as the schema of magnitude or quantity, expresses the transcendental synthesis of imagination which underlies the generation or production of extensive magnitudes out of the manifold of empirical intuition. 

What is relevant for my search for an independent grounding of arithmetic is that Kant has argued that this transcendental synthesis of imagination, which number ‘summarizes’, is a necessary condition of appearances generally. Kant makes this connection between mathematics and the conditions of experience explicit where he explains why the Axioms (together with the Anticipations of Perception) are included among what he calls the mathematical principles of the understanding. Although his stated reason for calling them mathematical principles is that they warrant [berechtigten] applying mathematics to appearances, this seems to me to get the emphasis the wrong way around. He goes on to say that the Axioms teach how the intuition in appearances can be generated according to rules of a mathematical synthesis [A178/B221]. So the primary claim of the Axioms is that appearances are generated by a mathematical synthesis. This in turn warrants the application of numerical magnitudes. What is especially significant here is the constitutive role of the synthesis according to quantity, in contrast to the merely 'regulative' dynamical principles. The dynamical principles bring the independent existence of appearances under rules a priori: since existence cannot be constructed, these principles apply only to relations of existence. But the mathematical synthesis underlies the generation or construction of the spatio-temporal form of the things which then exist and stand in such relations.
 


This use of the term ‘construction’ brings out a connection between the figurative synthesis and mathematical construction. The construction in pure intuition of ‘mere’ quantity just is the pure figurative synthesis underlying the generation of the spatiotemporal form of objects. This provides a metaphysical grounding in conditions of experience for the pure spatiotemporal units which Sutherland claims in turn provide an a priori foundation for arithmetic, and for the progress iteration which Friedman shows is essentially involved in both arithmetic and geometry. What Kant seems to be saying here is that empirical objects are ‘constructed’ in empirical intuition in the same way that mathematical ‘objects’ are constructed in pure intuition. Construction in pure intuition, either in geometry or arithmetic, then expresses the pure form of constituting objects according to the category of quantity alone. It is in this sense that the form of intuition “can be cognized and determined completely a priori” in intuition. This is what Kant means when he says that 

… we create the objects themselves in space and time through homogeneous synthesis, considering them merely as quanta [by means of] the use of reason through construction of concepts [A723-4/B751-2].

What is constructed or created are not full-blown empirical objects, of course, but these ‘mathematical objects’ exhibit the formal features of empirical objects. This is not to say that there exist pure mathematical objects independently of any empirical objects. Lanier Anderson has helpfully suggested that we think of the ‘pure synthesis’ not as a “mysterious sui generis action of the mind, separate from ordinary empirical synthesis”, but rather as “a structural feature of the very empirical synthesis that produces experience”.
 We can isolate the a priori structure of this synthetic activity, Anderson suggests, by “abstracting from the details of the sensory matter being synthesized”. Again, the construction of mere magnitude concerns the features objects have merely in virtue of the synthesis according to the concept of quantity. 


It is in this way that the concept of number, and so arithmetic, is grounded in necessary conditions of possible experience, and thereby provides a priori cognition of objects with regard to their form. Arithmetic concerns itself with this mathematical synthesis, and in this way is “cognition of the universal in the synthesis of one and the same thing in time and space”.  Arithmetic is in this way prior to geometry in that the synthesis which results in number is presupposed even by the generation of figures in space which are the object of geometry. This, I hope, provides some sense to the idea that arithmetic concerns objects with regard to their form in the way that geometry does.
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� Ibid., p.557.


� Note that I speak of the three-fold synthesis and of three syntheses: we’ll see that the three syntheses are in fact aspects of one and the same synthesis.


� This idea that it’s a mistake to think that the point of the axioms is primarily to justify the application of mathematics has been argued for quite forcefully in a paper appropriately titled ‘The Point of the Axioms of Intuition’ by Daniel Sutherland, �HYPERLINK "http://philpapers.org/asearch.pl?pubn=Pacific%20Philosophical%20Quarterly"��Pacific Philosophical Quarterly� 86 (1):135–159 (2005). Sutherland argues that the Axioms argument also establishes the possibility of pure mathematics because it articulates the conditions for generating not just the intuition in appearances but constructions in pure intuition as well. As he notes, this result goes beyond the aims of the system of principles, which are to articulate the conditions of possible experience. In other words, in articulating the conditions for any possible experience, Kant by the way articulates the conditions for the possibility of pure mathematics, and, in particular, for arithmetic.
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