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Abstract: According to a procedure previously introduced from Y. Ilamed and N. Salingaros, we start giving proof of two existing Clifford algebras,
the Si that has isomorphism with that one of Pauli matrices and the N, ,, where N, ; stands for the dihedral Clifford algebra. The salient feature is

that we show that the N ;+] may be obtained from the Si algebra when we attribute a numerical value (+1 or —1) to one of the basic elements
(e, e,,e;3) of the Si. We utilize such result to advance a criterium under which the Si algebra has as counterpart the description of quantum systems

that in standard quantum mechanics are considered in absence of observation and quantum measurement while the N ; +1 attend when a quantum
measurement is performed on such system with advent of wave function collapse. The physical content of the criterium is that the quantum
measurement with wave function collapse induces the passage in the considered quantum system from the Sito NV ;.41 Or to the N ;_] algebras,
where each algebra has of course its proper rules of commutation. After a proper discussion on the difference between decoherence and wave function
collapse, we re-examine the von Neumann postulate on quantum measurement, and we give a proper justification of such postulate by using the Si
algebra. Soon after we study some applications of the above mentioned criterium to some cases of interest in standard quantum mechanics, analyzing

in particular a two state quantum system , the case of time dependent interaction of such system with a measuring apparatus and finally the case of a
quantum system plus measuring apparatus developed at the order n=4 of the considered Clifford algebras and of the corresponding density matrix in

standard quantum mechanics. In each of such cases examined , we find that the passage from the algebra Sito N ,, considered during the quantum
measurement of the system, actually describes the collapse of the wave function. Therefore we conclude that the actual quantum measurement has as
counterpart in the Clifford algebraic description, the passage from the Si to the N, ;; Clifford algebras, reaching in this manner the objective to

reformulate von Neumann postulate on quantum measurement and proposing a self-consistent formulation of quantum theory.

PACS .03.65.Ta.

INTRODUCTION
Quantum mechanics has had a so great success to leave very little reasons to doubt its intrinsic validity. It has never
been found in disagreement with experimental data, and in explaining a very large variety of physical processes and in
predicting basic results also in other fields. Nevertheless, we cannot ignore that some questions concerning
fundamental features of this theory remained unsolved, and some historic debates among scientists deeply influenced
the early development of the theory. These basic issues were and often continue to be prevalently discussed mainly in
philosophical contexts'. They will not receive here our direct consideration. In our opinion the object of direct
investigation is to understand where the foundations of the theory lie, and why so many deep questions are still
unanswered.
The first important question concerns the problem of the wave-function collapse by measurement. Its solution would
be of relevant significance because it would provide us with a self-consistent formulation of the quantum-mechanical
formalism. This result might be of importance also to foresee the way to be followed in order to understand and to
explain also the other basic issues that remained often understandable in the story of this theory. As we know , they
gave origin to a profound debate. On this basis the completeness of quantum mechanics as a physical theory was
discussed, and the very validity of quantum mechanics was often questioned.
The aim of the present paper is to reformulate the basic von Neumann’s postulate on quantum measurement on the basis
of two theorems that we proof in the framework of the Clifford algebra. The results that we obtain seem to be of some
relevance for the problem of wave function collapse since, based on two algebraic theorems, we are supported from the
asepsis language of an algebraic framework and thus without resource to philosophical or to epistemological
indications.

SOME FEATURES ABOUT THE COLLAPSE OF THE WAVE FUNCTION
In quantum mechanics we have the well known phenomenon of quantum interference.
We consider a quantum-mechanical particle to be a “physical entity” represented by a quantum wave function
w(x,t), which depends on the space coordinate x and the time variable ¢ of this particle. Consider the well known
interference experiment of the Young type, in which a beam of particles hits a target with two open slits . Also the
theoretical description of this experiment is well known. It holds about two basic postulates:
(a) The total outgoing wave function w(x,¢) behind the slits is written as



W=y, (1)
where y, and y, are the two waves originating from slits 1 and 2, respectively. This is the so-called
superposition principle.

(b) The intensity of the wave function |/ is proportional to |l//|2 . We understand the above experimental facts by means

of a purely probabilistic interpretation of the wave function. It is assumed that

P=ly (e 2
is proportional to the probability of finding a particle at a space-point x at time # when it is in a state represented
by v .
The intensity observed at the screen is proportional to
P=ly|* =|” +lya|* +2Rewiw,) = B + P, + 2Re(wj ) 3)
where there is the presence of the characteristic interference term 2Re(yw,) which is responsible for the observed
interference pattern.
Suppose we find a particle at point X on the screen .On the basis of the probabilistic interpretation, we can state that
the particle state immediately after the observation must be represented by a wave function 4 (¢), distributed only
around X so that we conclude that the measurement has caused the change
vy “)
of the wave function.
We call this change the wave-function collapse by measurement. The wave-function collapse is not a causal wave
motion, continuously shrinking from y to y y or to /%0 but it is an acausal and purely probabilistic event. Quantum

mechanics only gives the probabilistic prediction that the probability of finding each event is proportional to |l// X|2 or

2
to |l// x'| . Of course, the wave-function collapse cannot be described by the Schrodinger equation which gives only

deterministic changes. Consequently, quantum mechanics becomes a non self-contained theory since the measuring
process cannot be described by quantum mechanics itself.

These are only some preliminary features regarding the more articulated problem of measurement in quantum
mechanics. For a complete examination of the actual problems that are involved, we refer to the several reviews that
may be found in literature”. In particular, we intend to hint here only at some recent developments as the theory of
quantum decoherence, a term that was used for the first time by Bohr, while an articulated elaboration was introduced
more recently by Zurek®. It considers the mechanism by which quantum systems interact with their environments
giving the appearance of wave function collapse. Still we mention here the theory of Ghirardi, Rimini and Webber
(GRW)* who claim that particles undergo spontaneous wave-function collapses. The leading idea of the theory is to
eradicate observers from the picture and view state reduction as a process that occurs as a consequence of the basic laws
of nature. The theory achieves this by adding to the fundamental equation of quantum mechanics, the Schrodinger
equation, a stochastic term which describes the state reduction occurring in the system.

After such preliminary remarks, we may now set the basis for our discussion. As previously stated, we consider the

measurement of a given observable F' on a quantum-mechanical system S in a normalized superposed state

2
=20 5 oe=@nw) 5 Yl =1 (5)
where @, is a normalized eigenstate of F', relative to an eigenvalue ﬁ,l. ,s0 that Fo, = 4,0, and (¢;,9;) =0 .

The probabilistic interpretation means that the probability of finding the eigenvalue A; (i.e. the corresponding
eigenstate ;) in the measurement of ' on a state y is equal to |c,.|2.

The wave-function collapse is expressed in this case as

v =9 (6)
The previous equation still does not describe the wave-function collapse by measurement, intended as an acausal and
purely probabilistic event. A complete expression for the wave-function collapse must be formulated in terms of

density matrix as it was initiated by von Neumann >
ps =l ><wl=3 Tl >< o] psr = el lon >< o ™
i k

The above expression describes rather well a process in which all the phase correlations among different eigenstates are
erased. We obtain a sum of exclusive probabilities of finding each eigenstate.



However, also such formulation may still give origin to contradictions. In order to avoid such possible difficulties, we
have to modify the previous expression for the wavefunction collapse, by introducing the states of a given
measurement apparatus system A obtaining in this case

pP=ps®p,= z zCiC; “Pi >< ¢’_,'| ®py— Py = Z|Ck|2|‘ﬂk >< ‘PkL ® P 4k (®
i k

Let us see in more detail the von Neumann’s postulate about quantum measurement.

If a quantum system is in an eigenstate of the operator corresponding to the observable being measured, the outcome of
the measurement will be the eigenvalue associated with that eigenstate. However, if the system is in a superposition of
such eigenstates, the outcome will be unpredictable, and all that quantum theory can give, are the probabilities for the
different outcomes. If the system is not destroyed by the measurement, and if the interaction fits into the so called
‘measurement of the first kind’, then the quantum state after the measurement will be the eigenstate associated to

the measurement outcome, or more generally (to include degenerancies), the normalized projection of the original state
onto the eigensubspace associated with the outcome. This rule is known as the projection postulate. 1t originated with
Dirac and von Neumann, and was later formalized in degenerate cases by Luders and Ludwig’.

According to such projection postulate the complete phase-damping way for a two state system may be written

D(p)= |O >< O|p|0 >< O| + |l >< 1|p|1 >< 1| &)
where the effect of this mapping is to zero-out the off-diagonal entries of a density matrix:
0
Dl & B (e (10)
y 0 0 o

If we have a set of mutually orthogonal projection operators ( A,P,.....,P, ) which complete to identity, i.e.,

PP, =6;P; and ZP; =1 when a measurement is carried out on a system with state |l// > then

(1)  The result i is obtained with probability p; =< (//|B |(// >

(2)  The state collapses to
1

N

In detail, note that von Neumann’s projection postulate only relates the vanishing of interference terms or decoherence.
It does not explain the collapse of a pure state to another pure state associated to individual object systems. The formal
distinction between decoherence and collapse is substantial as authors as Sussmann’ in 1957 and Bell®* more recently
outlined. They distinguished clearly between what we call ‘division’ (decoherence) and ‘reading’ (the collapse which
follows decoherence). Decoherence is a statistical concept, involving the transition from a pure state to a ‘mixture’, and
the disappearance of interference terms. Collapse refers to an individual system, and it describes a transition from a
pure state to another pure state.

For a single quantum object, we may therefore write:

Bly >

D 4w, >0 (1)
with probability
2
Jas]
For an ensemble of measurements of the same observable performed on the same initial pure state (that is, each

measurement being performed on a different single object, all prepared in the same pure state), one may
represent the statistical transition described by the projection postulate as

PY a0 — Y |ai| Py (12)
i k

In brief, an explanation for collapse implies an explanation for decoherence, but an explanation for decoherence
doesn’t imply an explanation for collapse’.

TWO THEOREMS IN CLIFFORD ALGEBRA
Let us start with a proper definition of the 3-D space Clifford (geometric) algebra CI; .

It is an associative algebra generated by three vectors e,e,, and ey that satisfy the orthonormality relation

eje tege; =20, (13)
for j,k,Ae[1,2,3].

That is,



e; =1 and eje, =—epe; for j#k
Let a and b be two vectors spanned by the three unit spatial vectors in Cl;,. By the orthonormality relation the

product of these two vectors is given by the well known identity: ab=a-b+i(axb) where i=ee,e;is a Clifford

algebraic representation of the imaginary unity that commutes with vectors.
To give proofs, let us follow the approach that, starting with 1981, was developed by Y. Ilamed and N. Salingaros'”.

Let us consider the three abstract basic elements, e,, with i =1,2,3, and let us admit the following two postulates:

a) it exists the scalar square for each basic element:
ee =k ,ee, =k, ee, =k, with k, eR . (14)
In particular we have also the unit element, ¢, such that that
e,e, =1.

b) The basic elements e, are anticommuting elements, that is to say:
€16, =766, 6,65 = —€;6,, €36 = —€,€;. (15)
Itis
ee, =epe =e,.
Theorem n.1.
Assuming the two postulates given in (a) and (b) with ki =1, the following commutation relations hold for
such algebra :

ee, =—e,e =le, ; e,e, =—ee, =le; e;e, =—ee, =le, ;i =ee,e,, (el2 = ef = 632 =1) (16)
They characterize the Clifford Si algebra . We will call it the algebra A(Si).
Proof.

Consider the general multiplication of the three basic elements e,,e,,e;, using scalar coefficients
@, , A, , 7, pertaining to some field:

ee, =we +w,e, +we, ;ee, =e +Ae, +e ;ee =ye +y.e +ye;. (17)
Let us introduce left and right alternation: for any (i, ), associativity exists e.e;e = (e;e;)e ; and
eee; =e; (ejej) that is to say

eee, =(ee)e,; ee.e, =el(ee,); e,e,e; =(e,e,)e;; e,e.e; =e,(ese;);e;e5e, = (ese;)e; ;

e;ee; =e;(ee). (18)
Using the (15) in the (18) it is obtained that
ke, = ok, + w,ee, + w,ee;; k,e, = wee, + w,k, + w,ese,;
kye, = Ae,e, + Lk, + Aie,e5; kie, = Aee;, + A,e,e; + Ak;;
kie, = y,e;e, +y,e5e, +y3k;y; kies = yk, +7,e,e +y5e5e . (19)
From the (19), using the assumption (b), we obtain that
(0] w
—Lee, +w, ——e,e, :ﬁe3e1 —&eze3 +75;
2 k, 3 3
[0} [0}
o +—2ee, ——ee, =——tee +—2e,e, + Ay
k, k, ks ks
A A
7 —&ele2 +&e3e1 =—"lee, +1, +—eye, (20)
k, ky k, k,
By the principle of identity , we have that it must be
o =0,=,=4=y=y;,=0 (2D
and
- Ak, +y,k, =0 V.k, —wk; =0 Ak, — ok, =0 (22)

The (22) is an homogeneous algebraic system admitting non trivial solutions since its determinant A = 0, and the
following set of solutions is given:



k, =-y,0;, k, ==, ,ky =4y, (23)
Admitting k, =k, = k; = +1, it is obtained that
w322’1:}/2:i (24)

In this manner, using the (14) and the (15), as a theorem, the existence of such algebra is proven. The basic features of
this algebra are given in the following manner

2 — 2 —_ 2 — . — — 7 . —_ — 7 . [ — 7 . ;g —
e, =e; =e; =1 ; ee,=—ee =le; ; e,e;=—ee,=le; ee =—ee, =ie, ; I=ee,e,
(25)
The content of the theorem n.1 is thus established: given three abstract basic elements as defined in (a) and (b)
(k; =1), an algebraic structure is established with four generators (¢e,,e,,e,,e;).

Let us go on now to give proof of theorem n.2.
Before let us note that the algebra A(Si), now given, admits idempotents.
Let us consider two of such idempotents:
l+e, l-e,
V= and Y, = ) (26)

It is easy to verify that l//l2 =1, and 1/122 =y,.

Let us examine now the following algebraic relations:

ey, =y.e =y, 27)
&Y, =¥,6 =Y, (28)

Similar relations hold in the case of e, or e, . From a conceptual point of view , looking at the (27) and (28) we reach

only a conclusion. With reference to the idempotent i/, , the algebra A(Si) (see the (27)), attributes to e, the numerical

value of + 1 while, with reference to the idempotent i/, , the algebra A(Si) attributes to e, (see the (28)), the numerical

value of -1 .
However, assuming the attribution e, — +1, from the (25) we have that new commutation relations should hold in a

new Clifford algebra given in the following manner :
2 2 2 . e _ . . _ . .
e, =e, =1,i" =-1;ee, =i,ee, =—i,e,i =—e ie, =e ,ei=e,,ie =—e, (29)
with three new basic elements (e, ,e,,7) instead of (€,,€,,€;) .
In other terms, in the case in which we attribute to e, the numerical value +1, a new algebraic structure should arise

with new generators whose rules should be given in (29) instead of in (25). Therefore, the arising central problem is
that we should be able to proof the real existence of such new algebraic structure with rules given in the (29). We
repeat: in the case of the starting algebraic structure, the algebra A(Si), we showed by theorem n.1 that it exists in the
following manner

el =el=e; =1;

ee, =—e,e =le,; e,e; = —e.e, =le|; e;e, = —ee, =le, ;i = ee,e, (30)

In the present case in which we attribute to e, the numerical value +1 , we should show that it exists a new algebra
given in the following manner

el =el=1; i =-1;

ee,=1,ee =—i,el=-e,le, =e¢,ei=e,,le =—e, (31)

So we arrive to give proof of the theorem n.2.
Theorem n.2 .

Assuming the postulates given in (a) and (b) with k, =1, k, =1,k; =—1, the following commutation rules

hold for such new algebra:

ef =e; =15 i" =—1;

ee, =1,ee =—I,el=—e,le, =e,el=e,,le =—e, (32)
They characterize the Clifford Ni algebra. We will call it the algebra N, |

Proof



To give proof, rewrite the (17) in our case, and performing step by step the same calculations of the previous proof,
we arrive to the solutions of the corresponding homogeneous algebraic system that in this new case are given in the
following manner:

ki ==y,05; ky =-Aoy ks =-4y, (33)
where this time it must be k; =k, =+land k; = —1 . It results

A ==ly,==1; 0, =+1 (34)
and the proof is given.

The content of the theorem n.2 is thus established. When we attribute to e, the numerical value +1 we pass from the
Clifford algebra Si (algebra A) to a new Clifford algebra N ;.+1 Whose algebraic structure is no more given from
the (30) of the algebra A but from the following new basic rules:

ef =e; =1; i’ =—1;

ee,=1,ee =—i,el=-e,le, =e,eli=e,,le =—e, (35)
that are totally different from the basic commutation rules that we have in the case of the algebra A(Si).

The theorem n.2 also holds in the case in which we attribute to e, the numerical value of —1 .

Assuming the postulates given in (a) and (b) with k, =1, k, =1,k, = —1, the following commutation rules
hold for such new algebra

612 =€22 =1; i*=-1;

ee,=—l,ee =i, eli=e . le, =—e¢,ei=-—e,,le =e¢, (36)

They characterize the Clifford Ni algebra. We will call it the algebra N i1

To give proof, consider the solutions of the (33) that are given in this new case by

A =41 0=H; 0, =-1 (37)
and the proofis given.

The content of the theorem n.2  is thus established. When we attribute to e, the numerical value —1, we pass from the
Clifford algebra Si (algebra A) to a new Clifford algebra N ;-1 Whose algebraic structure is not given from the (30) of
the algebra A and not even from the (35) but from the following new basic rules:

el=el=1;i"=-1;

ee,=—i,ee =i, eli=e e, =—e,ei=-—e,,le =e, (3%
In a similar way, proofs may be obtained when we consider the cases attributing numerical values (1) to e, orto
e,.

Of course, the Clifford algebra, N, ., given in the (35) and in the (36) are well known . They are the dihedral Clifford
algebra N, (for details, see ref.10 page 2093 Table II).

In conclusion, in this section, using a Clifford algebraic framework, we have shown two basic theorems, the theorem
n.1 and the theorem n.2. As any mathematical theorem they have maximum rigour, and an aseptic mathematical
content that cannot be questioned. The basic statement that we reach by the proof of such two theorems is that in

Clifford algebraic framework, we have the Clifford algebra A(Si) and inter-related Clifford algebras N i+1- When we
consider (e,,e,, e3) as the three abstract elements with rules given in (30) , we are in the Clifford algebra A(Si) .When

we attribute to e, the numerical value +1, we pass from the algebra A ( the Clifford algebra Si, with basic features given

in (30)), to the algebra B, the Clifford NV, ,,, with basic algebraic rules given in the (31). Instead, when we pass from

41
the Clifford algebra A, (the Clifford algebra Si) to the Clifford algebra N ;-1 the basic features are given in the (38)
and we attribute to e, the numerical value -1 .

The same conceptual facts hold when we reason for Clifford basic elements e, or to e, , attributing in this case a

possible numerical value (1) orto e or to e, , respectively.

A POSSIBLE IMPLICATION FOR QUANTUM MECHANICS
If one looks at the algebraic rules and commutation relations given in the (30), the algebra A(Si) shown by theorem
n.1, immediately acknowledges that they are universally valid in quantum mechanics. We called the algebra A as the Si



Clifford algebra because it links the Pauli matrices that are sovereign in quantum mechanics. Still the isomorphism
between Pauli matrices and Clifford algebras is well established at any order.

Passing from the algebra A(Si) to N ;.+1 it happens an interesting feature. Consider the case , as example, of e;. While
in A(Si) e; is an abstract algebraic element that has the potentiality to assume or the value +1 or the value —1( in

correspondence, in quantum mechanics it is an operator with possible eigenvalues 1), when we pass in the algebra

N, .|, e, is no more an abstract element in this algebra , it becomes a parameter to which we may attribute the

numerical value +1 , and we have N, ,, whose three abstract element now are (e, ,e,, i) with commutation rules given

i,+1

in the (35) . If we attribute to e; the numerical value —1 , we are in /N, , whose three abstract elements are still

(e,,e,,i) , and the commutation rules are given in (38). Reading this statement in the language and in the logic of

quantum mechanical measurement , it means that if we are measuring the given quantum system S with a measuring
apparatus and , as result of the actualized and performed measurement, we read the result +1 , we are in the

corresponding algebraic case , in the algebra N, ;. If instead , performing the measurement , we read the result -1, in

i
this case we are in the algebra NV, ;. In each of the two cases this means that a collapse of the wave function has

happened.
During a process of quantum measurement , speaking in terms of Clifford algebraic framework, we could have the
passage from the Clifford algebra A,(Si), having such fundamental basic commutation rules :

ee, =—eye =ie;; e,e; =—ese, =ie; e;e; = —ee; =ie, ;i =ee,e,

2 _ 2 _ 2 _ 1.
e, =e; =e; =1; (39)
to the new N, ,, Clifford algebra having the following and totally new commutation rules:
ee,=1i,ee =, ei=-—e,le,=e,ei=e,,le =—e,
2 2 -2
e, =e; =15 i" =-1; (40)

in the case in which the result of the measurement of e, is +1 (read on the instrument), and instead we could have the
passage to the new /N, | Clifford algebra , having the following and totally new commutation rules:
ee, =—i,ee =1, ei=e,ie,=—e,ei=—e,, e =e,
2 2 .2
e, =e; =1; i"=-1 41
in the case in which the result of the quantum measurement of e; gives value —1 (read on the instrument).

In such way it seems that a reformulation of von Neumann’s projection postulate may be suggested. The reformulation
is that, during a quantum measurement (wave-function collapse), we have the passage from the Clifford algebra A(Si),

to the new Clifford algebra N, ;.
In other terms
Quantum Measurement (wave-function collapse) = passage from algebra A ( Si) to B (V. it1)-

In conclusion we think that the two previously shown theorems in Clifford algebraic framework give justification of
the von Neumann’s projection postulate and they seem to suggest , in addition , that we may use the passage from the
algebra A(Si)to N ;.+1 to describe actually performed quantum measurements.

APPLICATIONS OF THE PREVIOUS CRITERIUM TO SOME CASES OF QUANTUM MECHANICAL
INTEREST

Let us start discussing a trivial application. It is important only to illustrate better the sense in which we must intend the
present formulation.

Assume a two —level microscopic quantum system S with two states #,, #_ corresponding to energy eigenvalues &,

&_ . The Hamiltonian operator H 5 can be written

Hg =%g+(l+e3) +%5,(1—e3) =%(.€+ +5,)+%(5Jr —&_)e; (42)
The standard quantum methodological approach is also well known . We have that

1 0
u, :(O} , U :[lj , and Hgu; =&gu;. (43)

We may also choose &, = ¢ and &_ = 0 simplifying the (42) to



Hy :%(1%3 )e (44)

Indicate an arbitrary state of such quantum microsystem as

Wg=cu +c_u_ (45)
where, according to Born’s rule, we have

¢, = p+ei§1 ¢ = \/p__eiéz (46)
with

p; (j=+-) (47)

corresponding probabilities with p, + p_ =1.

This is the standard quantum mechanical formulation of the system.

Let us admit now that we want to measure the energy of S using a proper apparatus . The rules of quantum mechanics
tell us that we will obtain the value & with probability p,, and the value zero with probability p_. After the

measurement the state of S will be either u, or u_according to the measured value of the energy. The experiment will
enable us also to estimate p, as wellas p_.
In such simple quantum mechanical example we have , as known, the (42), e;, the (44) that are linear Hermitean

operators with quantum states acting on the proper Hilbert space.
Let us see instead the question from a different point of view.

The e,, and H g given in the (42) or in the (44) are members of the Clifford algebra. They are Clifford algebraic
members of what we have called the algebra A( Si), with basic rules given in the following manner:

2 2 2
e, =e, =¢; =1
ee, =—e,e =le,; e,e, =—ee, =le ; e,e; =—ee, =le;; I =ee,e, (48)
However, on the basis of theorems n.1 and n.2 shown in the previous sections, starting with the Clifford algebra A(Si),
we must use the existing Clifford, dihedral algebra B, N, ., when we arrive to attribute ( by a measurement) as
example to e; in one case the numerical value +1 and, in the other case, the numerical value —1.
In the first case we have a dihedral Clifford N, algebra that is given in the following manner:

2 212 _
e, =e; =1i" =-1
ee,=1,ee =—l,el=—e,el=—e,le, =¢,el=e,,le =—e, (49)
that holds when we are attributing to e, the numerical value +1 ( in analogy with quantum mechanics: the quantum
measurement process has given as result +1). In the second case, we have instead that

2 _p2 1. 2 =_1-
e, =e, =1; 1" =-1;
ee,=—i,ee =i, eli=e e, =—e¢,ei=-—e,,le =e¢, (50)
that holds when we have arrived to attribute to e, the numerical value —1 by a direct measurement

Reasoning in terms of a Clifford algebraic framework, we are authorized to apply the passage from algebra A(Si) to
algebra B in the (42) . From it , we obtain:

HS(Cllﬂord—element) = 6‘+ (51)
if the instrument has given as result of the measurement , the value +1 to e, (Clifford algebraic parameter of dihedral

N, algebra ), and

H g Cliord—ctementy = € (52)
if the instrument has given as result of the measurement , the value -1 to e,. During the measurement we have had the

passage from algebra A(Si) to the dihedral N ;.+1 algebra in which , with given probabilities, e;has assumed or the +1

or the value —1 , respectively.
In the first case, we have

H s Cligiora—ctementy = €

and in the second case, we have

H S(Clifford —element) — 0

Consider now the second application .



Let us introduce a two state quantum system S with connected quantum observable 0, (e, ). We have

1 0
w)=cla)sele) o[y o=(]] )

and
e +le| =1

As we know, the density matrix of such system is easily written

p =a+be, +ce, +de, (54)
with
el deed _ieeizde , ki okS o

where in matrix notation, €, , e,, and e, are the well known Pauli matrices

0 1 0 —i 10
o)l 0) %o 4 e

Of course , the analogy still holds. The (54) is still an element of the Clifford algebra, and precisely of Clifford algebra

A(Si). As Clifford algebraic member, the (54) satisfies the requirement to be ,02 = p and Tr(p) =1 under the

2

conditions @ =1/2 and a”> —b> —c* —d? =0 as shown in detail elsewhere in refl1. In the algebraic framework

previously outlined, let us admit that we attribute to e, the value +1 (that is to say ... the quantum observable
O, assumes the value +1 during quantum measurement ) or to €, the numerical value —1 (that is to say... the quantum
observable 0’;assumes the value —1 during the quantum measurement). As previously shown, in such two cases the
algebra A, (Si) no more holds, and it will be replaced from the Clifford N .+1 - To examine the consequences , starting

1

with the algebraic element (54), write it in the two equivalent algebraic forms that are obviously still in the algebra
A(Si).

1 2 2 1 * . 1 * . 1 2 2
p=5(|cl| +|Cz| )+§(CICZ)(61 +ezl)+5(clcz)(el _lez)+5(|cl| _|cz| )es (57)
and

1 2 2 1 * . 1 * . 1 2 2
p=5(|cl| +|Cz| )+5(CICZ)(61 +leZ)+E(Clcz)(el _ezl)+5(|cl| _|cz| )es (58)
Both such expressions contain the following interference terms.
1 . ~ 1, . .
5(0102)(61 +e,i) +E(Cl ¢, )e —ie,) (59)
and
1 . ) 1, . .
5(0102)(61 +ie,) +5(C1 ¢,)(e —eyl) (60)

Let us consider now that the quantum measurement gives as result +1 for e, . In this case there are the (57) and the (59)
that we take in consideration. On the basis of our principle, we know that the previous Clifford algebra A(Si) no more
holds, but instead it is valid the V, ,, that has the following new commutation rules:

ee,=1,ee =—i,el=—e,le, =¢,el=e,,le =—e, (61)
Inserting such new commutation rules in the (57) and the (59), remembering that here e, is now a parameter that has

value +1, one sees that the interference terms are erased and the density matrix, given in the (57), now becomes

p=py =laf (2

The collapse has happened.



In the same manner let us consider instead that the quantum measurement gives as result -1 for e, . In this case there
are the (58) and the (60) that we take in consideration On the basis of our principle, we know that the previous Clifford
algebra A(Si) no more holds, but instead it is valid the V. . that has the following new commutation rules
ee,=—1,ee =i,el=e,le,=—e,el=-—e,,le =e¢, (63)
Inserting such new commutation rules in the (58) and (60), remembering that the parameter e, now assumes value —1,
one sees that the interference terms are erased and the density matrix, given in the (54) or in the (58), now becomes

2
P = Pu = |cz| (64)
The collapse has happened.
Let us examine now von Neumann results.

In order to formulate in detail von Neumann’s projection postulate , consider the spinor basis given in (53). Outer
products give projection operators that are the idempotents in the A(si) Clifford algebra as explicitly given in (26).

Consider again the (9).
Reasoning in terms of Clifford algebra
0><0]
and
(65)
1><1] (66)
are respectively the idempotents
1+e,
2
and (67)
l-e,
(68)
2
Considering the first term on the right in the (9) one has that
(1+e3) (1+e3) 9)
P
2 2
that , in terms of the matrix given in the (10), gives
(1+e3 ) (1+e3 y=ax (1+e3 )
p =
2 2 2
and explicitly (70)

a 0 )
0 0

Applying the same procedure in the case of

l-e,
5 (72)
(the second term in the (9)) , one obtains as result
l-e
BC—) (73)

2

and explicitly

0 0 P
0 o

The sum , as indicated in the (9), gives



a 0 75)
0 o

In conclusion we have given full justification of von Neumann’s projection postulate in Clifford A(Si) algebra. As
expected, there is total equivalence between von Neumann postulate and corresponding A)Si) formulation . It is
important to reaffirm here that it has been obtained using only the framework of A(Si) algebra. In accord with von
Neumann we obtain

Are, (76)
2
and
l-e,
77
B( 5 ) (77)

Note now that , in application of our criterium, quantum measurement is obtained passing from algebra A(Si) to

N,

i4]

algebra, but we obtain respectively the (62) or the (64), that is to say,

. In this case we no more obtain the (76) and the (77) as it happens remaining in the framework of the A(Si)

pu =laf’ (78)
or
Py =les| (79)

as it must be when the collapse has happened.
The nature of such result obviously does not change if we explore a time dependent situation.
The reader is advised that we will use a lightly modified formalism that however does not alter the significance of our
application.

Consider the quantum system S and indicate by \, the state at the initial time 0. The state at any time t will be given
by
(@) =U@y, and y,=y(t=0) (80)

An Hamiltonian H must be constructed such that the evolution operator U(t), that must be unitary, gives U(¢) = et

It is well known that, given a finite N-level quantum system described by the state y , its evolution is regulated
according to the time dependent Schrédinger equation

dy(t .

O aw @) with y(©) =y 81)
Let us introduce a model for the hamiltonian H(t). Details of this formalism may be found in reff.12 and 13. We express
by Hy the hamiltonian of the system S, and we add to H, an external time varying hamiltonian, H,(t), representing the

perturbation to which the system S is subjected by action of the measuring apparatus. In conclusion we write the total
hamiltonian as

m

H(t) = Ho + Hy(t) (82)
so that the time evolution will be given by the following Schrédinger equation
_dy(t
i [, + 1,0 0 (83)
and w(0) =y, . We have that
y(O)=U@®y, (84)
where U(t) pertains to the special group SU(N). We will write that
inw —H(OU@) =[Hy+H,(OlU()  and U0)=1 (85)
Let Aj,A,,........ AL, (n:Nz-l), are skew-hermitean matrices forming a basis of Lie algebra SU(N). In this manner one
arrives to write the explicit expression of the hamiltonian H(t). It is given in the following manner
—iH(0) ==ilHo + Hy(0)]= Y a4, + Y b4, (86)

j=1 j=1

where a; and b; = bj(t) are respectively the constant components of the free hamiltonian and the time-varying control
parameters characterizing the action of the measuring apparatus. If we introduce T, the time ordering parameter (for
details see reff. 12 and 13), we arrive also to express U(t) that will be given in the following manner

U(t)= Texp(—iJZH(z')dr) = Texp(—i.[j(aj +b;(7))4,d7) (87)

that is the well known Magnus expansion. Locally U(t) may be expressed by exponential terms as it follows



U(t)=exp(y1 4, +7,4; +........ +7,4,) (88)
on the basis of the Wein-Norman formula

* a; +by
_ % a, +b
EGrsrameenta)| |2 (89)
ﬁi an + bn
with Z n x n matrix, analytic in the variables y;. We have y;(0)=0 and =(0) =/, and thus it is invertible. We obtain
% a; +b
& _g| %2 +b, (90)
ﬁ}'LI an + bn
Consider a simple case based on the superposition of only two states. We have
2 2
v=lr and n] [l =1 ©1)

As previously said, we have here an SU(2) unitary transformation, selecting the skew symmetric basis for SU(2). We
will have that

0 1 0 —i 1 0 92)
e = , e = , ey =
oo i o P00 -1
Now we consider the following matrices
i .
A; =5ej ,j=1,23
The reader may now ascertain that the previously developed formalism is moving in direct correspondence with our
Clifford algebra A(Si).
We are now in the condition to express H(t) and U(t) in our case of interest. The most simple situation we may examine

is that one of fixed and constant control parameters b;. The hamiltonian H will become fully linear time invariant and
its exponential solution will take the following form

3
1Y (a;+b))A;) 3
e R k 2 k
e =cos(5t)l+;sen(gt)[ E (aj+bj)Aj} (93)
=

with & = J(a1 +b,) +(a, +by)* + (a3 +by)* . In matrix form it will result

ki k 1 k .
cos—t+;sen5t(a3 +b3) ;sengt[az +b, +i(a; +b )]

1 k

v = ko0 k
;sengt[— a, —b, +i(q +b1)] cosat—;sengt(% +b3)

94)

and, obviously, it will result to be unimodular as required.
Starting with this matrix representation of time evolution operator U(t), we may deduce promptly the dynamic time
evolution of quantum state at any time t writing

w(t)=U(t, (95)
assuming that we have for y,the following expression
Clrue
Wy = (96)
C false

having adopted for the true and false states (or yes-not states, +1 and —1 corresponding eigenvalues of such states )
the following matrix expressions

1 0
Pirue = 0 and 4 Jalse™ 1 (97)

Finally, one obtains the expression of the state y(¢) at any time



W(t) = |:Ctme |:COS§I + ésen%t(% + b3):| + cﬁllsel:]lf sen— k [(aZ + b2) + l(al + bl )]:|:|(ptrue +
98)

|:ctmeliésen§t[i(al + bl ) - ((12 + bZ )]:| + cfalse |:COS§I _ésengt@% + b3 )i|:|¢ﬁzlse

As consequence, the two probabilities Pm,e(t) and Py.(t) , will be given at any time t by the following expressions

P,..(t)= (4% + B*)cos® §t+kl sen —t(P2+ 0%)+ Se”kt (AP + BO)
and 99)
Py (1) = (C? + D?)cos” §t+ki2 t(S2 + R+ se"’“ (RC + DS)

where

A= Re Ctrue ,B=Im Ctrues C:Re Ctalse » D=Im Ctalse »

P=—D(a1+b1)+C(a2+b2)—B(a3+b3),

Q=C(a;+b)+D(ay+b,)+A(as+bs), (100)
R=-B(a;+b;)-A(ay*+b,)+D(as+b;),

S=A(a;+b)-B(a,+b,)-C(as+bs)

Until here we have developed only standard quantum mechanics. The reason to have developed here such formalism
has been to evidence that at each step it has its corresponding counterpart in Clifford algebraic framework A(Si) , and
thus we may apply to it the two theorems developed in the previous section and the previously introduced criterium,

passing from the algebra Sito N ;.+1- In fact , to this purpose , it is sufficient to multiply the (94) by the (96) to obtain

the final forms of ¢, () and ¢ . (?)

In the final state we have that

ctme (t)
: 101
Vi [Cfalxe (t)J ( )

We may now write the density matrix that will result to have the same structure of the previously case given in the
(54) but obviously with explicit evidence of time dependence. . In the Clifford algebraic framework it will pertain still
to the Clifford algebra A( Si). In order to describe the wave-function collapse we have to repeat the same procedure that
we developed previously from the (54) to the (64) , considering that , in accord to our criterium ,we have to pass from

the algebra A(Si) to N, ;.+1» and obtaining

2
PPy = |ctrue (t)| (102)
in the case N,
and

2
P> Pas = | e 1) (103)

inthe case N, ,, as required in the collapse.

Let us examine now the fourth application of our criterium.
Until here we considered only examples of two state quantum systems. Let us expand our formulation at any order n.
First consider Clifford Si algebra at order n=4 (for details see ref.14) . One has

Ey=1'®e;; Eg=e,®I° (104)
The notation ® denotes direct product of matrices, and / "is the ith 2x2 unit matrix. Thus, in the case of n= 4 we have
two distinct sets of Clifford basic unities, E,; and E; 5, with

Egy=1; EX=1,i=123 (105)
EyiEg;=1iEpy; EioEjg=iEw  j=1,2 3 I #]

and
EigEp; =Ep; Eio (106)

with (i, j, k) cyclic permutation of (/, 2, 3).
Let us examine now the following result

(11®ei)(ej®12):EOiEj0:Eji (107)
It is obtained according to our basic rule on cyclic permutation required for Clifford basic unities. We have that £, Ej,
=FE;;withi=1, 2, 3 and j=I, 2, 3, with Eil: 1, EijEfyy# EwEij, and E;; Ey,, = E, , where p results from the cyclic

permutation (i, &, p) of (/, 2, 3) and q results from the cyclic permutation (j, m, q) of (1, 2, 3).
In the case n = 4 we have two distinct basic set of unities £,;, E; and, in addition, basic sets of unities (E;;, E;, , Ey )
with (j, p, m) basic permutation of (/, 2, 3).



This is the Clifford algebra A at order n=4.
In the other more general cases we have Ey;, Ep;9, and E;yy, i=1,2, 3 and

Epgi=1'®1' ® ¢;; Epy=1"® e, ®I°; E=¢01°®I’
and

I'®I'"®e) I°®e®I%) (@I ®I°) =¢;@e; ®e;=

=Epoi Eoio Eigo=E i (108)

Still we will have that
Eooi Evio=Eoio Eioo; EooiEioo=EiooEpo:; EoioEioo =EiooEy i (109)
Generally speaking, fixed the order n of the Si Clifford algebra in consideration , we will have that

=4,

D= A ®e"™" @I ®......... ®I" (110)

Domii= Ay ®™ N @U@ ®I"

I=e,®IP®......... 1"
with

A=e" ®e?®...®e" = (e, ®IV®...®I"y(...)(I" @ I?P . QI ®e,),
m=1,..., n-1

according to the n-possible dispositions of e, and 7/, I°, ..., I" in the distinct direct products.
We may now give the explicit expressions of £y, E;, and E;; at the order n=4.

010 0 0 —i 0 0 1 0 0 0
1 000 i 0 0 0 0 -1 0 0
Eaqo 00 1" B2J0 0 o —il"EsT0 0 1 o0 (1)
001 0 0 0 i 0 0 0 0 —1
001 0 00 —i 0 1 0 0
00 0 1 00 0 —i 0 1 0
Eoqd1 00 0 " F2T7 0 0o o0 0 -1 o
010 0 0 i 0 0 00 0 -1
00 0 1 0 0 0 —1 1 0 0 0
001 0 0 01 0 0 -1 0 0
E, ; By S s By
010 0 0 1 0 0 0 0 -1 0
1 000 100 0 0 0 0 1
0 0 0 —i 0 1 0 00 0 —i
0 0 0 0 0 0 —I 00 —i 0
E12_ El3_ E21_.
0 —i 0 0 1 0 0 0 0 i 0 0
i 0 0 0 0 -1 0 0 i 0 0 0
0 1 0 i 0 0 i 0 0
ElO Eo Ei 0 0
0 0 1’7 0 2770 0 i
00 -1 0 0 —i 0 0 0 i 0



Note the following basic feature: we have now some different sets of Clifford algebras A, (Si). In detail, we have the
following sets of basic Si Clifford algebras:

(EOI’E129E13)7(E01’E229E23)7(E01’E329E33)’(E029E117E13)’
(E02’E21’E23)7(E029E31’E33)7(EO39E11’E12)’
(E03’E21’E22)7(E039E31’E32)7(E10’E23’E33)’(Elo’E229E32)’
(EIO’EZI’EM)’(EZO’EB’E33)7(E209E12’E32)’(EZO’EH’EB»I)’
(E30’E13’E23)7(E309E12’E22)7(E3O’E119E21) (112)

All these are the sets of Clifford algebras A (Si) that we have at order n=4. To each of these sets we may apply the
theorems n.1 and n.2 previously shown and we may apply the criterium of the passage from the Si to the N, 1.+1 that

we have just used in the other previous cases of application.

Fixed such algebraic features, we may now consider the problem that we formulated in the introduction of the present
paper. It is that, in order to avoid possible contradictions, we should still modify the previous expression for the wave-
function collapse, by introducing the states of a given measurement apparatus system A obtaining in this case

p=p®p.=3 Teclp
i J

, >< (0_,-‘ QP Ps i = Zk:|ck|2‘(0k >< (DkL ® P acions (113)

See the previous discussion that we introduced by the (8).
We may refer the algebraic sets £, to the quantum system S to be measured , and consider the algebraic sets £, to

the measuring apparatus A. Still we have the basic algebraic set El.l. that relates the coupling of S with A. Let us write

the density matrix © at such order n=4. To simplify, we may write it in the following general form

a b, +ib, ¢, +ic, d, +id,

B b, —ib, € S+, g +ig,
pP= . . . (114)

¢ —ic, f,—1if, h t, +it,

d —id, q,—iq, t —it, s

Obviously, the correspondence between Clifford algebra and quantum mechanics still holds also at the present order.
The p of the (114) is still a member of the Clifford algebra A(Si) that in fact, on the basis of the (111) may be

written in the following manner
Eoo + E03 + E30 +E33 ) +e(E00 + E3o _Eos _E33 )+h(Eoo + E03 _E30 _E33

=a
p=al 4 4 4

E,-E,-E,+E
(2 034 30 3y 4

|:b1(E01_;E31) b( 02 32)} |: (E10+E13) 2(E23+E20} |:dl(Ell;E22)_d (E12+E21):|

E11 +E22 E12 _E21 ElO _E13 E23 _Ezo E01 _E31 E32 _Eoz
{f( )+ /> ( 5 ):|+|:Q1( 5 )+Q2( > j:|"{t1( ) )+, ( ) ):|

(115)

)+

It is in A(Si). Applying the previous criterium we must now pass from A(Si) to N, ;.+1 - Let us start considering for E;,

the numerical value +1 and this is to say that or E; = E;; =+1 or E; = E,) =—1.
On the basis of such condition of the measuring instrument, by inspection of the (115) it is seen that the terms by e and
h go to zero. It remains the term by a for E; = E,) = +1and the term in s for E,; = E;; =—1. All the other

terms containing bi ,Cis d i f, .q,,t; (i =1,2) go to zero and the wave function collapse has happened.
Let us explain as example as the term
Eyp +E3
2
pertaining to b, , goes to zero.

(116)



Remember that we have attributed to £, the value +1. By inspection of the (112) ,one sees that the basic algebraic A
(Si) set in which Ej; enters is (Ey,, E3,, Es;) . Passing from the algebra A to the algebra NV, (in fact we have
attributed to F; the numerical value +1) we obtain the new commutation rule that

EE, =1i. (117)
On the other hand, considering the basic algebraic A(Si) set ( E,,, E,, E;) of the (112) with attribution to F; the

numerical value -1, we have the new commutation rule that

EyE,, =—i (118)

In conclusion we have that

E32 =E,i (119)

and

Ep+Ey, Ep+Eyi  —Eyni+Eyi_ 0 (120)
2 2 2

Following the same procedure , one obtains that also the other interference terms are erased and in conclusion, passing
from the algebra A (Si) to the /V, ,, one obtains that the wave-function collapse has happened.

If £y =E,, =+1 (E;; = +1) from the (115) we obtain
P p, =a (121)
If £, =E,, =—1(E,; =+1) from the (115) we obtain

P —>py =5 (122)
and the collapse has happened.

CONCLUSION
In section three , following Y. Ilamed and N. Salingaros 10 , we have given proof of two theorems (n.1 and n.2) on two
existing Clifford algebras , the Si and the N;. Such two algebras are of course well known in Clifford algebraic

framework '’ , the first holding with isomorphism with Pauli matrices , the second representing the well known dihedral
Clifford algebra N,. We also gave previously a very preliminary proof of such theorems by exposition at the

conference on Reconsideration of Quantum mechanics Foundations in Vaxjio — Sweeden "> The substance of the
results that we obtain in the present paper is that we may pass from the algebra Si to N, ,, attributing to one of the

abstract elements (e,,e,,e;) a direct numerical value (as example , consider e, attributing to it the value +1 and thus
passing from Sito N, ,, or attributing to e, the value —1 and thus passing from the algebra Sito N, ;. The algebra Si
has its commuation rules based on the abstract elements (¢e,,e,,e;), the algebra N, | has its three abstract elements

(e,e, ;1) and its basic commutation rules while the algebra N, ;-1 has its three abstract elements (el,ez;i) and its

basic commutation rules . We foresee the possibility of a profound implication for the quantum measurement problem
based on existence of such two Clifford algebras Si and N, 4, and , in particular, on the basic feature that has been

shown in section three, that N i1, may be obtained from Si by direct attribution , as example to e, of a direct
numerical value (+1 or —1) . The reason is that when , given a quantum system S, we arrive to attribute to S a definite
numerical value for some selected quantum observable , say e,, actually this happens because we measure S with a

proper measuring apparatus ‘“reading” the numerical value +1 or —1 , respectively. This reason has motivated us to
introduce a criterium. A quantum system without direct observation and actualization , induced from a proper
measuring apparatus, has its Clifford algebraic counterpart in the Clifford algebraic structure Si while the collapse ,
happening on the considered system during the proper actualization by an instrument apparatus, may be described
passing from the algebra Sito N, ..

We have given three cases of application of such criterium showing in detail that it holds . On the other hand, there are
still other basic considerations that in some manner legitimate the choice of such criterium. In section three, in the (65)-
(77) we have re-obtained , as expected, the results of von Neumann projection postulate in quantum measurement. It is
important to observe that we have re-obtained von Neumann projection postulate using only the Si algebra. Therefore,
we have given a justification of von Neumann projection postulate showing that it is articulated only in the Si Clifford
algebra. On the other hand , by using only the Si Clifford algebra one shows (see Appendix A) that one may obtain a



rough scheme of quantum mechanics as shown in detail elsewhere '°. Finally, in order to confirm still that , passing
from Sito N, ., we have a description of quantum wave function collapse, we may also add two final considerations.

The first is that remaining in a geometric interpretation of Clifford algebra one has that

1slvD=1
1s2vibD=2
Is3v3b1tD=3

where s means scalar, v means vector, b means bivector, t means trivector. To describe standard Si one needs D=3 that
is 1 scalar, 3 vectors , 3 bivectors and 1 trivectors that is the imaginary unity i of complex numbers . This is a classical
two state quantum system with quantum dimension d=2, Hilbert space.

When we pasto N, ., , we have

Is2vibD=2

one needs 1 scalar, 2 vectors , 1 bivector . The dimension has been decreased to D=2 . In correspondence the
dimension d of the quantum system has become d=1, Hilbert space. The system has collapsed.

The second consideration is based on the following reasoning.

In the Si, CI(3) Clifford algebra , we have two elements

P :%(liq) (123)

that are idempotent, better they are primitive idempotents , as we outlined in the (26). The sets CI/(3) &, and &,.CI(3)

are left and right ideals in CI(3) in Si. They are vector spaces of complex dimension 2 and the identification of i with

complex imaginary unity makes each of them identical to C A spinor is precisely an element of a two dimensional

representation space for the group SL(2;C), which is C?.
Let us first consider CI(3)¢, . If we chose an arbitrary frame :

1— d = 0 124
0|76 andas =\, (124)

we may decompose any arbitrary element, that is to say
1
YoeClB)e, ¢=[¢2Jecz (125)
@

A similar procedure applies to &, CI(3), choosing the basis (1 0)= &, and (0 1) = ¢,¢,.

We may also look at ref. 17 for further details.
This is in Si. Now , if we calculate

I+e e —ie
s =e(— 3)=% (126)
that holds in Si, it gives
0
ac =\ (127)
When instead we pass to N, ,;, since we have in N, ,, that i =e¢e,, we obtain that
I+e;. e —ie,
es, =e =——==0 128
18 = e > ) > (128)
that is to say
0
elg+:(1] =0 (129)

The collapse has happened.

APPENDIX A



We may now derive a rough scheme of quantum mechanics using the Si Clifford algebraic framework 1018

Consider in Si the three abstract basic elements, e,, with i =1,2,3 that , as we know, are submitted to the following
basic postulate:
2 2 2
e =1,e, =1,e =1 (A.1)
If we consider the e (i=1,2,3) as abstract quantum entities, we may conclude that they have
an intrinsic randomness that is their essential irreducible nature. This of course happens also for quantum events. In the
algebra A (Si) the e, (i =1,2,3) have the intrinsic potentiality that we may attribute them or the numerical value +1 or

the numerical value —1 .
A generic member of our algebra A(Si) is given by

4
X = le.el. (A2)
i=0

with X, pertaining to some field R or C. Since the e, are abstract quantum entities, having the potentiality that we
may attribute them the numerical values, or *1, and they have an intrinsic and irreducible randomness , we may
admit to be p, (+1) the probability that e, assumes the value (+1) and p,(—1) the probability that it assumes the
value —1, so that we have its mean value that is given by

<e >=+)p,(+D)+(-Dp,(-1) (A.3)

Considering the same corresponding notation for the two remaining basic elements, we may introduce the following
mean values:

<e, >=(+Dp,(+D+(=Dp,(-D), (A4)
<ey >=(+D)p;(+) + (=) p;(=1).

We have

—l<<e ><+1 i=(1,23) (A.5)

Selected the following generic element of the algebra A(Si):

3

x= Z xe x,eR (A.6)
i=l

Note that

x’ = xl2 + x22 + x32 (A7)

Its mean value results to be

<xX>=Xx <e >+x,<e, >+x;<e; > (A.8)

Let us call

a=(x;+x;+x3)"* (A9)

so that we may attribute to X the value +a or —a

We have that

—asx <e >+x,<e, >+x;<e;>=<a (A.10)

The (A.8) must hold for any real number X, and, in particular, for

X, =<e, >

so that we have that

xl2 + x22 + x32 <a

that is to say

a*<a —a<l

so that we have the fundamental relation

<e > +<e, >t +<e; ><1 (A.11)
This is the basic relation we are writing in our Clifford algebraic quantum like scheme of quantum theory.

Let us observe some important things:



(a) First of all it links the Clifford algebra A(Si) with the N, ,;. In absence of measurement, that is to say in absence of
direct observation of one quantum entity ¢, the (A.11) holds.

(b) If we attribute instead a definite numerical value to one of the three quantum entities, as example we attribute to e,
the numerical value +1 , we have < e; >=1, the (A.11) operates now in the N ;.+1 algebra , reduced to
<e > +<e,>'=0,<e >=<e,>=0, (A.12)

and we have complete, irreducible, indetermination for e, and for e, . This is an excellent example of the profound

link existing between quantum phenomenology with and without direct observation expressed in a pure algebraic
framework.
(¢ ) Finally, the (A.11) affirms that we never can attribute simultaneously definite numerical values to two basic non

commutative elements e,

Still let us examine another important consequence of our rough quantum mechanical scheme. As previously evidenced,
in Clifford algebra A we have idempotents. Let us consider again two of such idempotents:

1+e, I-e,
v, = and Y, = 5 (A.13)
Let us consider the mean values of (A.13). We have that
2<y,>=l+<e;> and 2<y,>=1-<e; > (A.14)
Using the last equation in (A.4) we obtain that

l+<e, > I-<e; >

py(+)=—7>—  and py(-1)= TS (A.15)
Therefore, we have that
ps(+) =<y, > and p;(-1)=<y, > (A.16)

This is to say that probabilities p; ., , are the mean values of the idempotents. The same result holds obviously when

considering the basic elements e, or e, . Considering that in quantum mechanics (Born probability rule), given wave

functions ¢, _, we have

2
o, | =p.. (A17)
we conclude that

0,(+)=J<w, > and @,(-) = /<y, >e'” (A.18)

and we have given proof that our rough scheme of quantum mechanics foresees the existence of wave functions as
exactly traditional quantum mechanics makes.

ACKNOWLEDGMENT

I am deeply indebted with prof. Jaime Keller for having patiently red the manuscript and examined it for the
section regarding the Clifford algebra.

" J.A. Wheeler , W.H. Zurek, eds, Quantum Theory and Measurement, Princeton University Press, (1983).
B. d’Espagnat., Conceptual Foundations of Quantum Mechanics, 2nd ed., Benjamin, (1976)
A. 1. Fine, ‘The Two Problems of Quantum Measurement’, in P. Suppes, L. Henkin, A. Joja and G. C. Moisil (eds.),
Logic, Methodology and Philosophy of Science IV, NorthHolland, Amsterdam, (1973)
* H. Araki. Prog. Theor. Phys. 64 , 719, (1980), Fundamental Aspects of Quantum Theory, eds V. Gorini and
A Frigerio, Plenum, New York, (1986).
* H. Zurek, Phys. Rev. D 24,1516, (1981); D 26, 1862, (1982) ; Phys. Today 44, 36, (1991) .
* G.C. Ghiradi, C. A Rimini and T. Weber, Phys. Rev. D 34, 470 (1986); D 36, 3287, (1987).
G.C.Ghirardi, R. Grassi, P. Pearle, Foundations of Physics 20, 1271 (1990)
> J. von Neumann, Die Mathematische Grundlagen der Quantenmechanik, Springer Verlag, Berlin, (1932).
% G. Ludwig, Z. Physik, 181,233, (1964).
G. Ludwig. Deutung des Begriffs “physikalische Theorie” und axiomatische Grundlegung der Hilbertraumstruktur



der Quantenmechanik durch Haupts atze des Messens. Springer-Verlag, Berlin, (1970).

" G. Sussmann, An Analysis of Measurement’, in S. Korner (ed.), Observation and Interpretation in the Philosophy of
Physics, Dover, New York, (1957).

¥J.S. Bell, Physics 1,195, (1965) .

°J.S O. Pessoa, Synthese 113, 323, (1998).

'y Tlamed , N. Salingaros, J. Math. Phys., 22,10,(1981).

'""E. Conte, Physics Essays, 6, 4, (1994).

"> C. Altafini, arXiv:quant-ph/0203005

B E. Conte, O. Todarello, A. Federici, F. Vitiello, M. Lopane, A. Khrennikov, J.P. Zbilut, Chaos, Solitons and Fractals,
31, 1076, (2007).

"“E. Conte, Biquaternion quantum mechanics, Pitagora Editions, Bologna-Italy, (2001)

'SE. Conte, On some Clifford theorems of possibile importance in quantum mechanics,
Conference on Reconsideration of Quantum mechanics Foundations, Vaxjio University — Sweeden, Proceedings,
(submitted for publication). June 15-18, 2009.

1R, Conte, G. Pierri, A. Federici, L. Mendolicchio, J.P. Zbilut, Chaos, Solitons and Fractals, 30, 774, (2006);
E. Conte, A possible interpretation of EPR paradox, Proceedings Congress on Fundamental Problems of Natural
Sciences, pag.271, (2002).

'7E. Capelas de Olivera , W. A. Rodrigues Jr., Dotted and Undotted Algebraic Spinor Fields in General Relativity, Int.
J. Mod. Phys. D 13, 1637, (2004).
M. Lachieze-Rey, Advances in Applied Clifford Algebras, 1, 31, (2009).

8 T. F. Jordan, Quantum Mechanics in simple matrix form, John Wiley and Sons , New York, (1985).




