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A va riab le  b ind ing t e rm operator (vb to ) i s  a  non-log ica l
constant, say v, wh ich  combines with  a variable y  and a fo r-
mula F  containing y  free to  fo rm a  te rm (vy:F) whose free
variables are exactly those o f  F, excluding y. The expression
(vy:F) is called a variable bound term (vbt). In case F has on ly
y free, (vy:F) has the  syntact ic propreties o f  an  ind ividua l
constant; and under a  suitable interpretation o f  the language
vy:F) denotes an individual. B y  a semantic analysis o f  vbtos
we mean a proposal fo r amending the standard notions o f  (1)
"an interpretation o f  a  f irst-order language" and (2) " the  de-
notation of a term under an interpretation and an assignment",
such that (1 ') a n  interpretation o f  a  f irst-o rder language as-
sociates a set-theoretic structure with  each vbto and (2') under
any interpretation and  assignment each vb t  denotes a n  in -
dividual.

In th is paper we  consider a  recent semantic analysis (
t
) o f

vbtos ([21, pp. 65-69) wh ich  interprets each vbto as a function
mapping the class o f  f in ite  sequences o f  objects and/or sub-
classes o f  the  universe in to  the  universe, and according t o
which the denotation of a vb t  (vy:F) depends not on ly on the
"truth set" o f  the formula F (see below), bu t also on both (1)
the objects mentioned b y  the free variables o f  the te rm and
(2) the order in  which they are mentioned in  the formula.

This is spelled out in  detail as follows. Let L be a f irst  order
language with  identity and such that (1) V  is the infin ite set of
variables, (2) C  is the  set o f  non-logical constants includ ing
vbtos, and (3 ) n o  vacuous variab le  b ind ing  occurs (ne ither
with  quantifiers nor with  vbtos). An  interpretation, i,  o f  L is a

(') Fo r  a  us eful proof-theoret ic  t reatment  o f  v ariable b ind ing operators
see [51, chapters VI I I  and IX.



pair (D,m) where  D  is a  non-empty set (the universe o r do-
main) and m is a function defined on C and assigning to each
non-logical constant a n  appropriate "extensional me a n in g '
relative to  D. As usual, n ib  is in  D where b  is an ind ividua l
constant, mf  is a  function f rom D"  to  D  where f  is  an n -a ry
function symbol, and mP is a subset of D" where P is an n -a ry
predicate. The question of the nature of mv, v a vbto, is settled
as fo llows: my is function from M(D U PD) to  D, where P is the
power set operation and where  M  fo rms the  class o f  f in ite
sequences o f  objects in  the class to  wh ich  i t  is applied. Let a
be a mapping from V  to D, assigning a member of the domain
to each variable. We  use the notation ia  ambiguously: to  in -
dicate an  interpretation i  together wit h  an assignment a  and
also to indicate the function which assigns to  each formula  its
truth-value in  ia  and to  each te rm its denotation in  ia .  The
function ia  is defined as usual with  the fo llowing  amendment
for vbts. First  define, fo r each variable y  and formula  F con-
taining y  free, the truth-set o f  F re la t ive  to  y  under ia  to  be
the set o f objects d  in  D that satisfy F when the constants in
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other than y are taken a, denoting in  accordance with  a. Where
ia is understood, we use the notation Ty(F) to indicate the truth
set of F re lative to y  under ia. Now, le t  F be a formula whose
free va ria b le s a r e  e xa c t ly  x
i
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distinct) in  order of f irst  occurrence. According to this seman-
tic analysis, ia(vy:F), the denotation under ia of the vbt (vy.1
7
),
is

VARIABLE B I NDI NG  TE RM OPERATORS 6 4 5

mv(ax
i
,  a x
2
,  
a
x
„ ,  
T
y
(
F
)
,  
a
x
l
,  
a
z
2
,  
a
z
,
„
)
.

1. A  Mino r Point of Convention

From the nature of the last clause it  is clear that my is neve r
actually applied to  a n y sequences except those o f  the fo rm
sSs' where  s and s '  are both f in ite  (perhaps nu ll) sequences
of objects f rom D and S is a  subset o f  D. Thus, except when
D is a singleton, i t  is always possible to construct from a given
interpretation i  another interpretation j such that j is (elemen-
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tarily) equivalent to  i  bu t  no t  isomorphic w i t h  i  s imp ly b y
changing what mv does to  a sequence not of the above form,
for example to DDD. This phenomenon rules out at the outset
the possib ility o f  gett ing categoricity i n  a n y p o we r except
unity, and i t  is also-inelegant. In  the balance of the paper we
regard the analysis as amended so that mv is always a function
from MDPDMD to D, i.e., that mv be defined on a ll and on ly
sequences o f the fo rm sSs', as above.

2. Fa ilu re  of Certain Rules o f Inference

In order to see how Universal Instantiation (UI) and Substi-
tu t ivity o f  Identicals (SI) fa il consider a language wh ich  con-
tains two non-logical constants, an individual constant b and a
vbto v .  Le t  j  be  the interpretation wit h  universe {0 ,  1} and
such that (1) mb = 0  and (2) mv  assigns 0 to the un it  sequence
{0}, and 1 t o  a l l  o ther sequences. Unde r th is interpretation
(vy:y =  b) denotes 0 but (vy: y  =  x) denotes 1, f o r a ll assign-
ments. Thus the fo llowing is true:

(2.1) V x((vy : y=b ) ( v y : y = x ) ) .

But application o f universal instantiation yields:

(2.2) (vy : y  =b) ( v y : y  b ) ,

which is not on ly false but contradictory (unsatisfiable).
One wa y to locate the source o f  the above phenomenon is

to point out that this semantic analysis permits the denotations
of two terms (under an assignment and interpretation) to d iffer
merely on  the ground that an  ind ividua l is  mentioned b y  a
constant in  one bu t  b y  a  variab le  i n  the  other. Ind ividua ls
mentioned b y constants never get " looked at" by mv, when as
individuals mentioned b y  variables a lways do. Th is feature
also accounts fo r fa ilure o f  what is here called Substitu t ivity
of Identicals. Here the point is simp ly that the fo llowing  sen-
tence is not log ica lly true (universally valid) because it  is false
in the  above interpretation:

(2.3) Vx (b = x ( ( v y : y  = b) = (vy:y x ) ) ) ,
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A f ina l odd ity traceable to  the above feature is  fa ilu re  o f
Existential Generalization (or g  Introduction, abbreviated EG),
in j  we  have the tru th of:

(2.4) (vy : y=b )---(vy : y=b ),

whereas the  fo llowing  resu lt  o f  existentia l generalization is
false in  j:

(2.5) g x((vy : y  = x) = (vy:y— b)).

There is  another feature, unrelated to  ind ividua l constants,
which also leads to  fa ilu re  o f  rules: mv  " looks a t"  the order
in wh ich  ind ividuals a re  mentioned in  a  term. I n  particu lar,
consider the  interpretation j '  (o f  the  above language) w i t h
domain {0, 11, where mb =0  and mv assigns 0 to a ll sequences
of the form sSs' with  s' nu ll and 1 to  a ll sequences of the form
sSs' with  s' non-null. In  th is case mv assigns different values
to d {d } and {d }d  fo r a ll d  in  {0 ,  1}. Th e  fo l lo win g  i s  t ru e
in j ' :

(2.6) V x ((vy:x — y) ( v y  :y = x)),

because the f irst  te rm w i l l  a lways denote 0 wh ile  the second
always denotes 1. Again UT fails.

The fact that mv  " looks a t"  the order in  wh ich  individuals
are mentioned by variables in  a te rm also leads to  additional
failure of SI. For example the fo llowing is true in  j' :

(2.7) Vxz(x = z ( ( v y : z  = z8tx = y8ey = z) ( v y : x  = x8ex =
PSLY=z))).

Perhaps more serious is that the dependence on order leads
to fa ilure of Substitutivity o f Equivalents (SE). The point here
is that the fo llowing is not valid:

(2.8) V x y ( F
- -
- - G )  
D  
V x
( ( v y :
F )  
=  
( v y
: G )
) ,  
w
h
e
r
e  
F  
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G

have exactly x  and y  free.

SE fa ils because, e.g. the fo llowing is false in  j' :

(2.9) V xy ((x= y )= -(y= x )) D V x ((vy : x= y )= (vy : y= x )).
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In the context of a logic without identity some o f  the above
objections do not hold. However UI, EG and other (desirable)
versions o f SE fa il even in  that case. The semantic analysis in
question was given in  a context of logic without identity.

3. A  Suggested Amendment

Common sense seems to dictate that speculation concerning
a general semantic analysis o f  vbtos should be preceded b y
an examination o f  "standard" vbtos. The  hope is,  o f  course,
that an acceptable general semantic analysis can be gotten by
generalizing on the semantic features shared by the few vbtos
in common usage.

Let us f i rs t  con f ine  o u r  attention t o  th e  f o u r "standard"
vbtos: (1) se t abstraction in  set theory, (2) min imaliza t ion  in
number theory, (3) selection (or Hilbert epsilon) and (4) descrip-
tion. (Use of the last two is not confined to any "special scien-
ce" and, therefore, they may be treated as log ica l constants.
The on ly effect such treatment wou ld  have wou ld  be to  sh if t
specification o f  the analysis o f  these two  comple te ly to  the
definition o f  denotation i.e. to  eliminate these two  vbtos f rom
the domain of m (where (D, m) is an interpretation.)

For each of these vbtos one can find (o r devise) three equal-
ly rational but non-equivalent conventions o f  usage: the con-
textual, th e  mathematical and the  classical, as we  here ca ll
them. The contextual convention amounts to  treating the vbts
as though, in  a sense, they had no definite meaning in  them-
selves but rather that in context they contribute to abbreviation
of a  longer expression (cf .  (1  p .  51). Th e  usual ru le s o f
reasoning a re  n o t  applied d irect ly t o  expressions in vo lv in g
vbts; such expressions must be "deabbreviated" before reason-
ing can take place. Th is convention, besides being awkward,
does n o t  requ ire  semantic analysis. Th e  mathematical con -
vention presupposes tha t  some vb ts have  denotations: o n ly
those fo r wh ich  certain ancilla ry conditions hold. Fo r b revity
of expression below, we  assume that F(y) is a  formula with  y
free in  the " interpreted" language in  question and such that
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denotations have been assigned to  whatever o ther variables
are free in  F(y). When the truth-set o f F(y) is in  the universe
of sets then the abstraction operator can meaningfully be ap-
plied. When the truth-set of F(y) is non-empty then (in  number
theory) min ima liza t ion  and (generally) selection can  be  ap-
plied. When the truth-set of F(y) is a singleton then the descrip-
tion operator can be applied. In  the other cases the resulting
vbt is regarded either (1) as not well-formed or (2) as meaning-
less. The f irst  a lternative involves a llowing grammatica lity to
depend on materia l considerations in  such a wa y that knowl-
edge o f non-grammatical fact is a  prerequisite to  determining
well-formedness (cf .  [6 ] ,  p .  595). Th e  second a lte rnat ive  i s
wide ly used (fo r this use of abstraction cf. 121, p. 101; o f  min i-
malization cf .  [21, 13. 214; o f  se lection cf .  [7], p .  101; a n d  o f
description cf. [12], p. 22) bu t  unfortunately i t  invo lves some
rather important revisions o f  standard log ic (cf. [12]. I n  any
case our attention is focused on the classical convention which
was the  top ic o f  the  semantic analysis outlined above. The
classical usage has t wo  distinguishing features. I n  the  f i rs t
place each vbt is regarded as a term, in  the second place each
vbt has a denotation. Where  no "natura l"  denotation is ava il-
able a  denotation is  assigned b y  convention.

In particular, the above four operators are used as fo llows.
(1) Where  the truth-set o f  F(y) is  in  the universe o f  sets the
vbt formed b y  the abstraction operator denotes the truth-set
and otherwise it  denotes the null-set (cf. [13], p. 34). (2) Where
the truth-set of F(y) is non-empty in number theory then the vbt
formed b y  the  min imaliza t ion  operator denotes the  min ima l
member and otherwise i t  denotes zero ([3], p. 74). (3) The de-
notation o f  te rms fo rmed b y  the  selection operator a lso  i s
determined by considering the truth-set. One neat way of doing
this (cf. [41, p. 466) is to use a "choice function" wh ich  has its
value in  any non-empty set i t  is applied to  and is a rb it ra rily
defined to have the same value at the nu ll set as at the whole
domain. Then the denotation o f  a  vb t  formed b y a  selection
operator is taken to be the value of the "choice function" ap-
plied to the truth set. (4) The denotation of a vbt formed by the
description operator is the member o f  the truth-set when the
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truth-set is a singleton and otherwise it  is a rb it ra rily assigned.
In a ll of these cases the extensional meaning (denotation) o f

a vb t  depends o n ly  on  the truth-set, ju st  as the extensional
meaning (truth-value) o f  a  quantified sentence depends o n ly
on the truth-set. The universal quantification is true if  and only
if the truth-set is the whole domain; the existential quantifica-
tion is true if  and on ly if  the truth-set is non-null. The overa ll
conclusion to be "gathered" f rom examination of the classical
cases is that fo r each vb to  v  and each interpretation (D, m),
mv is a function from PD to D and that for each ia:

(3.1) ia (vy:F)--mv(Ty(F)),

where (as above) F is a formula with  at least y free, ia(vy:F) is
the denotation o f  the vb t  under the interpretation i  and as-
signment a and Ty(F) is the truth-set of F re lative to y  i.e. the
set of objects d  in  D wh ich  satisfy F when the constants in
are interpreted according to i and the free variables (except y)
in F are interpreted according to a.

This conclusion is obviously va lid  for the so-called "n-boun-
ded min imalization"  operators o f  recursion theory. Fo r each
natural number n there is an n-bounded minimalization operator
whose vbts denote the least member less than n in  the truth-
set, i f  such there be; i f  not they denote n. In  addition, one can
manufacture vbtos ad lib itum and see that they a ll fo llow the
pattern o f  depending fo r the ir denotations on  the value o f  a
function mv (from PD to D) applied to their truth-sets. One ap-
parent exception i s  a n  operator wh ich  b inds t wo  o r  mo re
variables a t  once and here the  difference i s  o n ly  apparent
because, since  th e  truth-sets a re  n o w subsets o f  Cartesian
products o f  the universe, the function mv w i l l  na tura lly take
as i t s  domain  th e  power se t  o f  such a  Cartesian product.
Another apparent exception is an operator which, l ike  "boun-
ded min imaliza t ion" , b inds o n e  va riab le  wh i le  in troducing
another variable as free ([3], p. 75). Here  mv  must " lo o k at"
both the truth-set and the value of the "new' free variable. The
first apparent exception is mentioned on ly to  indicate that as
long as variables are on ly being bound the above noted p rin -
ciple generalizes. Ho we ve r,  n e ith e r apparent except ion  i s
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properly with in  the class o f vbtos as defined above — we have
confined o u r attention to  te rm fo rming  operators wh ich  b ind
one variable and which do not introduce any "new" variables
free.

Our view is that the denotation of a vb t should depend only
on the truth-set. This means that whenever F is a formula con-
taining at least y (but not y') free and F' is a formula containing
at least y '  (but not y) free then every universal closure of the
following is log ica lly true:

(3.2) V yy ' (y  —y' F ' )  D  ((vy:F) = (vy'V)).

We call 3.2 the t r u t h
-
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SI contains every universal closure o f the fo llowing:
(3.3) & X  ( ( v y : 1 9  — (vy' :F")).

SE contains every universal closure o f the fo llowing where
F and G both contain y  free:

(3.4) Vy(F--G) D ((vy:F)— (vy:G)).

We propose that in every interpretation (D, m), fo r each vbto
v, m v  be  taken as a  function f ro m PD to  D  and a lso  tha t
"denotation" be  defined as in  3.1 above. I t  should be clear
that "our"  proposal is rea lly a mere amendment of the analysis
orig ina lly considered. Each o f  o u r interpretations (D,  m) i s
easily " identifiable with "  one of these proposed in the orig inal
analysis. Aside from mathematical elegance, ou r proposal can
be seen as placing an additional condition on the functions mv,
viz., that their values be determined by the set in the sequence
to wh ich  they are applied.

Our analysis was "gathered
- f r o m  a  
s t u d y  
o f  
v b t o s  
i n  
a c t u a
l

use, as, n o  doubt, wa s the  analysis considered in  the  f i rs t
two sections o f this paper. The difference is that the la tter a l-
lows f o r  possible interpretations prohib ited b y  ours. Since
ours covers a l l  o f  the usual cases and has additional merits
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besides, we feel that some argumentation is needed to establish
the usefulness o f the more libera l analysis.

Incidentally, although no ru les o f  inference were  proposed
along with  the f irst  semantic analysis, we  propose (
2
) t h a t  t h e
truth-set p rincip le  (3.2 above) be  added as an  axiom to  a n y
already sound and complete system o f  f irst-order reasoning.
We conjecture that the result ing system w i l l  a lso be  sound
and complete. Proof o f this conjecture is beyond the scope o f
the present study.

4. The First  Ana lysis Revisited

Because we  regard the amended analysis as ' ' the  correct"
rendering o f  the semantic presuppositions invo lved  in  use o f
variable binding term operators, and because the f irst  analysis
seemed prima ladle plausible, we  feel that a useful purpose is
served b y a  reconsideration o f  the f irst  analysis wit h  a  v ie w
toward understanding the reasons fo r its p lausib ility and how
those reasons go wrong.

For the sake o f  discussion le t  us imagine that no semantic
analysis o f vbtos has been proposed. No w le t us consider the
following situation. A n  " interpreted" language wit h  vbtos is
given and the problem is to  determine how the vbtos should
be semantically analysed. Let F be a formula containing exact-
ly  the  d ist inct  variab les x
i
,  x „ ,  
y ,  
a n d  
z ,
„  f
r e e

in the  g iven  o rder o f  f irs t  occurrence. Wi t h in  the  classical
framework (vy:F) denotes unambiguously, and obviously the
denotation o f  (vy:F) depends o n  the  values assigned t o  the
free variables. Thus, in  accordance with  standard definitional
practice i t  is possible to  use the vb t  to  define a  function as
follows:

(4.1) V x
1
x
2  x
„ z
1
z 2  
z
„ ,
( f
x i
x ,  
x
„
z
i
z
2  
z
,
,  
=  
(
v
y
:
F
)
)
.

Variants o f  th is observation occur natura lly in  the most ele-
mentary discussions o f  vbtos (e.g. cf. [ I I ,  p. 101). No t ice  that

(') Cf .  [51, pp. 251, 252, espec ially  rule 4.



VARIABLE B I NDI NG  TE RM OPERATORS 6 5 3

the function f  so defined is  no t  in  general symmetric —  i.e.,
changing the o rder o f  the arguments cannot be expected to
leave the  va lue  unchanged. No t ice  a lso  tha t  the  above de-
finitional process produces functions o f  every (f in ite) degree.

At th is po in t  we  have noticed that, g iven  an  interpreted
language, one na tu ra lly associates a  function wi t h  each vb t
and indeed that the value of the vb t  depends not on ly on the
objects mentioned b y its free variables but also on the order
in wh ich  they are mentioned.

Now we  need to  ask: wha t  else could the va lue o f  a  vb t
depend on ? By considering the standard examples i t  becomes
clear that the truth-set is a  " re levant variable". Thus we  are
lead to postulate for each vbto v, the existence of a function g,
of "varying"  degrees n +  1 + m such that under any assignment
of a
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(vy:F) by an assignment a (as above) we  wil l  have:

(4.2) g ,  ( a
l
a . 2 . . . a
„ Y b  1
b
2
. . . b ,
„ )  
=  
l
a  
( v
y :
F )
,

where Y  is the truth-set o f F re lative to  y  and ia(vy:F) is the
denotation of the vbt under the given interpretation and assign-
ment. From 4.2 above, i t  is obvious that g iven an assignment,
the value of (vy:F) depends on ly on the truth-set of F re lative
to y  M o r e  precisely, le t  F and G be any two formulas having
only the indicated variables free and in  the given order of f irst
occurrence. Then, under a  g iven assignment, i f  the truth-set
of F relative to y is the same as that of G then (vy:F) and (vy:G)
have the same denotation. This means that the fo llowing prin-
ciple must hold:

(4.3) G )  D (vy  =  (vy:G)).

The "naturalness" of this conclusion gives some (weak) eviden-
ce that we  are  on  the rig h t  track. Moreover, i t  also imp lies
that g, can always be defined as a function from MDPDMD to
D as follows.

(4.4) Le t  c be a rb it ra rily chosen from D and let a
l
,  a 2 ,  •  •

a„, b
i
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(a) I f  Y  is a  truth-set re la t ive  to  y  fo r some formula  F  as
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above where the a
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(Note that 4.3 guarantees that every such formula F wi l l
give the same value).

(b) I f  Y is not a truth-set fo r any such F then set:

g
y
(
a
1
a
2
.
.
.
a
„
Y
b
l
b
•
,
.
.
.
b
„
,
)  
=  
c
.

We hope tha t  the  above discussion convinces the  reader
that by means o f  "plausible reasoning" (in  the sense of Polya
[9]) an analysis of vbtos in  use produces a function of the kind
required in  the unamended semantic analysis o f  vbtos. Thus
we have accounted, i t  seems, f o r the p rima  facie p lausib ility
of the f irst  analysis. No w we  have to  indicate where i t  went
wrong.

Recall f rom elementary geometry that the method of Pappus
is a  stra tegy f o r  d iscovering  constructions w i t h  a  ce rta in
property, sa y P, and  tha t  i t s  p roper application a lways in -
volves two steps, a step of discovery and a step of justification.
In the step of discovery one "works backward", o n e  imag-
ines that the desired construction has been carried out and one
applies known (and/or conjectured) theorems to  deduce what
it  must " lo o k like " .  I n  case the f irst  step is f ru it fu l i t  issues
in a  new theorem (o r conjecture) o f  the fo llowing  kind : I f  a
construction w i t h  p ro p e rty P  has been accomplished then
situation A  results. A t  this point one conjectures the converse
and, then, the step o f justif ication invo lves deducing the con-
verse. In  many cases the converse is seen to be false but even
in such cases it  may be easy to see how to amend it. Moreover,
in pursuing the  second step one often discovers deficiences
in what was taken as plausible in  the f irst  step.

Our vie w is that the fa ilure o f the unamended analysis can
be thought of as attributable to omission of the second step —
but pursuit o f the second step wi l l  also make i t  clear that the
first step can be improved.

From the f irst  step (above) o f  application of the Method o f
Pappus we "discover" that any interpreted language invo lving
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a vbto v presupposes that a function g, with  certain properties
is associated with  v. But we have not yet asked whether every
(or indeed any) such function, when used as an interpretation
of a vbto, issues in  an " in tu it ive ly correct"  interpretation of a
language. The f irst  section o f  th is paper indicates a  negative
answer t o  th is question. N o w  we  mu st  a sk (to  pursue the
method) wha t  (possibly additional) conditions ( i f  any) can be
placed on functions in  order that they wi l l  issue in  " in tu it ive ly
correct" interpretations.

To do the latter we must specify as we ll as possible the exact
conditions characterizing " in tu it ive ly correct"  interpretations.
We list  three. First, that under an assignment of values to the
free variables the denotation o f the vb t  is th is function o f (at
most) the truth-set and the individuals mentioned by variables;
more precisely, that (in  the notation o f  4.4):

(4.5) i a ( v y : F ) = = g ( a
t
a
2
. . . a „ Y b
i
b , - - h
i n
) •

Second, subst itu t ivity o f  identicals holds. The th ird  condition
is tha t  an  a rb it ra ry expansion to  ind ividua l constants is  a l-
ways possible. A llowing  for arb itrary expansions to ind ividual
constants is simply to leave open the possibility of adding new
individual constants to  the language and amending the in te r-
pretations accordingly without changing the structures assign-
ed to any of the "o ld "  constants (especially to vbtos). In  par-
ticular:

(4.6) Le t  L  and L '  be two  languages wi t h  constants C
and C'  with  C a subset of C' and with  C'-C a set of in -
dividual constants. Let (D, m) be  an interpretation o f  L
and le t  m'  be any function f rom C'-C in to  D. Then (D,
m+  m
1
) i s  
a
n  
i n
t e
r p
r e
t a
t i
o n  
o
f  
L
'  
w
h
e
r
e  
m  
-
1
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n
c
-

tion defined on C' such that, for d in C, (m+  m') (d )= m(d)
and fo r d  in  C'-C, (m+rn ')(d )—m'(d).

Given these three conditions wh a t  must ho ld  o f  the func-
tions assigned to  vbtos ?

It is almost immediate that the functions g ,  must be subject
to the condition that " a l l  projections are identical" , i.e., tha t
one does not change the value of the function by dropping in-
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dividual arguments. Fo r example, we  must have that:

g, ( a
l
a
2
l i b
i
b
2
)  
=  
g
r
( a
2
Y
b
1
b
2 )  
—  
g
,  
r
i
b
i
b
d  
=
g
,
(
1
/
b
1
)
—  
g
„
(
Y
)
.

The reason fo r th is is  that replacing a  variab le b y  a  " n e w"
constant wh ich  names the same ind ividual cannot change the
denotation o f  a vbt. Fo r example the fo llowing  must hold fo r
every ia:

(4.7) ((a  — x & z )  D ((vy:Fxyz) (vy :Fa yc)).

" Identity of projections" implies that the value of g, depends
only on the value of the set in  the sequence to wh ich  it  is ap-
plied.

In a loose way, therefore, we  have indicated how continued
pursuit of a method which accounts fo r the in it ia l p lausib ility
of the  f i rs t  ana lysis wou ld ,  b y  itse lf ,  issue i n  a n  analysis
equivalent to the amended version.

The reader is le f t  to puzzle out how complete symmetry o f
g, (implied by identity o f projections) is compatible with  pos-
sible non-symmetry o f  the f 's above. The fo llowing  observa-
tions, wh ich  are made fo r more general reasons, should help.

The f irs t  step  in  the  above application o f  the  Method o f
Pappus started out with  the t riv ia l observation that under an
interpretation i  the value o f  a  vb t  depends on the values as-
signed to  the  variables. Th is leads one to  focus o n  a  f ixed
interpretation and a  f ixed  vb t  wh ile  " va rying "  the  values o f
the variables. Howeve r semantic analysis o f  vb tos requires
a different perspective. Fo r th is one takes a  f ixed interpreta-
tion and assignment ia  and thinks o f  "va rying"  F and y. That
is one thinks o f  the metalinguistic expression 'ia(vy:F)' as de-
fining (fo r f ixed i,  a  and v) a  function f rom (essentially) V X L
into D:

(4.8) ia (vy:F) =h(y,F).

State University of New York
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Abstract: We  consider a  recent semantic analysis o f  variable
binding term operators which interprets each such operator as
a function assigning individuals to sequences of individuals and
set and according to  wh ich  the denotation o f  each variab le
bound terms depends o n ly  on the " tru th-set"  o f  the fo rmu la
operated on but also on the individuals mentioned by the free
variables (under an assignment) and on the order in which they
are mentioned in  the term. I t  is easily seen that this semantic
analysis has two  sequences wh ich  wou ld  be regarded as un-
desirable. First, it  implies excessively large equivalence classes
of interpretations. Second i t  imp lies unsoundness o f  various
rules of inference including unrestricted universal instantiation,
existential generalization, and certa in substitution principles.
A possible emendation is suggested. Fina lly,  reasons f o r the
in it ia l p lausib ility o f  the  o rig ina l analysis a re  examined i n
detail and found to be la rge ly correct.
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