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ABSTRACT. We describe (essential features and an axiomatization of) a new
metamathematical (cognitive) ability, i.e., functional conceptual substratum,
used implicitly in the generation of several mathematical proofs and defini-
tions, and playing a fundamental role in Artificial Mathematical Intelligence
(or Cognitive-computational metamathematics). Furthermore, we present
an initial (first-order) formalization of this mechanism together with its char-
acterizing relation with classic notions like primitive positive definability and
Diophantiveness. Additionally, we analyze the semantic variability of func-
tional conceptual substratum when small syntactic modifications are done.
Finally, we describe cognitively natural inference rules for (mathematical)
definitions inspired by functional conceptual substratum and we show that
they are sound and complete w.r.t. standard calculi.
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INTRODUCTION: INITIAL ONTOLOGICAL AND COGNITIVE MOTIVATIONS

During the last decades outstanding interdisciplinary research has emerged
involving the identification and subsequently formalization of the most basic
cognitive mechanisms used by the mind during mathematical invention/creation.
Among these processes one can mention formal conceptual blending [Bou
et al., 2015], [Fauconnier and Turner, 2003]; analogical reasoning [Gick and
Holyoak, 1980], [Schwering et al., 2009]; and metaphorical thinking [Lakoff
and Johnson, 2008], [Lakoff and Nufiez, 2000], among others.

One of the most outstanding modern research programs in this direction
is the foundation of artificial mathematical intelligence (AMI) or cognitive-
computational metamathematics Gomez-Ramirez [2020]. In particular, within
the second pillar of the AMI research program, a new cognitive metamathe-
matical mechanism called conceptual substratum is proposed and used widely
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as a fundamental tool for the subsequent theoretical (and pragmatic) con-
struction of universal mathematical artificial agents (UMAA-s) [Gomez-Ramirez,
2020, Ch.1-Ch.9].

More explicitly, in [Gomez-Ramirez, 2020, Ch.9] a new cognitive (meta-
mathematical) mechanism was explicitly introduced, which encompasses the
prototypical ability of the mind to use abstract morpho-syntactic configura-
tions of symbols as valuable tokens for performing advanced formal infer-
ences, specially in the field of mathematical research. Moreover, several ex-
amples were used for supporting the introduction and the importance of this
new mechanism. Furthermore, an initial formalization of conceptual substra-
tum was made in a quite general setting as well as in a setting of first-order
logic. Specifically, a cognitive characterization of the Church-Turing Thesis
was proved in terms of the former formalization and in terms of well-known
arithmetical-computational results. Finally, the dual cognitive ability, called
conceptual lining was introduced.

In this paper, we present an natural continuation and enrichment of the re-
sults presented in [Gomez-Ramirez, 2020, Ch.9]. Explicitly, we enhance the
original motivations originating this (metamathematical) ability with a new
philosophical dimension coming from a Lockean perspective (§1). In addition,
we offer a plethora of new motivating examples expanding the range of use-
fulness of this mechanism (§2). For the sake of completeness we also present
here the original formalization of conceptual substratum originally described
in [Gomez-Ramirez, 2020, Ch.9], with the seminal difference that we prove
the additional fundamental result regarding the invariance of the arithmetic
context (involving either the natural or the integer numbers) for a concept to
possess (functional) conceptual substratum (§3). And not only that, but we
also prove how to generate with the help of our formalization of conceptual
substratum, cognitively solid inference rules being sound and complete with
respect to the standard calculi (§4). So, we present results supporting the nat-
ural evolution and coherence of conceptual substratum in the context of the
three pillars of the artificial mathematical intelligence’s program: 1) the new
cognitive-computational foundations for mathematics’ program (§1 and §2),
2) the generation of a solid and global taxonomy of (metamathematical) cog-
nitive mechanisms supporting and structuring mathematical formal research
(83) and the generation of initial computational-feasible formal structures
(e.g. proof systems) and software being able to materialize initial versions
of an UMAA (Universal Mathematical Artificial Agent) (§4) Gomez-Ramirez
[2020].

1. INITIAL ONTOLOGICAL AND COGNITIVE MOTIVATIONS

One of the most fundamental questions related with the metamathemat-
ical, cognitive and pragmatic aspects of mathematical research involves the
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description of a global taxonomy of the cognitive mechanisms used (for in-
stance) by working mathematicians for creating/inventing new mathematical
results.

So, in this paper we present an additional metamathematical (and, at
some extent cognitive) ability, called (formal) conceptual substratum, used
frequently and implicitly in the construction of mathematical arguments and
definitions. From a philosophical point of view, specially assuming a Lockean
approach, conceptual substratum of a (mathematical) notion X can be con-
sidered as a concrete form of taking the (morpho-syntactic) nominal essence
of X [Owen, 1991]. Informally, conceptual substratum involves the essential
morpho-syntactic configurations of (mathematical) concepts and structures
that we (sub-)conscious- ly used when we attempt to solve a specific conjec-
ture or problem. Here, we are basically pragmatic in our approach, i.e., we
focus on the identification of the explicit symbolic configurations that allow
us to capture mentally and visually the essential features of (mathematical)
concepts.

Regarding the ontological nature of conceptual substrata, we implicitly as-
sume the thesis that conceptual substrata exists at least at the nominal, mental
and linguistic levels. Now, a deeper philosophical and metaphysical analysis
of this notion goes beyond the scope of this presentation and has no explicit
implications on the results developed in the following sections.

The name conceptual substratum was chosen as the simplest ways of refer-
ring to a core symbolic configuration which codes mentally as well as prag-
matically the essential features of a (mathematical) notion.

Metaphorically speaking, we would describe a conceptual substratum as
the most compact semantic and syntactic characterization of a concept, given
in terms of a symbolic configuration and immersed in a specific conceptual
environment, from which one could reconstruct explicitly the whole meaning
of it.

From a cognitive perspective, conceptual substrata can be seen as meta-
mathematical form of doing (abstract) ‘line drawings’ (of a specific concept),
where the graphic initial input corresponds to the explicit formal (logic) de-
scription of the mathematical structure in consideration (e.g. given in a first-
order logic setting) [Liu et al., 2016]. Now, due to the fact doing line draw-
ings (or sketchs) involves processes like perception, memory and judgment,
there can exist several conceptual substrata of a single (mathematical) no-
tion, depending of the specific conceptual environment and the concrete goal
involved (see further sections for explicit examples) [Liu et al., 2016, §2].

We support our presentation by a significant amount of examples. Addi-
tionally, we show an initial (first-order) formalization of this mechanism and
its relation with classic notions like primitive positive definability, recursive
enumerability and Diophantiveness. In addition, we analyze how strongly
the semantic range of this meta-notion varies (or not) when gradual changes
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are done to the language and to the formal structures in consideration. Fi-
nally, we present natural inference rules, inspired by the notion functional
conceptual substratum, and prove them sound and complete w.r.t. standard
calculi.

Here is worth to mention that the role of the conceptual substratum is
so central regarding cognitive-computational metamathematics that one can
characterize cognitively the classic Church-Turing Thesis in terms of (func-
tional) conceptual substratum (see [Gomez-Ramirez, 2020, Thesis 9.1]).

2. TAKING INSPIRATION FROM EXAMPLES

Suppose that one should solve the following elementary question:

Why when we add two even (integer) numbers is the result again an even
number?

This seems to be true for small pairs of numbers 2 + 6 = 8, 12 + 18 =
30 and 214 + 674 = 888. Now, for getting a general proof of this fact, we
should consider syntactic expressions which can allow us to represent the
even numbers in a compact way. Therefore, we typically come up with a
mental-symbolic representation of the form 2 - n. This means that essentially
we are able to represent the collection of even numbers simultaneously with
the single expression 2 -n, where we assume implicitly that » is an integer. On
the other hand, if we know that a number ¢ can be written as 2 - d, where d is
an integer, then by definition ¢ should be an even number. In conclusion, we
have found a compact (morphological-syntactic) expression for representing
every even number in a unified way.

Now, let us consider again the former question with the former represen-
tation in mind: First, we need to consider two (potentially different) even
numbers, so we consider (or imagine) a first even number 2 - ¢ and a second
one 2 - b, where a and b are integers. Second, we sum these numbers gener-
ically, namely, we obtain the expression 2 - a + 2 - b. In addition, we check if
the final syntactic expression corresponds to an even number. Thus, we try to
give it the desired form 2 - #, where # is an integer. So, we factorize the for-
mer algebraic expression and get an expression of the form 2 - (a + b). Lastly,
we realize that this number has the desired form 2 - x, where x = a + b is
an integer. In conclusion, we explicitly justified an affirmative answer for the
former question by performing symbolic operations on morphological generic
representations for even numbers.

More generally, when someone tries to solve a mathematical problem,
(s)he considers, in a lot of cases, generic representations for the most stan-
dard elements living in the corresponding mathematical structures and, sub-
sequently (s)he performs symbolic computations with these representations
for solving the problem and for obtaining further insights towards a final so-
lution.
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Let us consider a second example: Let f(x) be a polynomial with integer
coefficients. Then the polynomial h(z) = f(z)f”(x) has even degree, where
f”(z) denotes the second derivative of f.

A very usual way for finding a proof of this statement is by taking a syntac-
tic formal representation for f(x). Effectively, from the hypothesis we see that
f(x) can be explicitly written as a,,z™ + - -- + ag, where m € N, a; € Z and
a,, # 0. So, we find a representation of f”(x) as m(m—1)amz™ 2+ -+ 2as.

In conclusion, we write h(x) as

m(m —1)a2, 220" Y 4 ... 4+ 2a9a,.

So, from this representation we verify that i(z) has even degree.

These morphological-syntactic representations are the seminal tools which
allow us to perform general logical inferences with single syntactic elements
and, simultaneously prevent us from repeating the same kind of arguments
for several specific instances of f(x) varying on their degrees or coefficients.

A third example comes from linear algebra. Let us assume that we have
two bases A = {uy,...,u,} and B = {vy,...,v,,} for a vector space V. So, if
we want to prove (in a standard way) that the cardinality of these two bases
is the same, i.e., m = n, then we need to use syntactic representations of
the elements of V such as >}, a;u; (or 37", Bjv;). Effectively, one of the
simplest arguments consists of replacing gradually the elements of one base
with the elements of the other in such a way that the resulting finite set again
builds a basis. So, one begins by writing ; in terms of the elements of B, i.e.,
uy = ;. 7;v;, and, subsequently, one chooses a coefficient v;, # 0 in order
to obtain a expression of the form

m
i
Uja ——ur+ Z ( )UJ
T g=igen 0

Thus, one can replace v;, by u; in B. Now, the next steps go essentially in
the same (symbolical) way.

Fourth, the classic Euclidean proof (by contradiction) of the existence of
infinitely many prime numbers uses in its core argument a kind of global
syntactic description for a number [ ", p, + 1 bigger than one, which has no
prime divisors.’

Finally, the classic proof of the fact that the cardinality of the real numbers
between zero and one (i.e. [0,1]) is uncountable uses as seminal argument

IHere, the assumption is that there exist finitely many prime numbers denoted by p1, ..., pn.



6 DANNY ARLEN DE JESUS GOMEZ-RAMIREZ

the formal existence of a real number \ = Z;)O:l b;10~%, whose explicit dec-
imal representation was chosen based on the corresponding decimal repre-
sentations of the elements of (an hypothetical enumeration) of [0,1], (i.e.,
a; = Zle a;»107") such that foralli e N, 9 # b; # ai,,».z

In conclusion, this kind of generic syntactic representation is fundamental
in several mathematical areas.

So, what lies behind the above examples is simply a specific and basic
cognitive ability in which our minds choose conceptual substrata of certain
mathematical notions (e.g. even numbers and polynomials in one variable
with coefficient in the integers) at a suitable level of generality, and in such
a way that solving the problem simultaneously for several instances of the
concepts involved can be translated into formal manipulations of fixed single
conceptual representations chosen in advance.

In other words, the cognitive ability of conceptual substratum can be seen
as a way of identifying and effectively using the essential (e.g. proto-typical)
information of a concept in order to carry out successful deductions for solv-
ing several kinds of (mathematical) problems. Implicitly, we assume morpho-
syntactic mental representations for seminal mathematical concepts like con-
crete (natural) numbers, sets and the membership relation, geometrical fig-
ures, (graphics of mathematical) functions, among others. Subsequently, the
conceptual substrata of more complex mathematical structures are built.?

Let us consider several additional examples which allow us to enhance our
initial intuitions about what the substratum of a (mathematical) concept is,
and about how we can get more elements towards a first precise formaliza-
tion of it. As a matter of notation we will write conceptual substrata between
brackets “[—]”, in order to clarify that we are talking about cognitive repre-
sentations of the underlying concepts and not explicitly about the concepts
themselves.

So, if D denotes a mathematical concept (e.g., even numbers, polynomials,
matrices, vector spaces), then we will denote by C'S(D) a conceptual substra-
tum of D. It is important to clarify at this point that one single concept can
have several conceptual substrata depending on the way in which we express
such a concept syntactically. For instance, the concept of a (positive) prime
number has the following two natural definitions:

m(p) = (VdeN)(d|p - (d =1 v d =p)),

or equivalently

2The additional condition given by 9 # b; can be added for avoiding difficulties involving the
ambiguity of the decimal representation.

3The cognitive processes and metamathematical causes behind the conceptual substrata of
the above elementary structures go beyond the scope of this paper.
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7(p) = (Va,be N)(pla-b — (pla v p|b)).
From these notions one can obtain two conceptual substrata as follows:

CS(Prime Numbers) = [de N,d|p — (d =1 v d = p)],
and

CS(Prime Numbers) = [a,b € N, pla - b — (pla v p|b)].

Now, if one wishes to capture the essence of the notion of a prime number
through an expression given by a term instead of the former expressions given
by formulas, one can use a result of Ruiz [Ruiz, 2000] (among others) in order
to find a quite explicit substratum for being a prime number:

P ( - i el
2(|nlnn|+1) Z§=21+[ (l J] [ =] )J
CS(Primes) = |1+ Z 1—

k=1

n

Most of the former conceptual substrata were expressions describing terms.
Nonetheless, there are also a whole collection of concepts whose substrata are
typically syntactic descriptions of relations, e.g. the number-theoretic concept
of perfect number [Apostol, 1976]. Effectively, for this concept we can write

CS(Perf. Numbers) = | 2-n = Z d,neN
(d|n),(d>0)

Another enlightening example is the concept of 'representation of the nat-
ural numbers in base m (m € N)’. Here we get

n
CS(m-ary Rep.) = Z am’:meNa,eN0<a; <m]|.
i=0

We write the minimal amount of syntactic information that is required for
recovering the essential features of this kind of representation.

Our approach has some informal similarities to the one based on (proto-
)typicality presented in [Osherson and Smith, 1997]. In fact, finding the con-
ceptual substratum of a concept can be seen as trying to present explicitly
a morphological mathematical description of arbitrary instances of the cor-
responding concept, by starting with the typical ones. For instance, in our
second example related with polynomials with coefficient into the integers,
one can say that an expression of the form Z?:o CiTi = o+ 1z + 22, is a
more typical instance of a polynomial than a constant ¢y, or a monomial ™,
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since the first one uses the whole spectrum of potential operations which con-
stitute a polynomial (e.g., addition, multiplication and exponentiation), and
the last ones use at most one of them. Effectively, the description of the qua-
dratic polynomial resembles the formal substratum of the ring of polynomials
better than constants or monomials.

3. TOWARDS A FIRST FORMALIZATION

As argued above, the ability to represent an arbitrary object having a cer-
tain property in a syntactic-morphological way plays a key role from a cogni-
tive point of view. From a logical point of view this means that we are dealing
with a definition by a term, or, in the case of an r-ary property, by a tuple of
terms. Such a conceptual substratum will be called functional conceptual sub-
stratum. Let us fix a first-order logic language L and an L—structure M. Now,
taking inspiration from some of the former examples we state the following
definition:

Definition 3.1. We say that a concept defined by a (r-ary) property €2 in M
(i.e. © € M™) has a functional conceptual substratum, if there exist terms

t; (for i+ = 1,...,r) and atomic formulas A, ..., A,, whose variables are
contained in {z1,...,z,}, such that for all ay,...,a, € M, (a1,...,a,) € Q
if and only if

M= 3z1) - Gzn)(yr = 1A Ay = e AAL A A AR Y1 — a1, Y — ay]
where t4,...,t, are L-terms whose variables are among x1, . .., Zy,.

So, it is straightforward to verify that the notions of even, odd and compos-
ite numbers; perfect squares and (more generally) nth-powers have functional
conceptual substrata.

In addition one can prove that this notion coincides with primitive positive
definability (see for example [Bodirsky and Nesetiil, 2006]).

3.1. Classic Arithmetic Structures. Now, let us see how the fact that having
this kind of ‘functional conceptual representations’ materializes for several
language-structure combinations.

First, it is worth noting that if we do not put any additional restriction on
the atoms A; in the former definition, then for some € it could happen that
these atoms contain even more important information about the concept C'
than the terms ¢;, for i = 1, ..., n. Later, we will show explicitly this phenom-
enon with an example.

Let us consider the language L = {0,1,+,—,#,=,<} and the structure
Z, the integers. Then, each A; has the form of either wi(z1,...,2,)
ug (1, ..., Tp) OF ur(xy,...,2,) < ua(x1,...,x,), where u; and ug are the
corresponding polynomials in Z[z1, . .., z,] representing the terms appearing
in Aj.
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Now, in the first case A; can be rewritten as h(z1,...,z,) = 0, where
h = w1 — ug. For the second case, we can use the well-known fact that any
natural number can be written as the sum of four perfect squares [Hardy and
Wright, 2008] (i.e., Lagrange’s theorem) in order to express the condition
described by A; in a Diophantine way; i.e.,

(Fz1 -+ z4) (U — uz :zf+z§+z§+zz+1).

In addition, one can also express finite conjunctions of polynomial equa-
tions through a single equation by using the fact that over the integers > " | a? =
0 if and only if each a; = 0. So, combining all the former steps one can
construct an explicit polynomial H(y1,...,¥r,%1,...,2,) such that for all

ai...,ar €%, as,...,a, € Qif and only if

Z=Qerxn) (HWiy ooy Yry X1y ooy Tn) = 0))[yr — a1, -+, yr — ayrl.

In other words, 2 defines a Diophantine set [Matiyasevich, 1993, Ch. 1].

Furthermore, by the MRDP theorem [Matiyasevich, 1993, Ch. 2] Q defines
a recursively enumerable set. In fact, one can easily prove that a concept C
over the integers, described with the former language which has a functional
conceptual substratum, must be recursively enumerable. Conversely, if C is
a concept defining a recursively enumerable property ©, then by the MRDP
theorem © is Diophantine. Thus, for alla;...,a, € Z, a1, ...,a, € © if and
only if

Z ': (Elxl"'xnz)(F(yla-"ayraxla"wxm) = 0))[y1 = a1,y Yr '_’ar]~

We can rewrite this formula as

Z 3oy xp)@32) -2l )(ar =2 A Aap =2 A Ay))

where A; denotes the atom F(z),..., 2., x1,...,2y) = 0)).*

In conclusion, for Z expressed in the language L = {0,1,+, —,*,=,<} a
concept C describing an n—ary property §2 has functional conceptual substra-
tum if and only if  is recursively enumerable, which is equivalent to being
Diophantine.

This fact can be interpreted as a kind of extension of the Church-Turing
thesis to the cognition of (elementary) arithmetical creation in the following
sense. All the concepts describing recursively enumerable sets (in the classic
sense of Church-Turing computation) are exactly the concepts that can be

“4In this case, the essential information of the concept can be, at least formally, codified more
in the atom A; rather than in the initial polynomial expressions.
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explicitly characterized as a concrete functional conceptual substratum of an
ideal cognitive agent.’

3.2. The Notion of a Prime Number. By the former considerations, the set
of prime numbers has a functional conceptual substratum. More explicitly,
one can find an explicit polynomial inequality in the integers characterizing
the positive prime numbers. For example, based on the main result of [Jones
et al., 1976] we can describe an (atomic) conceptual substratum of the prime
numbers as follows

CS(Prime Numbers) = [k + 2 € N, (k + 2)(1 — (wz + h + j — )*
—((gh+2g+k+1)(h+7)+h—z2)?—(2n+p+q+z—e)*—(16(k+1)* (k+2) (n+1)*+1—f?)?
—(e3(e+2)(a+1)2+1-0%)?—((a* - 1)y? +1—22)2 = (16r°y* (a® — 1) + 1 —u?)?
—(((a+u? (w2 —a))? 1) (n+4dy)? +1—(z+cu)?)? — (n+l+v—y)? —((a®* 1) 2 +1-m?)?
—(ai+k+1—1—i)*>—(p+ila—n—1)+b2an + 2a —n? —2n —2) —m)?

—(q+y(a—p—1)+s(2ap+2a—p2—2p—2)—;v)2—(2+pl(a—p)+t(2ap—p2—1)—mp)2) > 0,

a,bye,d,e, fog,h,i, 5,k L,m,n,0,p,q,7, 8, t,u,v,w,x,y, 2z € N]

This representation can only be fully comprehended and capture as a con-
ceptual substratum of the prime numbers if one gradually studies and under-
stands each of the arithmetical issues codified by its construction (see explic-
itly [Jones et al., 1976]).6

In addition, by Lagrange’s theorem and by adding four new existentially
quantified variables replacing each of the former 26 variables, one can show
that there exists a polynomial P(x1,...,z104) With integer coefficients, such
that

CS(Prime Numbers) =

5An ideal cognitive agent is, in our context, simply an agent possessing an ideal human mind
without any restriction regarding working memory and such that with enough time it can ‘un-
derstand’ any intellectual task that a human being can.

60ne of the reasons for that is the fact that one needs a more explicit use of working memory
together with the suitable storage of former conceptual substrata materialized in the form of the
single sub-polynomials (expressed as perfect squares).
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2 2 2 2
[1'1+J)2+JI3+$4€Z,P($1,...,$108) >0,Z‘1,I2,...,J}108€Z]

So, the concept of prime numbers has a functional conceptual substratum
over Z described in the former language.

Now, let us focus on the subsequent natural (arithmetical) question of de-
ciding if the concept of prime numbers has a functional conceptual substratum
where the atoms A; have either the form z,, < c¢; orc¢; < ;.

So, essentially this question is equivalent to finding a polynomial f(z1,...,z,)
with integer coefficients such that the set of the prime numbers is generated
as the image of the domain defined by the atomic restrictions A, ..., A,,. Let
us prove by induction on n that this cannot happen.

First, let us suppose that f(z) is a polynomial in one variable with restric-
tions given by A; =~ = < ¢; and/or As =~ ¢s < x. The case where the domain is
either empty or finite (parametrized by two atoms) is clearly ruled out, since
its image should be an infinite set. The single cases given by just one of the
former atoms can be reduced to the case © > ¢, because the second case can
be reduced to this one by means of the change of variables y = —x.

In conclusion, let us assume for the sake of contradiction that there exists a
polynomial f(z) with integer coefficients together with a constant ¢ € Z such
that the image under f of the set Z-. is the set of the prime numbers (or an
infinite subset of it). Let us choose an integer d > c. If we denote by p the
prime number f(d), it is an elementary fact to see that for all z € Z

f(pz +d) = f(d) =0 (mod p).

Thus, since f(pz + d) should be a prime number for all = > 0, then
f(pz + d) = p. Therefore, f should be a constant polynomial, which is a
contradiction.

Now, let us assume the induction’s hypothesis for any k£ < n. Again, sup-
pose by contradiction that there exists a polynomial f(x1,...,x,) with coeffi-
cients in the integers and atoms (restrictions) Ay, ..., A,, such that the image
of the domain determined by the restrictions consists of (an infinite subset
of) the prime numbers. Again, by doing suitable changes and permutations of
variables we can assume without loss of generality that there exists s € Z with
1 < s < m, and constants ¢; € Z such that A; =~ x; > ¢;, foralli = 1,...,s.
Thus, since there are just finitely many potential choices for the values of the
xy’s (with ¢ > s) which satisfy the restrictions, we see that there are con-
stants e, 1,..., e, € 7 satisfying all the remaining conditions A, 1,..., A,
such that the image of the domain described by the first s atomic restrictions
under the polynomial

g(xla"'wrS) =f(xlv"'a$87es+17"‘>em)
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is an infinite subset of the prime numbers. So, if s < m we are done by the
induction’s hypothesis, since g has fewer variables than f.

In the second case, it is an elementary fact to see that for any non-constant
polynomial g(z1,...,zs) in several variables with integer (or even real) coef-
ficients, and for any parameters cy, ..., c; € R (defining atomic restrictions as
before), there exists an index ¢; and an integer (resp. a real number) e > ¢;
such that h = f(x1,...,2;-1,€,241,...,2s) iS a non-constant polynomial.

Now, using this fact, we obtain a non-constant polynomial A in s — 1 vari-
ables, such that the image of the remaining restrictions under A is an infinite
subset of the prime numbers, which is a contradiction.

Summarizing, the existence of functional conceptual representations de-
pends strongly on the degree of freedom that we give to the corresponding
atomic formulas and on the particular language used. From a cognitive per-
spective, this fact implicitly suggests that it is worth studying in deeper detail
how to develop formal languages that permit to describe more complex con-
cepts through (functional) conceptual substrata, and in that way to be able
to find easier argumentation guidelines for open (mathematical) problems,
among others.

On the other hand, let us modify the language slightly by trying to charac-
terize the prime numbers as a kind of ‘sub-concept’ of the natural numbers N
with the language L~ = {0, 1, +, , =, <}, and with the former constraints for
the atoms A;. So, by applying basically the same method as before, we obtain
again a negative answer.

However, if we do not impose any kind of restriction on the atoms, then us-
ing the same former result of Jones et al. one can find two explicit polynomial
Pi(a,b,...,z) and Py(a,b,...,z) with coefficients into the natural numbers
such that

CS(Prime Numbers) = [k, Py(a,b,...,z) > Pa(a,b,...,z),b,c,..., 2]

So, the notion of prime numbers also has a conceptual substratum over N
with the restricted language L—.

3.3. The Arithmetical Invariance of Functional Conceptual Substrata. More
generally, if we restrict ourselves to a concept C' described by a r— relation
in N, then the fact that C' has a functional conceptual substratum does not
change if we expand the language involved (resp. the corresponding struc-
ture) by adding the operation of subtraction —(x). Specifically, the following
general fact holds:

Proposition 3.2. Let C be a concept described by a r—ary relation € in N.
Then C has a functional conceptual substratum in L~, if and only if C (seen as
a concept described by the corresponding r—ary relation Q2 € Z) has a functional
conceptual substratum in L.
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Proof. Without loss of generality, we can assume that » = 1 (the general
argument is essentially the same). First, let us suppose that there is an
L—functional conceptual substratum for C involving the polynomial f(xz1,...,z,)
and atoms A;,...,A,.. Now, we will add an extra variable z in order to be
able to codify the fact that a; = f(x1,...,z,) through the atoms a; = z and
A,y1 =2 = f(x1,...,x,). This allows us to update f by a polynomial with
positive coefficients.

By Lagrange’s theorem and by adding (eventually) new existentially quan-
tified variables, we can assume that all the atoms involve only the equality
relation. Effectively, this follows from the relations

(Va,beZ)(a<bea+1<D),

4
(Ve,deZ)(c<d < (Fy1,v2,y3, ¥4 € Z)(d — c = Z y?)).
i=1

An additional simplification consists in reducing the number of atoms to
one, by using the fact that

(Ve,geZ((e=0Ag=0) < e+ ¢g*>=0)).
So, let us assume the we have just one atom A.

Furthermore, the fact that there are existential conditions for A involving
variables z and x4, ..., z, varying over Z, can be re-written as new atom A’
involving variables 2’ and a7, ..., 2!, varying now over N.

In fact, if A = hy(z,21,...,2,) = ha(z,21,...,2,), then the fact that there
exists z,x1, ..., 2, € Z such that A(z,z1,...,z,) is equivalent to saying that
there exist 2/, z, ...,/ € N such that

\/(hl(izla izlla BERE) ix,n) = hQ(izlv ixllv SERE) ixln))a

where the former expression involves 2"*! atoms corresponding to all the
possible combinations of signs. Now, by writing each of the former equalities
as p;(z/,2') =0, for j = 1,...,2""1, we can re-write the former expression
as the single atomic condition

2n+1

o(,a) = [] s(.2) = 0.
j=1

Finally, we can re-write this condition as a polynomial equality of the form
7 (7, 2') = v2(2/, 2’) involving only positive coefficients.
So, for all a € N, a € Q if and only if

Qwy - wpi1)(a = w1 Ay (Wi, ..y Wit1) = Y2 (wr, ..oy Whtt)).
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This means that C' has L~ —functional conceptual substratum.

Conversely, we replace in a L~ —functional conceptual subtratum, any vari-
able z; by four variables y; 1,y;2,v;3 and y;4; and we replace each occur-
rence of x; by Zle y?. So, by Lagrange’s theorem, we obtain an L—functional
conceptual substratum for C. O

Remark 3.3. If we replace in the former proposition functional conceptual
substratum by Diophantine, then the answer is quite different. Effectively, by
the MRDP theorem we know that the ‘Diophantine’ L—concepts are exactly
the recursively enumerable. However, the set of Diophantive L~ —concepts
corresponds to a strictly smaller sub-collection of them. Specifically, if r =
1, then it is an elementary exercise to prove that the only two Diophantine
L~ —subsets of N (i.e. subsets described as projections over N of a polynomial
with non-negative coefficients) are {0} and N. In general, one can verify by
induction over r that a subset 2 € N" is L~ —Diophantine if it has the form

finite k
U 1w
i=(i1,...,0) T=1

where i, € {0,1} and we define N° = {0} and N! = N.

4., NATURAL AND COMPLETE DEFINITION RULES FOR FUNCTIONAL
CONCEPTUAL SUBSTRATUM

Let us denote by LK, the sequent calculus for first-order predicate logic
with equality (over a language L) with the standard inference rules (see for
instance Buss [1998], Takeuti [2013]). Let us enlarge the language L with a
new r—ary predicate symbol D which we will define in terms of a functional
conceptual substratum in the language L, i.e., by a definition of the form

D(ay,...,a;) < (Fz1-xp)(ar =t A Aar =t AAL A A A)
where ty,...,t, are L—terms and A;,...,A,, are L-atoms whose variables
are (both) among x1, ..., z,.

Now, a standard approach to incorporate definitions into a sequent calculus
is to add definition rules which allow unfolding the defined predicate symbol.
In our setting this gives rise to the rules

olar,...,a.),I' > A I' - A ¢(as,...,a.)
Dy, and
D(ay,...,a,), I > A I' - A, D(aq,...,a)

Dr

where ¢(aq,...,a,) abbreviates the formula defining D(ay,...,a,) as above.
We denote the sequent calculus obtained from adding these rules to LK, as
LK.(D). These rules correspond to inferences that syntactically replace into
a proof the former definition of the new relational symbol within the left and
right part of a sequent, respectively.
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Lemma 4.1. For any formula ¢, LK.(D) + ¢ < ¢[D\¢], where [ D\@]
denotes the formula obtained after replacing D by ¢ in 1.

Proof. This fact can be straightforwardly proved by induction on the (syntac-
tic) complexity of v, decomposing the equivalence into two implications and
using the new pair of rules. O

The calculus LK (D) is a conservative extension of LK, in the following
sense:

Theorem 4.2. For any formula v, LK.(D) + % if and only if LK, + ¢¥[D\¢].

Proof (=) Let P be a proof of ¢ in LK.(D). Then, by replacing D in P by
¢ and removing Dy,- and Dr-inferences, we obtain a proof P’ of ¢[D\¢] in
LK.

(«<) Let P be an LK,-proof of ¢)[D\¢]. Obtain an LK.(D)-proof @ of
Y[D\¢] — ¢ from Lemma 4.1. Then a cut on P and @ gives an LK.(D)-
proof of . O

The above definition rules treat definitions in general. However, a defini-
tion of a concept that has a functional conceptual substratum is typically used
in a more specific way in mathematical proofs. For example, when showing
that the sum of n and m is even if m and n are, one may start the proof by a
phrase like “Since n is even, n = 2a (for some a € N)”. For the general case,
this is formalized by the rule

a =\l o = LG A A\ T A
D(ay,...,a,), T > A L

Similarily, one may end the proof with a phrase like “2 - (a + b) is even”. For
the general case, this is formalized by the rule

I'— A A [Q\Q] o P> A Ay [@\Q] fcs
T — A, D(t[2\u], ... t.[z\u]) *

We write LK™ for the calculus obtained from LK, by adding these two
rules. We will now verify that LK (D) is sound and complete w.r.t. LK. (D).
To that aim, we first relate it to LK.

Lemma 4.3. For any formula v, LK!*(D) + ¢ < ¢[D\#].

Proof. We proceed by induction on the syntactic complexity of ¢. The only
non-trivial case is when ¢ is D(vy,...,v;).

We obtain an LK (D)-proof of D(vy,...,v,.) — ¢(v1,...,v,) by applying
a D}ics-inference, n 3,-inferences, and r + m — 1 A,-inferences.
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In the other direction, we obtain an LK*(D)-proof of ¢(vy,...,v,) —
D(vy,...,v,) as follows:
Ar[z\(] — Ailz\(] - Am[z\(] = Am[z\(]

= o = o fcs

Al[g\ ]77Am[£\d - D(tl[l\ ]""7tr[£\ ]) R

U1 = t1[§\<]7 sy Up = tr[@\(]vAl[ﬁ\CL e ?Am[Q\C] - D(vla s 7UT)

= = = = A7”-',—m—1
vp =t[z\C] A - A v =4 [2\C A Ar[2\(] A A Ap[2\(] — D(v1, ., 0) 3"1
o(v1,...,0:) = D(vy,...,0,) !
O
Theorem 4.4. For any formula v, LK'*(D) - « if and only if LK, - ¢[D\@].
Proof (=) Let P be a proof of ¢ in LK*(D). We replace D in P by ¢,
simulating a Di*-inferece by n 3;-inferences, and m +r — 1 Aj-inferences and
a Dis-inference by
F>A Az - T—A A\
L= A Ay[z\u] Ao A A2\ ) eq
D= Aty[z\u] = ta[z\u] A - Atp[z\u] =t [2\u] A Ar[2\u] A - A Ay [z\u] 3"'

I'— Aot [z\u], ... tr[z\u])

Thus we obtain a proof P’ of ¥[D\¢] in LK,

(<) Let P be an LK,-proof of ¢)[D\¢]. Obtain an LK.(D)-proof @ of
Y[D\¢] — 1 from Lemma 4.3. Then a cut on P and Q gives an LK(D)-
proof of . O

Corollary 4.5. For any formula 1), LKiCS(D) F ¢ iff LKo(D) + 2.

Thus one does not loose power by using these specialized definition rules
for defined predicate symbols with functional conceptual substratum. On the
other hand, one gains a mathematically more natural use of these defined
symbols.

5. CONCLUSIONS

The general meta-notion of conceptual substratum (and its particular form
as functional conceptual substratum) serves as a new kind of meta-mathematical
mechanism of outstanding importance with a strong cognitive dimension used
(implicitly) in mathematical creation/invention.

Moreover, the initial first-order formalization of this meta-concept turns
out to be equivalent to central notions in theoretical computer sciences and
elementary number theory. In addition, (functional) conceptual substratum
suggests an additional way of developing proof-theoretical frameworks with
a stronger human-style structure. One of the main reasons supporting this
thesis is the fact that the new deduction rules and definitions simply mirror
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specific instances of the human mathematical practice in an explicit morpho-
syntactic way, and, simultaneously preserving exactly the same deductive
power.

So, subsequent formalizations of conceptual substrata (and of the notion
of conceptual substratum) in higher-order frameworks could bring new light
in our quest for understanding how mathematical creation/invention works
and for developing software able to solve mathematical problems at higher
levels of abstraction.

More explicitly, the results presented here, together with the general for-
malizations of pragmatic and purely formal conceptual substratum presented
in [Gomez-Ramirez, 2020, Def. 10.18,Ch.10] suggests a research program,
where the local conceptual substrata for each relevant mathematical sub-
discipline should be characterized and used for computing the corresponding
pseudo-precode aiming to obtain general algorithmic commonalities, which
can served as the basis for generating the corresponding computer programs
serving as (local) co-creative assistants in several mathematical sub-areas.

Even more, a suitable analysis for conceptual substrata in related field like
physics, chemistry and biology, is the initial key point for being able to materi-
alize the corresponding programs of of artificial physical/chemical/biological
intelligence from the perspective of artificial mathematical intelligence [Gomez-
Ramirez, 2020, Ch.12]. Moreover, the same strategy can be potentially used
for developing more concrete pragmatic and morpho-syntactic prevention
guidelines for viruses like COVID-19, as well as similar ones, following the
lines along Gémez-Ramirez et al. [2021] and Herrera-Jaramillo et al. [2021].

The relation with existing theorem provers is more implicit and at the meta-
level. In other words, any theorem prover explicitly based on versions of the
sequent calculus can be potentially updated with specific exemplifications of
the new functional calculus, that preserve the theoretical deductive scope that
increase the cognitive plausibility.

The importance of conceptual substratum for mathematical creation/invention
refers to the fact that obtaining more useful and explicit conceptual substrata
for mathematical structures has the potential of facilitating and speeding up
the creativity in mathematical reasoning.

Extensions of the formalization of (functional) conceptual substratum to
second order logic could also be used for helping us to understand even more
deeply the technical deductive aspects of our daily (natural) language [Mo-
towski and Szymanic, 2012].
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