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Abstract

Imagine a group that faces a decision problem but does not agree on which decision
procedure is appropriate. In that case, can a decision be reached that respects the
procedural concerns of the group? There is a sense in which legitimate decisions
are possible even if people disagree on which procedure to use. I propose to decide
in favour of an option which maximizes the number of persons whose judged-right
procedure happens to entail this decision given the profile. This decision rule is based
not only on a profile in the standard sense, but in addition on a profile of judged-right
procedures. To justify this decision rule, I present a set of simple axioms leading to
it as the only solution.

1 Introduction and overview

For a collective choice problem, a ‘procedural judgment’ is a judgment about how
group profiles should be aggregated into collective decisions, i.e. what is the right
mapping from profiles to decisions. Procedural judgments are often controversial,
both within the group and among social choice theoreticians. The concept of legiti-
macy developed here is based on the following premise:

Procedural Autonomy (premise).? The manner in which the profile is ag-
gregated into a collective decision should be determined by the procedural judgments
within the group.

In short, if the group wants a monarchy it gets a monarchy, if it wants a particular
form of democracy it gets this form of democracy — whatever the recommendations
of social choice theory. But what if the group disagrees on the decision procedure
— surely the typical case? Do we then have to use a procedure to elect a procedure,
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which would raise a new and perhaps even harder problem of choice of procedure on
a higher level? Can Procedural Autonomy then be respected at all? Yes, or so will
be argued.

Note that the goal of respecting Procedural Autonomy contrasts with the stan-
dard social-choice-theoretic goal of determining the ‘right’ procedure independently of
procedural judgments within the group. One can try to justify Procedural Autonomy
either by the pragmatic argument that a group might not agree to use a procedure
that it does not favour, or by different normative arguments. But, although we will
discuss some of these arguments, the premise is an assumption, not a claim.

The obvious means to respect Procedural Autonomy — the use a ("legitimate")
procedure favoured by the group — is limited by the possibility of diverging procedural
judgments within the group. This observation motivates us to develop a new concept
of legitimate decisions, which does not require the existence of a legitimate procedure.
(The term "legitimate" is used as a technical term to indicate that Procedural Auton-
omy has been respected.) Let the group’s profile be z, and imagine that each person
i judges some procedure f; as being the (normatively) right procedure. We consider a
decision y as "legitimate" if the number of persons i for whom f;(z) = y is maximal.
So, a legitimate decision is one that is the outcome of as many as possible of the
judged-right procedures f; in the group. Note that the procedures f; that yield y on
x may still be of quite different natures; hence, legitimate decisions may exist even
given a strong disagreement over the procedure, i.e. without a legitimate procedure.

But does this concept of legitimate decisions really follow from Procedural Auton-
omy? To answer this question, I introduce a set of axioms which will be defended by
appeal to Procedural Autonomy (and to an additional assumption about the structure
of the decision problem). These axioms can be jointly fulfilled only by our legitimate
decisions. This possibility theorem is partly analogous to May’s Theorem (1952) on
the majority rule in binary decision problems.

One may consider as an appealing feature of legitimate decisions that no nor-
mative views regarding the procedure choice are imposed upon the group, since the
group’s own procedural views are taken over. Under the standard approach, it seems
that only in special cases such as in some binary decision problems it is possible to
reach decisions without having to impose any controversial normative views regard-
ing the procedure choice. But do our legitimate decisions really avoid this problem?
The answer is split. On the one hand, if the available information consists in a stan-
dard profile together with the judged-right procedure of each person, our legitimate
decisions are indeed inescapable (given Procedural Autonomy), or so I shall argue.
On the other hand, our legitimate decisions neglect any information about personal
procedural judgments other than judged-right procedures, thus for instance neglect-
ing judged-worst procedures. As soon as such additional information is taken into
account, legitimate decisions would have to be redefined, and there would be more
than one plausible way to do so, leading to the same kind of normative dilemmas
known from the standard social-choice-theoretic approach.

In Section 2 I discuss Procedural Autonomy and possible justifications of it; and I
discuss the difficulty of finding a legitimate, i.e. reasonably non-controversial proce-
dure. In Section 3 I introduce and discuss the present concept of legitimate decisions.
For instance, it is observed that legitimate decisions may be hard to reach in practice
because the submission of judged-right procedures is highly manipulable. In Section
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4 we turn to the axiomatic justification of the present concept of legitimate decisions
on the basis of Procedural Autonomy, of the form of a set of simple necessary and
sufficient conditions. The challenge will be not just to find appropriate axioms, but
also to carefully justify them by appeal to Procedural Autonomy. Finally, in Section
5, I summarize and make some concluding remarks. Appendix A contains proofs.

2 The premise and a first attempt

First, in Section 2.1, I discuss Procedural Autonomy and mention some possible
justifications of it. Next, in Section 2.2, I discuss the difficulty of finding a standard
social-choice-theoretic procedure favoured by the group. In later sections, this fact
will not lead us to discard Procedural Autonomy, but will be a motivation to take
the different approach developed by this article.

2.1 Procedural Autonomy and possible justifications

Procedural Autonomy states that the way in which profiles are aggregated into de-
cisions should be determined by the procedural judgments within that group. We
shall use the technical terms "legitimate" or "legitimacy" whenever this premise has
been respected. Precise technical definitions of legitimate procedures and legitimate
decisions will be given later.

In Procedural Autonomy, the word "judgments" is to be given a purely normative
interpretation. Judging that a certain procedure is right has to be clearly distin-
guished from liking the procedure because it probably generates a collective decision
that serves the person’s private interests. For instance, someone may judge Borda
count as being the right procedure while realising that his or her preferred candidate
is more likely to win under plurality voting.

By contrast to the standard social-choice-theoretic goal of finding the indepen-
dently "right" aggregation procedure, we assume that people within the group have
their own judgments about how to aggregate profiles, and that these procedural judg-
ments should be respected whatever their nature, i.e. whether or not people favour
procedures that are democratic, egalitarian, anonymous, authoritarian, etc. So, de-
cisions should be a function both of a standard profile and of a "profile of procedural
judgments".

One could try to justify Procedural Autonomy in different ways, to be divided into
pragmatic and normative arguments. This paper is not committed to any particular
justification of Procedural Autonomy (nor to its justification at all, since a premise is
an assumption). However it is worthwhile mentioning some of the possible arguments.

Pragmatic argument. One may argue that, for certain types of groups and/or
decision problems, it is a factual necessity to respect Procedural Autonomy, because
the group would not agree to use any procedure that is incompatible with their own
procedural judgments. Indeed, the body or organization implementing a decision
procedure needs to have at least some support within the group, to ensure that
people submit information and respect outcomes. Even if people did agree, e.g. by
force, to use a procedure against their will, in view of long-term stability it might still
be a factual necessity to respect people’s procedural judgments.
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Note, however, that it is not always a factual necessity to respect Procedural
Autonomy: it may well be that, although many people do not strongly favour the
given procedure, they still agree to use it, without this generating major instability.
This seems to be the case in many (democratic and non-democratic) societies.

Normative arguments. The other type of arguments for Procedural Autonomy is
normative arguments. A variety of normative arguments could be thought of, some
of which are indicated now.

First, Procedural Autonomy might be justified by some radical form of procedu-
ralism or "metaproceduralism" whereby decisions should be a democratic and fair
response not just to the profile of interests and views in the standard sense, but also
to the profile of judgments about procedures. A related justification would be to
take a pluralistic perspective and argue that procedures should not be imposed upon
a group because the procedure choice usually involves normative commitments, and
normative views should not be imposed upon people.

Or, one might argue from a populist point of view and postulate that the "will of
the people" is best respected if people’s procedural judgments are taken into account.
If "will" is given a comprehensive meaning, it seems that procedural judgments should
be part of it, and hence they should be respected in order for decisions to reflect the
true "will of the people".

Further, one might try an epistemic justification by postulating that the best way
to reach a "correct" decision (by an independent standard of truth) is by adhering
to the group’s own procedural judgments. Defending such a position will not be
easy inasmuch as the group members may not be experts on truth-tracking decision
procedures, or may not even be able to distinguish between their private interests
and the independently "correct" decision.

Many attempts to provide a normative justification — including in particular the
epistemic one — may draw plausibility from the diversity of collective decision prob-
lems. Indeed, collective decision problems are often so specific in nature that, ar-
guably, no general social-choice-theoretic advice from outside may be appropriate.
For instance, one might argue that any general statement of the form "in every de-
cision problem of choosing one candidate out of four candidates, procedure f is best
(from a "metaprocedural", pluralistic, populist, epistemic, or other perspective)" is
false since the procedure choice must always be based on much more detailed in-
formation than just the information of a one-out-of-four-candidates choice problem.
The relevant information might include the type of group (size, age, sex, etc.), the
exact type of position for which the candidates are elected, the amount to which the
four candidates differ, possible negative impacts of a wrong choice, etc. And, so the
argument continues, since the specifics of the groups and the decision problem are
best known to the group members themselves, they are in a better position to form a
well-founded procedural judgment than external persons, possibly even if the external
persons are social choice theoreticians!

Arguments against accepting the premise. On the other hand, it should be pointed
out that one may plausibly argue against accepting Procedural Autonomy. For in-
stance, one may hold that people’s "procedural competence" is too low, perhaps even
with a tendency to non-democratic procedures. Or, one may argue that, rather than
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being a question of low competence, people are in fact not even willing to develop any
non-self-interested procedural judgments. And further, even if they had developed
them, in practice Procedural Autonomy could perhaps not be respected simply be-
cause a person would not be willing to reveal his or her genuine procedural judgments
unless the judged-right procedure happens to help the person’s favourite option win.

Certainly, Procedural Autonomy can only be accepted when having, at least to
some extent, a positive view of people’s ability and readiness of developing non-self-
interested (procedural) judgments, and of their readiness to communicate them even
if against their personal interests.

2.2 First attempt: looking for a legitimate procedure

From now on we assume that the premise of Procedural Autonomy is accepted. The
first, rather obvious approach to respecting Procedural Autonomy is to search for
a procedure that is being favoured by the group members. As will be discussed
now, the limits of this approach are that in many cases, given sufficient procedural
disagreement, such a legitimate procedure may not actually exist or be unambiguously
identifiable.

Following Procedural Autonomy, we call a procedure legitimate (for a given deci-
sion problem) if the group agrees in some reasonably strong sense on this procedure.
Here and in the following, "agreement" on the procedure is taken to mean not just
agreement to use this procedure, but agreement that this procedure is right (to use).
Note that one may doubt that the decision procedures used in many societies, whether
democratic or not, are legitimate in the present sense: although people tend to agree to
use the actual decision rules (indeed, they use them), the agreement on the rightness
of these procedures often seems much smaller. Note also that a legitimate procedure
need not fulfil any of the requirements or criteria developed by social choice theory;
indeed, it might even be dictatorial if that is what the group wants.

The first problem is that for many groups and/or decision problems a legitimate
procedure may be non-existent due to insufficient procedural agreement. Note that if
the procedural judgments are not sufficiently known it may be necessary to formally
run a preliminary decision process to establish the (non-)existence and nature of a
legitimate procedure. (However, for a procedure to be legitimate it is not here required
that such a formal "legitimisation" has taken place, as long as there is agreement on
that procedure.)

Beside the problem of the possible non-existence of legitimate procedures, a second
problem lies in the normative ambiguity of this concept, and the vagueness of its
definition. When is an agreement on a procedure strong enough to provide legitimacy?
Is a majority of more than 75% required, or of more than 50%, or does it even suffice
that the procedure be pairwise preferred to any other procedure by a majority? These
are difficult normative questions. In this sense the present concept of a legitimate
procedure is inherently ambiguous.

If no legitimate procedure can be identified, one might try the escape-route of
first electing a procedure with the hope that at least the procedure of electing a pro-
cedure is legitimate, i.e. reasonably non-controversial. This attempt is problematic
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for different reasons.?

3 Solution: legitimate decisions rather than procedures

I have to be very clear about what I assume, and what I claim or wish to defend.
Procedural Autonomy is an assumption, but it is a claim that if this premise is
accepted then there are good reasons for accepting the relevance of the concepts of
legitimate decisions to be presented in this section.

Can Procedural Autonomy be respected if no legitimate procedure exists or can
be unambiguously identified? Possibly yes, or so I will argue. The present section has
the following structure. I begin by making some general model assumptions and in-
troducing an axiom ("Procedural Judgments") needed for the existence of legitimate
decisions (Sections 3.1 and 3.2). Then, I define the present notion of legitimate deci-
sions (the axiomatic justification of which will be provided later); and I discuss some
aspects, such as the fact that legitimate decisions are a generalisation of legitimate
procedures (Sections 3.3 and 3.4). Finally, we turn to the question of how to reach
legitimate decisions in practice; the latter requires an additional sincerity assumption
(Sections 3.5 and 3.6).

3.1 The general setting

Throughout, we consider a group of persons labelled ¢ = 1,...,n, with n > 2, facing
an entirely arbitrary collective decision problem.

Decision space and profiles. We assume a given decision space ), consisting of
options y, one of which has to be chosen. ) may have two or more elements, possibly
even infinitely many. ) might consist of candidates, measures (building one big
building, or many small buildings), or of judgments (the defendant is guilty or the
defendant is innocent), etc. A profile is a vector © = (z1, ..., ), where x; is person
i’s input, which belongs to a given set X of possible individual inputs. X may
consist of single votes, or of complete preference rankings, or indeed of any other kind
of informational input that social choice theory may think of. The set of logically
possible profiles is:

X" = {(x1,...,xy)|z; € X for all persons i = 1,...,n}.

3When no legitimate procedure can be identified, the attempt of identifying a legitimate "meta"-
procedure for the "meta"-problem of selecting a procedure is problematic for the following reasons.
Firstly, even if the attempt was successful and one had found a legitimate meta-procedure, our premise
would only have been met on a meta-level, since only the meta-procedure is legitimate, while the
procedure might have been elected "narrowly" out of a class of many procedures that are all nearly
equally controversial, and hence nearly equally illegitimate. Secondly, even if one accepts to search for
legitimacy (premise fulfilment) only on a meta-level, it is unlikely that this search will be successful.
The meta-problem of choosing a procedure is often more complex than the original problem, since its
alternatives (which are procedures) may exceed the original alternatives by complexity and number.
So it seems unlikely to reach an agreement on the meta-procedure if there was no agreement on
the procedure in first place. Thirdly, of course, one may continue indefinitely, by trying to meet
the premise on a meta-meta-level, or on a meta-meta-meta-level, etc. Infeasibility aside, the same
objections apply analogously.
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Set of allowed procedures. A procedure is a function f mapping D — ), where
D C X" is any (non-empty) domain of profiles. We do not assume an agreement as
to what decision procedure should be used. However, we assume an agreement on
some set F of procedures considered as allowed or possible, all of which are at least
defined on the group’s actual profile x. F might be the set of all procedures defined
at least on z, or the set of all anonymous procedures defined at least on z, or the set
of all anonymous procedures defined on the universal domain D = X", etc.

The unknown distance assumption. Our only restriction is that it be desirable
that the decision rule? should not presuppose any prior knowledge as to how close
different options in ) are from each other — the "unknown distance" assumption.
Our formal definition of legitimate decisions works perfectly without the unknown
distance assumption, but it is only under this assumption that I wish to defend that
this definition follows from Procedural Autonomy. So, let us postpone the precise
definition and discussion of the unknown distance assumption until we justify our
legitimacy concept (see Section 4.7). For now, an example should suffice: when
electing a candidate, the unknown distance assumption is justified since a fair and
neutral decision rule* should not a priori impose a (political) judgment as to how
close different candidates are from each other.’

3.2 Procedural Judgments

If a person ¢ € {1,...,n} considers one particular procedure in F as normatively
strictly superior to all other procedures in F, then we call it person ¢’s "judged-right"
procedure (in F). We assume the axiom of

Procedural Judgments (J).5 FEach person i € {1,...,n} has a judged-right
procedure in F, written f;.

It is essential to note the normative interpretation of "right", by contrast to liking
a procedure because it serves one’s personal interests.” Apart from this normative
interpretation, we are entirely non-restrictive regarding the reasons that lead a person
i1 to believe that f; is the right procedure. Some persons might choose their f; on
procedural grounds (f; is the most democratic procedure). Others might choose their
fi on epistemic grounds (f; is the best "truth-tracker"). Even others might choose
their f; on "populist" grounds (f; is best at deciding in accordance with the "will of
the people"). Also, the persons do not need to be able to compare all pairs of two
procedures in F: it suffices that one particular procedure f; is pairwise comparable
with all other procedures f € F, and that f; beats f.

4By a "decision rule" I do not mean a procedure f; rather, I mean a rule by which a decision is
reached based not only on the profile z, but also on the vector of procedural judgments within the
group; see Section 4.

>The unknown distance assumption excludes an important type of decision problem, namely those
problems in which the options are collective rankings over some underlying set. Indeed, two rankings
can be very close or very far away from each other; see the remarks in Section 4.7.

%For the case of the modified premise (see the footnote "2"), each person of the committee is
required to have a judged-right procedure — a probably more realistic assumption. The definition of
legitimate decisions can be formulated analogously.

"See our remarks in Section 2.1 on the normative interpretation of the procedural judgments in
Procedural Autonomy.
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3.3 Legitimate decisions

Throughout, let = denote the actually submitted profile. Procedural Judgments (J)
allows us to introduce our central concept of the legitimate decisions (which is pro-
posed only if an "unknown distance" assumption is satisfied, as discussed later in
Section 4.7). Our legitimate decision can be seen as the best compromise given the
(possibly diverging) procedural judgments. The axiomatic justification of our defini-
tion by appeal to the premise of Procedural Autonomy will appear in Section 4.

Definition 1 If Procedural Judgments (J) is satisfied, then

- we call "degree of legitimacy" or just "legitimacy" of an option (decision) y € Y
the number L(y) := Lg ..., (y) = #{i|fi(x) = y} of persons whose judged-right
procedure leads to y;3

- we call an option (decision) y € Y "most legitimate"” or just "legitimate" if it
has mazimal legitimacy Ly ¢, . ¢, (y).

First, note that we do not define as legitimate what wins under plurality voting,
because the option f;(x) cannot be interpreted as person i’s vote under any standard
interpretation of voting. Indeed, the option f;(x) may differ both from person i’s
private interests and from person ¢’s altruistic judgment about what serves best the
group’s interests. Person i may judge Borda count as being the right procedure f;,
and at the same time Borda count may produce a winner f;(z) that neither serves
person ¢’s interests, nor even corresponds to person i’s judgment about what decision
would best serve common interests. Indeed, if person ¢ judges the option y as best
serving the common good, but the group does not like y, then the profile z is likely to
produce an outcome f;(z) # y (provided that f; is a democratic procedure). Hence,
in a plurality voting person 7 need not submit the vote f;(x), whether the motivation
is private interests or the common good.

Second, Procedural Autonomy has here been interpreted in the narrow sense that
respecting person i’s procedural judgments means no more than deciding in favour of
yi; = fi(z), whether or not it is because the procedure f; has been applied. In other
words, we define the term "procedural judgment” in the narrow sense of a judgment
about what is the right mapping or function between profiles and decisions, regardless
of the means by which this correspondence is established. As the referee rightly
points out, this interpretation may be problematic, since a group of democrats may
for instance not approve of a benevolent dictatorship that always decides according to
the will of the majority. This example shows that our narrow definition of ‘procedural
judgments’ may fail to capture important other types of procedural judgments or
concerns, and accordingly that our legitimate decisions may violate other types of
procedural concerns.

Third, the function L(y) (y € )) is intended as a purely ordinal (i.e. not cardinal)
measure of the amount of legitimacy of options, and so any positive transformation of
it would do exactly the same job. For instance, an equivalent definition of L(y) would
be to divide our definition by the group size n, so that L(y) would always belong to
the interval [0, 1], whatever the group size n.

81f one allowed that the procedures in F result in ties, i.e. choose non-empty sets of options
rather than single options, then one could redefine L, ¢, ... 1, (v) as #{ily € fi(z)}, the number of
individuals ¢ such that y is among the options chosen by f;.
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Example. Consider a group of n = 30 persons who must elect one out of four
candidates:

- 10 persons judge plurality voting as right,

- 10 persons judge the Borda count as right, and

- 10 persons judge the Hare system as right.

Given a profile (z1, ...,z30) of complete person preference rankings over the four
candidates, it turns out that

- candidate 1 wins under plurality voting,

- candidate 2 wins both under Borda count and the Hare system, and

- candidates 3 and 4 do not win under any of the three aggregation rules.

Then

- candidate 1 has legitimacy L(1) =10,

- candidate 2 has legitimacy L(2) = 10 + 10 = 20, and

- candidates 3 and 4 both have legitimacy L(3) = L(4) = 0.

Hence the (only) legitimate decision is candidate 2. Candidate 2 would also be
the legitimate winner if 14 of the 30 persons supported plurality voting, 8 persons
supported the Borda count and 8 persons supported the Hare system. This shows
that a legitimate decision may differ from a decision chosen by the following two-step
rule: first, a procedure is elected by plurality voting over possible procedures (here,
plurality voting would easily win), then the winning procedure is applied to reach a
decision (here, the winner would be candidate 1, although not the legitimate decision).
Our present approach is different since it does not choose a legitimate procedure, but
it achieves legitimate decisions without using any (legitimate?) procedure.

Note that the sum-total of the legitimacies of candidates is the group size:

L(1) + L(2) + L(3) + L(4) = 30.

As can easily be seen, the latter relation holds in general, i.e.”

the sum-total of the legitimacies is the group size: Z L(y) = n.
yey

Also, note that there always exists a legitimate decision, because among the integers
L(y), y € Y, there is of course a largest one. If there exists a unique legitimate
decision g, then y is the legitimate decision. A case of non-uniqueness is the situation
where all of the outcomes fi(z), ..., f(z) are different. Then the legitimacy L(y) of
any y € )V is at most 1, and each y with legitimacy 1 is a legitimate decision. However,
when the group size n exceeds well the number of possible decisions (n >> |)|), there
usually is a unique legitimate decision. The two extreme cases are:

1. Fully concentrated legitimacy: One particular decision y € ) has maximal
legitimacy L(y) = n and all other decisions have legitimacy 0. This happens when
y = fi(xz) = ... = fu(x). It may happen that a group is far from a consensus on the
procedure, but still one decision is y is legitimate in the strongest possible sense that
L(y) =n.

%In the case that the decision space ) is infinite, all except finitely many terms of the sum
> yey L(y) are zero, and hence this sum is in fact one of finitely many terms.




3 SOLUTION: LEGITIMATE DECISIONS RATHER THAN PROCEDURES 10

2. Uniformly distributed legitimacy: All possible decisions have the same legiti-
macy, and hence per definition each option is a legitimate decision. For instance, each
option y € Y may have legitimacy L(y) = 1 since each y wins under exactly one of
fi, -, fn. This is only possible if the group size n equals the number of options #) .
If there are twice as many persons as options y € ), then it may happen that each
option y has legitimacy L(y) = 2; if there are three times more persons than options,
then possibly each option y has legitimacy L(y) = 3, etc.

An alternative. A different definition of legitimate decisions y would have been
to require not only that the legitimacy L(y) be maximal, but in addition that L(y)
exceeds a certain proportion of the group size. For instance, one might require that
L(y) > n/2, i.e. that an absolute majority of the persons i favour procedures f;
leading to decision . The latter is a stronger sense of legitimate decisions, but contains
some arbitrariness due to the choice of the threshold. Under this stronger definition
legitimate decisions need not exist, just as legitimate procedures need not exist.?

3.4 Why legitimate decisions are a generalisation of legitimate pro-
cedures

At first sight one might be sceptical about distinguishing between legitimacy of pro-
cedures and legitimacy of decisions. Do we really need two concepts? Or would we
not better have defined legitimate decisions in terms of legitimate procedures by con-
sidering a decision as "legitimate" if and only if it is reached through a legitimate
procedure? This article’s concept of legitimacy is that Procedural Autonomy has been
respected. Although the axiomatic justification for our legitimate decisions is still to
come, one might see from an example that there seem to be cases in which Procedural
Autonomy can be maximally fulfilled by a (legitimate) decision without there being
a legitimate procedure whatsoever: imagine that every person of the group judges a
different procedure as right, but that all of these different procedures happen to yield
the same decision.

Given that we have two concepts, it would be desirable that at least there is no
conflict between them. Indeed, a natural question is whether a legitimate procedure
— if there happens to be one — will actually result in a legitimate decision. We have
defined a procedure as legitimate if it is supported by the group is a reasonably strong
sense, without specifying what "reasonably strong" exactly means. Assuming that it

10The stronger definition of legitimate decisions comes closer to our definition of legitimate proce-
dures. Indeed, for a procedure to be legitimate it is not sufficient that this procedure obtains maximal
support among all procedures, but we required that this support be reasonably strong, i.e. in a sense
be stronger than some threshold. Note that one could also adapt the definition of legitimate proce-
dures so as to match that of legitimate decisions, by considering a procedure as legitimate already
if it obtains maximal support, i.e. more support than any other procedure. But this "maximal sup-
port" criterion would have been perhaps even more ambiguous than the "reasonably strong support"
criterion: if all procedures obtain little support, then it should be obvious that no procedure has
"reasonably strong support", but it may be very hard (and normatively ambiguous) to determine
which one has "maximal support". To bring the terminologies for decisions and for procedures into
line, one might prefer to talk on the one hand of "most legitimate" decisions respectively procedures
if the legitimacy of the decision is maximal respectively if the consensus on the procedure is maximal
in some reasonable sense (where "maximal" does not imply "high"), and on the other hand talk
of "legitimate" decisions respectively procedures only if in addition the legitimacy of the decision
respectively the consensus on the procedure is "reasonably large", i.e. exceeds some threshold.
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means that an absolute majority in favour of the procedure is required, or that some
higher (qualified) majority is required, legitimate decisions are indeed a generalisation
of legitimate procedures:

Theorem 2 (Legitimate procedures entail legitimate decisions) Assume Pro-
cedural Judgments (J). If there exists a procedure f that is the judged-right procedure
of more than half of the persons, then the (only) legitimate decision is the outcome
y = f(x) of this procedure.

PROOF. By definition, the legitimacy L(y) of the option y = f(x) is the number
of persons who favour procedures that leads to this decision y, for instance who favour
the procedure f. So the legitimacy L(y) is at least as high as the number of persons
who favour the procedure f. Since by assumption an absolute majority favours f,
the legitimacy of y satisfies L(y) > n/2. It follows that any other option y' # y has
legitimacy L(y") < n/2, because by the sum-total of the legitimacies of options is n,
implying that L(y') < L(y). QED.

Theorem 2 shows that legitimate decisions are a generalisation of legitimate pro-
cedures. If an outcome is supported by a legitimate procedure, then it is a legitimate
decision, but not vice versa. But what kind of generalisation is it? One may think
of this as follows: while legitimate procedures aim at maximizing agreement on a
single (legitimate) procedure, legitimate decisions maximize agreement on a set of
procedures, namely on the set of those procedures which happen to entail the same
(legitimate) decision.!!

3.5 Can legitimate decisions be reached in practice?

We have defined legitimate decisions in terms of personally judged-right procedures
fi, ..., fn. But can legitimate decisions actually be reached in practice? From now
on, let f; denote a procedure submitted by persons ¢, whether or not this is his or
her judged-right procedure. The obvious decision rule aimed at reaching legitimate
decisions consists in

- collecting from each person i € {1,...,n} both an z; and an f;, and

- choosing the option y € ) that maximizes the number #{i|f;(z) = y}, or
choosing the tie'? between all options having this property if there are many.

Call this the "counting rule", which may be defined on any domain of inputs
(z, f1, ..., fn) for which each of fi,..., f,, is defined at least on z. The counting rule
is highly manipulable. Indeed, for this rule to always generate legitimate decisions
it is crucial that people submit their judged-right procedures rather than some other
procedures more likely to help their preferred options win. Let us assume

"'More formally, calling F, the set of those procedures which entail y (under the given profile
x), each of the sets of procedures F, (y € ) obtains a certain amount of support in the groups in
the sense of a certain number L(y) of persons believing that the right procedure belongs to F,. By
choosing y so as to maximize L(y), one maximizes the support for F,. So, like legitimate procedures,
legitimate decisions aim at maximizing support for procedures — but now on the level of sets of
procedures rather than of single procedures.

12Tn the case of a tie between many options, a final decision might be reached by running a
probability experiment, e.g. where each of the options has the same probability of being chosen.
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Sincerity (S). For each person i € {1,...,n}, if person i has a judged-right
procedure then person i submits this procedure.

If people both have judged-right procedures and are honest about them — our two
strong axioms (J) and (S) —, then the counting rule obviously has the desired effect:

Proposition 3 Suppose Procedural Judgments (J) and Sincerity (S). Then the count-
ing rule entails the legitimate decision, or entails the tie between all legitimate deci-
sions if there are many.

Without Sincerity (S), the procedures fi,..., f, may be just another (strategic)
expression of preferences or interests on options (not on procedures); and hence the
number #{i|fi(z) = y} may have to do little with the degree of legitimacy, in which
case the counting rule maximizes the wrong quantity.

Note that, while restrictive about the motivation behind the submitted f;s, we
are completely unrestrictive about the motivation behind the submitted z;s.

3.6 A way to achieve Sincerity (S)

It need not be the case that the judged-right procedures fi, ..., f, are newly collected
for each decision problem faced by the group. Given a class of decision problems
of a similar in type (e.g. all decisions of choosing one out of four candidates), it is
plausible that a person has the same judged-right procedure for all of them. Hence,
the procedures fi, ..., f, may be collected once and for all.

Such a separation of the collection of fi, ..., f, from the concrete decision problem
might have the positive effect that persons are led to fulfil Sincerity (S): indeed, in
the absence of a concrete decision problem and perhaps in the ignorance of the future
decision problems, a person has little grounds for forming strategic motives.

4 A set of necessary and sufficient conditions

In the last section I have postulated a concept of legitimate decisions based on the
premise of Procedural Autonomy whereby the aggregation of profiles should be deter-
mined by people’s own procedural judgments. We now come to a formal justification
of our definition of legitimate decisions and the counting rule, based on a quite spe-
cific and strong interpretation of Procedural Autonomy (and based on the additional
"unknown distance" assumption to be discussed in Section 4.7). This justification
takes the form of a possibility result: the counting rule is the only decision rule
that satisfies a set of axioms that will be developed. Some of these axioms reflect a
precisification of Procedural Autonomy, other axioms correspond to more standard
social-choice-theoretic requirements such as anonymity.

Procedural Autonomy arguments
(& Unknown distance assumption)

proof

Axioms Counting rule

Figure 1: The way from Procedural Autonomy to the counting rule
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Figure 1 illustrates the structure of our justification for the counting rule resp. our
concept of legitimate decisions: arguments will lead us from Procedural Autonomy
to precise axioms, and a proof will lead from the axioms to the counting rule as the
only solution.

Throughout we assume Procedural Judgments (J) and Sincerity (S). So the sub-
mitted procedures fi, ..., f, are the judged-right procedures of the persons. Accord-
ingly, the number L(y) = Ly ... 1, (y) = #{i|fi(x) = y} coincides with what we have
defined as the legitimacy of y.

After giving some definitions and conventions (Section 4.1), and stating our two
theorems characterising the counting rule (Section 4.2), I present five axioms in the fol-
lowing chronological order: Domain Condition (Section 4.3), Anonymous Procedure
Submission (Section 4.4), Strict Monotonicity (Section 4.5), Procedural Neutrality
(Section 4.6), and Neutrality (Section 4.7). The two theorems differ in their domain
assumptions: the first theorem assumes Universal Domain and is partly analogous
to May’s Theorem on the absolute majority rule; the second theorem is based on
Domain Condition. The latter condition is more general and also applies to cases
where one wants to restrict the range of decision procedures people may submit, for
instance by excluding the submission of dictatorial procedures. The main challenge
will be to justify these axioms by appeal to Procedural Autonomy. Here, by far the
hardest work will have to be done for Procedural Neutrality (PN) and Neutrality (N).
Both of these axioms express that F' is neutral regarding how x should be aggregated,
forcing F' to rely only on people’s proposals fi, ..., fn. Much less controversial seem
to be our anonymity and monotonicity requirements.

4.1 Definitions and conventions

We carefully distinguish between "procedures" and "decision rules": fi,..., f,, are
procedures since they make decisions on the basis of just the profile z, but the counting
rule is a decision rule since its decisions also depend on fi, ..., f,. A decision rule will
be denoted by the capital letter £'. To give a name to the input of a decision rule, let
us call a vector (z, f1, ..., fn) = (1, ..., Tn, f1, ..., fr) & "metaprofile", which is simply
the concatenation of a profile  and a vector of procedures (fi, ..., fn). The "domain"
of a decision rule F' is the set of metaprofiles (x, fi, ..., f,) on which it is defined. We
will require that decision rules be defined only on "compatible" metaprofiles in this
sense:!3

Definition 4 A metaprofile (z, fi, ..., fn) is called compatible if each of the proce-
dures f1,..., fn is defined at least on the profile x.

13Qur restriction that decision rules be defined only on compatible metaprofiles is less a conse-
quence of Procedural Autonomy itself than of us wanting to be able to apply it without having to
ignore anybody’s procedural concerns. Indeed, if the a decision rule were defined for a metaprofile
(z, fi,..., fn) for which, say, fi1 is undefined on z, then it would seem unclear how to meet Pro-
cedural Autonomy. Should fi be ignored because the procedural judgment of person 1 "does not
apply"? Perhaps. However, mainly for technical convenience, we consider only the case of compatible
metaprofiles. A generalisation of our discussion to general domains of metaprofiles is possible (with
some additional assumptions); the counting rule would then have to be defined on non-compatible
metaprofiles by counting only among those outcomes f;(x) that are defined.



4 A SET OF NECESSARY AND SUFFICIENT CONDITIONS 14

Recall that the counting rule is a decision rule that may lead to ties, namely if
L(y) can be maximized by more than one option y. In general, we wish to allow for
such ties in decision rules (but not in the procedures fi, ..., f), and hence decision
rules should be technically result in a set of options:'4:1°

Definition 5 6 A decision rule is a function F, defined on some domain of com-
patible metaprofiles, written Dom(F'), and whose values F(x, f1, ..., fn) are non-empty
subsets of Y. For any set M of compatible metaprofiles, the counting rule on M
is the decision rule F' defined on the domain M by

F(x, fi,.., fn) = {y € Y|y occurs mazximally often among fi(x), ..., fn(z)}
= {vevim —myr}.
y'ey

For instance, one of our theorems will impose

Universal Domain (UD). Dom(F) consists of all compatible metaprofiles (z, fi, ...

In a slight abuse of language, we shall use the word "decision" for F(x, f1, ..., fn),
although really this is a set of options, and the actual decision will be an element of
this set.14

Note the important difference between the counting rule and the decision rule F'
consisting in first electing a procedure by plurality voting over procedures and then
applying the winning procedure(s), formally defined by:

F(z, fi,..., fn) := {f(2)|f occurs maximally often among f1i, ..., fn}.

4.2 The two possibility theorems

In anticipation of the following subsections, where our axioms are introduced, let us
begin by stating our two theorems that uniquely characterise the counting rule. This
provides a justification for the counting rule and of the present concept of legitimate
decisions on the basis of Procedural Autonomy.

The first theorem requires that F' be defined on the universal domain (of metapro-
files), which yields the analogue to May’s Theorem:

Y"For a decision rule F, if F(x, f1, ..., fn) is a one-element set {y} (the typical case), y is the decision
to take. If F'(z, f1,..., fn) happens to be a many-element set (the case of ties), then a decision might
be obtained by randomly selecting one element of that set, e.g. according to a uniform probability
distribution.

I5Tf ties were to be allowed also for the submitted procedures, i.e. if each of fi,..., f» map the
profile into a non-empty subset of ), the counting rule would have to be redefined by

F(z, fi,..., fn) := {y € Y|y is an element of maximally many of fi(z),..., fn(z)}.

This decision rule can be axiomatised like the counting rule without ties in fi,..., fn; in fact, most
of our axioms can be taken over literally.

Y5For the case of the modified premise (see the footnote , the input of a decision rule should be a
vector (z, f1, ..., fx), where now fi,..., fi are the procedures submitted by the & committee members.
The counting rule can be defined analogously, and this section’s axiomatisation of the counting rule
is also possible analogously.

uQu)
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Theorem 6 Let F satisfy Universal Domain (UD). Then F' is the counting rule on
its domain if and only if F satisfies Anonymous Procedure Submission (APS), Strict
Monotonicity (SM) and Neutrality (N).

As will be discussed in Section 4.3, Universal Domain (UD) might be undesirable.
For instance one may want to exclude dictatorial procedures among fi, ..., f,, which
is a special case of the more general Domain Condition (DC). For the latter, an
analogous theorem holds:

Theorem 7 Let the domain of F satisfy Domain Condition (DC). Then F' is the
counting rule on its domain if and only if F satisfies Anonymous Procedure Submis-
sion (APS), Strict Monotonicity (SM) and Neutrality (N).

In fact, Theorem 7 implies Theorem 6 since Universal Domain (UD) is a special
case of Domain Condition (DC). In both theorems, what is trivial is that the counting
rule satisfies all axioms. The converses are proven in Appendix A.

4.3 The domain of F

What metaprofiles (z, fi, ..., fn) should be allowed? Our two theorems assume differ-
ent answers to this question. Procedural Autonomy, if taken at its strongest, clearly
requires Universal Domain (UD) (Section 4.1), since people’s freedom of submitting
procedures should not be a priori restricted. The metaprofile (z, fi, ..., f) might be
collected in two steps: first, the profile = is collected, and then each person is asked
to submit a procedure defined at least on .

However, there might be good reasons for rejecting Universal Domain (UD), even
if in contradiction with Procedural Autonomy taken strongly. For one, we may want
to exclude unwanted procedures, such as dictatorial ones, or non-anonymous ones.
This may be seen as an attempt to achieve Sincerity (S): if dictatorial procedures
were to be allowed, the temptation would be just too great to submit the dictatorial
procedure with oneself as dictator rather than one’s judged-right procedure. And here
is another reason for restricting the domain of F'. As discussed in Section 3.6, it may
be good to collect fi,..., fn, before collecting x, because Sincerity (S) is more likely
to be achieved if the procedure submission is disconnected with the specific decision
problem. Now, if fi,..., f,, are collected first and chosen freely, it may happen that
the later collected x does not belong to all of the domains of the procedures f1, ..., fn.
To prevent this problem, one could impose that each of fi,..., f,, be defined on the
unrestricted domain X™. Then, obviously, the collected profile x belongs to the domain
of each of fi,..., fa.

All of the restricted domains of F' mentioned (and Universal Domain (UD)) are
special cases of the following type of domain (where P may for instance be the set of
all non-dictatorial procedures, or of all procedures with unrestricted domain X™):

Domain Condition (DC). There exists a set of procedures P such that
(i) Dom(F) is the set of all compatible metaprofiles (z, f1, ..., fn) for which f1,..., fn €
P;
(ii) for all y € Y and x € X™, there is an f € P defined on x and satisfying
flx)=y.
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Condition (ii) means that P is sufficiently large to ensure that (whatever the profile
x € X") procedures may be submitted that generate any given option y € ). Perhaps
this requirement is too strong. For instance it makes it impossible to define P as the
set of procedures that respect the (weak or strong) Pareto principle. So, a domain
subject to (DC) might have to allow people to submit quite "bad" procedures. Such
problems can be avoided by replacing (DC) by an even weaker domain constraint;
but this will not be discussed here.

The reader will have recognised that the set of procedures F used in Section 3 (the
set of allowed procedures for the profile =) corresponds to the set of those procedures
in P defined at least on .

4.4 Anonymous procedure submission

We need the largely non-controversial requirement that outcomes should not depend
on who has submitted what procedure. This amounts to respecting the procedural
judgments of every person equally, rather than considering some persons as having
more "procedural competence" than others, or as having a higher right to impose
their procedural views than others.

Anonymous Procedure Submission (APS). For any two metaprofiles in
Dom(F) differing only in the order of the procedures, (x, f1, ..., fn) and (z, fr1), - fr(n));
where 7 : {1,....n} — {1,...,n} is any permutation,

F(x, fl, cony fn) = F((IZ, fﬂ(l), veuy fﬂ(n))

Note that, although we require anonymous procedure submission, we do not re-
quire anonymity with regards to the profile x = (x1,...,x,). For instance, if all of
the submitted fi,..., f, are identical to the dictatorial procedure with person 1 as
the dictator, the counting rule will result in a decision which depends only onxq, a
clear case of non-anonymity. However, I’ will be anonymous in both z and fy, ..., fn
if one imposes that all of the submitted fi, ..., f, be anonymous procedures (together
with some of our other axioms). This may be achieved by in Domain Condition (DC)
choosing a set P containing only anonymous procedures.

4.5 Strict Monotonicity

Next, we have to ensure that an option y € ) is more likely to be chosen when more
people aggregate into it, i.e. when it is more often the outcome f;(z) of submitted
procedures f;. Without imposing such a requirement, all of our other axioms would be
met by the absurd rule which selects the option(s) y € Y that occur minimally often
(and hence perhaps never) among fi(z), ..., fn(z). But of course, Procedural Auton-
omy not only requires that decisions should depend on people’s aggregations, but also
that they depend on them in a positive way. So, in analogy to May’s corresponding
axiom, we impose

Strict Monotonicity (SM). For any person i € {1,...,n} and any two metapro-
files in Dom/(F') differing only in person i’s submitted procedure, m = (z, f1, ..., fiy -y fn)
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and m' == (z, f1,..., fl, ..., fn), writing y := fi(z) and y' = fl(z),
if y' #y and y' is a chosen option under m (i.e. y' € F(m)),
then ' is the unique chosen option under m’ (i.e. {y'} = F(m')).

Loosely speaking, (SM) requires that if an option y’ obtains more support, then
it should be the unique choice in case it used to be a choice. What is "strict" about
Strict Monotonicity is that 3’ should be the unique choice, not just a choice. This
amounts to a strong responsiveness of collective choices to the procedural judgments
of every person: a single person’s change in favour of ¢’ should already cause a "best
among others" option 1/ to become a "better than all others" option.

4.6 Procedural Neutrality

We now come to the more controversial axiom of "Procedural Neutrality", which es-
sentially states that F’ should be entirely neutral with regard to how information in the
profile z is aggregated into decisions. F' should fully relying on the group’s proposals
f1, -, fn. Arguably, Procedural Neutrality is a consequence of Procedural Autonomy
provided that this premise is given a quite particular and strong interpretation.

Procedural Neutrality (PN). For any two metaprofiles in Dom(F), (x, f1, ..., fn)
and (;U/? f{? b f’;l)?

if filx) = fi(&) for all i € {1,...,n},
then F(x, f1,..., fn) = F(&', f], ..., f}).

This means that decisions taken by F' should depend only on the outcomes of the
submitted procedures fi, ..., fn on the profile x, regardless of the particular nature of
these procedures and of the profile (see Appendix A for the simple proof):

Proposition 8 F' satisfies Procedural Neutrality (PN) if and only if there exists a
function g defined on Y™ such that

F(xvflw'-afn):g(fl(x)v'“afn(x))v fO?” all (x>f1>---7fn) GDOWL(F) (1)
The counting rule indeed satisfies (NP), the function g being here given by
9(Y1, -y Yn) = {y € Y]y occurs maximally often among y1, ..., yp }-

Because we want to justify Procedural Neutrality (PN) by appeal to our premise,
this premise is now given the following precisification:

Procedural Autonomy (premise — second version). The manner in which
F aggregates the profile into a decision should be entirely determined by the procedural
Judgments within the group, as far as information about these is strictly contained in
the submitted metaprofile (x, fi, ..., fn)-
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(This is not yet the final version of the premise.) I call this a strong reading of the
premise because of the words "entirely" and "strictly". We are more specific now due
to the addition "as far as information...". By information "strictly" contained (in a
statement, a profile, a metaprofile, etc.) we mean information explicitly contained!”
or information undoubtedly implied by information explicitly contained. "Strictly"
contained information has to be contrasted with information that follows by appeal
to a particular interpretation, or follows by appeal to speculation, or follows "with
high probability". Some examples: the statement "I ate ten slices of bread" does not
strictly contain the information that I was hungry because I might have eaten for
another reason; a profile x of individual preference rankings strictly contains no more
than ordinal (non-cardinal) rankings.

The argument to justify (PN) is as follows. The strict informational content of a
metaprofile (z, f1, ..., f) with regard to people’s judgment about how the actual pro-
file 2 should be aggregated is fully contained in the vector of outcomes fi(x), ..., fn(z).
So by Procedural Autonomy (second version) it is correct that the decision rule F
should use from (z, f1, ..., fn) only the information of the outcomes fi(x),..., fn(z).
For this argument to work, the words "entirely" and "strictly" in the premise are
crucial:

"entirely”. Under a weaker reading of Procedural Autonomy whereby the aggre-
gation method should be determined just partly by people’s procedural judgments,
the decision rule F' would not only have to look at the outcomes fi(x), ..., fn(x), but
would for instance also have to check whether "good" procedures fi, ..., f, have been
applied, where "good" would have to be an imported concept reflecting some "proce-
dure bias", i.e. bias in favour of certain procedures believed to be more democratic,
fairer, better truth-trackers, etc.

"strictly". By our premise, it is justified to henceforth call information "relevant"
if it is information about people’s judgments about how the actual profile x should
be aggregated. Write y; := fi(x) and consider the following statement:!®

n
/\ "according to person i, x should be aggregated into ;". (3)
i=1

This statement is fully encoded in the vector of outcomes (y1, ..., yn) = (f1(x), ..., fn(z)).
So, what needs to be defended is the following

7Since we assume Procedural Judgments (J) and Sincerity (S), a person i’s submission of procedure
fi explicitely contains the information that this is person i’s judged-right procedure.

'8 One may argue that the strict informational content of the submitted procedures fi, ..., fn is the
statement

/\n 1 { [ /\ "according to person 4, ' should be aggregated into f;(z)"
i=
z'€D;

(2)

/\ /\ "according to person 4, 2" is not an allowed profile" | 3,
&/ €XT\D;

where "/\" denotes conjuction and D; denotes the domain of procedure f;. As one easily verrifies,

statement (3) arises from statement (2) by removing any information about profiles other than the
actual profile x.
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Claim 1:' The relevant information strictly contained in the metaprofile (x, f1, ..., fn)
is the statement (3).

At first sight, one might object that (z, f1,..., f») in fact contains more relevant
information. Indeed, person 1’s procedure f; might tell us not just that option y; =
fi(x) should win according to person 1 (and hence that all other options should
lose), but perhaps also by "how much" y; is the right winner, and what options
should nearly win or should absolutely not win. In summary, f; might tell us a
lot about how strongly person 1 judges that different options should win or loose
under z. For instance, if f; is the Borda count then one might try to infer from
the Borda scores of options y € ) how good or bad it would be for each option to
win according to person 1 — information which gets lost in the statement (3) which
only tells the winner. However, such information is not strictly contained in the
metaprofile. The strict informational content of person 1’s submitted f; is really
just a mapping from profiles to decisions and hence no more than a statement as to
which option should be declared winner on different profiles. Additional information
could be guessed, perhaps even on good grounds, but this would never be more than
guessing or speculating. It is pure speculation that person 1’s second choice after the
Borda winner would be the option with second highest Borda score — indeed, person
1 might instead believe that that the Condorcet winner should be chosen if not the
Borda winner. Apart from the information that y; = fi(z) should win, the only
other strictly contained information about person 1’s procedural judgments is the
information of the hypothetical winners fi(z’) under counterfactual profiles z’ # x in
the domain of fi; but this is information about counterfactuals and is irrelevant for
aggregating the actual profile x.

It might be worthwhile to cast more light on Procedural Neutrality (PN) by
considering two implications of (PN) obtained by taking f; = f/, respectively z = 2’
in (PN). These implications express two slightly different kinds of neutrality relative
to procedures, both of which can be separately motivate from Procedural Autonomy.

(PN1). For any two metaprofiles in Dom(F') containing identical procedures,

(X, f1y ey fn) and (2, f1, ..y fn),

if filx) = fi(@') for all i € {1,...,n},
then F(x, f1,..., fn) = F(&', f1, .-, fn)-

The justification of (PN1) is, loosely speaking, that the decision rule F' should
look at the profiles x only through the eyes of the submitted procedures fi,..., fn
(because of the word "entirely"), and see from the profile no more than the outcomes
fi(x), ..., fn(x) (because of the word "strictly"). Thus F' cannot see the difference
between the profiles z and 2’ in (PN1).

'97f in addition using information about the meaning of options (as will be allowed by the final
version of Procedural Autonomy), the relevant information still depends on the metaprofile only
through the vector of outcomes yi, ..., yn, so that (PN) is still an appropriate requirement. See the
later footnote "2°",
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(PN2). For any two metaprofiles in Dom(F') containing identical profiles, (x, f1, ..., fn)
and (2, f{r-- /1) € Dom(F),

if filx) = fl(z) for all i € {1,...,n},
then F(x, f1,..., fn) = F(x, f{, ..., f},)

(PN2) expresses a different kind of procedural neutrality than (PN1). While
(PN1) says that F' should use no aggregation procedures other than fi, ..., f,, (PN2)
expresses that the manner in which F' uses the procedures fi, ..., f, should not depend
on what these are (whether anonymous or not, Pareto-efficient or not, etc.). In other
words, F' should stay neutral relative to the kind of submitted procedures, which
clearly corresponds to Procedural Autonomy taken strongly.

The reader has surely noticed the logical link between (PN), (PN1) and (PN2):
(PN) implies (PN1)&(PN2), but the converse need not be true, and hence (PN) is
really more than just the conjunction (PN1)&(PN2).

4.7 Neutrality relative to both procedures and options

In fact, we need a generalisation of Procedural Neutrality (PN), namely an axiom
covering neutrality both relative to procedures and relative to options. We will see
that this is an adequate assumption under the second version of Procedural Auton-
omy, but that under our final version of Procedural Autonomy the adequacy will
crucially rely on an "unknown distance" assumption.

In effect, our stronger neutrality axiom says that for F' the options y € ) are no
more than symbols, with unknown meaning or interpretation, treated entirely sym-
metrically (as in May’s neutrality). More precisely, our stronger neutrality axiom
requires the following. Already by Procedural Neutrality the decision F'(z, fi, ..., fn)
should only depend on the outcomes y1,...,yn of fi,...,frn on x. Now let 7 : Y — Y
be a permutation of the option space and let us ask how F' would have to decide if
the outcomes were 7(y1), ..., 7(yy) instead of yi,...,y,. Our stronger neutrality ax-
iom prescribes that if on the outcomes 1, ..., y, F' decides y, then on the outcomes

(Y1), ..oy T(yn) F decides m(y):

Neutrality (IN). For any two metaprofiles in Dom(F), (z, f1, ..., fn) and (z', f{, ..., f},),
and any permutation of the decision space w:Y +— ),

if filx) =n(fl(z")) for all i € {1,...,n},
then F(x, f1,..., fn) = 7(F (@, f1, .y f}))-

Note that, since F(z/, f{,..., f},) is a subset of ), not an element, in writing
w(F (2, f{,..., f})) we use 7 as a function defined on subsets of Y, namely 7(Z) :=
{r(y)|ly € Z} for all Z C Y.

By taking 7 to be the identical permutation 7(y) = y, we see that Neutrality (N)
is a stronger requirement than Procedural Neutrality (PN):

Proposition 9 If F' satisfies Neutrality (N), then it satisfies Procedural Neutrality
(PN).
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Justification of Neutrality (N) on the basis of Procedural Autonomy (second ver-
sion). By Claim 1, Procedural Autonomy (second version) implies that the statement
(3) is the only information that F' may use in aggregating x. But statement (3) does
not tell anything about the meaning of the outcomes yi, ..., yn; these are just sym-
bols with unknown interpretation. So, since names or symbols should not influence
decisions, it follows that Neutrality (N) is justified. Indeed, violation of (N) would
mean that decisions change under renaming each option y € ) into 7(y) where 7 is
any permutation of ).

Final version of Procedural Autonomy. As two examples will illustrate, the second
version of Procedural Autonomy seems ultimately untenable and should be replaced
by the following more adequate principle:

Procedural Autonomy (premise — final version). The manner in which F
aggregates the profile into a decision should be entirely determined by the procedural
judgments within the group, as far as information about these is strictly contained in
the submitted metaprofile (z, fi1, ..., fn) or can be deduced in an appropriate way from
the meaning of options.

What has changed compared to the second version is the addition of the clause
"or can be deduced...". As will be seen, the only relevant information that can
possibly be deduced from the meaning of options is information about the "distance"
between options. Often, no such information can be deduced in an appropriate way,
because "distance" is a matter of subjective assessment and/or for reasons of fairness
or neutrality relative to options. For instance, in an election of a candidate, it would
seem not appropriate if F' deduced, say, from the political orientation of the different
candidates that certain candidates are closer to each other than others.

The following two examples contain cases where information about the distance
of options can be deduced in an appropriate way from the meaning of options. This
information will lead us to reject Neutrality (N) for these examples. So, the examples
suggest that an additional "unknown distance" assumption has to be satisfied in order
for Neutrality (N) to be justified, as will be discussed after the examples.

First example of not unknown distance. Assume that ) consists of the options
y1 ="building two houses", y5 ="building one house", and y3 ="building no house".
Obviously, 1 is closer to ys than to y3. The group consists of just n = 3 persons, where
person 1 aggregates into y; = f1(z), person 2 into yo = fa(z), and person 3 into y3 =
f3(x). So, each option occurs once among fi(x), fa(z), f3(x), and hence the counting
rule results in a tie between all three options: F'(z, f1, f2, f3) = {v1,%2,y3}. On the
other hand, instead of a tie it would seem reasonable to decide in favour of y, (building
one house), as the "best compromise" between the outcomes f1(z), fo(x), f3(z). The
latter seems the way to maximally respect people’s procedural concerns. Let us see
precisely why

(i) the choice of building one house is incompatible with (N), and

(ii) this choice is in accordance with the final but not with the second version of
Procedural Autonomy,
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As a consequence, by (i) Neutrality (N) is an inappropriate axiom for this decision
problem with certain knowledge about distances, and by (ii) the second version of
Procedural Autonomy cannot be a generally appropriate principle.

(i): Let F' be the decision rule that decides in favour of y, (building one house)
if each of y1,ys2,ys occurs once among f1(z), fa(x), f3(z), and otherwise chooses the
option occurring two or three times. Consider again a metaprofile (z, f1, f2, f3) such
that fi(z) = y1, fo(x) = v2, f3(x) = y3. Then F(z, f1, f2, f3) = {y2} (building one
house). Of course, the same decision would be made if persons 1 and 2 "switch
procedures": F (', f1, f5, f4) = {y2} where (2, f1, f5, f5) = (=, fa, f1, f3). This is
incompatible with Neutrality (N): by taking = : ) — ) to be a permutation that
swaps y1 and yz and leaves y3 unchanged (m(y1) = y2, m(y2) = 7(y1), 7(y3) = y3), we

have
filx) =n(fl(z")) for all i € {1,2,3},
but F($7f1>f27f3) #w(F(x’,f{,fé,fé)),

since F(z, 1, f2, f3) = {y2} and 7(F(2, f1, f3, f3)) = 7({y2}) = {w1}-

(il): Why is it in accordance with (or even required by) Procedural Auton-
omy (final version) that F' chooses y2 ="build one house" on the the metaprofile
(z, f1, f2, f3)7 As discussed in the previous section, the relevant information strictly

contained in the metaprofile is the conjunction

3
/\ "according to person ¢, x should be aggregated into y;". (4)

i=1

But then we have "opened" the options y;, thus discovering that y, means a com-
promise between y; and ys. This is clearly incompatible with the second version of
Procedural Autonomy since we use information about the meaning of options, and
more precisely about "distances" between options. From these "distances" we have
inferred that by person 1 it is second-best to aggregate x into ys and worst to aggre-
gate z into ys, and that by person 3 it is second-best to aggregate x into yo and worst
to aggregate x into y;. This lead us to conclude that people’s procedural judgments
are better respected by choosing y2 than by a tie (the outcome of the counting rule).

Second example of not unknown distance. An important type of decision problem
that violates the unknown distance assumption is problems in which the options
y € Y are collective preference rankings over some underlying set of issues, candidates,
measures, etc. Indeed, if ) were the set of all transitive and complete rankings over
the set {A, B,C'}, it seems that it is appropriate to consider the option (A = B = ()
as being closer to the option (A ~ B ~ () than to the option (A < B < C). By
contrast, the counting rule ignores such relations. Again, we have used information
about the meaning of options, which is compatible with the final but not with the
second version of Procedural Autonomy.

Justification of Neutrality (N) on the basis of Procedural Autonomy (final version)
and the unknown distance assumption. In the two above examples, what has lead us
to reject Neutrality (N) was knowledge about the "distance" between options. This
suggests that we need precisely the following
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Unknown distance assumption: For any three distinct options y,vy',y" € Y,
if y is the outcome of a person’s judged-right procedure, it is not appropriate that F
deduces from the meaning of the options y,y',y"” any information about the person’s
judgment of whether an aggregation into vy’ is better than, worse than or equally good
as an aggregation into y".

Informally, F' should not "know" how the distance from y to 3’ compares to
the distance from y to y”, for any three distinct options y,4’,y” € ). This seems
justified in many cases, because the distance between options is a matter of subjective
assessment and/or for reasons of fairness or neutrality relative to options (e.g. the
case of electing a political candidate mentioned before the two above examples).

Why is Neutrality (N) an appropriate axiom under the unknown distance assump-
tion? By Claim 1 in the previous section, the relevant information strictly contained
in the metaprofile (z, fi, ..., fn) is the statement (3), i.e. the conjunction

n
/\ "according to person ¢, x should be aggregated into ;"
i=1

where y; := fi(x) and (because of Procedural Autonomy) information is called "rel-
evant" if it is information about people’s judgments about how the actual profile x
should be aggregated. Procedural Autonomy (final version) also allows us to deduce
relevant information from the meaning of options. Now, do such properties enable us
to go beyond the information (3), i.e. do they add any relevant information to (3)7 I
shall argue that this is not so:

Claim 2: Under the unknown distance assumption, the relevant information that
is strictly contained in the metaprofile (x, f1,..., fn) or can be deduced in an appro-
priate way from the meaning of options is the statement (3).

If this claim is true, then Procedural Autonomy (final version) implies that the
statement (3) is the only information that F' may use in aggregating x. So Neu-
trality (N) is an adequate requirement by exactly the same argument as that given
above when justifying Neutrality (N) on the basis of the second version of Procedural
Autonomy.

Now let us justify Claim 2. In principle, the relevant information that could
possibly be added to (3) by using the meaning of options is, for any person i (who
aggregates x into y := y;), information about?’

20Tn general, one might imagine that, for each y € Y, the meaning of options imply an (ordinal or
cardinal) measure Uy of the degrees to which a person who aggregates into y judges that it is right
to aggregate into the various options in Y. In the case of an ordinal measure, U, is a binary order
relation on Y, and in the case of a cardinal measure U, is a utility function on ) (with a special
interpretation of "utility"). Besides ranking y highest, U, may give a lot more information of the
type of (a) or (b). In summary, the relevant information that is strictly contained in the metaprofile
(z, f1,-.., fn) or can be deduced in an appropriate way from the meaning of options would not be the
statement (3), but the statement

n

/\ "according to person i, the degree to which it is right to
aggregate x into the various options in Y is given by Uy,," -

(5)

i=1
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(a) how strongly the person judges that x should not be aggregated into the various
other options y’ # vy,

(b) how strongly the person judges that x should be aggregated into y.

Regarding (a), the unknown distance assumption is there precisely to exclude the
existence of such additional relevant information. What F' knows from (3) is that,
by the person, x should not be aggregated into any option y’ # y, but the meaning
of options does not allow F to distinguish between "more inappropriate" and "less
inappropriate".

Regarding (b), the answer is that the meaning of options does not (or does not
in an appropriate way) entail information about how strongly the person judges that
x should be aggregated into y (with or without the unknown distance assumption).
The argument is best illustrated with an example. Consider the binary problem of
either convicting or acquitting the defendant. One might argue that false convictions
are considered by all persons as worse than false acquittals, and hence that a person
believes more strongly in the rightness of his or her aggregation of x if the aggregation
is into "acquit" than if the aggregation is into "convict". However, this argument is
problematic, because a person’s aggregation into "acquit" may have occurred by a
very narrow majority (if f; nearly resulted in a tie on x), thus overall causing the
person to believe little strongly in the rightness of his or her aggregation of x although
this aggregation is into "acquit". In general, without knowing by how narrow a
margin a person’s judged-right procedure reached decision y, the meaning of options
can not tell certain information about the strength of this judgment. But knowledge
of how "narrowly" the person aggregates into y is unavailable, as has been argued in
the previous section.?!

On the difference to May’s neutrality aziom. It should be noted that the unknown
distance assumption necessary for Neutrality (N) to be appropriate differs from as-
sumptions needed for May’s neutrality axiom to be appropriate. In May’s binary case,
Y = {a, b}, the unknown distance assumption is always fulfilled (and hence Neutrality
(N) is always justified), because in the absence of three distinct options y,y',y’ € Y
the unknown distance assumption is vacuously true (no two distances have to be
compared to each other). But if a were "conviction of the defendant" and b were
"acquittal of the defendant" then May’s neutrality axiom would perhaps not be justi-
fied, given the different nature of options and the different status of a false conviction
and a false acquittal. May’s neutrality axiom is indeed based on an assumption that
options should be treated as similar objects, which is an assumptions on the nature of
options and not on their distance to each other. In the convict/acquit example, May’s
majority rule may not be appropriate, but our counting rule may well apply. Indeed,

What we argue is that under the unknown distance assumption Uy, is the (highly incomplete) ordinal
measure that strictly prefers y to any ¢’ # v and is silent on the order between any pair not involving
y — so that (5) is equivalent to (3). Note that without the unknown distance assumption the weaker
axiom of Procedural Neutrality (PN) is still justified, since the available relevant information (5)
depends on (z, f1, ..., fn) only through the vector of outcomes yi, ..., yn.

21Only probabilistic statements may perhaps be deduced from the meaning of options. For instance,
in the convict /acquit it might be true that, given that false convictions are worse than false acquittals,
on average persons who aggregate = into "acquit" believe more strongly in the rightness of their
aggregation than persons who aggregate = into "convict". We here assume that the derivation of
such probabilistic information is not appropriate, and hence that F' should ignore such information
by Procedural Autonomy (final version).
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the dissymmetry between the two options is likely to have already been accounted for
in the submitted procedures fi, ..., fn, and, by Procedural Autonomy, F' should rely
on these procedural judgments rather than imposing additional dissymmetry.

5 Summary

Let us summarise the essential points. The entire discussion was based on the premise
of Procedural Autonomy whereby the information in the profile should be aggregated
according to the group’s own procedural judgments. This contrasts with the stan-
dard social-choice-theoretic aim of searching for an independently "good" procedure.
One could try to give different, pragmatic or normative, justifications in support of
Procedural Autonomy. But, rather than defending Procedural Autonomy, our aim
has been to explore what follows if this premise is accepted.

Following Procedural Autonomy, we have called a procedure "legitimate" if it is
reasonably non-controversial within the group, whatever the nature of this procedure.
Divergent procedural judgments may imply that no procedure is legitimate. This fact
motivated us to develop a new concept of legitimate decisions. This concept was pro-
posed in great generality, making no assumptions on the type of profile or decision
space, apart from the unknown distance assumption. Legitimate decisions do not con-
flict with, i.e. are a generalisation of legitimate procedures, because if a legitimate
procedure exists then it entails a legitimate decision (Theorem 2). The problematic
assumption on which the existence of legitimate decisions are based is Procedural
Judgments (J) whereby each person has a judged-right procedure. The latter seems
unrealistic even in societies with a high level of education and awareness. The assump-
tion seems more realistic in committees where committee members openly discuss and
collectively deliberate over the appropriateness of possible decision procedures. The
obvious decision rule to reach legitimate decisions, called the counting rule, is highly
manipulable. For the counting rule to always generate legitimate decisions one needs
both Procedural Judgments (J) and Sincerity (S) (Proposition 3). The latter is a sec-
ond tough assumption which can perhaps be achieved by disconnecting the procedure
submission from concrete decision problems.

The axiomatic justification for the counting rule and the present concept of legit-
imate decisions was given in the form of two theorems that characterise the counting
rule as the only decision rule subject to certain requirements. These requirements
follow, arguably, from a quite particular precisification of Procedural Autonomy, to-
gether with the unknown distance assumption. The two theorems differ in their do-
main requirements. The first theorem is based on the universal domain assumption
and is partly analogous to May’s Theorem: if a decision rule F' satisfies Univer-
sal Domain (UD), then it is the counting rule if and only if it satisfies Anonymous
Procedure Submission (APS), Strict Monotonicity (SM) and Neutrality (N). But a
universal domain may not be desirable, since one might want to exclude some proce-
dures, such as dictatorial procedures, even if not in line with Procedural Autonomy
taken strongly. The second theorem relaxes the domain assumption to Domain Con-
dition (DC). If one wants to achieve anonymity of the counting rule relative to the
profile x = (z1, ..., zy), it is sufficient to impose that all submitted procedures f; be
anonymous, a special case of Domain Condition (DC).
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To conclude, one might wonder how it was possible to obtain possibility and
uniqueness theorems which — quite untypically for social choice theory — apply to very
general decision problems. The important remark here is that this was possible only
because we have taken into account no more than people’s judged-right procedures,
ignoring any other information about procedural judgments such as judged-worst pro-
cedures or approved versus not-approved procedures. If one wanted to take additional
procedural information into account (which would require a stronger and hence even
less realistic version of the axiom of Procedural Judgments (J)), the definition of le-
gitimate decisions would have to be revised, raising difficult normative questions on
how to "aggregate the aggregations". Uniqueness theorems would be much harder
to obtain; and impossibility results may follow too because the decision rule would
no longer have to decide on the basis of a vector of outcomes (f1(z),..., fn(z)), but
possibly on the basis of a vector of rankings of outcomes.

A  Proofs

PROOF OF THEOREM 6. Assume that F' satisfies (UD), (APS), (SM) and (N). To
prove that F' is the counting rule, consider any given metaprofile m := (x, fi, ..., fn) €
Dom(F). Recall that L, (y) is the number of times y occurs among fi(x), ..., fn(z).
We have to show that

Flm) = {y € V1) = max Lo} ©)

"C": First, suppose y € F(m) and assume for contradiction that L, (y) <
maxycy Lim(y'). Let y* € Y be such that L,,(y*) = max,cy L (y'). Let f be any
procedure defined at least on x such that f(x) = y. Consider the new metaprofile
my obtained from m by replacing by f as many procedures f; for which f;(z) = y*
as necessary to achieve that y and y* have switched legitimacy: L, (y) = Lm(y™).
By Strict Monotonicity, F'(m1) = {y}. Now modify m; into a new metaprofile my by
the following permutation of the procedure vector, which by Anonymous Procedure
Submission (APS) leaves the result unchanged: F(mso) = F'(m1) = {y}. Let N, be
the set of persons ¢ for whom f;(z) = y, and let Ny« be the set of persons i for
whom f;(z) = y* and f; is still the person’s procedure in my. Then #N, = #N«,
and so there exists a one-to-one correspondence between N, and N,-. To get from
m1 to mg, each person in N, switches procedure with a person in Ny« according to
a one-to-one correspondence. Comparing mse to m, what has changed is that every
person i whose procedure in m lead to y* now has a procedure leading to y, and
conversely every person ¢ whose procedure in m lead to y now has a procedure lead-
ing to y*. Thus, using Neutrality (N) with the permutation 7 : )+ ) defined by
w(y*) ==y, 7(y) := y*, and 7(y’) := ¢/ for all ¥/ ¢ {y,y*}, since F(mz) = {y} we
deduce F(m) = w(F(mg)) = {y*}, in contradiction with y € F'(m).

"2": Now suppose y € {y € V|Ly(y) = maxyecy L (y')} , and assume for contra-
diction that y ¢ F'(m). By definition of a decision rule, F'(m) is non-empty, so there
exists a y* € F(m). By the inclusion "C" proven above, Ly, (y*) = max,cy Lm(y'),
and hence Ly, (y*) = L,(y), i.e. there are as many individuals ¢ with f;(x) = y as
there are individuals j with fj(x) = y*. So we can modify m into m; by letting each
individual ¢ with f;(x) = y switch procedure with an individual j with f;(x) = y*,
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according to a one-to-one correspondence. By Anonymous Procedure Submission
(APS), F(my) = F(m). On the other hand, we may again apply Neutrality (N): let-
ting 7 : Y + ) be the permutation defined by 7 (y*) :=y, 7(y) := y*, and 7(y’) := ¢/
for all ¥ ¢ {y,y*}, we deduce that F(my) = w(F(m)), so that by y* € F(m) we have
y =m(y*) € F(m1) = F(m), in contradiction with y ¢ F(m). QED.

PROOF OF THEOREM 7. The proof works exactly like for Theorem 6, where (DC)
come in as follows:

- by (i) in (DC), any "switching" of procedures between persons is allowed, i.e.
one stays within Dom/(F);

- by (ii) in (DC), in the proof of "C" one may assume that f € P, so that again
by (i) one stays within Dom(F'). QED.

PROOF OF PROPOSITION 8. First, assume (PN). The function g defined as follows
obviously satisfies the desired relation. Let (y1,...,z,) € V™. If there exist metapro-
files (z, f1, ..., fn) in Dom(F) such that y; = fi(z) for all i« = 1,...,n, then by (PN)
the outcome F(z, f1,..., fn) is the same for each of these metaprofiles, and hence
we may define g(yi, ..., yn) as being precisely this outcome. If no such metaprofiles
(z, f1, ..., fn) exists Dom(F), then g(yi, ..., yn) may be defined arbitrarily.

Conversely, if there exists a function g satisfying (1) for all metaprofiles in Dom(F),
then, clearly, (PN) is satisfied. QED.
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