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WHICH KIND OF MATHEMATICS FOR THEORETICAL PHYSICS?

A SURVEY AND A NEW METHOD 

ABSTRACT I examine the relationship between theoretical physics and the several kinds of mathematics which have been recentely suggested by the debate on the foundations of mathematics. A quick historical review of this debate is offered. Beyond the conventional - or rigorous - mathematics, I take in account the most relevant ones, i.e. both constructive mathematics and Weyl’s elementary mathematics. All previous attempts for introducing a new kind of mathematics in theoretical physics are reviewed. They focussed the attention on either a single measurement of a physical theory, or its sophisticated mathematical techniques. A new solution is suggested. For the first time one takes in account the several formulations enjoyed by the physical theory at issue; and then one scrutinises the corresponding different versions of a principle. By taking in account two study-cases – i.e. inertia principle in classical mechanics and quantum mechanics -, I conclude that constructive mathematics is capable to cover a large part of theoretical physics. Moreover, I show that Weyl’s elementary mathematics is able to cover almost the whole theoretical physics. 


1. The relationship between mathematics of theoretical physics as a problem 

Modern physics born by Galilei and Descartes. However, it is customary to think that it born by Newton, since this one only introduced in theoretical physics (=TP) the highest power of mathematics. Then, calculus allowed a glorious development of TP along two centuries. In other words, there is an uprooted prejudice according to which the very TP is the one employing calculus only; conversely, let us remember that classical thermodynamic theory - which employs a naive mathematics - seem to most scholars a still immature theory.

In a retrospective view, most physicists and mathematicians considered calculus and its successful applications to TP as proving an irreversible advancement for the whole science. Thus, any re-founding of mathematics which does not a priori guarantees the inclusion of this advancement - e.g., intuitionism - was disregarded.

Recently, Bishop has proposed a new foundation of mathematics which is capable to reiterate by constructive means a large part of mathematical practice already developed by classical mathematics. As a consequence, it is currently admitted that no longer Hilbert's dictum ("To forbid classical mathematician to use actual infinity is like to forbid a boxer to use his fists") holds true. However, this new mathematics is severely evaluated with respect to it capability to apply to TP. 

Being the above-mentioned relationship a crucial part of foundations of science, a new appraisal on it may reached, and so a higher viewpoint not only on TP, but on the complex of experimental sciences. 

I offer to the reader a quick review on the present time debate about this subject. As Hellmann states, "A major outstanding issue in the philosophy of mathematics concerns the indispensability of classical infinitistic mathematics for the empirical sciences. Claims of such indispensability form a cornerstone of mathematical platonism and alternative classical realist conceptions as well", as those proposed by Putnam, Quine and Hellmann himself,
 yet rejected by not-platonist mathematicians. In rough terms, the basic question is to decide whether mathematics in science ventured idealistic paths or not - i.e. some paths which in part only rely upon operative and constructive bases. That concerns the very basis of the creative work elicited by theoretical physicists as well as the experimental nature of the science of nature. There are philosophical implications upon the appraisal on three centuries of history of modern science; last but not least, it may change the present philosophical attitudes upon science.

Previous debates were not as relevant as the present one, about the most suitable kind of mathematics for that part of theoretical, quantum mechanics, which apparently is a so sophisticated advancement of TP to open an entirely new perspective with respect to classical physics. As an authoritative physicist put it, "The discovery of quantum mechanics is one of the most exciting incident in the intellectual history of man... It is also a new paradigm, a programme which has been a starting point of innumerable extensions into all areas of physics."
 In direct terms the problem is the following: Is constructive mathematics essentially unable to reiterate all mathematical techniques which are necessary to a quantum theorist?

In the present paper I will review the debate on the relationship between TP and the several kinds of mathematics. I will start by recalling the debate on the above question before 1967. In sect. 3 I will give a table about the main strategies suggested since 1967 for scrutinising the relationship at issue. Then in sect. 4 I will review the strategies only adopted after 1967 to inquire on mathematics and TP. Sect. 5 is devoted to the debate about TP and constructive mathematics (=CoM). In sect. 6 I will suggest a new definition of the question, as a question on the various way to produce science; in particular, in sect. 7 I will suggest a new foundation of quantum mechanics (=QM) in agreement with CoM. As a conclusion, by considering the relationship between TP and Weyl elementary mathematics (=WEM) I will give an appraisal why the actual infinity was introduced in an experimental science as physics is. 

2. The problem of the relationship between mathematics and TP before 1967   
It is well-known that Newton's Principia gave birth at the same time to mechanical theory and calculus. Notwithstanding its great success, calculus did not enjoy firm bases. Its basic notion, the infinitesimal, was defined - through a direct link with metaphysics - as the inverse number of the infinity. In 19th Century, Cauchy, Weierstrass and Dedekind gave new "rigorous" foundations to calculus; they introduced the SYMBOL 101 \f "Symbol"-SYMBOL 100 \f "Symbol" technique, which at present time is the common technique to define both real numbers and limits. 

Yet, at the end of the 19th Century some theoretical physicists perceived that the relationship between classical mathematics (=CM) and TP is not unavoidable; some others remarked that it is overdetermined; owing to for ex., Zermelo's axiom, which notoriously includes actual infinity, or Dirichelet's function which never will apply to physical phenomena. Some others attempted to conceive a different mathematics, more adequate to TP. In a previous paper I listed and commented past contributions to this debate, as well as the suggestions for a new mathematics which may be more suitable for TP.
 The dates of these suggestions range from 1881 to 1981. I temptatively suggested three periods: 

1881-1923, the period of isolated suggestions or suggestions supported by few scholars - thus including the birth of intuitionism in mathematics and the birth of quanta in TP -; 

1923-1950, the period of the separations of mathematicians and physicists even in suggesting new views about this relationship; 

1950-1981 a period where some relations between mathematicians and physicists occurred, originating successful suggestions. 

In the third period, in vain some constructivist mathematicians invited both classical mathematicians and theoretical physicists to be more conservative with respect to the use of actual infinity.
 No decisive results have been achieved from the side of theoretical physicists. Theoretical physicists, apparently hurried to reach new stable theories, missed both suggestions for a semi-intuitionism - by the mathematical-physicist Poincaré -, and for a not too much powerful mathematics - by Weyl.

 Rather, some physicists qualified the mere hypothesis of an alternative in the relationship mathematics-TP as a "nightmare of the theoretical physicist", even though they declared "a mystery" the effectiveness of common mathematics in TP.
 To my knowledge, the best analysis pertaining to this period came from a different field of research - and thus it was ignored -; it is Rapoport's analysis on the relationship between the different kinds of mathematics and the theories of war; he lucidly presented two alternatives - game theory and Richardson's differential equations - and illustrated in an articulated way their different features and their different relationships with reality.

However, since in the first years of the present Century, CM met some serious difficulties - the well-known antinomies - a group of mathematicians wanted to found anew the whole mathematics. The first hypothesis about the relationship between TP and a formally well-defined less powerful mathematics than CM - namely, intuitionistic mathematics - was a reassuring one; i.e., all expressed by continuous functions has a counterpart in CoM.
 However, it is well-known that since 19th Century TP made use of discontinuities and singularities. Hence, our question requires a more elaborate answer. In fact, next developments of CoM by including more and more parts of CM, reiterated even some parts concerning discontinuities; as a consequence, the difference between CoM and CM with respect to TP appeared quite subtle.

They suggested a mathematics - today called constructive - which, contrarily to the "rigorous" CM of Cauchy-Weierstrass-Dedekind, definitely rejects actual infinity. It is operating by doing calculations at least in a potential way, rather than by giving an idealistic existence to mathematical beings. This mathematics - which rigorously renounces to actual infinity - was formally accomplished in 1967 by Bishop without both laws of excluded middle and double negation - that is, by employing intuitionistic logic only -.

In the same year Bishop himself applied CoM to ergodic theory;
 soon after some other author applied this CoM to classical physics; moreover in the same years two mathematicians recognised the little qualitative differences in the constructive treatment of differential equations, i.e. the most favourite mathematical subject for a TP. An the same time the widespread use of computers introduced physicists in effective computations, just as they are in CoM
 . Ebentually, people had to take in account a systematic view of the potentialities of CoM as Bishop's CoM offered. 

As a correction to the periodisation given in my previous paper, ending the review in 1981, I suggest 1967 as a more suitable date to mark the end of this long period, in which the papers presented on the subject have been almost all of a naive character. After 1967 the debate was qualified by the reference to a well- formalised and well-developed option, which presented in a clear way an alternative mathematics, less powerful than CM.

Let us add that the perception of mathematics changed radically around the same years. In 1960 A. Robinson formalised an extension of real number to hyper-real numbers; they vindicate the infintesimals of three centuries ago.
 Moreover, let us add WEM. In 1918 Weyl suggested a specific mathematics for TP; since 50’s it was investigated by means of the most recent advancements of mathematical logic; eventually, in 80’s it was shown that this kind of mathematics is essentially bounded to make use of a quantifier only upon a set of decidable numbers.
 In total, since 1967 mathematics apparently renewed a pluralism of foundations. It was not obvious any more which kind of mathematics had to be considered as adequate to TP; that renewed the same problem met by physicists after the quanta discovery, but that they overcame by renewing the old schemes of mathematical physics - i.e. Schroedinger equation.


3. The several strategies to inquire about the relationship between mathematics and TP after 1967

Since 1967 the number of analyses upon the relationships between TP and mathematics grew up abruptly; their nature changed from mere suggestions – as those offered in the past -, to entangled proposals whose backgrounds pertained to several fields of research. It would be a long work to produce a detailed review on all proposals according to the same method of my previous paper. In the present paper I will select those papers which met the most relevant challenge, i.e. to decide the appropriate relationship between mathematics and the most authoritative theory of TP, QM. 

As a bridge with my previous historical review of the contributions before 1970, in the following I will list the several strategies which after 1970 have been suggested to inquire upon the relationship between mathematics and TP - mainly QM -. These strategies will be listed by going from the most abstract ones to the most physical ones; for each strategy I will add some - not all! – of their followers in the last 30 years. For brevity's sake I will cursorily quote an author together with the year of his most relevant work, to my knowledge. 

1) to deny a real role to mathematics in TP (nominalism: Field 1980, Ludwig 1985, Scheibe 1997); 

2) to search for a suitable formalisation of quantum logic for suggesting new mathematical tools (Finkelstein 1987, Katz 1982, Gauthier 1983); 

3) to choose non-standard-analysis as the most useful mathematics for TP (Albeverio 1986); 

4) to interpret whole TP by means of set theory of Suppes' axiomatic (Stegmueller 1971, Balzer Moulines 1996); 

5) to develop chaos theory (Prigogine 1991, Ford Mantica 1992); 

6) to introduce WEM for adequately answering the needs by TP (Feferman 1988, Drago 1998); 

7) to inquire whether CoM adequately covers or not all needs of TP (see later); 

8) to bound mathematics to discrete fields (Greenspan 1976, Renna 1995, Lorente 1996); 

9) to simulate experimental physics and TP by means of computable objects, e.g. cellular automata (Wolfram 1985, Zeigler 1976, Bennett 1982, Requard 1997); 

10) to bound TP by means of some restriction of physical nature, likely as finitism, or operativism, or essential inaccuracy (Giles 1970, Simon 1973, Landsberg 1988, Bush Lathi 1989)

I justify why in the following I will select few only among the above-mentioned strategies. Since in 20th Century the development of the studies upon the foundations of mathematics was so revolutionary to offer - in my opinion - all desirable alternatives to the past foundations of mathematics. It may be expected that the above well-qualified mathematical strategies are capable to suggest more directly a correct appraisal on the relationship of TP with mathematics than the other ones. These strategies are the no.s 3), 6), 7) and 8). 

Moreover, I will discard strategy no. 3) too; one has to remark that a Century ago the rigorous reform of infinitesimal analysis did not actually led theoretical physicists to dismiss the use of infinitesimals in TP; in fact, although non-standard analysis is more powerful than CM, its present introduction in modern science did not achieve new results. On the other hand, the strategy no. 8) (discrete fields) is still too poor to obtain the more sophisticated tools of TP; moreover, all that is achievable by discrete fields is more synthetically achievable by CoM. The remaining strategies are the strategies no. 6) and no 7), concerning respectively CoM and WEM.

 In the following, for CoM I will refer to Bishop's mathematics rather than to some others, as intuitionistic mathematics, recursive mathematics, computability theory, Markoff mathematics, Weihrauch's computable mathematics, Martin Loef's theory of types, etc., which are less clear and less manageable kinds of CoM. 

For a synthetic view of the papers concerning our subject I offer the following table, where the contributions are listed in chronological order and then according to the increasing part of TP which they are able to suggest in constructive terms; a final column concerns the contributions about the relationship about WEM and TP.

Table THE PAPERS ABOUT THE RELATIONSHIP BETWEEN THEORETICAL PHYSICS AND EITHER CONSTRUCTIVE MATHEMATICS OR WEYL'S ELEMENTARY MATHEMATICS
	
	Search for a non-computable number or function #
	Search for non-constructive  operators or theorems
	Constructive counterparts of a physical theory
	Constructive formulations 
	Results in Weyl's elementary mathematics

	1965
	
	Bishop M 67 (ergodic th.)

Burton P 68 (thd.)


	
	
	

	1970
	
	
	Nuber M 72 (erg. th.) 
	Suppes PY 74 (energ. mech.)

Keinovich 74 (entropy)
	

	1975
	
	Chan M 77 (potent. theory)
	
	
	

	1980
	
	Pour-El Richards M 79-81 (wave eq.)
	Bridges M 81 (QM

Baez P 83 (potent. in QM)
	Drago P 82 (thd.)

Drago P 83 (dim. an.)
	

	1985
	Geroch Hartle 86

Penrose PY 88 Rosen P 88 
	Pour-El Richards M 87 (unb. oper.)
	
	Drago P 87 (cl. mech. and a gen. meth.)
	Feferman M 87 (QM)

Drago P 88 (hist. of geom. in TP)

	1990
	da Costa Doria P 91
	Da Costa Doria P 91 (cl. mech., chaos th.)

Hellmann PY 93 (QM)

Hellmann PY 93 (QM)

Da Costa P 94 (game th.)
	
	
	Drago P 91 (hist. cl. TP)

	1995
	
	Bridges M 95 (QM)

Hellmann PY 96 (QM)
	
	
	Drago P 98 (inertia, game th.)


Legenda: M= Mathematician, P= Physicist, PY= Philosopher

# In this column I listed some contributions only owing to the great number of contributions


4. The debate upon classical physics
Among physicists the most favourite strategy to reduce the overdetermined power of mathematics, is strategy no. 3), i.e. to reduce mathematics of TP to discrete mathematics. One may suspect that this radical attitude was suggested by the shock of quanta in 1900 as well as by the ignorance of the contemporary effort performed by a minority of mathematicians to develop several kinds of CoM. The most striking example is, in my opinion, Bridgman's attempt fto found an "operative" mathematics in 1936, after some decades intuitionists had started their program.
 

The common reaction elicited by both classical mathematicians and physicists to Bishop's mathematics was to discredit such a "weak" mathematics. Both CoM and computability theory rest upon a basic methodological principle, i.e. it is not possible to invent a more powerful algorithmic mathematics than the ones already discovered (Church thesis). Most classical mathematicians, being accostumated to use absolutist principles, followed the suspect that the above-mentioned principle was of a momentarily relevance; hence, they wanted to overcome the above bound by trying to extend this weak mathematics to reach again old CM. In other terms, they did not see a respectable challenge in CoM, as if the foundational crisis in the mathematics of the first years of the present Century were at all overcome. Physicists' reaction was an all-or-none attitude. I recall previous paper by Wigner which blindly renewed physicists' trust in CM. For an opposing view, I recall that in 1979 Penrose maintained that "If we require something non algorithmic in the laws of physics that the brain might indeed harnessing then, it seems to me, this must go beyond the physical laws that we understand!"
  Some others - Geroch and Hartle - wrote a paper according to the idea that only a so sophisticate theory as quantum theory of gravity will suggest non-constructive numbers.

Since 1967 CoM has been applied to TP. All scholars attempts obtained fragments only of physical theories since they met problems which are undecidable by all the means of finite computation which are allowed by CoM.
 That focused the attention of some classical mathematicians too on the relationship mathematics-TP. Pour-El and Richards proved that some singular solutions of wave equations have no counterparts in recursive mathematics - which is a little more enlarged version of CoM -.
 

Let us illustrate Pour-El and Richards result. The partial differential equation of wave is solvable by an operator which is Fredohlm operator, depending from the boundary conditions Inside Banach space recursive operators are formalised as a particular set of operators among classical operators; then the authors found out an unrecursive operator solving the wave equation. Being it unbounded, it concerns singular solutions only. Thus, CoM has to be discarded as unable to satisfy the needs of TP. However, the same operator, when bounded in energy, becomes a recursive operator.

By reviewing this book, D.S. Bridges remarked  that a constructive operator operating between normed spaces requires both constructive dominion and co-dominion; thus, no surprise if the unbounded operator whose co-dominion is not constructive gives solutions which are not constructive. CITARE
 

In a subsequent paper A. Scedrov offered some positive comments on the above-mentioned result although remarking the obscuring formalism employed by the authors; he added a theorem which in an independent way confirms previous results: by adding the extended Church Thesis - an axiom allowing some relevant cases of the classical law of double negation -, all classical results are obtained.
 Thus, the last authors seem to support CoM, provided that it is improved either by means of new theorems or new axioms. 

In some papers of first 90's da Costa and Doria listed an impressive number of undecidable results; they concern Hamiltonian systems, chaos theory and game theory. The lot of undecidable results by da Costa and Doria originated from a different method. Their mathematics is the primitive recursive mathematics, which may be regarded as CoM plus classical logic.
 Moreover, these authors followed the so-called Suppes' axiomatics, i.e. an axiomatization of a scientific theory relying upon a predicate which connects the formalisation of the theory at issue with its applications. It is very interesting that Suppes' axiomatics allows to deal with the totality of a scientific theory, so that da Costa and Doria proved - in a parallel way to the undecidable - results in the incompleteness of the above-mentioned theories. Their main conclusion is that such a legion of undecidable problems as well as of incompleteness results leads us to go beyond Goedel theorem to achieve a new philosophy of the foundations of a scientific theory.


5. The debate about Quantum Mechanics
However, it is commonly held that modern TP - in particular QM -, represents an incomparable level of sophistication in the foundations of TP; hence, most people refer any foundational problem primarily to this theory. In the 80s, the first attempts to introduce CoM in QM resulted again in some undecidable problems. The same has been reiterated recently by da Costa and collaborators.

In the last years a debate took place on these undecidable results, taking the Hilbert space as the appropriate mathematical tool for quantum mechanics.  

Let us remember that since the first edition of milestone Bishop's book, it is well-known that Hilbert space may be constructivized.
 In the last years Bridges was capable to cover by means of CoM a great part of QM in the version given by Gudder.
 He focused the attention on two questions as playing a crucial role in constructivising QM, i.e. Gleason theorem and unbounded operators.
 Let us remember that Gleason's theorem characterises all possible measures on the closed subspaces of a separable Hilbert space of dimension n>2; in other terms, it guarantees that the density matrices give rise to all mathematical possible quantum probability measures. In formal terms: "Let s be a measure of a separable, complex Hilbert space H of dimensions at least 3. Then there exists an operator of trace class such that s(P)= Tr(PA) for each projection P of H."
 A corollary is Kochen-Specker result, we cannot have sharp values for all variables of all states; that rejects some hidden variables theories. Indeed, usual proofs of Gleason theorem essentially rely upon Bolzano-Weierstrass theorem ("Every bounded set of reals contains a point of accumulation"), which clearly is a non-constructive theorem inasmuch as it predicates an existence statement without a constructive calculation for obtaining it.

G. Hellmann's purpose was to show that there exists no constructive proof of this theorem.
 Let us examine this position in some details. His version of Gleason theorem is actually restricted to a particular, yet relevant, open subspace of Hilbert space, i.e. the unit ball in R3. Owing to the lack - in Hellmann's opinion - of a full adequate formalisation of CoM (p. 201), he follows the common constructive practice to offer counterexamples to a given classical theorem. He defines a constructive number by means of a mathematical conjecture of the kind called by Brouwer as "fugitive", since the corresponding number is not located in the real line. 

It is easy to suggest a fugitive number SYMBOL 98 \f "Symbol". Let the n-th digit of the decimal expansion of this number equal to 0 if the integer 2n satisfies the old Goldbach conjecture ("Any even integer is equal to the sum of two prime numbers"); otherwise it is equal to 9. When a number SYMBOL 97 \f "Symbol" of this kind, yet a little more sophisticated, is multiplied times a frame function f - a characteristic mathematical object of Gleason theorem - Hellmann obtains that both the supremum and the infimum of SYMBOL 97 \f "Symbol"f are undecidable. Hence in a relevant case Gleason theorem is undecidable; further versions of this theorem - from below and from above - give the same results. By suggesting a proof of undecidability of Gleason's theorem, Hellmann argued for discarding CoM as essentially unable to cover all needs of TP; in particular, the needs of QM.

In a subsequent paper, Hellmann renewed by means of two arguments his attack aimed to reduce all possible kinds as possible of CoM (p. 243).
 He uses the above-mentioned Pour-El Richards theroem, notwithstanding its obscurities, upon unbounded operators in Hilbert spaces and moreover Gleason theorem.
 He remarks the differences between recursive mathematics and CoM. Moreover, he finds out some points which may be unacceptable for a constructivist mathematician (Lemma I and II, quoted in his Appendix); he recognizes some possible meanings of it in CM and in CoM; and he admits that "... the proof does not fulfill every constructivist demand.”

In 1995 Bridges replied to Hellmann.
 He observed that a proof of the undecidability of the present version of Gleason theorem does not say anything about the capability of CoM to exhibit "a constructive substitute... classically equivalent" to the content of Gleason theorem.(p. 549) Hence, no conclusion may be inferred about CoM's capabilities in quantum mechanics, apart the remaining challenge for CoM. Rather, he improves Hellmann's constructive analysis of Pour-El Richards' theorem by adding (in an Appendix) a constructive proof of the above-mentioned Lemma I, whereas Lemma II is considered by Bridges too as an inevitably unconstructive one.(p. 559) Moreover, in the Russian version of CoM - i.e. CoM improved by adding Markoff axiom - Hellmann's conclusion - according to Bridges - "degenerates in an almost vacous statement". (p. 551; actually, nothing prevents us from making use of such an unbounded operators in CoM, as e.g. the derivative operator d/dx). The same theorem, since it relies upon a notion of a mere semirecursive clodeness and not the notion of recursive clodeness, "has very little recursive content even for the classical recursive analyst."(p. 553) Hence, ",,, there is nothing in that theorem or its proofs to suggest that unbounded operators cannot be handled by constructive means."

Hellmann's reply left the two positions at odd since Hellmann added philosophical argument only.
 

Rather, there is arelevant paper by Billinge.
 She suggested three constructive versions of the thesis of restricted Gleason theorem. By discarding the third one (version c) since it is not equivalent to the original version, the proof of version a results to be as non-constructive as the original one; whereas version b is classically "equivalent" to the original, restricted Gleason theorem.

The context between Hellmann and Bridges seems to me as undecided. Hellmann's attack was ineffective, although launched from a position which enjoys an high reputation among philosophers; Hellmann seems to presume that constructive mathematicians' works had a little more than a technical content, whose philosophical import waited to be appraised from the new philosophical achievements of the modal structuralism. Bridges' replies showed that rather to be CoM in peril to survive inasmuch as it would be inadequate to quantum mechanics, it is modal structuralism - at least in Hellmann version – to be in peril, provided that the indispensability thesis of CM for empirical sciences seems to fail. However, a great deal of work remains to do in CoM in order to recognize sharp bounds to its mathematical and philosophical contents of their mathematics, such to a priori avoid any misunderstanding.
 Moreover, both Bridges’ and Billinge’s answers rely upon the word “equivalent” whose meaning is not accurate; no proof is exhibited that it can substitute the classical proof in Gudder’s axiomatic. 

6. My analyses and suggestions
Let me start with a comment on the recent debate. If, according to Hellmann, the main points of divergence are the unbounded operators and Gleason theorem, the relevance for theoretical physicist of the results of this debate cannot be great. Indeed, in the history of TP already several times the kind of mathematics changed abruptly without a great sufference for the body of TP; it is enough to the change of the variation calculus from the Euler's discrete version to Lagrange's infinitesimal version; the change from infinitesimal analysis to rigorous calculus in the second half of the 19th Century; the change from the rigorous mathematics to the probability mathematics of quantum mechanics, or the equivalence of Heisenberg matrix theory and Schroedinger wave equation and at last Dirac's formalism. 

This fact is not surprising when one recalls that any physical theory is a complex body, including mathematics as one component only. Thus, a physical theory allows several formulations, very different in both the mathematical power and the range of applications; for ex,. In classical mechanics we have Newton's formulation, L. Carnot's formulation and Lagrange's formulation.

Moreover, I remark that all regular solutions are constructive; only the singular solutions make problem. Already in 1980 Aberth plausibly guessed that any singularity in the parameters of a differential equation gives rise to undecidabilities.
 All works discussing the not-constructive character of singular solutions of differential equations are doing no more than a refinement of this guess. However the bulk of the mathematical tools pertaining to TP is surely included in CoM. 

Moreover, let us remark that the subject of unbounded operators is a sensitive matter. Jauch stresses that the theory of unbounded operators in QM is an incomplete one.
 Someone suggested that unbounded operators show the incompleteness of quantum mechanics.
 Besides, already in 1929 von Neumann's study upon unbounded operators ruled out the very interesting attempt by Weyl to re-build QM and at the same time mathematics by means of affine matrices; no accurate evaluation on this attempt has been offered in the past.
 To focus the attack to CoM upon such a subtle matter shows by itself that classical mathematicians have no strong arguments for attempting to dismiss CoM.

From this point of view, the capability of CoM to cover great part of TP is enough to qualify it as a valid candidate for developing the whole TP; surely, it follows the same steps taken by rigorous mathematics in a philosophically more circumscribed realm. However, it may be more adequate to the basic feature of natural science - i.e. empiricism - and moreover may lead to discover new laws of impotence - like the principle of the impossibility of a perpetual motion or the principle of virtual works. - which are “invisible to CM”. 

Let me start anew the analysis of the relationship between mathematics and TP, by recalling my previous analyses. 

A first remark. A critical review of the history of TP shows that CoM was consistently used in past centuries. The problem of vibrating string gave rise to a polemics where the positions among Euler, Bernoulli and D'Alembert corresponded - when considered under the light of the modern knowledge - to different choices about the kind of mathematics.
 

More evidence comes from the most elaborated problem of the whole history of modern science, i.e. the three body problem in theoretical astronomy. It shows that theoretical physics followed illusions, owing to the unsupported hopes arisen up by the great power of the mathematical tools pertaining to CM - or better, to non-standard analysis. Contrarily to the great hopes cultivated by the theorists of all times, this problem led to results which are mainly negative with respect to the needs of practical astronomers wanting a well-defined result of actual calculations.

The following results are directly evidentiated by CoM; (i) being impossible to decide which function is in general a periodic one, so is the problem of a system stability; (ii) being the solution of the system of differential equations undecidable when the impulsive forces are considered, impact's singularities barred the solutions of 3 bodies; (iii) being an apparently undecidable problem in CoM to solve a differential equation for an unbounded function, even more were barred the solutions in the case of higher singularities, as Xia showed through CM' tools in 1992; for ex., the unbounded value of a force-function of a point mass in the point of pscae representing it. That proves that CoM is grosso modo adequate to TP since in the history of a crucial theory of TP, i.e. astronomy, all main undecidable problems according to CoM constituted the crucial points of a great history of unsuccessful efforts by astronomers wanting operative solutions.

A second and decisive remark. As judiciously Hilbert pointed out,
 there are two distinct tests of constructivism. The former one concerns the principles of the theory at issue. The latter one concerns its derivations, Of course, the weakest test is the latter one, though more technical in nature. Since 1982, when I found out some undecidable results in thermodynamics, I suggested a new interpretation of all undecidable results in a theory of TP. In agreement to Hilbert’s emphasis on the constructive test on principles, I interpreted undecidabilities as pertaining not to the physical theory at issue, but to the principles of that particular formulation we are scrutinising, which may include some non-constructive notions inside the basic notions of the theory. Hence, a successful introduction of CoM in a physical theory amounts to solve the problem of discovering among the past formulations a constructive one; or alternatively, to invent a new formulation bounded to make use of both CoM and operative notions only. That appraisal overcomes the scandal of such undecidable results in TP, as denounced by da Costa and Doria.

I showed that a positive result holds true for thermodynamics; the old, "phenomenological" formulation is a constructive one, while Carathéodory's one is not.
 

I moreover scrutinised classical mechanics. I underlined that CoM destroys the universality of any axiom from which to draw the whole theory. E.g., f=ma is unable to give solutions for the case of the impact of bodies or even for the so-called classical divergences.
 That obliges us to consider CoM in a formulation which is not axiomatic. 

All these constitutes the same conclusion suggested by the undecidability result stated by Goedel theorem in the foundations of mathematics.
 Besides, this is just the suggestion coming from the incompleteness results by da Costa and Doria -; no more formal deductive systems by means of CoM. 

Actually, classical mechanics enjoys an ancient formulation whose mathematics is no more than CoM; it is Lazare Carnot's mechanics. It was oblived till 1971,
 although it completed the correct theory of the impact of bodies; these phenomena have been put as the basic one for the theory of classical mechanics - just the attitude shared by Huygens, Leibniz and D'Alembert -; moreover, an algebraic technique obtained the conservation laws, 130 years before Noether's theorem.
 This formulation of mechanics originated the main notions of S. Carnot's thermodynamics, as Gillispie emphasised.

Let us inspect now the first principle of the most relevant classical theory, mechanics. I proved that while Newton's formulation of mechanics includes principles which are undecidable, L. Carnot's formulation (1783) – in particular, its principle of inertia - is free of undecidabilities.
 The former formulation includes Descartes' version of the principle: "Any body at rest or in a rectilinear and uniform motion perseveres in its state unless a force disturbs it".
  Since its starting point, this version manifests its undecidability through the quantifier "any"; even more relevant is the verb "perseveres", which is at all inappropriate for a physical statement. 

L. Carnot's formulation of classical mechanics is a constructive one also because its version of inertia principle is quantifier-free and moreover is a double negated sentence: "Once a body is at rest it does not change its state by itself; when in motion it does not change by itself its direction and velocity."
 The second negation is included in "by itself", since these words are equivalent to "if not by different bodies", according to the basic philosophy of L. Carnot's mechanics which is a merely interactionist one. 

From these results I induced a general method for introducing CoM in a physical theory. I remarked that a physical theory includes four basic elements. (i) numbers, i.e. constants; being experimental data, their values are approximated, thus they are constructive numbers; (ii) physical laws, i.e. functions between symbolic variables; inside them equality is always an approximate equality, thus experimental physical laws too are constructive; (iii) mathematical techniques, as differential equations; being idealised objects, they may present undecidable problems; they have to be accurately scrutinised according to CoM: (iv) principles, i.e. verbal expressions and definitions which may include some idealised notion which may be unrelated to experimental procedures and/or to effective calculations; in this case an accurate mathematical-philosophical examinations is required for deciding whether a principle includes undecidable problems.
 I remark that in the previous two cases of physical theories I scrutinised thermodynamics through their possible principles, and then I scrutinised classical mechanics through their mathematical techniques.

Let us take again in account the kind of non axiomatic theories. From a comparative analysis of past mathematical and physical theories I obtained an alternative model of systematic organisation of a scientific theory; it is aimed to solve a main problem, so that the theory develops by suggesting a new method for solving problems, rather than new deductions. In such an organization a non-classical logic - indeed, intuitionistic logic - holds true; that is evidentiated by recognising in the original texts of these theories some basic methodological principles which are double negated sentences which are not equivalent to the corresponding positive ones (so that two negations do not affirm). 

In this respect it is very interesting a pre-print by Bridges, resuming and commenting his previous debate with Hellmann.
 After "... thirty years of investigating CoM in the style of Errett Bishop," he propounds  - by following F. Richman - a new definition of this kind of mathematics: "... in practice, CoM is none other than mathematics carried out with intuitionistic logic". By passing, let us remark that this sentence is itself a double negated statement (none other), just the spirit of intuitionistic logic. 

In my opinion this definition adequately represents CoM in local questions only, i.e. single mathematical subjects. It does not tell us which kind of organisation enjoys the scientific system under scrutiny; surely, not the formal deductive one, owing to the failure of classical logic in CoM. In other terms, Bridges' position on a theory is not completed. I substantiate my viewpoint by asking for a particular case: "Which version for a theoretical principle?" This question is of local nature inasmuch as it concerns a single scientific result; but at the same time it is of a global nature inasmuch as it concerns the whole organisation of the theory, whose principle may be an "architectonic principle" - in Leibniz' words.
 In my opinion, a principle of TP, when reiterated in CoM, has to be represented in linguistic terms by a double negated sentence. If Bridges agreed in recognising a double negated statement for any principle, it would be impossible to have a formally deductive theory and at last my interpretation on the amount of change which is consequent to the introduction of CoM in a theory would follow. 

That leads us to go back to CoM which makes use of intuitionistic logic only. Let us remark that the usual foundation of CoM follows the organisation which CM received by the rigorous reform. Fortunately, this theory is founded upon a main problem, i.e. to rigorously define real numbers - which actually are inaccessible in their complete lengths - by means of the approximation technique of SYMBOL 101 \f "Symbol"-SYMBOL 100 \f "Symbol" technique - and not by means of some abstract. formal principles in Hilbert's style! Hence, this kind of organisation is essentially adequate - as it resulted from the presentations by Bishop, Bridges, etc. - as a foundation of the theory of CoM, provided that it is equipped by double negated sentences; indeed, a more accurate formulation would have to state the definitions either by means of double negated sentences - e.g., "a real number is nothing else the equivalence class of all equivalent processes of computations" - or by actual constructions - e.g., "given an SYMBOL 101 \f "Symbol" one can compute a SYMBOL 100 \f "Symbol" such that... ".

That means that even CoM theory has to be formalised in a methodological way, by means of methodological principles, whose sentences are double negated ones. The first one of these sentences is necessarily the induction principle, whose correct statement is now 
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as I emphasised in a previous paper concerning Poincaré's views on the subject.
 

7. WEM and the history of the introduction of actual infinity in TP

In a recent paper I underlined that WEM is the mathematics included in a dismissed principle of inertia, since it was considered -under the influence of CM - as a naive formulation of the next, more complete Descartes' principle. B. Cavalieri invented a "calculus of indivisibles" which may be proved to be a complete foundation of calculus by exploiting geometrical intuition.
 WEM relies upon the use of one quantifier only upon a set of decidable numbers; that corresponds to the use of geometric intuition of the single points of a curve. That leads to identify Cavalieri’s mathematics with WEM. Cavalieri's inertia principle - twelve years before Descartes' version - is the following one: "I say furthermore that by considering the motion of a body pushed towards a direction, if no more motrix virtue exists... it will reach the target by following a straight line..., in equal times it will cover equal spaces of the same line."
 A similar version is given by Torricelli in 1644: "... without the gravity attraction, a mobile would proceed by a rectilinear and uniform motion..."
 In other words they made use of what Torricelli called "the geometer's privilege", i.e. to give reality to the limit situation of a series of physical situations. That gives reason of the historical paradox of an introduction of the actual infinity in a strictly experimental theory as physics.

At the end of an excellent historical analysis of intuitive nature, Koyré synthesised the birth of inertia principle by means of the admirably words: "Galilei explained the real by means of the ideal... Descartes and Newton explained the real by means of the impossible. Galilei does not it."
 

All that prove that only an analysis of the principles of a scientific theory - i.e. the point (iv) of the above mentioned method for introducing CoM in a physical theory - shows that since the both of modern science a tripartite relationship between TP and the different kinds of mathematics holds true.

That proves that the whole mathematics and the whole TP are severed since the beginnings of modern science in several foundations, so to give a strict hierarchy of relationships mathematics-TP; at the lower level TP is linked to CoM, then at higher levels WEM, rigorous mathematics and non-standard analysis respectively follow. That substantiates in TP recent results obtained in CM by the program called "reverse mathematics". This program  recognised a hierarchy of a little number of axioms which are necessary to prove any specific theorem in classical calculus; WEM is placed at an intermediate level in this hierarchy, whereas CoM - or rather, recursive mathematics - is at the lower level.

In order to conclude about the interpretation of the undecidable results in TP obtained by CoM, one has to know that the change of the kind of mathematics usually involve a corresponding change in the formulation of the theory at issue. By following the metaphor of the energy programming, one cannot merely change the boiler when passing from nuclear power to solar power. Between any couple of mathematics there is an incommensurability which is transmitted to PT, a fact which requires an incommensurability among the two corresponding formulations of the theory at issue.

8. Towards a full constructive formulation of quantum mechanics 

Since, in my opinion, the undecidable problems pertain to the particular formulation of QM one scrutinises, negative results are not decisive, since they may pertain to some formulations only among those enjoyed by the theory at issue. In order to obtain instead a positive result one has to search one of the past formulations which is in agreement with CoM.

A historical analysis shows that at the same birth of QM someone attempted to build a kind of formulation which today we may recognise as constructive. Heisenberg's matrix mechanics was invented just for bounding QM to effective mathematics only (as well as to experimental notions only). He wanted to use finite mathematics only. However, he was unable to deal with variables whose ranges are continuous. In the same direction few years ago an intermediate result with respect to a constructive formulation of QM has been obtained. By following Heisenberg's matrix mechanics, renewed by F. Jordan in 1986, a new formulation of QM has been suggested; it is free of undecidable problems, provided that continuous spectra are assumed to be constructively representable - in particular, the theory of both continuous, non-compact Abelian group and compact non-commutative groups.
 The latter problem can only in part exploit the recent research for a constructive algebra, owing to a disputable - in my opinion -  use of the notion of apartness.
. Hence, this reformulation of QM is not conclusive for offering a positive answer to the relationship QM-CoM.

A further improvement is possible by attacking the problem in a subordinate way. Previous analyses on the role played by mathematical tools in a physical theory
 led me to associate CoM in TP to symmetry technique. Hence, one may scrutinise the subordinate problem, how introduce symmetry in the foundations of QM. In the history of QM this problem was met by Weyl in 1928 by a well-known book where he attempted to found the whole QM upon symmetry.
 

In his book about QM (Second Preface), Weyl wanted to embed the theory as most as possible in an "elementary" mathematics. I showed that he correctly referred to WEM.
 However, owing to the early stage of development of his program for a consistent WEM, he was unable to sever among constructive, WEM and classical techniques in group theory. Moreover, although he invented several new formalisms in QM, he did not introduced some characteristic WEM technique which is decisively different from the techniques by other scholars, so to be remebered for this innovation. At present, to re-visit Weyl's introduction of symmetry in the foundation of QM under the light of the accurate distinctions among CoM, WEM, rigorous and non-standard analysis represents a first step of a program for discovering the suitable techniques of group theory which are useful for founding consistent foundations of QM according to each kind of the above mathematics.
 

This program amounts to solving the two mathematical problems of re-formulating the relevant part of group theory to TP according to respectively WEM and CoM. The former problem is new. The latter problem as a first step has to make clear what to do for circumventing the problem of how defining the inverse element in a group. 
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WHICH KIND OF MATHEMATICS FOR QUANTUM MECHANICS?

A SURVEY AND A PROGRAM OF RESEARCH

In previous papers I reviewed past contributions to the debate about the unsatisfaction for the relationship of TP (=TP) with classical mathematics (=CM) which notoriously includes actual infinity (e.g. Zermelo's axiom), as well as the contributions - since the birth of intuitionism, or, equivalently, of quanta untill to 1970- for a new mathematics more suitable for TP. In this communication I will consider the contributions for solving the last problem occurred after 1970. Several strategies have been followed. They are listed by going from the more abstract ones to the more physical ones; for each strategy I add some - not all! - their followers. 1) to deny a real role to mathematics in TP (nominalism: Field 1980, Ludwig 1985, Scheibe 1997); 2) to enquire about a suitable formalisation of quantum logic for suggesting new mathematical tools (Finkelstein 1987, Katz 1982, Gauthier 1983); 3) to choose non-standard-analysis as the most useful mathematics for TP (Albeverio 1986); 4) to interpret the whole TP by means of set theory of Suppes' axiomatics (Stegmueller 1971, Balzer Moulines 1996); 5) to develop chaos theory (Prigogine 1991, Ford Mantica 1992); 6) to suggest Weyl's elementary mathematics (=WEM) as the suitable mathematics for adequately covering all needs of TP (Feferman 1988); 7) to enquire whether CoM adequately covers or not all needs of TP (see later); 8) to bound mathematics to discrete fields (Lorente 1996); 9) to simulate experimental physics and TP by means of computable objects, e.g. cellular automata (Wolfram 1985, Zeigler 1976, Bennett 1982, Requard 1997); 10) to bound TP by means of some restriction of physical nature like finitism, or operativism, or essential inaccuracy (Giles 1970, Simon 1973, Landsberg 1988, Bush Lathi 1989)

Then, I will consider the well-qualified mathematical strategies only, since, in my opinion, the development of mathematics in 20th Century was so revolutionary  to offer any desirable alternative to past mathematics. Moreover, the strategy 3) is discarded since although non-standard analysis is more powerful than classical mathematics, no new results has been achieved. In past century the rigorous reform of infinitesimal analysis did not actually led theoretical physicists to renounce to use infinitesimals in TP. On the other hand, the strategy 8) (discrete fields) is too much poor for obtaining the most sophisticated tools of TP; moreover, all that is achievable by discrete fields is more synthetically achievable by constructive mathematics. The remaining strategies are the strategies no. 6) and no. 7).

In 1967 Bishop decisively formalised a mathematics which rigorously renounces to actual infinity. This constructive mathematics was by some authors - myself included - applied CoM to classical physics. All they found out undecidable results; in particular Pour-El and Richards proved that some singular solutions of wave equations have not counterparts in CoM. I interpreted such undecidabilities as pertaining not to the physical theory at issue but to the particular formulations of it is examinated. Hence, a successful introduction of CoM in a physical theory amounts to solve the problem of discovering among the past formulations of it a constructive one, or at most to invent a new formulation according to CoM. For ex., I proved that whereas the formulation of mechanics by Newton includes undecidable principles, yet L. Carnot' formulation (1783) is free of undecidabilities. A similar positive result holds true for thermodynamics; the old, "phenomenological" formulation is constructive, while Carathéodory's one does not.

However, is commonly held that modern TP - in particular (=) -, represents an incomparable level of sophistication in the foundations of TP; hence, the problem is referred by most people to this theory. First attempts of introducing CoM in QM (Baez 1975, Bridges 1981) resulted in some undecidable problems. The same has been reiterated recently by da Costa and collaborators (1991 and ff.). Few years ago (1993) G. Hellmann added to Pour-El and Richards' result a proof of undecidability of Gleason's theorem for arguing that CoM is essentially inadequate to QM. A reply by Bridges was then opposed by a Hellmann's rejoinder, without any final agreement. (all papers In J. Phil. Logic, 1993-95)

Since, in my opinion, the undecidable problems pertain to the particular formulation of QM one analyses, in order to obtain a positive result one has to search among the past formulations one of them which is in agreement with CoM. An intermediate result has been obtained. By following Heisenberg's matrix mechanics, renewed by F. Jordan in 1986, a new formulation of QM has been suggested; it is free of undecidable problems, provided that continuous spectra are assumed to be constructively representable.

A further improvement is possible by attacking the problem in a subordinate way. Previous analyses on the role played by mathematical tools in a physical theory (Barut 1986, Drago 1994) led me to associate constructive mathematics in TP to symmetry technique. Hence, one may scrutinise the subordinate problem, how introduce symmetry in the foundations of QM. In the history of QM this problem was met by Weyl in 1928 by a well-known book (Gruppentheorie und Quantenmechanik) where he attempted to found the whole QM upon symmetry. Actually, in 1918 Weyl had launched a program (Das Kontinuum) for a new foundation of mathematics in order to include actual infinity is the most conservative way as possible. In 1988 Feferman accomplished this program. Weyl's kind of actual infinity corresponds to use one quantifier only upon a set of decidable numbers. Feferman guessed that WEM is able to cover all mathematical need of TP. I instead proved that WEM covers a part only of TP. It fits Cavalieri's and Torricelli's mathematics of indivisibles so that they have to be credited as the first inventors of calculus, yet in WEM version. Moreover, WEM supported the first statement of inertia principle in Cavalieri (1632 and then Torricelli in 1644, the same year of Descartes' statement). That proves that the whole mathematics and the whole TP are severed since their beginnings in several foundations, so to give a strict hierarchy of relationships mathematics-TP; at the lower level TP is linked to CoM, then at higher levels WEM, rigorous mathematics and non-standard analysis respectively follow. 

In his book about QM (Second Preface), Weyl wanted to embed the theory as most as possible in an "elementary" mathematics. I show that he correctly referred to WEM. However, owing to his early stage of development of his program for a consistent WEM, he was unable to sever constructive, WEM and classical techniques in group theory. Moreover, he did not introduced some characteristic WEM technique which is decisively different from the techniques by other scholars - although he invented several new formalisms in QM. To re-visit Weyl's introduction of symmetry in the foundation of QM under the light of the accurate distinctions among CoM, WEM, rigorous and non-standard analysis represents a first step of a program for discovering the suitable techniques of group theory which are useful for founding consistent foundations of  QM according to each kind of the above mathematics. This program amounts to solving the two mathematical problems of re-formulating the relevant part of group theory to TP according respectively WEM and CoM. The former problem is new. The latter problem may only partly exploit the recent research for a constructive algebra (R. Mines, F. Richman: Constructive algebra, Springer, 1990), owing to an incorrect use of the notion of apartness. 
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WHICH KIND OF MATHEMATICS FOR QUANTUM MECHANICS?

A SURVEY AND A PROGRAM OF RESEARCH

In previous papers I reviewed past contributions untill to 1970 to the debate about the relationship of TP (=TP) with classical mathematics (=CM) which notoriously includes actual infinity (e.g. Zermelo's axiom). In this communication I will consider the contributions occurred after 1970  for suggesting a new kinds of mathematics more suitable for TP. Several strategies have been followed: 1) to deny a real role to mathematics in TP; 2) to enquire about a suitable formalisation of quantum logic for suggesting new mathematical tools ; 3) to suggest non-standard-analysis ; 4) to interpret the whole TP by means of set theory of Suppes' axiomatics; 5) to develop chaos theory; 6) to suggest Weyl's elementary mathematics (=WEM); 7) to inquire in CM by means of reverse mathematics which mathematical axioms PT needs; 8) to suggest constructive mathematics (=CoM); 9) to bound mathematics to discrete fields; 10) to simulate experimental physics and TP by means of computable objects, e.g. cellular automata; 11) to bound TP by means of some restriction of physical nature like finitism, or operativism, or essential inaccuracy. Then, I will consider the well-qualified mathematical strategies only, i.e. the no.s 3, 6, 7, 8 and 9. Furtherly, I will chose strategies no.s 6, 7 and 8 in order to consider the lesser powerful kind of mathematics which covers PT's needs.

CoM was by some authors - myself included - applied CoM to classical physics. All they evodentiated undecidable results; in particular Pour-El and Richards proved that some singular solutions of wave equations have not counterparts in CoM. I interpreted such undecidabilities as pertaining not to the mathematics of the physical theory at issue, but to which particular formulation of the theory is investigated. Hence, a successful introduction of CoM in a physical theory amounts to solve the problem of discovering among the past formulations of it a constructive one, or at most to invent a new formulation according to CoM. For ex., I proved that whereas Newton's formulation of mechanics includes undecidable principles, L. Carnot' formulation (1783) is free of undecidabilities. In thermodynamics, the old, "phenomenological" formulation is constructive, while Carathéodory's one does not.

However, is commonly held that modern TP - in particular (=QM) -, represents an incomparable level of sophistication in the foundations of TP; hence, the problem is referred by most people to this theory. In the last years, an inconclusive debate took place among Bridges, Hellmann and da Costa. Since, in my opinion, the undecidable problems pertain to the particular formulation of QM one analyses, in order to obtain a positive result one has to search among the past formulations one of them which is in agreement with CoM. A modern version of Heisenberg's formulation was discovered, yet under the hypothesis that continuous spectra are constructively representable. Actually, constructive algebra is not well defined at present time. 

One more suggestion is to investigate a QM formulation based upon symmetry. Actually in 1928 Weyl first introduced group theory in QM in a mathematical framework which may be recognised as WEM. It is a relevant fact that reverse mathematics characterises WEM at the lower levels of his hiearchy of kinds of ever powerful mathematics. Nevertheless in 1988 Feferman guessed that WEM is able to cover all mathematical need of TP. I instead proved that WEM covers a part only of TP. I discovered that WEM fits Cavalieri's and Torricelli's mathematics of indivisibles so that they have to be credited as the first inventors of calculus, yet in WEM version. Moreover, WEM supported the first statement of inertia principle in Cavalieri (1632 and then Torricelli in 1644, the same year of Descartes' statement). That proves that since their beginnings the whole mathematics and the whole TP severed in several foundations. Under the light of reverse mathematics, an analysis follows on Weyl's book founding new mathematical foundations of QM in order to decide which Weyl's results pertain to respectively CoM, WEM, rigorous and non-standard analysis.
Bibliography A. Drago: "New Interpretation of Cavalieri's and Torricelli's method of indivisibles", in J. Folta (ed.): Science and Technology of Rudolfinian Time, Nat. Technical Museum, Praha, 1997, 150-167; "Il principio d'inerzia secondo i diversi tipi di matematica", in P. Tucci (ed.): Atti XVII Congr. Naz. Storia Fis. e Astr., 1997 (in stampa).

THE SEVERAL STRATEGIES 

FOR INQUIRING ABOUT THE RELATIONSHIP BETWEEN MATHEMATICS AND TP 

(They are listed by going from the more abstract ones to the more physical ones. 

For each strategy I add some - not all! - their followers). 

1) to deny a real role to mathematics in TP (nominalism: Field 1980, Ludwig 1985, Scheibe 1997); 

2) to enquire about a suitable formalisation of quantum logic for suggesting new mathematical tools (Finkelstein 1987, Katz 1982, Gauthier 1983); 

3) to choose non-standard-analysis as the most useful mathematics for TP (Albeverio 1986); 

4) to interpret the whole TP by means of set theory of Suppes' axiomatics (Stegmueller 1971, Balzer Moulines 1996); 

5) to develop chaos theory (Prigogine 1991, Ford Mantica 1992); 

6) to suggest Weyl's elementary mathematics (=WEM) as the suitable mathematics for adequately covering all needs of TP (Feferman 1988); 

7) to enquire whether CoM adequately covers or not all needs of TP (see later); 

8) to bound mathematics to discrete fields (Lorente 1996); 

9) to simulate experimental physics and TP by means of computable objects, e.g. cellular automata (Wolfram 1985, Zeigler 1976, Bennett 1982, Requard 1997); 

10) to bound TP by means of some restriction of physical nature like finitism, or operativism, or essential inaccuracy (Giles 1970, Simon 1973, Landsberg 1988, Bush Lathi 1989)

I seems that Bridges himself fails to be adequate to CoM when accepts a set defined without a construction as that of p. 556. The origin of the failure seems to me the identification of total quantifier included by the first definition with the generation process of all numbers - yet not considered as a totality - in the second definition.
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