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Abstract

In this paper, we define and explore the mathematical space S, a system where traditional
numerical elements like natural numbers are undefined due to the non-evaluability of certain
integrals. We investigate how purely formal and logical structures can be constructed within
S without numerical interpretations, and we explore how the concept of infinity can be ap-
proached within this framework. The document also includes discussions on the implications,
applications, and potential future explorations within S.
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1 Introduction

Mathematics traditionally relies on numerical elements for foundational constructs. However, within
the mathematical space S, natural numbers and other numerical elements cannot be defined due
to foundational axioms concerning the non-evaluability of specific integrals. This paper aims to
rigorously define S, explore its properties, and develop abstract mathematical frameworks that
are independent of numeric values, while also considering the concept of infinity in a non-numeric
context.

2 Definition of the Space S
2.1 Overview

The space S is characterized by the absence of traditional numerical elements due to the non-
evaluability of integrals essential for their definition.

2.2 Fundamental Axiom

In S, any integral of the form:

I =

∫
Ω

N (x) dx

is non-evaluable due to the properties of N (x) and Ω.

2.3 Implications of the Axiom

The axiom implies that numerical constructs like natural numbers, which rely on the evaluability
of integrals, are undefined in S.

3 Properties of S
3.1 Absence of Numerical Elements

The lack of evaluable integrals leads to the absence of all numerical elements within S, disabling
numeric-based arithmetic operations.

3.2 Non-Existence of Counting

Counting, inherently dependent on natural numbers, is impossible within S.
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3.3 Potential for Abstract Constructs

S still supports abstract constructs like formal languages, symbolic logic, and relational structures
devoid of numerical context.

4 Development of Purely Formal Structures in S
4.1 Abstract Symbolic Systems

Symbols from Σ = {α, β, γ, . . .} are used without any numeric value or order, forming strings and
relational structures.

4.2 Formal Languages and Grammars

Grammars G = (Σ, P ) are defined, where P contains production rules for symbol manipulation.

4.3 Propositional Logic

Logic is developed with propositional variables and connectives, operating on symbolic truth values.

4.4 Set Theory without Cardinality

Sets are defined as collections of symbols, with operations like union and intersection based solely
on membership.

4.5 Graph Theory without Numerical Labels

Graphs in S consist of symbol vertices and edge connections, analyzed for properties like connec-
tivity without numerical labels.

4.6 Algebraic Structures without Numerical Identity Elements

Semigroups and monoids use abstract operations with an identity element defined symbolically.

5 Relating S to Infinity

5.1 Concept of Infinity without Numerics

Infinity is approached as an unending process or structure, not as a numerical quantity.

5.2 Infinite Structures in S
- **Unbounded Sets:** Sets with no maximal element under a relation, representing infinity through
structure. - **Endless Sequences:** Sequences defined by relations rather than numeric indices.
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5.3 Infinite Processes in S
Recursive definitions without termination conditions illustrate infinity within S.

6 Category Theory in S
Categories are defined with objects and morphisms as abstract symbols, maintaining structural
integrity without numerical quantification.

7 Logical and Mathematical Statements in S
1. Ontology of Mathematics in S:

¬∃σ ∈ S : PeanoAxioms(σ)

2. Foundational Robustness:

∀A,B ∈ S,∃T : A→ B such that ∀r ∈ A, T (r) preserves r =⇒ A ≡struct B

3. Consistency:
∀ϕ ∈ S,¬(⊢ ϕ∧ ⊢ ¬ϕ)

4. Completeness:
∀ψ ∈ L(S),⊢ ψ or ⊢ ¬ψ

5. Decidability:

∀P ∈ S,∃ procedure Decide(P ) that terminates with True or False

6. Topology without Metrics:

∃(T , τ) ∈ S | ∀O,O′ ∈ τ,O ∩O′ ∈ τ ∧ ∀U ⊆ τ,
⋃

U ∈ τ (where O and O′ are symbolic sets)

7. Geometry without Coordinates:

∀A,B,C ∈ G,Between(A,B,C) holds without coordinates

8. Theoretical Computer Science:

∃TMS where transitions are symbol transformations

9. Symbolic Computation:

∀α, β ∈ S,∃⊙ : α⊙ β = γ where γ is defined by combinatory rules

10. Philosophy of Language:

∀σ ∈ S,Meaning(σ) = StructuralRole(σ)
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11. Cognitive Science:

Humans can cognize S via pattern and relational reasoning

12. Expressiveness:
∃P ⊆ Problems | ∀Q ∈ P,¬ExpressibleIn(Q,S)

13. Applicability:

∀Q requiring numerical evaluation,∃f : S → N where f interprets S for Q (interpreted outside S)

8 Conclusion

S presents a unique mathematical landscape where traditional numeric concepts are absent, yet
it supports a rich tapestry of formal structures. The exploration of infinity within this space
provides new insights into the concept beyond numeric bounds, potentially influencing theoretical
mathematics and logic.
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