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INTRODUCTION TO THE CONE OF PERCEPTION - 4th EDITION

I write this introduction with much work already completed in this 4th Edition of The Cone of 

Perception, primarily to frame the work and touch on what might be missing from it. Namely ³ 

though it is hardly lacking these, I’d like to add a few insights about the content of the work and 

its relevance to the subject and future technology. Why is this work still relevant? How can you 

use it in your work/subject/area/field, and how am I supposed to read all of these equations?!!

This work is relevant, because is shows us that what we may have thought impossible is 

phenomenological and actualized. That there are, compressed within simple formulations of 

geometry and parameters of spatio-temporal experiencing, really a complex harmony of 

relations, coefficients, hexadecimal coefficients, equilibrium, dynamics, resonances, all of which 

are alternating with each other in a dance of higher dimensionality through many balancing 

solutions. All of this, and infinitely more is going on between the distance from me to you, and 

between each particle in between us.

You can use this in your life, work, or area of study, practically no matter what it is that you 

study, because these equations and insights apply to the fundament of the fabric of reality that we 

all share and live and the consciousness of it. Whether you are a physicists or a monk, these 

equations reveal answers and are the answers for the eternal questions of nature and reality.

Harmony with number, visual forms, etc. are a new language. Why have questions about God 

been so hard to express? Words don’t always do justice to the potency of philosophical debate. 

Much magic mystery and magic have been neglected because of this, but math, equations, 

visualizations, etc. can do more to reveal insights and converse on topics philosophers have been 

seeking for ages.

Also, this book reveals that what science is currently doing with particle accelerators, while 

offering its own set of insights, may actually be less productive, wasteful, unnecessary and 

dangerous that we think. 

What The Cone of Perception offers is a mental scope that will lead you on a journey from what 

is currently smaller than what physicists currently believe is the smallest mass/time unit all the 

way out to numbers and equations so large that they are not allowed by God for us to currently 

visualize their form. The Cone of Perception has revealed that there are particles of the photo 

electric effects with mass smaller than the quantum foam.

That is a revelation that ought turn the obtuse world of physics on its head. There are many other 

section in The Cone of Perception all with equally revolutionary material. This work is meant to 

revolutionize the current perception of the physical world. These equations are useful to those 

who study dynamics, seek understanding of balance, and those who seek visualizations, mystery 

and empirical proof of metaphysics and magic in this world.



Specific Insights into Geometric Psychology and Phenomenology of Ontology

Introduction: The Meaning of Now

The following document will attempt to describe an interpretive meaning of the now. The 

“now” is a “totalized” transformation at a specific given point in space-time.  For the purpose of 

this project, precision in terminology is extremely important. I may use standard definitions of 

the words moment and instant, both meaning a specific point in time. However, these words can 

be ambiguous, moment's suggesting a period of time, instant’s signifying a point in time. In 

embarking upon this ontological investigation, I will use mathematics to elucidate a functional 

definition for “the now” using the idea and reality of a cycle with implicit structure. I propose 

that, within the now, there is a whole cycle that can be described geometrically and to a certain 

extent, algebraically. In this project, I wish to distinguish between an exact point in time (a 

moment or instant) and duration. For this paper, an exact “time point,” is defined as a specific, 

numerical coordinate, though geometry and algebra will elucidate how there is a whole, 

geometric transformation within this “time point.” For example, there is only one point in time or 

“time point” at which it is 1:00 (not the duration between 1:00 - 1:00:00:00:00… 01).  

These assertions and definitions have all been constructed with English and some very 

simple mathematics. I simply would like to note that if not set by an arbitrary constant of the 

perceivers selection, time can otherwise be most purely understood through the functions of the 

architecture of a given geometric transformation and the spontaneously emerging velocity 

expressions from the non-assuming, algebraic manipulation of the equations that result from the 



perceiving and interpreting of the aforementioned geometric architecture when combined with 

fundamental constants of the universe like the speed of light and the coefficients used for 

relativistic transformations. We see this potential in the Geometric Pattern of Perception 

Theorems and it is brought to fruition in Part XXV of the mathematical analysis section of the 

Cone of Perception (Emmerson, 2009-Present).

However, I propose that a point in time could be described as the “whole moment” as 

now. I will use geometry to elucidate the meaning of the, “whole moment” and the “whole 

moment as now.” This project is an attempt at understanding and epistemologically introspecting 

into being. Even though a single point in time does not have duration, it does have being. Within 

the being of now, there is an implied geometric transformation. ”To understand the being of the 

now frees ourselves from the bonds of time,” (LC Davis). Understanding of the transformation of 

circle into a cone as the circle "folds up" into a right cone and the geometric algebra there in will 

be very helpful to one coming to understand the points iterated in this paper. 

*It can/ought also be understood that depending on the perspective (philosophically) or 

depending on which variable one uses to measure or correlate with the passing of a concept, for 

example, time or distance, angle or speed, the philosophical implications will differ/change. If 

we accept that our understanding of the meaning of a philosophical concept/idea actually 

changes instead of simply differing, then it is possible that this change occurs immediately as 

opposed to gradually.



II. Geometric Analysis of the Being of the Now 

Circles are not only fascinating geometric shapes with algebraic properties, they are also 

useful philosophical devices. We are familiar with their properties like circumference.  2Ã times 

the radius of the circle is equal to Ã times the diameter of the circle, and Ã times the diameter 

equals the circumference of the circle. We are also familiar with the relationship of the difference 

in circumferences of two circles to an arc length of the "first circle" (for simplicity's sake, the 

larger of the two; the minuend). I am, of course referring to that fundamental equation that has 

been explored in my work A Geometric Pattern of Perception, (Emmerson, 2009). 2Ãr-2Ãx = 

(theta) r. 

From this equation, a cone can be constructed when applying the Pythagorean theorem. 

As stated before, for the purposes of outlining the topics discussed in this paper, there is only one 

“time point” at which it is exactly 1:00. However, in the geometric transformation described in A 

Geometric Pattern of Perception (Emmerson, 2009-2011), when theta would equal 2Ã rad. (360 

degrees), we see that the radius of the minuend circle equals the height of the cone, and thus, 

there is no angle at 2Ã radians, because there are no vertices to form an angle, theta. This means 

that we must consider a synchronous system by which we may measure the position at which the 

height of the cone equals the initial radius at 2Ã radians in the synchronous system. It so happens 

that the perfect candidate for such a synchronous system is the angle which, when multiplied by 

the subtrahend circle's radius, would equal the difference in the circumferences of the two 

circles, as stated by an equation, 2Ãr-2Ãx = (gamma) x, where gamma is the aforementioned 

angle that we may use as our synchronous system for measurement.



The synchronous system would be like the hand of a clock, passing around at a constant 

rate with our normal conception of time as a constant angular velocity, except as the clock hand 

goes around, it shrinks. *Note: with regard to visual perception and linear perspective, 

perspective dictates that if the subtrahend circle were to approach the eye as it was shrinking at 

some specific rate (or change thereof), the distance (space) it outlines (the distance that would be 

projected onto the retina), would remain constant. At 2Ã radians (360 degrees) in the 

"synchronous system," the radius of the initial (minuend) circle described in A Geometric 

Pattern of Perception, would equal the height of the cone. Since there isn't an angle (theta) at 2Ã 

radians, there also isn't an angle at 0Ã radians, but the lack of being of an angle at 0Ã radians (0 

degrees) is different from the lack of there being an angle at 2Ã radians in the sense that there is 

an angle whose value equals 0Ã radians at 0Ã radians, whereas there are no rays or lines at "2Ã 

rad.," to form an angle on that plane. At least at 0Ã radians, there could be thought of two rays 

occupying the same space, whereas at 2Ã radians in the synchronous system, there are no rays or 

lines that intersect to form an angle in the system of a circle transforming into a line through a 

cone. The whole moment as now is a total transformation of the circle into a cone, which 

eventually transforms into a line that is orthogonal to the initial circle within a single now point. I 

submit that within a single now point, this "whole" geometric transformation takes place.

In the "algebraicized," geometric system referred to above (the one with root equation 

2Ãr-2Ãx=(theta)r), there is no angle at "the now," but "there is no angle" in two different senses, 

thus there is change in the now - a change in sense. There is a change in sense at the now (in the 

now (as a total, whole transformation)), though there may be no change in position. Perhaps, the 



sense-perspective is what changes.  I will show how this change of logical sense in the Now is 

analogous to the two seemingly true statements of paradox. The being of each "true" statement is 

non-contested as logically viable and deductively factual, though through two different methods - 

one's being Euclidean geometry, the other's being algebra. Since the results (conclusions) of 

these two methods contradict each other and occupy the same reality (e.g. both's being equally 

real and equally verifiable by accepted method), this paradox is similar in nature to the two 

senses of there not being and angle at 0Ã radians and 2Ã radians for separate reasons. Just as 

there is lacking of consistency between the two deductions (proofs), there is lacking of being of 

an angle at the now for different reasons (in the 2Ãr-2Ãx=(theta)r system).

III. The Origin of Paradox

The origin of paradox takes place within the geometric-algebraic-arithmetical system of a 

circle's transforming into a cone and takes on a couple of philosophical-mathematical meanings. 

These meanings are:

1. A paradox results when there are two seemingly true statements. In our case, one of the 

statements is that the difference in circumferences of two circles equals an arc length of the 

initial circle (minuend circle). That is provable with Euclidean geometry. The other statement is 

that the radius of the initial circle (the minuend circle) is expressible as an algebraic function in 

which the only necessary parameter is that angle which when multiplied by the radius of the 

minuend circle gives the arc length that equals the difference in the circumferences of the two 

circles. We come to this statement from finding the algebraic expression of the number one and 



subtracting from it the numeric value (digit) "one," equating the result with the algebraic 

expression for the number zero found from subtracting the arc length removed from the initial 

circle from the difference in circumference of two circles of different sizes. 

a) The beginning of a signifying of origin

We use the Pythagorean theorem to solve for the base of the cone , which is the smaller of 

the two circles and substitute that solution for the base of the cone. We can also use the 

Pythagorean's theorem to solve for the height of the cone in terms of the difference in the 

circumferences of the two circles. The process of substitutions is outlined in Addendum 1 

attached: *(See addendum one)

b) Processing origin

Having made a substitution for the variable that represents the height of the cone where 

the algebraic expression (formula) for the height of the cone is in terms of the, "initial 

radius" (radius of the minuend circle) and the angle, "taken out" of the initial circle, we then 

solve for the radius of the initial circle. Solving the resulting formula leads to a statement that 

ought be true through normative algebra, but one that can be dis-proven with Euclidean 

geometry, because one can draw a circle of any size without specifying a theta quantity. See this 

process attached at Addendum 2 attached *(See addendum two)

c) A given significance of origin



This statement is that the initial radius is a function of only the angle taken out of the 

initial circle. We can show that when the initial radius equals zero, the solution to the equation 

yields one of the previous lemmas of the system (that the interior angle of the cone is a particular 

function of the angle related to the arc length taken out of the initial circle's circumference). 

"Tangentially," I can also show that when the initial radius of the circle (minuend radius) equals 

one, there are more solutions of one angle in terms of the other. More relevant to the discussion, 

however is the statement that the initial radius is a function of the angle related to the arc length 

taken out of the initial circle's circumference is one of the statements which is seemingly true in 

the paradox and is shown to be true at the origin of space-time (where the initial radius of the 

circle equals zero). It is "proven," because the equation of the form 1-1=0 solves to deliver a 

solution to the initial radius in terms of one of the interior, variable angles of the cone (see 

attached *), and when you set that solution to the initial radius equal to zero, it solves to deliver 

one of the proven lemmas of the system.

2. The other meaning of the origin of paradox comes from the form of the equation, 1-1=0, 

algebraically expressed through the algebraic-geometric transformation of a circle into a cone. 

The equation, 1-1=0 is the equation that provides the framework for finding the intrinsic, 

paradoxical statement of the system. It can be considered an "origin" equation, because it equates 

two expressions of zero, the origin of a number line. There is "embedded" in this the idea that 

zero has being through algebra, whereas in geometry, zero lacks being. These two conclusions - 

that zero both has being and lacks being depending upon the mathematical framework one uses 

to understand it, is the other meaning of paradox with which we are dealing.



IV. The Analogy of Paradox to the Now

The analogy of "paradox is to the now" as "zero is to infinity" is a fitting relationship of 

the geometric analysis of the being of the now to the origin of paradox. 

In the geometric analysis of the being of the now, we find that there are two senses within 

the now, and theoretically, each is located at a different sense of origin, for each is located at a 

different sense of there not being an angle. One sense of origin expressed by the geometric 

analysis of the being of the now described earlier was the being of "no angle" in the sense that 

there was an angle of no value. This can be understood as an origin location (origin) from which 

the system expands. However, there is another sense of the now in which there is a different 

sense of origin. The position at which the height of the cone equals the initial radius of the 

minuend circle is an origin in the sense that the radius of the “base” of the cone equals at that 

juncture equals zero, as the circle has "collapsed" into a line. Zero’s being the origin on the 

number line - zero’s being the ultimate end that is never reached, yet the point from which all 

that is once resided.  At this point, there is also no angle, theta, but for a different reason - that 

there are no vertices to make an angle.  The location of our numerical zero value for the angle, 

theta, has correlated within infinitessimally close precision of the philosophical idea of nothing 

yet at entirely opposite ends of the transformation (start and finish).

The sense of now in which there is not an angle has been correlated to the origin of 

paradox. The sense of now embodies origin, as well as the being of paradox. 



V. Paradox within 2Ãr-2Ãx=(theta)r

VI.The Infinite Angle

VII. The Transformation of Paradox from Being to Doing

VIII. The Tertiary Angles: The Angles of Control
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When a sector of a circle is collapsed (removed), we may "fold up" the resulting shape into a cone. The parameters are related by

the following theorem :

Theorem 1 When a sector of angle q is removed from a circle of radius r and the resulting shape is folded into a cone, then 

the base of the cone has radius r1given by r1= r -
Hr qL

2 p
 ; and height h, given by h = r2 - r1

2 = r Sin[b]

Proof. The circumference of the initial circle is 2 p r and the wedge removed has an arc length r q. Therefore, the remaining 

circumference is of length r  (2 p - q), and after the fold, this is the circumference of the base of the cone. 

Establishing the circumference of the base of the cone, from the equation,  q r = 2 p r - 2 p r1, we calculate that its radius r1 is 
2 p r-r q

2 p
, which simplifies to r - 

r q

2 p
. Thus, we have proved the first part of the theorem.

To find the height of the cone, h, we apply the Pythagorean theorem to a right triangle formed between the apex of the cone, the 

center of the base, and a point on the circumference of the base. This gives h = r2 - r1
2 = r Sin[b], where b is the angle 

formed by the slant of the cone and the base of the cone. The initial radius is always equal to the slant of the cone, and the 

height of the cone is always orthogonal to the center of the base of the cone.

Lemma 1 The height of the cone can be caluclated in terms of r and q.

Proof.

q r = 2 p r - 2 p r1

h = r2 - r1
2

q r = 2 p r - 2 p Hr^2 - h^2L
Solving this equation we find that,
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::h Ø -
4 p r2 q - r2 q2

2 p
>, :h Ø

4 p r2 q - r2 q2

2 p
>>

Solve@Limit@H2 PiL ê Sqrt@4 Pi q - q^2D, 8q Ø -Infinity, q Ø Infinity<D ã82 p r - 2 p x - q r, 2 p r - 2 p x - q r<, qD
::q Ø

2 Hp r - p xL
r

>>

Lemma 2 The angle q can be calculated in terms of r and h.

Proof

SolveBh ==
4 p r

2 q-r2 q2

2 p
, qF

::q Ø
2 p r

2- r
4-r2 h2

r
2

>, :q Ø
2 p r

2+ r
4-r2 h2

r
2

>>
Lemma 3 The initial radius is a function of q and h.

SolveB 4 p r2 q - r2 q2

2 p
ã h, rF

::r Ø -
2 p h

4 p q - q2

>, :r Ø
2 p h

4 p q - q2

>>

Lemma 4 The height of the cone can be calculated in terms of only r and q, thus b is a function of q alone.

Proof. Since we have shown that q r = 2 p r - 2 p r 1 and r1 Ø r2 - h2 , we can substitute the expression for r1, calculated 

from the Pythagorean theorem in terms of the height of the cone and the initial radius of the circle, into the expression for  q r in 

terms of the change in circumference of the initial circle to the circle that is the base of the cone into which the circle was 

transformed.

          q r = 2 p r - 2 p Hr^2 - h^2L , thus, h =
4 p r2 q-r2 q2

2 p
 = (r Sin[b]). From

2 p h

4 p q-q2

= r, we note that: r = 

2 p r Sin@bD
4 p q-q2

. So we solve the equation,

SolveBr ==
2 p r Sin@bD

4 p q - q2

, bF

::b Ø ArcSinB H4 p - qL q

2 p
F>>

Lemma 5 The height of the cone can be calculated in terms of only r and q, thus q is a function of b alone.
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Proof. Since we have shown that q r = 2 p r - 2 p r 1  and r1 Ø r2 - h2 , we can substitute the expression for r1, calculated

from the Pythagorean theorem in terms of the height of the cone and the initial radius of the circle, into the expression for  q r in

terms of the change in circumference of the initial circle to the circle that is the base of the cone into which the circle was

transformed.

          q  r = 2 p  r - 2 p  Hr^2 - h^2L ,  thus, h =
4 p r2 q-r2 q2

2 p
 = (r Sin[b]). From

2 p h

4 p q-q2

= r, we note that: r =

2 p r Sin@bD
4 p q-q2

. So we solve the equation,

SolveBr ==
2 p r Sin@bD

4 p q - q2

, qF

::q Ø 2 p - p2 - p2 Sin@bD2 >, :q Ø 2 p + p2 - p2 Sin@bD2 >>

ü A note about time passing like a clock.

The elapse of one unit of time, t, can be expressed by a constant function of the angle q. The simplest expression is t (seconds) =
q

2 p
; q = k t , where k is 2p, because one unit of time is equal to one revolution of q through a circle.

Proof.  q r = 2 p r - 2 p (r - r t) yields t =
q

2 p
.

Theorem 2 When we designate that a single unit of time passes per revolution of the angle through the total number of 

radians in a circle, instantaneous velocity through the distance of the height of the cone can be found by taking the first 

derivative of the expression for that distance, which is in terms of r and q, with respect to t = 
q

2 p
. There is also a velocity 

through the height of the cone, which is equal to wavelength times frequency = l ƒ = 
h

K q

I2 pM
O

 considered the average velocity 

through the height of the cone. Under the condition that one unit of time passes with one revolution of the circle, these two 

velocities are equal to each other at the position where a 30-60-90 triangle is formed between the apex, center of the base of the 

cone, and point on the circumference of the circle of the base of the cone. 

Proof. 

To prove this, we can substitute r Sin@bD for the height of the cone in the expression of velocity = ((2 p h)/q ) and find a real and 

two complex solutions for theta in terms of b , thus from Lemma 4, we can solve for b exactly.

Instantaneous Velocity =
„h

„t
=

„h

„
q

H2 pL
= DB 4 p r2 q - r2 q2

2 p
, tF =

DBk 4 p r2 q - r2 q2

2 p
, qF = DB2 p

4 p r2 q - r2 q2

2 p
, qF =

4 p r2 - 2 r2 q

2 4 p r2 q - r2 q2

Average Velocity = Hh ê Hq ê 2 pLL

Instantaneous Velocity =
4 p r2 - 2 r2 q

2 4 p r2 q - r2 q2

= Average Velocity =
2 p h

q

SolveB 4 p r2-2 r2 q

2 4 p r2 q-r2 q2

==
2 p h

q
, qF
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::q Ø
4 p

3
+

-4 p2 r4+12 p2 r2 h2

6 p r2 r
6-18 r4 h2+3 3 -r10 h2+11 r8 h4+r6 h6

1ê3
-

2 p r
6-18 r4 h2+3 3 -r10 h2+11 r8 h4+r6 h6

1ê3

3 r
2

>,

:q Ø
4 p

3
-

J1+Â 3 N I-4 p2 r4+12 p2 r2 h2M

12 p r2 r
6-18 r4 h2+3 3 -r10 h2+11 r8 h4+r6 h6

1ê3
+

J1-Â 3 N p r
6-18 r4 h2+3 3 -r10 h2+11 r8 h4+r6 h6

1ê3

3 r
2

>,

:q Ø
4 p

3
-

J1-Â 3 N I-4 p2 r4+12 p2 r2 h2M

12 p r2 r
6-18 r4 h2+3 3 -r10 h2+11 r8 h4+r6 h6

1ê3
+

J1+Â 3 N p r
6-18 r4 h2+3 3 -r10 h2+11 r8 h4+r6 h6

1ê3

3 r
2

>>

SolveB
k I4 p r2 - 2 r2 qM

4 p 4 p r2 q - r2 q2

==
k r Sin@bD

q
, qF

::q Ø
4 p

3
-

-4 p2 + 12 p2 Sin@bD2

6 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3 +

2

3
-p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6

1ê3
>,

:q Ø
4 p

3
+

J1 + Â 3 N I-4 p2 + 12 p2 Sin@bD2M

12 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3 -

1

3
K1 - Â 3 O -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6

1ê3
>,

:q Ø
4 p

3
+

J1 - Â 3 N I-4 p2 + 12 p2 Sin@bD2M

12 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3 -

1

3
K1 + Â 3 O -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6

1ê3
>>

The real solution for q, solved from equating the instantaneous velocity to the average velocity, can be equated with the 

real solution for the expression for q from Lemma 4 to yield an exact solution for b that tells us that when these solutions for 

theta are equal, a 30-60-90 triangle is formed between the azimuth of the cone, the point on the base of the cone and the center 

of the base of the cone.

SolveB 4 p

3
-

-4 p2 + 12 p2 Sin@bD2

6 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3 +

2

3
-p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6

1ê3
==

2 p + p2 - p2 Sin@bD2 , bF

::b Ø -
p

3
>, :b Ø

p

3
>>
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We know that the height of the cone is perpendicular to the center of the base of the cone, so this proves a 30-60-90 triangle, 

because the sum of the angles of the triangle must be 180 degrees or p radians.

Lemma 7 We can show that b = 
p

3
, thus we can show that there are two solutions to q at which this occurs.

Proof.

ArcSinB H4 p - qL q

2 p
F = b

SolveBArcSinB H4 p-qL q

2 p
F ==

p

3
, qF

88q Ø p<, 8q Ø 3 p<<
Lemma 8 We can show can show that the position at which instantaneous rate of change of the height of the cone with respect 
to theta equals average rate of change of the height of the cone, 'per theta measure,' at

::b Ø -ArcSinB -4 p2 q+4 p q2-q3

2 p -4 p+q
F>, :b Ø ArcSinB -4 p2 q+4 p q2-q3

2 p -4 p+q
F>>.

Proof.

SolveBq ==
4 p

3
-

-4 p2 + 12 p2 Sin@bD2

6 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3 +

2

3
-p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6

1ê3
, bF

::b Ø -ArcSinB -4 p2 q + 4 p q2 - q3

2 p -4 p + q

F>, :b Ø ArcSinB -4 p2 q + 4 p q2 - q3

2 p -4 p + q

F>>

Theorem 3 The "innate velocity," v, within the Lorentz transformation can be solved for in terms of the system of the circle 

transforming into a cone. If r is multiplied by the Lorenz transformation, then it measures the distance in the prime system, 

denoted by r '. If t '  equals 
K q

I2 pM
O

1-
v
2

c
2

, then the quantity r q = q ' r '. We are only dealing with algebraic forms and the solutions 

necessitated by them. Logical, algebraic, reasoning will be given why, when using the exact speed of light, 2.99792458 (108) 

meters per second, the units of the speed of light can be ignored for the purposes of calculation and computation. This theorem 

states that, although, normal algebra would require the speed of light as a quantity to cancel out, valid expressions for the 

solutions for the intrinsic velocity, v, can be found in terms of h, r, and q, or q and b, depending on the expression used for the 

height of the cone.

Proof.

c = 2.99792458 I108M meters per second

r' = r 1 -
v2

c2

6   The Cone of Perception by Parker Emmerson 4th Edition.nb

Printed by Mathematica for Students



t' =

J q

H2 pL N

1 -
v
2

c
2

t' = 
q '

2 p

2 p t' = q '

q' =
q

1 -
v
2

c
2

Therefore,

r' * q' =
q

1 -
v
2

c
2

r 1 -
v2

c2

q

1 -
v
2

c
2

r 1 -
v2

c2
= r q

r' * q' = r q = 2 p r - 2 p r1 = 2 p r - 2 p r^2 - h^2

SolveBr q == 2 p r - 2 p r^2 - h^2 , hF

::h Ø -
4 p r2 q - r2 q2

2 p
>, :h Ø

4 p r2 q - r2 q2

2 p
>>

SolveBr' q' == 2 p r - 2 p r^2 - h^2 , hF
::h Ø -

r£ q£ 4 p r - r£ q£

2 p
>, :h Ø

r£ q£ 4 p r - r£ q£

2 p
>>

The  argument  follows  modus  ponens,  saying  that,  through  commutation,  r  '  q  '  =  q  r,  therefore  h  =

r
£ q£

4 p r-r£ q£

2 p
=

4 p r2 q-r2 q2

2 p
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h =

r£ q£ 4 p r - r£ q£

2 p
=

r 1 -
v
2

c
2

q

1-
v
2

c
2

4 p r - r 1 -
v
2

c
2

q

1-
v
2

c
2

2 p
=

r q 4 p r - r q

2 p

where c is its numeric value of the speed of light, its units being shown to cancel out.

1 -
v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2

ã

1 -
v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2
ã

1 -
v
2

HcL2

1 -
v
2

HcL2

SolveB 1 -
v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2

ã

1 -
v
2

HcL2

1 -
v
2

HcL2

, metersF
88<<

SolveB 1 -
v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2

ã

1 -
v
2

HcL2

1 -
v
2

HcL2

, secondF
88<<

SolveB 1 -
v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2

ã

1 -
v
2

HcL2

1 -
v
2

HcL2

, vF
88<<

SolveB 1 -
v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2

ã

1 -
v
2

HcL2

1 -
v
2

HcL2

, cF
SolveATrue, 2.99792 µ 108E
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r 1 -
v
2

Hc HmetersêsecondLL2
q

1-
v
2

Ic ImetersësecondMM2

4 p r - r q

2 p
=

r 1 -
v
2

Hc HmetersêsecondLL2
q

1-
v
2

Ic ImetersësecondMM2

4 p r - r q

2 p
=

r 1 -
v
2

HcL2
q

1-
v
2

HcL2

4 p r - r q

2 p
= H1L

r 1 -
v
2

HcL2
q

1-
v
2

HcL2

4 p r - r q

2 p

Logically, the units of the speed of light will cancel out, therefore, their relationship will be set equal to one and taken out

of the equation for the purposes of computational calculation. 

SolveB
r 1 -

v
2

Hc HmetersêsecondLL2

q

1-
v
2

Hc HmetersêsecondLL2

4 p r - r q

2 p
ã h, metersF

88<<

Meters cancel out.

SolveB
r 1 -

v
2

Hc HmetersêsecondLL2

q

1-
v
2

Hc HmetersêsecondLL2

4 p r - r q

2 p
ã h, secondF

88<<

Seconds cancel out.

SolveB
r 1 -

v
2

Hc HmetersêsecondLL2

q

1-
v
2

Hc HmetersêsecondLL2

4 p r - r q

2 p
ã h, cF

88<<

The numeric c cancels out.
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SolveB
r 1 -

v
2

Hc HmetersêsecondLL2

q

1-
v
2

Hc HmetersêsecondLL2

4 p r - r q

2 p
ã h, rF

::r Ø -
2 p h

4 p q - q2

>, :r Ø
2 p h

4 p q - q2

>>

Radius yields the result from Lemma 3.

SolveB
r 1 -

v
2

HcL2

q

1-
v
2

HcL2

4 p r - r q

2 p
ã h, vF

88<<

Velocity cancels out.

SolveB
r 1 -

v
2

HcL2

q

1-
v
2

HcL2

4 p r - r q

2 p
ã h, vF

88<<

SolveB
r 1 -

v
2

HcL2

q

1-
v
2

HcL2

4 p r - r q

2 p
ã h, vF

8<

Velocity cancels out. Everything cancels out. Only when using the exact speed of light, in scientific notation, can solutions

to the innate velocity be found.

We set the speed of light equal to its numeric value for the purpose of making computations, dropping the units, because 
in the expression for the height of the cone, they would cancel out anyway. It should be noted that this is necessary for 
computing the function of the velocity and that the exact speed of light is to be used as well as that the numeric value of the 
speed of light has to be in the form of scientific notation in order to find results to this equation.

Theorem 3 Continued From the expression of the height of the cone of Lemma 1, with the Lorentz transformations implicitly 

expressed, we can solve for the velocity within the Lorenz coefficient in terms of the height of the cone, the initial radius, and 

the angle, q when using the exact speed of light in scientific notation and only when it is its exact (or extremely closely 

approximated) value expressed in scientific notation. 

Proof.

c := 2.99792458 * H10^8L
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SolveB

r 1 -
HvL2
c
2

q

1-
HvL2

c
2

4 p r - r q

2 p
ã h, vF

::v Ø -
1. 3.54814 µ 10

18
h2 - 1.12941 µ 10

18
r2 q + 8.98755 µ 10

16
r2 q2

39.4784 h2 - 12.5664 r2 q + r2 q2

>,

:v Ø
3.54814 µ 10

18
h2 - 1.12941 µ 10

18
r2 q + 8.98755 µ 10

16
r2 q2

39.4784 h2 - 12.5664 r2 q + r2 q2

>>

Theorem 3 Continued From the expression of the height of the cone, from Lemma 1 with the Lorentz transformations 

implicitly expressed, we can solve for the velocity within the Lorenz coefficient in terms of q and b.

SolveB
r 1 -

HvL2

c
2

q

1-
HvL2

c
2

4 p r - r q

2 p
ã r Sin@bD, vF

::v Ø -
1. -1.12941 µ 1018 q + 8.98755 µ 1016 q2 + 3.54814 µ 1018 Sin@bD2

-12.5664 q + q2 + 39.4784 Sin@bD2
>,

:v Ø
-1.12941 µ 1018 q + 8.98755 µ 1016 q2 + 3.54814 µ 1018 Sin@bD2

-12.5664 q + q2 + 39.4784 Sin@bD2
>>

II. The Visualizations of Math for Transforming a Circle into a Cone

by Parker Emmerson
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When a sector of a circle is removed, we may "fold up" the resulting shape into a cone. The parameters are related by the

following theorem :

Theorem 1 When a sector of angle q is removed from a circle of radius r and the resulting shape is folded into a cone, then 

the base of the cone has radius r1 given by r1= r -
Hr qL

2 p
 ; and height h, given by h = r2 - r1

2 =r Sin[b]

Proof. The circumference of the initial circle is 2 p r and the wedge removed has an arc length r q. Therefore, the remaining 

circumference is of length r  (2 p - q), and after the fold, this is the circumference of the base of the cone. 

Establishing the circumference of the base of the cone, from the equation,  q r = 2 p r - 2 p r1, we calculate that its radius r1is 
2 p r-r q

2 p
, which simplifies to r - 

r q

2 p
. Thus, we have proved the first part of the theorem.

To find the height of the cone, h, we apply the Pythagorean theorem to a right triangle formed between the apex of the cone, the 

center of the base, and a point on the circumference of the base. This gives h = r2 - r1
2 = r Sin[b], where b is the angle 

formed by the slant of the cone and the base of the cone. The initial radius is always equal to the slant of the cone, and the 

height of the cone is always orthogonal to the center of the base of the cone.

(1)r1 = r -
r q

2 p
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RevolutionPlot3DBr -
r q

2 p
, 8r, -1, 1<, 8q, -2 p, 2 p<F

(2)q r = 2 p r - 2 p r1
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Plot3D@2 p r - 2 p r1, 8r, -1, 1<, 8r1, -1, 1<, AxesLabel Ø AutomaticD

(3)h = r Sin@bD
RevolutionPlot3D@r Sin@bD, 8r, -1, 1<, 8b, -p, p<D

(4)h = r2 - r1
2
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Plot3DB r2 - r1
2 , 8r, -1, 1<, 8r1, -1, 1<, AxesLabel Ø AutomaticF

Lemma 1 The height of the cone can be caluclated in terms of r and q.

Proof.

q r = 2 p r - 2 p r 1

h = r2 - r1
2

q r = 2 p r - 2 p Hr^2 - h^2L

h =
4 p r2 q - r2 q2

2 p

(5)q r = 2 p r - 2 p Hr^2 - h^2L
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Plot3DB2 p r - 2 p Hr^2 - h^2L , 8r, -1, 1<, 8h, -1, 1<, AxesLabel Ø AutomaticF

(6)h =
4 p r2 q - r2 q2

2 p

Plot3DB 4 p r2 q - r2 q2

2 p
, 8r, -1, 1<, 8q, -2 p, 2 p<, AxesLabel Ø AutomaticF

(7)h =
4 p r2 q - r2 q2

2 p
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RevolutionPlot3DB 4 p r2 q - r2 q2

2 p
, 8r, -1, 1<, 8q, -2 p, 2 p<F

Lemma 2 The angle q can be calculated in terms of r and h.

Proof

SolveBh ==
4 p r

2 q-r2 q2

2 p
, qF

::q Ø
2 p r

2- r
4-r2 h2

r
2

>, :q Ø
2 p r

2+ r
4-r2 h2

r
2

>>

(8)
q =

2 p r2 + r4 - r2 h2

r2
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Plot3DB 2 p r2 + r4 - r2 h2

r2
, 8r, -2, 2<, 8h, -2, 2<, AxesLabel Ø AutomaticF

(9)
q =

2 p r2 ± r4 - r2 h2

r2

Plot3DB: 2 p r2 - r4 - r2 h2

r2
,

2 p r2 + r4 - r2 h2

r2
>,

8r, -2, 2<, 8h, -2, 2<, AxesLabel Ø AutomaticF

Lemma 3 The initial radius is a function of q and h.
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SolveB 4 p r2 q - r2 q2

2 p
ã h, rF

::r Ø -
2 p h

4 p q - q2

>, :r Ø
2 p h

4 p q - q2

>>

(10)
r =

2 p h

4 p q - q2

RevolutionPlot3DB 2 p h

4 p q - q2

, 8h, -1, 1<, 8q, -2 p, 2 p<F

Lemma 4 The height of the cone can be calculated in terms of only r and q, thus b is a function of q alone.

Proof. Since we have shown that q r = 2 p r - 2 p r 1 and r1 Ø r2 - h2 , we can substitute the expression for r1, calculated 

from the Pythagorean theorem in terms of the height of the cone and the initial radius of the circle, into the expression for  q r in 

terms of the change in circumference of the initial circle to the circle that is the base of the cone into which the circle was 

transformed.

          q r = 2 p r - 2 p Hr^2 - h^2L , thus, h =
4 p r2 q-r2 q2

2 p
 = (r Sin[b]). From

2 p h

4 p q-q2

= r, we note that: r = 

2 p r Sin@bD
4 p q-q2

. So we solve the equation,

SolveBr ==
2 p r Sin@bD

4 p q - q2

, bF

::b Ø ArcSinB H4 p - qL q

2 p
F>>

(11)b = ArcSinB H4 p - qL q

2 p
F
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RevolutionPlot3DBArcSinB H4 p - qL q

2 p
F, 8q, -4 p, 4 p<F

(12)
r =

2 p r Sin@bD
4 p q - q2
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ContourPlot3DB 2 p Hr Sin@bDL
4 p q - q2

, 8b, -2 p, 2 p<, 8q, -4 p, 4 p<, 8r, -10, 10<, AxesLabel Ø AutomaticF

Lemma 5 The height of the cone can be calculated in terms of only r and q, thus q is a function of b alone.

yields, 
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Proof. Since we have shown that q r = 2 p r - 2 p r 1  and r1 Ø r2 - h2 , we can substitute the expression for r1, calculated

from the Pythagorean theorem in terms of the height of the cone and the initial radius of the circle, into the expression for  q r in

terms of the change in circumference of the initial circle to the circle that is the base of the cone into which the circle was

transformed.

          q  r = 2 p  r - 2 p  Hr^2 - h^2L ,  thus, h =
4 p r2 q-r2 q2

2 p
 = (r Sin[b]). From

2 p h

4 p q-q2

= r, we note that: r =

2 p r Sin@bD
4 p q-q2

. So we solve the equation,

SolveBr ==
2 p r Sin@bD

4 p q - q2

, qF

(13)::q Ø 2 p - p2 - p2 Sin@bD2 >, :q Ø 2 p + p2 - p2 Sin@bD2 >>

RevolutionPlot3DB2 p - p2 - p2 Sin@bD2 , 8r, -1, 1<, 8b, -p, p<F
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RevolutionPlot3DB2 p + p2 - p2 Sin@bD2 , 8b, -p, p<F

RevolutionPlot3DB:2 p + p2 - p2 Sin@bD2 , 2 p - p2 - p2 Sin@bD2 >, 8b, -p, p<F

(14)Sin@bD =
r H4 p - qL q

4 p2
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RevolutionPlot3DB r H4 p - qL q

4 p2
, 8r, -1, 1<, 8q, -2 p, 2 p<F

ArcSinB H4 p - qL q

2 p
F = b

SolveBArcSinB H4 p-qL q

2 p
F ==

p

3
, qF

88q Ø p<, 8q Ø 3 p<<
To place more commentary on the ensuing paradox, 

Lemma 8 We can show can show that 

::b Ø -ArcSinB -4 p2 q+4 p q2-q3

2 p -4 p+q
F>, :b Ø ArcSinB -4 p2 q+4 p q2-q3

2 p -4 p+q
F>>.

SolveBq ==
4 p

3
-

-4 p2 + 12 p2 Sin@bD2

6 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3 +

2

3
-p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6

1ê3
, bF

::b Ø -ArcSinB -4 p2 q + 4 p q2 - q3

2 p -4 p + q

F>, :b Ø ArcSinB -4 p2 q + 4 p q2 - q3

2 p -4 p + q

F>>

(15)::b Ø -ArcSinB -4 p2 q + 4 p q2 - q3

2 p -4 p + q

F>, :b Ø ArcSinB -4 p2 q + 4 p q2 - q3

2 p -4 p + q

F>>

24   The Cone of Perception by Parker Emmerson 4th Edition.nb

Printed by Mathematica for Students



RevolutionPlot3DB:ArcSinB -4 p2 q + 4 p q2 - q3

2 p -4 p + q

F, -ArcSinB -4 p2 q + 4 p q2 - q3

2 p -4 p + q

F>, 8q, -4 p, 4 p<F

III. Computational Results from the Lorentz Transformation

Theorem 3 The "innate velocity," v, within the Lorentz transformation can be solved for in terms of the system of the circle 

transforming into a cone. If r is multiplied by the Lorenz transformation, then it measures the distance in the prime system, 

denoted by r '. If t '  equals 
K q

I2 pM
O

1-
v
2

c
2

, then the quantity r q = q ' r '. We are only dealing with algebraic forms and the solutions 

necessitated by them. Logical, algebraic, reasoning will be given why, when using the exact speed of light, 2.99792458 (108) 

meters per second, the units of the speed of light can be ignored for the purposes of calculation and computation (they canel out 

- they are equal to one). This theorem states that, although, normal algebra would require the speed of light as a quantity to 

cancel out, valid expressions for the solutions for the intrinsic velocity, v, can be found in terms of h, r, and q, or q and b, 

depending on the expression used for the height of the cone.

Proof.

c = 2.99792458 I108M meters per second

r' = r 1 -
v2

c2
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t' =

J q

H2 pL N

1 -
v
2

c
2

t' = 
q '

2 p

2 p t' = q '

q' =
q

1 -
v
2

c
2

Therefore,

r' * q' =
q

1 -
v
2

c
2

r 1 -
v2

c2

q

1 -
v
2

c
2

r 1 -
v2

c2
= r q

r' * q' = r q = 2 p r - 2 p r1 = 2 p r - 2 p r^2 - h^2

SolveBr q == 2 p r - 2 p r^2 - h^2 , hF

::h Ø -
4 p r2 q - r2 q2

2 p
>, :h Ø

4 p r2 q - r2 q2

2 p
>>

SolveBr' q' == 2 p r - 2 p r^2 - h^2 , hF
::h Ø -

r£ q£ 4 p r - r£ q£

2 p
>, :h Ø

r£ q£ 4 p r - r£ q£

2 p
>>

The  argument  follows  modus  ponens,  saying  that,  through  commutation,  r  '  q  '  =  q  r,  therefore  h  =

r
£ q£

4 p r-r£ q£

2 p
=

4 p r2 q-r2 q2

2 p
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h =

r£ q£ 4 p r - r£ q£

2 p
=

r 1 -
v
2

c
2

q

1-
v
2

c
2

4 p r - r 1 -
v
2

c
2

q

1-
v
2

c
2

2 p
=

r q 4 p r - r q

2 p

where c is its numeric value of the speed of light, its units being shown to cancel out.

1 -
v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2

ã

1 -
v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2
ã

1 -
v
2

HcL2

1 -
v
2

HcL2

SolveB 1 -
v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2

ã

1 -
v
2

HcL2

1 -
v
2

HcL2

, metersF
88<<

SolveB 1 -
v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2

ã

1 -
v
2

HcL2

1 -
v
2

HcL2

, secondF
88<<

SolveB 1 -
v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2

ã

1 -
v
2

HcL2

1 -
v
2

HcL2

, vF
88<<

SolveB 1 -
v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2

ã

1 -
v
2

HcL2

1 -
v
2

HcL2

, cF
SolveATrue, 2.99792 µ 108E
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r 1 -
v
2

Hc HmetersêsecondLL2
q

1-
v
2

Ic ImetersësecondMM2

4 p r - r q

2 p
=

r 1 -
v
2

Hc HmetersêsecondLL2
q

1-
v
2

Ic ImetersësecondMM2

4 p r - r q

2 p
=

r 1 -
v
2

HcL2
q

1-
v
2

HcL2

4 p r - r q

2 p
= H1L

r 1 -
v
2

HcL2
q

1-
v
2

HcL2

4 p r - r q

2 p

Logically, the units of the speed of light will cancel out, therefore, their relationship will be set equal to one and taken out

of the equation for the purposes of computational calculation. 

SolveB
r 1 -

v
2

HcL2

q

1-
v
2

HcL2

4 p r - r q

2 p
ã h, metersF

88<<

Meters cancel out.

SolveB
r 1 -

v
2

HcL2

q

1-
v
2

HcL2

4 p r - r q

2 p
ã h, secondF

88<<

Seconds cancel out.

SolveB
r 1 -

v
2

Hc HmetersêsecondLL2

q

1-
v
2

Hc HmetersêsecondLL2

4 p r - r q

2 p
ã h, cF

88<<

The numeric c cancels out.
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SolveB
r 1 -

v
2

Hc HmetersêsecondLL2

q

1-
v
2

Hc HmetersêsecondLL2

4 p r - r q

2 p
ã h, rF

::r Ø -
2 p h

4 p q - q2

>, :r Ø
2 p h

4 p q - q2

>>

Radius yields the result from Lemma 3.

SolveB
r 1 -

v
2

Hc HmetersêsecondLL2

q

1-
v
2

Hc HmetersêsecondLL2

4 p r - r q

2 p
ã h, vF

8<

SolveB
r 1 -

v
2

Hc HmetersêsecondLL2

q

1-
v
2

Hc HmetersêsecondLL2

4 p r - r q

2 p
ã h, vF

88<<

Velocity cancels out.

Velocity cancels out. Only when using the exact speed of light (in scientific notation) can solutions be found.

We set the speed of light equal to its numeric value for the purpose of making computations, dropping the units, because 
in the expression for the height of the cone, they would cancel out anyway. It should be noted that this is necessary for 
computing the function of the velocity and that the exact speed of light is to be used as well as that the numeric value of the 
speed of light has to be in the form of scientific notation in order to find results to this equation.

c := 2.99792458 H10^8L

SolveB
r 1 -

HvL2

H2.99792458 H10^8LL2

q

1-
HvL2

H2.99792458 H10^8LL2

4 p r - r q

2 p
ã h, vF

::v Ø -
1. 3.54814 µ 1018 h2 - 1.12941 µ 1018 r2 q + 8.98755 µ 1016 r2 q2

39.4784 h2 - 12.5664 r2 q + r2 q2

>,

:v Ø
3.54814 µ 1018 h2 - 1.12941 µ 1018 r2 q + 8.98755 µ 1016 r2 q2

39.4784 h2 - 12.5664 r2 q + r2 q2

>>

Theorem 3 Continued From the expression of the height of the cone of Lemma 1, with the Lorentz transformations implicitly 

expressed, we can solve for the velocity within the Lorenz coefficient in terms of the height of the cone, the initial radius, and 

the angle, q.

Proof.

The Cone of Perception by Parker Emmerson 4th Edition.nb   29

Printed by Mathematica for Students



SolveB

r 1 -
HvL2
c
2

q

1-
HvL2

c
2

4 p r - r q

2 p
ã h, vF

::v Ø -
1. 3.54814 µ 10

18
h2 - 1.12941 µ 10

18
r2 q + 8.98755 µ 10

16
r2 q2

39.4784 h2 - 12.5664 r2 q + r2 q2

>,

:v Ø
3.54814 µ 10

18
h2 - 1.12941 µ 10

18
r2 q + 8.98755 µ 10

16
r2 q2

39.4784 h2 - 12.5664 r2 q + r2 q2

>>

ContourPlot3DB
3.5481432270250993`*^18 h2 - 1.1294090667581471`*^18 r2 q + 8.987551787368176`*^16 r2 q2

39.47841760435743` h2 - 12.566370614359172` r2 q + r2 q2

,

8r, -1, 1<, 8q, -2 p, 2 p<, 8h, -1, 1<F

Theorem 3 Continued From the expression of the height of the cone, from Lemma 1 with the Lorentz transformations 

implicitly expressed, we can solve for the velocity within the Lorenz coefficient in terms of q and b.
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SolveB
r 1 -

HvL2

c
2

q

1-
HvL2

c
2

4 p r - r q

2 p
ã r Sin@bD, vF

::v Ø -
1. -1.12941 µ 1018 q + 8.98755 µ 1016 q2 + 3.54814 µ 1018 Sin@bD2

-12.5664 q + q2 + 39.4784 Sin@bD2
>,

:v Ø
-1.12941 µ 1018 q + 8.98755 µ 1016 q2 + 3.54814 µ 1018 Sin@bD2

-12.5664 q + q2 + 39.4784 Sin@bD2
>>

SphericalPlot3DB
:-I1.`,I-1.1294090667581471`*^18 q + 8.987551787368176`*^16 q2 + 3.5481432270250993`*^18

Sin@bD2MM ì -12.566370614359172` q + q2 + 39.47841760435743` Sin@bD2 ,

-1.1294090667581471`*^18 q + 8.987551787368176`*^16 q2 + 3.5481432270250993`*^18 Sin@bD2
-12.566370614359172` q + q2 + 39.47841760435743` Sin@bD2 >,

8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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SphericalPlot3DB
-1.1294090667581471`*^18 q + 8.987551787368176`*^16 q2 + 3.5481432270250993`*^18 Sin@bD2

-12.566370614359172` q + q2 + 39.47841760435743` Sin@bD2 ,

8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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SphericalPlot3DB
-1.1294090667581471`*^18 q + 8.987551787368176`*^16 q2 + 3.5481432270250993`*^18 Sin@bD2

-12.566370614359172` q + q2 + 39.47841760435743` Sin@bD2 ,

8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F

Substitute : q Ø

2 p r2 + r4 - r2 h2

r2
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ContourPlot3DB -1.1294090667581471`*^18

2 p r2 + r4 - r2 h2

r2
+

8.987551787368176`*^16

2 p r2 + r4 - r2 h2

r2

2

+ 3.5481432270250993`*^18 Sin@bD2 ì

-12.566370614359172`

2 p r2 + r4 - r2 h2

r2
+

2 p r2 + r4 - r2 h2

r2

2

+

39.47841760435743` Sin@bD2 ,

8b, -p, p<, 8h, -1, 1<, 8r, -1, 1<, AxesLabel Ø AutomaticF
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Plot3DB -1.1294090667581471`*^18

2 p r2 + r4 - r2 h2

r2
+

8.987551787368176`*^16

2 p r2 + r4 - r2 h2

r2

2

+

3.5481432270250993`*^18 SinBArcSinB
4 p -

2 p r
2+ r

4-r2 h2

r
2

2 p r
2+ r

4-r2 h2

r
2

2 p
FF

2

ì

-12.566370614359172`

2 p r2 + r4 - r2 h2

r2
+

2 p r2 + r4 - r2 h2

r2

2

+

39.47841760435743` SinBArcSinB
4 p -

2 p r
2+ r

4-r2 h2

r
2

2 p r
2+ r

4-r2 h2

r
2

2 p
FF

2

,

8h, -1, 1<, 8r, -1, 1<, ColorFunction Ø "Rainbow", AxesLabel Ø AutomaticF
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Plot3DB -1.1294090667581471`*^18

2 p r2 + r4 - r2 h2

r2
+

8.987551787368176`*^16

2 p r2 + r4 - r2 h2

r2

2

+

3.5481432270250993`*^18 SinBArcSinB
4 p -

2 p r
2+ r

4-r2 h2

r
2

2 p r
2+ r

4-r2 h2

r
2

2 p
FF

2

ì

-12.566370614359172`

2 p r2 + r4 - r2 h2

r2
+

2 p r2 + r4 - r2 h2

r2

2

+

39.47841760435743` SinBArcSinB
4 p -

2 p r
2+ r

4-r2 h2

r
2

2 p r
2+ r

4-r2 h2

r
2

2 p
FF

2

,

8h, -1, 1<, 8r, -1, 1<, ColorFunction Ø "Rainbow", AxesLabel Ø AutomaticF
Power::infy : Infinite expression

1

0.
encountered. à
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"The Kantian Substitution"

b = ArcSinB H4 p - qL q

2 p
F
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RevolutionPlot3DB / -1.1294090667581471`*^18 q +

8.987551787368176`*^16 q2 + 3.5481432270250993`*^18 SinBArcSinB H4 p - qL q

2 p
FF2 ì

/ -12.566370614359172` q + q2 + 39.47841760435743` SinBArcSinB H4 p - qL q

2 p
FF2 , 8q,

-2 p, 2 p<F

Further Substitutions:

q Ø 2 p + p2 - p2 Sin@bD2

q Ø
4 p

3
-

-4 p2 + 12 p2 Sin@bD2

6 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3 +

2

3
-p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6

1ê3
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SphericalPlot3DB
. -1.1294090667581471`*^18 q + 8.987551787368176`*^16 2 p + p2 - p2 Sin@bD2 2

+

3.5481432270250993`*^18 Sin@bD2 ì
. -12.566370614359172` q +

4 p

3
- I-4 p2 + 12 p2 Sin@bD2M ì

6 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6 1ê3

+

2

3
-p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6 1ê3 2

+

39.47841760435743` Sin@bD2 , 8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F
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SphericalPlot3DB
- -1.1294090667581471`*^18 2 p + p2 - p2 Sin@bD2 + 8.987551787368176`*^16 q2 +

3.5481432270250993`*^18 Sin@bD2 ì
-12.566370614359172` q + q2 + 39.47841760435743` Sin@bD2 , 8b, -p ê 4, p ê 4<, 8q, -p, p<F
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SphericalPlot3DB
- -1.1294090667581471`*^18 2 p + p2 - p2 Sin@bD2 + 8.987551787368176`*^16 q2 +

3.5481432270250993`*^18 Sin@bD2 ì
-12.566370614359172` q + q2 + 39.47841760435743` Sin@bD2 , 8b, -2 p, 2 p<, 8q, -2 p, 2 p<F

SphericalPlot3DB
. -1.1294090667581471`*^18 q + 8.987551787368176`*^16

4 p

3
- I-4 p2 + 12 p2 Sin@bD2M ì

6 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6 1ê3

+

2

3
-p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6 1ê3 2

+

3.5481432270250993`*^18 Sin@bD2 ì
-12.566370614359172` q + q2 + 39.47841760435743` Sin@bD2 ,

8b,
-p ê
2, p ê
2<, 8q, -2

p, 2

p<F
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SphericalPlot3DB
. -1.1294090667581471`*^18 q + 8.987551787368176`*^16 2 p - p2 - p2 Sin@bD2 2

+

3.5481432270250993`*^18 Sin@bD2 ì
-12.566370614359172` q + q2 + 39.47841760435743` Sin@bD2 , 8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F
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SphericalPlot3DBI,I-1.1294090667581471`*^18 q +

8.987551787368176`*^16 q2 + 3.5481432270250993`*^18 Sin@bD2MM ì
- -12.566370614359172` 2 p - p2 - p2 Sin@bD2 + q2 + 39.47841760435743` Sin@bD2 ,

8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F
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SphericalPlot3DB
. -1.1294090667581471`*^18 q + 8.987551787368176`*^16 2 p + p2 - p2 Sin@bD2 2

+

3.5481432270250993`*^18 Sin@bD2 ì
. -12.566370614359172` 2 p + p2 - p2 Sin@bD2 + 2 p + p2 - p2 Sin@bD2 2

+

39.47841760435743` Sin@bD2 , 8b, -p, p<, 8q, -4 p, 4 p<F
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SphericalPlot3DB
. -1.1294090667581471`*^18 2 p + p2 - p2 Sin@bD2 + 8.987551787368176`*^16

2 p + p2 - p2 Sin@bD2 2

+ 3.5481432270250993`*^18 Sin@bD2 ì
I,I-12.566370614359172` q + HqL2 + 39.47841760435743` Sin@bD2MM,8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F
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SphericalPlot3DB
. -1.1294090667581471`*^18 2 p + p2 - p2 Sin@bD2 + 8.987551787368176`*^16

2 p + p2 - p2 Sin@bD2 2

+ 3.5481432270250993`*^18 Sin@bD2 ì
- -12.566370614359172` 2 p + p2 - p2 Sin@bD2 + HqL2 + 39.47841760435743` Sin@bD2 ,

8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F

The theory is an expansive one. There are many more posible substitutions, and I urge you to find one for yourself. (Just plug in a

logically valid substitution (where you see q, just put a valid q solution)).

Lemma 9 The position at which the initial radius equals the height of the cone specifies an angle measure, q to be 2p, however,

if  we  observe  the  expression  for  the  height  of  the  cone  equaling  the  initial  radius,  we  find  that  the  innate  velocity  is  an

indeterminate  at  2p.  Yet,  in  the  style  of  phenomenological  reduction,  if  we  "bracket"  the  natural  attitude,  which  takes  for

granted the existence of the world, or in our system, the existence of the other expressions of the parameters of the cone, which

would allow us to show that the initial radius equals 0 when the circle is folded all the way up, or that q has an exact value of 2p

when  the  circle  is  folded  all  the  way  up,  setting  the  natural  attitude  and  that  which  it  takes  for  granted  aside,  then  we  can

visualize the expression for the innate velocity just as it is found as a logical result from this equation alone. This is done for the

purpose of mathematically linguistic phenomenological reduction, for which there is philosophical precedence in the works of

Edmund  Husserl,  because  he  laid  the  groundwork  for  transcendental  philosophy  as  all  embracing  ontology  and  universal

science.  Geometry  is  formal  ontology,  and  combination  with  logical  relations  algebraically,  allows  us  to  discuss  the  being  of

just this equation phenomenologically, for we are studying just the experience of this equation upon visualization.

Proof.
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SolveB
r 1 -

HvL2

c
2

q

1-
HvL2

c
2

4 p r - r q

2 p
ã r, vF

::v Ø -
1. 3.54814 µ 1018 - 1.12941 µ 1018 q + 8.98755 µ 1016 q2

39.4784 - 12.5664 q + q2

>,

:v Ø
3.54814 µ 1018 - 1.12941 µ 1018 q + 8.98755 µ 1016 q2

39.4784 - 12.5664 q + q2

>>

RevolutionPlot3DB
:- 1.` 3.5481432270250993`*^18 - 1.1294090667581471`*^18 q + 8.987551787368176`*^16 q2

39.47841760435743` - 12.566370614359172` q + q2

,

3.5481432270250993`*^18 - 1.1294090667581471`*^18 q + 8.987551787368176`*^16 q2

39.47841760435743` - 12.566370614359172` q + q2

>, 8q,
-2 p, 2 p<F

The item captions are just my personal interpretations of the shape.

"Particle"
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RevolutionPlot3DB
3.5481432270250993`*^18 - 1.1294090667581471`*^18 q + 8.987551787368176`*^16 q2

39.47841760435743` - 12.566370614359172` q + q2

,

8q, -2 p, 2 p<F

There are seven distinct delivered visualizations of this equation when q = 2 p + p2 - p2 Sin@bD2  is used in different

combinations as a substitution for q within the equation.

"Intuition"
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SphericalPlot3DB
. 3.5481432270250993`*^18 - 1.1294090667581471`*^18 2 p + p2 - p2 Sin@bD2 +

8.987551787368176`*^16 2 p + p2 - p2 Sin@bD2 2 ì
- 39.47841760435743` - 12.566370614359172` 2 p + p2 - p2 Sin@bD2 + HqL2 ,

8b, -p, p<, 8q, -4 p, 4 p<F

"Wave"
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SphericalPlot3DB . 3.5481432270250993`*^18 -

1.1294090667581471`*^18 q + 8.987551787368176`*^16 2 p + p2 - p2 Sin@bD2 2 ì
39.47841760435743` - 12.566370614359172` q + q2 , 8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F
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"Manifold"
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SphericalPlot3DB
- 1.`. 3.5481432270250993`*^18 - 1.1294090667581471`*^18 q + 8.987551787368176`*^16

2 p + p2 - p2 Sin@bD2 2 ì
. 39.47841760435743` - 12.566370614359172` 2 p + p2 - p2 Sin@bD2 +

2 p + p2 - p2 Sin@bD2 2

, 8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F

"Genetic"
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SphericalPlot3DB
-I1.`,I3.5481432270250993`*^18 - 1.1294090667581471`*^18 q + 8.987551787368176`*^16 HqL2MM ì

. 39.47841760435743` - 12.566370614359172` 2 p + p2 - p2 Sin@bD2 +

2 p + p2 - p2 Sin@bD2 2

, 8b, -p, p<, 8q, -4 p, 4 p<F

"Noema"

SphericalPlot3DB
-I1.`,I3.5481432270250993`*^18 - 1.1294090667581471`*^18 q + 8.987551787368176`*^16 HqL2MM ì

39.47841760435743` - 12.566370614359172` HqL + 2 p + p2 - p2 Sin@bD2 2

,

8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F
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"Stream of Consciousness"
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SphericalPlot3DB
- 1.`. 3.5481432270250993`*^18 - 1.1294090667581471`*^18 2 p + p2 - p2 Sin@bD2 +

8.987551787368176`*^16 2 p + p2 - p2 Sin@bD2 2 ì
39.47841760435743` - 12.566370614359172` q + q2 , 8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F

Simply, I will note that through making substitutions of various sorts within equations found from this method, a large number of

objects with curved, contoured, symmetrical, and otherwise notable characteristics are found.
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IV. Visualizing the Height of the Cone

To describe visual textures of the height of the cone,

substitutions can be made for q or r in multiple ways. Making substitutions,

there are certain guidelines if one wishes to stay within the actual factuality of the

scenario of a circle' s transforming into a cone. These guidelines are as follows. Make

a selection of positive or negative solutions. In order to stay true to the system,

we do not mix and match positive and negative values, e.g. in the case of,

4 p r2 HqL - r2 q2

2 p
, a substitution like,

4 p r2 2 p + p2 - p2 Sin@bD2 - r2 2 p - p2 - p2 Sin@bD2
2

2 p
,

would not be admissible, because it takes the positive solution for h,

and says that q = 2 p + p2 - p2 Sin@bD2 = 2 p - p2 - p2 Sin@bD2 ,

which is not true. This section will only visualize the

solutions to theta that are from the initial lemmas of Theorem 1.

(16)

h =
4 p r2 q - r2 q2

2 p
=

4 p r2 2 p ± p2 - p2 Sin@bD2 - r2 q2

2 p
=

4 p r2 2 p ± p2 - p2 Sin@bD2 - r2 2 p ± p2 - p2 Sin@bD2
2

2 p
=

4 p r2 q - r2 2 p ± p2 - p2 Sin@bD2
2

2 p

We will visualize these solutions, while in each visualization, theta will either be set equal to 2 p + p2 - p2 Sin@bD2 , or

2 p - p2 - p2 Sin@bD2  for a given instance of substitution. This is because solutions for theta from the height of the cone

yield either 2 p + p2 - p2 Sin@bD2 , or 2 p - p2 - p2 Sin@bD2 , not both at the same time such that they may be

mixed when returning to the initial expression to produce visualization of that equation. 
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ContourPlot3DB 4 p r2 2 p + p2 - p2 Sin@bD2 - r2 q2

2 p
,

8r, -1, 1<, 8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<, AxesLabel Ø AutomaticF
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ContourPlot3DB 4 p r2 2 p - p2 - p2 Sin@bD2 - r2 q2

2 p
,

8r, -1, 1<, 8b, -p, p<, 8q, -4 p, 4 p<, AxesLabel Ø AutomaticF

RevolutionPlot3DB:
4 p r2 2 p + p2 - p2 Sin@bD2 - r2 2 p + p2 - p2 Sin@bD2 2

2 p
,

4 p r2 2 p - p2 - p2 Sin@bD2 - r2 2 p - p2 - p2 Sin@bD2 2

2 p
>, 8r, -1, 1<, 8b, -p, p<F
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ContourPlot3DB:
4 p r2 q - r2 2 p + p2 - p2 Sin@bD2 2

2 p
>,

8r, -1, 1<, 8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<, AxesLabel Ø AutomaticF
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ContourPlot3DB:
4 p r2 q - r2 2 p - p2 - p2 Sin@bD2 2

2 p
>,

8r, -1, 1<, 8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<, AxesLabel Ø AutomaticF

q = 2 p + p2 - p2 Sin@bD2 =

2 p r2 + r4 - r2 h2

r2
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h =
4 p r2 q - r2 q2

2 p
=

4 p r2
2 p r

2+ r
4-r2 h2

r
2

- r2 2 p + p2 - p2 Sin@bD2
2

2 p
=

4 p r2 2 p + p2 - p2 Sin@bD2 - r2
2 p r

2+ r
4-r2 h2

r
2

2

2 p
=

4 p r2
2 p r

2+ r
4-r2 h2

r
2

- r2 q2

2 p
=

4 p r2
2 p r

2+ r
4-r2 h2

r
2

- r2
2 p r

2+ r
4-r2 h2

r
2

2

2 p
=

4 p r2 q - r2
2 p r

2+ r
4-r2 h2

r
2

2

2 p

ContourPlot3DB
4 p r2

2 p r
2+ r

4-r2 h2

r
2

- r2 2 p + p2 - p2 Sin@bD2 2

2 p
,

8r, -1, 1<, 8h, -1, 1<, 8b, -p, p<, AxesLabel Ø AutomaticF
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ContourPlot3DB
4 p r2 2 p + p2 - p2 Sin@bD2 - r2

2 p r
2+ r

4-r2 h2

r
2

2

2 p
,

8r, -1, 1<, 8h, -1, 1<, 8b, -p, p<, AxesLabel Ø AutomaticF
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Plot3DB
4 p r2

2 p r
2+ r

4-r2 h2

r
2

- r2
2 p r

2+ r
4-r2 h2

r
2

2

2 p
,

8r, -1, 1<, 8h, -1, 1<, AxesLabel Ø AutomaticF
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ContourPlot3DB
4 p r2

2 p r
2+ r

4-r2 h2

r
2

- r2 q2

2 p
,

8r, -1, 1<, 8h, -1, 1<, 8q, -2 p, 2 p<, AxesLabel Ø AutomaticF
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ContourPlot3DB
4 p r2 q - r2

2 p r
2+ r

4-r2 h2

r
2

2

2 p
, 8r, -1, 1<, 8h, -1, 1<, 8q, -2 p, 2 p<F
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h = -
4 p r2 q - r2 q2

2 p
= -

4 p r2 q - r2 2 p - p2 - p2 Sin@bD2 2

2 p
=

, h = -
4 p r2 q - r2 q2

2 p
=

-

4 p r2 2 p - p2 - p2 Sin@bD2 - r2 q2

2 p
=
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V. The -1

From Lemma 5, 1 ==
2 p Sin@bD
4 p q - q2

, therefore,

-1 = -
2 p Sin@bD
4 p q - q2

, thus, -1 = -
2 p Sin@bD
4 p q - q2

SphericalPlot3DB -
2 p Sin@bD
4 p q - q2

, 8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F
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SphericalPlot3DB -
2 p Sin@bD
4 p q - q2

, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F

VI. Application to the Energy of a Photon

ü For a photon with wavelength equal to the height of the cone:

Theorem 6 The energy of a photon whose wavelength is equal to the height of the cone, where time is equal to the passing of 
the angle measure, like a clock, produces the diagram used to illustrate illusory, or "virtual" contour in Gestalt Theory.

Proof.

The velocity of a wave with wavelength equal to the height of the cone is equal to the height of the cone times the frequency of 
the oscillation of the wave.

velocity = HwavelengthL HfrequencyL =

h n =
4 p r2 q - r2 q2

2 p
n =

4 p r2 q - r2 q2

2 p

1

I q

k
M

=
4 p r2 q - r2 q2

2 p

1

J q

2 p
N

= c

Thus, we can solve this equation for the initial radius.

SolveBAbsB 4 p r2 q - r2 q2

2 p
F 1

J q

2 p
N

== c, rF

::r Ø -
c q

4 p - q

>, :r Ø -
Â c q

4 p - q

>, :r Ø
Â c q

4 p - q

>, :r Ø
c q

4 p - q

>>
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SolveBAbsB 4 p r2 q - r2 q2

2 p
F 1

J q

2 p
N

== c, qF

::q Ø
4 p r2

-c2 + r2
>, :q Ø

4 p r2

c2 + r2
>>

Substituting r =
c q

4 p - q

, and q =
4 p r2

c2 + r2

E = hn = h
1

q

2 p

=
h

HqL
2 p

=
h

K 4 p r2

c
2+r2

O
2 p

=
h Ic2 + r2M

2 r2
=

h c2 + K c q

4 p-q
O2

2 K c q

4 p-q
O2

, where h is Planck' s Constant.

From ::q Ø 2 p - p2 - p2 Sin@bD2 >, :q Ø 2 p + p2 - p2 Sin@bD2 >>,
I can then make a substitutions for theta into the equation for the energy of a photon.

I can thus form a spherical plot of this equation for the energy of a photon,

Energy =

h c2 + K c q

4 p-q
O2

2 K c q

4 p-q
O2

,

through setting

h c2 + K c q

4 p-q
O2

2 K c q

4 p-q
O2

=

h c2 +

c 2 p+ p2-p2 Sin@bD2

4 p-q

2

2

c 2 p+ p2-p2 Sin@bD2

4 p-q

2

.

h := 6.62606896 * 10^H-34L
c := 2.99792458 * H10^8L

(18)HEnergy of Photon with Wavelength hL =

h c2 +

c 2 p+ p2-p2 Sin@bD2

4 p-q

2

2

c 2 p+ p2-p2 Sin@bD2

4 p-q

2

Joules
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SphericalPlot3DB
h c2 +

c 2 p+ p2-p2 Sin@bD
2

4 p-q

2

2

c 2 p+ p2-p2 Sin@bD
2

4 p-q

2

, 8b, -p, p<, 8q, -4 p, 4 p<F
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An interesting phenomenon about this diagram is that when you grab it, it sometimes "flips" into a different mode of controlling

the orientation of the graph. It changes from a normal way of maneuvering the orientation (I push up, the box moves up) to a

"southpaw" style modality of controlling the orientation of the graph (I push left, it moves right, I push right, it moves left). In

this, we see room for a Gestalt interpretation, because, while displaying a diagram of illusory contour, it also displays a kind of

multivariance. 

Lemma 14 We can find another useful expression for the initial radius in terms of the speed of light and the angle b by solving 

the equation,

 
4 p r2

c
2+r2

= 2 p + p2 - p2 Sin@bD2
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SolveB 4 p r2

c2 + r2
== 2 p + p2 - p2 Sin@bD2 , rF

::r Ø -

1. -2.82352 µ 1017 - 2.82352 µ 1017 1. - 1. Sin@bD2

-3.14159 + 3.14159 1. - 1. Sin@bD2
>,

:r Ø

-2.82352 µ 1017 - 2.82352 µ 1017 1. - 1. Sin@bD2

-3.14159 + 3.14159 1. - 1. Sin@bD2
>>

RevolutionPlot3DB - -2.8235226668953677`*^17 - 2.8235226668953677`*^17 1.` - 1.` Sin@bD2 ì
-3.141592653589793` + 3.141592653589793` 1.` - 1.` Sin@bD2 , 8b, -p, p<F
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VII. Difference in Volumes of a Two Spheres from the Transformation of a Circle into a Cone

The purpose of this section is to show how extensive the implications of this theory are and to outline the framework from which

more substitutions to the difference in volumes of a sphere could be made in the future. By no means will I attempt to visualize

all the possible substitutions, for that would possibly be an infinite number, instead I will display just a handful that I find useful

for describing certain specific visual contours.

(19)H4 ê 3L p HrL^3 = Volume of Sphere

Plot@H4 ê 3L p HrL^3, 8r, -1, 1<, AxesLabel Ø 8radius, volume<D

-1.0 -0.5 0.5 1.0
radius

-4

-2

2

4

volume
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Plot3DBH4 ê 3L p
2 p h

4 p q - q2

^3, 8h, -1, 1<, 8q, -4 p, 4 p<, AxesLabel Ø 8h, q, volume<F

(20)H4 ê 3L p Hr1L^3 = Volume of Sphere of r1

r1 =
2 p r-r q

2 p

RevolutionPlot3DBH4 ê 3L p
2 p r - r q

2 p
^3, 8r, -1, 1<, 8q, -2 p, 2 p<F

(21)H4 ê 3L p HhL^3 = Volume of Sphere of h
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h =
4 p r2 q-r2 q2

2 p
= r Sin@bD

q = 2 p + p2 - p2 Sin@bD2 =
2 p r

2+ r
4-r2 h2

r
2

RevolutionPlot3DBH4 ê 3L p
4 p r2 q - r2 q2

2 p
^3, 8r, -1, 1<, 8q, -2 p, 2 p<F
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ContourPlot3DBH4 ê 3L p

4 p r2 2 p + p2 - p2 Sin@bD2 - r2 q2

2 p
^3,

8r, -1, 1<, 8q, -4 p, 4 p<, 8b, -p, p<, AxesLabel Ø AutomaticF
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ContourPlot3DBH4 ê 3L p

4 p r2 q - r2 2 p + p2 - p2 Sin@bD2 2

2 p
^3,

8r, -1, 1<, 8q, -4 p, 4 p<, 8b, -p, p<, AxesLabel Ø AutomaticF

RevolutionPlot3D@H4 ê 3L p Hr Sin@bDL^3, 8r, -1, 1<, 8b, -p, p<D
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RevolutionPlot3DBH4 ê 3L p r SinBArcSinB H4 p - qL q

2 p
FF ^3, 8r, -1, 1<, 8q, -2 p, 2 p<F

This section of the paper outlines the expressions for four differences in volumes of a sphere. These are:

H4 ê 3L p HrL^3 - H4 ê 3L p Hr1L^3 = Difference 1 in Volumes of Two Spheres

H4 ê 3L p HrL^3 - H4 ê 3L p HhL^3 = Difference 2 in Volumes of Two Spheres

H4 ê 3L p HhL^3 - H4 ê 3L p Hr1L^3 = Difference 3 in Volumes of Two Spheres

H4 ê 3L p Hr1L^3 - H4 ê 3L p HhL^3 = Difference 4 in Volumes of Two Spheres

For each, I will show a few different expressions for them found from substitutions and the visual contours that are found upon

graphing them.

(22)H4 ê 3L p HrL^3 - H4 ê 3L p Hr1L^3 = Difference 1 in Volumes of Two Spheres

Plot3D@H4 ê 3L p HrL^3 - H4 ê 3L p Hr1L^3, 8r, -1, 1<, 8r1, -1, 1<, AxesLabel Ø AutomaticD
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RevolutionPlot3DBH4 ê 3L p HrL^3 - H4 ê 3L p
2 p r - r q

2 p
^3, 8r, -1, 1<, 8q, -2 p, 2 p<F

Plot3DBH4 ê 3L p HrL^3 - H4 ê 3L p

2 p r - r
2 p r

2+ r
4-r2 h2

r
2

2 p
^3,

8r, -1, 1<, 8h, -1, 1<, AxesLabel Ø AutomaticF

(23)H4 ê 3L p HrL^3 - H4 ê 3L p HhL^3 = Difference 2 in Volumes of Two Spheres
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RevolutionPlot3DBH4 ê 3L p HrL^3 - H4 ê 3L p
4 p r2 q - r2 q2

2 p
^3, 8r, -1, 1<, 8q, -2 p, 2 p<F

RevolutionPlot3D@H4 ê 3L p HrL^3 - H4 ê 3L p Hr Sin@bDL^3, 8r, -1, 1<, 8b, -p, p<D

(24)H4 ê 3L p HhL^3 - H4 ê 3L p Hr1L^3 = Difference 3 in Volumes of Two Spheres
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RevolutionPlot3DB
H4 ê 3L p

4 p r2 q - r2 q2

2 p
^3 - H4 ê 3L p

2 p r - r q

2 p
^3, 8r, -1, 1<, 8q, -2 p, 2 p<F
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ContourPlot3DBH4 ê 3L p
4 p r2 HqL - r2 HqL2

2 p
^3 - H4 ê 3L p

2 p r - r 2 p + p2 - p2 Sin@bD2
2 p

^3,

8r, -1, 1<, 8q, -4 p, 4 p<, 8b, -p, p<, AxesLabel Ø AutomaticF
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ContourPlot3DBH4 ê 3L p

4 p r2 HqL - r2 2 p + p2 - p2 Sin@bD2 2

2 p
^3 -

H4 ê 3L p

2 p r - r 2 p + p2 - p2 Sin@bD2
2 p

^3, 8r, -1, 1<, 8q, -4 p, 4 p<, 8b, -2 p, 2 p<F

ContourPlot3DBH4 ê 3L p

4 p r2 2 p + p2 - p2 Sin@bD2 - r2 2 p + p2 - p2 Sin@bD2 2

2 p
^3 -

H4 ê 3L p
2 p r - r q

2 p
^3, 8r, -1, 1<, 8q, -4 p, 4 p<, 8b, -2 p, 2 p<, AxesLabel Ø AutomaticF

Adumbration One - "Michaelangelo's Formula"
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Adumbration Two
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ContourPlot3DBH4 ê 3L p

4 p r2 2 p + p2 - p2 Sin@bD2 - r2 HqL2
2 p

^3 - H4 ê 3L p
2 p r - r q

2 p
^3,

8r, -1, 1<, 8q, -4 p, 4 p<, 8b, -2 p, 2 p<, AxesLabel Ø AutomaticF
Adumbration One
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Adumbration Two
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(25)H4 ê 3L p Hr1L^3 - H4 ê 3L p HhL^3 = Difference 4 in Volumes of Two Spheres
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RevolutionPlot3DB
H4 ê 3L p

2 p r - r q

2 p
^3 - H4 ê 3L p

4 p r2 q - r2 q2

2 p
^3, 8r, -1, 1<, 8q, -2 p, 2 p<F

ContourPlot3DBH4 ê 3L p

2 p r - r 2 p + p2 - p2 Sin@bD2
2 p

^3 - H4 ê 3L p
4 p r2 q - r2 q2

2 p
^3,

8r, -1, 1<, 8q, -2 p, 2 p<, 8b, -p, p<, AxesLabel Ø AutomaticF
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VIII. Euler's Identity Applied through The "Cone Transformation"

A discussion of the origins of the meaning of complex analysis: Emptiness, 
substitution, and being.

ü Introducing the idea of emptiness within complex analysis.

The cone transformation refers to that transformation described through mathematics within the document : The Geomet-

ric Pattern of Perception by Parker Emmerson 2009 - 2010. In that document, it is shown from pure geometry and rigorous

algebra that :

Lemma 4 The height of the cone can be calculated in terms of only r and q, thus b is a function of q alone.

Proof. Since we have shown that q r = 2 p r - 2 p r 1 and r1 Ø r2 - h2 , we can substitute the expression for r1, calculated 

from the Pythagorean theorem in terms of the height of the cone and the initial radius of the circle, into the expression for  q r in 

terms of the change in circumference of the initial circle to the circle that is the base of the cone into which the circle was 

transformed.

          q r = 2 p r - 2 p Hr^2 - h^2L , thus, h =
4 p r2 q-r2 q2

2 p
 = (r Sin[b]). From

2 p h

4 p q-q2

= r, we note that: r = 

2 p r Sin@bD
4 p q-q2

. So we solve the equation,

SolveBr ==
2 p r Sin@bD

4 p q - q2

, bF

::b Ø ArcSinB H4 p - qL q

2 p
F>>

From this, we see that 1 =
2 p Sin@bD
4 p q - q2

, because r =
2 p r Sin@bD

4 p q - q2

(26)Therefore, -1 = Â = -
2 p Sin@bD
4 p q - q2

We can make a plot of ‰Â q, showing that Â is a specific,

geometric function equal to Â = -
2 p Sin@bD
4 p q - q2

.

The function we have is :

‰

-
2 p Sin@bD

4 p q-q2

q

, which we will graph.
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SphericalPlot3DB‰ -
2 p Sin@bD

4 p q-q2

q

, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F

This is beautiful, a spiral, in the range at which we perceive regular distances. The range is 50 centimeters or 50 meters, scalable

upon the units that we decide.

However, there is an intricate pattern within this expression. For example,

we can also say : ‰

-
2 p Sin@bD

4 p q-q2

a

, where ‰

-
2 p Sin@bD

4 p 2 p+ p2-p2 Sin@bD2 -q2

q

" ‰

-
2 p Sin@bD

4 p q-q2

a

Thus, we must also graph ‰Â a = ‰

-
2 p Sin@bD

4 p q-q2

a

;

a graph with three variables is also possible.
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ContourPlot3DB‰
-

2 p Sin@bD

4 p q-q2

a

, 8q, -4 p, 4 p<, 8b, -p, p<, 8a, -8 p, 8 p<F

-10

0

10

-2

0

2

-20

0

20

The emptiness of which is very interesting. This emptiness is especially interesting after further substitution, because it is not that

all valid expressions in this manner are empty plots. We can contemplate why it is empty before and after applying a valid

substitution, and why it is not empty after applying the valid substitution. 

The valid substitution is : q = 2 p + p
2
- p

2 Sin@bD
2

,

which we substitute into the position of q within the square root in the denominator.

The Cone of Perception by Parker Emmerson 4th Edition.nb   101

Printed by Mathematica for Students



ContourPlot3DB‰

-

2 p Sin@bD

4 p 2 p+ p2-p2 Sin@bD2 -q2

a

, 8q, -4 p, 4 p<, 8b, -p, p<, 8a, -8 p, 8 p<F

Where once we had a graph that was empty of form, we, after substitution from valid geometric and algebraic lemmas, we now

have a box that contains a form within it.

ü Configurational subsitutions

(27)

However, we can also,

from our initial Lemmas found through pure geometry and rigorous algebra,

graph other valid expressions of the equation ‰

-
2 p Sin@bD

4 p q-q2

q

= ‰
Â q.
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SphericalPlot3DB‰

-
2 p Sin@bD

4 p 2 p+ p2-p2 Sin@bD2 -q2

q

, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F

SphericalPlot3DB‰

-
2 p Sin@bD

4 p 2 p+ p2-p2 Sin@bD2 -q2

2 p+ p2-p2 Sin@bD
2

, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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Furthermore, we also have, 

‰

-
2 p Sin@bD

4 p q-q2

q

= Â Sin@qD + Cos@qD = -
2 p Sin@bD

4 p q - q2

Sin@qD + Cos@qD
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SphericalPlot3DB -
2 p Sin@bD

4 p q - q2

Sin@qD + Cos@qD, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F

‰
Â a

‰

-
2 p Sin@bD

4 p q-q2

a

= Â Sin@aD + Cos@aD = -
2 p Sin@bD

4 p q - q2

Sin@aD + Cos@aD
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ContourPlot3DB -
2 p Sin@bD

4 p q - q2

Sin@aD + Cos@aD, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<, 8a, -2 p, 2 p<F
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SolveB‰
-

2 p Sin@bD

4 p q-q2

a

ã x, qF

::q Ø

2 p Log@xD4 - p2 Log@xD8 - p2 a4 Log@xD4 Sin@bD2

Log@xD4
>,

:q Ø

2 p Log@xD4 + p2 Log@xD8 - p2 a4 Log@xD4 Sin@bD2

Log@xD4
>>
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ContourPlot3DB
2 p Log@xD4 + p2 Log@xD8 - p2 a4 Log@xD4 Sin@bD2

Log@xD4
,

8x, -1, 1<, 8a, -p, p<, 8b, -p ê 2, p ê 2<F
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IX. Exploring Complex Infinity within the Cone Transformation

(28)
From Lemma 5,

2 p Sin@bD

4 p q - q2

= 1

(29)

From Theorem 1, 0 = 2 p r - 2 p
2 p r - r q

2 p
- q r =

2 p r - 2 p Hr^2 - h^2L - q r = 2 p r - 2 p r^2 -
4 p r2 q - r2 q2

2 p
^2 - q r

RevolutionPlot3DB2 p r - 2 p

2 p r - r q

2 p

- q r, 8r, -1, 1<, 8q, -2 p, 2 p<F

RevolutionPlot3DB2 p r - 2 p r^2 -

4 p r2 q - r2 q
2

2 p

^2 - q r, 8r, -1, 1<, 8q, -2 p, 2 p<F
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ComplexInfinity =

1

0
=

1

J2 p r - 2 p
2 p r-r q

2 p
- q rN

=

2 p Sin@bD

4 p q-q2

J2 p r - 2 p
2 p r-r q

2 p
- q rN

=

2 p Sin@bD

4 p q-q2

2 p r - r q - 2 p r2 -
4 p r2 q-r2 q2

4 p2

RevolutionPlot3DB
1

J2 p r - 2 p J 2 p r-r q

2 p
N - q rN

, 8r, -1, 1<, 8q, -2 p, 2 p<F

Power::infy : Infinite expression
1

0.
encountered. à

¶::indet : Indeterminate expression 0ComplexInfinity encountered. à

¶::indet : Indeterminate expression 0ComplexInfinity encountered. à

Power::infy : Infinite expression
1

0.
encountered. à

¶::indet : Indeterminate expression 0ComplexInfinity encountered. à

General::stop : Further output of ¶::indet will be suppressed during this calculation. à

Power::infy : Infinite expression
1

0.
encountered. à

General::stop : Further output of Power::infy will be suppressed during this calculation. à

The Cone of Perception by Parker Emmerson 4th Edition.nb   111

Printed by Mathematica for Students



112   The Cone of Perception by Parker Emmerson 4th Edition.nb

Printed by Mathematica for Students



ContourPlot3DB

2 p Sin@bD

4 p q-q2

J2 p r - 2 p J 2 p r-r q

2 p
N - q rN

, 8r, -1, 1<,

8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<, AxesLabel Ø AutomaticF

Power::infy : Infinite expression
1

0.
encountered. à

Power::infy : Infinite expression
1

0.
encountered. à

Power::infy : Infinite expression
1

0.
encountered. à

General::stop : Further output of Power::infy will be suppressed during this calculation. à

-1.0

-0.5

0.0

0.5

1.0

r

-5

0

5

q

-1

0

1

b

ContourPlot3DB

2 p Sin@bD

4 p q-q2

2 p r - r q - 2 p r2 -
4 p r

2 q-r2 q2

4 p2

,

8r, -1, 1<, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<, AxesLabel Ø AutomaticF
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ContourPlot3DB

2 p Sin@bD

4 p q-q2

2 p r - r q - 2 p r2 -
4 p r

2 q-r2 q2

4 p2

2

, 8r, -1, 1<, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F

116   The Cone of Perception by Parker Emmerson 4th Edition.nb

Printed by Mathematica for Students



The Cone of Perception by Parker Emmerson 4th Edition.nb   117

Printed by Mathematica for Students



A notable effect in this function is the flickering on some of the sections and the intricately woven pattern of lines that runs

through the surface. 

X. Within the "Limits" of the Speed of Light

A short visualization by Parker Emmerson © 2009-2010

It is well known that normal matter does not travel at or faster than the speed of light. This paper 

will examine what this means for solutions to the velocity within the Lorentz coefficient ( 1-

v
2

c
2

) 

found from the application of the Lorentz transformation to the equation for the height of the cone, 
which is found from the system of a difference in circumferences of two circles equaling an arc 
length applied to the Pythagorean theorem, in such a way that the Lorentz transformation should 
cancel out with itself as well as the velocity variable within it.

ü 1. Introduction

(31)

In A Geometric Pattern of Perception HEmmerson, 2009L, it was shown that :

SolveB

r 1 -
HvL2

c
2

q

1-
HvL2

c
2

4 p r - r q

2 p
ã r Sin@bD, vF

::v Ø -I1. ,I-1.12941 µ 10
18

q + 8.98755 µ 10
16

q
2
+ 3.54814 µ 10

18
Sin@bD2MM ì

-12.5664 q + q
2
+ 39.4784 Sin@bD2 >,

:v Ø I,I-1.12941 µ 10
18

q + 8.98755 µ 10
16

q
2
+ 3.54814 µ 10

18
Sin@bD2MM ì

-12.5664 q + q
2
+ 39.4784 Sin@bD2 >>

Velocity is less than speed of light for regular matter. The

speed of light is greater than the purely algebraicized

geometric solution to velocity Hphenomenological velocityL.

(32)

v < c > I,I-1.12941 µ 10
18

q + 8.98755 µ 10
16

q
2
+ 3.54814 µ 10

18
Sin@bD2MM ì

-12.5664 q + q
2
+ 39.4784 Sin@bD2

We can make the substitution,

q = 2 p + p
2
- p

2 Sin@bD2 from A Geometric Pattern of Perception

Theorems HEmmerson, 2009L and graph the inequality :
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ü 2. Graphics

v = I,I-1.1294090667581471`*^18 q +

8.987551787368176`*^16 q
2
+ 3.5481432270250993`*^18 Sin@bD2MM ì

. -12.566370614359172` q + 2 p + p
2
- p

2 Sin@bD2 2

+ 39.47841760435743` Sin@bD2 < c

c = 2.99792458 I108M Hmeters ê secondL
c := 2.99792458 I108M
RegionPlotBI,I-1.1294090667581471`*^18 q +

8.987551787368176`*^16 q
2
+ 3.5481432270250993`*^18 Sin@bD2MM ì

. -12.566370614359172` q + 2 p + p
2
- p

2 Sin@bD2 2

+ 39.47841760435743` Sin@bD2 < c,

8q, -8 p, 8 p<, 8b, -2 p, 2 p<, AxesLabel Ø AutomaticF
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RegionPlotBI,I-1.1294090667581471`*^18 q +

8.987551787368176`*^16 q
2
+ 3.5481432270250993`*^18 Sin@bD2MM ì

. -12.566370614359172` q + 2 p + p
2
- p

2 Sin@bD2 2

+ 39.47841760435743` Sin@bD2 < c,

8q, -8 p, 8 p<, 8b, -2 p, 2 p<, AxesLabel Ø AutomaticF
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RegionPlotBI,I-1.1294090667581471`*^18 q +

8.987551787368176`*^16 q
2
+ 3.5481432270250993`*^18 Sin@bD2MM ì

/ -12.566370614359172` q + 2 p + p
2
- p

2 Sin@bD2 2

+ 39.47841760435743`

SinBArcSinB H4 p - qL q

2 p

FF2 < c, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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RegionPlotB - -1.1294090667581471`*^18 2 p + p
2
- p

2 Sin@bD2 +

8.987551787368176`*^16 q
2
+ 3.5481432270250993`*^18 Sin@bD2 ì

. -12.566370614359172` q + 2 p + p
2
- p

2 Sin@bD2 2

+ 39.47841760435743` Sin@bD2 < c,

8q, -8 p, 8 p<, 8b, -2 p, 2 p<, AxesLabel Ø AutomaticF
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ü 3. Interpretation

What we see is the characteristic of oscillation. Regular

matter will only oscillate within certain angular regions within a

"conically univocal" system. It is also evident that switching the

substitution pattern within the equation changes or limits the region

of oscillation. Depending on the pattern of substitution selected,

the oscillation of the matter - energy band shifts.

XI. The Wavelength with Constant Value

In this section, I will make a few considerations on the meanings of derivatives within the system and the proper applica-

tion of them. Because the system described is complete (its parameters are all tied together and dependent on each other in some

way or another), there are certain hypothetical inconsistencies. 

(33)2 p r - 2 p r1 = q r

(34)
H2 p r - 2 p r1L

q
= r

(35)

velocity =

wavelength of frequency = v = l ƒ = r ƒ = r ê t = r H1 ê Hq ê H2 pLLL =
2 p r

q
=

2 p s

q2
=

2 p
H2 p r-2 p r

1
L

q

q
=

2 p
2 p r-2 p r

2-h2

q

q
=

2 p 2 p r - 2 p r2 - h2

q2
=

2 p 2 p r - 2 p r2 -
4 p r2 q-r2 q2

2 p

2

q2
=

H1 ê H1 ê H2 pLLL DB
4 p r2 q - r2 q2

2 p
, qF =

4 p r2 - 2 r2 q

2 4 p r2 q - r2 q2
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ü h

SolveB
2 p 2 p r - 2 p r2 - HhL2

q2
==

4 p r2 - 2 r2 q

2 4 p r2 q - r2 q2

, hF

::h Ø -
1

4 p2
/ 64 p

4
r
2
-
256 p5 r2

4 p - q

+ 16 p
3
r
2
q + 4 p

2
r
2
q
2
+ r

2
q
4
+

16 p
3
r r

2 H4 p - qL q -
64 p4 r r2 H4 p - qL q

4 p - q

+ 8 p
2
r q r

2 H4 p - qL q >,

:h Ø
1

4 p2
/ 64 p

4
r
2
-
256 p5 r2

4 p - q

+ 16 p
3
r
2
q + 4 p

2
r
2
q
2
+ r

2
q
4
+ 16 p

3
r r

2 H4 p - qL q -

64 p4 r r2 H4 p - qL q

4 p - q

+ 8 p
2
r q r

2 H4 p - qL q >>

RevolutionPlot3DB- 1

4 p2
/ 64 p

4 r2 -
256 p5 r2

4 p - q

+ 16 p
3 r2 q + 4 p

2 r2 q
2
+ r2 q

4
+ 16 p

3 r r2 H4 p - qL q -

64 p4 r r2 H4 p - qL q

4 p - q

+ 8 p
2 r q r2 H4 p - qL q , 8r, -1, 1<, 8q, -4 p, 4 p<F
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ü r

SolveB
2 p 2 p r - 2 p r2 - HhL2

q2
==

4 p r2 - 2 r2 q

2 4 p r2 q - r2 q2

, rF

99r Ø -,I-I256 p
7
h
2
q
3M ë I-1024 p

7
q
3
+ 1280 p

6
q
4
- 512 p

5
q
5
+ 80 p

4
q
6
- 32 p

3
q
7
+ 24 p

2
q
8
- 8 p q

9
+ q

10M +

I320 p
6
h
2
q
4M ë I-1024 p

7
q
3
+ 1280 p

6
q
4
- 512 p

5
q
5
+ 80 p

4
q
6
- 32 p

3
q
7
+ 24 p

2
q
8
- 8 p q

9
+ q

10M -

I128 p
5
h
2
q
5M ë I-1024 p

7
q
3
+ 1280 p

6
q
4
- 512 p

5
q
5
+ 80 p

4
q
6
- 32 p

3
q
7
+ 24 p

2
q
8
- 8 p q

9
+ q

10M +

I16 p
4
h
2
q
6M ë I-1024 p

7
q
3
+ 1280 p

6
q
4
- 512 p

5
q
5
+ 80 p

4
q
6
- 32 p

3
q
7
+ 24 p

2
q
8
- 8 p q

9
+ q

10M -

I128 p
6 ,I256 p

5
h
4
q
3
- 448 p

4
h
4
q
4
+ 304 p

3
h
4
q
5
- 100 p

2
h
4
q
6
+ 16 p h

4
q
7
- h

4
q
8MM ë

I-1024 p
7
q
3
+ 1280 p

6
q
4
- 512 p

5
q
5
+ 80 p

4
q
6
- 32 p

3
q
7
+ 24 p

2
q
8
- 8 p q

9
+ q

10MM=,
9r Ø ,I-I256 p

7
h
2
q
3M ë I-1024 p

7
q
3
+ 1280 p

6
q
4
- 512 p

5
q
5
+ 80 p

4
q
6
- 32 p

3
q
7
+ 24 p

2
q
8
- 8 p q

9
+ q

10M +

I320 p
6
h
2
q
4M ë I-1024 p

7
q
3
+ 1280 p

6
q
4
- 512 p

5
q
5
+ 80 p

4
q
6
- 32 p

3
q
7
+ 24 p

2
q
8
- 8 p q

9
+ q

10M -

I128 p
5
h
2
q
5M ë I-1024 p

7
q
3
+ 1280 p

6
q
4
- 512 p

5
q
5
+ 80 p

4
q
6
- 32 p

3
q
7
+ 24 p

2
q
8
- 8 p q

9
+ q

10M +

I16 p
4
h
2
q
6M ë I-1024 p

7
q
3
+ 1280 p

6
q
4
- 512 p

5
q
5
+ 80 p

4
q
6
- 32 p

3
q
7
+ 24 p

2
q
8
- 8 p q

9
+ q

10M -

I128 p
6 ,I256 p

5
h
4
q
3
- 448 p

4
h
4
q
4
+ 304 p

3
h
4
q
5
- 100 p

2
h
4
q
6
+ 16 p h

4
q
7
- h

4
q
8MM ë

I-1024 p
7
q
3
+ 1280 p

6
q
4
- 512 p

5
q
5
+ 80 p

4
q
6
- 32 p

3
q
7
+ 24 p

2
q
8
- 8 p q

9
+ q

10MM=,
9r Ø -,I-I256 p

7
h
2
q
3M ë I-1024 p

7
q
3
+ 1280 p

6
q
4
- 512 p

5
q
5
+ 80 p

4
q
6
- 32 p

3
q
7
+ 24 p

2
q
8
- 8 p q

9
+ q

10M +

I320 p
6
h
2
q
4M ë I-1024 p

7
q
3
+ 1280 p

6
q
4
- 512 p

5
q
5
+ 80 p

4
q
6
- 32 p

3
q
7
+ 24 p

2
q
8
- 8 p q

9
+ q

10M -

I128 p
5
h
2
q
5M ë I-1024 p

7
q
3
+ 1280 p

6
q
4
- 512 p

5
q
5
+ 80 p

4
q
6
- 32 p

3
q
7
+ 24 p

2
q
8
- 8 p q

9
+ q

10M +

I16 p
4
h
2
q
6M ë I-1024 p

7
q
3
+ 1280 p

6
q
4
- 512 p

5
q
5
+ 80 p

4
q
6
- 32 p

3
q
7
+ 24 p

2
q
8
- 8 p q

9
+ q

10M +

I128 p
6 ,I256 p

5
h
4
q
3
- 448 p

4
h
4
q
4
+ 304 p

3
h
4
q
5
- 100 p

2
h
4
q
6
+ 16 p h

4
q
7
- h

4
q
8MM ë

I-1024 p
7
q
3
+ 1280 p

6
q
4
- 512 p

5
q
5
+ 80 p

4
q
6
- 32 p

3
q
7
+ 24 p

2
q
8
- 8 p q

9
+ q

10MM=,
9r Ø ,I-I256 p

7
h
2
q
3M ë I-1024 p

7
q
3
+ 1280 p

6
q
4
- 512 p

5
q
5
+ 80 p

4
q
6
- 32 p

3
q
7
+ 24 p

2
q
8
- 8 p q

9
+ q

10M +

I320 p
6
h
2
q
4M ë I-1024 p

7
q
3
+ 1280 p

6
q
4
- 512 p

5
q
5
+ 80 p

4
q
6
- 32 p

3
q
7
+ 24 p

2
q
8
- 8 p q

9
+ q

10M -

I128 p
5
h
2
q
5M ë I-1024 p

7
q
3
+ 1280 p

6
q
4
- 512 p

5
q
5
+ 80 p

4
q
6
- 32 p

3
q
7
+ 24 p

2
q
8
- 8 p q

9
+ q

10M +

I16 p
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h
2
q
6M ë I-1024 p

7
q
3
+ 1280 p

6
q
4
- 512 p

5
q
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+ 80 p

4
q
6
- 32 p

3
q
7
+ 24 p

2
q
8
- 8 p q
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6 ,I256 p
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+ 304 p
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- 100 p
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8MM ë

I-1024 p
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3
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6
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- 512 p

5
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+ 80 p

4
q
6
- 32 p

3
q
7
+ 24 p

2
q
8
- 8 p q

9
+ q

10MM==

RevolutionPlot3DA
,I-I256 p
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- 512 p
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ü q

SolveB
2 p 2 p r - 2 p r2 - HhL2

q2
==

4 p r2 - 2 r2 q

2 4 p r2 q - r2 q2

, qF

::q Ø RootB-128 p
5
r
2
+ 64 p

5
h
2
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5
r r
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- h
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+
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4
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4
r r
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r r
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Plot3DBRootB-128 p
5
r
2
+ 64 p

5
h
2
+ 128 p

5
r r
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- h

2
+ 32 p

4
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- 16 p
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2
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r r

2
- h

2
Ò1 +

4 p
2
r
2
Ò1

3
- 4 p r

2
Ò1

4
+ r

2
Ò1

5
&, 1F, 8r, -1, 1<, 8h, -1, 1<F
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SolveB
2 p 2 p r - 2 p r2 - Hr Sin@bDL2

q2
==

4 p r2 - 2 r2 q

2 4 p r2 q - r2 q2

, qF

::q Ø RootB-128 p
5 r + 64 p

5 r Sin@bD2 + 128 p
5

-r2 I-1 + Sin@bD2M +

K32 p
4 r - 16 p

4 r Sin@bD2 - 32 p
4

-r2 I-1 + Sin@bD2M O Ò1 + 4 p
2 r Ò1

3
- 4 p r Ò1

4
+ r Ò1

5
&, 1F>,

:q Ø RootB-128 p
5 r + 64 p

5 r Sin@bD2 + 128 p
5

-r2 I-1 + Sin@bD2M +

K32 p
4 r - 16 p

4 r Sin@bD2 - 32 p
4

-r2 I-1 + Sin@bD2M O Ò1 + 4 p
2 r Ò1

3
- 4 p r Ò1

4
+ r Ò1

5
&, 2F>,

:q Ø RootB-128 p
5 r + 64 p

5 r Sin@bD2 + 128 p
5

-r2 I-1 + Sin@bD2M +

K32 p
4 r - 16 p

4 r Sin@bD2 - 32 p
4

-r2 I-1 + Sin@bD2M O Ò1 + 4 p
2 r Ò1

3
- 4 p r Ò1

4
+ r Ò1

5
&, 3F>,

:q Ø RootB-128 p
5 r + 64 p

5 r Sin@bD2 + 128 p
5

-r2 I-1 + Sin@bD2M +

K32 p
4 r - 16 p

4 r Sin@bD2 - 32 p
4

-r2 I-1 + Sin@bD2M O Ò1 + 4 p
2 r Ò1

3
- 4 p r Ò1

4
+ r Ò1

5
&, 4F>,

:q Ø RootB-128 p
5 r + 64 p

5 r Sin@bD2 + 128 p
5

-r2 I-1 + Sin@bD2M +

K32 p
4 r - 16 p

4 r Sin@bD2 - 32 p
4

-r2 I-1 + Sin@bD2M O Ò1 + 4 p
2 r Ò1

3
- 4 p r Ò1

4
+ r Ò1

5
&, 5F>>
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RevolutionPlot3DBRootB-128 p
5 r + 64 p

5 r Sin@bD2 +
128 p

5
-r2 I-1 + Sin@bD2M + K32 p

4 r - 16 p
4 r Sin@bD2 - 32 p

4
-r2 I-1 + Sin@bD2M O Ò1 +

4 p
2 r Ò1

3
- 4 p r Ò1

4
+ r Ò1

5
&, 5F, 8r, -10, 10<, 8b, -20 p, 20 p<F
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SolveB

2 p 2 p r - 2 p r2 -
4 p r

2
q-r

2
q
2

2 p

2

q
2

==

4 p r2 - 2 r2 q

2 4 p r2 q - r2 q
2

, qF

::q Ø

4 p

3
+

4 p

3 J-17 + 3 33 N1ê3
-

2

3
K-17 + 3 33 O

1ê3

p>,

:q Ø

4 p

3
-

2 J1 + Â 3 N p

3 J-17 + 3 33 N1ê3
+

1

3
K1 - Â 3 O K-17 + 3 33 O

1ê3

p>,

:q Ø

4 p

3
-

2 J1 - Â 3 N p

3 J-17 + 3 33 N1ê3
+

1

3
K1 + Â 3 O K-17 + 3 33 O

1ê3

p>,

9q Ø p RootA-256 + 192 Ò1 - 48 Ò1
2
+ 8 Ò1

3
- 4 Ò1

4
+ Ò1

5
&, 1E=,

9q Ø p RootA-256 + 192 Ò1 - 48 Ò1
2
+ 8 Ò1

3
- 4 Ò1

4
+ Ò1

5
&, 2E=,

9q Ø p RootA-256 + 192 Ò1 - 48 Ò1
2
+ 8 Ò1

3
- 4 Ò1

4
+ Ò1

5
&, 3E=,

9q Ø p RootA-256 + 192 Ò1 - 48 Ò1
2
+ 8 Ò1

3
- 4 Ò1

4
+ Ò1

5
&, 4E=,

9q Ø p RootA-256 + 192 Ò1 - 48 Ò1
2
+ 8 Ò1

3
- 4 Ò1

4
+ Ò1

5
&, 5E=>

(36)
2 p r

q

= Ish ë qM = rq; rq = light year ! velocity

(37)
2 p

q

= 1, q = 2 p

(38)

2 p r

q

=

2 p r1

q

+ r =

4 p r2 - 2 r2 q

2 4 p r2 q - r2 q2

SolveB
2 p r1

q

+ r ==

4 p r2 - 2 r2 q

2 4 p r2 q - r2 q
2

, r1F

(39)::r1 Ø -

q -2 p r2 + r2 q + r r2 H4 p - qL q

2 p r2 H4 p - qL q

>>

::r1 Ø

2 p r - r q

2 p

>>
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SolveB
2 p r - r q

2 p

==

q -2 p r2 + r2 q + r r2 H4 p - qL q

2 p r2 H4 p - qL q

, qF

::q Ø

28 p

15
+

92 p

15 J269 + 15 Â 111 N1ê3
+

2

15
K269 + 15 Â 111 O

1ê3

p>,

:q Ø

28 p

15
-

46 J1 + Â 3 N p

15 J269 + 15 Â 111 N1ê3
-

1

15
K1 - Â 3 O K269 + 15 Â 111 O

1ê3

p>,

:q Ø

28 p

15
-

46 J1 - Â 3 N p

15 J269 + 15 Â 111 N1ê3
-

1

15
K1 + Â 3 O K269 + 15 Â 111 O

1ê3

p>>
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Plot3DB
2 p r

q

, 8r, -1, 1<, 8q, -2 p, 2 p<F

Now we can visually see how velocities would be superpositional. They can fit right on top of each other in this lego -

like system while continuing along the same contour.
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RevolutionPlot3DB
2 p r

q

, 8r, -1, 1<, 8q, -2 p, 2 p<F

(40)Velocity when r is constant =

4 p r2 - 2 r2 q

2 4 p r2 q - r2 q2
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Plot3DB
4 p r2 - 2 r2 q

2 4 p r2 q - r2 q
2

, 8r, -1, 1<, 8q, -4 p, 4 p<F
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RevolutionPlot3DB
4 p r2 - 2 r2 q

2 4 p r2 q - r2 q
2

, 8r, -1, 1<, 8q, -2 p, 2 p<F
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We also have access to the equation,
4 p r2 - 2 r2 q

2 4 p r2 q - r2 q2

ã r ê Hq ê H2 p LL,

which winds up having the r variable cancel out,

and delivers three exact solutions for theta.

SolveB
4 p r2 - 2 r2 q

2 4 p r2 q - r2 q
2

ã

2 p r

q

, qF

(42)

::q Ø

2

3
2 p -

2 p

J17 + 3 33 N1ê3
+ K17 + 3 33 O

1ê3

p >,

:q Ø

4 p

3
+

2 J1 + Â 3 N p

3 J17 + 3 33 N1ê3
-

1

3
K1 - Â 3 O K17 + 3 33 O

1ê3

p>,

:q Ø

4 p

3
+

2 J1 - Â 3 N p

3 J17 + 3 33 N1ê3
-

1

3
K1 + Â 3 O K17 + 3 33 O

1ê3

p>>

RevolutionPlot3DBr
2

3
2 p -

2 p

J17 + 3 33 N
1ê3

+ J17 + 3 33 N
1ê3

p , 8r, -1, 1<F
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RevolutionPlot3DBr
4 p

3
+

2 J1 + Â 3 N p

3 J17 + 3 33 N
1ê3

-

1

3
J1 - Â 3 N J17 + 3 33 N

1ê3

p , 8r, -1, 1<F
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RevolutionPlot3DBr
4 p

3
+

2 J1 - Â 3 N p

3 J17 + 3 33 N
1ê3

-

1

3
J1 + Â 3 N J17 + 3 33 N

1ê3

p , 8r, -1, 1<F
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XII. A Paper on Leonard Euler' s Formula in Natural Scientific Thought:

ü  Euler's Identity With Substitutions from the Difference in Circumferences of Two Circles Applied to the 
Pythagorean Theorem

© Parker Emmerson November 2009

This paper uses Euler' s Equation to deliver more expressions for an

angular section of a circle. This first attempt to organize the multitude of

solutions will begin with only the first solution to theta from a difference in

circumferences of two circles applied to Pythagorean Theorem. The theorem,

2 p r - 2 p r1 = q r is provable and delivers the expression for theta

q = 2 p ± p
2
- p

2 Sin@bD
2

.

‰^HÂ qL = Â Sin@qD + Cos@qD

q = 2 p + p
2
- p

2
Sin@bD

2

ü The Forms

‰^ Â 2 p + p
2
- p

2
Sin@bD2 = Â Sin@qD + Cos@qD

‰^ Â 2 p + p
2
- p

2
Sin@bD2 = Â SinB2 p + p

2
- p

2
Sin@bD2 F + Cos@qD

‰^ Â 2 p + p
2
- p

2
Sin@bD2 = Â Sin@qD + CosB2 p + p

2
- p

2
Sin@bD2 F
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‰^HÂ qL == Â SinB2 p + p
2
- p

2 Sin@bD2 F + Cos@qD

‰^HÂ qL == Â Sin@qD + CosB2 p + p
2
- p

2 Sin@bD2 F

‰^HÂ qL == Â SinB2 p + p
2
- p

2 Sin@bD2 F + CosB2 p + p
2
- p

2 Sin@bD2 F

ü The Solutions

SolveB‰^ Â 2 p + p
2
- p

2 Sin@bD2 == Â Sin@qD + Cos@qD, qF

Solve::ifun :

Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete

solution information. à

::q Ø -ArcCosB
1

2
‰
-2 Â p 1-Sin@bD2

1 + ‰
4 Â p 1-Sin@bD2 F>,

:q Ø ArcCosB
1

2
‰
-2 Â p 1-Sin@bD2

1 + ‰
4 Â p 1-Sin@bD2 F>>

RevolutionPlot3DB-ArcCosB
1

2
‰
-2 Â p 1-Sin@bD

2

1 + ‰
4 Â p 1-Sin@bD

2 F, 8b, -p, p<F
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RevolutionPlot3DBArcCosB
1

2
‰
-2 Â p 1-Sin@bD

2

1 + ‰
4 Â p 1-Sin@bD

2 F, 8b, -p, p<F

RevolutionPlot3DB:-ArcCosB
1

2
‰
-2 Â p 1-Sin@bD

2

1 + ‰
4 Â p 1-Sin@bD

2 F,

ArcCosB
1

2
‰
-2 Â p 1-Sin@bD

2

1 + ‰
4 Â p 1-Sin@bD

2 F>, 8b, -p, p<F
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RevolutionPlot3DB:-ArcCosB
1

2
‰
-2 Â p 1-Sin@bD

2

1 + ‰
4 Â p 1-Sin@bD

2 F,

ArcCosB
1

2
‰
-2 Â p 1-Sin@bD

2

1 + ‰
4 Â p 1-Sin@bD

2 F>, 8b, -2 p, 2 p<F

SolveB‰^ Â 2 p + p
2
- p

2 Sin@bD2 == Â Sin@qD + Cos@qD, bF

Solve::ifun :

Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete

solution information. à

::b Ø -ArcSinB
p2 + LogB- Cos@qD + Â Sin@qD F

2

p
F>,

:b Ø ArcSinB
p2 + LogB- Cos@qD + Â Sin@qD F

2

p
F>,

:b Ø -ArcSinB
4 p2 + Log@Cos@qD + Â Sin@qDD2

2 p
F>, :b Ø ArcSinB

4 p2 + Log@Cos@qD + Â Sin@qDD2

2 p
F>>
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RevolutionPlot3DB-ArcSinB
p
2
+ LogB- Cos@qD + Â Sin@qD F

2

p

F, 8q, -4 p, 4 p<F

RevolutionPlot3DBArcSinB
p
2
+ LogB- Cos@qD + Â Sin@qD F

2

p

F, 8q, -4 p, 4 p<F
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RevolutionPlot3DB-ArcSinB
4 p2 + Log@Cos@qD + Â Sin@qDD2

2 p
F, 8q, -4 p, 4 p<F

RevolutionPlot3DBArcSinB
4 p2 + Log@Cos@qD + Â Sin@qDD2

2 p
F, 8q, -4 p, 4 p<F

SolveB‰^ Â 2 p + p
2
- p

2 Sin@bD2 == Â SinB2 p + p
2
- p

2 Sin@bD2 F + Cos@qD, qF

::q Ø -ArcCosB‰2 Â p 1-Sin@bD2
- Â SinB2 p + p

2
- p

2 Sin@bD2 FF>,

:q Ø ArcCosB‰2 Â p 1-Sin@bD2
- Â SinB2 p + p

2
- p

2 Sin@bD2 FF>>
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RevolutionPlot3DB-ArcCosB‰2 Â p 1-Sin@bD
2

- Â SinB2 p + p
2
- p

2 Sin@bD2 FF, 8b, -p, p<F

RevolutionPlot3DBArcCosB‰2 Â p 1-Sin@bD
2

- Â SinB2 p + p
2
- p

2 Sin@bD2 FF, 8b, -p, p<F

SolveB‰^ Â 2 p + p
2
- p

2 Sin@bD2 == Â SinB2 p + p
2
- p

2 Sin@bD2 F + Cos@qD, bF

Solve::ifun :

Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete

solution information. à

::b Ø -ArcSinB 1 -

ArcCosB- 1+Cos@qD

2

F
2

p2
F>, :b Ø ArcSinB 1 -

ArcCosB- 1+Cos@qD

2

F
2

p2
F>,

:b Ø -ArcSinB 1 -

ArcCosB 1+Cos@qD

2

F
2

p2
F>, :b Ø ArcSinB 1 -

ArcCosB 1+Cos@qD

2

F
2

p2
F>>
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RevolutionPlot3DB-ArcSinB 1 -

ArcCosB- 1+Cos@qD

2

F
2

p
2

F, 8q, -4 p, 4 p<F

RevolutionPlot3DBArcSinB 1 -

ArcCosB- 1+Cos@qD

2

F
2

p
2

F, 8q, -4 p, 4 p<F
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RevolutionPlot3DB-ArcSinB 1 -

ArcCosB 1+Cos@qD

2

F
2

p2
F, 8q, -4 p, 4 p<F

SolveB‰^ Â 2 p + p
2
- p

2 Sin@bD2 == Â Sin@qD + CosB2 p + p
2
- p

2 Sin@bD2 F, qF

::q Ø -Â ArcSinhB‰2 Â p 1-Sin@bD2
- CosB2 p + p

2
- p

2
Sin@bD2 FF>>

RevolutionPlot3DB-Â ArcSinhB‰2 Â p 1-Sin@bD
2

- CosB2 p + p
2
- p

2 Sin@bD2 FF, 8b, -2 p, 2 p<F
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SolveB‰^ Â 2 p + p
2
- p

2 Sin@bD2 == Â Sin@qD + CosB2 p + p
2
- p

2 Sin@bD2 F, bF

::b Ø -ArcSinB 1 -

ArcCosBCsc@qD -
1- 1-Sin@qD2

2

-
1-Sin@qD2 1- 1-Sin@qD2

2

F

2

p2
F>,

:b Ø ArcSinB 1 -

ArcCosBCsc@qD -
1- 1-Sin@qD2

2

-
1-Sin@qD2 1- 1-Sin@qD2

2

F

2

p2
F>,

:b Ø -ArcSinB 1 -

ArcCosBCsc@qD 1- 1-Sin@qD2

2

+
1-Sin@qD2 1- 1-Sin@qD2

2

F

2

p2
F>,

:b Ø ArcSinB 1 -

ArcCosBCsc@qD 1- 1-Sin@qD2

2

+
1-Sin@qD2 1- 1-Sin@qD2

2

F

2

p2
F>,

:b Ø -ArcSinB 1 -
1

p2
ArcCosBCsc@qD

1

2
+
1

2
1 - Sin@qD2 - 1 - Sin@qD2

1

2
+
1

2
1 - Sin@qD2 F

2

F>, :b Ø ArcSinB

1 -
1

p2
ArcCosBCsc@qD

1

2
+
1

2
1 - Sin@qD2 - 1 - Sin@qD2

1

2
+
1

2
1 - Sin@qD2 F

2

F>,

:b Ø -ArcSinB 1 -
1

p2
ArcCosBCsc@qD -

1

2
+
1

2
1 - Sin@qD2 + 1 - Sin@qD2

1

2
+
1

2
1 - Sin@qD2 F

2

F>, :b Ø ArcSinB

1 -
1

p2
ArcCosBCsc@qD -

1

2
+
1

2
1 - Sin@qD2 + 1 - Sin@qD2

1

2
+
1

2
1 - Sin@qD2 F

2

F>>
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RevolutionPlot3DB

-ArcSinB 1 -

ArcCosBCsc@qD -

1- 1-Sin@qD
2

2

-

1-Sin@qD
2

1- 1-Sin@qD
2

2

F

2

p
2

F, 8q, -2 p, 2 p<F

RevolutionPlot3DB

ArcSinB 1 -

ArcCosBCsc@qD -

1- 1-Sin@qD
2

2

-

1-Sin@qD
2

1- 1-Sin@qD
2

2

F

2

p
2

F, 8q, -2 p, 2 p<F
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RevolutionPlot3DB

-ArcSinB 1 -

ArcCosBCsc@qD 1- 1-Sin@qD
2

2

+

1-Sin@qD
2

1- 1-Sin@qD
2

2

F

2

p
2

F, 8q, -2 p, 2 p<F

RevolutionPlot3DB

ArcSinB 1 -

ArcCosBCsc@qD 1- 1-Sin@qD
2

2

+

1-Sin@qD
2

1- 1-Sin@qD
2

2

F

2

p
2

F, 8q, -2 p, 2 p<F
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RevolutionPlot3DB-ArcSinB

1 -

1

p
2

ArcCosBCsc@qD
1

2
+

1

2
1 - Sin@qD2 - 1 - Sin@qD2

1

2
+

1

2
1 - Sin@qD2 F

2

F, 8q,

-2 p, 2 p<F

RevolutionPlot3DBArcSinB

1 -

1

p
2

ArcCosBCsc@qD
1

2
+

1

2
1 - Sin@qD2 - 1 - Sin@qD2

1

2
+

1

2
1 - Sin@qD2 F

2

F, 8q,

-2 p, 2 p<F
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RevolutionPlot3DB-ArcSinB

1 -

1

p
2

ArcCosBCsc@qD -

1

2
+

1

2
1 - Sin@qD2 + 1 - Sin@qD2

1

2
+

1

2
1 - Sin@qD2 F

2

F,

8q, -2 p, 2 p<F
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SphericalPlot3DB

ArcSinB 1 -
1

p2
ArcCosBCscB 4 p

3
- I-4 p

2
+ 12 p

2 Sin@bD2M ì 6 -p
3
+ 18 p

3 Sin@bD2 + 3 3

-p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

+
2

3
-p

3
+ 18 p

3 Sin@bD2 +

3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

F -
1

2
+
1

2
1 - Sin@qD2 +

1 - Sin@qD2 1

2
+
1

2
1 - Sin@qD2 F

2

F, 8b, -p, p<, 8q, -4 p, 4 p<F
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ArcSinB 1 -
1

p2
ArcCosBCscB 4 p

3
- I-4 p

2
+ 12 p

2 Sin@bD2M ì

6 -p
3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

+

2

3
-p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

F

-
1

2
+
1

2
1 - Sin@qD2 + 1 - Sin@qD2 1

2
+
1

2
1 - Sin@qD2 F

2

F

meta - awareness of a pin popping a

balloon. Htachyon light travel information is emulsed onto the the surface of the balloonL.
SphericalPlot3DB

:ArcSinB 1 -
1

p2
ArcCosBCscB 4 p

3
- I-4 p

2
+ 12 p

2 Sin@bD2M ì 6 -p
3
+ 18 p

3 Sin@bD2 + 3

3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

+

2

3
-p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

F

-
1

2
+
1

2
1 - Sin@qD2 + 1 - Sin@qD2 1

2
+
1

2
1 - Sin@qD2 F

2

F,

-13.16979643063896` ì -1.8378770664093453` - 1.` LogBIq Csc@bD ,I-1.1294090667581471`*^18

q + 8.987551787368176`*^16 q
2
+ 3.5481432270250993`*^18 Sin@bD2MM ì

-12.566370614359172` q + q
2
+ 39.47841760435743` Sin@bD2 F >,

8q, -1.5 p, 1.5 p<, 8b, -.75 p, .75

p<F

q =
4 p

3
-

-4 p2 + 12 p2 Sin@bD2

6 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

+

2

3
-p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

,

so substitutions of all kinds may be made.

SolveB‰^HÂ qL == Â SinB2 p + p
2
- p

2 Sin@bD2 F + Cos@qD, qF

::q Ø ‰
-2 Â b I1 + ‰

2 Â bM2 p>, :q Ø -Â LogB-‰-Â ‰-2 Â b I1+‰2 Â bM2 pF>>
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RevolutionPlot3DB ‰
-2 Â b I1 + ‰

2 Â bM2 p, 8b, -2 p, 2 p<F

RevolutionPlot3DB-Â LogB-‰-Â ‰-2 Â b I1+‰2 Â bM2 pF, 8b, -p, p<F
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RevolutionPlot3DB:-Â LogB-‰-Â ‰-2 Â b I1+‰2 Â bM2 pF, ‰
-2 Â b I1 + ‰

2 Â bM2 p>, 8b, -2 p, 2 p<F

SolveB‰^HÂ qL == Â SinB2 p + p
2
- p

2 Sin@bD2 F + Cos@qD, bF

::b Ø -ArcSinB
1

2
-

4 Â ArcSinhA‰Â q - Cos@qDE
p

+

ArcSinhA‰Â q - Cos@qDE2

p2
F>,

:b Ø ArcSinB
1

2
-

4 Â ArcSinhA‰Â q - Cos@qDE
p

+

ArcSinhA‰Â q - Cos@qDE2

p2
F>>
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RevolutionPlot3DB

-ArcSinB
1

2
-

4 Â ArcSinhA‰Â q
- Cos@qDE

p

+

ArcSinhA‰Â q
- Cos@qDE2

p
2

F, 8q, -4 p, 4 p<F
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RevolutionPlot3DBArcSinB
1

2
-

4 Â ArcSinhA‰Â q - Cos@qDE
p

+

ArcSinhA‰Â q - Cos@qDE2

p2
F, 8q, -4 p, 4 p<F

SolveB‰^HÂ qL == Â SinB2 p + p
2
- p

2 Sin@bD2 F + CosB2 p + p
2
- p

2 Sin@bD2 F, qF

::q Ø -Â LogBCosB2 p + p
2
- p

2 Sin@bD2 F + Â SinB2 p + p
2
- p

2 Sin@bD2 FF>>
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RevolutionPlot3DB

-Â LogBCosB2 p + p
2
- p

2 Sin@bD2 F + Â SinB2 p + p
2
- p

2 Sin@bD2 FF, 8b, -2 p, 2 p<F
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SolveB‰^HÂ qL == Â SinB2 p + p
2
- p

2 Sin@bD2 F + CosB2 p + p
2
- p

2 Sin@bD2 F, bF

::b Ø -ArcSinB
. 1 -

1

p2
ArcCosBKIÂ ,I-1 + 2 Cos@qD - Cos@qD2 + 2 Â Sin@qD - 2 Â Cos@qD Sin@qD + Sin@qD2MM ì

K2 Cos@qD + Â Sin@qD O + IÂ Cos@qD ,I-1 + 2 Cos@qD - Cos@qD2 + 2 Â Sin@qD -

2 Â Cos@qD Sin@qD + Sin@qD2MM ì K2 Cos@qD + Â Sin@qD O -

ISin@qD ,I-1 + 2 Cos@qD - Cos@qD2 + 2 Â Sin@qD - 2 Â Cos@qD Sin@qD + Sin@qD2MM ì
K2 Cos@qD + Â Sin@qD OO ì H-1 + Cos@qD + Â Sin@qDLF2 F>,

:b Ø ArcSinB. 1 -
1

p2
ArcCosBKIÂ ,I-1 + 2 Cos@qD - Cos@qD2 + 2 Â Sin@qD - 2 Â Cos@qD Sin@qD +

Sin@qD2MM ì K2 Cos@qD + Â Sin@qD O + IÂ Cos@qD ,I-1 + 2 Cos@qD - Cos@qD2 +
2 Â Sin@qD - 2 Â Cos@qD Sin@qD + Sin@qD2MM ì K2 Cos@qD + Â Sin@qD O -

ISin@qD ,I-1 + 2 Cos@qD - Cos@qD2 + 2 Â Sin@qD - 2 Â Cos@qD Sin@qD + Sin@qD2MM ì
K2 Cos@qD + Â Sin@qD OO ì H-1 + Cos@qD + Â Sin@qDLF2 F>,

:b Ø -ArcSinB. 1 -
1

p2
ArcCosBK-IÂ ,I-1 + 2 Cos@qD - Cos@qD2 + 2 Â Sin@qD - 2 Â Cos@qD Sin@qD +

Sin@qD2MM ì K2 Cos@qD + Â Sin@qD O - IÂ Cos@qD ,I-1 + 2 Cos@qD - Cos@qD2 +
2 Â Sin@qD - 2 Â Cos@qD Sin@qD + Sin@qD2MM ì K2 Cos@qD + Â Sin@qD O +

ISin@qD ,I-1 + 2 Cos@qD - Cos@qD2 + 2 Â Sin@qD - 2 Â Cos@qD Sin@qD + Sin@qD2MM ì
K2 Cos@qD + Â Sin@qD OO ì H-1 + Cos@qD + Â Sin@qDLF2 F>,

:b Ø ArcSinB. 1 -
1

p2
ArcCosBK-IÂ ,I-1 + 2 Cos@qD - Cos@qD2 + 2 Â Sin@qD - 2 Â Cos@qD Sin@qD +

Sin@qD2MM ì K2 Cos@qD + Â Sin@qD O - IÂ Cos@qD ,I-1 + 2 Cos@qD - Cos@qD2 +
2 Â Sin@qD - 2 Â Cos@qD Sin@qD + Sin@qD2MM ì K2 Cos@qD + Â Sin@qD O +

ISin@qD ,I-1 + 2 Cos@qD - Cos@qD2 + 2 Â Sin@qD - 2 Â Cos@qD Sin@qD + Sin@qD2MM ì
K2 Cos@qD + Â Sin@qD OO ì H-1 + Cos@qD + Â Sin@qDLF2 F>>
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RevolutionPlot3DB
-ArcSinB. 1 -

1

p
2

ArcCosBJIÂ ,I-1 + 2 Cos@qD - Cos@qD2 + 2 Â Sin@qD - 2 Â Cos@qD Sin@qD + Sin@qD2MM í
J2 Cos@qD + Â Sin@qD N + IÂ Cos@qD ,I-1 + 2 Cos@qD - Cos@qD2 + 2 Â Sin@qD -

2 Â Cos@qD Sin@qD + Sin@qD2MM í J2 Cos@qD + Â Sin@qD N -

ISin@qD ,I-1 + 2 Cos@qD - Cos@qD2 + 2 Â Sin@qD - 2 Â Cos@qD Sin@qD + Sin@qD2MM í
J2 Cos@qD + Â Sin@qD NN í H-1 + Cos@qD + Â Sin@qDLF2 F, 8q, -2 p, 2 p<F
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RevolutionPlot3DB
ArcSinB. 1 -

1

p
2

ArcCosBJIÂ ,I-1 + 2 Cos@qD - Cos@qD2 + 2 Â Sin@qD - 2 Â Cos@qD Sin@qD + Sin@qD2MM í
J2 Cos@qD + Â Sin@qD N + IÂ Cos@qD ,I-1 + 2 Cos@qD - Cos@qD2 +

2 Â Sin@qD - 2 Â Cos@qD Sin@qD + Sin@qD2MM í J2 Cos@qD + Â Sin@qD N -

ISin@qD ,I-1 + 2 Cos@qD - Cos@qD2 + 2 Â Sin@qD - 2 Â Cos@qD Sin@qD + Sin@qD2MM í
J2 Cos@qD + Â Sin@qD NN í H-1 + Cos@qD + Â Sin@qDLF2 F, 8q, -2 p, 2 p<F

RevolutionPlot3DB:ArcSinB
. 1 -

1

p
2

ArcCosBJ-IÂ ,I-1 + 2 Cos@qD - Cos@qD2 + 2 Â Sin@qD - 2 Â Cos@qD Sin@qD + Sin@qD2MM í
J2 Cos@qD + Â Sin@qD N - IÂ Cos@qD ,I-1 + 2 Cos@qD - Cos@qD2 +

2 Â Sin@qD - 2 Â Cos@qD Sin@qD + Sin@qD2MM í J2 Cos@qD + Â Sin@qD N +

ISin@qD ,I-1 + 2 Cos@qD - Cos@qD2 + 2 Â Sin@qD - 2 Â Cos@qD Sin@qD + Sin@qD2MM í
J2 Cos@qD + Â Sin@qD NN í H-1 + Cos@qD + Â Sin@qDLF2 F,

-ArcSinB. 1 -

1

p
2

ArcCosBJ-IÂ ,I-1 + 2 Cos@qD - Cos@qD2 + 2 Â Sin@qD - 2 Â Cos@qD Sin@qD +

Sin@qD2MM í J2 Cos@qD + Â Sin@qD N - IÂ Cos@qD ,I-1 + 2 Cos@qD - Cos@qD2 +
2 Â Sin@qD - 2 Â Cos@qD Sin@qD + Sin@qD2MM í J2 Cos@qD + Â Sin@qD N +

ISin@qD ,I-1 + 2 Cos@qD - Cos@qD2 + 2 Â Sin@qD - 2 Â Cos@qD Sin@qD + Sin@qD2MM í
J2 Cos@qD + Â Sin@qD NN í H-1 + Cos@qD + Â Sin@qDLF2 F>, 8q, -2 p, 2 p<F
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q = 

2 p r
2
+ r

4
-r

2
h
2

r
2

ü The Forms

‰^ Â

2 p r
2 + r

4 - r2 h2

r
2

= Â Sin@qD + Cos@qD

‰^ Â

2 p r
2 + r

4 - r2 h2

r
2

= Â SinB
2 p r

2 + r
4 - r2 h2

r
2

F + Cos@qD

‰^ Â

2 p r
2 + r

4 - r2 h2

r
2

= Â Sin@qD + CosB
2 p r

2 + r
4 - r2 h2

r
2

F

‰^HÂ qL == Â SinB
2 p r

2 + r
4 - r2 h2

r
2

F + Cos@qD

‰^HÂ qL == Â Sin@qD + CosB
2 p r

2 + r
4 - r2 h2

r
2

F

‰^HÂ qL == Â SinB
2 p r

2 + r
4 - r2 h2

r
2

F + CosB
2 p r

2 + r
4 - r2 h2

r
2

F
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The Solutions

SolveB‰^ Â

2 p r2 + r4 - r2 h2

r2
== Â Sin@qD + Cos@qD, rF

::r Ø -
p h

p2 + LogB- Cos@qD + Â Sin@qD F
2

>, :r Ø
p h

p2 + LogB- Cos@qD + Â Sin@qD F
2

>,

:r Ø -
2 p h

4 p2 + Log@Cos@qD + Â Sin@qDD2
>, :r Ø

2 p h

4 p2 + Log@Cos@qD + Â Sin@qDD2
>>

RevolutionPlot3DB-
p h

p2 + LogB- Cos@qD + Â Sin@qD F
2

, 8h, -1, 1<, 8q, -2 p, 2 p<F

RevolutionPlot3DB:-
2 p h

4 p2 + Log@Cos@qD + Â Sin@qDD2
, -

p h

p2 + LogB- Cos@qD + Â Sin@qD F
2

>,

8h, -1, 1<, 8q, -2 p, 2 p<F
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RevolutionPlot3DB-
2 p h

4 p2 + Log@Cos@qD + Â Sin@qDD2
, 8h, -1, 1<, 8q, -2 p, 2 p<F

SolveB‰^ Â

2 p r2 + r4 - r2 h2

r2
== Â Sin@qD + Cos@qD, hF

::h Ø -

Â -p2 r2 - r2 LogB- Cos@qD + Â Sin@qD F
2

p
>,

:h Ø

Â -p2 r2 - r2 LogB- Cos@qD + Â Sin@qD F
2

p
>,

:h Ø -
Â -4 p2 r2 - r2 Log@Cos@qD + Â Sin@qDD2

2 p
>, :h Ø

Â -4 p2 r2 - r2 Log@Cos@qD + Â Sin@qDD2

2 p
>>
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SolveB‰^ Â

2 p r2 + r4 - r2 h2

r2
== Â Sin@qD + Cos@qD, qF

::q Ø -ArcCosB
1

2
‰
-

2 Â p r
2 Jr2-h2N

r
2 1 + ‰

4 Â p r
2 Jr2-h2N

r
2 F>, :q Ø ArcCosB

1

2
‰
-

2 Â p r
2 Jr2-h2N

r
2 1 + ‰

4 Â p r
2 Jr2-h2N

r
2 F>>

SolveB‰^ Â

2 p r2 + r4 - r2 h2

r2
== Â SinB

2 p r2 + r4 - r2 h2

r2
F + Cos@qD, rF

::r Ø -
p h

p2 - ArcCosB- 1+Cos@qD

2

F
2

>, :r Ø
p h

p2 - ArcCosB- 1+Cos@qD

2

F
2

>,

:r Ø -
p h

p2 - ArcCosB 1+Cos@qD

2

F
2

>, :r Ø
p h

p2 - ArcCosB 1+Cos@qD

2

F
2

>>
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RevolutionPlot3DB

:-
p h

p2 - ArcCosB- 1+Cos@qD

2

F
2

,
p h

p2 - ArcCosB- 1+Cos@qD

2

F
2

>, 8h, -1, 1<, 8q, -2 p, 2 p<F
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RevolutionPlot3DB

:-
p h

p2 - ArcCosB 1+Cos@qD

2

F
2

,
p h

p2 - ArcCosB 1+Cos@qD

2

F
2

>, 8h, -1, 1<, 8q, -2 p, 2 p<F

RevolutionPlot3DB

:-
p h

p2 - ArcCosB 1+Cos@qD

2

F
2

,
p h

p2 - ArcCosB- 1+Cos@qD

2

F
2

>, 8h, -1, 1<, 8q, -2 p, 2 p<F
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SolveB‰^ Â

2 p r2 + r4 - r2 h2

r2
== Â SinB

2 p r2 + r4 - r2 h2

r2
F + Cos@qD, hF

::h Ø -

r p
2
- ArcCosB- 1+Cos@qD

2

F
2

p

>, :h Ø

r p
2
- ArcCosB- 1+Cos@qD

2

F
2

p

>,

:h Ø -

r p
2
- ArcCosB 1+Cos@qD

2

F
2

p

>, :h Ø

r p
2
- ArcCosB 1+Cos@qD

2

F
2

p

>>

RevolutionPlot3DB-
r p2 - ArcCosB- 1+Cos@qD

2

F
2

p
, 8r, -1, 1<, 8q, -2 p, 2 p<F
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RevolutionPlot3DB
r p

2
- ArcCosB- 1+Cos@qD

2

F
2

p

, 8r, -1, 1<, 8q, -2 p, 2 p<F

RevolutionPlot3DB-
r p

2
- ArcCosB 1+Cos@qD

2

F
2

p

, 8r, -1, 1<, 8q, -2 p, 2 p<F
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RevolutionPlot3DB
r p

2
- ArcCosB 1+Cos@qD

2

F
2

p

, 8r, -1, 1<, 8q, -2 p, 2 p<F

RevolutionPlot3DB

:-
r p

2
- ArcCosB- 1+Cos@qD

2

F
2

p

,

r p
2
- ArcCosB- 1+Cos@qD

2

F
2

p

>, 8r, -1, 1<, 8q, -2 p, 2 p<F
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RevolutionPlot3DB

:
r p2 - ArcCosB 1+Cos@qD

2

F
2

p
,

r p2 - ArcCosB- 1+Cos@qD

2

F
2

p
>, 8r, -1, 1<, 8q, -2 p, 2 p<F

SolveB‰^ Â

2 p r2 + r4 - r2 h2

r2
== Â SinB

2 p r2 + r4 - r2 h2

r2
F + Cos@qD, qF

::q Ø -ArcCosB‰
2 Â p r

2 Jr2-h2N

r
2 - Â SinB

2 p Kr2 + r2 Ir2 - h2M O
r2

FF>,

:q Ø ArcCosB‰
2 Â p r

2 Jr2-h2N

r
2 - Â SinB

2 p Kr2 + r2 Ir2 - h2M O
r2

FF>>
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Plot3DB-ArcCosB‰
2 Â p r

2 Jr2-h2N

r
2 - Â SinB

2 p Kr2 + r2 Ir2 - h2M O
r2

FF, 8r, -1, 1<, 8h, -1, 1<F

Plot3DBArcCosB‰
2 Â p r

2 Jr2-h2N

r
2 - Â SinB

2 p Kr2 + r2 Ir2 - h2M O
r2

FF, 8r, -1, 1<, 8h, -1, 1<F
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Plot3DB:-ArcCosB‰
2 Â p r

2 Jr2-h2N

r
2 - Â SinB

2 p Kr2 + r2 Ir2 - h2M O
r2

FF,

ArcCosB‰
2 Â p r

2 Jr2-h2N

r
2 - Â SinB

2 p Kr2 + r2 Ir2 - h2M O
r2

FF>, 8r, -1, 1<, 8h, -1, 1<F

SolveB‰^ Â

2 p r2 + r4 - r2 h2

r2
== Â Sin@qD + CosB

2 p r2 + r4 - r2 h2

r2
F, rF

::r Ø -
p h

p2 - ArcCosB- 1- 1-Sin@qD2

2

F

2

>, :r Ø
p h

p2 - ArcCosB- 1- 1-Sin@qD2

2

F

2

>,

:r Ø -
p h

p2 - ArcCosB 1- 1-Sin@qD2

2

F

2

>, :r Ø
p h

p2 - ArcCosB 1- 1-Sin@qD2

2

F

2

>,

:r Ø -
p h

p2 - ArcCosB- 1

2
+

1

2
1 - Sin@qD2 F

2

>, :r Ø
p h

p2 - ArcCosB- 1

2
+

1

2
1 - Sin@qD2 F

2

>,

:r Ø -
p h

p2 - ArcCosB 1

2
+

1

2
1 - Sin@qD2 F

2

>, :r Ø
p h

p2 - ArcCosB 1

2
+

1

2
1 - Sin@qD2 F

2

>>
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SolveB‰^ Â

2 p r2 + r4 - r2 h2

r2
== Â Sin@qD + CosB

2 p r2 + r4 - r2 h2

r2
F, hF

::h Ø -

r p2 - ArcCosB- 1- 1-Sin@qD2

2

F

2

p

>, :h Ø

r p2 - ArcCosB- 1- 1-Sin@qD2

2

F

2

p

>,

:h Ø -

r p2 - ArcCosB 1- 1-Sin@qD2

2

F

2

p

>, :h Ø

r p2 - ArcCosB 1- 1-Sin@qD2

2

F

2

p

>,

:h Ø -

r p2 - ArcCosB- 1

2
+

1

2
1 - Sin@qD2 F

2

p

>, :h Ø

r p2 - ArcCosB- 1

2
+

1

2
1 - Sin@qD2 F

2

p

>,

:h Ø -

r p2 - ArcCosB 1

2
+

1

2
1 - Sin@qD2 F

2

p

>, :h Ø

r p2 - ArcCosB 1

2
+

1

2
1 - Sin@qD2 F

2

p

>>

RevolutionPlot3DB-
r p2 - ArcCosB- 1- 1-Sin@qD

2

2

F

2

p
, 8r, -1, 1<, 8q, -2 p, 2 p<F
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RevolutionPlot3DB:-
r p

2
- ArcCosB- 1- 1-Sin@qD

2

2

F

2

p

,

r p
2
- ArcCosB- 1- 1-Sin@qD

2

2

F

2

p

>,

8r, -1, 1<, 8q, -2 p, 2 p<F

RevolutionPlot3DB-
r p

2
- ArcCosB 1- 1-Sin@qD

2

2

F

2

p

, 8r, -1, 1<, 8q, -2 p, 2 p<F
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RevolutionPlot3DB

:-
r p

2
- ArcCosB 1- 1-Sin@qD

2

2

F

2

p

,

r p
2
- ArcCosB 1- 1-Sin@qD

2

2

F

2

p

>, 8r, -1, 1<, 8q, -2 p, 2 p<F

182   The Cone of Perception by Parker Emmerson 4th Edition.nb

Printed by Mathematica for Students



RevolutionPlot3DB:-
r p

2
- ArcCosB 1- 1-Sin@qD

2

2

F

2

p

,

r p
2
- ArcCosB 1- 1-Sin@qD

2

2

F

2

p

, -

r p
2
- ArcCosB- 1- 1-Sin@qD

2

2

F

2

p

,

r p
2
- ArcCosB- 1- 1-Sin@qD

2

2

F

2

p

>, 8r, -1, 1<, 8q, -2 p, 2 p<F

-1.0

-0.5

0.0

0.5

1.0

-1.0

-0.5

0.0
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1.0

-1.0

-0.5

0.0
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1.0
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RevolutionPlot3DB-
r p

2
- ArcCosB- 1

2
+

1

2
1 - Sin@qD2 F

2

p

, 8r, -1, 1<, 8q, -2 p, 2 p<F
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RevolutionPlot3DB:
r p

2
- ArcCosB- 1

2
+

1

2
1 - Sin@qD2 F

2

p

,

-

r p
2
- ArcCosB- 1

2
+

1

2
1 - Sin@qD2 F

2

p

>, 8r, -1, 1<, 8q, -2 p, 2 p<F
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RevolutionPlot3DB:
r p

2
- ArcCosB 1- 1-Sin@qD

2

2

F

2

p

,

r p
2
- ArcCosB- 1

2
+

1

2
1 - Sin@qD2 F

2

p

>,

8r, -1, 1<, 8q, -2 p, 2 p<F

RevolutionPlot3DB
r p

2
- ArcCosB 1

2
+

1

2
1 - Sin@qD2 F

2

p

, 8r, -1, 1<, 8q, -2 p, 2 p<F
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RevolutionPlot3DB:
r p2 - ArcCosB 1

2
+

1

2
1 - Sin@qD2 F

2

p
,

r p2 - ArcCosB 1- 1-Sin@qD
2

2

F

2

p
,

r p2 - ArcCosB- 1

2
+

1

2
1 - Sin@qD2 F

2

p
>, 8r, -1, 1<, 8q, -80 000 p, 80000 p<F

SolveB‰^ Â

2 p r2 + r4 - r2 h2

r2
== Â Sin@qD + CosB

2 p r2 + r4 - r2 h2

r2
F, qF

::q Ø -Â ArcSinhB‰
2 Â p r

2 Jr2-h2N

r
2 - CosB

2 p Kr2 + r
2 Ir2 - h2M O
r
2

FF>>
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Plot3DB-Â ArcSinhB‰
2 Â p r

2 Jr2-h2N

r
2 - CosB

2 p Kr2 + r2 Ir2 - h2M O
r2

FF, 8r, -1, 1<, 8h, -1, 1<F

SolveB‰^HÂ qL == Â SinB
2 p r2 + r4 - r2 h2

r2
F + Cos@qD, rF

::r Ø -
2 p h

-4 Â p ArcSinhA‰Â q - Cos@qDE + ArcSinhA‰Â q - Cos@qDE2
>,

:r Ø
2 p h

-4 Â p ArcSinhA‰Â q - Cos@qDE + ArcSinhA‰Â q - Cos@qDE2
>>
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RevolutionPlot3DB

-
2 p h

-4 Â p ArcSinhA‰Â q - Cos@qDE + ArcSinhA‰Â q - Cos@qDE2
, 8h, -1, 1<, 8q, -2 p, 2 p<F

RevolutionPlot3DB

2 p h

-4 Â p ArcSinhA‰Â q - Cos@qDE + ArcSinhA‰Â q - Cos@qDE2
, 8h, -1, 1<, 8q, -2 p, 2 p<F
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RevolutionPlot3DB:-
2 p h

-4 Â p ArcSinhA‰Â q - Cos@qDE + ArcSinhA‰Â q - Cos@qDE2
,

2 p h

-4 Â p ArcSinhA‰Â q - Cos@qDE + ArcSinhA‰Â q - Cos@qDE2
>, 8h, -1, 1<, 8q, -2 p, 2 p<F

SolveB‰^HÂ qL == Â SinB
2 p r2 + r4 - r2 h2

r2
F + Cos@qD, hF

::h Ø -
r 4 p + Â ArcSinhA‰Â q - Cos@qDE -Â ArcSinhA‰Â q - Cos@qDE

2 p
>,

:h Ø
r 4 p + Â ArcSinhA‰Â q - Cos@qDE -Â ArcSinhA‰Â q - Cos@qDE

2 p
>>

RevolutionPlot3DB:-
r 4 p + Â ArcSinhA‰Â q - Cos@qDE -Â ArcSinhA‰Â q - Cos@qDE

2 p
,

r 4 p + Â ArcSinhA‰Â q - Cos@qDE -Â ArcSinhA‰Â q - Cos@qDE
2 p

>, 8r, -1, 1<, 8q, -2 p, 2 p<F
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RevolutionPlot3DB

-

r 4 p + Â ArcSinhA‰Â q - Cos@qDE -Â ArcSinhA‰Â q - Cos@qDE
2 p

, 8r, -1, 1<, 8q, -2 p, 2 p<F

SolveB‰^HÂ qL == Â SinB
2 p r2 + r4 - r2 h2

r2
F + Cos@qD, qF

::q Ø

2 p r2 Ir2 - h2M
r2

>, :q Ø -Â LogB-‰-

2 Â p r
2 Jr2-h2N

r
2 F>>

Plot3DB
2 p r2 Ir2 - h2M

r2
, 8r, -1, 1<, 8h, -1, 1<F
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Plot3DB-Â LogB-‰-

2 Â p r
2 Jr2-h2N

r
2 F, 8r, -1, 1<, 8h, -1, 1<F

SolveB‰^HÂ qL == Â Sin@qD + CosB
2 p r2 + r4 - r2 h2

r2
F, rF

::r Ø -
2 p h

-4 p ArcCosA‰Â q - Â Sin@qDE - ArcCosA‰Â q - Â Sin@qDE2
>,

:r Ø
2 p h

-4 p ArcCosA‰Â q - Â Sin@qDE - ArcCosA‰Â q - Â Sin@qDE2
>,

:r Ø -
2 p h

4 p ArcCosA‰Â q - Â Sin@qDE - ArcCosA‰Â q - Â Sin@qDE2
>,

:r Ø
2 p h

4 p ArcCosA‰Â q - Â Sin@qDE - ArcCosA‰Â q - Â Sin@qDE2
>>
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RevolutionPlot3DB

-
2 p h

-4 p ArcCosA‰Â q - Â Sin@qDE - ArcCosA‰Â q - Â Sin@qDE2
, 8h, -1, 1<, 8q, -4 p, 4 p<F

This is a piece of little known focus -

textural lore that has crept up through the focused practice of buddhist teaching.
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RevolutionPlot3DB

2 p h

-4 p ArcCosA‰Â q - Â Sin@qDE - ArcCosA‰Â q - Â Sin@qDE2
, 8h, -1, 1<, 8q, -8 p, 8 p<F
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RevolutionPlot3DB:-
2 p h

-4 p ArcCosA‰Â q - Â Sin@qDE - ArcCosA‰Â q - Â Sin@qDE2
,

2 p h

-4 p ArcCosA‰Â q - Â Sin@qDE - ArcCosA‰Â q - Â Sin@qDE2
>, 8h, -1, 1<, 8q, -2 p, 2 p<F

-1.0

-0.5

0.0

0.5

1.0

-1.0

-0.5

0.0

0.5

1.0

-1.0

-0.5

0.0

0.5

1.0

RevolutionPlot3DB
2 p h

4 p ArcCosA‰Â q - Â Sin@qDE - ArcCosA‰Â q - Â Sin@qDE2
, 8h, -1, 1<, 8q, -8 p, 8 p<F
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RevolutionPlot3DB

-
2 p h

4 p ArcCosA‰Â q - Â Sin@qDE - ArcCosA‰Â q - Â Sin@qDE2
, 8h, -1, 1<, 8q, -8 p, 8 p<F
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RevolutionPlot3DB:
2 p h

4 p ArcCosA‰Â q - Â Sin@qDE - ArcCosA‰Â q - Â Sin@qDE2
,

-
2 p h

4 p ArcCosA‰Â q - Â Sin@qDE - ArcCosA‰Â q - Â Sin@qDE2
>, 8h, -1, 1<, 8q, -8 p, 8 p<F
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SolveB‰^HÂ qL == Â Sin@qD + CosB
2 p r2 + r4 - r2 h2

r2
F, hF

::h Ø -
r 4 p - ArcCosA‰Â q - Â Sin@qDE ArcCosA‰Â q - Â Sin@qDE

2 p
>,

:h Ø
r 4 p - ArcCosA‰Â q - Â Sin@qDE ArcCosA‰Â q - Â Sin@qDE

2 p
>,

:h Ø -
r -ArcCosA‰Â q - Â Sin@qDE 4 p + ArcCosA‰Â q - Â Sin@qDE

2 p
>,

:h Ø
r -ArcCosA‰Â q - Â Sin@qDE 4 p + ArcCosA‰Â q - Â Sin@qDE

2 p
>>

RevolutionPlot3DB

-

r 4 p - ArcCosA‰Â q - Â Sin@qDE ArcCosA‰Â q - Â Sin@qDE
2 p

, 8r, -1, 1<, 8q, -2 p, 2 p<F
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RevolutionPlot3DB:
r 4 p - ArcCosA‰Â q

- Â Sin@qDE ArcCosA‰Â q
- Â Sin@qDE

2 p

,

-

r 4 p - ArcCosA‰Â q
- Â Sin@qDE ArcCosA‰Â q

- Â Sin@qDE
2 p

>, 8r, -1, 1<, 8q, -2 p, 2 p<F

RevolutionPlot3DB:
r 4 p - ArcCosA‰Â q

- Â Sin@qDE ArcCosA‰Â q
- Â Sin@qDE

2 p

,

r -ArcCosA‰Â q
- Â Sin@qDE 4 p + ArcCosA‰Â q

- Â Sin@qDE
2 p

>, 8r, -1, 1<, 8q, -2 p, 2 p<F
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RevolutionPlot3DB:-
r -ArcCosA‰Â q - Â Sin@qDE 4 p + ArcCosA‰Â q - Â Sin@qDE

2 p
,

r -ArcCosA‰Â q - Â Sin@qDE 4 p + ArcCosA‰Â q - Â Sin@qDE
2 p

>, 8r, -1, 1<, 8q, -2 p, 2 p<F

-1.0

-0.5

0.0

0.5

1.0

-1.0

-0.5

0.0

0.5

1.0

-1.0

-0.5

0.0

0.5

1.0

SolveB‰^HÂ qL == Â Sin@qD + CosB
2 p r2 + r4 - r2 h2

r2
F, qF

::q Ø -

2 p r2 Ir2 - h2M
r2

>, :q Ø

2 p r2 Ir2 - h2M
r2

>>
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RevolutionPlot3DB:-
2 p r2 Ir2 - h

2M

r2
,

2 p r2 Ir2 - h
2M

r2
>, 8r, -1, 1<, 8h, -1, 1<F
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SolveB‰^HÂ qL == Â SinB
2 p r2 + r4 - r2 h2

r2
F + CosB

2 p r2 + r4 - r2 h2

r2
F, rF

::r Ø -

p h

p
2
- ArcCosB- 1+2 Cos@qD+Cos@qD2+2 Â Sin@qD+2 Â Cos@qD Sin@qD-Sin@qD2

4 Cos@qD+4 Â Sin@qD

F
2

>,

:r Ø

p h

p
2
- ArcCosB- 1+2 Cos@qD+Cos@qD2+2 Â Sin@qD+2 Â Cos@qD Sin@qD-Sin@qD2

4 Cos@qD+4 Â Sin@qD

F
2

>,

:r Ø -

p h

p
2
- ArcCosB 1+2 Cos@qD+Cos@qD2+2 Â Sin@qD+2 Â Cos@qD Sin@qD-Sin@qD2

4 Cos@qD+4 Â Sin@qD

F
2

>,

:r Ø

p h

p
2
- ArcCosB 1+2 Cos@qD+Cos@qD2+2 Â Sin@qD+2 Â Cos@qD Sin@qD-Sin@qD2

4 Cos@qD+4 Â Sin@qD

F
2

>>

RevolutionPlot3DB

-
p h

p2 - ArcCosB- 1+2 Cos@qD+Cos@qD2+2 Â Sin@qD+2 Â Cos@qD Sin@qD-Sin@qD
2

4 Cos@qD+4 Â Sin@qD

F
2

, 8h, -1, 1<, 8q, -4 p, 4 p<F
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RevolutionPlot3DB:-
p h

p2 - ArcCosB- 1+2 Cos@qD+Cos@qD2+2 Â Sin@qD+2 Â Cos@qD Sin@qD-Sin@qD
2

4 Cos@qD+4 Â Sin@qD

F
2

,

p h

p2 - ArcCosB- 1+2 Cos@qD+Cos@qD2+2 Â Sin@qD+2 Â Cos@qD Sin@qD-Sin@qD
2

4 Cos@qD+4 Â Sin@qD

F
2

>, 8h, -1, 1<, 8q, -4 p, 4 p<F
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RevolutionPlot3DB
p h

p2 - ArcCosB 1+2 Cos@qD+Cos@qD2+2 Â Sin@qD+2 Â Cos@qD Sin@qD-Sin@qD
2

4 Cos@qD+4 Â Sin@qD

F
2

, 8h, -1, 1<, 8q, -4 p, 4 p<F

The Cone of Perception by Parker Emmerson 4th Edition.nb   207

Printed by Mathematica for Students



RevolutionPlot3DB:-
p h

p2 - ArcCosB 1+2 Cos@qD+Cos@qD2+2 Â Sin@qD+2 Â Cos@qD Sin@qD-Sin@qD
2

4 Cos@qD+4 Â Sin@qD

F
2

,

p h

p2 - ArcCosB 1+2 Cos@qD+Cos@qD2+2 Â Sin@qD+2 Â Cos@qD Sin@qD-Sin@qD
2

4 Cos@qD+4 Â Sin@qD

F
2

>, 8h, -1, 1<, 8q, -4 p, 4 p<F
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SolveB‰^HÂ qL == Â SinB
2 p r2 + r4 - r2 h2

r2
F + CosB

2 p r2 + r4 - r2 h2

r2
F, hF

::h Ø -

r p
2
- ArcCosB- 1+2 Cos@qD+Cos@qD2+2 Â Sin@qD+2 Â Cos@qD Sin@qD-Sin@qD2

4 Cos@qD+4 Â Sin@qD

F
2

p

>,

:h Ø

r p
2
- ArcCosB- 1+2 Cos@qD+Cos@qD2+2 Â Sin@qD+2 Â Cos@qD Sin@qD-Sin@qD2

4 Cos@qD+4 Â Sin@qD

F
2

p

>,

:h Ø -

r p
2
- ArcCosB 1+2 Cos@qD+Cos@qD2+2 Â Sin@qD+2 Â Cos@qD Sin@qD-Sin@qD2

4 Cos@qD+4 Â Sin@qD

F
2

p

>,

:h Ø

r p
2
- ArcCosB 1+2 Cos@qD+Cos@qD2+2 Â Sin@qD+2 Â Cos@qD Sin@qD-Sin@qD2

4 Cos@qD+4 Â Sin@qD

F
2

p

>>
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RevolutionPlot3DB

-

r p
2
- ArcCosB- 1+2 Cos@qD+Cos@qD2+2 Â Sin@qD+2 Â Cos@qD Sin@qD-Sin@qD

2

4 Cos@qD+4 Â Sin@qD

F
2

p

, 8r, -1, 1<, 8q, -2 p, 2 p<F
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RevolutionPlot3DB:
r p

2
- ArcCosB- 1+2 Cos@qD+Cos@qD2+2 Â Sin@qD+2 Â Cos@qD Sin@qD-Sin@qD

2

4 Cos@qD+4 Â Sin@qD

F
2

p

,

-

r p
2
- ArcCosB- 1+2 Cos@qD+Cos@qD2+2 Â Sin@qD+2 Â Cos@qD Sin@qD-Sin@qD

2

4 Cos@qD+4 Â Sin@qD

F
2

p

>, 8r, -1, 1<, 8q, -2 p, 2 p<F
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RevolutionPlot3DB

-

r p
2
- ArcCosB 1+2 Cos@qD+Cos@qD2+2 Â Sin@qD+2 Â Cos@qD Sin@qD-Sin@qD

2

4 Cos@qD+4 Â Sin@qD

F
2

p

, 8r, -1, 1<, 8q, -2 p, 2 p<F
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RevolutionPlot3DB:
r p2 - ArcCosB- 1+2 Cos@qD+Cos@qD2+2 Â Sin@qD+2 Â Cos@qD Sin@qD-Sin@qD

2

4 Cos@qD+4 Â Sin@qD

F
2

p
,

-

r p2 - ArcCosB 1+2 Cos@qD+Cos@qD2+2 Â Sin@qD+2 Â Cos@qD Sin@qD-Sin@qD
2

4 Cos@qD+4 Â Sin@qD

F
2

p
>, 8r, -1, 1<, 8q, -2 p, 2 p<F

SolveB‰^HÂ qL == Â SinB
2 p r2 + r4 - r2 h2

r2
F + CosB

2 p r2 + r4 - r2 h2

r2
F, qF

::q Ø -Â LogBCosB
2 p Kr2 + r4 - r2 h2 O

r2
F + Â SinB

2 p Kr2 + r4 - r2 h2 O
r2

FF>>

The Cone of Perception by Parker Emmerson 4th Edition.nb   213

Printed by Mathematica for Students



Plot3DB-Â LogBCosB
2 p r2 + r4 - r2 h2

r2
F + Â SinB

2 p r2 + r4 - r2 h2

r2
FF, 8r, -1, 1<, 8h, -1, 1<F

‰^HÂ bL = Cos@bD + Â Sin@bD
‰^HÂ qL = Cos@qD + Â Sin@qD

The great thing about scientific theory is that it is a practically endless exploration into varying expressions.

Example of expanding the theorem to ‰Â q1‰Â q2 , where q 1= q
1+Â 3 , 1-Â 3

 and q2= q
1-Â 3 , 1+Â 3

RevolutionPlot3DB‰^ Â
4 p

3
+ JJ1 + Â 3 N I-4 p2 + 12 p2 Sin@bD2MN ì

12 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

-

1

3
J1 - Â 3 N -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6

1ê3

‰^ Â
4 p

3
+ JJ1 - Â 3 N I-4 p2 + 12 p2 Sin@bD2MN ì

12 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

-
1

3
J1 + Â 3 N

-p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

, 8b, -p, p<F
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RevolutionPlot3DB

‰^ Â ArcSinB
-4 p

2
q + 4 p q

2
- q

3

2 p -4 p + q

F ‰^ Â -ArcSinB
-4 p

2
q + 4 p q

2
- q

3

2 p -4 p + q

F , 8q, -2 p, 2 p<F
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‰^HÂ bL = Cos@bD + Â Sin@bD

‰^HÂ qL = Cos@qD + Â Sin@qD

XIII. Complex Analysis Applied to the Height of the Cone

In complex analysis, a radius, r = Abs@zD = Abs@x + Â yD = x2 + y2 , and, in our cone, x is translated to be the base of the

cone, and y is translated to be the height of the cone. In this section, I will build up a few descriptions through visualization of the

expressions that our new set of expressions for the basic parameters of the system gives us and apply a pattern of substitution in

terms of the initial lemmas of transformation of a circle into a cone to the expressions for the height of the cone.

(43)q r = q Abs@zD = 2 p Abs@zD - 2 p x

RevolutionPlot3D@q Abs@zD, 8q, -2 p, 2 p<, 8z, -1, 1<D
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Plot3D@2 p Abs@zD - 2 p x, 8z, -1, 1<, 8x, -1, 1<D

(44)q Abs@zD = 2 p Abs@zD - 2 p HHAbs@zDL^2 - y^2L

z = x+Â y
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ContourPlot3DB 2 p Abs@x + Â yD - 2 p Abs@x + Â yD^2 -

4 p - q q Abs@x + Â yD
2 p

^2 ,

8x, -1, 1<, 8y, -1, 1<, 8q, -4 p, 4 p<F
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r = Abs@zD = Abs@x + Â yD = x2 + y2

(45)q r = 2 p Abs@x + Â yD - 2 p HAbs@x + Â yD^2 - y^2L

Plot3DB 2 p Abs@x + Â yD - 2 p HAbs@x + Â yD^2 - y^2L , 8x, -1, 1<, 8y, -1, 1<F

SolveBq Abs@zD == 2 p Abs@zD - 2 p HAbs@zD^2 - y^2L , yF

::y Ø -

4 p - q q Abs@zD

2 p

>, :y Ø

4 p - q q Abs@zD

2 p

>>

(46)

y = Abs@zD Sin@bD =

-x2 + Abs@zD
2

=
4 p - q q Abs@zD

2 p
=

4 p - q q Abs@x + Â yD

2 p
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ContourPlot3DB
4 p - q q Abs@x + Â yD

2 p

, 8x, -1, 1<, 8y, -1, 1<, 8q, -2 p, 2 p<F
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SolveBy ==

4 p - q q Abs@zD
2 p

, qF

::q Ø

2 p Abs@zD2 - -y2 Abs@zD2 + Abs@zD4

Abs@zD2
>, :q Ø

2 p Abs@zD2 + -y2 Abs@zD2 + Abs@zD4

Abs@zD2
>>

Now I can visualize the height of the cone in terms of complex analysis.

(47)

y Ø

4 p - q q Abs@zD

2 p

=

4 p -

2 p Abs@zD2+ -y2 Abs@zD2+Abs@zD4

Abs@zD2

2 p Abs@zD2+ -y2 Abs@zD2+Abs@zD4

Abs@zD2
Abs@zD

2 p

=

1

2 p

4 p - q

2 p Abs@zD
2
+ -y2 Abs@zD

2
+ Abs@zD

4

Abs@zD
2

Abs@zD =

1

2 p

4 p -

2 p Abs@zD
2
+ -y2 Abs@zD

2
+ Abs@zD

4

Abs@zD
2

q Abs@zD =

4 p -

2 p Abs@x+Â yD2+ -y2 Abs@x+Â yD2+Abs@x+Â yD4

Abs@x+Â yD2
q Abs@x + Â yD

2 p

= 4 p - q

2 p Abs@x + Â yD
2
+ -y2 Abs@x + Â yD

2
+ Abs@x + Â yD

4

Abs@x + Â yD
2

Abs@x + Â yD
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Plot3DB
1

2 p

4 p -

2 p Abs@zD2 + -y2 Abs@zD2 + Abs@zD4

Abs@zD2

2 p Abs@zD2 + -y2 Abs@zD2 + Abs@zD4

Abs@zD2
Abs@zD, 8y, -1, 1<, 8z, -1, 1<F
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ContourPlot3DB
1

2 p

4 p - q

2 p Abs@zD2 + -y2 Abs@zD2 + Abs@zD4

Abs@zD2
Abs@zD,

8y, -1, 1<, 8z, -1, 1<, 8q, -2 p, 2 p<F
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ContourPlot3DB
1

2 p

4 p -

2 p Abs@zD2 + -y2 Abs@zD2 + Abs@zD4

Abs@zD2
q Abs@zD,

8y, -1, 1<, 8z, -1, 1<, 8q, -2 p, 2 p<F
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ContourPlot3DB
4 p -

2 p Abs@x+Â yD2+ -y2 Abs@x+Â yD2+Abs@x+Â yD4

Abs@x+Â yD2
q Abs@x + Â yD

2 p

,

8x, -1, 1<, 8y, -1, 1<, 8q, -2 p, 2 p<F
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ContourPlot3DB
1

2 p

4 p - q

2 p Abs@x + Â yD2 + -y2 Abs@x + Â yD2 + Abs@x + Â yD4

Abs@x + Â yD2
Abs@x + Â yD,

8x, -1, 1<, 8y, -1, 1<, 8q, -2 p, 2 p<F
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(48)

y Ø
4 p - q q Abs@zD

2 p
=

4 p - 2 p + p2 - p2 Sin@bD
2

2 p + p2 - p2 Sin@bD
2

Abs@x + Â yD

2 p
=

4 p - 2 p + p2 - p2 Sin@bD
2

q Abs@zD

2 p
=

4 p - q 2 p + p2 - p2 Sin@bD
2

Abs@zD

2 p
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ContourPlot3DB
4 p - 2 p + p2 - p2 Sin@bD2 2 p + p2 - p2 Sin@bD2 Abs@x + Â yD

2 p
,

8x, -1, 1<, 8b, -p, p<, 8y, -1, 1<, AxesLabel Ø AutomaticF
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ContourPlot3DB
4 p - 2 p + p2 - p2 Sin@bD2 q Abs@zD

2 p

, 8z, -1, 1<, 8b, -p, p<, 8q, -4 p, 4 p<F

ContourPlot3DB
4 p - q 2 p + p2 - p2 Sin@bD2 Abs@zD

2 p

, 8z, -1, 1<, 8b, -p, p<, 8q, -4 p, 4 p<F
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XIV. A Proof for Non-Comprehensiveness of Euclidean Geometry (Due to its Consistency)

ü Postulates

I. Math for Transforming a Circle into a Cone

by Parker Emmerson

Parameters not drawn to scale.
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When a sector of a circle is collapsed (removed), we may "fold up" the resulting shape into a cone. The parameters are related by

the following theorem :

Theorem 1 When a sector of angle q is removed from a circle of radius r and the resulting shape is folded into a cone, then 

the base of the cone has radius r1given by r1= r -
Hr qL

2 p
 ; and height h, given by h = r2 - r1

2 = r Sin[b]
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Proof. The circumference of the initial circle is 2 p r and the wedge removed has an arc length r q. Therefore, the remaining 

circumference is of length r  (2 p - q), and after the fold, this is the circumference of the base of the cone. 

Establishing the circumference of the base of the cone, from the equation,  q r = 2 p r - 2 p r1, we calculate that its radius r1 is 
2 p r-r q

2 p
, which simplifies to r - 

r q

2 p
. Thus, we have proved the first part of the theorem.

To find the height of the cone, h, we apply the Pythagorean theorem to a right triangle formed between the apex of the cone, the 

center of the base, and a point on the circumference of the base. This gives h = r2 - r1
2 = r Sin[b], where b is the angle 

formed by the slant of the cone and the base of the cone. The initial radius is always equal to the slant of the cone, and the 

height of the cone is always orthogonal to the center of the base of the cone.

Lemma 1 The height of the cone can be caluclated in terms of r and q.

Proof.

q r = 2 p r - 2 p r1

h = r2 - r1
2

q r = 2 p r - 2 p Hr^2 - h^2L

Solving this equation we find that,

::h Ø -
4 p r2 q - r2 q2

2 p
>, :h Ø

4 p r2 q - r2 q2

2 p
>>

Lemma 2 The angle q can be calculated in terms of r and h.

Proof

SolveBh ==
4 p r

2
q-r

2
q
2

2 p
, qF

::q Ø

2 p r
2- r

4-r2 h2

r
2

>, :q Ø

2 p r
2+ r

4-r2 h2

r
2

>>

Lemma 3 The initial radius is a function of q and h.

SolveB
4 p r2 q - r2 q2

2 p
ã h, rF

::r Ø -
2 p h

4 p q - q2

>, :r Ø
2 p h

4 p q - q2

>>

Lemma 4 The height of the cone can be calculated in terms of only r and q, thus b is a function of q alone.

Proof. Since we have shown that q r = 2 p r - 2 p r 1 and r1 Ø r2 - h2 , we can substitute the expression for r1, calculated 

from the Pythagorean theorem in terms of the height of the cone and the initial radius of the circle, into the expression for  q r in 

terms of the change in circumference of the initial circle to the circle that is the base of the cone into which the circle was 

transformed.

          q r = 2 p r - 2 p Hr^2 - h^2L , thus, h =
4 p r2 q-r2 q2

2 p
 = (r Sin[b]). From

2 p h

4 p q-q2

= r, we note that: r = 

2 p r Sin@bD

4 p q-q2

. So we solve the equation,
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SolveBr ==
2 p r Sin@bD

4 p q - q2

, bF

::b Ø ArcSinB
H4 p - qL q

2 p
F>>

Lemma 5 The height of the cone can be calculated in terms of only r and q, thus q is a function of b alone.

Proof. Since we have shown that q r = 2 p r - 2 p r 1  and r1 Ø r2 - h2 , we can substitute the expression for r1, calculated

from the Pythagorean theorem in terms of the height of the cone and the initial radius of the circle, into the expression for  q r in

terms of the change in circumference of the initial circle to the circle that is the base of the cone into which the circle was

transformed.

          q  r = 2 p  r - 2 p  Hr^2 - h^2L ,  thus, h =
4 p r2 q-r2 q2

2 p
 = (r Sin[b]). From

2 p h

4 p q-q2

= r, we note that: r =

2 p r Sin@bD

4 p q-q2

. So we solve the equation,

SolveBr ==
2 p r Sin@bD

4 p q - q2

, qF

::q Ø 2 p - p
2
- p

2 Sin@bD2 >, :q Ø 2 p + p
2
- p

2 Sin@bD2 >>

ü The Statement that Concludes in Paradox (Evidence of Euclidean Geometry's not Being Comprehensive of 
All Geometries)

Theorem 4 The initial radius of the circle, r, is a function of only the angle taken out of the initial circle, q; i.e. r=f(q). This 

cannot be proven with Euclidean geometry, thus, this is evidence that Euclidean geometry is consistent, because, any consistent 

system is not comprehensive, as shown by Gödel in his Incompleteness Theorems.

Proof.

Lemma 6 From Lemma 4, it can be shown that 1=
2 p Sin@bD

4 p q-q2

Proof.

r ==
2 p r Sin@bD

4 p q - q2

; r cancels on both sides, therefore 1 ==
2 p Sin@bD

4 p q - q2

Lemma 7 From Theorem 1 and lemma 1, it can be shown that:

 0 = q r - 2 p r - 2 p r^2 -
4 p r2 q-r2 q2

2 p
^2

Proof.
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q r = 2 p r - 2 p Hr^2 - h^2L

Subtract q*r from both sides.

 0 = q r - 2 p r - 2 p r^2 -
4 p r2 q-r2 q2

2 p
^2

Lemma 8 One can calculate the radius as a function of q and b from constructing the equation 1-1=0 

as 1 -
2 p Sin@bD

4 p q-q2

== q r - 2 p r - 2 p r^2 -
4 p r2 q-r2 q2

2 p
^2 .

Proof.

SolveB1 -
2 p Sin@bD
4 p q - q2

== q r - 2 p r - 2 p r^2 -
4 p r2 q - r2 q2

2 p

^2 , rF

::r Ø -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2
Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3

4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3
Sin@bD2 + 8 p

2
q Sin@bD2M>>

SphericalPlot3DB -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD +

4 p
2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3

4 p - q

-
2 p2 H4 p - qL q Sin@bD3

q

ì

I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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SphericalPlot3DB -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD +

4 p
2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3

4 p - q

-
2 p2 H4 p - qL q Sin@bD3

q

ì

I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M, 8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F
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SolveB1 -
4 p q - q2

2 p Sin@bD
== q r - 2 p r - 2 p r^2 -

4 p r2 q - r2 q2

2 p

^2 , rF

::r Ø K-8 p
3
+ 4 p

2 H4 p - qL q Csc@bD + 8 p
2
q Csc@bD2 - 2 p q

2
Csc@bD2 - 4 p q H4 p - qL q Csc@bD3 +

q
2 H4 p - qL q Csc@bD3O ì I4 I8 p

4
- 4 p

3
q - 8 p

3
q Csc@bD2 + 6 p

2
q
2
Csc@bD2 - p q

3
Csc@bD2MM>>
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SphericalPlot3DBJ-8 p
3
+ 4 p

2 H4 p - qL q Csc@bD + 8 p
2
q Csc@bD2 -

2 p q
2 Csc@bD2 - 4 p q H4 p - qL q Csc@bD3 + q

2 H4 p - qL q Csc@bD3N í
I4 I8 p

4
- 4 p

3
q - 8 p

3
q Csc@bD2 + 6 p

2
q
2 Csc@bD2 - p q

3 Csc@bD2MM, 8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F
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SphericalPlot3DBJ-8 p
3
+ 4 p

2 H4 p - qL q Csc@bD + 8 p
2
q Csc@bD2 -

2 p q
2 Csc@bD2 - 4 p q H4 p - qL q Csc@bD3 + q

2 H4 p - qL q Csc@bD3N í
I4 I8 p

4
- 4 p

3
q - 8 p

3
q Csc@bD2 + 6 p

2
q
2 Csc@bD2 - p q

3 Csc@bD2MM, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F

SolveB -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M ==

J-8 p
3
+ 4 p

2 H4 p - qL q Csc@bD + 8 p
2
q Csc@bD2 - 2 p q

2 Csc@bD2 - 4 p q H4 p - qL q Csc@bD3 +
q
2 H4 p - qL q Csc@bD3N í I4 I8 p

4
- 4 p

3
q - 8 p

3
q Csc@bD2 + 6 p

2
q
2 Csc@bD2 - p q

3 Csc@bD2MM, bF

::b Ø ArcCscB
1

2
-

H4 p - qL q

4 p - q

-

H4 p - qL q

q

F>,

:b Ø -ArcCscB
1

2

H4 p - qL q

4 p - q

+

H4 p - qL q

q

F>, :b Ø ArcCscB
4 p q - q2

2 H4 p - qL
+

4 p q - q2

2 q

F>>
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PlotB:-ArcCscB
1

2

H4 p - qL q

4 p - q

+

H4 p - qL q

q

F,

-ArcCscB
1

2

H4 p - qL q

4 p - q

+

H4 p - qL q

q

F, ArcCscB
4 p q - q

2

2 H4 p - qL
+

4 p q - q
2

2 q

F>, 8q, -4 p, 4 p<F

-10 -5 5 10

-1.5

-1.0

-0.5

0.5

1.0

1.5

PolarPlotB:ArcCscB
1

2
-

H4 p - qL q

4 p - q

-

H4 p - qL q

q

F,

-ArcCscB
1

2

H4 p - qL q

4 p - q

+

H4 p - qL q

q

F, ArcCscB
4 p q - q

2

2 H4 p - qL
+

4 p q - q
2

2 q

F>, 8q, -10 p, 10 p<F

2
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-1.5 -1.0 -0.5 0.5 1.0 1.5

-2

-1

1

SolveB -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M ==

J-8 p
3
+ 4 p

2 H4 p - qL q Csc@bD + 8 p
2
q Csc@bD2 - 2 p q

2 Csc@bD2 - 4 p q H4 p - qL q Csc@bD3 +
q
2 H4 p - qL q Csc@bD3N í I4 I8 p

4
- 4 p

3
q - 8 p

3
q Csc@bD2 + 6 p

2
q
2 Csc@bD2 - p q

3 Csc@bD2MM, qF

::q Ø 2 p - -p
2
+ p

2 Csc@bD2 Sin@bD >, :q Ø 2 p + -p
2
+ p

2 Csc@bD2 Sin@bD >>
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RevolutionPlot3DB

:2 p + -p
2
+ p

2 Csc@bD2 Sin@bD , 2 p - -p
2
+ p

2 Csc@bD2 Sin@bD >, :b, -
p

2
,

p

2
>F
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PolarPlotB:2 p + -p
2
+ p

2 Csc@bD2 Sin@bD , 2 p - -p
2
+ p

2 Csc@bD2 Sin@bD >,

8b, -10^2 p, 10^2 p<F

-10 -5 5 10

-5

5

RevolutionPlot3DB2 p - -p
2
+ p

2 Csc@bD2 Sin@bD , :b, -
p

2
,

p

2
>F

Lemma 9 From Lemma 5, q is a function of b. From Lemma 4, b is a function of q. Therefore, r is a function 

of theta or beta. This cannot be proven with Euclidean geometry, because one can draw a circle of any size and take any angle 
(arc length) from it. 
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Euclidean geometry is consistent, but not comprehensive of all geometries,

including the system related to difference in circumferences of two

circles equaling an arc length Happlied to the Pythagorean theorem to form a coneL.

RegionPlot3DB -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M ==

J-8 p
3
+ 4 p

2 H4 p - qL q Csc@bD + 8 p
2
q Csc@bD2 - 2 p q

2 Csc@bD2 -
4 p q H4 p - qL q Csc@bD3 + q

2 H4 p - qL q Csc@bD3N í
I4 I8 p

4
- 4 p

3
q - 8 p

3
q Csc@bD2 + 6 p

2
q
2 Csc@bD2 - p q

3 Csc@bD2MM, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F

XV. Woven Velocity Patterns

(49)

We can formulate the expression for the height of the cone in terms of

the speed of light of non - relativistically transformed time :

r 1 -
v
2

c
2

q

1-
v
2

c
2

4 p r - r q

2 p

== c Hq ê H2 pLL = rate * time = distance

This will give us introspection into the meaning of relativity' s relation of the consciously perceptual system to the visual

system and if the visual system has evolved with a response to relativistic principles. We will be able to visualize the ambient

optic array and the inhomogeneities within it.

ContourPlot3DB

r 1 -
v
2

c
2

q

1-
v
2

c
2

4 p r - r q

2 p

, 8r, -1, 1<, 8q, -2 p, 2 p<, 8v, -c, c<F

SolveB

r 1 -
v
2

c
2

q

1-
v
2

c
2

4 p r - r q

2 p

== c Hq ê H2 pLL, vF

8<

SolveB

r 1 -
v
2

c
2

q

1-
v
2

c
2

4 p r - r q

2 p

== c Hq ê H2 pLL, rF

::r Ø -

c q

4 p - q

>, :r Ø

c q

4 p - q

>>
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RevolutionPlot3DB
c q

4 p - q

, 8q, -4 p, 4 p<F
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SolveB

r 1 -
v
2

c
2

q

1-
v
2

c
2

4 p r - r q

2 p

== c Hq ê H2 pLL, qF

:8q Ø 0<, :q Ø

4 p r2

c2 + r2
>>

Plot3DB
4 p r2

c2 + r2
, 8r, -10, 10<, 8c, -H2.99792458 * 10^8L, H2.99792458 * 10^8L<F

c := H2.99792458 * 10^8L
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RevolutionPlot3DB
4 p r2

c2 + r2
, 8r, -10, 10<F

SolveB

r 1 -
v
2

c
2

q

1-
v
2

c
2

4 p r - r q

2 p

== c Hq ê H2 pLL, cF

::c Ø -

4 p r2 - r2 q

q

>, :c Ø

4 p r2 - r2 q

q

>>

The Cone of Perception by Parker Emmerson 4th Edition.nb   253

Printed by Mathematica for Students



RevolutionPlot3DB:
4 p r2 - r2 q

q

>, 8r, -1, 1<, 8q, -2 p, 2 p<F
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We can formulate the relativistic equation for the height of

the cone in terms of the speed of light of relativistic time :

r 1 -
v
2

c
2

q

1-
v
2

c
2

4 p r - r q

2 p

1 -

v2

c2
== c Hq ê H2 pLL ì 1 -

v2

c2

SolveB

r 1 -
v
2

c
2

q

1-
v
2

c
2

4 p r - r q

2 p

1 -

v2

c2
== c Hq ê H2 pLL ì 1 -

v2

c2
, qF

:8q Ø 0<, :q Ø

4 p Ic4 r2 - 2 c2 r2 v2 + r2 v4M
c6 + c4 r2 - 2 c2 r2 v2 + r2 v4

>>

Time is visualized from contour to be a gradient of texture. We can also visualize the layout when we know that light

travels at a fairly constant speed through substances like air. However, when we consider it to be a variable, which it truly is, we

can see how there is information contained within time' s relation to the velocity of a perceiver, the speed of light being per-

ceived, and the initial radius of the circle transforming into a cone, which is the wavelength of light.
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ContourPlot3DB
4 p Ic4 r2 - 2 c2 r2 v2 + r2 v4M
c6 + c4 r2 - 2 c2 r2 v2 + r2 v4

, 8r, -100, 100<,

8v, -H2.99792458 * 10^8L, H2.99792458 * 10^8L<, 8c, -H2.99792458 * 10^8L, H2.99792458 * 10^8L<F
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RevolutionPlot3DB
4 p Ic4 r2 - 2 c2 r2 v2 + r2 v4M
c6 + c4 r2 - 2 c2 r2 v2 + r2 v4

, 8v, -10, 10<, 8r, -10, 10<F

Plot3DB
4 p Ic4 r2 - 2 c2 r2 v2 + r2 v4M
c6 + c4 r2 - 2 c2 r2 v2 + r2 v4

, 8r, -1, 1<, 8v, -1, 1<F
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SolveB

r 1 -
v
2

c
2

q

1-
v
2

c
2

4 p r - r q

2 p

1 -

v2

c2
== c Hq ê H2 pLL ì 1 -

v2

c2
, vF

::v Ø - -

4 c2 p r2

-4 p r2 + r2 q

+

c2 r2 q

-4 p r2 + r2 q

-

c6 r2 H4 p - qL q

-4 p r2 + r2 q

>,

:v Ø -

4 c2 p r2

-4 p r2 + r2 q

+

c2 r2 q

-4 p r2 + r2 q

-
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RevolutionPlot3DB- -
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ContourPlot3DB:-
Â c3 q

Hc - vL Hc + vL -4 p + q

,
Â c3 q

Hc - vL Hc + vL -4 p + q

>,

8q, -2 p, 2 p<, 8v, -HH2.99792458 * 10^8LL, HH2.99792458 * 10^8LL<,
8c, -H2.99792458 * 10^8L, H2.99792458 * 10^8L<F

During this section of the paper' s main body, we will discuss the gradient found when we make a contour plot of the

radial distance perceived as a wavelength, or the changed distance perceived to be an actual distance.

 I am proposing with the relativisitic interpretations of the functions of the height of the cone, that layout and contour are

contained within the information available in ambient light through the inherency of relativity to the pickup of the invariant, r, of

the visual system by the mind.

We can solve this equation for the speed of light in terms of theta, velocity, and radius (wavelength). However, the

solutions are very long, and the visualization methods somewhat difficult. I will therefore refer the reader to addendum no. 7 of

this work.
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+
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6
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+
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+
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6
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6
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6
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+

432 p
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8
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6
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- 96 p
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q - 288 p
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6
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+ 144 p r

4
v
2
q
2
+
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6
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2
r
6
v
6
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4
+

MO

270   The Cone of Perception by Parker Emmerson 4th Edition.nb

Printed by Mathematica for Students



432 p
2
r
4
v
8
q
4
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6
v
6
q
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- 216 p r

4
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q
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+ 4 r

6
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4
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6MO

1ê3

-
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+
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6
v
6
q
6
+ 27 r

4
v
8
q
6MO

1ê3

-
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+

108 p r
2
v
4
q
2
- 2 r

6
q
3
- 18 r

4
v
2
q
3
- 27 r

2
v
4
q
3
+ 3 3

,I-256 p
3
r
6
v
6
q
3
+ 192 p

2
r
6
v
6

q
4
+ 432 p

2
r
4
v
8
q
4
- 48 p r

6
v
6
q
5
- 216 p r

4
v
8
q
5
+ 4 r
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-
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+
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>>

XVI. Spatio - Temporal Configurations for Faster than Light Travel (v > c): Mathematics for a 
Warp Engine.

By Parker Emmerson © 2009-2010

There are spatio - temporal, "univocally conic," configurative

positions at which it is possible that entities travel faster than light.
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ü a) Computational Results from the Lorentz Transformation

Theorem 3 The "innate velocity," v, within the Lorentz transformation can be solved for in terms of the system of the circle 

transforming into a cone. If r is multiplied by the Lorenz transformation, then it measures the distance in the prime system, 

denoted by r '. If t '  equals 
K q

I2 pM
O

1-
v
2

c
2

, then the quantity r q = q ' r '. We are only dealing with algebraic forms and the solutions 

necessitated by them. Logical, algebraic, reasoning will be given why, when using the exact speed of light, 2.99792458 (108) 

meters per second, the units of the speed of light can be ignored for the purposes of calculation and computation (they canel out 

- they are equal to one). This theorem states that, although, normal algebra would require the speed of light as a quantity to 

cancel out, valid expressions for the solutions for the intrinsic velocity, v, can be found in terms of h, r, and q, or q and b, 

depending on the expression used for the height of the cone.

Proof.

c = 2.99792458 I108M meters per second

r' = r 1 -

v2

c2

t' =

J q

H2 pL N

1 -
v
2

c
2

t' = 
q '

2 p

2 p t' = q '

q' =

q

1 -
v
2

c
2

Therefore,

r' * q' =

q

1 -
v
2

c
2

r 1 -

v2

c2
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q

1 -
v
2

c
2

r 1 -
v2

c2
= r q

r' * q' = r q = 2 p r - 2 p r1 = 2 p r - 2 p r^2 - h^2

SolveBr q == 2 p r - 2 p r^2 - h^2 , hF

::h Ø -
4 p r2 q - r2 q2

2 p
>, :h Ø

4 p r2 q - r2 q2

2 p
>>

SolveBr' q' == 2 p r - 2 p r^2 - h^2 , hF

::h Ø -
r£ q£ 4 p r - r£ q£

2 p

>, :h Ø
r£ q£ 4 p r - r£ q£

2 p

>>

The  argument  follows  modus  ponens,  saying  that,  through  commutation,  r  '  q  '  =  q  r,  therefore  h  =

r
£

q
£

4 p r-r
£

q
£

2 p
=

4 p r
2
q-r

2
q
2

2 p

h =

r£ q£ 4 p r - r£ q£

2 p
=

r 1 -
v
2

c
2

q

1-
v
2

c
2

4 p r - r 1 -
v
2

c
2

q

1-
v
2

c
2

2 p
=

r q 4 p r - r q

2 p

where c is its numeric value of the speed of light, its units being shown to cancel out.

1 -
v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2

ã

1 -
v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2

ã

1 -
v
2

HcL2

1 -
v
2

HcL2

SolveB
1 -

v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2

ã

1 -
v
2

HcL2

1 -
v
2

HcL2

, metersF

88<<

SolveB
1 -

v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2

ã

1 -
v
2

HcL2

1 -
v
2

HcL2

, secondF

88<<
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SolveB
1 -

v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2

ã

1 -
v
2

HcL2

1 -
v
2

HcL2

, vF

88<<

SolveB
1 -

v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2

ã

1 -
v
2

HcL2

1 -
v
2

HcL2

, cF

SolveATrue, 2.99792 µ 10
8E

r 1 -
v
2

Hc HmetersêsecondLL2

q

1-
v
2

Ic ImetersësecondMM2

4 p r - r q

2 p
=

H1L

r 1 -
v
2

HcL2

q

1-
v
2

HcL2

4 p r - r q

2 p

Logically, the units of the speed of light will cancel out, therefore, their relationship will be set equal to one and taken out

of the equation for the purposes of computational calculation. 

SolveBr' q' == 2 p r - 2 p r^2 - h^2 , hF

::h Ø -
r£ q£ 4 p r - r£ q£

2 p

>, :h Ø
r£ q£ 4 p r - r£ q£

2 p

>>

The  argument  follows  modus  ponens,  saying  that,  through  commutation,  r  '  q  '  =  q  r,  therefore  h  =

r
£

q
£

4 p r-r
£

q
£

2 p
=

4 p r
2
q-r

2
q
2

2 p

h =

r
£ q£

4 p r - r£ q£

2 p
=

r 1 -
v
2

c
2

q

1-
v
2

c
2

4 p r - r 1 -
v
2

c
2

q

1-
v
2

c
2

2 p
=

r q 4 p r - r q

2 p

where c is its numeric value of the speed of light, its units being shown to cancel out.

1 -
v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2

ã

1 -
v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2

ã

1 -
v
2

HcL2

1 -
v
2

HcL2

274   The Cone of Perception by Parker Emmerson 4th Edition.nb

Printed by Mathematica for Students



SolveB
1 -

v
2

Hc HmetersêsecondLL2

1 -

v
2

Hc HmetersêsecondLL2

ã

1 -

v
2

HcL2

1 -

v
2

HcL2

, metersF

88<<

SolveB
1 -

v
2

Hc HmetersêsecondLL2

1 -

v
2

Hc HmetersêsecondLL2

ã

1 -

v
2

HcL2

1 -

v
2

HcL2

, secondF

88<<

SolveB
1 -

v
2

Hc HmetersêsecondLL2

1 -

v
2

Hc HmetersêsecondLL2

ã

1 -

v
2

HcL2

1 -

v
2

HcL2

, vF

88<<

SolveB
1 -

v
2

Hc HmetersêsecondLL2

1 -

v
2

Hc HmetersêsecondLL2

ã

1 -

v
2

HcL2

1 -

v
2

HcL2

, cF

SolveATrue, 2.99792 µ 10
8E

r 1 -
v
2

Hc HmetersêsecondLL2

q

1-
v
2

Ic ImetersësecondMM2

4 p r - r q

2 p

=

r 1 -
v
2

Hc HmetersêsecondLL2

q

1-
v
2

Ic ImetersësecondMM2

4 p r - r q

2 p

=

r 1 -
v
2

HcL2

q

1-
v
2

HcL2

4 p r - r q

2 p

= H1L

r 1 -
v
2

HcL2

q

1-
v
2

HcL2

4 p r - r q

2 p

Logically, the units of the speed of light will cancel out, therefore, their relationship will be set equal to one and taken out

of the equation for the purposes of computational calculation. 
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SolveB

r 1 -
v
2

Hc HmetersêsecondLL2

q

1-
v
2

Hc HmetersêsecondLL2

4 p r - r q

2 p

ã h, metersF

88<<

Meters cancel out.

SolveB

r 1 -
v
2

Hc HmetersêsecondLL2

q

1-
v
2

Hc HmetersêsecondLL2

4 p r - r q

2 p

ã h, secondF

88<<

Seconds cancel out.

SolveB

r 1 -
v
2

Hc HmetersêsecondLL2

q

1-
v
2

Hc HmetersêsecondLL2

4 p r - r q

2 p

ã h, cF

88<<

The numeric c cancels out.

SolveB

r 1 -
v
2

Hc HmetersêsecondLL2

q

1-
v
2

Hc HmetersêsecondLL2

4 p r - r q

2 p

ã h, rF

::r Ø -
2 p h

4 p q - q2

>, :r Ø
2 p h

4 p q - q2

>>

Radius yields the result from Lemma 3.

SolveB

r 1 -
v
2

HcL2

q

1-
v
2

HcL2

4 p r - r q

2 p

ã h, vF

88<<

Velocity cancels out.
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SolveB

r 1 -
v
2

HcL2

q

1-
v
2

HcL2

4 p r - r q

2 p
ã h, vF

88<<

Radius yields the result from Lemma 3.

8<

Velocity cancels out. Only when using the exact speed of light in scientific notation can solutions be found.

We set the speed of light equal to its numeric value for the purpose of making computations, dropping the units, because 
in the expression for the height of the cone, they would cancel out anyway. It should be noted that this is necessary for 
computing the function of the velocity and that the exact speed of light is to be used as well as that the numeric value of the 
speed of light has to be in the form of scientific notation in order to find results to this equation.

c := 2.99792458 H10^8L
Theorem 3 Continued From the expression of the height of the cone of Lemma 1, with the Lorentz transformations implicitly 

expressed, we can solve for the velocity within the Lorenz coefficient in terms of the height of the cone, the initial radius, and 

the angle, q.

Proof.

SolveB

r 1 -
HvL2

c
2

q

1-
HvL2

c
2

4 p r - r q

2 p
ã h, vF

::v Ø -
1. 3.54814 µ 10

18
h2 - 1.12941 µ 10

18
r2 q + 8.98755 µ 10

16
r2 q2

39.4784 h2 - 12.5664 r2 q + r2 q2

>,

:v Ø
3.54814 µ 10

18
h2 - 1.12941 µ 10

18
r2 q + 8.98755 µ 10

16
r2 q2

39.4784 h2 - 12.5664 r2 q + r2 q2

>>

Theorem 3 Continued From the expression of the height of the cone, from Lemma 1 with the Lorentz transformations 

implicitly expressed, we can solve for the velocity within the Lorenz coefficient in terms of q and b.

SolveB

r 1 -
HvL2

c
2

q

1-
HvL2

c
2

4 p r - r q

2 p
ã r Sin@bD, vF

::v Ø -

1. -1.12941 µ 10
18

q + 8.98755 µ 10
16

q2 + 3.54814 µ 10
18
Sin@bD2

-12.5664 q + q2 + 39.4784 Sin@bD2
>,

:v Ø

-1.12941 µ 10
18

q + 8.98755 µ 10
16

q2 + 3.54814 µ 10
18
Sin@bD2

-12.5664 q + q2 + 39.4784 Sin@bD2
>>
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b) Now, Apply the Substitution, and Set the Result Equal to 99*( 2.99792458 H10^8L) and Solve the 
Equation.

Lemma 2 The angle q can be calculated in terms of r and h.

Proof

SolveBh ==
4 p r

2
q-r

2
q
2

2 p
, qF

::q Ø
2 p r

2- r
4-r2 h2

r
2

>, :q Ø
2 p r

2+ r
4-r2 h2

r
2

>>

Lemma 4 The height of the cone can be calculated in terms of only r and q, thus b is a function of q alone.

Proof. Since we have shown that q r = 2 p r - 2 p r 1 and r1 Ø r2 - h2 , we can substitute the expression for r1, calculated 

from the Pythagorean theorem in terms of the height of the cone and the initial radius of the circle, into the expression for  q r in 

terms of the change in circumference of the initial circle to the circle that is the base of the cone into which the circle was 

transformed.

          q r = 2 p r - 2 p Hr^2 - h^2L , thus, h =
4 p r2 q-r2 q2

2 p
 = (r Sin[b]). From

2 p h

4 p q-q2

= r, we note that: r = 

2 p r Sin@bD

4 p q-q2

. So we solve the equation,

SolveBr ==
2 p r Sin@bD

4 p q - q2

, bF

::b Ø ArcSinB
H4 p - qL q

2 p
F>>

v = I,I-1.1294090667581471`*^18 q +

8.987551787368176`*^16 q2 + 3.5481432270250993`*^18 Sin@bD2MM ì

-12.566370614359172` q + q2 + 39.47841760435743` Sin@bD2 =

-1.1294090667581471`*^18

2 p r2 + r4 - r2 h2

r2
+

8.987551787368176`*^16

2 p r2 + r4 - r2 h2

r2

2

+ 3.5481432270250993`*^18 Sin@bD2 ì

-12.566370614359172`

2 p r2 + r4 - r2 h2

r2
+

2 p r2 + r4 - r2 h2

r2

2

+

39.47841760435743` Sin@bD2
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SolveB -1.1294090667581471`*^18

2 p r2 + r4 - r2 h2

r2
+

8.987551787368176`*^16

2 p r2 + r4 - r2 h2

r2

2

+ 3.5481432270250993`*^18 Sin@bD2 ì

-12.566370614359172`

2 p r2 + r4 - r2 h2

r2
+

2 p r2 + r4 - r2 h2

r2

2

+

39.47841760435743` Sin@bD2 ã H99.0 * H10^8LL, rF
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::r Ø -0.5/ -

2. h2 I1.65145 µ 10
20

- 1.35532 µ 10
52
Sin@bD2M

-1.65145 µ 10
20

+ 6.77658 µ 10
51
Sin@bD4

-

2./
h4 I1.65145 µ 10

20
- 1.35532 µ 10

52
Sin@bD2M2

I-1.65145 µ 10
20

+ 6.77658 µ 10
51
Sin@bD4M2

-

2.71063 µ 10
52

h4

-1.65145 µ 10
20

+ 6.77658 µ 10
51
Sin@bD4

>,

:r Ø 0.5/ -

2. h2 I1.65145 µ 10
20

- 1.35532 µ 10
52
Sin@bD2M

-1.65145 µ 10
20

+ 6.77658 µ 10
51
Sin@bD4

-

2./
h4 I1.65145 µ 10

20
- 1.35532 µ 10

52
Sin@bD2M2

I-1.65145 µ 10
20

+ 6.77658 µ 10
51
Sin@bD4M2

-

2.71063 µ 10
52

h4

-1.65145 µ 10
20

+ 6.77658 µ 10
51
Sin@bD4

>,

:r Ø -0.5/ -

2. h2 I1.65145 µ 10
20

- 1.35532 µ 10
52
Sin@bD2M

-1.65145 µ 10
20

+ 6.77658 µ 10
51
Sin@bD4

+

2./
h4 I1.65145 µ 10

20
- 1.35532 µ 10

52
Sin@bD2M2

I-1.65145 µ 10
20

+ 6.77658 µ 10
51
Sin@bD4M2

-

2.71063 µ 10
52

h4

-1.65145 µ 10
20

+ 6.77658 µ 10
51
Sin@bD4

>,

:r Ø 0.5/ -

2. h2 I1.65145 µ 10
20

- 1.35532 µ 10
52
Sin@bD2M

-1.65145 µ 10
20

+ 6.77658 µ 10
51
Sin@bD4

+

2./
h4 I1.65145 µ 10

20
- 1.35532 µ 10

52
Sin@bD2M2

I-1.65145 µ 10
20

+ 6.77658 µ 10
51
Sin@bD4M2

-

2.71063 µ 10
52

h4

-1.65145 µ 10
20

+ 6.77658 µ 10
51
Sin@bD4

>>
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RevolutionPlot3DB
-0.5`/ -I2.` h2 I1.6514528686265244`*^20 - 1.3553156905595964`*^52 Sin@bD2MM ë

I-1.6514528686265244`*^20 + 6.776578452797982`*^51 Sin@bD4M -

2.`/ h4 I1.6514528686265244`*^20 - 1.3553156905595964`*^52 Sin@bD2M2
I-1.6514528686265244`*^20 + 6.776578452797982`*^51 Sin@bD4M2 -

2.7106313811191934`*^52 h4

-1.6514528686265244`*^20 + 6.776578452797982`*^51 Sin@bD4 ,

8h, -1, 1<, 8b, -p ê 2, p ê 2<F
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RevolutionPlot3DB0.5`/ -I2.` h2 I1.6514528686265244`*^20 - 1.3553156905595964`*^52 Sin@bD2MM ë
I-1.6514528686265244`*^20 + 6.776578452797982`*^51 Sin@bD4M -

2.`/ h4 I1.6514528686265244`*^20 - 1.3553156905595964`*^52 Sin@bD2M2
I-1.6514528686265244`*^20 + 6.776578452797982`*^51 Sin@bD4M2 -

2.7106313811191934`*^52 h4

-1.6514528686265244`*^20 + 6.776578452797982`*^51 Sin@bD4 ,

8h, -1, 1<, 8b, -p ê 2, p ê 2<F
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RevolutionPlot3DB
-0.5`/ -I2.` h2 I1.6514528686265244`*^20 - 1.3553156905595964`*^52 Sin@bD2MM ë

I-1.6514528686265244`*^20 + 6.776578452797982`*^51 Sin@bD4M +

2.`/ h4 I1.6514528686265244`*^20 - 1.3553156905595964`*^52 Sin@bD2M2
I-1.6514528686265244`*^20 + 6.776578452797982`*^51 Sin@bD4M2 -

2.7106313811191934`*^52 h4

-1.6514528686265244`*^20 + 6.776578452797982`*^51 Sin@bD4 ,

8h, -1, 1<, 8b, -p ê 2, p ê 2<F
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RevolutionPlot3DB0.5`/ -I2.` h2 I1.6514528686265244`*^20 - 1.3553156905595964`*^52 Sin@bD2MM ë
I-1.6514528686265244`*^20 + 6.776578452797982`*^51 Sin@bD4M +

2.`/ h4 I1.6514528686265244`*^20 - 1.3553156905595964`*^52 Sin@bD2M2
I-1.6514528686265244`*^20 + 6.776578452797982`*^51 Sin@bD4M2 -

2.7106313811191934`*^52 h4

-1.6514528686265244`*^20 + 6.776578452797982`*^51 Sin@bD4 ,

8h, -1, 1<, 8b, -p ê 2, p ê 2<F

ü c) You Can Also Solve for the Height of the Cone, h.

(51)

1. Select a solution to the radius at faster than light travel

from a proper solution from having solved the innate velocity

within the Lorentz transformation. This can be done in several

ways when using the exact speed of light in scientific notation.

(52)
2. You will probably get multiple solutions to the initial

radius. Select one of them and then solve for the height of the cone.

(53)3. Example Below :

284   The Cone of Perception by Parker Emmerson 4th Edition.nb

Printed by Mathematica for Students



SolveBr == 0.5`. -I2.` h2 I1.6514528686265244`*^20 - 1.3553156905595964`*^52 Sin@bD2MM ë
I-1.6514528686265244`*^20 + 6.776578452797982`*^51 Sin@bD4M +

2.`. Jh4 I1.6514528686265244`*^20 - 1.3553156905595964`*^52 Sin@bD2M2N í
I-1.6514528686265244`*^20 + 6.776578452797982`*^51 Sin@bD4M2 -

2.7106313811191934`*^52 h4

-1.6514528686265244`*^20 + 6.776578452797982`*^51 Sin@bD4 , hF
::h Ø

-0.5-J-I2. r2 I-1.08097 µ 10
77

+ 8.87129 µ 10
108

Sin@bD2 + 1.33069 µ 10
109

Sin@bD4 - 1.09207 µ 10
141

Sin@bD6 - 5.46037 µ 10
140

Sin@bD8 + 4.48122 µ 10
172

Sin@bD10 +
7.46871 µ 10

171
Sin@bD12 - 6.12942 µ 10

203
Sin@bD14MM ë

I-4.43565 µ 10
108

- 5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12M -

2.-JJr4 I-1.08097 µ 10
77

+ 8.87129 µ 10
108

Sin@bD2 + 1.33069 µ 10
109

Sin@bD4 -
1.09207 µ 10

141
Sin@bD6 - 5.46037 µ 10

140
Sin@bD8 + 4.48122 µ 10

172
Sin@bD10 +

7.46871 µ 10
171

Sin@bD12 - 6.12942 µ 10
203

Sin@bD14M2N í I-4.43565 µ 10
108

-

5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12M2 -
I4. r4 I1.08097 µ 10

77
- 1.77426 µ 10

109
Sin@bD4 + 1.09207 µ 10

141
Sin@bD8 -

2.98748 µ 10
172

Sin@bD12 + 3.06471 µ 10
203

Sin@bD16MM ë I-4.43565 µ 10
108

-

5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12MNN>,
:h Ø 0.5-J-I2. r2 I-1.08097 µ 10

77
+ 8.87129 µ 10

108
Sin@bD2 + 1.33069 µ 10

109
Sin@bD4 -

1.09207 µ 10
141

Sin@bD6 - 5.46037 µ 10
140

Sin@bD8 + 4.48122 µ 10
172

Sin@bD10 +
7.46871 µ 10

171
Sin@bD12 - 6.12942 µ 10

203
Sin@bD14MM ë

I-4.43565 µ 10
108

- 5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12M -

2.-JJr4 I-1.08097 µ 10
77

+ 8.87129 µ 10
108

Sin@bD2 + 1.33069 µ 10
109

Sin@bD4 -
1.09207 µ 10

141
Sin@bD6 - 5.46037 µ 10

140
Sin@bD8 + 4.48122 µ 10

172
Sin@bD10 +

7.46871 µ 10
171

Sin@bD12 - 6.12942 µ 10
203

Sin@bD14M2N í I-4.43565 µ 10
108

-

5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12M2 -
I4. r4 I1.08097 µ 10

77
- 1.77426 µ 10

109
Sin@bD4 + 1.09207 µ 10

141
Sin@bD8 -

MM ë
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I4. r I1.08097 10 1.77426 10 Sin@ D 1.09207 10 Sin@ D
2.98748 µ 10

172
Sin@bD12 + 3.06471 µ 10

203
Sin@bD16MM ë I-4.43565 µ 10

108
-

5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12MNN>,
:h Ø -0.5-J-I2. r2 I-1.08097 µ 10

77
+ 8.87129 µ 10

108
Sin@bD2 + 1.33069 µ 10

109
Sin@bD4 -

1.09207 µ 10
141

Sin@bD6 - 5.46037 µ 10
140

Sin@bD8 + 4.48122 µ 10
172

Sin@bD10 +
7.46871 µ 10

171
Sin@bD12 - 6.12942 µ 10

203
Sin@bD14MM ë

I-4.43565 µ 10
108

- 5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12M +

2.-JJr4 I-1.08097 µ 10
77

+ 8.87129 µ 10
108

Sin@bD2 + 1.33069 µ 10
109

Sin@bD4 -
1.09207 µ 10

141
Sin@bD6 - 5.46037 µ 10

140
Sin@bD8 + 4.48122 µ 10

172
Sin@bD10 +

7.46871 µ 10
171

Sin@bD12 - 6.12942 µ 10
203

Sin@bD14M2N í I-4.43565 µ 10
108

-

5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12M2 -
I4. r4 I1.08097 µ 10

77
- 1.77426 µ 10

109
Sin@bD4 + 1.09207 µ 10

141
Sin@bD8 -

2.98748 µ 10
172

Sin@bD12 + 3.06471 µ 10
203

Sin@bD16MM ë I-4.43565 µ 10
108

-

5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12MNN>,
:h Ø 0.5-J-I2. r2 I-1.08097 µ 10

77
+ 8.87129 µ 10

108
Sin@bD2 + 1.33069 µ 10

109
Sin@bD4 -

1.09207 µ 10
141

Sin@bD6 - 5.46037 µ 10
140

Sin@bD8 + 4.48122 µ 10
172

Sin@bD10 +
7.46871 µ 10

171
Sin@bD12 - 6.12942 µ 10

203
Sin@bD14MM ë

I-4.43565 µ 10
108

- 5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12M +

2.-JJr4 I-1.08097 µ 10
77

+ 8.87129 µ 10
108

Sin@bD2 + 1.33069 µ 10
109

Sin@bD4 -
1.09207 µ 10

141
Sin@bD6 - 5.46037 µ 10

140
Sin@bD8 + 4.48122 µ 10

172
Sin@bD10 +

7.46871 µ 10
171

Sin@bD12 - 6.12942 µ 10
203

Sin@bD14M2N í I-4.43565 µ 10
108

-

5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12M2 -
I4. r4 I1.08097 µ 10

77
- 1.77426 µ 10

109
Sin@bD4 + 1.09207 µ 10

141
Sin@bD8 -

2.98748 µ 10
172

Sin@bD12 + 3.06471 µ 10
203

Sin@bD16MM ë I-4.43565 µ 10
108

-

5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12MNN>>

SolveBr == 0.5`. -I2.` h2 I1.6514528686265244`*^20 - 1.3553156905595964`*^52 Sin@bD2MM ë
I-1.6514528686265244`*^20 + 6.776578452797982`*^51 Sin@bD4M -

2.`. Jh4 I1.6514528686265244`*^20 - 1.3553156905595964`*^52 Sin@bD2M2N í
I-1.6514528686265244`*^20 + 6.776578452797982`*^51 Sin@bD4M2 -

2.7106313811191934`*^52 h4

-1.6514528686265244`*^20 + 6.776578452797982`*^51 Sin@bD4 , hF
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::h Ø

-0.5-J-I2. r2 I-1.08097 µ 10
77

+ 8.87129 µ 10
108

Sin@bD2 + 1.33069 µ 10
109

Sin@bD4 - 1.09207 µ 10
141

Sin@bD6 - 5.46037 µ 10
140

Sin@bD8 + 4.48122 µ 10
172

Sin@bD10 +
7.46871 µ 10

171
Sin@bD12 - 6.12942 µ 10

203
Sin@bD14MM ë

I-4.43565 µ 10
108

- 5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12M -

2.-JJr4 I-1.08097 µ 10
77

+ 8.87129 µ 10
108

Sin@bD2 + 1.33069 µ 10
109

Sin@bD4 -
1.09207 µ 10

141
Sin@bD6 - 5.46037 µ 10

140
Sin@bD8 + 4.48122 µ 10

172
Sin@bD10 +

7.46871 µ 10
171

Sin@bD12 - 6.12942 µ 10
203

Sin@bD14M2N í I-4.43565 µ 10
108

-

5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12M2 -
I4. r4 I1.08097 µ 10

77
- 1.77426 µ 10

109
Sin@bD4 + 1.09207 µ 10

141
Sin@bD8 -

2.98748 µ 10
172

Sin@bD12 + 3.06471 µ 10
203

Sin@bD16MM ë I-4.43565 µ 10
108

-

5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12MNN>,
:h Ø 0.5-J-I2. r2 I-1.08097 µ 10

77
+ 8.87129 µ 10

108
Sin@bD2 + 1.33069 µ 10

109
Sin@bD4 -

1.09207 µ 10
141

Sin@bD6 - 5.46037 µ 10
140

Sin@bD8 + 4.48122 µ 10
172

Sin@bD10 +
7.46871 µ 10

171
Sin@bD12 - 6.12942 µ 10

203
Sin@bD14MM ë

I-4.43565 µ 10
108

- 5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12M -

2.-JJr4 I-1.08097 µ 10
77

+ 8.87129 µ 10
108

Sin@bD2 + 1.33069 µ 10
109

Sin@bD4 -
1.09207 µ 10

141
Sin@bD6 - 5.46037 µ 10

140
Sin@bD8 + 4.48122 µ 10

172
Sin@bD10 +

7.46871 µ 10
171

Sin@bD12 - 6.12942 µ 10
203

Sin@bD14M2N í I-4.43565 µ 10
108

-

5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12M2 -
I4. r4 I1.08097 µ 10

77
- 1.77426 µ 10

109
Sin@bD4 + 1.09207 µ 10

141
Sin@bD8 -

2.98748 µ 10
172

Sin@bD12 + 3.06471 µ 10
203

Sin@bD16MM ë I-4.43565 µ 10
108

-

5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12MNN>,
:h Ø -0.5-J-I2. r2 I-1.08097 µ 10

77
+ 8.87129 µ 10

108
Sin@bD2 + 1.33069 µ 10

109
Sin@bD4 -

1.09207 µ 10
141

Sin@bD6 - 5.46037 µ 10
140

Sin@bD8 + 4.48122 µ 10
172

Sin@bD10 +
7.46871 µ 10

171
Sin@bD12 - 6.12942 µ 10

203
Sin@bD14MM ë

I-4.43565 µ 10
108

- 5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12M +

2.-JJr4 I-1.08097 µ 10
77

+ 8.87129 µ 10
108

Sin@bD2 + 1.33069 µ 10
109

Sin@bD4 -

The Cone of Perception by Parker Emmerson 4th Edition.nb   287

Printed by Mathematica for Students



-JJ I @ D @ D
1.09207 µ 10

141
Sin@bD6 - 5.46037 µ 10

140
Sin@bD8 + 4.48122 µ 10

172
Sin@bD10 +

7.46871 µ 10
171

Sin@bD12 - 6.12942 µ 10
203

Sin@bD14M2N í I-4.43565 µ 10
108

-

5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12M2 -
I4. r4 I1.08097 µ 10

77
- 1.77426 µ 10

109
Sin@bD4 + 1.09207 µ 10

141
Sin@bD8 -

2.98748 µ 10
172

Sin@bD12 + 3.06471 µ 10
203

Sin@bD16MM ë I-4.43565 µ 10
108

-

5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12MNN>,
:h Ø 0.5-J-I2. r2 I-1.08097 µ 10

77
+ 8.87129 µ 10

108
Sin@bD2 + 1.33069 µ 10

109
Sin@bD4 -

1.09207 µ 10
141

Sin@bD6 - 5.46037 µ 10
140

Sin@bD8 + 4.48122 µ 10
172

Sin@bD10 +
7.46871 µ 10

171
Sin@bD12 - 6.12942 µ 10

203
Sin@bD14MM ë

I-4.43565 µ 10
108

- 5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12M +

2.-JJr4 I-1.08097 µ 10
77

+ 8.87129 µ 10
108

Sin@bD2 + 1.33069 µ 10
109

Sin@bD4 -
1.09207 µ 10

141
Sin@bD6 - 5.46037 µ 10

140
Sin@bD8 + 4.48122 µ 10

172
Sin@bD10 +

7.46871 µ 10
171

Sin@bD12 - 6.12942 µ 10
203

Sin@bD14M2N í I-4.43565 µ 10
108

-

5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12M2 -
I4. r4 I1.08097 µ 10

77
- 1.77426 µ 10

109
Sin@bD4 + 1.09207 µ 10

141
Sin@bD8 -

2.98748 µ 10
172

Sin@bD12 + 3.06471 µ 10
203

Sin@bD16MM ë I-4.43565 µ 10
108

-

5.07698 µ 10
92
Sin@bD2 + 5.46037 µ 10

140
Sin@bD4 + 3.88622 µ 10

124
Sin@bD6 -

2.24061 µ 10
172

Sin@bD8 - 7.39814 µ 10
155

Sin@bD10 + 3.06471 µ 10
203

Sin@bD12MNN>>

RevolutionPlot3DB-0.5`-J-I2.` r2 I-1.0809673819336597`*^77 + 8.871291948744909`*^108 Sin@bD2 +
1.3306937923117365`*^109 Sin@bD4 - 1.0920748695361118`*^141 Sin@bD6 -
5.46037434768056`*^140 Sin@bD8 + 4.481224484411375`*^172 Sin@bD10 +
7.468707474018959`*^171 Sin@bD12 - 6.129424956678444`*^203 Sin@bD14MM ë

I-4.435645974372455`*^108 - 5.076976983244755`*^92 Sin@bD2 + 5.46037434768056`*^140
Sin@bD4 + 3.886215303428729`*^124 Sin@bD6 - 2.2406122422056876`*^172 Sin@bD8 -

7.398135940236569`*^155 Sin@bD10 + 3.064712478339222`*^203 Sin@bD12M -

2.`
-JJr4 I-1.0809673819336597`*^77 + 8.871291948744909`*^108 Sin@bD2 +

1.3306937923117365`*^109 Sin@bD4 - 1.0920748695361118`*^141 Sin@bD6 -
5.46037434768056`*^140 Sin@bD8 + 4.481224484411375`*^172 Sin@bD10 +
7.468707474018959`*^171 Sin@bD12 - 6.129424956678444`*^203 Sin@bD14M2N í

I-4.435645974372455`*^108 - 5.076976983244755`*^92 Sin@bD2 + 5.46037434768056`*^140
Sin@bD4 + 3.886215303428729`*^124 Sin@bD6 - 2.2406122422056876`*^172 Sin@bD8 -

7.398135940236569`*^155 Sin@bD10 + 3.064712478339222`*^203 Sin@bD12M2 -
I4.` r4 I1.0809673819336597`*^77 - 1.774258389748982`*^109 Sin@bD4 +

1.092074869536112`*^141 Sin@bD8 - 2.987482989607584`*^172 Sin@bD12 +
3.0647124783392222`*^203 Sin@bD16MM ë

I-4.435645974372455`*^108 - 5.076976983244755`*^92 Sin@bD2 +
5.46037434768056`*^140 Sin@bD4 + 3.886215303428729`*^124 Sin@bD6 -
2.2406122422056876`*^172 Sin@bD8 - 7.398135940236569`*^155 Sin@bD10 +
3.064712478339222`*^203 Sin@bD12MNN, 8r, -1, 1<, 8b, -p ê 2, p ê 2<F
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RevolutionPlot3DB0.5`-J-I2.` r2 I-1.0809673819336597`*^77 + 8.871291948744909`*^108 Sin@bD2 +
1.3306937923117365`*^109 Sin@bD4 - 1.0920748695361118`*^141 Sin@bD6 -
5.46037434768056`*^140 Sin@bD8 + 4.481224484411375`*^172 Sin@bD10 +
7.468707474018959`*^171 Sin@bD12 - 6.129424956678444`*^203 Sin@bD14MM ë

I-4.435645974372455`*^108 - 5.076976983244755`*^92 Sin@bD2 + 5.46037434768056`*^140
Sin@bD4 + 3.886215303428729`*^124 Sin@bD6 - 2.2406122422056876`*^172 Sin@bD8 -

7.398135940236569`*^155 Sin@bD10 + 3.064712478339222`*^203 Sin@bD12M -

2.`
-JJr4 I-1.0809673819336597`*^77 + 8.871291948744909`*^108 Sin@bD2 +

1.3306937923117365`*^109 Sin@bD4 - 1.0920748695361118`*^141 Sin@bD6 -
5.46037434768056`*^140 Sin@bD8 + 4.481224484411375`*^172 Sin@bD10 +
7.468707474018959`*^171 Sin@bD12 - 6.129424956678444`*^203 Sin@bD14M2N í

I-4.435645974372455`*^108 - 5.076976983244755`*^92 Sin@bD2 + 5.46037434768056`*^140
Sin@bD4 + 3.886215303428729`*^124 Sin@bD6 - 2.2406122422056876`*^172 Sin@bD8 -

7.398135940236569`*^155 Sin@bD10 + 3.064712478339222`*^203 Sin@bD12M2 -
I4.` r4 I1.0809673819336597`*^77 - 1.774258389748982`*^109 Sin@bD4 +

1.092074869536112`*^141 Sin@bD8 - 2.987482989607584`*^172 Sin@bD12 +
3.0647124783392222`*^203 Sin@bD16MM ë

I-4.435645974372455`*^108 - 5.076976983244755`*^92 Sin@bD2 +
5.46037434768056`*^140 Sin@bD4 + 3.886215303428729`*^124 Sin@bD6 -
2.2406122422056876`*^172 Sin@bD8 - 7.398135940236569`*^155 Sin@bD10 +
3.064712478339222`*^203 Sin@bD12MNN, 8r, -1, 1<, 8b, -p ê 2, p ê 2<F
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ü d) Apply the Substitution, :q Ø 2 p + p2 - p2 Sin@bD2 >

SolveB99 H 2.99792458 H10^8LL == I,I-1.1294090667581471`*^18 q +

8.987551787368176`*^16 q
2
+ 3.5481432270250993`*^18 Sin@bD2MM ì

- -12.566370614359172` 2 p + p
2
- p

2 Sin@bD2 + q
2
+ 39.47841760435743` Sin@bD2 , qF

::q Ø 1.42883 µ 10
-19

-4.48719 µ 10
15

-

1.- 3.8679 µ 10
39

- 1.93375 µ 10
39
Sin@bD2 + 3.8679 µ 10

39
1. + 0. Sin@bD - 1. Sin@bD2 >,

:q Ø 1.42883 µ 10
-19

-4.48719 µ 10
15

+- 3.8679 µ 10
39

- 1.93375 µ 10
39
Sin@bD2 +

3.8679 µ 10
39

1. + 0. Sin@bD - 1. Sin@bD2 >>

RevolutionPlot3DB:1.4288257082550006`*^-19
-4.487190804107819`*^15 - 1.`- 3.8679026663078`*^39 - 1.933754001249597`*^39 Sin@bD2 +

3.8679026461729186`*^39 1.` + 0.` Sin@bD - 1.` Sin@bD2 , 1.4288257082550006`*^-19

-4.487190804107819`*^15 +- 3.8679026663078`*^39 - 1.933754001249597`*^39 Sin@bD2 +
3.8679026461729186`*^39 1.` + 0.` Sin@bD - 1.` Sin@bD2 >, 8b, -p ê 2, p ê 2<F

XVII. Volume of a Cone

by Parker Emmerson

(54)

Volume of Cone =

H1 ê 3L height * area of base = H1 ê 3L
4 p r2 q - r2 q2

2 p

p r -

r q

2 p

^2
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Theorem 1 When a sector of angle q is removed from a circle of radius r and the resulting shape is folded into a cone, then 

the base of the cone has radius r 1 given by r 1= r -
Hr qL

2 p
 ; and height h, given by h = r2 - r1

2 =r Sin[b]

Proof. The circumference of the initial circle is 2 p r and the wedge removed has an arc length r q. Therefore, the remaining 

circumference is of length r  (2 p - q), and after the fold, this is the circumference of the base of the cone. 

Establishing the circumference of the base of the cone, from the equation,  q r = 2 p r - 2 p r 1, we calculate that its radius r 1 is 
2 p r-r q

2 p
, which simplifies to r - 

r q

2 p
. Thus, we have proved the first part of the theorem.

To find the height of the cone, h, we apply the Pythagorean theorem to a right triangle formed between the apex of the cone, the 

center of the base, and a point on the circumference of the base. This gives h = r2 - r1
2 = r Sin[b], where b is the angle 

formed by the slant of the cone and the base of the cone. The initial radius is always equal to the slant of the cone, and the 

height of the cone is always orthogonal to the center of the base of the cone.

Lemma 1 The height of the cone can be caluclated in terms of r and q.

Proof.

q r = 2 p r - 2 p r1

h = r2 - r1
2

q r = 2 p r - 2 p Hr^2 - h^2L

h =
4 p r2 q - r2 q2

2 p

(55)

Volume of Cone = H1 ê 3L p H Hradius of baseL^2L * height =

H1 ê 3L p H r1^2L * h = H1 ê 3L
4 p r2 q - r2 q2

2 p
p r -

r q

2 p
^2
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Plot3D@H1 ê 3L p H r1^2L * h, 8r1, -1, 1<, 8h, -1, 1<D

Therefore, we make a substitution for our expressions of the height and base of the cone into the formula for the of the volume of

the cone.

ContourPlot3DBH1 ê 3L
4 p r2 q - r2 q2

2 p

p Hr1L^2,

8r, -1, 1<, 8r1, -1, 1<, 8q, -2 p, 2 p<, 8AxesLabel Ø Automatic<F

e

The Cone of Perception by Parker Emmerson 4th Edition.nb   293

Printed by Mathematica for Students



Plot3DBH1 ê 3L
4 p r2 q - r2 q2

2 p

p r -
r q

2 p

^2, 8r, -1, 1<, 8q, -2 p, 2 p<, 8AxesLabel Ø 8q, r<<F

Lemma 2 The angle q can be calculated in terms of r and h.

Proof

SolveBh ==
4 p r

2
q-r

2
q
2

2 p
, qF

::q Ø
2 p r

2- r
4-r2 h2

r
2

>, :q Ø
2 p r

2+ r
4-r2 h2

r
2

>>

Lemma 5 The height of the cone can be calculated in terms of only r and q, thus q is a function of b alone.

Proof. Since we have shown that q r = 2 p r - 2 p r 1  and r1 Ø r2 - h2 , we can substitute the expression for r1, calculated

from the Pythagorean theorem in terms of the height of the cone and the initial radius of the circle, into the expression for  q r in

terms of the change in circumference of the initial circle to the circle that is the base of the cone into which the circle was

transformed.

          q  r = 2 p  r - 2 p  Hr^2 - h^2L ,  thus, h =
4 p r2 q-r2 q2

2 p
 = (r Sin[b]). From

2 p h

4 p q-q2

= r, we note that: r =

2 p r Sin@bD

4 p q-q2

. So we solve the equation,

SolveBr ==
2 p r Sin@bD

4 p q - q2

, qF

::q Ø 2 p - p
2
- p

2 Sin@bD2 >, :q Ø 2 p + p
2
- p

2 Sin@bD2 >>
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Volume of Cone =

H1 ê 3L

4 p r2
2 p r

2
+ r

4
-r

2
h
2

r
2

- r2
2 p r

2
+ r

4
-r

2
h
2

r
2

2

2 p

p r -

r
2 p r

2
+ r

4
-r

2
h
2

r
2

2 p

^2

Plot3DBH1 ê 3L

4 p r2
2 p r

2
+ r

4
-r

2
h
2

r
2

- r2
2 p r

2
+ r

4
-r

2
h
2

r
2

2

2 p

p r -

r
2 p r

2
+ r

4
-r

2
h
2

r
2

2 p

^2,

8r, -1, 1<, 8h, -1, 1<, 8AxesLabel Ø 8h, r<<F
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Volume of Cone =

H1 ê 3L

4 p r2 2 p + p2 - p2 Sin@bD
2

- r2 2 p + p2 - p2 Sin@bD
2

2

2 p

p r -

r 2 p + p2 - p2 Sin@bD
2

2 p
^2

RevolutionPlot3DBH1 ê 3L
4 p r2 2 p + p2 - p2 Sin@bD2 - r2 2 p + p2 - p2 Sin@bD2

2

2 p

p r -

r 2 p + p2 - p2 Sin@bD2

2 p

^2, 8r, -1, 1<, 8b, -p, p<F

XVIII. Frequency in Terms of Transcendental, Phenomenological Velocity from Energy of 
Electron = Energy of Photon: Descriptions of Mass

Relevant Equations, Facts, and Solutions

ü I. Commonplace Values and Equations

c = 2.99792458 I108M meters per second = speed of light in a vaccuum

m = mass of electron = 9.109382900000001`*^-31 kg

h = Planck' s Constant = 6.62606896 * 10^H-34L J * s

Energy = m c^2
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velocity = wavelength * frequency

Energy = E = h n = HPlanck' s ConstantL * HFrequencyL

ü II. Math for Transforming a Circle into a Cone

by Parker Emmerson
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When a sector of a circle is collapsed (removed), we may "fold up" the resulting shape into a cone. The parameters are related by

the following theorem :

Theorem 1 When a sector of angle q is removed from a circle of radius r and the resulting shape is folded into a cone, then 

the base of the cone has radius r1given by r1= r -
Hr qL

2 p
 ; and height h, given by h = r2 - r1

2 = r Sin[b]

Proof. The circumference of the initial circle is 2 p r and the wedge removed has an arc length r q. Therefore, the remaining 

circumference is of length r  (2 p - q), and after the fold, this is the circumference of the base of the cone. 

Establishing the circumference of the base of the cone, from the equation,  q r = 2 p r - 2 p r1, we calculate that its radius r1 is 
2 p r-r q

2 p
, which simplifies to r - 

r q

2 p
. Thus, we have proved the first part of the theorem.

To find the height of the cone, h, we apply the Pythagorean theorem to a right triangle formed between the apex of the cone, the 

center of the base, and a point on the circumference of the base. This gives h = r2 - r1
2 = r Sin[b], where b is the angle 

formed by the slant of the cone and the base of the cone. The initial radius is always equal to the slant of the cone, and the 

height of the cone is always orthogonal to the center of the base of the cone.

Lemma 1 The height of the cone can be caluclated in terms of r and q.

Proof.

q r = 2 p r - 2 p r1

h = r2 - r1
2

q r = 2 p r - 2 p Hr^2 - h^2L

Solving this equation we find that,
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::h Ø -
4 p r2 q - r2 q2

2 p
>, :h Ø

4 p r2 q - r2 q2

2 p
>>

Solve@Limit@H2 PiL ê Sqrt@4 Pi q - q^2D, 8q Ø -Infinity, q Ø Infinity<D ã

82 p r - 2 p x - q r, 2 p r - 2 p x - q r<, qD

::q Ø

2 Hp r - p xL

r

>>

Lemma 2 The angle q can be calculated in terms of r and h.

Proof

SolveBh ==
4 p r

2
q-r

2
q
2

2 p
, qF

::q Ø
2 p r

2- r
4-r2 h2

r
2

>, :q Ø
2 p r

2+ r
4-r2 h2

r
2

>>

Lemma 3 The initial radius is a function of q and h.

SolveB
4 p r2 q - r2 q2

2 p
ã h, rF

::r Ø -
2 p h

4 p q - q2

>, :r Ø
2 p h

4 p q - q2

>>

Lemma 4 The height of the cone can be calculated in terms of only r and q, thus b is a function of q alone.

Proof. Since we have shown that q r = 2 p r - 2 p r 1 and r1 Ø r2 - h2 , we can substitute the expression for r1, calculated 

from the Pythagorean theorem in terms of the height of the cone and the initial radius of the circle, into the expression for  q r in 

terms of the change in circumference of the initial circle to the circle that is the base of the cone into which the circle was 

transformed.

          q r = 2 p r - 2 p Hr^2 - h^2L , thus, h =
4 p r2 q-r2 q2

2 p
 = (r Sin[b]). From

2 p h

4 p q-q2

= r, we note that: r = 

2 p r Sin@bD

4 p q-q2

. So we solve the equation,

SolveBr ==
2 p r Sin@bD

4 p q - q2

, bF

::b Ø ArcSinB
H4 p - qL q

2 p
F>>

Lemma 5 The height of the cone can be calculated in terms of only r and q, thus q is a function of b alone.
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Proof. Since we have shown that q r = 2 p r - 2 p r 1  and r1 Ø r2 - h2 , we can substitute the expression for r1, calculated

from the Pythagorean theorem in terms of the height of the cone and the initial radius of the circle, into the expression for  q r in

terms of the change in circumference of the initial circle to the circle that is the base of the cone into which the circle was

transformed.

          q  r = 2 p  r - 2 p  Hr^2 - h^2L ,  thus, h =
4 p r2 q-r2 q2

2 p
 = (r Sin[b]). From

2 p h

4 p q-q2

= r, we note that: r =

2 p r Sin@bD
4 p q-q2

. So we solve the equation,

SolveBr ==
2 p r Sin@bD

4 p q - q2

, qF

::q Ø 2 p - p
2
- p

2 Sin@bD2 >, :q Ø 2 p + p
2
- p

2 Sin@bD2 >>

ü A note about time passing like a clock.

The elapse of one unit of time, t, can be expressed by a constant function of the angle q. The simplest expression is t (seconds) =
q

2 p
; q = k t , where k is 2p, because one unit of time is equal to one revolution of q through a circle.

Proof.  q r = 2 p r - 2 p (r - r t) yields t =
q

2 p
.

Theorem 2 When we designate that a single unit of time passes per revolution of the angle through the total number of 

radians in a circle, instantaneous velocity through the distance of the height of the cone can be found by taking the first 

derivative of the expression for that distance, which is in terms of r and q, with respect to t = 
q

2 p
. There is also a velocity 

through the height of the cone, which is equal to wavelength times frequency = l ƒ = 
h

K q

I2 pM
O

 considered the average velocity 

through the height of the cone. Under the condition that one unit of time passes with one revolution of the circle, these two 

velocities are equal to each other at the position where a 30-60-90 triangle is formed between the apex, center of the base of the 

cone, and point on the circumference of the circle of the base of the cone. 

Proof. 

To prove this, we can substitute r Sin@bD for the height of the cone in the expression of velocity = ((2 p h)/q ) and find a real and 

two complex solutions for theta in terms of b , thus from Lemma 4, we can solve for b exactly.

Instantaneous Velocity =
„h

„t
=

„h

„
q

H2 pL
= DB

4 p r2 q - r2 q2

2 p
, tF =

DBk
4 p r2 q - r2 q2

2 p
, qF = DB2 p

4 p r2 q - r2 q2

2 p
, qF =

4 p r2 - 2 r2 q

2 4 p r2 q - r2 q2

Average Velocity = Hh ê Hq ê 2 pLL

Instantaneous Velocity =
4 p r2 - 2 r2 q

2 4 p r2 q - r2 q2

= Average Velocity =
2 p h

q

SolveB 4 p r2-2 r2 q

2 4 p r2 q-r2 q2

==
2 p h

q
, qF
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::q Ø
4 p

3
+

-4 p2 r4+12 p2 r2 h2

6 p r2 r
6-18 r4 h2+3 3 -r10 h2+11 r8 h4+r6 h6

1ê3
-

2 p r
6-18 r4 h2+3 3 -r10 h2+11 r8 h4+r6 h6

1ê3

3 r
2

>,

:q Ø
4 p

3
-

J1+Â 3 N I-4 p2 r4+12 p2 r2 h2M

12 p r2 r
6-18 r4 h2+3 3 -r10 h2+11 r8 h4+r6 h6

1ê3
+

J1-Â 3 N p r
6-18 r4 h2+3 3 -r10 h2+11 r8 h4+r6 h6

1ê3

3 r
2

>,

:q Ø
4 p

3
-

J1-Â 3 N I-4 p2 r4+12 p2 r2 h2M

12 p r2 r
6-18 r4 h2+3 3 -r10 h2+11 r8 h4+r6 h6

1ê3
+

J1+Â 3 N p r
6-18 r4 h2+3 3 -r10 h2+11 r8 h4+r6 h6

1ê3

3 r
2

>>

SolveB
k I4 p r2 - 2 r2 qM

4 p 4 p r2 q - r2 q2

==
k r Sin@bD

q

, qF

::q Ø
4 p

3
-

-4 p2 + 12 p2 Sin@bD2

6 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

+

2

3
-p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

>,

:q Ø
4 p

3
+

J1 + Â 3 N I-4 p2 + 12 p2 Sin@bD2M

12 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

-

1

3
K1 - Â 3 O -p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

>,

:q Ø
4 p

3
+

J1 - Â 3 N I-4 p2 + 12 p2 Sin@bD2M

12 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

-

1

3
K1 + Â 3 O -p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

>>

The real solution for q, solved from equating the instantaneous velocity to the average velocity, can be equated with the 

real solution for the expression for q from Lemma 4 to yield an exact solution for b that tells us that when these solutions for 

theta are equal, a 30-60-90 triangle is formed between the azimuth of the cone, the point on the base of the cone and the center 

of the base of the cone.

SolveB 4 p

3
-

-4 p2 + 12 p2 Sin@bD2

6 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

+

2

3
-p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

==

2 p + p
2
- p

2 Sin@bD2 , bF

::b Ø -
p

3
>, :b Ø

p

3
>>
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We know that the height of the cone is perpendicular to the center of the base of the cone, so this proves a 30-60-90 triangle, 

because the sum of the angles of the triangle must be 180 degrees or p radians.

Lemma 7 We can show that b = 
p

3
, thus we can show that there are two solutions to q at which this occurs.

Proof.

ArcSinB
H4 p - qL q

2 p
F = b

SolveBArcSinB H4 p-qL q

2 p
F ==

p

3
, qF

88q Ø p<, 8q Ø 3 p<<
Lemma 8 We can show can show that the position at which instantaneous rate of change of the height of the cone with respect 
to theta equals average rate of change of the height of the cone, 'per theta measure,' at

::b Ø -ArcSinB -4 p
2
q+4 p q

2
-q

3

2 p -4 p+q

F>, :b Ø ArcSinB -4 p
2
q+4 p q

2
-q

3

2 p -4 p+q

F>>.

Proof.

SolveBq ==
4 p

3
-

-4 p2 + 12 p2 Sin@bD2

6 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3 +

2

3
-p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3
, bF

::b Ø -ArcSinB
-4 p2 q + 4 p q2 - q3

2 p -4 p + q

F>, :b Ø ArcSinB
-4 p2 q + 4 p q2 - q3

2 p -4 p + q

F>>

Theorem 3 The "innate velocity," v, within the Lorentz transformation can be solved for in terms of the system of the circle 

transforming into a cone. If r is multiplied by the Lorenz transformation, then it measures the distance in the prime system, 

denoted by r '. If t '  equals 
K q

I2 pM
O

1-
v
2

c
2

, then the quantity r q = q ' r '. We are only dealing with algebraic forms and the solutions 

necessitated by them. Logical, algebraic, reasoning will be given why, when using the exact speed of light, 2.99792458 (108) 

meters per second, the units of the speed of light can be ignored for the purposes of calculation and computation. This theorem 

states that, although, normal algebra would require the speed of light as a quantity to cancel out, valid expressions for the 

solutions for the intrinsic velocity, v, can be found in terms of h, r, and q, or q and b, depending on the expression used for the 

height of the cone.

Proof.

c = 2.99792458 I108M meters per second

r' = r 1 -
v2

c2
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t' =

J q

H2 pL
N

1 -
v
2

c
2

t' = 
q '

2 p

2 p t' = q '

q' =
q

1 -
v
2

c
2

Therefore,

r' * q' =
q

1 -
v
2

c
2

r 1 -
v2

c2

q

1 -
v
2

c
2

r 1 -
v2

c2
= r q

r' * q' = r q = 2 p r - 2 p r1 = 2 p r - 2 p r^2 - h^2

SolveBr q == 2 p r - 2 p r^2 - h^2 , hF

::h Ø -
4 p r2 q - r2 q2

2 p
>, :h Ø

4 p r2 q - r2 q2

2 p
>>

SolveBr' q' == 2 p r - 2 p r^2 - h^2 , hF

::h Ø -
r£ q£ 4 p r - r£ q£

2 p

>, :h Ø
r£ q£ 4 p r - r£ q£

2 p

>>

The  argument  follows  modus  ponens,  saying  that,  through  commutation,  r  '  q  '  =  q  r,  therefore  h  =

r
£

q
£

4 p r-r
£

q
£

2 p
=

4 p r
2
q-r

2
q
2

2 p
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h =

r
£ q£

4 p r - r£ q£

2 p
=

r 1 -
v
2

c
2

q

1-
v
2

c
2

4 p r - r 1 -
v
2

c
2

q

1-
v
2

c
2

2 p
=

r q 4 p r - r q

2 p

where c is its numeric value of the speed of light, its units being shown to cancel out.

1 -
v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2

ã

1 -
v
2

Hc HmetersêsecondLL2

1 -
v
2

Hc HmetersêsecondLL2

ã

1 -
v
2

HcL2

1 -
v
2

HcL2

SolveB
1 -

v
2

Hc HmetersêsecondLL2

1 -

v
2

Hc HmetersêsecondLL2

ã

1 -

v
2

HcL2

1 -

v
2

HcL2

, metersF

88<<

SolveB
1 -

v
2

Hc HmetersêsecondLL2

1 -

v
2

Hc HmetersêsecondLL2

ã

1 -

v
2

HcL2

1 -

v
2

HcL2

, secondF

88<<

SolveB
1 -

v
2

Hc HmetersêsecondLL2

1 -

v
2

Hc HmetersêsecondLL2

ã

1 -

v
2

HcL2

1 -

v
2

HcL2

, vF

88<<

SolveB
1 -

v
2

Hc HmetersêsecondLL2

1 -

v
2

Hc HmetersêsecondLL2

ã

1 -

v
2

HcL2

1 -

v
2

HcL2

, cF

SolveATrue, 2.99792 µ 10
8E
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r 1 -
v
2

Hc HmetersêsecondLL2

q

1-
v
2

Ic ImetersësecondMM2

4 p r - r q

2 p

=

r 1 -
v
2

Hc HmetersêsecondLL2

q

1-
v
2

Ic ImetersësecondMM2

4 p r - r q

2 p

=

r 1 -
v
2

HcL2

q

1-
v
2

HcL2

4 p r - r q

2 p

= H1L

r 1 -
v
2

HcL2

q

1-
v
2

HcL2

4 p r - r q

2 p

Logically, the units of the speed of light will cancel out, therefore, their relationship will be set equal to one and taken out

of the equation for the purposes of computational calculation. 

SolveB

r 1 -
v
2

Hc HmetersêsecondLL2

q

1-
v
2

Hc HmetersêsecondLL2

4 p r - r q

2 p

ã h, metersF

88<<

Meters cancel out.

SolveB

r 1 -
v
2

Hc HmetersêsecondLL2

q

1-
v
2

Hc HmetersêsecondLL2

4 p r - r q

2 p

ã h, secondF

88<<

Seconds cancel out.

SolveB

r 1 -
v
2

Hc HmetersêsecondLL2

q

1-
v
2

Hc HmetersêsecondLL2

4 p r - r q

2 p

ã h, cF

88<<

The numeric c cancels out.
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SolveB

r 1 -
v
2

Hc HmetersêsecondLL2

q

1-
v
2

Hc HmetersêsecondLL2

4 p r - r q

2 p

ã h, rF

::r Ø -
2 p h

4 p q - q2

>, :r Ø
2 p h

4 p q - q2

>>

Radius yields the result from Lemma 3.

SolveB

r 1 -
v
2

HcL2

q

1-
v
2

HcL2

4 p r - r q

2 p

ã h, vF

88<<

Velocity cancels out.

SolveB

r 1 -
v
2

HcL2

q

1-
v
2

HcL2

4 p r - r q

2 p

ã h, vF

88<<

SolveB

r 1 -
v
2

HcL2

q

1-
v
2

HcL2

4 p r - r q

2 p

ã h, vF

8<

Velocity cancels out. Everything cancels out. Only when using the exact speed of light, in scientific notation, can solutions

to the innate velocity be found.

We set the speed of light equal to its numeric value for the purpose of making computations, dropping the units, because 
in the expression for the height of the cone, they would cancel out anyway. It should be noted that this is necessary for 
computing the function of the velocity and that the exact speed of light is to be used as well as that the numeric value of the 
speed of light has to be in the form of scientific notation in order to find results to this equation.

Theorem 3 Continued From the expression of the height of the cone of Lemma 1, with the Lorentz transformations implicitly 

expressed, we can solve for the velocity within the Lorenz coefficient in terms of the height of the cone, the initial radius, and 

the angle, q when using the exact speed of light in scientific notation and only when it is its exact (or extremely closely 

approximated) value expressed in scientific notation. 

Proof.

c := 2.99792458 * H10^8L
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SolveB

r 1 -
HvL2

c
2

q

1-
HvL2

c
2

4 p r - r q

2 p
ã h, vF

::v Ø -
1. 3.54814 µ 10

18
h2 - 1.12941 µ 10

18
r2 q + 8.98755 µ 10

16
r2 q2

39.4784 h2 - 12.5664 r2 q + r2 q2

>,

:v Ø
3.54814 µ 10

18
h2 - 1.12941 µ 10

18
r2 q + 8.98755 µ 10

16
r2 q2

39.4784 h2 - 12.5664 r2 q + r2 q2

>>

Theorem 3 Continued From the expression of the height of the cone, from Lemma 1 with the Lorentz transformations 

implicitly expressed, we can solve for the velocity within the Lorenz coefficient in terms of q and b.

SolveB

r 1 -
HvL2

c
2

q

1-
HvL2

c
2

4 p r - r q

2 p

ã r Sin@bD, vF

::v Ø -

1. -1.12941 µ 10
18

q + 8.98755 µ 10
16

q2 + 3.54814 µ 10
18
Sin@bD2

-12.5664 q + q2 + 39.4784 Sin@bD2
>,

:v Ø

-1.12941 µ 10
18

q + 8.98755 µ 10
16

q2 + 3.54814 µ 10
18
Sin@bD2

-12.5664 q + q2 + 39.4784 Sin@bD2
>>

ü The Statement that Concludes in Paradox (Evidence of Euclidean Geometry's not Being Comprehensive of 
All Geometries)

Theorem 4 The initial radius of the circle, r, is a function of only the angle taken out of the initial circle, q; i.e. r=f(q). This 

cannot be proven with Euclidean geometry, thus, this is evidence that Euclidean geometry is consistent, because, any consistent 

system is not comprehensive, as shown by Gödel in his Incompleteness Theorems.

Proof.

Lemma 6 From Lemma 4, it can be shown that 1=
2 p Sin@bD

4 p q-q2

Proof.

r ==
2 p r Sin@bD

4 p q - q2

; r cancels on both sides, therefore 1 ==
2 p Sin@bD

4 p q - q2

Lemma 7 From Theorem 1 and lemma 1, it can be shown that:

 0 = q r - 2 p r - 2 p r^2 -
4 p r2 q-r2 q2

2 p
^2

Proof.
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q r = 2 p r - 2 p Hr^2 - h^2L

Subtract q*r from both sides.

 0 = q r - 2 p r - 2 p r^2 -
4 p r2 q-r2 q2

2 p
^2

Lemma 8 One can calculate the radius as a function of q and b from constructing the equation 1-1=0 

as 1 -
2 p Sin@bD

4 p q-q2

== q r - 2 p r - 2 p r^2 -
4 p r2 q-r2 q2

2 p
^2 .

Proof.

SolveB1 -
2 p Sin@bD

4 p q - q2

== q r - 2 p r - 2 p r^2 -
4 p r2 q - r2 q2

2 p

^2 , rF

::r Ø -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2
Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3

4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3
Sin@bD2 + 8 p

2
q Sin@bD2M>>

Lemma 9 From Lemma 5, q is a function of b. From Lemma 4, b is a function of q. Therefore, r is a function 

of theta or beta. This cannot be proven with Euclidean geometry, because one can draw a circle of any size and take any angle 
(arc length) from it. 

Euclidean geometry is consistent, but not comprehensive of all geometries,

including the system related to difference in circumferences of two

circles equaling an arc length Happlied to the Pythagorean theorem to form a coneL.
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Application of These Facts, Equations, and Solutions to the Properties of an Electron whose 
Energy Equals that of a Photon

ü Process of Discovery

From v = I,I3.54814 µ 10
18

h2 - 1.12941 µ 10
18
r2 q + 8.98755 µ 10

16
r2 q2MM ì

39.4784 h2 - 12.5664 r2 q + r2 q2 ,

we can say that velocity = HwavelengthL * HfrequencyL =

l n = v = I,I3.54814 µ 10
18

h2 - 1.12941 µ 10
18
r2 q + 8.98755 µ 10

16
r2 q2MM ì

39.4784 h2 - 12.5664 r2 q + r2 q2 . We can then solve this equation for n.

SolveB
I,I3.5481432270250993`*^18 h2 - 1.1294090667581471`*^18 r2 q + 8.987551787368176`*^16 r2 q2MM ì

39.47841760435743` h2 - 12.566370614359172` r2 q + r2 q2 ã l n, nF

::n Ø
1. 3.54814 µ 10

18
h2 - 1.12941 µ 10

18
r
2 q + 8.98755 µ 10

16
r
2 q2

39.4784 h2 - 12.5664 r2 q + r2 q2 l

>>

We then set h n = Energy = m c^2, where m is the mass of an electron, c, the speed of light in a vaccuum, and h Planck' s

Constant. We solve that equation for l, which is wavelength.

SolveB
h I1.`,I3.5481432270250993`*^18 h2 - 1.1294090667581471`*^18 r2 q + 8.987551787368176`*^16 r2

q2MM ì 39.47841760435743` h2 - 12.566370614359172` r2 q + r2 q2 l == m c^2, lF

::l Ø
8.65133 µ 10

-13
1.10879 µ 10

17
h2 - 3.5294 µ 10

16
r
2 q + 2.80861 µ 10

15
r
2 q2

1.40969 µ 10
16

h2 - 4.48719 µ 10
15
r
2 q + 3.57079 µ 10

14
r
2 q2

>>
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ContourPlot3DA
I8.651330708334268`*^-13,I1.1087947584453435`*^17 h

2
- 3.5294033336192096`*^16 r2 q +

2.808609933552555`*^15 r2 q
2MM ë

I,I1.40969256654408`*^16 h
2
- 4.487190804107819`*^15 r2 q + 3.57079298535128`*^14 r2 q

2MM,
8r, -1, 1<, 8h, -1, 1<, 8q, -2 p, 2 p<E
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ü Visualization of Introspections through Substitutions

† Making the substitution,

2 p r2 + r4 - r2 h
2

r2
, yields the following visualizations.

ContourPlot3DB

8.651330708334268`*^-13 1.1087947584453435`*^17 h
2
- 3.5294033336192096`*^16 r2

2 p r2 + r4 - r2 h2

r2
+ 2.808609933552555`*^15 r2 q

2 ì

I,I1.40969256654408`*^16 h
2
- 4.487190804107819`*^15 r2 q + 3.57079298535128`*^14 r2 q

2MM,
8r, -1, 1<, 8h, -1, 1<, 8q, -2 p, 2 p<F

-1.0

-0.5

0.0

0.5

1.0

-1.0

-0.5

0.0

0.5

1.0

-5

0

5
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ContourPlot3DB

8.651330708334268`*^-13 1.1087947584453435`*^17 h
2
- 3.5294033336192096`*^16 r2

2 p r2 + r4 - r2 h2

r2
+ 2.808609933552555`*^15 r2

2 p r2 + r4 - r2 h2

r2

2

ì

I,I1.40969256654408`*^16 h
2
- 4.487190804107819`*^15 r2 q + 3.57079298535128`*^14 r2 q

2MM,
8r, -1, 1<, 8h, -1, 1<, 8q, -2 p, 2 p<F

-1.0

-0.5

0.0

0.5

1.0

-1.0

-0.5

0.0

0.5

1.0

-5

0

5
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ContourPlot3DB

8.651330708334268`*^-13 1.1087947584453435`*^17 h
2
- 3.5294033336192096`*^16 r2

2 p r2 + r4 - r2 h2

r2
+ 2.808609933552555`*^15 r2

2 p r2 + r4 - r2 h2

r2

2

ì

1.40969256654408`*^16 h
2
- 4.487190804107819`*^15 r2

2 p r2 + r4 - r2 h2

r2
+

3.57079298535128`*^14 r2 q
2 , 8r, -1, 1<, 8h, -1, 1<, 8q, -2 p, 2 p<F
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Plot3DB 8.651330708334268`*^-13

1.1087947584453435`*^17 h2 - 3.5294033336192096`*^16 r2

2 p r2 + r4 - r2 h2

r2
+

2.808609933552555`*^15 r2

2 p r2 + r4 - r2 h2

r2

2

ì

1.40969256654408`*^16 h2 - 4.487190804107819`*^15 r2

2 p r2 + r4 - r2 h2

r2
+

3.57079298535128`*^14 r2

2 p r2 + r4 - r2 h2

r2

2

, 8r, -1, 1<, 8h, -1, 1<F

Power::infy : Infinite expression
1

0.
encountered. à

ü If we substitute the univocal solution to the radius for the variable, r.

r := -4 p q + q2 + 2 p H4 p - qL q Sin@bD + 4 p2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M
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ContourPlot3DB

8.651330708334268`*^-13 1.1087947584453435`*^17 h2 - 3.5294033336192096`*^16 r2

2 p r2 + r4 - r2 h2

r2
+ 2.808609933552555`*^15 r2

2 p r2 + r4 - r2 h2

r2

2

ì

1.40969256654408`*^16 h2 - 4.487190804107819`*^15 r2

2 p r2 + r4 - r2 h2

r2
+

3.57079298535128`*^14 r2

2 p r2 + r4 - r2 h2

r2

2

,

8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<, 8h, -1, 1<F

Solutions to Mass

n == I1.`,I3.5481432270250993`*^18 h2 -

1.1294090667581471`*^18 r2 q + 8.987551787368176`*^16 r2 q2MM ì

39.47841760435743` h2 - 12.566370614359172` r2 q + r2 q2 l

h n = m c^2 =

h I1.`,I3.5481432270250993`*^18 h2 - 1.1294090667581471`*^18 r2 q + 8.987551787368176`*^16

r2 q2MM ì 39.47841760435743` h2 - 12.566370614359172` r2 q + r2 q2 l

SolveB
h I1.`,I3.5481432270250993`*^18 h2 - 1.1294090667581471`*^18 r2 q + 8.987551787368176`*^16 r2

q2MM ì 39.47841760435743` h2 - 12.566370614359172` r2 q + r2 q2 l ã m c^2, mF

::m Ø
1. h 3.54814 µ 10

18
h2 - 1.12941 µ 10

18
r
2 q + 8.98755 µ 10

16
r
2 q2

c
2

39.4784 h2 - 12.5664 r2 q + r2 q2 l

>>

h := 6.62606896 * 10^H-34L
c := 2.99792458 I108M
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ü If the wavelength, l equals the initial radius of the circle, r.

ContourPlot3DBI1.` h,I3.5481432270250993`*^18 h2 -

1.1294090667581471`*^18 r2 q + 8.987551787368176`*^16 r2 q2MM ì

c2 39.47841760435743` h2 - 12.566370614359172` r2 q + r2 q2 r ,

8r, -1, 1<, 8h, -1, 1<, 8q, -2 p, 2 p<F

-1.0

-0.5

0.0

0.5

1.0

-1.0

-0.5

0.0

0.5

1.0

-5

0

5

ü If we substitute the univocal solution to the radius for the variable, r.

r := -4 p q + q2 + 2 p H4 p - qL q Sin@bD + 4 p2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M
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ContourPlot3DBI1.` h,I3.5481432270250993`*^18 h2 -

1.1294090667581471`*^18 r2 q + 8.987551787368176`*^16 r2 q2MM ì

c2 39.47841760435743` h2 - 12.566370614359172` r2 q + r2 q2 r ,

8q, -2 p, 2 p<, 8h, -1, 1<, 8b, -p ê 2, p ê 2<F

ü If we substitute the univocal solution to the radius for the variable, r and we make the substitution h =
4 p r

2
q-r

2
q
2

2 p
, the 

equation makes the computer stall and the spinning wheel of death.

r := -4 p q + q2 + 2 p H4 p - qL q Sin@bD + 4 p2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M

h :=
4 p r2 q - r2 q2

2 p
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SphericalPlot3DBI1.` h,I3.5481432270250993`*^18 h2 -

1.1294090667581471`*^18 r2 q + 8.987551787368176`*^16 r2 q2MM ì

c2 39.47841760435743` h2 - 12.566370614359172` r2 q + r2 q2 r , 8q,
-2 p, 2 p<, 8b, -p ê 2, p ê 2<F

ü If we substitute the univocal solution to the radius for the variable, r and we make the substitution h = r Sin@bD.

r := -4 p q + q2 + 2 p H4 p - qL q Sin@bD + 4 p2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M

h := r Sin@bD

SphericalPlot3DBI1.` h,I3.5481432270250993`*^18 h2 -

1.1294090667581471`*^18 r2 q + 8.987551787368176`*^16 r2 q2MM ì

c2 39.47841760435743` h2 - 12.566370614359172` r2 q + r2 q2 r , 8q,
-2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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Time Solutions Used for Describing Mass and Frequency

v = I,I-1.1294090667581471`*^18 q +

8.987551787368176`*^16 q
2
+ 3.5481432270250993`*^18 Sin@bD2MM ì

-12.566370614359172` q + q
2
+ 39.47841760435743` Sin@bD2

v = l ê t = r ê t

r := -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2
Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3

4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3
Sin@bD2 + 8 p

2
q Sin@bD2M
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SolveBI,I-1.1294090667581471`*^18 q +

8.987551787368176`*^16 q
2
+ 3.5481432270250993`*^18 Sin@bD2MM ì

-12.566370614359172` q + q
2
+ 39.47841760435743` Sin@bD2 ã r ê t, tF

::t Ø -12.5664 q -4.48719 µ 10
15

q + 3.57079 µ 10
14

q
2
+ 1.40969 µ 10

16
Sin@bD2 +

1. q
2

-4.48719 µ 10
15

q + 3.57079 µ 10
14

q
2
+ 1.40969 µ 10

16
Sin@bD2 + 6.28319

12.5664 q - 1. q
2
Sin@bD -4.48719 µ 10

15
q + 3.57079 µ 10

14
q
2
+ 1.40969 µ 10

16
Sin@bD2 ì

1.68802 µ 10
10

q -3.5294 µ 10
16

q + 2.80861 µ 10
15

q
2
+ 1.10879 µ 10

17
Sin@bD2 -

4.02985 µ 10
9
q
2

-3.5294 µ 10
16

q + 2.80861 µ 10
15

q
2
+ 1.10879 µ 10

17
Sin@bD2 +

2.1379 µ 10
8
q
3

-3.5294 µ 10
16

q + 2.80861 µ 10
15

q
2
+ 1.10879 µ 10

17
Sin@bD2 >>
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SphericalPlot3DB
-12.566370614359172` q

,I-4.487190804107819`*^15 q + 3.57079298535128`*^14 q
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ü Momentum
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ü Kinetic Energy
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XIX. Ontology of Phenomenological Velocity

Why is the velocity considered phenomenological? 

The velocity  is  considered phenomenological  because  it  comes from manipulation of  algebra  as  a  descriptive  language for

geometry. Logic and perception (visualization) are interpenetrating ideas. This leads to a phenomenon that could normally go

unseen. However, there is a normative manner in which the phenomenon is present to the conscious perceiver. Through logical

manipulation of algebraic forms, a phenomenon of visualization is brought about in a substitutive adumbrative pattern. Thus, the

studies are phenomenological. In the next paragraphs, I will describe how this is a valid interpretation of physical univocity of

light particles.
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From Section Theorem 3 Section 3 and section XIX, we can form the equation :
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:v Ø

-1.12941 µ 10
18
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+
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-
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-4 p r2 + r2 q

>,
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+
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+
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velocity = -
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18
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q
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The Cone of Perception by Parker Emmerson 4th Edition.nb   335

Printed by Mathematica for Students



Every variable in the system can be placed in terms of the speed of light and one other variable. From this, when the speed of

light is known, as in a vacuum state, we see that there is a statement that is true but cannot be proven using Euclidean geometry.

That statement is the fact that initial radius is a function of the angle taken out of the initial circle alone when the speed of light is

known. This is obviously not provable via Euclidean geometry, because one could draw a circle any size and take any wedge out

of it by folding. Because one variable in the system is a function of one other variable alone, we find the statement that is true but

cannot be proven, and we must rely on faith. This brings scientific inquiries and method to understanding of the spiritual journey.

Univocity has several different interpretations. One interpretation is how the number one is expressed through pure geometry.

Another meaning is how, when the height of the cone or any other variable in the system is fixed, every other variable in the

system can be placed in terms of one other variable. In this interpretation of univocity, we see the relationship of each variable in

terms of the speed of light and one other variable. For instance, it is shown that r = f(c, q). It is also shown that r = f(c, b). It is

also shown that, q = f(c, r).
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3
+ 3.09554 µ 10

43
q
4
- 8.21118 µ 10

41
q
5
-

1.0238 µ 10
46

q Sin@bD2 + 1.62943 µ 10
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2 Sin@bD4MM>>

q := 2 p + p
2
- p

2 Sin@bD2

c := 2.99792458 * H10^8L
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RevolutionPlot3DB
Jc3 q

,I1.6294275228490475`*^45 q
2
- 3.889971670071122`*^44 q

3
+ 3.0955410988962723`*^43 q

4
-
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5
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2.480955545616265`*^80 q

2 Sin@bD2 - 5.520870653792946`*^63 c2 q
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4.393369273610656`*^62 c2 q
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3.2163610101534174`*^46 c4 q Sin@bD4 + 1.0337314773401105`*^79 q

2 Sin@bD4 -
2.3003627724137275`*^62 c2 q

2 Sin@bD4 + 1.2797493838348955`*^45 c4 q
2 Sin@bD4MM,

8c, -3 * 10^8, 3 * 10^8<, 8b, -p ê 2, p ê 2<F
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- 1.4759677125584868`*^59 c2 q

6
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3 Sin@bD2 + 5.236944842622124`*^77 q
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5.7814422291251325`*^63 c2 q Sin@bD4 - 3.2163610101534174`*^46 c4 q Sin@bD4 +
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2 Sin@bD4 + 1.2797493838348955`*^45 c4 q
2 Sin@bD4MM,

8c, -3 * 10^8, 3 * 10^8<, 8q, -p ê 2, p ê 2<F

340   The Cone of Perception by Parker Emmerson 4th Edition.nb

Printed by Mathematica for Students



RevolutionPlot3DB
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SolveB -
4 c2 p r2

-4 p r2 + r2 q

+
c2 r2 q

-4 p r2 + r2 q

+
4 c6 p r2 q - c6 r2 q2

-4 p r2 + r2 q

==

I,I-1.1294090667581471`*^18 q + 8.987551787368176`*^16 q
2
+

3.5481432270250993`*^18 Sin@bD2MM ì

-12.566370614359172` q + q
2
+ 39.47841760435743` Sin@bD2 , qF

::q Ø

I1.01506 µ 10
35

- 2.25882 µ 10
18
c
2
+ 12.5664 c

4M r2

c
6
+ 8.07761 µ 10

33
r
2
- 1.79751 µ 10

17
c
2
r
2
+ c

4
r
2

>>

N@2.2588181335162944`*^18D
2.25882 µ 10

18

2.2588181335162944`*^18

2.25882 µ 10
18

N@2.2588181335162944D
2.25882

35 481 432 270 250 993
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Plot3DAII1.015062247661201`*^35 - 2.2588181335162944`*^18 c2 + 12.566370614359172` c4M r2M ë
Ic6 + 8.07760871306249`*^33 r2 - 1.7975103574736352`*^17 c2 r2 + c4 r2M,

8r, -1, 1<, 8c, -3.0 * 10^8, 3.0 * 10^8<E

SolveB -
4 c2 p r2

-4 p r2 + r2 q

+
c2 r2 q

-4 p r2 + r2 q

+
4 c6 p r2 q - c6 r2 q2

-4 p r2 + r2 q

==

I,I-1.1294090667581471`*^18 q + 8.987551787368176`*^16 q
2
+
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2
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88<<
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4 c2 p r2
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+
c2 r2 q

-4 p r2 + r2 q

+
4 c6 p r2 q - c6 r2 q2
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==
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2
+

3.5481432270250993`*^18 Sin@bD2MM ì

-12.566370614359172` q + q
2
+ 39.47841760435743` Sin@bD2 , cF
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2
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r2 q
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3.3339426336116751332792945998413 µ 10
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r2 q

5
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75

r2 q
6
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81
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2.4809555456162651150679275533446 µ 10
80
r2 q

2 Sin@bD2 -
1.9742816933803941278907918143229 µ 10

79
r2 q
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5.2369448426221232322178822848048 µ 10
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2.5980505719969718552880417901745 µ 10
80
r2 q Sin@bD4 +
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5.7814422291251321775658661754441 µ 10
63
r2 q Sin@bD4 -
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+
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XX. On Formulations of Pythagorean Theorem

by Parker Emmerson

Can this system help us prove fermat's last theorem in form? Within even the smallest unit of time, there is an implied ten

dimensionality. Because it is mathematically proven, it is no longer theoretical. The mathematics is directly correlated to the

perceptual  experience  just  as  the  geometer  measures  as  he  perceives.  Please  consult  "A  Geometric  Pattern  of  Perception"

(Emmerson, 2009-2012) for more information regarding proofs of the following statements.

Preface and Premise :

r^2 = h^2 + r1^2

q r = 2 p r - 2 p r1 = 2 p r - 2 p Hr^2 - h^2L

q r - 2 p r = - 2 p Hr^2 - h^2L

q r - 2 p r

2 p
= Hr^2 - h^2L

q r - 2 p r

2 p
^2 = Hr^2 - h^2L

q r - 2 p r

2 p
^2 + h^2 = r^2 = h^2 + r1^2
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The Statement that Concludes in Paradox (Evidence of Euclidean Geometry's not Being Comprehensive of 
All Geometries)

Theorem 4 The initial radius of the circle, r, is a function of only the angle taken out of the initial circle, q; i.e. r=f(q). This 

cannot be proven with Euclidean geometry, thus, this is evidence that Euclidean geometry is consistent, because, any consistent 

system is not comprehensive, as shown by Gödel in his Incompleteness Theorems.

Proof.

Lemma 6 From Lemma 4, it can be shown that 1=
2 p Sin@bD

4 p q-q2

Proof.

r ==
2 p r Sin@bD

4 p q - q2

; r cancels on both sides, therefore 1 ==
2 p Sin@bD

4 p q - q2

Lemma 7 From Theorem 1 and lemma 1, it can be shown that:

 0 = q r - 2 p r - 2 p r^2 -
4 p r2 q-r2 q2

2 p
^2

Proof.

q r = 2 p r - 2 p Hr^2 - h^2L

Subtract q*r from both sides.

 0 = q r - 2 p r - 2 p r^2 -
4 p r2 q-r2 q2

2 p
^2

Lemma 8 One can calculate the radius as a function of q and b from constructing the equation 1-1=0 

as 1 -
2 p Sin@bD

4 p q-q2

== q r - 2 p r - 2 p r^2 -
4 p r2 q-r2 q2

2 p
^2 .

Proof.
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SolveB1 -
2 p Sin@bD
4 p q - q2

== q r - 2 p r - 2 p r^2 -
4 p r2 q - r2 q2

2 p
^2 , rF

::r Ø -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2
Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3

4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3
Sin@bD2 + 8 p

2
q Sin@bD2M>>

Lemma 9 From Lemma 5, q is a function of b. From Lemma 4, b is a function of q. Therefore, r is a function 

of theta or beta. This cannot be proven with Euclidean geometry, because one can draw a circle of any size and take any angle 
(arc length) from it. 

Euclidean geometry is consistent, but not comprehensive of all geometries,

including the system related to difference in circumferences of two

circles equaling an arc length Happlied to the Pythagorean theorem to form a coneL.

The Formulation of New Pythagorean Expressions from Difference in Circumferences Equals 
an Arc Length of the Initial Circle (Which is Folded into a Cone) Applied to Pythagorean 
Theorem

r^2 = h^2 + r1^2

r := -4 p q + q2 + 2 p H4 p - qL q Sin@bD + 4 p2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M

This expression for r is referred to as the univocal radius solution.

-4 p q + q2 + 2 p H4 p - qL q Sin@bD +

4 p2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-
2 p2 H4 p - qL q Sin@bD3

q
ì

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M ^2 = h^2 + r1^2

r^2 =
4 p r2 q - r2 q2

2 p
^2 + r1^2 =

4 p r2 q - r2 q2

2 p
^2 +

q r - 2 p r

2 p
^2
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ü Canceling Solutions and Implicit Roots from Substituing the Univocal Radius Expression

SolveBr^2 ==
4 p r2 q - r2 q2

2 p

^2 +
q r - 2 p r

2 p

^2, rF
88<<

SolveBr^2 ==
4 p r2 q - r2 q2

2 p

^2 +
q r - 2 p r

2 p

^2, qF
88<<

SolveB -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M ^2 ==

1

2 p

/ 4 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M 2

q - -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì
I16 p

2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M 2

q
2 ^2 +

1

2 p

q -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M -

2 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M ^2, qF
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:9q Ø RootA
16 p

4 Sin@bD2 + 64 p
5 Sin@bD2 + 64 p

6 Sin@bD2 + I-16 p
3
- 64 p

4
- 64 p

5
- 64 p

4 Sin@bD2 - 128 p
5 Sin@bD2M

Ò1 + I4 p
2
+ 16 p

3
+ 16 p

4
+ 16 p

3 Sin@bD2 + 96 p
4 Sin@bD2M Ò1

2
+

I16 p
2
+ 32 p

3
- 32 p

3 Sin@bD2M Ò1
3
+ I-4 p - 8 p

2
+ 4 p

2 Sin@bD2M Ò1
4
- 4 p Ò1

5
+ Ò1

6
&, 1E=,

9q Ø RootA16 p
4 Sin@bD2 + 64 p

5 Sin@bD2 + 64 p
6 Sin@bD2 +

I-16 p
3
- 64 p

4
- 64 p

5
- 64 p

4 Sin@bD2 - 128 p
5 Sin@bD2M Ò1 +

I4 p
2
+ 16 p

3
+ 16 p

4
+ 16 p

3 Sin@bD2 + 96 p
4 Sin@bD2M Ò1

2
+

I16 p
2
+ 32 p

3
- 32 p

3 Sin@bD2M Ò1
3
+ I-4 p - 8 p

2
+ 4 p

2 Sin@bD2M Ò1
4
- 4 p Ò1

5
+ Ò1

6
&, 2E=,

9q Ø RootA16 p
4 Sin@bD2 + 64 p

5 Sin@bD2 + 64 p
6 Sin@bD2 +

I-16 p
3
- 64 p

4
- 64 p

5
- 64 p

4 Sin@bD2 - 128 p
5 Sin@bD2M Ò1 +

I4 p
2
+ 16 p

3
+ 16 p

4
+ 16 p

3 Sin@bD2 + 96 p
4 Sin@bD2M Ò1

2
+

I16 p
2
+ 32 p

3
- 32 p

3 Sin@bD2M Ò1
3
+ I-4 p - 8 p

2
+ 4 p

2 Sin@bD2M Ò1
4
- 4 p Ò1

5
+ Ò1

6
&, 3E=,

9q Ø RootA16 p
4 Sin@bD2 + 64 p

5 Sin@bD2 + 64 p
6 Sin@bD2 +

I-16 p
3
- 64 p

4
- 64 p

5
- 64 p

4 Sin@bD2 - 128 p
5 Sin@bD2M Ò1 +

I4 p
2
+ 16 p

3
+ 16 p

4
+ 16 p

3 Sin@bD2 + 96 p
4 Sin@bD2M Ò1

2
+

I16 p
2
+ 32 p

3
- 32 p

3 Sin@bD2M Ò1
3
+ I-4 p - 8 p

2
+ 4 p

2 Sin@bD2M Ò1
4
- 4 p Ò1

5
+ Ò1

6
&, 4E=,

9q Ø RootA16 p
4 Sin@bD2 + 64 p

5 Sin@bD2 + 64 p
6 Sin@bD2 +

I-16 p
3
- 64 p

4
- 64 p

5
- 64 p

4 Sin@bD2 - 128 p
5 Sin@bD2M Ò1 +

I4 p
2
+ 16 p

3
+ 16 p

4
+ 16 p

3 Sin@bD2 + 96 p
4 Sin@bD2M Ò1

2
+

I16 p
2
+ 32 p

3
- 32 p

3 Sin@bD2M Ò1
3
+ I-4 p - 8 p

2
+ 4 p

2 Sin@bD2M Ò1
4
- 4 p Ò1

5
+ Ò1

6
&, 5E=,

9q Ø RootA16 p
4 Sin@bD2 + 64 p

5 Sin@bD2 + 64 p
6 Sin@bD2 +

I-16 p
3
- 64 p

4
- 64 p

5
- 64 p

4 Sin@bD2 - 128 p
5 Sin@bD2M Ò1 +

I4 p
2
+ 16 p

3
+ 16 p

4
+ 16 p

3 Sin@bD2 + 96 p
4 Sin@bD2M Ò1

2
+

I16 p
2
+ 32 p

3
- 32 p

3 Sin@bD2M Ò1
3
+ I-4 p - 8 p

2
+ 4 p

2 Sin@bD2M Ò1
4
- 4 p Ò1

5
+ Ò1

6
&, 6E=,

:q Ø 2 p - p
2
- p

2 Sin@bD2 >, :q Ø 2 p + p
2
- p

2 Sin@bD2 >>
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RevolutionPlot3DA9RootA

16 p
4 Sin@bD2 + 64 p

5 Sin@bD2 + 64 p
6 Sin@bD2 + I-16 p

3
- 64 p

4
- 64 p

5
- 64 p

4 Sin@bD2 - 128 p
5 Sin@bD2M

Ò1 + I4 p
2
+ 16 p

3
+ 16 p

4
+ 16 p

3 Sin@bD2 + 96 p
4 Sin@bD2M Ò1

2
+

I16 p
2
+ 32 p

3
- 32 p

3 Sin@bD2M Ò1
3
+ I-4 p - 8 p

2
+ 4 p

2 Sin@bD2M Ò1
4
- 4 p Ò1

5
+ Ò1

6
&, 1E, RootA

16 p
4 Sin@bD2 + 64 p

5 Sin@bD2 + 64 p
6 Sin@bD2 + I-16 p

3
- 64 p

4
- 64 p

5
- 64 p

4 Sin@bD2 - 128 p
5 Sin@bD2M

Ò1 + I4 p
2
+ 16 p

3
+ 16 p

4
+ 16 p

3 Sin@bD2 + 96 p
4 Sin@bD2M Ò1

2
+

I16 p
2
+ 32 p

3
- 32 p

3 Sin@bD2M Ò1
3
+ I-4 p - 8 p

2
+ 4 p

2 Sin@bD2M Ò1
4
- 4 p Ò1

5
+ Ò1

6
&, 2E, RootA

16 p
4 Sin@bD2 + 64 p

5 Sin@bD2 + 64 p
6 Sin@bD2 + I-16 p

3
- 64 p

4
- 64 p

5
- 64 p

4 Sin@bD2 - 128 p
5 Sin@bD2M

Ò1 + I4 p
2
+ 16 p

3
+ 16 p

4
+ 16 p

3 Sin@bD2 + 96 p
4 Sin@bD2M Ò1

2
+ I16 p

2
+ 32 p

3
- 32 p

3 Sin@bD2M Ò1
3
+

I-4 p - 8 p
2
+ 4 p

2 Sin@bD2M Ò1
4
- 4 p Ò1

5
+ Ò1

6
&, 3E=, 8b, -p ê 2, p ê 2<E
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RevolutionPlot3DARootA
16 p

4 Sin@bD2 + 64 p
5 Sin@bD2 + 64 p

6 Sin@bD2 + I-16 p
3
- 64 p

4
- 64 p

5
- 64 p

4 Sin@bD2 - 128 p
5 Sin@bD2M

Ò1 + I4 p
2
+ 16 p

3
+ 16 p

4
+ 16 p

3 Sin@bD2 + 96 p
4 Sin@bD2M Ò1

2
+ I16 p

2
+ 32 p

3
- 32 p

3 Sin@bD2M Ò1
3
+

I-4 p - 8 p
2
+ 4 p

2 Sin@bD2M Ò1
4
- 4 p Ò1

5
+ Ò1

6
&, 6E, 8b, -p ê 2, p ê 2<E

ü Substitutions that Don't Cancel

SolveBr^2 ==
4 p HrL2 q - HrL2 q2

2 p

^2 +

1

2 p

q -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M -

2 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 Hw4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M ^2, rF
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::r Ø -
1

1 -
q

p
+

q
2

4 p
2

/ -
32 p3 q2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

16 p2 q3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

2 p q4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

32 p3 q H4 p - qL q Sin@bD

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

8 p2 q2 H4 p - qL q Sin@bD

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

32 p4 q Sin@bD2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

8 p3 q2 Sin@bD2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

32 p4 H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

32 p4 q H4 p - qL q Sin@bD3

H4 p - qL I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

8 p3 q2 H4 p - qL q Sin@bD3

H4 p - qL I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

32 p4 Hp w4 - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

8 p3 q Hp w4 - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-
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32 p5 Sin@bD4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

16 p4 q Sin@bD4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

16 p4 H4 p - qL q Hp w4 - qL q Sin@bD4

q I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

32 p5 H4 p - qL q Sin@bD5

H4 p - qL I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

32 p5 Hp w4 - qL q Sin@bD5

q I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

8 p5 Sin@bD6

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

8 p6 w4 Sin@bD6

q I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

8 p5 q Sin@bD6

H4 p - qL I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

16 p5 H4 p - qL q Hp w4 - qL q Sin@bD6

H4 p - qL q I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

2 q2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

q3

2 p I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M
+

q H4 p - qL q Sin@bD

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

2 p q Sin@bD2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-
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p H4 p - qL q Sin@bD3

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

p q H4 p - qL q Sin@bD3

H4 p - qL I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M
>,

:r Ø
1

1 -
q

p
+

q
2

4 p
2

/ -
32 p3 q2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

16 p2 q3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

2 p q4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

32 p3 q H4 p - qL q Sin@bD

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

8 p2 q2 H4 p - qL q Sin@bD

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

32 p4 q Sin@bD2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

8 p3 q2 Sin@bD2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

32 p4 H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

32 p4 q H4 p - qL q Sin@bD3

H4 p - qL I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

8 p3 q2 H4 p - qL q Sin@bD3

H4 p - qL I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-
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32 p4 Hp w4 - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

8 p3 q Hp w4 - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

32 p5 Sin@bD4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

16 p4 q Sin@bD4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

16 p4 H4 p - qL q Hp w4 - qL q Sin@bD4

q I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

32 p5 H4 p - qL q Sin@bD5

H4 p - qL I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

32 p5 Hp w4 - qL q Sin@bD5

q I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

8 p5 Sin@bD6

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

8 p6 w4 Sin@bD6

q I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

8 p5 q Sin@bD6

H4 p - qL I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

16 p5 H4 p - qL q Hp w4 - qL q Sin@bD6

H4 p - qL q I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

2 q2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

q3

2 p I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M
+
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q H4 p - qL q Sin@bD
16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2

+

2 p q Sin@bD2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

p H4 p - qL q Sin@bD3

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

p q H4 p - qL q Sin@bD3

H4 p - qL I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M
>>

SphericalPlot3DB 1

1 -
q

p
+

q
2

4 p
2

/ -
32 p3 q2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

16 p2 q3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

2 p q4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

32 p3 q H4 p - qL q Sin@bD
I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2

-

8 p2 q2 H4 p - qL q Sin@bD
I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2

+

32 p4 q Sin@bD2
I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2

-

8 p3 q2 Sin@bD2
I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2

-

64 p4 H4 p - qL q Sin@bD3
I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2

+

360   The Cone of Perception by Parker Emmerson 4th Edition.nb

Printed by Mathematica for Students



8 p3 q H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

32 p4 q H4 p - qL q Sin@bD3

H4 p - qL I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

8 p3 q2 H4 p - qL q Sin@bD3

H4 p - qL I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

32 p5 Sin@bD4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

32 p5 H4 p - qL q Sin@bD5

H4 p - qL I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

32 p5 H4 p - qL q Sin@bD5

q I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

8 p5 Sin@bD6

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

32 p6 Sin@bD6

q I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

8 p5 q Sin@bD6

H4 p - qL I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

2 q2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

q3

2 p I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M
+

q H4 p - qL q Sin@bD

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

2 p q Sin@bD2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-
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p H4 p - qL q Sin@bD3

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

p q H4 p - qL q Sin@bD3

H4 p - qL I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M
,

8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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SolveBr^2 ==
4 p HrL2 q - HrL2 q2

2 p

^2 +

1

2 p

q -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M -

2 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M ^2, bF

Solve::ifun :

Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete

solution information. à

::b Ø ArcSinB
1

16 p5
K-p2 H4 p - qL q I-8 p

2
- 4 p q + 2 q

2M - 2 p
2 ,I-512 p

6 r2 q + 1152 p
5 r2 q

2
+ 16 p

3
q
3
- 1024

p
4 r2 q

3
- 20 p

2
q
4
+ 448 p

3 r2 q
4
+ 8 p q

5
- 96 p

2 r2 q
5
- q

6
+ 8 p r2 q

6MOF>,

:b Ø ArcSinB 1

16 p5
K-p2 H4 p - qL q I-8 p

2
- 4 p q + 2 q

2M + 2 p
2 ,I-512 p

6 r2 q + 1152 p
5 r2 q

2
+

16 p
3
q
3
- 1024 p

4 r2 q
3
- 20 p

2
q
4
+ 448 p

3 r2 q
4
+ 8 p q

5
- 96 p

2 r2 q
5
- q

6
+ 8 p r2 q

6MOF>>
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RevolutionPlot3DB

:ArcSinB 1

16 p
5

J-p2 H4 p - qL q I-8 p
2
- 4 p q + 2 q

2M - 2 p
2 ,I-512 p

6 r2 q + 1152 p
5 r2 q

2
+ 16 p

3
q
3
-

1024 p
4 r2 q

3
- 20 p

2
q
4
+ 448 p

3 r2 q
4
+ 8 p q

5
- 96 p

2 r2 q
5
- q

6
+ 8 p r2 q

6MNF, ArcSinB 1

16 p
5

J-p2 H4 p - qL q I-8 p
2
- 4 p q + 2 q

2M + 2 p
2 ,I-512 p

6 r2 q + 1152 p
5 r2 q

2
+ 16 p

3
q
3
- 1024 p

4 r2 q
3
-

20 p
2
q
4
+ 448 p

3 r2 q
4
+ 8 p q

5
- 96 p

2 r2 q
5
- q

6
+ 8 p r2 q

6MNF>, 8r, -1, 1<, 8q, -2 p, 2 p<F
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RevolutionPlot3DBArcSinB 1

16 p5

J-p2 H4 p - qL q I-8 p
2
- 4 p q + 2 q

2M + 2 p
2 ,I-512 p

6 r2 q + 1152 p
5 r2 q

2
+ 16 p

3
q
3
- 1024 p

4 r2 q
3
-

20 p
2
q
4
+ 448 p

3 r2 q
4
+ 8 p q

5
- 96 p

2 r2 q
5
- q

6
+ 8 p r2 q

6MNF, 8r, -1, 1<, 8q, -2 p, 2 p<F

SolveBr^2 ==
4 p HrL2 q - HrL2 q2

2 p

^2 +

1

2 p

q -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M -

2 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M ^2, qF

99q Ø RootA64 p
10
Sin@bD4 + I-128 p

9
Sin@bD2 + 1024 p

10
r
2
Sin@bD2M Ò1 +

I64 p
8
+ 1024 p

9
r
2
+ 4096 p

10
r
4
- 96 p

8
Sin@bD2 - 2304 p

9
r
2
Sin@bD2M Ò1

2
+

I96 p
7
- 1536 p

8
r
2
- 18 432 p

9
r
4
+ 32 p

7
Sin@bD2 + 2048 p

8
r
2
Sin@bD2M Ò1

3
+

I-60 p
6
- 448 p

7
r
2
+ 37 120 p

8
r
4
+ 64 p

6
Sin@bD2 - 896 p

7
r
2
Sin@bD2M Ò1

4
+
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I 60 448 r 37 120 r 64 Sin@ D 896 r Sin@ D M 1

I-56 p
5
+ 2496 p

6 r2 - 44032 p
7 r4 - 32 p

5 Sin@bD2 + 192 p
6 r2 Sin@bD2M Ò1

5
+

I48 p
4
- 2304 p

5 r2 + 34 048 p
6 r4 + 4 p

4 Sin@bD2 - 16 p
5 r2 Sin@bD2M Ò1

6
+

I-12 p
3
+ 1056 p

4 r2 - 17920 p
5 r4M Ò1

7
+ Ip2 - 268 p

3 r2 + 6496 p
4 r4M Ò1

8
+

I36 p
2 r2 - 1600 p

3 r4M Ò1
9
+ I-2 p r2 + 256 p

2 r4M Ò1
10

- 24 p r4 Ò1
11

+ r4 Ò1
12

&, 1E=,

9q Ø RootA64 p
10 Sin@bD4 + I-128 p

9 Sin@bD2 + 1024 p
10 r2 Sin@bD2M Ò1 +

I64 p
8
+ 1024 p

9 r2 + 4096 p
10 r4 - 96 p

8 Sin@bD2 - 2304 p
9 r2 Sin@bD2M Ò1

2
+

I96 p
7
- 1536 p

8 r2 - 18 432 p
9 r4 + 32 p

7 Sin@bD2 + 2048 p
8 r2 Sin@bD2M Ò1

3
+

I-60 p
6
- 448 p

7 r2 + 37 120 p
8 r4 + 64 p

6 Sin@bD2 - 896 p
7 r2 Sin@bD2M Ò1

4
+

I-56 p
5
+ 2496 p

6 r2 - 44032 p
7 r4 - 32 p

5 Sin@bD2 + 192 p
6 r2 Sin@bD2M Ò1

5
+

I48 p
4
- 2304 p

5 r2 + 34 048 p
6 r4 + 4 p

4 Sin@bD2 - 16 p
5 r2 Sin@bD2M Ò1

6
+

I-12 p
3
+ 1056 p

4 r2 - 17920 p
5 r4M Ò1

7
+ Ip2 - 268 p

3 r2 + 6496 p
4 r4M Ò1

8
+

I36 p
2 r2 - 1600 p

3 r4M Ò1
9
+ I-2 p r2 + 256 p

2 r4M Ò1
10

- 24 p r4 Ò1
11

+ r4 Ò1
12

&, 2E=,

9q Ø RootA64 p
10 Sin@bD4 + I-128 p

9 Sin@bD2 + 1024 p
10 r2 Sin@bD2M Ò1 +

I64 p
8
+ 1024 p

9 r2 + 4096 p
10 r4 - 96 p

8 Sin@bD2 - 2304 p
9 r2 Sin@bD2M Ò1

2
+

I96 p
7
- 1536 p

8 r2 - 18 432 p
9 r4 + 32 p

7 Sin@bD2 + 2048 p
8 r2 Sin@bD2M Ò1

3
+

I-60 p
6
- 448 p

7 r2 + 37 120 p
8 r4 + 64 p

6 Sin@bD2 - 896 p
7 r2 Sin@bD2M Ò1

4
+

I-56 p
5
+ 2496 p

6 r2 - 44032 p
7 r4 - 32 p

5 Sin@bD2 + 192 p
6 r2 Sin@bD2M Ò1

5
+

I48 p
4
- 2304 p

5 r2 + 34 048 p
6 r4 + 4 p

4 Sin@bD2 - 16 p
5 r2 Sin@bD2M Ò1

6
+

I-12 p
3
+ 1056 p

4 r2 - 17920 p
5 r4M Ò1

7
+ Ip2 - 268 p

3 r2 + 6496 p
4 r4M Ò1

8
+

I36 p
2 r2 - 1600 p

3 r4M Ò1
9
+ I-2 p r2 + 256 p

2 r4M Ò1
10

- 24 p r4 Ò1
11

+ r4 Ò1
12

&, 3E=,

9q Ø RootA64 p
10 Sin@bD4 + I-128 p

9 Sin@bD2 + 1024 p
10 r2 Sin@bD2M Ò1 +

I64 p
8
+ 1024 p

9 r2 + 4096 p
10 r4 - 96 p

8 Sin@bD2 - 2304 p
9 r2 Sin@bD2M Ò1

2
+

I96 p
7
- 1536 p

8 r2 - 18 432 p
9 r4 + 32 p

7 Sin@bD2 + 2048 p
8 r2 Sin@bD2M Ò1

3
+

I-60 p
6
- 448 p

7 r2 + 37 120 p
8 r4 + 64 p

6 Sin@bD2 - 896 p
7 r2 Sin@bD2M Ò1

4
+

I-56 p
5
+ 2496 p

6 r2 - 44032 p
7 r4 - 32 p

5 Sin@bD2 + 192 p
6 r2 Sin@bD2M Ò1

5
+

I48 p
4
- 2304 p

5 r2 + 34 048 p
6 r4 + 4 p

4 Sin@bD2 - 16 p
5 r2 Sin@bD2M Ò1

6
+

I-12 p
3
+ 1056 p

4 r2 - 17920 p
5 r4M Ò1

7
+ Ip2 - 268 p

3 r2 + 6496 p
4 r4M Ò1

8
+

I36 p
2 r2 - 1600 p

3 r4M Ò1
9
+ I-2 p r2 + 256 p

2 r4M Ò1
10

- 24 p r4 Ò1
11

+ r4 Ò1
12

&, 4E=,

9q Ø RootA64 p
10 Sin@bD4 + I-128 p

9 Sin@bD2 + 1024 p
10 r2 Sin@bD2M Ò1 +

I64 p
8
+ 1024 p

9 r2 + 4096 p
10 r4 - 96 p

8 Sin@bD2 - 2304 p
9 r2 Sin@bD2M Ò1

2
+

I96 p
7
- 1536 p

8 r2 - 18 432 p
9 r4 + 32 p

7 Sin@bD2 + 2048 p
8 r2 Sin@bD2M Ò1

3
+

I-60 p
6
- 448 p

7 r2 + 37 120 p
8 r4 + 64 p

6 Sin@bD2 - 896 p
7 r2 Sin@bD2M Ò1

4
+

I-56 p
5
+ 2496 p

6 r2 - 44032 p
7 r4 - 32 p

5 Sin@bD2 + 192 p
6 r2 Sin@bD2M Ò1

5
+

I48 p
4
- 2304 p

5 r2 + 34 048 p
6 r4 + 4 p

4 Sin@bD2 - 16 p
5 r2 Sin@bD2M Ò1

6
+

I-12 p
3
+ 1056 p

4 r2 - 17920 p
5 r4M Ò1

7
+ Ip2 - 268 p

3 r2 + 6496 p
4 r4M Ò1

8
+

I36 p
2 r2 - 1600 p

3 r4M Ò1
9
+ I-2 p r2 + 256 p

2 r4M Ò1
10

- 24 p r4 Ò1
11

+ r4 Ò1
12

&, 5E=,

9q Ø RootA64 p
10 Sin@bD4 + I-128 p

9 Sin@bD2 + 1024 p
10 r2 Sin@bD2M Ò1 +
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9 RootA64 Sin@ D I 128 Sin@ D 1024 r Sin@ D M 1

I64 p
8
+ 1024 p

9 r2 + 4096 p
10 r4 - 96 p

8 Sin@bD2 - 2304 p
9 r2 Sin@bD2M Ò1

2
+

I96 p
7
- 1536 p

8 r2 - 18 432 p
9 r4 + 32 p

7 Sin@bD2 + 2048 p
8 r2 Sin@bD2M Ò1

3
+

I-60 p
6
- 448 p

7 r2 + 37 120 p
8 r4 + 64 p

6 Sin@bD2 - 896 p
7 r2 Sin@bD2M Ò1

4
+

I-56 p
5
+ 2496 p

6 r2 - 44032 p
7 r4 - 32 p

5 Sin@bD2 + 192 p
6 r2 Sin@bD2M Ò1

5
+

I48 p
4
- 2304 p

5 r2 + 34 048 p
6 r4 + 4 p

4 Sin@bD2 - 16 p
5 r2 Sin@bD2M Ò1

6
+

I-12 p
3
+ 1056 p

4 r2 - 17920 p
5 r4M Ò1

7
+ Ip2 - 268 p

3 r2 + 6496 p
4 r4M Ò1

8
+

I36 p
2 r2 - 1600 p

3 r4M Ò1
9
+ I-2 p r2 + 256 p

2 r4M Ò1
10

- 24 p r4 Ò1
11

+ r4 Ò1
12

&, 6E=,

9q Ø RootA64 p
10 Sin@bD4 + I-128 p

9 Sin@bD2 + 1024 p
10 r2 Sin@bD2M Ò1 +

I64 p
8
+ 1024 p

9 r2 + 4096 p
10 r4 - 96 p

8 Sin@bD2 - 2304 p
9 r2 Sin@bD2M Ò1

2
+

I96 p
7
- 1536 p

8 r2 - 18 432 p
9 r4 + 32 p

7 Sin@bD2 + 2048 p
8 r2 Sin@bD2M Ò1

3
+

I-60 p
6
- 448 p

7 r2 + 37 120 p
8 r4 + 64 p

6 Sin@bD2 - 896 p
7 r2 Sin@bD2M Ò1

4
+

I-56 p
5
+ 2496 p

6 r2 - 44032 p
7 r4 - 32 p

5 Sin@bD2 + 192 p
6 r2 Sin@bD2M Ò1

5
+

I48 p
4
- 2304 p

5 r2 + 34 048 p
6 r4 + 4 p

4 Sin@bD2 - 16 p
5 r2 Sin@bD2M Ò1

6
+

I-12 p
3
+ 1056 p

4 r2 - 17920 p
5 r4M Ò1

7
+ Ip2 - 268 p

3 r2 + 6496 p
4 r4M Ò1

8
+

I36 p
2 r2 - 1600 p

3 r4M Ò1
9
+ I-2 p r2 + 256 p

2 r4M Ò1
10

- 24 p r4 Ò1
11

+ r4 Ò1
12

&, 7E=,

9q Ø RootA64 p
10 Sin@bD4 + I-128 p

9 Sin@bD2 + 1024 p
10 r2 Sin@bD2M Ò1 +

I64 p
8
+ 1024 p

9 r2 + 4096 p
10 r4 - 96 p

8 Sin@bD2 - 2304 p
9 r2 Sin@bD2M Ò1

2
+

I96 p
7
- 1536 p

8 r2 - 18 432 p
9 r4 + 32 p

7 Sin@bD2 + 2048 p
8 r2 Sin@bD2M Ò1

3
+

I-60 p
6
- 448 p

7 r2 + 37 120 p
8 r4 + 64 p

6 Sin@bD2 - 896 p
7 r2 Sin@bD2M Ò1

4
+

I-56 p
5
+ 2496 p

6 r2 - 44032 p
7 r4 - 32 p

5 Sin@bD2 + 192 p
6 r2 Sin@bD2M Ò1

5
+

I48 p
4
- 2304 p

5 r2 + 34 048 p
6 r4 + 4 p

4 Sin@bD2 - 16 p
5 r2 Sin@bD2M Ò1

6
+

I-12 p
3
+ 1056 p

4 r2 - 17920 p
5 r4M Ò1

7
+ Ip2 - 268 p

3 r2 + 6496 p
4 r4M Ò1

8
+

I36 p
2 r2 - 1600 p

3 r4M Ò1
9
+ I-2 p r2 + 256 p

2 r4M Ò1
10

- 24 p r4 Ò1
11

+ r4 Ò1
12

&, 8E=,

9q Ø RootA64 p
10 Sin@bD4 + I-128 p

9 Sin@bD2 + 1024 p
10 r2 Sin@bD2M Ò1 +

I64 p
8
+ 1024 p

9 r2 + 4096 p
10 r4 - 96 p

8 Sin@bD2 - 2304 p
9 r2 Sin@bD2M Ò1

2
+

I96 p
7
- 1536 p

8 r2 - 18 432 p
9 r4 + 32 p

7 Sin@bD2 + 2048 p
8 r2 Sin@bD2M Ò1

3
+

I-60 p
6
- 448 p

7 r2 + 37 120 p
8 r4 + 64 p

6 Sin@bD2 - 896 p
7 r2 Sin@bD2M Ò1

4
+

I-56 p
5
+ 2496 p

6 r2 - 44032 p
7 r4 - 32 p

5 Sin@bD2 + 192 p
6 r2 Sin@bD2M Ò1

5
+

I48 p
4
- 2304 p

5 r2 + 34 048 p
6 r4 + 4 p

4 Sin@bD2 - 16 p
5 r2 Sin@bD2M Ò1

6
+

I-12 p
3
+ 1056 p

4 r2 - 17920 p
5 r4M Ò1

7
+ Ip2 - 268 p

3 r2 + 6496 p
4 r4M Ò1

8
+

I36 p
2 r2 - 1600 p

3 r4M Ò1
9
+ I-2 p r2 + 256 p

2 r4M Ò1
10

- 24 p r4 Ò1
11

+ r4 Ò1
12

&, 9E=,

9q Ø RootA64 p
10 Sin@bD4 + I-128 p

9 Sin@bD2 + 1024 p
10 r2 Sin@bD2M Ò1 +

I64 p
8
+ 1024 p

9 r2 + 4096 p
10 r4 - 96 p

8 Sin@bD2 - 2304 p
9 r2 Sin@bD2M Ò1

2
+

I96 p
7
- 1536 p

8 r2 - 18 432 p
9 r4 + 32 p

7 Sin@bD2 + 2048 p
8 r2 Sin@bD2M Ò1

3
+

I-60 p
6
- 448 p

7 r2 + 37 120 p
8 r4 + 64 p

6 Sin@bD2 - 896 p
7 r2 Sin@bD2M Ò1

4
+

I-56 p
5
+ 2496 p

6 r2 - 44032 p
7 r4 - 32 p

5 Sin@bD2 + 192 p
6 r2 Sin@bD2M Ò1

5
+

I48 p
4
- 2304 p

5 r2 + 34 048 p
6 r4 + 4 p

4 Sin@bD2 - 16 p
5 r2 Sin@bD2M Ò1

6
+
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I48 2304 r 34 048 r 4 Sin@ D 16 r Sin@ D M 1

I-12 p
3
+ 1056 p

4 r2 - 17920 p
5 r4M Ò1

7
+ Ip2 - 268 p

3 r2 + 6496 p
4 r4M Ò1

8
+

I36 p
2 r2 - 1600 p

3 r4M Ò1
9
+ I-2 p r2 + 256 p

2 r4M Ò1
10

- 24 p r4 Ò1
11

+ r4 Ò1
12

&, 10E=,
9q Ø RootA64 p

10 Sin@bD4 + I-128 p
9 Sin@bD2 + 1024 p

10 r2 Sin@bD2M Ò1 +

I64 p
8
+ 1024 p

9 r2 + 4096 p
10 r4 - 96 p

8 Sin@bD2 - 2304 p
9 r2 Sin@bD2M Ò1

2
+

I96 p
7
- 1536 p

8 r2 - 18 432 p
9 r4 + 32 p

7 Sin@bD2 + 2048 p
8 r2 Sin@bD2M Ò1

3
+

I-60 p
6
- 448 p

7 r2 + 37 120 p
8 r4 + 64 p

6 Sin@bD2 - 896 p
7 r2 Sin@bD2M Ò1

4
+

I-56 p
5
+ 2496 p

6 r2 - 44032 p
7 r4 - 32 p

5 Sin@bD2 + 192 p
6 r2 Sin@bD2M Ò1

5
+

I48 p
4
- 2304 p

5 r2 + 34 048 p
6 r4 + 4 p

4 Sin@bD2 - 16 p
5 r2 Sin@bD2M Ò1

6
+

I-12 p
3
+ 1056 p

4 r2 - 17920 p
5 r4M Ò1

7
+ Ip2 - 268 p

3 r2 + 6496 p
4 r4M Ò1

8
+

I36 p
2 r2 - 1600 p

3 r4M Ò1
9
+ I-2 p r2 + 256 p

2 r4M Ò1
10

- 24 p r4 Ò1
11

+ r4 Ò1
12

&, 11E=,
9q Ø RootA64 p

10 Sin@bD4 + I-128 p
9 Sin@bD2 + 1024 p

10 r2 Sin@bD2M Ò1 +

I64 p
8
+ 1024 p

9 r2 + 4096 p
10 r4 - 96 p

8 Sin@bD2 - 2304 p
9 r2 Sin@bD2M Ò1

2
+

I96 p
7
- 1536 p

8 r2 - 18 432 p
9 r4 + 32 p

7 Sin@bD2 + 2048 p
8 r2 Sin@bD2M Ò1

3
+

I-60 p
6
- 448 p

7 r2 + 37 120 p
8 r4 + 64 p

6 Sin@bD2 - 896 p
7 r2 Sin@bD2M Ò1

4
+

I-56 p
5
+ 2496 p

6 r2 - 44032 p
7 r4 - 32 p

5 Sin@bD2 + 192 p
6 r2 Sin@bD2M Ò1

5
+

I48 p
4
- 2304 p

5 r2 + 34 048 p
6 r4 + 4 p

4 Sin@bD2 - 16 p
5 r2 Sin@bD2M Ò1

6
+

I-12 p
3
+ 1056 p

4 r2 - 17920 p
5 r4M Ò1

7
+ Ip2 - 268 p

3 r2 + 6496 p
4 r4M Ò1

8
+

I36 p
2 r2 - 1600 p

3 r4M Ò1
9
+ I-2 p r2 + 256 p

2 r4M Ò1
10

- 24 p r4 Ò1
11

+ r4 Ò1
12

&, 12E==
SolveBr^2 ==

1

2 p

/ 4 p HrL2 q - -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
-

16 p
3 Sin@bD2 + 8 p

2
q Sin@bD2M 2

q
2 ^2 +

q r - 2 p r

2 p

^2, qF
Solve::verif :

Potential solution 8q Ø 0< Hpossibly discarded by verifierL should be checked by hand. May require

use of limits. à

::q Ø -
1 - 8 p r

4 r
-

1

2
. H1 - 8 p rL2

4 r2
-

-1 + 24 p r - 80 p2 r2

12 r2
-
1 - 24 p r + 80 p2 r2

4 r2
+ I1 - 32 p

2 r2 + 256 p
4 r4 + 192

M í
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p
2 r2 Sin@bD2M í J6 22ê3 r2 I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2

Sin@bD2 + 18432 p
4 r4 Sin@bD2 -,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 +

84 934 656 p
8 r8 Sin@bD2 - 452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 +

35 389 440 p
6 r6 Sin@bD4 + 226 492 416 p

8 r8 Sin@bD4 - 28311 552 p
6 r6 Sin@bD6MM1ê3N +

1

12 21ê3 r2
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18 432 p

4 r4 Sin@bD2 -
,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84934 656 p

8 r8 Sin@bD2 -
452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 + 35 389 440 p

6 r6 Sin@bD4 +
226 492 416 p

8 r8 Sin@bD4 - 28 311 552 p
6 r6 Sin@bD6MM1ê3 -

1

2
. H1 - 8 p rL2

2 r2
+

-1 + 24 p r - 80 p2 r2

12 r2
-
1 - 24 p r + 80 p2 r2

4 r2
-

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í

J6 22ê3 r2 I2 - 96 p
2 r2 + 1536 p

4 r4 - 8192 p
6 r6 + 576 p

2 r2 Sin@bD2 + 18 432 p
4 r4 Sin@bD2 -

,I110 592 p
4 r4 Sin@bD2 - 5 308 416 p

6 r6 Sin@bD2 + 84934 656 p
8 r8 Sin@bD2 -

452 984 832 p
10 r10 Sin@bD2 - 110 592 p

4 r4 Sin@bD4 + 35 389 440 p
6 r6 Sin@bD4 +

226 492 416 p
8 r8 Sin@bD4 - 28 311 552 p

6 r6 Sin@bD6MM1ê3N -

1

12 21ê3 r2
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18 432 p

4 r4 Sin@bD2 -
,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84934 656 p

8 r8 Sin@bD2 -
452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 + 35 389 440 p

6 r6 Sin@bD4 +
226 492 416 p

8 r8 Sin@bD4 - 28 311 552 p
6 r6 Sin@bD6MM1ê3 -

-
H1 - 8 p rL3

r3
+

H1 - 8 p rL I1 - 24 p r + 80 p2 r2M
r3

-

8 I-p + 8 p2 r - 16 p3 r2M
r2

ì

4. H1 - 8 p rL2
4 r2

-
-1 + 24 p r - 80 p2 r2

12 r2
-
1 - 24 p r + 80 p2 r2

4 r2
+

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í J6 22ê3 r2

I2 - 96 p
2 r2 + 1536 p

4 r4 - 8192 p
6 r6 + 576 p

2 r2 Sin@bD2 + 18 432 p
4 r4 Sin@bD2 -,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84 934 656 p

8 r8 Sin@bD2 -
452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 + 35389 440 p

6 r6

Sin@bD4 + 226 492 416 p
8 r8 Sin@bD4 - 28311 552 p

6 r6 Sin@bD6MM1ê3N +

1

12 21ê3 r2
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18432

p
4 r4 Sin@bD2 -,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84934 656 p

8
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r Sin@ D ,I110 592 r Sin@ D 5 308 416 r Sin@ D 84934 656

r8 Sin@bD2 - 452 984 832 p
10 r10 Sin@bD2 - 110 592 p

4 r4 Sin@bD4 + 35 389 440
p
6 r6 Sin@bD4 + 226 492 416 p

8 r8 Sin@bD4 - 28 311 552 p
6 r6 Sin@bD6MM1ê3 >,

:q Ø -
1 - 8 p r

4 r
-
1

2
. H1 - 8 p rL2

4 r2
-

-1 + 24 p r - 80 p2 r2

12 r2
-
1 - 24 p r + 80 p2 r2

4 r2
+

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í

J6 22ê3 r2 I2 - 96 p
2 r2 + 1536 p

4 r4 - 8192 p
6 r6 + 576 p

2 r2 Sin@bD2 + 18 432 p
4 r4 Sin@bD2 -

,I110 592 p
4 r4 Sin@bD2 - 5 308 416 p

6 r6 Sin@bD2 + 84934 656 p
8 r8 Sin@bD2 -

452 984 832 p
10 r10 Sin@bD2 - 110 592 p

4 r4 Sin@bD4 + 35 389 440 p
6 r6 Sin@bD4 +

226 492 416 p
8 r8 Sin@bD4 - 28 311 552 p

6 r6 Sin@bD6MM1ê3N +

1

12 21ê3 r2
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18 432 p

4 r4 Sin@bD2 -
,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84934 656 p

8 r8 Sin@bD2 -
452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 + 35 389 440 p

6 r6 Sin@bD4 +
226 492 416 p

8 r8 Sin@bD4 - 28 311 552 p
6 r6 Sin@bD6MM1ê3 +

1

2
. H1 - 8 p rL2

2 r2
+

-1 + 24 p r - 80 p2 r2

12 r2
-
1 - 24 p r + 80 p2 r2

4 r2
-

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í

J6 22ê3 r2 I2 - 96 p
2 r2 + 1536 p

4 r4 - 8192 p
6 r6 + 576 p

2 r2 Sin@bD2 + 18 432 p
4 r4 Sin@bD2 -

,I110 592 p
4 r4 Sin@bD2 - 5 308 416 p

6 r6 Sin@bD2 + 84934 656 p
8 r8 Sin@bD2 -

452 984 832 p
10 r10 Sin@bD2 - 110 592 p

4 r4 Sin@bD4 + 35 389 440 p
6 r6 Sin@bD4 +

226 492 416 p
8 r8 Sin@bD4 - 28 311 552 p

6 r6 Sin@bD6MM1ê3N -

1

12 21ê3 r2
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18 432 p

4 r4 Sin@bD2 -
,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84934 656 p

8 r8 Sin@bD2 -
452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 + 35 389 440 p

6 r6 Sin@bD4 +
226 492 416 p

8 r8 Sin@bD4 - 28 311 552 p
6 r6 Sin@bD6MM1ê3 -

-
H1 - 8 p rL3

r3
+

H1 - 8 p rL I1 - 24 p r + 80 p2 r2M
r3

-

8 I-p + 8 p2 r - 16 p3 r2M
r2

ì

4. H1 - 8 p rL2
4 r2

-
-1 + 24 p r - 80 p2 r2

12 r2
-
1 - 24 p r + 80 p2 r2

4 r2
+

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í J6 22ê3 r2
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I @ D M í J
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18 432 p

4 r4 Sin@bD2 -,I110 592 p
4 r4 Sin@bD2 - 5 308 416 p

6 r6 Sin@bD2 + 84 934 656 p
8 r8 Sin@bD2 -

452 984 832 p
10 r10 Sin@bD2 - 110 592 p

4 r4 Sin@bD4 + 35389 440 p
6 r6

Sin@bD4 + 226 492 416 p
8 r8 Sin@bD4 - 28311 552 p

6 r6 Sin@bD6MM1ê3N +

1

12 21ê3 r2
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18432

p
4 r4 Sin@bD2 -,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84934 656 p

8

r8 Sin@bD2 - 452 984 832 p
10 r10 Sin@bD2 - 110 592 p

4 r4 Sin@bD4 + 35 389 440
p
6 r6 Sin@bD4 + 226 492 416 p

8 r8 Sin@bD4 - 28 311 552 p
6 r6 Sin@bD6MM1ê3 >,

:q Ø -
1 - 8 p r

4 r
+
1

2
. H1 - 8 p rL2

4 r2
-

-1 + 24 p r - 80 p2 r2

12 r2
-
1 - 24 p r + 80 p2 r2

4 r2
+

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í

J6 22ê3 r2 I2 - 96 p
2 r2 + 1536 p

4 r4 - 8192 p
6 r6 + 576 p

2 r2 Sin@bD2 + 18 432 p
4 r4 Sin@bD2 -

,I110 592 p
4 r4 Sin@bD2 - 5 308 416 p

6 r6 Sin@bD2 + 84934 656 p
8 r8 Sin@bD2 -

452 984 832 p
10 r10 Sin@bD2 - 110 592 p

4 r4 Sin@bD4 + 35 389 440 p
6 r6 Sin@bD4 +

226 492 416 p
8 r8 Sin@bD4 - 28 311 552 p

6 r6 Sin@bD6MM1ê3N +

1

12 21ê3 r2
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18 432 p

4 r4 Sin@bD2 -
,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84934 656 p

8 r8 Sin@bD2 -
452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 + 35 389 440 p

6 r6 Sin@bD4 +
226 492 416 p

8 r8 Sin@bD4 - 28 311 552 p
6 r6 Sin@bD6MM1ê3 -

1

2
. H1 - 8 p rL2

2 r2
+

-1 + 24 p r - 80 p2 r2

12 r2
-
1 - 24 p r + 80 p2 r2

4 r2
-

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í

J6 22ê3 r2 I2 - 96 p
2 r2 + 1536 p

4 r4 - 8192 p
6 r6 + 576 p

2 r2 Sin@bD2 + 18 432 p
4 r4 Sin@bD2 -

,I110 592 p
4 r4 Sin@bD2 - 5 308 416 p

6 r6 Sin@bD2 + 84934 656 p
8 r8 Sin@bD2 -

452 984 832 p
10 r10 Sin@bD2 - 110 592 p

4 r4 Sin@bD4 + 35 389 440 p
6 r6 Sin@bD4 +

226 492 416 p
8 r8 Sin@bD4 - 28 311 552 p

6 r6 Sin@bD6MM1ê3N -

1

12 21ê3 r2
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18 432 p

4 r4 Sin@bD2 -
,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84934 656 p

8 r8 Sin@bD2 -
452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 + 35 389 440 p

6 r6 Sin@bD4 +
MM
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452 984 832 p r Sin@bD - 110 592 p r Sin@bD + 35 389 440 p r Sin@bD +

226 492 416 p
8 r8 Sin@bD4 - 28 311 552 p

6 r6 Sin@bD6MM1ê3 +
-
H1 - 8 p rL3

r3
+

H1 - 8 p rL I1 - 24 p r + 80 p2 r2M
r3

-

8 I-p + 8 p2 r - 16 p3 r2M
r2

ì

4. H1 - 8 p rL2
4 r2

-
-1 + 24 p r - 80 p2 r2

12 r2
-
1 - 24 p r + 80 p2 r2

4 r2
+

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í J6 22ê3 r2

I2 - 96 p
2 r2 + 1536 p

4 r4 - 8192 p
6 r6 + 576 p

2 r2 Sin@bD2 + 18 432 p
4 r4 Sin@bD2 -,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84 934 656 p

8 r8 Sin@bD2 -
452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 + 35389 440 p

6 r6

Sin@bD4 + 226 492 416 p
8 r8 Sin@bD4 - 28311 552 p

6 r6 Sin@bD6MM1ê3N +

1

12 21ê3 r2
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18432

p
4 r4 Sin@bD2 -,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84934 656 p

8

r8 Sin@bD2 - 452 984 832 p
10 r10 Sin@bD2 - 110 592 p

4 r4 Sin@bD4 + 35 389 440
p
6 r6 Sin@bD4 + 226 492 416 p

8 r8 Sin@bD4 - 28 311 552 p
6 r6 Sin@bD6MM1ê3 >,

:q Ø -
1 - 8 p r

4 r
+
1

2
. H1 - 8 p rL2

4 r2
-

-1 + 24 p r - 80 p2 r2

12 r2
-
1 - 24 p r + 80 p2 r2

4 r2
+

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í

J6 22ê3 r2 I2 - 96 p
2 r2 + 1536 p

4 r4 - 8192 p
6 r6 + 576 p

2 r2 Sin@bD2 + 18 432 p
4 r4 Sin@bD2 -

,I110 592 p
4 r4 Sin@bD2 - 5 308 416 p

6 r6 Sin@bD2 + 84934 656 p
8 r8 Sin@bD2 -

452 984 832 p
10 r10 Sin@bD2 - 110 592 p

4 r4 Sin@bD4 + 35 389 440 p
6 r6 Sin@bD4 +

226 492 416 p
8 r8 Sin@bD4 - 28 311 552 p

6 r6 Sin@bD6MM1ê3N +

1

12 21ê3 r2
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18 432 p

4 r4 Sin@bD2 -
,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84934 656 p

8 r8 Sin@bD2 -
452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 + 35 389 440 p

6 r6 Sin@bD4 +
226 492 416 p

8 r8 Sin@bD4 - 28 311 552 p
6 r6 Sin@bD6MM1ê3 +

1

2
. H1 - 8 p rL2

2 r2
+

-1 + 24 p r - 80 p2 r2

12 r2
-
1 - 24 p r + 80 p2 r2

4 r2
-

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í

J6 22ê3 r2 I2 - 96 p
2 r2 + 1536 p

4 r4 - 8192 p
6 r6 + 576 p

2 r2 Sin@bD2 + 18 432 p
4 r4 Sin@bD2 -
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J I @ D @ D
,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84934 656 p

8 r8 Sin@bD2 -
452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 + 35 389 440 p

6 r6 Sin@bD4 +
226 492 416 p

8 r8 Sin@bD4 - 28 311 552 p
6 r6 Sin@bD6MM1ê3N -

1

12 21ê3 r2
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18 432 p

4 r4 Sin@bD2 -
,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84934 656 p

8 r8 Sin@bD2 -
452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 + 35 389 440 p

6 r6 Sin@bD4 +
226 492 416 p

8 r8 Sin@bD4 - 28 311 552 p
6 r6 Sin@bD6MM1ê3 +

-
H1 - 8 p rL3

r3
+

H1 - 8 p rL I1 - 24 p r + 80 p2 r2M
r3

-

8 I-p + 8 p2 r - 16 p3 r2M
r2

ì

4. H1 - 8 p rL2
4 r2

-
-1 + 24 p r - 80 p2 r2

12 r2
-
1 - 24 p r + 80 p2 r2

4 r2
+

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í J6 22ê3 r2

I2 - 96 p
2 r2 + 1536 p

4 r4 - 8192 p
6 r6 + 576 p

2 r2 Sin@bD2 + 18 432 p
4 r4 Sin@bD2 -,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84 934 656 p

8 r8 Sin@bD2 -
452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 + 35389 440 p

6 r6

Sin@bD4 + 226 492 416 p
8 r8 Sin@bD4 - 28311 552 p

6 r6 Sin@bD6MM1ê3N +

1

12 21ê3 r2
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18432

p
4 r4 Sin@bD2 -,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84934 656 p

8

r8 Sin@bD2 - 452 984 832 p
10 r10 Sin@bD2 - 110 592 p

4 r4 Sin@bD4 + 35 389 440
p
6 r6 Sin@bD4 + 226 492 416 p

8 r8 Sin@bD4 - 28 311 552 p
6 r6 Sin@bD6MM1ê3 >,

:q Ø -
-1 - 8 p r

4 r
-
1

2
. H-1 - 8 p rL2

4 r2
-

-1 - 24 p r - 80 p2 r2

12 r2
-
1 + 24 p r + 80 p2 r2

4 r2
+

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í

J6 22ê3 r2 I2 - 96 p
2 r2 + 1536 p

4 r4 - 8192 p
6 r6 + 576 p

2 r2 Sin@bD2 + 18 432 p
4 r4 Sin@bD2 -

,I110 592 p
4 r4 Sin@bD2 - 5 308 416 p

6 r6 Sin@bD2 + 84934 656 p
8 r8 Sin@bD2 -

452 984 832 p
10 r10 Sin@bD2 - 110 592 p

4 r4 Sin@bD4 + 35 389 440 p
6 r6 Sin@bD4 +

226 492 416 p
8 r8 Sin@bD4 - 28 311 552 p

6 r6 Sin@bD6MM1ê3N +

1

12 21ê3 r2
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18 432 p

4 r4 Sin@bD2 -
,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84934 656 p

8 r8 Sin@bD2 -
452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 + 35 389 440 p

6 r6 Sin@bD4 +
MM
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226 492 416 p
8 r8 Sin@bD4 - 28 311 552 p

6 r6 Sin@bD6MM1ê3 -

1

2
. H-1 - 8 p rL2

2 r2
+

-1 - 24 p r - 80 p2 r2

12 r2
-
1 + 24 p r + 80 p2 r2

4 r2
-

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í

J6 22ê3 r2 I2 - 96 p
2 r2 + 1536 p

4 r4 - 8192 p
6 r6 + 576 p

2 r2 Sin@bD2 + 18 432 p
4 r4 Sin@bD2 -

,I110 592 p
4 r4 Sin@bD2 - 5 308 416 p

6 r6 Sin@bD2 + 84934 656 p
8 r8 Sin@bD2 -

452 984 832 p
10 r10 Sin@bD2 - 110 592 p

4 r4 Sin@bD4 + 35 389 440 p
6 r6 Sin@bD4 +

226 492 416 p
8 r8 Sin@bD4 - 28 311 552 p

6 r6 Sin@bD6MM1ê3N -

1

12 21ê3 r2
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18 432 p

4 r4 Sin@bD2 -
,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84934 656 p

8 r8 Sin@bD2 -
452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 + 35 389 440 p

6 r6 Sin@bD4 +
226 492 416 p

8 r8 Sin@bD4 - 28 311 552 p
6 r6 Sin@bD6MM1ê3 -

-
H-1 - 8 p rL3

r3
+

H-1 - 8 p rL I1 + 24 p r + 80 p2 r2M
r3

-

8 I-p - 8 p2 r - 16 p3 r2M
r2

ì

4. H-1 - 8 p rL2
4 r2

-
-1 - 24 p r - 80 p2 r2

12 r2
-
1 + 24 p r + 80 p2 r2

4 r2
+

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í J6 22ê3 r2

I2 - 96 p
2 r2 + 1536 p

4 r4 - 8192 p
6 r6 + 576 p

2 r2 Sin@bD2 + 18 432 p
4 r4 Sin@bD2 -,I110 592 p
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ü Univocal Radius Solutions Continued 

by Parker Emmerson © 2009 - 2010
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+
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256 p5 Sin@bD6

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

16 p2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

24 p q

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

8 q2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

16 p H4 p - qL q Sin@bD
16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2

+

24 q H4 p - qL q Sin@bD
16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2

-

8 q2 H4 p - qL q Sin@bD
p I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M

+

16 p2 Sin@bD2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

24 p q Sin@bD2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

8 q2 Sin@bD2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

32 p H4 p - qL q Sin@bD3

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

32 p2 Sin@bD4

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
>,

:r Ø
1

-16 p + 16 q

/ -

3 H4 p - qL q Sin@bD
p H4 p - qL

+

H4 p - qL q Sin@bD
p q

+
3 Sin@bD2

4 p - q

-

Sin@bD2

q

+
256 p4 q

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-
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64 p3 q2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p3 q H4 p - qL q Sin@bD

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

64 p2 q2 H4 p - qL q Sin@bD

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p5 Sin@bD2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

256 p4 H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

256 p3 q H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

64 p2 q2 H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p4 q Sin@bD4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

64 p3 q2 Sin@bD4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p4 H4 p - qL q Sin@bD5

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

256 p5 Sin@bD6

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

16 p2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

24 p q

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+
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8 q2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

16 p H4 p - qL q Sin@bD
16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2

+

24 q H4 p - qL q Sin@bD
16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2

-

8 q2 H4 p - qL q Sin@bD
p I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M

+

16 p2 Sin@bD2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

24 p q Sin@bD2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

8 q2 Sin@bD2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

32 p H4 p - qL q Sin@bD3

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

32 p2 Sin@bD4

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
>>

SphericalPlot3DB

1

-16 p + 16 q

/ -
3 H4 p - qL q Sin@bD

p H4 p - qL +
H4 p - qL q Sin@bD

p q

+
3 Sin@bD2
4 p - q

-
Sin@bD2

q

+

256 p4 q

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

64 p3 q2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p3 q H4 p - qL q Sin@bD
I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2

+
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64 p2 q2 H4 p - qL q Sin@bD

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p5 Sin@bD2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

256 p4 H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

256 p3 q H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

64 p2 q2 H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p4 q Sin@bD4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

64 p3 q2 Sin@bD4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p4 H4 p - qL q Sin@bD5

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

256 p5 Sin@bD6

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

16 p2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

24 p q

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

8 q2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

16 p H4 p - qL q Sin@bD

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

24 q H4 p - qL q Sin@bD

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-
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8 q2 H4 p - qL q Sin@bD
p I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M

+

16 p2 Sin@bD2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

24 p q Sin@bD2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

8 q2 Sin@bD2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

32 p H4 p - qL q Sin@bD3

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

32 p2 Sin@bD4

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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SolveB/ -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M ^2 -

1

2 p

/ 4 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 +
8 p

2
q Sin@bD2M 2

q - -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD +

4 p
2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3

4 p - q

-
2 p2 H4 p - qL q Sin@bD3

q

ì
I16 p

2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M 2

q
2 ^2 ==

2 p r - r q

2 p

, bF
Solve::ifun :

Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete

solution information. à

::b Ø ArcSinB
K-p2 H4 p - qL q I-8 p + 16 p q - 4 q

2M --Jp4 H4 p - qL q I-8 p + 16 p q - 4 q
2M2 + 4 p

3
q I8 p - 16 p q +

4 q
2M I-8 p

3
+ 128 p

5 r2 + 2 p
2
q + 16 p

3
q - 288 p

4 r2 q - 8 p
2
q
2
+ 256 p

3 r2 q
2
+ p q

3
-

112 p
2 r2 q

3
+ 24 p r2 q

4
- 2 r2 q

5MNO ì I2 p
3 I8 p - 16 p q + 4 q

2MMF>,

:b Ø ArcSinBK-p2 H4 p - qL q I-8 p + 16 p q - 4 q
2M +-Jp4 H4 p - qL q I-8 p + 16 p q - 4 q

2M2 +
4 p

3
q I8 p - 16 p q + 4 q

2M I-8 p
3
+ 128 p

5 r2 + 2 p
2
q + 16 p

3
q - 288 p

4 r2 q - 8 p
2
q
2
+

256 p
3 r2 q

2
+ p q

3
- 112 p

2 r2 q
3
+ 24 p r2 q

4
- 2 r2 q

5MNO ì I2 p
3 I8 p - 16 p q + 4 q

2MMF>>

The Cone of Perception by Parker Emmerson 4th Edition.nb   387

Printed by Mathematica for Students



RevolutionPlot3DB
:ArcSinBJ-p2 H4 p - qL q I-8 p + 16 p q - 4 q

2M -
-Jp4 H4 p - qL q I-8 p + 16 p q - 4 q

2M2 +
4 p

3
q I8 p - 16 p q + 4 q

2M I-8 p
3
+ 128 p

5 r2 + 2 p
2
q + 16 p

3
q - 288 p

4 r2 q -

8 p
2
q
2
+ 256 p

3 r2 q
2
+ p q

3
- 112 p

2 r2 q
3
+ 24 p r2 q

4
- 2 r2 q

5MNN í
I2 p

3 I8 p - 16 p q + 4 q
2MMF, ArcSinBJ-p2 H4 p - qL q I-8 p + 16 p q - 4 q

2M +

-Jp4 H4 p - qL q I-8 p + 16 p q - 4 q
2M2 + 4 p

3
q I8 p - 16 p q + 4 q

2M I-8 p
3
+ 128 p

5 r2 + 2 p
2
q +

16 p
3
q - 288 p

4 r2 q - 8 p
2
q
2
+ 256 p

3 r2 q
2
+ p q

3
- 112 p

2 r2 q
3
+ 24 p r2 q

4
- 2 r2 q

5MNN í
I2 p

3 I8 p - 16 p q + 4 q
2MMF>, 8r, -1, 1<, 8q, -2 p, 2 p<F

ComputationalGeometry`Methods`SpatialSearch::spoutbounds :

-- Message text not found -- H810.4975, -65.509<L

ComputationalGeometry`Methods`SpatialSearch::spoutbounds :

-- Message text not found -- H8-10.4975, -65.509<L

388   The Cone of Perception by Parker Emmerson 4th Edition.nb

Printed by Mathematica for Students



RevolutionPlot3DB
ArcSinBJ-p2 H4 p - qL q I-8 p + 16 p q - 4 q

2M +
-Jp4 H4 p - qL q I-8 p + 16 p q - 4 q

2M2 +
4 p

3
q I8 p - 16 p q + 4 q

2M I-8 p
3
+ 128 p

5 r2 + 2 p
2
q + 16 p

3
q - 288 p

4 r2 q -

8 p
2
q
2
+ 256 p

3 r2 q
2
+ p q

3
- 112 p

2 r2 q
3
+ 24 p r2 q

4
- 2 r2 q

5MNN í
I2 p

3 I8 p - 16 p q + 4 q
2MMF, 8r, -1, 1<, 8q, -2 p, 2 p<F
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SolveB/ -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M ^2 -

1

2 p

/ 4 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 +
8 p

2
q Sin@bD2M 2

q - -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD +

4 p
2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3

4 p - q

-
2 p2 H4 p - qL q Sin@bD3

q

ì
I16 p

2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M 2

q
2 ^2 ==

1

2 p

2 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì
I16 p

2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M - r q, rF
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::r Ø
1

q

-4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2
Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3

4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3
Sin@bD2 + 8 p

2
q Sin@bD2M -

-4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2
Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3

4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

2

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3
Sin@bD2 + 8 p

2
q Sin@bD2M2 -

1

2 p

4 p q -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2
Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3

4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

2

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3
Sin@bD2 +

8 p
2
q Sin@bD2M2 - q

2
-4 p q + q

2
+ 2 p H4 p - qL q Sin@bD + 4 p

2
Sin@bD2 -

2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

2

ì

I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3
Sin@bD2 + 8 p

2
q Sin@bD2M2 >>
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SphericalPlot3DB 1
q

-4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M -

/ -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

2 ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M2 -

1

2 p

4 p q -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 -
2 p2 H4 p - qL q Sin@bD3

4 p - q

-
2 p2 H4 p - qL q Sin@bD3

q

2 ì
I16 p

2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M2 -

q
2

-4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

2 ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3

Sin@bD2 + 8 p
2
q Sin@bD2M2 , 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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SphericalPlot3DB 1
q

-4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M -

/ -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

2 ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M2 -

1

2 p

4 p q -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 -
2 p2 H4 p - qL q Sin@bD3

4 p - q

-
2 p2 H4 p - qL q Sin@bD3

q

2 ì
I16 p

2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M2 -

q
2

-4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

2 ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3

Sin@bD2 + 8 p
2
q Sin@bD2M2 , 8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F
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SolveB/ -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M ^2 -

1

2 p

/ 4 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 +
8 p

2
q Sin@bD2M 2

q - -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD +

4 p
2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3

4 p - q

-
2 p2 H4 p - qL q Sin@bD3

q

ì
I16 p

2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M 2

q
2 ^2 ==

1

2 p

2 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì
I16 p

2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M -

-4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì
I16 p

2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M q, bF

8<
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SolveB
/ r^2 -

1

2 p

/ 4 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 +
8 p

2
q Sin@bD2M 2

q - -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD +

4 p
2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3

4 p - q

-
2 p2 H4 p - qL q Sin@bD3

q

ì
I16 p

2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M 2

q
2 ^2 ==

1

2 p

2 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì
I16 p

2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M -

-4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M q, rF
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::r Ø -
1

4 p

/ -2 + 4 p +
4 p

H2 p - qL2
-

8 p2

H2 p - qL2
+

16 p3

H2 p - qL2
+

8 p

2 p - q

-
16 p2

2 p - q

-

4 H4 p - qL q Sin@bD

H2 p - qL2
+

8 p H4 p - qL q Sin@bD

H2 p - qL2
-

16 p2 H4 p - qL q Sin@bD

H2 p - qL2
-

8 H4 p - qL q Sin@bD

2 p - q

+

16 p H4 p - qL q Sin@bD

2 p - q

+

8 H4 p - qL q Sin@bD

4 p - q

-

16 p H4 p - qL q Sin@bD

4 p - q

-

4 H4 p - qL q Sin@bD

H4 p - qL q

+
4 p Sin@bD2

H2 p - qL2
-
8 p2 Sin@bD2

H2 p - qL2
+
16 p3 Sin@bD2

H2 p - qL2
+
8 p Sin@bD2

2 p - q

-

16 p2 Sin@bD2

2 p - q

+
Sin@bD2

4 p - q

-
8 p Sin@bD2

4 p - q

+
16 p2 Sin@bD2

4 p - q

+
Sin@bD2

q

>,

:r Ø
1

4 p

/ -2 + 4 p +
4 p

H2 p - qL2
-

8 p2

H2 p - qL2
+

16 p3

H2 p - qL2
+

8 p

2 p - q

-
16 p2

2 p - q

-

4 H4 p - qL q Sin@bD

H2 p - qL2
+

8 p H4 p - qL q Sin@bD

H2 p - qL2
-

16 p2 H4 p - qL q Sin@bD

H2 p - qL2
-

8 H4 p - qL q Sin@bD

2 p - q

+

16 p H4 p - qL q Sin@bD

2 p - q

+

8 H4 p - qL q Sin@bD

4 p - q

-

16 p H4 p - qL q Sin@bD

4 p - q

-

4 H4 p - qL q Sin@bD

H4 p - qL q

+
4 p Sin@bD2

H2 p - qL2
-
8 p2 Sin@bD2

H2 p - qL2
+
16 p3 Sin@bD2

H2 p - qL2
+
8 p Sin@bD2

2 p - q

-

16 p2 Sin@bD2

2 p - q

+
Sin@bD2

4 p - q

-
8 p Sin@bD2

4 p - q

+
16 p2 Sin@bD2

4 p - q

+
Sin@bD2

q

>>
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SphericalPlot3DB
1

4 p

. -2 + 4 p +
4 p

H2 p - qL2 -
8 p2

H2 p - qL2 +
16 p3

H2 p - qL2 +
8 p

2 p - q

-
16 p2

2 p - q

-
4 H4 p - qL q Sin@bD

H2 p - qL2 +

8 p H4 p - qL q Sin@bD
H2 p - qL2 -

16 p2 H4 p - qL q Sin@bD
H2 p - qL2 -

8 H4 p - qL q Sin@bD
2 p - q

+
16 p H4 p - qL q Sin@bD

2 p - q

+
8 H4 p - qL q Sin@bD

4 p - q

-

16 p H4 p - qL q Sin@bD
4 p - q

-
4 H4 p - qL q Sin@bD

H4 p - qL q

+
4 p Sin@bD2
H2 p - qL2 -

8 p2 Sin@bD2
H2 p - qL2 +

16 p3 Sin@bD2
H2 p - qL2 +

8 p Sin@bD2
2 p - q

-
16 p2 Sin@bD2

2 p - q

+
Sin@bD2
4 p - q

-

8 p Sin@bD2
4 p - q

+
16 p2 Sin@bD2

4 p - q

+
Sin@bD2

q

, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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SphericalPlot3DB
1

4 p

. -2 + 4 p +
4 p

H2 p - qL2 -
8 p2

H2 p - qL2 +
16 p3

H2 p - qL2 +
8 p

2 p - q

-
16 p2

2 p - q

-
4 H4 p - qL q Sin@bD

H2 p - qL2 +

8 p H4 p - qL q Sin@bD
H2 p - qL2 -

16 p2 H4 p - qL q Sin@bD
H2 p - qL2 -

8 H4 p - qL q Sin@bD
2 p - q

+
16 p H4 p - qL q Sin@bD

2 p - q

+
8 H4 p - qL q Sin@bD

4 p - q

-

16 p H4 p - qL q Sin@bD
4 p - q

-
4 H4 p - qL q Sin@bD

H4 p - qL q

+
4 p Sin@bD2
H2 p - qL2 -

8 p2 Sin@bD2
H2 p - qL2 +

16 p3 Sin@bD2
H2 p - qL2 +

8 p Sin@bD2
2 p - q

-
16 p2 Sin@bD2

2 p - q

+
Sin@bD2
4 p - q

-

8 p Sin@bD2
4 p - q

+
16 p2 Sin@bD2

4 p - q

+
Sin@bD2

q

, 8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F
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SolveB
/ r^2 -

1

2 p

/ 4 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 +
8 p

2
q Sin@bD2M 2

q - -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD +

4 p
2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3

4 p - q

-
2 p2 H4 p - qL q Sin@bD3

q

ì
I16 p

2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M 2

q
2 ^2 ==

1

2 p

2 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M -

-4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M q , bF

Solve::ifun :

Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete

solution information. à

::b Ø

ArcSinBK-8 p
2 H4 p - qL q + 4 p q

2 H4 p - qL q - 8 p
2
q
2 H4 p - qL q -,I4096 p

7 r2 q - 5120 p
6 r2 q

2
+

2048 p
5 r2 q

3
- 2048 p

6 r2 q
3
+ 4096 p

7 r2 q
3
- 256 p

4 r2 q
4
+ 2560 p

5 r2 q
4
- 5120 p

6 r2 q
4
-

1024 p
4 r2 q

5
+ 2048 p

5 r2 q
5
+ 128 p

3 r2 q
6
- 256 p

4 r2 q
6MO ì I2 I-8 p

3
+ 4 p

2
q
2
- 8 p

3
q
2MMF>,

:b Ø ArcSinBK-8 p
2 H4 p - qL q + 4 p q

2 H4 p - qL q - 8 p
2
q
2 H4 p - qL q +

,I4096 p
7 r2 q - 5120 p

6 r2 q
2
+ 2048 p

5 r2 q
3
- 2048 p

6 r2 q
3
+ 4096 p

7 r2 q
3
-

256 p
4 r2 q

4
+ 2560 p

5 r2 q
4
- 5120 p

6 r2 q
4
- 1024 p

4 r2 q
5
+ 2048 p

5 r2 q
5
+

128 p
3 r2 q

6
- 256 p

4 r2 q
6MO ì I2 I-8 p

3
+ 4 p

2
q
2
- 8 p

3
q
2MMF>>
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RevolutionPlot3DBArcSinBJ-8 p
2 H4 p - qL q + 4 p q

2 H4 p - qL q - 8 p
2
q
2 H4 p - qL q +

,I4096 p
7 r2 q - 5120 p

6 r2 q
2
+ 2048 p

5 r2 q
3
- 2048 p

6 r2 q
3
+ 4096 p

7 r2 q
3
- 256 p

4 r2 q
4
+

2560 p
5 r2 q

4
- 5120 p

6 r2 q
4
- 1024 p

4 r2 q
5
+ 2048 p

5 r2 q
5
+ 128 p

3 r2 q
6
- 256 p

4 r2 q
6MN í

I2 I-8 p
3
+ 4 p

2
q
2
- 8 p

3
q
2MMF, 8r, -1, 1<, 8q, -2 p, 2 p<F

402   The Cone of Perception by Parker Emmerson 4th Edition.nb

Printed by Mathematica for Students



ContourPlot3DB

ArcSinB -8 p
2 H4 p - qL q + 4 p 2 p + p

2
- p

2 Sin@bD2
2

H4 p - qL q - 8 p
2
q
2 H4 p - qL q +

,I4096 p
7 r2 q - 5120 p

6 r2 q
2
+ 2048 p

5 r2 q
3
- 2048 p

6 r2 q
3
+ 4096 p

7 r2 q
3
- 256 p

4 r2 q
4
+

2560 p
5 r2 q

4
- 5120 p

6 r2 q
4
- 1024 p

4 r2 q
5
+ 2048 p

5 r2 q
5
+ 128 p

3 r2 q
6
- 256 p

4 r2 q
6M ì

I2 I-8 p
3
+ 4 p

2
q
2
- 8 p

3
q
2MMF, 8r, -1, 1<, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F

The Cone of Perception by Parker Emmerson 4th Edition.nb   403

Printed by Mathematica for Students



ContourPlot3DBArcSinB -8 p
2 H4 p - qL q +

4 p 2 p + p
2
- p

2 Sin@bD2
2

H4 p - qL q - 8 p
2
q
2 H4 p - qL 2 p + p

2
- p

2 Sin@bD2 +

,I4096 p
7 r2 q - 5120 p

6 r2 q
2
+ 2048 p

5 r2 q
3
- 2048 p

6 r2 q
3
+ 4096 p

7 r2 q
3
- 256 p

4 r2 q
4
+

2560 p
5 r2 q

4
- 5120 p

6 r2 q
4
- 1024 p

4 r2 q
5
+ 2048 p

5 r2 q
5
+ 128 p

3 r2 q
6
- 256 p

4 r2 q
6M ì

I2 I-8 p
3
+ 4 p

2
q
2
- 8 p

3
q
2MMF, 8r, -1, 1<, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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ContourPlot3DB

ArcSinB -8 p
2 H4 p - qL q + 4 p HqL2 H4 p - qL q - 8 p

2
q
2 H4 p - qL 2 p + p

2
- p

2 Sin@bD2 +

,I4096 p
7 r2 q - 5120 p

6 r2 q
2
+ 2048 p

5 r2 q
3
- 2048 p

6 r2 q
3
+ 4096 p

7 r2 q
3
- 256 p

4 r2 q
4
+

2560 p
5 r2 q

4
- 5120 p

6 r2 q
4
- 1024 p

4 r2 q
5
+ 2048 p

5 r2 q
5
+ 128 p

3 r2 q
6
- 256 p

4 r2 q
6M ì

I2 I-8 p
3
+ 4 p

2
q
2
- 8 p

3
q
2MMF, 8r, -1, 1<, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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ContourPlot3DB

ArcSinB -8 p
2 H4 p - qL q + 4 p HqL2 4 p - 2 p + p

2
- p

2 Sin@bD2 q - 8 p
2
q
2 H4 p - qL HqL +

,I4096 p
7 r2 q - 5120 p

6 r2 q
2
+ 2048 p

5 r2 q
3
- 2048 p

6 r2 q
3
+ 4096 p

7 r2 q
3
- 256 p

4 r2 q
4
+

2560 p
5 r2 q

4
- 5120 p

6 r2 q
4
- 1024 p

4 r2 q
5
+ 2048 p

5 r2 q
5
+ 128 p

3 r2 q
6
- 256 p

4 r2 q
6M ì

I2 I-8 p
3
+ 4 p

2
q
2
- 8 p

3
q
2MMF, 8r, -1, 1<, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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SolveB r^2 -
4 p HrL2 q - HrL2 q2

2 p

^2 ==

1

2 p

2 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M -

-4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M q , bF

Solve::ifun :

Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete

solution information. à

::b Ø ArcSinB
H4 p - qL q + 2 r

2 H2 p - qL2 H4 p - qL q

2 p

F>>

RevolutionPlot3DBArcSinB H4 p - qL q + 2 r2 H2 p - qL2 H4 p - qL q

2 p

F, 8r, -1, 1<, 8q, -2 p, 2 p<F

SphericalPlot3DBArcSinB H4 p - qL q + 2 r2 H2 p - qL2 H4 p - qL q

2 p

F, 8, -1, 1<, 8q, -2 p, 2 p<F
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SolveB r^2 -
4 p HrL2 q - HrL2 q2

2 p

^2 ==

1

2 p

2 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M -

-4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M q , qF

::q Ø -
1 - 8 p r

4 r

-

1

2

. H1 - 8 p rL2
4 r

2

-
-1 + 24 p r - 80 p2 r2

12 r
2

-
1 - 24 p r + 80 p2 r2

4 r
2

+ I1 - 32 p
2
r
2
+ 256 p

4
r
4
+ 192

p
2
r
2
Sin@bD2M í J6 22ê3 r2 I2 - 96 p

2
r
2
+ 1536 p

4
r
4
- 8192 p

6
r
6
+ 576 p

2
r
2

Sin@bD2 + 18432 p
4
r
4
Sin@bD2 -,I110 592 p

4
r
4
Sin@bD2 - 5 308 416 p

6
r
6
Sin@bD2 +

84 934 656 p
8
r
8
Sin@bD2 - 452 984 832 p

10
r
10
Sin@bD2 - 110 592 p

4
r
4
Sin@bD4 +

35 389 440 p
6
r
6
Sin@bD4 + 226 492 416 p

8
r
8
Sin@bD4 - 28311 552 p

6
r
6
Sin@bD6MM1ê3N +

1

12 2
1ê3

r
2

I2 - 96 p
2
r
2
+ 1536 p

4
r
4
- 8192 p

6
r
6
+ 576 p

2
r
2
Sin@bD2 + 18 432 p

4
r
4
Sin@bD2 -

,I110 592 p
4
r
4
Sin@bD2 - 5 308 416 p

6
r
6
Sin@bD2 + 84934 656 p

8
r
8
Sin@bD2 -

452 984 832 p
10
r
10
Sin@bD2 - 110 592 p

4
r
4
Sin@bD4 + 35 389 440 p

6
r
6
Sin@bD4 +

226 492 416 p
8
r
8
Sin@bD4 - 28 311 552 p

6
r
6
Sin@bD6MM1ê3 -

1

2

. H1 - 8 p rL2
2 r

2

+
-1 + 24 p r - 80 p2 r2

12 r
2

-
1 - 24 p r + 80 p2 r2

4 r
2

-

I1 - 32 p
2
r
2
+ 256 p

4
r
4
+ 192 p

2
r
2
Sin@bD2M í

J6 22ê3 r2 I2 - 96 p
2
r
2
+ 1536 p

4
r
4
- 8192 p

6
r
6
+ 576 p

2
r
2
Sin@bD2 + 18 432 p

4
r
4
Sin@bD2 -

,I110 592 p
4
r
4
Sin@bD2 - 5 308 416 p

6
r
6
Sin@bD2 + 84934 656 p

8
r
8
Sin@bD2 -

452 984 832 p
10
r
10
Sin@bD2 - 110 592 p

4
r
4
Sin@bD4 + 35 389 440 p

6
r
6
Sin@bD4 +

MM N
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452 984 832 p r Sin@bD - 110 592 p r Sin@bD + 35 389 440 p r Sin@bD +

226 492 416 p
8 r8 Sin@bD4 - 28 311 552 p

6 r6 Sin@bD6MM1ê3N -

1

12 21ê3 r2
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18 432 p

4 r4 Sin@bD2 -
,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84934 656 p

8 r8 Sin@bD2 -
452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 + 35 389 440 p

6 r6 Sin@bD4 +
226 492 416 p

8 r8 Sin@bD4 - 28 311 552 p
6 r6 Sin@bD6MM1ê3 -

-
H1 - 8 p rL3

r3
+

H1 - 8 p rL I1 - 24 p r + 80 p2 r2M
r3

-

8 I-p + 8 p2 r - 16 p3 r2M
r2

ì

4. H1 - 8 p rL2
4 r2

-
-1 + 24 p r - 80 p2 r2

12 r2
-
1 - 24 p r + 80 p2 r2

4 r2
+

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í J6 22ê3 r2

I2 - 96 p
2 r2 + 1536 p

4 r4 - 8192 p
6 r6 + 576 p

2 r2 Sin@bD2 + 18 432 p
4 r4 Sin@bD2 -,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84 934 656 p

8 r8 Sin@bD2 -
452 984 832 p
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226 492 416 p

8 r8 Sin@bD4 - 28 311 552 p
6 r6 Sin@bD6MM1ê3 -

-
H-1 - 8 p rL3

r3
+

H-1 - 8 p rL I1 + 24 p r + 80 p2 r2M
r3

-

8 I-p - 8 p2 r - 16 p3 r2M
r2

ì

4. H-1 - 8 p rL2
4 r2

-
-1 - 24 p r - 80 p2 r2

12 r2
-
1 + 24 p r + 80 p2 r2

4 r2
+

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í J6 22ê3 r2

I2 - 96 p
2 r2 + 1536 p

4 r4 - 8192 p
6 r6 + 576 p

2 r2 Sin@bD2 + 18 432 p
4 r4 Sin@bD2 -,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84 934 656 p

8 r8 Sin@bD2 -
452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 + 35389 440 p

6 r6

Sin@bD4 + 226 492 416 p
8 r8 Sin@bD4 - 28311 552 p

6 r6 Sin@bD6MM1ê3N +

1

12 21ê3 r2
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18432

p
4 r4 Sin@bD2 -,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84934 656 p

8

r8 Sin@bD2 - 452 984 832 p
10 r10 Sin@bD2 - 110 592 p

4 r4 Sin@bD4 + 35 389 440
p
6 r6 Sin@bD4 + 226 492 416 p

8 r8 Sin@bD4 - 28 311 552 p
6 r6 Sin@bD6MM1ê3 >,

:q Ø -
-1 - 8 p r

4 r
+
1

2
. H-1 - 8 p rL2

4 r2
-

-1 - 24 p r - 80 p2 r2

12 r2
-
1 + 24 p r + 80 p2 r2

4 r2
+

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í

J6 22ê3 r2 I2 - 96 p
2 r2 + 1536 p

4 r4 - 8192 p
6 r6 + 576 p

2 r2 Sin@bD2 + 18 432 p
4 r4 Sin@bD2 -

,I110 592 p
4 r4 Sin@bD2 - 5 308 416 p

6 r6 Sin@bD2 + 84934 656 p
8 r8 Sin@bD2 -

452 984 832 p
10 r10 Sin@bD2 - 110 592 p

4 r4 Sin@bD4 + 35 389 440 p
6 r6 Sin@bD4 +

226 492 416 p
8 r8 Sin@bD4 - 28 311 552 p

6 r6 Sin@bD6MM1ê3N +

1

12 21ê3 r2
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18 432 p

4 r4 Sin@bD2 -
,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84934 656 p

8 r8 Sin@bD2 -
452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 + 35 389 440 p

6 r6 Sin@bD4 +
MM
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226 492 416 p
8 r8 Sin@bD4 - 28 311 552 p

6 r6 Sin@bD6MM1ê3 -

1

2
. H-1 - 8 p rL2

2 r2
+

-1 - 24 p r - 80 p2 r2

12 r2
-
1 + 24 p r + 80 p2 r2

4 r2
-

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í

J6 22ê3 r2 I2 - 96 p
2 r2 + 1536 p

4 r4 - 8192 p
6 r6 + 576 p

2 r2 Sin@bD2 + 18 432 p
4 r4 Sin@bD2 -

,I110 592 p
4 r4 Sin@bD2 - 5 308 416 p

6 r6 Sin@bD2 + 84934 656 p
8 r8 Sin@bD2 -

452 984 832 p
10 r10 Sin@bD2 - 110 592 p

4 r4 Sin@bD4 + 35 389 440 p
6 r6 Sin@bD4 +

226 492 416 p
8 r8 Sin@bD4 - 28 311 552 p

6 r6 Sin@bD6MM1ê3N -

1

12 21ê3 r2
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18 432 p

4 r4 Sin@bD2 -
,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84934 656 p

8 r8 Sin@bD2 -
452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 + 35 389 440 p

6 r6 Sin@bD4 +
226 492 416 p

8 r8 Sin@bD4 - 28 311 552 p
6 r6 Sin@bD6MM1ê3 +

-
H-1 - 8 p rL3

r3
+

H-1 - 8 p rL I1 + 24 p r + 80 p2 r2M
r3

-

8 I-p - 8 p2 r - 16 p3 r2M
r2

ì

4. H-1 - 8 p rL2
4 r2

-
-1 - 24 p r - 80 p2 r2

12 r2
-
1 + 24 p r + 80 p2 r2

4 r2
+

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í J6 22ê3 r2

I2 - 96 p
2 r2 + 1536 p

4 r4 - 8192 p
6 r6 + 576 p

2 r2 Sin@bD2 + 18 432 p
4 r4 Sin@bD2 -,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84 934 656 p

8 r8 Sin@bD2 -
452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 + 35389 440 p

6 r6

Sin@bD4 + 226 492 416 p
8 r8 Sin@bD4 - 28311 552 p

6 r6 Sin@bD6MM1ê3N +

1

12 21ê3 r2
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18432

p
4 r4 Sin@bD2 -,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84934 656 p

8

r8 Sin@bD2 - 452 984 832 p
10 r10 Sin@bD2 - 110 592 p

4 r4 Sin@bD4 + 35 389 440
p
6 r6 Sin@bD4 + 226 492 416 p

8 r8 Sin@bD4 - 28 311 552 p
6 r6 Sin@bD6MM1ê3 >,

:q Ø -
-1 - 8 p r

4 r
+
1

2
. H-1 - 8 p rL2

4 r2
-

-1 - 24 p r - 80 p2 r2

12 r2
-
1 + 24 p r + 80 p2 r2

4 r2
+

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í

J6 22ê3 r2 I2 - 96 p
2 r2 + 1536 p

4 r4 - 8192 p
6 r6 + 576 p

2 r2 Sin@bD2 + 18 432 p
4 r4 Sin@bD2 -
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J I @ D @ D
,I110 592 p

4
r
4
Sin@bD2 - 5 308 416 p

6
r
6
Sin@bD2 + 84934 656 p

8
r
8
Sin@bD2 -

452 984 832 p
10
r
10
Sin@bD2 - 110 592 p

4
r
4
Sin@bD4 + 35 389 440 p

6
r
6
Sin@bD4 +

226 492 416 p
8
r
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6
r
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4
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6
r
6
Sin@bD4 +

226 492 416 p
8
r
8
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6
r
6
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1

2
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2 r

2

+
-1 - 24 p r - 80 p2 r2

12 r
2
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4 r
2
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2
r
2
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4
r
4
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r
2
Sin@bD2M í
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r
2
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r
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6
r
6
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r
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r
8
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10
r
10
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4
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r
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r
8
Sin@bD4 - 28 311 552 p
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-
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4. H-1 - 8 p rL2
4 r

2

-
-1 - 24 p r - 80 p2 r2

12 r
2

-
1 + 24 p r + 80 p2 r2

4 r
2
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I1 - 32 p
2
r
2
+ 256 p

4
r
4
+ 192 p

2
r
2
Sin@bD2M í J6 22ê3 r2

I2 - 96 p
2
r
2
+ 1536 p

4
r
4
- 8192 p

6
r
6
+ 576 p

2
r
2
Sin@bD2 + 18 432 p

4
r
4
Sin@bD2 -,I110 592 p

4
r
4
Sin@bD2 - 5 308 416 p

6
r
6
Sin@bD2 + 84 934 656 p

8
r
8
Sin@bD2 -

452 984 832 p
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r
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Sin@bD2 - 110 592 p

4
r
4
Sin@bD4 + 35389 440 p

6
r
6

Sin@bD4 + 226 492 416 p
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r
8
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r
6
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1
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1ê3
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I2 - 96 p
2
r
2
+ 1536 p

4
r
4
- 8192 p

6
r
6
+ 576 p

2
r
2
Sin@bD2 + 18432

p
4
r
4
Sin@bD2 -,I110 592 p

4
r
4
Sin@bD2 - 5 308 416 p

6
r
6
Sin@bD2 + 84934 656 p
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r
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Sin@bD2 - 452 984 832 p

10
r
10
Sin@bD2 - 110 592 p

4
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4
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6
r
6
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r
6
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RevolutionPlot3DB
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6 r6 Sin@bD6MM1ê3N +

1

12 21ê3 r2
I2 - 96 p

2 r2 + 1536 p
4 r4 - 8192 p

6 r6 + 576 p
2 r2 Sin@bD2 + 18 432 p

4 r4 Sin@bD2 -
,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
6 r6 Sin@bD2 + 84 934 656 p

8 r8 Sin@bD2 -
452 984 832 p

10 r10 Sin@bD2 - 110 592 p
4 r4 Sin@bD4 + 35 389 440 p

6 r6 Sin@bD4 +
226 492 416 p

8 r8 Sin@bD4 - 28 311 552 p
6 r6 Sin@bD6MM1ê3 +

1

2

. H-1 - 8 p rL2
2 r2

+
-1 - 24 p r - 80 p2 r2

12 r2
-
1 + 24 p r + 80 p2 r2

4 r2
-

I1 - 32 p
2 r2 + 256 p

4 r4 + 192 p
2 r2 Sin@bD2M í

J6 22ê3 r2 I2 - 96 p
2 r2 + 1536 p

4 r4 - 8192 p
6 r6 + 576 p

2 r2 Sin@bD2 + 18 432 p
4 r4 Sin@bD2 -,I110 592 p

4 r4 Sin@bD2 - 5 308 416 p
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4 r4 Sin@bD4 + 35 389 440 p

6 r6 Sin@bD4 +
226 492 416 p
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4 r4 - 8192 p
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4 r4 Sin@bD2 -,I110 592

p
4 r4 Sin@bD2 - 5 308 416 p

6 r6 Sin@bD2 + 84934 656 p
8 r8 Sin@bD2 - 452 984 832

p
10 r10 Sin@bD2 - 110 592 p
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SolveB r^2 -
4 p HrL2 q - HrL2 q2

2 p

^2 ==

1

2 p

2 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M -

-4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M q , rF

::r Ø -

1 -
H4 p-qL q Sin@bD

4 p-q
-

H4 p-qL q Sin@bD

q
+

p Sin@bD2

4 p-q
+

p Sin@bD2

q

16 p
2
- 16 p q + 4 q

2

>,

:r Ø

1 -
H4 p-qL q Sin@bD

4 p-q
-

H4 p-qL q Sin@bD

q
+

p Sin@bD2

4 p-q
+

p Sin@bD2

q

16 p
2
- 16 p q + 4 q

2

>>
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SphericalPlot3DB
1 -

H4 p-qL q Sin@bD

4 p-q
-

H4 p-qL q Sin@bD

q
+

p Sin@bD
2

4 p-q
+

p Sin@bD
2

q

16 p2 - 16 p q + 4 q2

,

8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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SphericalPlot3DB
1 -

H4 p-qL q Sin@bD

4 p-q
-

H4 p-qL q Sin@bD

q
+

p Sin@bD
2

4 p-q
+

p Sin@bD
2

q

16 p2 - 16 p q + 4 q2

,

8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F

SolveB r^2 -
4 p HrL2 q - HrL2 q2

2 p

^2 ==

1

2 p

2 p r - -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M q , bF

Solve::ifun :

Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete

solution information. à

::b Ø ArcSinB
1

2 p q

8 p
2
r H4 p - qL q - 4 p r

2 H2 p - qL2 H4 p - qL q +

q H4 p - qL q - 4 p r q H4 p - qL q + 2 r
2 H2 p - qL2 q H4 p - qL q F>>

The Cone of Perception by Parker Emmerson 4th Edition.nb   421

Printed by Mathematica for Students



RevolutionPlot3DBArcSinB
1

2 p q

8 p
2 r H4 p - qL q - 4 p r2 H2 p - qL2 H4 p - qL q + q H4 p - qL q - 4 p r q H4 p - qL q +

2 r2 H2 p - qL2 q H4 p - qL q F, 8r, -1, 1<, 8q, -2 p, 2 p<F

422   The Cone of Perception by Parker Emmerson 4th Edition.nb

Printed by Mathematica for Students



ContourPlot3DB

ArcSinB
1

2 p q

8 p
2 r 4 p - 2 p + p

2
- p

2 Sin@bD2 q - 4 p r2 H2 p - qL2 H4 p - qL q +

q H4 p - qL q - 4 p r q H4 p - qL q + 2 r2 H2 p - qL2 q H4 p - qL q F,

8r, -1, 1<, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F

ContourPlot3DBArcSinB
1

2 p q

8 p
2 r H4 p - qL q - 4 p r2 H2 p - qL2 H4 p - qL q + q 4 p - 2 p + p

2
- p

2 Sin@bD2 q -

4 p r q H4 p - qL HqL + 2 r2 H2 p - qL2 q H4 p - qL q F,

8r, -1, 1<, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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ContourPlot3DBArcSinB
1

2 p q

8 p
2 r H4 p - qL q - 4 p r2 H2 p - qL2 H4 p - qL q + q H4 p - qL q -

4 p r q H4 p - qL 2 p + p
2
- p

2 Sin@bD2 + 2 r2 H2 p - qL2 q H4 p - qL q F,

8r, -1, 1<, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F

ContourPlot3DBArcSinB
1

2 p q

8 p
2 r H4 p - qL q - 4 p r2 H2 p - qL2 H4 p - qL q +

q H4 p - qL q - 4 p r 2 p + p
2
- p

2 Sin@bD2 H4 p - qL 2 p + p
2
- p

2 Sin@bD2 +

2 r2 H2 p - qL2 q H4 p - qL q F, 8r, -1, 1<, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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ContourPlot3DB

ArcSinB
1

2 p q

8 p
2 r H4 p - qL q - 4 p r2 2 p - 2 p + p

2
- p

2 Sin@bD2
2

H4 p - qL q +

q H4 p - qL q - 4 p r HqL H4 p - qL HqL + 2 r2 H2 p - qL2 q H4 p - qL q F,

8r, -1, 1<, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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ContourPlot3DB

ArcSinB
1

2 p 2 p + p2 - p2 Sin@bD2
8 p

2 r H4 p - HqLL q - 4 p r2 H2 p - qL2 H4 p - qL q +

q H4 p - qL q - 4 p r q H4 p - qL q + 2 r2 H2 p - qL2 q H4 p - qL q F,

8r, -1, 1<, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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ContourPlot3DBArcSinB
1

2 p 2 p + p2 - p2 Sin@bD2

8 p
2 r H4 p - HqLL q - 4 p r2 H2 p - qL2 4 p - 2 p + p

2
- p

2 Sin@bD2 q +

q H4 p - qL q - 4 p r q H4 p - qL q + 2 r2 H2 p - qL2 q H4 p - qL q F,

8r, -1, 1<, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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ContourPlot3DBArcSinB
1

2 p 2 p + p2 - p2 Sin@bD2

8 p
2 r H4 p - HqLL q - 4 p r2 H2 p - qL2 4 p - 2 p + p

2
- p

2 Sin@bD2 q +

q H4 p - qL q - 4 p r q H4 p - qL q + 2 r2 H2 p - qL2 q H4 p - qL q F,

8r, -1, 1<, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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ContourPlot3DBArcSinB
1

2 p 2 p + p2 - p2 Sin@bD2
8 p

2 r H4 p - HqLL q -

4 p r2 H2 p - qL2 4 p - 2 p + p
2
- p

2 Sin@bD2 2 p + p
2
- p

2 Sin@bD2 +

q H4 p - qL q - 4 p r q H4 p - qL q + 2 r2 H2 p - qL2 q H4 p - qL q F,

8r, -1, 1<, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F

432   The Cone of Perception by Parker Emmerson 4th Edition.nb

Printed by Mathematica for Students



ContourPlot3DB

ArcSinB 1

2 p HqL 8 p
2 r H4 p - HqLL q - 4 p r2 H2 p - qL2 H4 p - HqLL HqL + q H4 p - qL q -

4 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M HqL

H4 p - qL q + 2 r2 H2 p - qL2 q H4 p - qL q F, 8r, -1, 1<, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F

SolveB r^2 -
4 p HrL2 q - HrL2 q2

2 p

^2 ==
2 p r - r q

2 p

, qF

88<<
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SolveB
/ r^2 -

1

2 p

/ 4 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 +
8 p

2
q Sin@bD2M 2

q - -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD +

4 p
2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3

4 p - q

-
2 p2 H4 p - qL q Sin@bD3

q

ì
I16 p

2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M 2

q
2 ^2 ==

2 p r - r q

2 p

, bF
Solve::ifun :

Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete

solution information. à

::b Ø ArcSinB
p2 H4 p - qL q - 2 p3ê2 16 p3 r2 q - 20 p2 r2 q2 + 8 p r2 q3 - r2 q4

2 p3
F>,

:b Ø ArcSinB
p2 H4 p - qL q + 2 p3ê2 16 p3 r2 q - 20 p2 r2 q2 + 8 p r2 q3 - r2 q4

2 p3
F>>
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RevolutionPlot3DB

:ArcSinB
p
2 H4 p - qL q - 2 p

3ê2 16 p
3 r2 q - 20 p

2 r2 q
2
+ 8 p r2 q

3
- r2 q

4

2 p
3

F, ArcSinB

p
2 H4 p - qL q + 2 p

3ê2 16 p
3 r2 q - 20 p

2 r2 q
2
+ 8 p r2 q

3
- r2 q

4

2 p
3

F>, 8r, -1, 1<, 8q, -2 p, 2 p<F

RevolutionPlot3DBArcSinB
p
2 H4 p - qL q + 2 p

3ê2 16 p
3 r2 q - 20 p

2 r2 q
2
+ 8 p r2 q

3
- r2 q

4

2 p
3

F,

8r, -1, 1<, 8q, -2 p, 2 p<F
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SolveB
/ r^2 -

1

2 p

/ 4 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 +
8 p

2
q Sin@bD2M 2

q - -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD +

4 p
2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3

4 p - q

-
2 p2 H4 p - qL q Sin@bD3

q

ì
I16 p

2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M 2

q
2 ^2 ==

2 p r - r q

2 p

, rF

::r Ø -
1

2 2

/ -

H4 p - qL q Sin@bD
p H4 p - qL

-

H4 p - qL q Sin@bD
p q

+

Sin@bD2

4 p - q

+
Sin@bD2

q

+
256 p4 q

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

64 p3 q2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p3 q H4 p - qL q Sin@bD

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

64 p2 q2 H4 p - qL q Sin@bD

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p5 Sin@bD2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

256 p4 H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+
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256 p3 q H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

64 p2 q2 H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p4 q Sin@bD4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

64 p3 q2 Sin@bD4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p4 H4 p - qL q Sin@bD5

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

256 p5 Sin@bD6

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

16 p2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

8 p q

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

16 p H4 p - qL q Sin@bD
16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2

-

8 q H4 p - qL q Sin@bD
16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2

-

16 p2 Sin@bD2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

8 p q Sin@bD2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
>,

:r Ø
1

2 2

/ -

H4 p - qL q Sin@bD
p H4 p - qL

-

H4 p - qL q Sin@bD
p q

+
Sin@bD2

4 p - q

+
Sin@bD2

q

+
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256 p4 q

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

64 p3 q2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p3 q H4 p - qL q Sin@bD

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

64 p2 q2 H4 p - qL q Sin@bD

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p5 Sin@bD2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

256 p4 H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

256 p3 q H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

64 p2 q2 H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p4 q Sin@bD4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

64 p3 q2 Sin@bD4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p4 H4 p - qL q Sin@bD5

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

256 p5 Sin@bD6

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

16 p2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+
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8 p q

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

16 p H4 p - qL q Sin@bD

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

8 q H4 p - qL q Sin@bD

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

16 p2 Sin@bD2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

8 p q Sin@bD2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
>>

SphericalPlot3DB 1

2 2

/ -
H4 p - qL q Sin@bD

p H4 p - qL -
H4 p - qL q Sin@bD

p q

+

Sin@bD2
4 p - q

+
Sin@bD2

q

+
256 p4 q

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

64 p3 q2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p3 q H4 p - qL q Sin@bD
I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2

+

64 p2 q2 H4 p - qL q Sin@bD
I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2

-

256 p5 Sin@bD2
I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2

+

256 p4 H4 p - qL q Sin@bD3
I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2

+

256 p3 q H4 p - qL q Sin@bD3
I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2

-
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64 p2 q2 H4 p - qL q Sin@bD3
I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2

-

256 p4 q Sin@bD4
I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2

+

64 p3 q2 Sin@bD4
I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2

-

256 p4 H4 p - qL q Sin@bD5
I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2

+

256 p5 Sin@bD6
I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2

-

16 p2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

8 p q

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

16 p H4 p - qL q Sin@bD
16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2

-

8 q H4 p - qL q Sin@bD
16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2

-

16 p2 Sin@bD2
16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2

+

I8 p q Sin@bD2M ì 16 p
2
q - 12 p q

2
+ 2 2 p + p

2
- p

2 Sin@bD2
3

-

16 p
3 Sin@bD2 + 8 p

2
q Sin@bD2 , 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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SphericalPlot3DB 1

2 2

/ -
H4 p - qL q Sin@bD

p H4 p - qL -
H4 p - qL q Sin@bD

p q

+

Sin@bD2
4 p - q

+
Sin@bD2

q

+
256 p4 q

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

64 p3 q2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p3 q H4 p - qL q Sin@bD
I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2

+
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64 p2 q2 H4 p - qL q Sin@bD

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p5 Sin@bD2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

256 p4 H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

256 p3 q H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

64 p2 q2 H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p4 q Sin@bD4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

64 p3 q2 Sin@bD4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

256 p4 H4 p - qL q Sin@bD5

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

256 p5 Sin@bD6

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

16 p2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

8 p q

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

16 p H4 p - qL q Sin@bD

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

8 q H4 p - qL q Sin@bD

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

442   The Cone of Perception by Parker Emmerson 4th Edition.nb

Printed by Mathematica for Students



16 p2 Sin@bD2
16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2

+

I8 p q Sin@bD2M ì 16 p
2
q - 12 p q

2
+ 2 2 p + p

2
- p

2 Sin@bD2
3

-

16 p
3 Sin@bD2 + 8 p

2
q Sin@bD2 , 8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F
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SolveB/ -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M ^2 -

1

2 p

/ 4 p HrL2 q - -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 -
2 p2 H4 p - qL q Sin@bD3

4 p - q

-
2 p2 H4 p - qL q Sin@bD3

q

ì
I16 p

2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M 2

q
2 ^2 ==

2 p r - r q

2 p

, bF
Solve::ifun :

Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete

solution information. à

::b Ø ArcSinB
H4 p - qL q - 2 16 p3 r2 q - 20 p2 r2 q2 + 8 p r2 q3 - r2 q4

2 p

F>,

:b Ø ArcSinB
H4 p - qL q + 2 16 p3 r2 q - 20 p2 r2 q2 + 8 p r2 q3 - r2 q4

2 p

F>>

RevolutionPlot3DB
ArcSinB H4 p - qL q + 2 16 p3 r2 q - 20 p2 r2 q2 + 8 p r2 q3 - r2 q4

2 p

F, 8r, -1, 1<, 8q, -2 p, 2 p<F
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SolveB/ -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M ^2 -

1

2 p

/ 4 p HrL2 q - -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 -
2 p2 H4 p - qL q Sin@bD3

4 p - q

-
2 p2 H4 p - qL q Sin@bD3

q

ì
I16 p

2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M 2

q
2 ^2 ==

2 p r - r q

2 p

, rF

::r Ø -
1

16 p2 + 4 q2

/ 1 -

5 H4 p - qL q Sin@bD
4 p - q

-

H4 p - qL q Sin@bD
q

+

5 p Sin@bD2

4 p - q

+
p Sin@bD2

q

+
512 p5 q

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

128 p4 q2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

512 p4 q H4 p - qL q Sin@bD

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

128 p3 q2 H4 p - qL q Sin@bD

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

512 p6 Sin@bD2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

512 p5 H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+
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512 p4 q H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

128 p3 q2 H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

512 p5 q Sin@bD4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

128 p4 q2 Sin@bD4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

512 p5 H4 p - qL q Sin@bD5

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

512 p6 Sin@bD6

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

32 p3

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

16 p2 q

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

8 p q2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

32 p2 H4 p - qL q Sin@bD

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

16 p q H4 p - qL q Sin@bD

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

8 q2 H4 p - qL q Sin@bD

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

16 p2 q Sin@bD2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+
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8 p q2 Sin@bD2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

32 p2 H4 p - qL q Sin@bD3

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

32 p3 Sin@bD4

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
>,

:r Ø
1

16 p2 + 4 q2

/ 1 -

5 H4 p - qL q Sin@bD
4 p - q

-

H4 p - qL q Sin@bD
q

+
5 p Sin@bD2

4 p - q

+

p Sin@bD2

q

+
512 p5 q

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

128 p4 q2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

512 p4 q H4 p - qL q Sin@bD

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

128 p3 q2 H4 p - qL q Sin@bD

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

512 p6 Sin@bD2

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

512 p5 H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

512 p4 q H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

128 p3 q2 H4 p - qL q Sin@bD3

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-
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512 p5 q Sin@bD4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

128 p4 q2 Sin@bD4

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

512 p5 H4 p - qL q Sin@bD5

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
+

512 p6 Sin@bD6

I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M2
-

32 p3

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

16 p2 q

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

8 p q2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

32 p2 H4 p - qL q Sin@bD
16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2

+

16 p q H4 p - qL q Sin@bD
16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2

-

8 q2 H4 p - qL q Sin@bD
16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2

-

16 p2 q Sin@bD2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

8 p q2 Sin@bD2

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
-

32 p2 H4 p - qL q Sin@bD3

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
+

32 p3 Sin@bD4

16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2
>>

ü New Solution 1
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SolveB/ r^2 -
1

2 p

/ 4 p HrL2 q - -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD +

4 p
2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3

4 p - q

-
2 p2 H4 p - qL q Sin@bD3

q

ì
I16 p

2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M 2

q
2 ^2 ==

1

2 p

2 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì
I16 p

2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M - r q , rF

::r Ø

32 p
2
q
2
- 8 p q

3
- 16 p

2
q H4 p - qL q Sin@bD -. K-32 p

2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDO2 -

4 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5M K-8 p
2
q - 2 p q

2
+ q

3
+

8 p
2 H4 p - qL q Sin@bD + 4 p q H4 p - qL q Sin@bD - 8 p

3 Sin@bD2 - 4 p
2
q Sin@bD2O ì

I2 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5MM>, :r Ø

32 p
2
q
2
- 8 p q

3
- 16 p

2
q H4 p - qL q Sin@bD +. K-32 p

2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDO2 -

4 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5M K-8 p
2
q - 2 p q

2
+ q

3
+

8 p
2 H4 p - qL q Sin@bD + 4 p q H4 p - qL q Sin@bD - 8 p

3 Sin@bD2 - 4 p
2
q Sin@bD2O ì

I2 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5MM>>
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SphericalPlot3DB
:K32 p

2
q
2
- 8 p q

3
- 16 p

2
q H4 p - qL q Sin@bD --KJ-32 p

2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDN2 -

4 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5M J-8 p
2
q - 2 p q

2
+ q

3
+

8 p
2 H4 p - qL q Sin@bD + 4 p q H4 p - qL q Sin@bD - 8 p

3 Sin@bD2 - 4 p
2
q Sin@bD2NOO ì

I2 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5MM, K32 p
2
q
2
- 8 p q

3
- 16 p

2
q H4 p - qL q Sin@bD +

-KJ-32 p
2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDN2 -

4 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5M J-8 p
2
q - 2 p q

2
+ q

3
+

8 p
2 H4 p - qL q Sin@bD + 4 p q H4 p - qL q Sin@bD - 8 p

3 Sin@bD2 - 4 p
2
q Sin@bD2NOO ì

I2 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5MM>, 8q, -2 p, 2 p<, 8b, -p ê
2, p ê 2<F
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SphericalPlot3DB
K32 p

2
q
2
- 8 p q

3
- 16 p

2
q H4 p - qL q Sin@bD +-KJ-32 p

2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDN2 -

4 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5M J-8 p
2
q - 2 p q

2
+ q

3
+

8 p
2 H4 p - qL q Sin@bD + 4 p q H4 p - qL q Sin@bD - 8 p

3 Sin@bD2 - 4 p
2
q Sin@bD2NOO ì

I2 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5MM, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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ü Solution 1 Substitutions

SphericalPlot3DB
32 p

2
q
2
- 8 p q

3
- 16 p

2
q H4 p - qL q Sin@bD +. J-32 p

2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDN2 -

4 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5M -8 p
2
q - 2 p q

2
+ 2 p + p

2
- p

2 Sin@bD2 3

+

8 p
2 H4 p - qL q Sin@bD + 4 p q H4 p - qL q Sin@bD - 8 p

3 Sin@bD2 - 4 p
2
q Sin@bD2 ì

2 128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 2 p + p

2
- p

2 Sin@bD2 5

,

8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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SphericalPlot3DB 32 p
2
q
2
- 8 p q

3
- 16 p

2 2 p + p
2
- p

2 Sin@bD2 H4 p - qL q Sin@bD +

-KJ-32 p
2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDN2 -

4 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5M J-8 p
2
q - 2 p q

2
+ q

3
+

8 p
2 H4 p - qL q Sin@bD + 4 p q H4 p - qL q Sin@bD - 8 p

3 Sin@bD2 - 4 p
2
q Sin@bD2NO ì

I2 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5MM, 8q, -2 p, 2 p<, 8b,
-p ê 2,
p ê 2<F
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SphericalPlot3DB
32 p

2
q
2
- 8 p q

3
- 16 p

2
q H4 p - qL q Sin@bD +. J-32 p

2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDN2 -

4 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5M -8 p
2
q - 2 p q

2
+ 2 p + p

2
- p

2 Sin@bD2 3

+

8 p
2 H4 p - qL q Sin@bD + 4 p q H4 p - qL q Sin@bD - 8 p

3 Sin@bD2 - 4 p
2
q Sin@bD2 ì

I2 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5MM, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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SphericalPlot3DB
K32 p

2
q
2
- 8 p q

3
- 16 p

2
q H4 p - qL q Sin@bD +-KJ-32 p

2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDN2 -

4 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5M J-8 p
2
q - 2 p q

2
+ q

3
+

8 p
2 H4 p - qL q Sin@bD + 4 p q H4 p - qL q Sin@bD - 8 p

3 Sin@bD2 - 4 p
2
q Sin@bD2NOO ì

2 128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p 2 p + p

2
- p

2 Sin@bD2
4

- 4 q
5 ,

8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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SphericalPlot3DB
K32 p

2
q
2
- 8 p q

3
- 16 p

2
q H4 p - qL q Sin@bD +-KJ-32 p

2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDN2 -

4 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5M J-8 p
2
q - 2 p q

2
+ q

3
+

8 p
2 H4 p - qL q Sin@bD + 4 p q H4 p - qL q Sin@bD - 8 p

3 Sin@bD2 - 4 p
2
q Sin@bD2NOO ì

2 128 p
4 2 p + p

2
- p

2 Sin@bD2 - 224 p
3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5 ,

8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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SphericalPlot3DB
32 p

2
q
2
- 8 p q

3
- 16 p

2
q H4 p - qL q Sin@bD +. J-32 p

2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDN2 - 4

128 p
4
q - 224 p

3 2 p + p
2
- p

2 Sin@bD2 2

+ 80 p
2
q
3
+ 8 p 2 p + p

2
- p

2 Sin@bD2 4

- 4 q
5

J-8 p
2
q - 2 p q

2
+ q

3
+ 8 p

2 H4 p - qL q Sin@bD +

4 p q H4 p - qL q Sin@bD - 8 p
3 Sin@bD2 - 4 p

2
q Sin@bD2N ì

2 128 p
4 2 p + p

2
- p

2 Sin@bD2 - 224 p
3
q
2
+ 80 p

2 2 p + p
2
- p

2 Sin@bD2 3

+

8 p q
4
- 4 2 p + p

2
- p

2 Sin@bD2 5

, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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SphericalPlot3DB
32 p

2
q
2
- 8 p q

3
- 16 p

2
q H4 p - qL q Sin@bD +. J-32 p

2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDN2 -

4 128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p 2 p + p

2
- p

2 Sin@bD2 4

- 4 q
5 J-8 p

2
q - 2 p q

2
+ q

3
+

8 p
2 H4 p - qL q Sin@bD + 4 p q H4 p - qL q Sin@bD - 8 p

3 Sin@bD2 - 4 p
2
q Sin@bD2N ì

I2 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5MM, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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ü New Solution 2

SolveB r^2 -
4 p HrL2 q - HrL2 q2

2 p

^2 ==

1

2 p

2 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M -

-4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M q , bF

Solve::ifun :

Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete

solution information. à

::b Ø ArcSinB
H4 p - qL q + 2 r

2 H2 p - qL2 H4 p - qL q

2 p

F>>

RevolutionPlot3DBArcSinB H4 p - qL q + 2 r2 H2 p - qL2 H4 p - qL q

2 p

F, 8r, -1, 1<, 8q, -2 p, 2 p<F
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SolveB r^2 -
4 p HrL2 q - HrL2 q2

2 p

^2 ==

KK32 p
2
q
2
- 8 p q

3
- 16 p

2
q H4 p - qL q Sin@bD +-KJ-32 p

2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDN2 -

4 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5M J-8 p
2
q - 2 p q

2
+ q

3
+

8 p
2 H4 p - qL q Sin@bD + 4 p q H4 p - qL q Sin@bD - 8 p

3 Sin@bD2 - 4 p
2
q Sin@bD2NOO ì

I2 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5MMO -
1

2 p

KK32 p
2
q
2
- 8 p q

3
-

16 p
2
q H4 p - qL q Sin@bD +-KJ-32 p

2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDN2 -

4 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5M J-8 p
2
q - 2 p q

2
+ q

3
+

8 p
2 H4 p - qL q Sin@bD + 4 p q H4 p - qL q Sin@bD - 8 p

3 Sin@bD2 - 4 p
2
q Sin@bD2NOO ì

I2 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5MMO q, rF

::r Ø - / 392 +
12544 p4

I4 p2 - 4 p q - q2M2 -
12 544 p3 q

I4 p2 - 4 p q - q2M2 -
3136 p2

4 p2 - 4 p q - q2
+

1568 p q

4 p2 - 4 p q - q2
-

232 H4 p - qL q Sin@bD
4 p - q

-

392 H4 p - qL q Sin@bD
q

-

1792 p3 H4 p - qL q Sin@bD
I4 p2 - 4 p q - q2M2 -

1792 p2 q H4 p - qL q Sin@bD
I4 p2 - 4 p q - q2M2 -

1280 p H4 p - qL q Sin@bD
4 p2 - 4 p q - q2

-

160 q H4 p - qL q Sin@bD
4 p2 - 4 p q - q2

+
232 p Sin@bD2

4 p - q

+
392 p Sin@bD2

q

+

1792 p4 Sin@bD2
I4 p2 - 4 p q - q2M2 +

1792 p3 q Sin@bD2
I4 p2 - 4 p q - q2M2 +

1280 p2 Sin@bD2
4 p2 - 4 p q - q2

+
160 p q Sin@bD2
4 p2 - 4 p q - q2

+

392 p . K-32 p
2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDO2 - 4 I128 p

4
q - 224 p

3
q
2
+ 80 p

2
q
3
+

8 p q
4
- 4 q

5M K-8 p
2
q - 2 p q

2
+ q

3
+ 8 p

2 H4 p - qL q Sin@bD + 4 p q H4 p - qL q

O ì
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Sin@bD - 8 p
3 Sin@bD2 - 4 p

2
q Sin@bD2O ì JH4 p - qL I4 p

2
- 4 p q - q

2M2N -

196 p H4 p - qL q Sin@bD . K-32 p
2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDO2 -

4 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5M
K-8 p

2
q - 2 p q

2
+ q

3
+ 8 p

2 H4 p - qL q Sin@bD + 4 p q H4 p - qL q Sin@bD -

8 p
3 Sin@bD2 - 4 p

2
q Sin@bD2O ì JH4 p - qL2 I4 p

2
- 4 p q - q

2M2N -

49 H4 p - qL q Sin@bD . K-32 p
2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDO2 - 4

I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5M K-8 p
2
q - 2 p q

2
+ q

3
+ 8 p

2 H4 p - qL q

Sin@bD + 4 p q H4 p - qL q Sin@bD - 8 p
3 Sin@bD2 - 4 p

2
q Sin@bD2O ì

JH4 p - qL I4 p
2
- 4 p q - q

2M2N -
1

q I4 p2 - 4 p q - q2M2 49 H4 p - qL q Sin@bD
. K-32 p

2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDO2 - 4 I128 p

4
q - 224 p

3
q
2
+ 80 p

2
q
3
+

8 p q
4
- 4 q

5M K-8 p
2
q - 2 p q

2
+ q

3
+ 8 p

2 H4 p - qL q Sin@bD + 4 p q H4 p - qL q

Sin@bD - 8 p
3 Sin@bD2 - 4 p

2
q Sin@bD2O ì 6272 p

2
- 6272 p q + 1568 q

2 >,

:r Ø / 392 +
12 544 p4

I4 p2 - 4 p q - q2M2 -
12544 p3 q

I4 p2 - 4 p q - q2M2 -
3136 p2

4 p2 - 4 p q - q2
+

1568 p q

4 p2 - 4 p q - q2
-

232 H4 p - qL q Sin@bD
4 p - q

-

392 H4 p - qL q Sin@bD
q

-

1792 p3 H4 p - qL q Sin@bD
I4 p2 - 4 p q - q2M2 -
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1792 p2 q H4 p - qL q Sin@bD
I4 p2 - 4 p q - q2M2 -

1280 p H4 p - qL q Sin@bD
4 p2 - 4 p q - q2

-

160 q H4 p - qL q Sin@bD
4 p2 - 4 p q - q2

+

232 p Sin@bD2
4 p - q

+
392 p Sin@bD2

q

+
1792 p4 Sin@bD2

I4 p2 - 4 p q - q2M2 +

1792 p3 q Sin@bD2
I4 p2 - 4 p q - q2M2 +

1280 p2 Sin@bD2
4 p2 - 4 p q - q2

+
160 p q Sin@bD2
4 p2 - 4 p q - q2

+

392 p . K-32 p
2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDO2 - 4 I128 p

4
q - 224 p

3
q
2
+ 80 p

2
q
3
+

8 p q
4
- 4 q

5M K-8 p
2
q - 2 p q

2
+ q

3
+ 8 p

2 H4 p - qL q Sin@bD + 4 p q H4 p - qL q

Sin@bD - 8 p
3
Sin@bD2 - 4 p

2
q Sin@bD2O ì JH4 p - qL I4 p

2
- 4 p q - q

2M2N -

196 p H4 p - qL q Sin@bD . K-32 p
2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDO2 -

4 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5M
K-8 p

2
q - 2 p q

2
+ q

3
+ 8 p

2 H4 p - qL q Sin@bD + 4 p q H4 p - qL q Sin@bD -

8 p
3
Sin@bD2 - 4 p

2
q Sin@bD2O ì JH4 p - qL2 I4 p

2
- 4 p q - q

2M2N -

49 H4 p - qL q Sin@bD . K-32 p
2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDO2 -

4 I128 p
4
q - 224 p

3
q
2
+ 80 p

2
q
3
+ 8 p q

4
- 4 q

5M K-8 p
2
q - 2 p q

2
+ q

3
+ 8 p

2 H4 p - qL q

Sin@bD + 4 p q H4 p - qL q Sin@bD - 8 p
3
Sin@bD2 - 4 p

2
q Sin@bD2O ì

JH4 p - qL I4 p
2
- 4 p q - q

2M2N -
1

q I4 p2 - 4 p q - q2M2 49 H4 p - qL q Sin@bD
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. K-32 p
2
q
2
+ 8 p q

3
+ 16 p

2
q H4 p - qL q Sin@bDO2 - 4 I128 p

4
q - 224 p

3
q
2
+ 80 p

2
q
3
+

8 p q
4
- 4 q

5M K-8 p
2
q - 2 p q

2
+ q

3
+ 8 p

2 H4 p - qL q Sin@bD + 4 p q H4 p - qL q

Sin@bD - 8 p
3 Sin@bD2 - 4 p

2
q Sin@bD2O ì 6272 p

2
- 6272 p q + 1568 q

2 >>

SolveB r^2 -
4 p HrL2 q - HrL2 q2

2 p

^2 ==

1

2 p

2 p -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M -

-4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M q , rF

::r Ø -

1 -
H4 p-qL q Sin@bD

4 p-q
-

H4 p-qL q Sin@bD

q
+

p Sin@bD2

4 p-q
+

p Sin@bD2

q

16 p2 - 16 p q + 4 q2

>,

:r Ø

1 -
H4 p-qL q Sin@bD

4 p-q
-

H4 p-qL q Sin@bD

q
+

p Sin@bD2

4 p-q
+

p Sin@bD2

q

16 p2 - 16 p q + 4 q2

>>
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SphericalPlot3DB
1 -

H4 p-qL q Sin@bD

4 p-q
-

H4 p-qL q Sin@bD

q
+

p Sin@bD
2

4 p-q
+

p Sin@bD
2

q

16 p2 - 16 p q + 4 q2

,

8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F

q := -Â LogBCosB2 p + p
2
- p

2 Sin@bD2 F + Â SinB2 p + p
2
- p

2 Sin@bD2 FF
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RevolutionPlot3DB
1 -

H4 p-qL q Sin@bD

4 p-q
-

H4 p-qL q Sin@bD

q
+

p Sin@bD
2

4 p-q
+

p Sin@bD
2

q

16 p2 - 16 p q + 4 q2

, 8b, -p ê 2, p ê 2<F

q := 2 p + p
2
- p

2 Sin@bD2
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RevolutionPlot3DB
1 -

H4 p-qL q Sin@bD

4 p-q
-

H4 p-qL q Sin@bD

q
+

p Sin@bD
2

4 p-q
+

p Sin@bD
2

q

16 p2 - 16 p q + 4 q2

, 8b, -p ê 2, p ê 2<F
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RevolutionPlot3DB:-
1 -

H4 p-qL q Sin@bD

4 p-q
-

H4 p-qL q Sin@bD

q
+

p Sin@bD
2

4 p-q
+

p Sin@bD
2

q

16 p2 - 16 p q + 4 q2

,

1 -
H4 p-qL q Sin@bD

4 p-q
-

H4 p-qL q Sin@bD

q
+

p Sin@bD
2

4 p-q
+

p Sin@bD
2

q

16 p2 - 16 p q + 4 q2

>, 8b, -2 p, 2 p<F

b := ArcSinB
H4 p - qL q

2 p

F
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RevolutionPlot3DB:-
1 -

H4 p-qL q Sin@bD

4 p-q
-

H4 p-qL q Sin@bD

q
+

p Sin@bD
2

4 p-q
+

p Sin@bD
2

q

16 p
2
- 16 p q + 4 q

2

,

1 -
H4 p-qL q Sin@bD

4 p-q
-

H4 p-qL q Sin@bD

q
+

p Sin@bD
2

4 p-q
+

p Sin@bD
2

q

16 p
2
- 16 p q + 4 q

2

>, 8q, -2 p, 2 p<F
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RevolutionPlot3DB
1 -

H4 p-qL q Sin@bD

4 p-q
-

H4 p-qL q Sin@bD

q
+

p Sin@bD
2

4 p-q
+

p Sin@bD
2

q

16 p2 - 16 p q + 4 q2

, 8q, -2 p, 2 p<F

b := ArcSinB
p2 + LogB- Cos@qD + Â Sin@qD F

2

p
F

RevolutionPlot3DB
1 -

H4 p-qL q Sin@bD

4 p-q
-

H4 p-qL q Sin@bD

q
+

p Sin@bD
2

4 p-q
+

p Sin@bD
2

q

16 p2 - 16 p q + 4 q2

, 8q, -2 p, 2 p<F
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ü Solution 2 Substitutions

SphericalPlot3DB

1 -
H4 p - qL q Sin@bD

4 p - HqL -

H4 p - qL q SinBArcSinB p
2
+LogB- Cos@qD+Â Sin@qD F

2

p
FF

q

+
p Sin@bD2
4 p - q

+

p Sin@bD2
q

ì 16 p
2
- 16 p q + 4 q

2 , 8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F
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SphericalPlot3DB

1 -
H4 p - qL q Sin@bD

4 p - HqL -

H4 p - qL q SinBArcSinB p
2
+LogB- Cos@qD+Â Sin@qD F

2

p
FF

q

+
p Sin@bD2
4 p - q

+

p Sin@bD2
q

ì 16 p
2
- 16 p q + 4 q

2 , 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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SphericalPlot3DB

1 -
H4 p - qL q Sin@bD

4 p - HqL -

H4 p - qL q SinBArcSinB p
2
+LogB- Cos@qD+Â Sin@qD F

2

p
FF

q

+
p Sin@bD2
4 p - q

+

p SinBArcSinB H4 p-qL q

2 p
FF

2

q

ì 16 p
2
- 16 p q + 4 q

2 , 8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F
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SphericalPlot3DB

1 -
H4 p - qL q Sin@bD

4 p - HqL -

H4 p - qL q SinBArcSinB p
2
+LogB- Cos@qD+Â Sin@qD F

2

p
FF

q

+
p Sin@bD2
4 p - q

+

p SinBArcSinB H4 p-qL q

2 p
FF

2

q

ì 16 p
2
- 16 p q + 4 q

2 , 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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SphericalPlot3DB 1 -
H4 p - qL q Sin@bD

4 p - HqL -

1

q
H4 p - qL 2 p + p

2
- p

2 Sin@bD2 SinBArcSinB
p2 + LogB- Cos@qD + Â Sin@qD F2

p
FF +

p Sin@bD2
4 p - q

+

p SinBArcSinB H4 p-qL q

2 p
FF

2

q
ì

16 p
2
- 16 p q + 4 q

2 , 8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F
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SphericalPlot3DB 1 -
H4 p - qL q Sin@bD

4 p - HqL -

1

q
H4 p - qL 2 p + p

2
- p

2 Sin@bD2 SinBArcSinB
p2 + LogB- Cos@qD + Â Sin@qD F2

p
FF +

p Sin@bD2
4 p - q

+

p SinBArcSinB H4 p-qL q

2 p
FF

2

q
ì

16 p
2
- 16 p q + 4 q

2 , 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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SphericalPlot3DB 1 -
H4 p - qL q Sin@bD

4 p - HqL -

1

q
H4 p - qL 2 p + p

2
- p

2 Sin@bD2 SinBArcSinB
p2 + LogB- Cos@qD + Â Sin@qD F2

p
FF +

p Sin@bD2
4 p - q

+

p SinBArcSinB H4 p-qL q

2 p
FF2

q
ì

. 16 p
2
- 16 p q + 4 -Â LogBCosB2 p + p

2
- p

2 Sin@bD2 F + Â SinB2 p + p
2
- p

2 Sin@bD2 FF 2

,

8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F
ComputationalGeometry`Methods`SpatialSearch::spoutbounds :

-- Message text not found -- H8-1.122, -6.57419<L

ComputationalGeometry`Methods`SpatialSearch::spoutbounds :

-- Message text not found -- H8-3.91763, 24.6465<L

ComputationalGeometry`Methods`SpatialSearch::spoutbounds :

-- Message text not found -- H8-5.32253, -13.6605<L

General::stop :

Further output of ComputationalGeometry`Methods`SpatialSearch::spoutbounds will be suppressed

during this calculation. à
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SphericalPlot3DB 1 -
H4 p - qL q Sin@bD

4 p - HqL -

1

q
H4 p - qL 2 p + p

2
- p

2 Sin@bD2 SinBArcSinB
p2 + LogB- Cos@qD + Â Sin@qD F2

p
FF +

p Sin@bD2
4 p - q

+

p SinBArcSinB H4 p-qL q

2 p
FF2

q
ì

. 16 p
2
- 16 p q + 4 -Â LogBCosB2 p + p

2
- p

2 Sin@bD2 F + Â SinB2 p + p
2
- p

2 Sin@bD2 FF 2

,

8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
ComputationalGeometry`Methods`SpatialSearch::spoutbounds :

-- Message text not found -- H8-23.0593, -7.67221<L

ComputationalGeometry`Methods`SpatialSearch::spoutbounds :

-- Message text not found -- H821.341, 1.4025<L
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ü New Solution 3
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SolveB/ -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD +

4 p
2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3

4 p - q

-
2 p2 H4 p - qL q Sin@bD3

q

ì

I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M ^2 -

4 p HrL2 q - HrL2 q2

2 p

^2 ==

1

2 p

2 p - -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M q , rF

::r Ø -
1

4
/ -

16

2 p - q

+
16

4 p - q

-
16 p

4 p - q

+
8

H2 p - qL H4 p - qL
-

16 p

q

+
4

H4 p - qL q

-

8 H4 p - qL q Sin@bD

H4 p - qL2
-

16 H4 p - qL q Sin@bD

H2 p - qL H4 p - qL2
+

16 H4 p - qL q Sin@bD

H2 p - qL H4 p - qL
-

4 H4 p - qL q Sin@bD

H4 p - qL q2
-

20 H4 p - qL q Sin@bD

H4 p - qL2 q

+

8 H4 p - qL q Sin@bD

H4 p - qL q

-
3 Sin@bD2

H4 p - qL2
+

8 Sin@bD2

H2 p - qL H4 p - qL
+
Sin@bD2

q2
+
6 Sin@bD2

H4 p - qL q

>,

:r Ø
1

4
/ -

16

2 p - q

+
16

4 p - q

-
16 p

4 p - q

+
8

H2 p - qL H4 p - qL
-
16 p

q

+
4

H4 p - qL q

-

8 H4 p - qL q Sin@bD

H4 p - qL2
-

16 H4 p - qL q Sin@bD

H2 p - qL H4 p - qL2
+

16 H4 p - qL q Sin@bD

H2 p - qL H4 p - qL
-

4 H4 p - qL q Sin@bD

H4 p - qL q2
-

20 H4 p - qL q Sin@bD

H4 p - qL2 q

+

8 H4 p - qL q Sin@bD

H4 p - qL q

-

3 Sin@bD2

H4 p - qL2
+

8 Sin@bD2

H2 p - qL H4 p - qL
+
Sin@bD2

q2
+
6 Sin@bD2

H4 p - qL q

>>
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SphericalPlot3DB
:- 1

4
. -

16

2 p - q

+
16

4 p - q

-
16 p

4 p - q

+
8

H2 p - qL H4 p - qL -
16 p

q

+
4

H4 p - qL q

-
8 H4 p - qL q Sin@bD

H4 p - qL2 -

16 H4 p - qL q Sin@bD
H2 p - qL H4 p - qL2 +

16 H4 p - qL q Sin@bD
H2 p - qL H4 p - qL -

4 H4 p - qL q Sin@bD
H4 p - qL q2

-
20 H4 p - qL q Sin@bD

H4 p - qL2 q

+
8 H4 p - qL q Sin@bD

H4 p - qL q

-

3 Sin@bD2
H4 p - qL2 +

8 Sin@bD2
H2 p - qL H4 p - qL +

Sin@bD2
q2

+
6 Sin@bD2
H4 p - qL q

,

1

4
. -

16

2 p - q

+
16

4 p - q

-
16 p

4 p - q

+
8

H2 p - qL H4 p - qL -
16 p

q

+
4

H4 p - qL q

-

8 H4 p - qL q Sin@bD
H4 p - qL2 -

16 H4 p - qL q Sin@bD
H2 p - qL H4 p - qL2 +

16 H4 p - qL q Sin@bD
H2 p - qL H4 p - qL -

4 H4 p - qL q Sin@bD
H4 p - qL q2

-
20 H4 p - qL q Sin@bD

H4 p - qL2 q

+
8 H4 p - qL q Sin@bD

H4 p - qL q

-
3 Sin@bD2
H4 p - qL2 +

8 Sin@bD2
H2 p - qL H4 p - qL +

Sin@bD2
q2

+
6 Sin@bD2
H4 p - qL q

>, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F

-1.0

-0.5

0.0

0.5

1.0

-1.0

-0.5

0.0

0.5

1.0

-1.0

-0.5

0.0

0.5

1.0
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SphericalPlot3DB
:- 1

4
. -

16

2 p - q

+
16

4 p - q

-
16 p

4 p - q

+
8

H2 p - qL H4 p - qL -
16 p

q

+
4

H4 p - qL q

-
8 H4 p - qL q Sin@bD

H4 p - qL2 -

16 H4 p - qL q Sin@bD
H2 p - qL H4 p - qL2 +

16 H4 p - qL q Sin@bD
H2 p - qL H4 p - qL -

4 H4 p - qL q Sin@bD
H4 p - qL q2

-
20 H4 p - qL q Sin@bD

H4 p - qL2 q

+
8 H4 p - qL q Sin@bD

H4 p - qL q

-

3 Sin@bD2
H4 p - qL2 +

8 Sin@bD2
H2 p - qL H4 p - qL +

Sin@bD2
q2

+
6 Sin@bD2
H4 p - qL q

,

1

4
. -

16

2 p - q

+
16

4 p - q

-
16 p

4 p - q

+
8

H2 p - qL H4 p - qL -
16 p

q

+
4

H4 p - qL q

-

8 H4 p - qL q Sin@bD
H4 p - qL2 -

16 H4 p - qL q Sin@bD
H2 p - qL H4 p - qL2 +

16 H4 p - qL q Sin@bD
H2 p - qL H4 p - qL -

4 H4 p - qL q Sin@bD
H4 p - qL q2

-
20 H4 p - qL q Sin@bD

H4 p - qL2 q

+
8 H4 p - qL q Sin@bD

H4 p - qL q

-
3 Sin@bD2
H4 p - qL2 +

8 Sin@bD2
H2 p - qL H4 p - qL +

Sin@bD2
q2

+
6 Sin@bD2
H4 p - qL q

>, 8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F

-1.0

-0.5

0.0

0.5

1.0

-1.0

-0.5

0.0

0.5

1.0

-1.0

-0.5

0.0

0.5

1.0
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XXI. Parker' s Commentary on Fermat' s Last Theorem

Please see The Geometric Pattern of Perception to reference the preliminary investigations.

Lemma 5 The height of the cone can be calculated in terms of only r and q, thus q is a function of b alone.

Proof. Since we have shown that q r = 2 p r - 2 p r 1  and r1 Ø r2 - h2 , we can substitute the expression for r1, calculated

from the Pythagorean theorem in terms of the height of the cone and the initial radius of the circle, into the expression for  q r in

terms of the change in circumference of the initial circle to the circle that is the base of the cone into which the circle was

transformed.

          q  r = 2 p  r - 2 p  Hr^2 - h^2L ,  thus, h =
4 p r2 q-r2 q2

2 p
 = (r Sin[b]). From

2 p h

4 p q-q2

= r, we note that: r =

2 p r Sin@bD

4 p q-q2

. So we solve the equation,

SolveBr ==
2 p r Sin@bD

4 p q - q2

, qF

::q Ø 2 p - p
2
- p

2 Sin@bD2 >, :q Ø 2 p + p
2
- p

2 Sin@bD2 >>

1 =
2 p Sin@bD

4 p q - q2
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The Meaning of n > 2 is n >
r q

p Hr - r1L
; n >

2 p Sin@bD
4 p q - q2

+
2 p Sin@bD
4 p q - q2

>

r q

p Hr-r1L
p Sin@bD

J r q

p Hr-r1L
+

r q

p Hr-r1L
N p q - q2

+

r q

p Hr-r1L
p Sin@bD

J r q

p Hr-r1L
+

r q

p Hr-r1L
N p q - q2

x^n + y^n ã z^n, where n > 2

q r = 2 p r - 2 p r1

What is 2?

Solve@q r == ! p r - ! p r1, !D

::! Ø
r q

p Hr - r1L
>>

2 ==
r q

p Hr - r1L

x^n + y^n ã z^n, where n >
r q

p Hr - r1L

x^n + y^n ã z^n, where n > : r q

p Jr -
2 p r-r q

2 p
N

=
2 p Sin@bD

4 p q - q2

+
2 p Sin@bD

4 p q - q2

>

SolveB r q

p Jr -
2 p r-r q

2 p
N

==
2 p Sin@bD

4 p q - q2

+
2 p Sin@bD

4 p q - q2

, rF

8<

SolveB
r q

p r - r^2 -
4 p r

2
q-r

2
q
2

2 p
^2

==
2 p Sin@bD

4 p q - q2

+
2 p Sin@bD

4 p q - q2

, rF

8<
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SolveB r q

p Kr - Hr^2 - h^2L O
==

2 p Sin@bD
4 p q - q2

+
2 p Sin@bD
4 p q - q2

, rF

::r Ø - 2 2 / 2 p4 h2 Sin@bD2 + p4 h2 H4 p - qL q Sin@bD3
4 p - q

+
4 p5 h2 H4 p - qL q Sin@bD3

q2
+

p4 h2 H4 p - qL q Sin@bD3
q

ì -4 p q3 + q4 + 64 p4 Sin@bD2 >,

:r Ø 2 2 / 2 p4 h2 Sin@bD2 + p4 h2 H4 p - qL q Sin@bD3
4 p - q

+
4 p5 h2 H4 p - qL q Sin@bD3

q2
+

p4 h2 H4 p - qL q Sin@bD3
q

ì -4 p q3 + q4 + 64 p4 Sin@bD2 >>

SolveB -4 p q + q2 + 2 p H4 p - qL q Sin@bD + 4 p2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p2 q - 12 p q2 + 2 q3 - 16 p3 Sin@bD2 + 8 p2 q Sin@bD2M ==

2 2 . 2 p4 h2 Sin@bD2 + p4 h2 H4 p - qL q Sin@bD3
4 p - q

+
4 p5 h2 H4 p - qL q Sin@bD3

q2
+

p4 h2 H4 p - qL q Sin@bD3
q

ì -4 p q3 + q4 + 64 p4 Sin@bD2 , hF
::h Ø

- Csc@bD / 192 p6 +
256 p8

H2 p - qL2 -
512 p7

2 p - q
+ 64 p5 q + 16 p4 q2 - 4 p2 q4 - 4 p q5 + q6 - 320 p5 H4 p - qL q

Sin@bD -
512 p7 H4 p - qL q Sin@bD

H2 p - qL2 +
896 p6 H4 p - qL q Sin@bD

2 p - q
-

96 p4 q H4 p - qL q Sin@bD - 16 p3 q2 H4 p - qL q Sin@bD + 8 p2 q3 H4 p - qL q Sin@bD +
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4 p q4 H4 p - qL q Sin@bD + 448 p6 Sin@bD2 + 256 p8 Sin@bD2
H2 p - qL2 -

1024 p7 Sin@bD2
2 p - q

+

192 p5 q Sin@bD2 + 80 p4 q2 Sin@bD2 - 32 p3 q3 Sin@bD2 - 4 p2 q4 Sin@bD2 +
128 p5 H4 p - qL q Sin@bD3 + 1792 p7 H4 p - qL q Sin@bD3

H2 p - qL2 -
1152 p6 H4 p - qL q Sin@bD3

2 p - q
-

32 p4 q H4 p - qL q Sin@bD3 - 256 p6 Sin@bD4 - 5120 p8 Sin@bD4
H2 p - qL2 +

3072 p7 Sin@bD4
2 p - q

+
1024 p7 H4 p - qL q Sin@bD5

H2 p - qL2 -
512 p6 H4 p - qL q Sin@bD5

2 p - q
+

512 p6 H4 p - qL q Sin@bD5
4 p - q

ì p2 -256 p q3 + 64 q4 + 4096 p4 Sin@bD2 >,

:h Ø Csc@bD / 192 p6 +
256 p8

H2 p - qL2 -
512 p7

2 p - q
+ 64 p5 q + 16 p4 q2 - 4 p2 q4 - 4 p q5 + q6 -

320 p5 H4 p - qL q Sin@bD -
512 p7 H4 p - qL q Sin@bD

H2 p - qL2 +
896 p6 H4 p - qL q Sin@bD

2 p - q
-

96 p4 q H4 p - qL q Sin@bD - 16 p3 q2 H4 p - qL q Sin@bD + 8 p2 q3 H4 p - qL q Sin@bD +

4 p q4 H4 p - qL q Sin@bD + 448 p6 Sin@bD2 + 256 p8 Sin@bD2
H2 p - qL2 -

1024 p7 Sin@bD2
2 p - q

+ 192 p5 q Sin@bD2 + 80 p4 q2 Sin@bD2 - 32 p3 q3 Sin@bD2 -
4 p2 q4 Sin@bD2 + 128 p5 H4 p - qL q Sin@bD3 + 1792 p7 H4 p - qL q Sin@bD3

H2 p - qL2 -

1152 p6 H4 p - qL q Sin@bD3
2 p - q

- 32 p4 q H4 p - qL q Sin@bD3 - 256 p6 Sin@bD4 -
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5120 p8 Sin@bD4
H2 p - qL2

+
3072 p7 Sin@bD4

2 p - q

+

1024 p7 H4 p - qL q Sin@bD5
H2 p - qL2

-

512 p6 H4 p - qL q Sin@bD5
2 p - q

+

512 p6 H4 p - qL q Sin@bD5
4 p - q

ì

p
2

-256 p q
3
+ 64 q

4
+ 4096 p

4
Sin@bD2 >>

SphericalPlot3DB
Csc@bD . 192 p

6
+

256 p8

H2 p - qL2 -
512 p7

2 p - q

+ 64 p
5
q + 16 p

4
q
2
- 4 p

2
q
4
- 4 p q

5
+ q

6
- 320 p

5 H4 p - qL q

Sin@bD -
512 p7 H4 p - qL q Sin@bD

H2 p - qL2 +
896 p6 H4 p - qL q Sin@bD

2 p - q

-

96 p
4
q H4 p - qL q Sin@bD - 16 p

3
q
2 H4 p - qL q Sin@bD + 8 p

2
q
3 H4 p - qL q Sin@bD +

4 p q
4 H4 p - qL q Sin@bD + 448 p

6 Sin@bD2 + 256 p8 Sin@bD2
H2 p - qL2 -

1024 p7 Sin@bD2
2 p - q

+

192 p
5
q Sin@bD2 + 80 p

4
q
2 Sin@bD2 - 32 p

3
q
3 Sin@bD2 - 4 p

2
q
4 Sin@bD2 +

128 p
5 H4 p - qL q Sin@bD3 + 1792 p7 H4 p - qL q Sin@bD3

H2 p - qL2 -
1152 p6 H4 p - qL q Sin@bD3

2 p - q

-

32 p
4
q H4 p - qL q Sin@bD3 - 256 p

6 Sin@bD4 - 5120 p8 Sin@bD4
H2 p - qL2 +

3072 p7 Sin@bD4
2 p - q

+

1024 p7 H4 p - qL q Sin@bD5
H2 p - qL2 -

512 p6 H4 p - qL q Sin@bD5
2 p - q

+
512 p6 H4 p - qL q Sin@bD5

4 p - q

ì

p
2

-256 p q
3
+ 64 q

4
+ 4096 p

4 Sin@bD2 , 8q,
-2 p,

2 p<, 8b,
-p ê 2,
p ê 2<F
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SphericalPlot3DB
Csc@bD . 192 p

6
+

256 p8

H2 p - qL2 -
512 p7

2 p - q

+ 64 p
5
q + 16 p

4
q
2
- 4 p

2
q
4
- 4 p q

5
+ q

6
- 320 p

5 H4 p - qL q

Sin@bD -
512 p7 H4 p - qL q Sin@bD

H2 p - qL2 +
896 p6 H4 p - qL q Sin@bD

2 p - q

-

96 p
4
q H4 p - qL q Sin@bD - 16 p

3
q
2 H4 p - qL q Sin@bD + 8 p

2
q
3 H4 p - qL q Sin@bD +

4 p q
4 H4 p - qL q Sin@bD + 448 p

6 Sin@bD2 + 256 p8 Sin@bD2
H2 p - qL2 -

1024 p7 Sin@bD2
2 p - q

+

192 p
5
q Sin@bD2 + 80 p

4
q
2 Sin@bD2 - 32 p

3
q
3 Sin@bD2 - 4 p

2
q
4 Sin@bD2 +

128 p
5 H4 p - qL q Sin@bD3 + 1792 p7 H4 p - qL q Sin@bD3

H2 p - qL2 -
1152 p6 H4 p - qL q Sin@bD3

2 p - q

-

32 p
4
q H4 p - qL q Sin@bD3 - 256 p

6 Sin@bD4 - 5120 p8 Sin@bD4
H2 p - qL2 +

3072 p7 Sin@bD4
2 p - q

+

1024 p7 H4 p - qL q Sin@bD5
H2 p - qL2 -

512 p6 H4 p - qL q Sin@bD5
2 p - q

+
512 p6 H4 p - qL q Sin@bD5

4 p - q

ì

p
2

-256 p q
3
+ 64 q

4
+ 4096 p

4 Sin@bD2 , 8b, -p ê 2,
p ê 2<, 8q,
-2 p,

2 p<F
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ContourPlot3DB:- 2 2 . 2 p4 h2 Sin@bD2 + p4 h2 H4 p - qL q Sin@bD3
4 p - q

+

4 p5 h2 H4 p - qL q Sin@bD3
q2

+
p4 h2 H4 p - qL q Sin@bD3

q
ì

-4 p q3 + q4 + 64 p4 Sin@bD2 , 2 2 . 2 p4 h2 Sin@bD2 + p4 h2 H4 p - qL q Sin@bD3
4 p - q

+

4 p5 h2 H4 p - qL q Sin@bD3
q2

+
p4 h2 H4 p - qL q Sin@bD3

q
ì

-4 p q3 + q4 + 64 p4 Sin@bD2 >, 8h, -1, 1<, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F

SolveB r q

p r - r^2 -
4 p r

2
q-r

2
q
2

2 p
^2

==
2 p Sin@bD
4 p q - q2

+
2 p Sin@bD
4 p q - q2

, rF

8<
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SolveB
r q

p r - r^2 -
4 p r

2
q-r

2
q
2

2 p
^2

==
2 p Sin@bD

4 p q - q2

+
2 p Sin@bD

4 p q - q2

, qF

::q Ø 2 p - p
2
- p

2 Sin@bD2 >, :q Ø 2 p + p
2
- p

2 Sin@bD2 >,

:q Ø 2
p2 Sin@bD2

31ê3 -9 p3 Sin@bD2 + 3 27 p6 Sin@bD4 + p6 Sin@bD6
1ê3

-

-9 p3 Sin@bD2 + 3 27 p6 Sin@bD4 + p6 Sin@bD6
1ê3

32ê3
>,

:q Ø -

J1 + Â 3 N p2 Sin@bD2

31ê3 -9 p3 Sin@bD2 + 3 27 p6 Sin@bD4 + p6 Sin@bD6
1ê3

+

J1 - Â 3 N -9 p3 Sin@bD2 + 3 27 p6 Sin@bD4 + p6 Sin@bD6
1ê3

32ê3
>,

:q Ø -

J1 - Â 3 N p2 Sin@bD2

31ê3 -9 p3 Sin@bD2 + 3 27 p6 Sin@bD4 + p6 Sin@bD6
1ê3

+

J1 + Â 3 N -9 p3 Sin@bD2 + 3 27 p6 Sin@bD4 + p6 Sin@bD6
1ê3

32ê3
>>

The Cone of Perception by Parker Emmerson 4th Edition.nb   511

Printed by Mathematica for Students



RevolutionPlot3DB2
p2 Sin@bD2

31ê3 -9 p3 Sin@bD2 + 3 27 p6 Sin@bD4 + p6 Sin@bD6
1ê3

-

-9 p3 Sin@bD2 + 3 27 p6 Sin@bD4 + p6 Sin@bD6
1ê3

32ê3
, 8b, -p ê 2, p ê 2<F

SolveB
r q

p r - r^2 -
4 p r

2
q-r

2
q
2

2 p
^2

==
2 p Sin@bD

4 p q - q2

+
2 p Sin@bD

4 p q - q2

, bF

Solve::ifun :

Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete

solution information. à

::b Ø ArcSinB
r q H4 p - qL q

2 p 2 p r - r
2 H2 p - qL2

F>>

RevolutionPlot3DBArcSinB
r q H4 p - qL q

2 p 2 p r - r2 H2 p - qL2
F, 8r, -1, 1<, 8q, -2 p, 2 p<F
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For n = 3,

SolveBx^ r q

p Jr -
2 p r-r q

2 p
N

+
2 p Sin@bD
4 p q - q2

+ y^
r q

p Jr -
2 p r-r q

2 p
N

+
2 p Sin@bD
4 p q - q2

ã

z^
r q

p Jr -
2 p r-r q

2 p
N

+
2 p Sin@bD
4 p q - q2

, xF

Solve::ifun :

Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete

solution information. à

::x Ø -y

r q

p r-
2 p r-r q

2 p

+

2 p Sin@bD

H4 p-qL q

+ z

r q

p r-
2 p r-r q

2 p

+

2 p Sin@bD

H4 p-qL q

1

2+
2 p Sin@bD

H4 p-qL q >>

r := -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M

q := 2 p + p
2
- p

2 Sin@bD2

The Cone of Perception by Parker Emmerson 4th Edition.nb   513

Printed by Mathematica for Students



ContourPlot3DB -y

r q

p r-
2 p r-r q

2 p

+

2 p Sin@bD

H4 p-qL q

+ z

r q

p r-
2 p r-r q

2 p

+

2 p Sin@bD

H4 p-qL q

1

2+
2 p Sin@bD

H4 p-qL q ,

8y, -5, 5<, 8z, -5, 5<, 8b, -p ê 2, p ê 2<F

Power::infy : Infinite expression
1

0.
encountered. à

¶::indet : Indeterminate expression 0. ComplexInfinity encountered. à

Power::infy : Infinite expression
1

0.
encountered. à

¶::indet : Indeterminate expression 0. ComplexInfinity encountered. à

Power::infy : Infinite expression
1

0.
encountered. à

General::stop : Further output of Power::infy will be suppressed during this calculation. à

¶::indet : Indeterminate expression 0. ComplexInfinity encountered. à

General::stop : Further output of ¶::indet will be suppressed during this calculation. à

b := ArcSinB
H4 p - qL q

2 p

F
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ContourPlot3DB -y

r q

p r-
2 p r-r q

2 p

+

2 p Sin@bD

H4 p-qL q

+ z

r q

p r-
2 p r-r q

2 p

+

2 p Sin@bD

H4 p-qL q

1

2+
2 p Sin@bD

H4 p-qL q ,

8y, -5, 5<, 8z, -5, 5<, 8q, -2 p, 2 p<F

Power::infy : Infinite expression
1

0. + 0. Â
encountered. à

¶::indet : Indeterminate expression H0. + 0. ÂLComplexInfinity encountered. à

Power::infy : Infinite expression
1

0. + 0. Â
encountered. à

¶::indet : Indeterminate expression H0. + 0. ÂLComplexInfinity encountered. à

Power::infy : Infinite expression
1

0. + 0. Â
encountered. à

General::stop : Further output of Power::infy will be suppressed during this calculation. à

¶::indet : Indeterminate expression H0. + 0. ÂLComplexInfinity encountered. à

General::stop : Further output of ¶::indet will be suppressed during this calculation. à
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SolveBx^
r q

p Jr -
2 p r-r q

2 p
N

+
2 p Sin@bD

4 p q - q2

+ y^
r q

p Jr -
2 p r-r q

2 p
N

+
2 p Sin@bD

4 p q - q2

ã

z^
r q

p Jr -
2 p r-r q

2 p
N

+
2 p Sin@bD

4 p q - q2

, yF

::y Ø -x

r q

p r-
2 p r-r q

2 p

+

2 p Sin@bD

H4 p-qL q

+ z

r q

p r-
2 p r-r q

2 p

+

2 p Sin@bD

H4 p-qL q

1

2+
2 p Sin@bD

H4 p-qL q >>

ContourPlot3DB -x

r q

p r-
2 p r-r q

2 p

+
2 p Sin@bD

H4 p-qL q

+ z

r q

p r-
2 p r-r q

2 p

+
2 p Sin@bD

H4 p-qL q

1

2+
2 p Sin@bD

H4 p-qL q ,

8x, -1, 1<, 8z, -1, 1<, 8q, -2 p, 2 p<F
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SolveBx^
r q

p Jr -
2 p r-r q

2 p
N

+
2 p Sin@bD

4 p q - q2

+ y^
r q

p Jr -
2 p r-r q

2 p
N

+
2 p Sin@bD

4 p q - q2

ã

z^
r q

p Jr -
2 p r-r q

2 p
N

+
2 p Sin@bD

4 p q - q2

, zF

::z Ø x

r q

p r-
2 p r-r q

2 p

+

2 p Sin@bD

H4 p-qL q

+ y

r q

p r-
2 p r-r q

2 p

+

2 p Sin@bD

H4 p-qL q

1

2+
2 p Sin@bD

H4 p-qL q >>

ContourPlot3DB x

r q

p r-
2 p r-r q

2 p

+
2 p Sin@bD

H4 p-qL q

+ y

r q

p r-
2 p r-r q

2 p

+
2 p Sin@bD

H4 p-qL q

1

2+
2 p Sin@bD

H4 p-qL q , 8x, -1, 1<, 8y, -1, 1<, 8q, -2 p, 2 p<F
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Form and Formality (Gibson - Stillwell - Emmerson Formulation of Fermat's Last Theorem)

It is important to note that it is an area of the retina that is affected by radiant energy, not just a single point. Gibson’s

reason for believing that the geometry of transformations is important to visual perception is that, “transformations are usually

represented on a  plane,  however,  whereas the retinal  image is  a  projection on a  curved surface,”  (The Visual  World,  153)

(Gibson, James, J.. The Perception of the Visual World. Cambridge, Mass.: The Riverside Press, 1950. Print. (All further

references to this source will be cited parenthetically in the text).),  and that, “the actual retinal image on a curved surface is

related to  the hypothetical  image on a  picture-plane only by such a  non-rigid transformation” (The Visual  World,  153).  A

transformation in geometry is the mapping of one point onto another. Isometries, “are defined as the transformations that pre-

serve distance”  (The Four Pillars of Geometry, 145) (Stillwell, John. The Four Pillars of Geometry (Undergraduate Texts in

Mathematics). 1 ed. New York: Springer, 2005. Print.). In essence, the distance of the initial radius is preserved through the

transformation of a circle into a cone so long as the height is orthogonal to the base of the cone and the initial radius is always the

slant of the cone. Next, we see the diagram to which Gibson was referring when considering the notion of a transformation onto a

picture plane. 

(The Visual World, 79).

In being preserved, the initial radius is considered an invariant. Stillwell comments about the picture plane that, “the line

from (-1, 1) to (n, 0) crosses the y-axis at y = n/(n+1)” (The Four Pillars of Geometry, 91). This supposes that the eye is approxi-

mated like a point and that it is at the position of (-1, 1) in the Cartesian coordinate system. In the “coordinate system” described

by The Geometric Pattern of Perception Theorems (Emmerson, 2009), the y-axis in general is described by the height of a cone.

In relation to this diagram, in terms of the y intercept, the height of the cone would be changing with respect to both the initial

radius (slant of the cone) and the angle taken out of the initial circle (the angle made between the line from the eye to the x-axis

changes is a function of solely the angular amount taken out of the initial circle). Further mathematical analysis of optical infinity

with relation to the horizon line and geometric system is needed, but perceived difference in circumferences as an arc length will

be a useful formula. Gibson says that, “only because light is structured by the substantial environment can it contain information

about it” (Ecological Approach, 86). The basic equation for an arc length as a difference in circumferences describes an even

surface layout. Thus, for even surfaces, the equation that delivers that surface may be used as a linguistic device (in combination

with rotation, or specifying the “adumbration” of the viewed surface) for describing the structuring of the light in the environ-

ment relevant to the perception of even surface layout.  The expression for “phenomenal velocity” tells us “how” motion in

general is essentially structured, thus this includes the motion of light. However, this still needs specific interpretation.
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From Stillwell' s statement,

y = n ê Hn + 1L. From The Geometric Pattern of Perception HEmmerson, 2009L,

h =
4 p r2 q - r2 q2

2 p

SolveB: 2 p r - r q

2 p

^n +
4 p r2 q - r2 q2

2 p

^n ã r^n, n > 2>, 8q<F

SolveB:H2 pL-n H2 p r - r qLn + H2 pL-n I4 p r
2
q - r

2
q
2Mnê2 ã r

n
, n > 2>, 8q<F

(59)
4 p r2 q - r2 q2

2 p
= n ê Hn + 1L

SolveB 4 p r2 q - r2 q2

2 p

== n ê Hn + 1L, nF

(60)::n Ø
r2 H4 p - qL q

2 p - r2 H4 p - qL q

>>

SolveB2 ==
r2 H4 p - qL q

2 p - r2 H4 p - qL q

, rF

::r Ø -

4 p

3 4 p q - q
2

>, :r Ø

4 p

3 4 p q - q
2

>>

Therefore, r >
4 p

3 4 p q - q2

, and q >

2 p 3 r2 + -4 r2 + 9 r4

3 r2

(61)

x^n + y^n =

z^n =
2 p r - r q

2 p
^n +

4 p r2 q - r2 q2

2 p
^n ã r^n = r^

r2 H4 p - qL q

2 p - r2 H4 p - qL q

r := -4 p q + q
2
+ 2 p H4 p - qL q Sin@bD + 4 p

2 Sin@bD2 - 2 p2 H4 p - qL q Sin@bD3
4 p - q

-

2 p2 H4 p - qL q Sin@bD3
q

ì I16 p
2
q - 12 p q

2
+ 2 q

3
- 16 p

3 Sin@bD2 + 8 p
2
q Sin@bD2M
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RevolutionPlot3DBr^
r2 H4 p - qL q

2 p - r2 H4 p - qL q

, 8r, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F

Plot3DBr^
r2 H4 p - qL q

2 p - r2 H4 p - qL q

, 8r, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F
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Plot3DBr^
r2 H4 p - qL q

2 p - r2 H4 p - qL q

, 8b, -p, p<, 8r, -2 p, 2 p<F

Plot3DBr^
r2 H4 p - qL q

2 p - r2 H4 p - qL q

, 8b, -p, p<, 8q, -2 p, 2 p<F
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SphericalPlot3DBr^
r2 H4 p - qL q

2 p - r2 H4 p - qL q

, 8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F
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SphericalPlot3DBr^
r2 H4 p - qL q

2 p - r2 H4 p - qL q

, 8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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SphericalPlot3DB
2 p r - r q

2 p

^
r2 H4 p - qL q

2 p - r2 H4 p - qL q

+
4 p r2 q - r2 q2

2 p

^
r2 H4 p - qL q

2 p - r2 H4 p - qL q

,

8b, -p ê 2, p ê 2<, 8q, -2 p, 2 p<F

SphericalPlot3DB
2 p r - r q

2 p

^
r2 H4 p - qL q

2 p - r2 H4 p - qL q

+
4 p r2 q - r2 q2

2 p

^
r2 H4 p - qL q

2 p - r2 H4 p - qL q

,

8q, -2 p, 2 p<, 8b, -p ê 2, p ê 2<F
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Plot3DB
2 p r - r q

2 p

^
r2 H4 p - qL q

2 p - r2 H4 p - qL q

+
4 p r2 q - r2 q2

2 p

^
r2 H4 p - qL q

2 p - r2 H4 p - qL q

,

8q, -2 p, 2 p<, 8r, -p ê 2, p ê 2<F

q := 2 p + p
2
- p

2 Sin@bD2
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Plot3DB
2 p r - r q

2 p

^
r2 H4 p - qL q

2 p - r2 H4 p - qL q

+
4 p r2 q - r2 q2

2 p

^
r2 H4 p - qL q

2 p - r2 H4 p - qL q

,

8b, -p, p<, 8r, -2 p, 2 p<F
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Plot3DB
2 p r - r q

2 p

^
r2 H4 p - qL q

2 p - r2 H4 p - qL q

+
4 p r2 q - r2 q2

2 p

^
r2 H4 p - qL q

2 p - r2 H4 p - qL q

,

8b, -p, p<, 8q, -2 p, 2 p<F

88<<
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XXII. Revelations of an Infinite Angle

In previous works, I have focused primarily on how the difference in circumfer-

ences of two circles equals an arc length of the initial circle. I have expounded in

depth upon all of the implicaitons of this system that I have invented so far. I had

gone along to show all sorts of different configurations of that system, including

expressions of those equations that yielded mysterious results like the solution to

the Lorentz coefficient when it should cancel out with itself. In addition, I had

shown how there was a paradox in the fundamental geometry of space - time described

by that system. I had also shown how to apply that system to complex analysis and

also how to find a solution to the radius of the initial circle in terms an angle to

the 10 th dimension (note: x^2 has a different meaning than "x squared" i.e. the lat-

ter secifically implies a geometric relationship). All of this and more have been the

focus of my past 2 - 3 years. I now embark on a modification of the initial system

and how this new, modified system connects and interacts with the previous insight

about the difference in circumferences of two circles' equaling an arc length of the

initial circle.

I have now realized that the difference in circumferences of two circles can equal an arc

length of either circle. If that difference equals an arc length of the initial circle,

we say, q r == 2 p r - 2 p x == 2 p r - 2 p Hr^2 - h^2L . On the other hand,

if we say that the difference in the circumferences of the two

circles equals an arc length of the "changed" circle, then we say :

g x == 2 p r - 2 p x == 2 p r - 2 p Hr^2 - h^2L . In this paper, I will show how :

1. There is also a paradox in the new

expression of the difference in circumferences of two circles.

2. I can solve for the Lorentz coefficient using the system of the difference in

circumferences of two circles equaling an arc length of the changed circle in a similar

way as that shown in "A Geometric Pattern of Perception HEmmerson, 2009-2012L"

4. The difference in circumferences of two circles added

together equals the arc lengths added together.

1. There is also a paradox in the new expression of the difference in circumferences of two 
circles, 
2 p r - 2 p x = g x.

2 p r - 2 p x = g x

2 p r = g x + 2 p x

2 p r = 2 p x + g x

2 p r - 2 p x - g x = 0

2 p r - 2 p x - g x == 2 p r - 2 p x - q r

A brief exposition of solutions :
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Solve@2 p r - g x - 2 p x == 0, xD

::x Ø

2 p r

2 p + g

>>

r == x^2 + h^2

r ã h
2
+ x

2

SolveB2 p h2 + x2 - 2 p x == g x, hF

::h Ø -

x g 4 p + g

2 p

>, :h Ø

x g 4 p + g

2 p

>>

Plot3DB
x g 4 p + g

2 p

, 8x, -1, 1<, 8g, -3 p, 3 p<F

SolveB2 p r - 2 p r2 - h^2 == g r2 - h^2 , hF

::h Ø -

r g 4 p + g

4 p
2
+ 4 p g + g

2

>, :h Ø

r g 4 p + g

4 p
2
+ 4 p g + g

2

>>
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Plot3DB
r g 4 p + g

4 p2 + 4 p g + g2

, 8r, -1, 1<, 8g, -2 p, 2 p<F

h ã r Sin@bD =

r g 4 p + g

4 p2 + 4 p g + g2

g 4 p + g

4 p2 + 4 p g + g2

ã Sin@bD

1 ==

g 4 p + g

Sin@bD 4 p2 + 4 p g + g2

=

4 p2 + 4 p g + g2 Sin@bD

g 4 p + g

ü I want the reader of this paper to be aware that there are different solutions implied by the two equally valid 
algebraic expressions for the digit one from the geometry of the system.

ü The solutions are as follows:

SolveB1 ==

4 p2 + 4 p g + g2 Sin@bD

g 4 p + g

, bF

::b Ø ArcSinB
g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
F>>
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SolveB1 ==

4 p2 + 4 p g + g2 Sin@bD

g 4 p + g

, gF

::g Ø

2 p - p Sin@bD2 - p2 - p2 Sin@bD2

-1 + Sin@bD2
>, :g Ø

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2
>>

SolveB1 ==

g 4 p + g

4 p2 + 4 p g + g2 Sin@bD
, bF

::b Ø ArcCscB
H2 p + gL2

g 4 p + g

F>>

SolveB1 ==

g 4 p + g

4 p2 + 4 p g + g2 Sin@bD
, gF

::g Ø

2 p - p Csc@bD2 - -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2
>,

:g Ø

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2
>>

ü Later, when we describe the equation 1 - 1 = 0 in its algebraic expressions, this will be important, because we are going to want to 
see the visualizations for each of the following configurations :

A.

1 -

g 4 p + g

4 p2 + 4 p g + g2 Sin@bD
== 2 p r - 2 p r2 -

r g 4 p + g

4 p2 + 4 p g + g2

^2 - g r2 -
r g 4 p + g

4 p2 + 4 p g + g2

^2

Substituting : ::b Ø ArcSinB
g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
F>> and

:g Ø

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2
> into the resulting radius solution.

B.

1 -

4 p2 + 4 p g + g2 Sin@bD

g 4 p + g

== 2 p r - 2 p r2 -
r g 4 p + g

4 p2 + 4 p g + g2

^2 - g r2 -
r g 4 p + g

4 p2 + 4 p g + g2

^2
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Substituting : ::b Ø ArcSinB
g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
F>> and

:g Ø

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2
> into the resulting radius solution.

C.

1 -

g 4 p + g

4 p2 + 4 p g + g2 Sin@bD
== 2 p r - 2 p r2 -

r g 4 p + g

4 p2 + 4 p g + g2

^2 - g r2 -
r g 4 p + g

4 p2 + 4 p g + g2

^2

Substituting : ::b Ø ArcCscB
H2 p + gL2

g 4 p + g

F>> and

:g Ø

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2
> into the resulting radius solution

D.

1 -

4 p2 + 4 p g + g2 Sin@bD

g 4 p + g

== 2 p r - 2 p r2 -
r g 4 p + g

4 p2 + 4 p g + g2

^2 - g r2 -
r g 4 p + g

4 p2 + 4 p g + g2

^2

Substituting : ::b Ø ArcCscB
H2 p + gL2

g 4 p + g

F>> and

:g Ø

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2
> into the resulting radius solution

ü First, we will graph a few of the algebraic expressions for the number one.

SphericalPlot3DB
g 4 p + g

Sin@bD 4 p2 + 4 p g + g2

, 8b, -H3 ê 8L p, H3 ê 8L p<,

:g, -

2 p - p CosB p

8
F2 - p2 - p2 CosB p

8
F2

-1 + CosB p

8
F2

,

2 p - p CosB p

8
F2 - p2 - p2 CosB p

8
F2

-1 + CosB p

8
F2

>F
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SphericalPlot3DB
g 4 p + g

Sin@bD 4 p2 + 4 p g + g2

, :g, -

2 p - p CosB p

8
F2 - p2 - p2 CosB p

8
F2

-1 + CosB p

8
F2

,

2 p - p CosB p

8
F2 - p2 - p2 CosB p

8
F2

-1 + CosB p

8
F2

>, 8b, -H3 ê 8L p, H3 ê 8L p<F
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SphericalPlot3DB
g 4 p + g

Sin@bD 4 p2 + 4 p g + g2

,

:b, -ArcSinB
16 65

129
F, ArcSinB

16 65

129
F>, 8g, -256 p, 256 p<F
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SphericalPlot3DB
4 p2 + 4 p g + g2 Sin@bD

g 4 p + g

, 8b, -H3 ê 8L p, H3 ê 8L p<,

:g, -

2 p - p CosB p

8
F2 - p2 - p2 CosB p

8
F2

-1 + CosB p

8
F2

,

2 p - p CosB p

8
F2 - p2 - p2 CosB p

8
F2

-1 + CosB p

8
F2

>F
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SphericalPlot3DB
4 p2 + 4 p g + g2 Sin@bD

g 4 p + g

, :g, -

2 p - p CosB p

8
F2 - p2 - p2 CosB p

8
F2

-1 + CosB p

8
F2

,

2 p - p CosB p

8
F2 - p2 - p2 CosB p

8
F2

-1 + CosB p

8
F2

>, 8b, -H3 ê 8L p, H3 ê 8L p<F

SolveB1 ==

4 p2 + 4 p g + g2 Sin@bD

g 4 p + g

, gF

::g Ø

2 p - p Sin@bD2 - p2 - p2 Sin@bD2

-1 + Sin@bD2
>, :g Ø

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2
>>
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RevolutionPlot3DB
2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2
, 8b, -p, p<F

SolveB1 ==

4 p2 + 4 p g + g2 Sin@bD

g 4 p + g

, bF

::b Ø ArcSinB
g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
F>>
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RevolutionPlot3DBArcSinB
g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
F, 8g, -16 p, 16 p<F

I will now demonstrate how we can solve for the variable g in terms of q and

then substitute the subsequent solution into our solutions for b in terms of g.

b = ArcSinB
H4 p - qL q

2 p

F

SolveB1 ==

4 p2 + 4 p g + g2 SinBArcSinB H4 p-qL q

2 p
FF

g 4 p + g

, qF

::q Ø
2 p g

2 p + g

>, :q Ø

2 I4 p2 + p gM
2 p + g

>>
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SolveB1 ==

4 p2 + 4 p g + g2 SinBArcSinB H4 p-qL q

2 p
FF

g 4 p + g

, gF

::g Ø -
2 p H4 p - qL

2 p - q

>, :g Ø
2 p q

2 p - q

>>

So, from the solutions, ::b Ø ArcSinB
g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
F>> and :g Ø

2 p q

2 p - q

>,

we can generate the following graphs by substituting

g =
2 p q

2 p - q

into ::b Ø ArcSinB
g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
F>>.

SphericalPlot3DBArcSinB

2 p q

2 p-q
J2 p +

2 p q

2 p-q
N2 4 p + g

4 p2 + 4 p g + J 2 p q

2 p-q
N2

F, 8q, -2 p, 2 p<, 8g, -p, p<F
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SphericalPlot3DBArcSinB
g J2 p +

2 p q

2 p-q
N2 4 p +

2 p q

2 p-q

4 p2 + 4 p g + J 2 p q

2 p-q
N2

F, 8q, -2 p, 2 p<, 8g, -p, p<F
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SphericalPlot3DBArcSinB
g J2 p +

2 p q

2 p-q
N2 4 p +

2 p q

2 p-q

4 p2 + 4 p
2 p q

2 p-q
+ J 2 p q

2 p-q
N2

F, 8q, -2 p, 2 p<, 8g, -p, p<F
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SphericalPlot3DBArcSinB
g J2 p +

2 p q

2 p-q
N2 4 p +

2 p q

2 p-q

4 p2 + 4 p
2 p q

2 p-q
+ J 2 p q

2 p-q
N2

F, 8g, -p, p<, 8q, -2 p, 2 p<F
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SphericalPlot3DBArcSinB
g J2 p +

2 p q

2 p-q
N2 4 p + g

4 p2 + 4 p g + J 2 p q

2 p-q
N2

F, 8g, -p, p<, 8q, -2 p, 2 p<F

Now that we have performed a brief exposition of the functions related to

the solutions to b and g as well as the algebraic expression of the numeric one,

I' ll now reveal the paradoxical statement within this system of a

circle' s folding up into a cone as described by the difference in

circumferenes of two circles' equaling an arc length of the changed circle.

ü I. For 1 = 
g 4 p+g

4 p2+4 p g+g2 Sin@bD

, the construction of the formula is:

1 -

g 4 p + g

4 p2 + 4 p g + g2 Sin@bD
== 2 p r - 2 p r2 -

r g 4 p + g

4 p2 + 4 p g + g2

^2 - g r2 -
r g 4 p + g

4 p2 + 4 p g + g2

^2
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SolveB1 -

g 4 p + g

4 p2 + 4 p g + g2 Sin@bD
==

2 p r - 2 p r2 -

r g 4 p + g

4 p2 + 4 p g + g2

^2 - g r2 -

r g 4 p + g

4 p2 + 4 p g + g2

^2 , rF

::r Ø -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 + g

2
Csc@bD2 -

g H2 p + gL2 4 p + g Csc@bD3 +
4 p2 g H2 p + gL2 4 p + g Csc@bD3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2
Csc@bD2MM>>
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Plot3DB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 + g

2
Csc@bD2 -

g H2 p + gL2 4 p + g Csc@bD3 +
4 p2 g H2 p + gL2 4 p + g Csc@bD3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2
Csc@bD2MM, 8g, -2 p, 2 p<, 8b, -p ê 3, p ê 3<F

The Cone of Perception by Parker Emmerson 4th Edition.nb   547

Printed by Mathematica for Students



Letter A includes Substituting : ::b Ø ArcSinB g H2 p+gL
2

4 p+g

4 p2+4 p g+g2
F>> and

:g Ø

2 p-p Sin@bD
2
+ p2-p2 Sin@bD

2

-1+Sin@bD
2

> into the resulting radius solution.

ü g only

b := ArcSinB
g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
F

RevolutionPlot3DB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 +

g
2 Csc@bD2 - g H2 p + gL2 4 p + g Csc@bD3 +

4 p2 g H2 p + gL2 4 p + g Csc@bD3
H2 p + gL2

ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM, 8g, -2 p, 2 p<F
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PolarPlotB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 + g

2
Csc@bD2 -

g H2 p + gL2 4 p + g Csc@bD3 +
4 p2 g H2 p + gL2 4 p + g Csc@bD3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2
Csc@bD2MM, 8g, -2 p, 2 p<F

-0.2 -0.1 0.1 0.2

-0.2

-0.1

0.1

0.2
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PlotB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 + g

2 Csc@bD2 -

g H2 p + gL2 4 p + g Csc@bD3 +
4 p2 g H2 p + gL2 4 p + g Csc@bD3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM, 8g, -2 p, 2 p<F

-6 -4 -2 2 4 6

-0.3

-0.2

-0.1

0.1

0.2

0.3

ü b only

g :=

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2
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RevolutionPlot3DB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 +

g
2 Csc@bD2 - g H2 p + gL2 4 p + g Csc@bD3 +

4 p2 g H2 p + gL2 4 p + g Csc@bD3
H2 p + gL2

ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM, 8b, -p ê 3, p ê 3<F
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PlotB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 + g

2
Csc@bD2 -

g H2 p + gL2 4 p + g Csc@bD3 +
4 p2 g H2 p + gL2 4 p + g Csc@bD3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2
Csc@bD2MM, 8b, -p ê 3, p ê 3<F

-1.0 -0.5 0.5 1.0

-0.4

-0.2

0.2

0.4

0.6

PolarPlotB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 + g

2
Csc@bD2 -

g H2 p + gL2 4 p + g Csc@bD3 +
4 p2 g H2 p + gL2 4 p + g Csc@bD3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2
Csc@bD2MM, 8b, -p ê 3, p ê 3<F

-0.2 0.2 0.4

-0.2

-0.1

0.1

0.2
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ü g, b

SphericalPlot3DB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 + g

2 Csc@bD2 -

g H2 p + gL2 4 p + g Csc@bD3 +
4 p2 g H2 p + gL2 4 p + g Csc@bD3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM, 8g, -2 p, 2 p<, 8b, -p ê 3, p ê 3<F

Substituting :g Ø

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2
>
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SphericalPlot3DB

-4 p
2
- 4 p g -

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2

2

+ g H2 p + gL2 4 p + g Csc@bD +

4 p

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2
Csc@bD2 + g

2 Csc@bD2 -

g 2 p +

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2

2

4 p + g Csc@bD3 +

4 p2 g H2 p + gL2 4 p + g Csc@bD3
H2 p + gL2

ì

p -16 p
2
- 16 p g - 4

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2

2

+

16 p

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2
Csc@bD2 +

4 g
2 Csc@bD2 , 8g, -2 p, 2 p<, 8b, -p ê 3, p ê 3<F
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SphericalPlot3DB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 + g

2 Csc@bD2 -

g H2 p + gL2 4 p + g Csc@bD3 +
4 p2 g H2 p + gL2 4 p + HgL Csc@bD3

2 p +

2 p-p Sin@bD
2
+ p2-p2 Sin@bD

2

-1+Sin@bD
2

2

ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM, 8g, -2 p, 2 p<, 8b, -p ê 3, p ê 3<F

Substituting :b Ø ArcSinB
g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
F>
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SphericalPlot3DB

-4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g CscBArcSinB

g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
FF +

4 p g Csc@bD2 + g
2 Csc@bD2 - g H2 p + gL2 4 p + g Csc@bD3 +

4 p2 g H2 p + gL2 4 p + g CscBArcSinB g H2 p+gL2 4 p+g

4 p
2
+4 p g+g

2
FF

3

H2 p + gL2
ì

p -16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2

2

Csc@bD2 ,

8g, -2 p, 2 p<, 8b, -p ê 3, p ê 3<F
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ü b, g

SphericalPlot3DB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 + g

2 Csc@bD2 -

g H2 p + gL2 4 p + g Csc@bD3 +
4 p2 g H2 p + gL2 4 p + g Csc@bD3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM, 8b, -p ê 3, p ê 3<, 8g, -2 p, 2 p<F

Substituting :g Ø

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2
>
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SphericalPlot3DB

-4 p
2
- 4 p g -

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2

2

+ g H2 p + gL2 4 p + g Csc@bD +

4 p g Csc@bD2 +
2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2

2

Csc@bD2 -

g 2 p +

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2

2

4 p + g Csc@bD3 +

4 p2 g H2 p + gL2 4 p + g Csc@bD3
H2 p + gL2

ì

p -16 p
2
- 16 p g - 4 g

2
+ 16 p

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2
Csc@bD2 + 4 g

2 Csc@bD2 ,

8b, -p ê 3, p ê 3<, 8g, -2 p, 2 p<F
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SphericalPlot3DB

-4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g CscBArcSinB

g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
FF + 4 p g Csc@bD2 +

g
2 Csc@bD2 - g H2 p + gL2 4 p + g CscBArcSinB

g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
FF

3

+

4 p2 g H2 p + gL2 4 p + g CscBArcSinB g H2 p+gL2 4 p+g

4 p
2
+4 p g+g

2
FF

3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM, 8b, -p ê 3, p ê 3<, 8g, -2 p, 2 p<F
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SphericalPlot3DB

-4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g CscBArcSinB

g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
FF +

4 p g Csc@bD2 + g
2 CscBArcSinB

g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
FF

2

-

g H2 p + gL2 4 p + g CscBArcSinB
g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
FF

3

+

4 p2 g H2 p + gL2 4 p + g CscBArcSinB g H2 p+gL2 4 p+g

4 p
2
+4 p g+g

2
FF

3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM, 8b, -p ê 3, p ê 3<, 8g, -2 p, 2 p<F
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SphericalPlot3DB -4 p
2
- 4 p g -

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2

2

+

g H2 p + gL2 4 p + g CscBArcSinB
g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
FF +

4 p g Csc@bD2 + g
2 CscBArcSinB

g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
FF

2

-

g H2 p + gL2 4 p + g CscBArcSinB
g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
FF

3

+

4 p2 g H2 p + gL2 4 p + g CscBArcSinB g H2 p+gL2 4 p+g

4 p
2
+4 p g+g

2
FF

3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM, 8b, -p ê 3, p ê 3<, 8g, -2 p, 2 p<F
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† Letter C includes

Substituting : ::b Ø ArcCscB
H2 p + gL2

g 4 p + g

F>> and

:g Ø

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2
> into the resulting radius solution

SolveB1 -

g 4 p + g

4 p2 + 4 p g + g2 Sin@bD
==

2 p r - 2 p r2 -

r g 4 p + g

4 p2 + 4 p g + g2

^2 - g r2 -

r g 4 p + g

4 p2 + 4 p g + g2

^2 , rF

::r Ø -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 + g

2
Csc@bD2 -

g H2 p + gL2 4 p + g Csc@bD3 +
4 p2 g H2 p + gL2 4 p + g Csc@bD3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2
Csc@bD2MM>>

† g only substituting b := ArcCscB
H2 p + gL2

g 4 p + g

F

b := ArcCscB
H2 p + gL2

g 4 p + g

F
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RevolutionPlot3DB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 +

g
2 Csc@bD2 - g H2 p + gL2 4 p + g Csc@bD3 +

4 p2 g H2 p + gL2 4 p + g Csc@bD3
H2 p + gL2

ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM, 8g, -2 p, 2 p<F
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PlotB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 + g

2
Csc@bD2 -

g H2 p + gL2 4 p + g Csc@bD3 +
4 p2 g H2 p + gL2 4 p + g Csc@bD3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2
Csc@bD2MM, 8g, -2 p, 2 p<F

-6 -4 -2 2 4 6

-0.3

-0.2

-0.1

0.1

0.2

0.3
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PolarPlotB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 + g

2
Csc@bD2 -

g H2 p + gL2 4 p + g Csc@bD3 +
4 p2 g H2 p + gL2 4 p + g Csc@bD3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2
Csc@bD2MM, 8g, -2 p, 2 p<F

-0.2 -0.1 0.1 0.2

-0.2

-0.1

0.1

0.2

† b only substituting g :=

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2

g :=

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2
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RevolutionPlot3DB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 +

g
2 Csc@bD2 - g H2 p + gL2 4 p + g Csc@bD3 +

4 p2 g H2 p + gL2 4 p + g Csc@bD3
H2 p + gL2

ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM, 8b, -p ê 3, p ê 3<F
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PlotB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 + g

2
Csc@bD2 -

g H2 p + gL2 4 p + g Csc@bD3 +
4 p2 g H2 p + gL2 4 p + g Csc@bD3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2
Csc@bD2MM, 8b, -p ê 3, p ê 3<F

-1.0 -0.5 0.5 1.0

-0.4

-0.2

0.2

0.4

0.6

PolarPlotB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 + g

2
Csc@bD2 -

g H2 p + gL2 4 p + g Csc@bD3 +
4 p2 g H2 p + gL2 4 p + g Csc@bD3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2
Csc@bD2MM, 8b, -p ê 3, p ê 3<F

-0.4 -0.2 0.2 0.4

-0.3

-0.2

-0.1

0.1

0.2

ü g, b

Substituting b = ArcCscB
H2 p + gL2

g 4 p + g

F
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SphericalPlot3DB

-4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g CscBArcCscB H2 p + gL2

g 4 p + g

FF + 4 p g Csc@bD2 +

g
2 Csc@bD2 - g H2 p + gL2 4 p + g CscBArcCscB H2 p + gL2

g 4 p + g

FF
3

+

4 p2 g H2 p + gL2 4 p + g CscBArcCscB H2 p+gL2

g 4 p+g

FF
3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM, 8g, -2 p, 2 p<, 8b, -p ê 3, p ê 3<F
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SphericalPlot3DB

-4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g CscBArcCscB H2 p + gL2

g 4 p + g

FF + 4 p g Csc@bD2 +

g
2 Csc@bD2 - g H2 p + gL2 4 p + g CscBArcCscB H2 p + gL2

g 4 p + g

FF
3

+

4 p2 g H2 p + gL2 4 p + g CscBArcCscB H2 p+gL2

g 4 p+g

FF
3

H2 p + gL2
ì

p -16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 CscBArcCscB H2 p + gL2

g 4 p + g

FF
2

,

8g, -2 p, 2 p<, 8b, -p ê 3, p ê 3<F

Substituting g =

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2
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SphericalPlot3DB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD +

4 p g Csc@bD2 +
2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2

2

Csc@bD2 -

g H2 p + gL2 4 p + g Csc@bD3 +
4 p2 g H2 p + gL2 4 p + g Csc@bD3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM, 8g, -2 p, 2 p<, 8b, -p ê 3, p ê 3<F
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SphericalPlot3DB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 +

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2

2

Csc@bD2 - g H2 p + gL2 4 p + g

CscBArcCscB H2 p + gL2

g 4 p + g

FF
3

+

4 p2 g H2 p + gL2 4 p + g CscBArcCscB H2 p+gL2

g 4 p+g

FF
3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM, 8b, -p ê 3, p ê 3<, 8g, -2 p, 2 p<F
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SphericalPlot3DB -4 p
2
- 4 p

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2
-

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2

2

+

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2

2 p +

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2

2

4 p +

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2
CscBArcCscB

H2 p + gL2

g 4 p + g

FF +

4 p

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2
CscBArcCscB

H2 p + gL2

g 4 p + g

FF

2

+

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2

2

CscBArcCscB
H2 p + gL2

g 4 p + g

FF

2

-

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2
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2 p +

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2

2

4 p +

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2
CscBArcCscB H2 p + gL2

g 4 p + g

FF
3

+

1

2 p +

2 p-p Csc@bD2+ -p2 Csc@bD2+p2 Csc@bD4

-1+Csc@bD2

2

4 p
2

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2

2 p +

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2

2

4 p +

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2
CscBArcCscB H2 p + gL2

g 4 p + g

FF
3

ì

p -16 p
2
- 16 p

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2
-

4

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2

2

+
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16 p

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2
CscBArcCscB

H2 p + gL2

g 4 p + g

FF

2

+

4

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2

2

CscBArcCscB
H2 p + gL2

g 4 p + g

FF

2

, 8g, -2 p, 2 p<, 8b, -p ê 3, p ê 3<F
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ü b, g

SphericalPlot3DB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 + g

2 Csc@bD2 -

g H2 p + gL2 4 p + g Csc@bD3 +
4 p2 g H2 p + gL2 4 p + g Csc@bD3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM, 8b, -p ê 3, p ê 3<, 8g, -2 p, 2 p<F
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Substituting b = ArcCscB
H2 p + gL2

g 4 p + g

F
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SphericalPlot3DB

-4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g CscBArcCscB H2 p + gL2

g 4 p + g

FF + 4 p g Csc@bD2 +

g
2 Csc@bD2 - g H2 p + gL2 4 p + g CscBArcCscB H2 p + gL2

g 4 p + g

FF
3

+

4 p2 g H2 p + gL2 4 p + g CscBArcCscB H2 p+gL2

g 4 p+g

FF
3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM, 8b, -p ê 3, p ê 3<, 8g, -2 p, 2 p<F
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SphericalPlot3DB

-4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g CscBArcCscB H2 p + gL2

g 4 p + g

FF + 4 p g Csc@bD2 +

g
2 Csc@bD2 - g H2 p + gL2 4 p + g CscBArcCscB H2 p + gL2

g 4 p + g

FF
3

+

4 p2 g H2 p + gL2 4 p + g CscBArcCscB H2 p+gL2

g 4 p+g

FF
3

H2 p + gL2
ì

p -16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 CscBArcCscB H2 p + gL2

g 4 p + g

FF
2

,

8b, -p ê 3, p ê 3<, 8g, -2 p, 2 p<F
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SphericalPlot3DB

-4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g CscBArcCscB H2 p + gL2

g 4 p + g

FF + 4 p g Csc@bD2 +

g
2 Csc@bD2 - g H2 p + gL2 4 p + g CscBArcCscB H2 p + gL2

g 4 p + g

FF
3

+

4 p2 g H2 p + gL2 4 p + g CscBArcCscB H2 p+gL2

g 4 p+g

FF
3

H2 p + gL2
ì

p -16 p
2
- 16 p g - 4 g

2
+ 16 p g CscBArcCscB H2 p + gL2

g 4 p + g

FF
2

+ 4 g
2 Csc@bD2 ,

8b, -p ê 3, p ê 3<, 8g, -2 p, 2 p<F
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SphericalPlot3DB

-4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g CscBArcCscB H2 p + gL2

g 4 p + g

FF + 4 p g Csc@bD2 +

g
2 Csc@bD2 - g H2 p + gL2 4 p + g CscBArcCscB H2 p + gL2

g 4 p + g

FF
3

+

4 p2 g H2 p + gL2 4 p + g CscBArcCscB H2 p+gL2

g 4 p+g

FF
3

H2 p + gL2
ì

p -16 p
2
- 16 p g - 4 g

2
+ 16 p g CscBArcCscB H2 p + gL2

g 4 p + g

FF
2

+ 4 g
2 CscBArcCscB H2 p + gL2

g 4 p + g

FF
2

,

8b, -p ê 3, p ê 3<, 8g, -2 p, 2 p<F
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Substituting g =

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2
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SphericalPlot3DB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 +

2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2

2

Csc@bD2 - g H2 p + gL2 4 p + g

CscBArcCscB H2 p + gL2

g 4 p + g

FF
3

+

4 p2 g H2 p + gL2 4 p + g CscBArcCscB H2 p+gL2

g 4 p+g

FF
3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM, 8b, -p ê 3, p ê 3<, 8g, -2 p, 2 p<F
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SphericalPlot3DB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD +

4 p g Csc@bD2 +
2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2

2

Csc@bD2 -

g H2 p + gL2 4 p + g Csc@bD3 +
4 p2 g H2 p + gL2 4 p + g CscBArcCscB H2 p+gL2

g 4 p+g

FF
3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM, 8b, -p ê 3, p ê 3<, 8g, -2 p, 2 p<F
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SphericalPlot3DB -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD +

4 p g Csc@bD2 +
2 p - p Csc@bD2 + -p2 Csc@bD2 + p2 Csc@bD4

-1 + Csc@bD2

2

Csc@bD2 -

g H2 p + gL2 4 p + g Csc@bD3 +
4 p2 g H2 p + gL2 4 p + g Csc@bD3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM, 8b, -p ê 3, p ê 3<, 8g, -2 p, 2 p<F
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ü II. For 1 = 
4 p2+4 p g+g2 Sin@bD

g 4 p+g

, the construction of the formula is:

SolveB
4 p2 + 4 p g + g2 Sin@bD

g 4 p + g

- 1 ==

2 p r - 2 p r2 -

r g 4 p + g

4 p2 + 4 p g + g2

^2 - g r2 -

r g 4 p + g

4 p2 + 4 p g + g2

^2 , rF

::r Ø 4 p g + g
2
- g H2 p + gL2 4 p + g Sin@bD -

4 p
2
Sin@bD2 - 4 p g Sin@bD2 - g

2
Sin@bD2 - p g H2 p + gL2 Sin@bD3

4 p + g

+

p H2 p + gL2 4 p + g Sin@bD3

g

+ g H2 p + gL2 4 p + g Sin@bD3 ì

Ip I-16 p g - 4 g
2
+ 16 p

2
Sin@bD2 + 16 p g Sin@bD2 + 4 g

2
Sin@bD2MM>>
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Plot3DB 4 p g + g
2
- g H2 p + gL2 4 p + g Sin@bD -

4 p
2 Sin@bD2 - 4 p g Sin@bD2 - g

2 Sin@bD2 - p g H2 p + gL2 Sin@bD3

4 p + g

+

p H2 p + gL2 4 p + g Sin@bD3

g

+ g H2 p + gL2 4 p + g Sin@bD3 ì

Ip I-16 p g - 4 g
2
+ 16 p

2 Sin@bD2 + 16 p g Sin@bD2 + 4 g
2 Sin@bD2MM, 8g, -2 p, 2 p<, 8b, -p ê 3, p ê 3<F

ü Letter B includes substituting:

B.

1 -

4 p2 + 4 p g + g2 Sin@bD

g 4 p + g

== 2 p r - 2 p r2 -
r g 4 p + g

4 p2 + 4 p g + g2

^2 - g r2 -
r g 4 p + g

4 p2 + 4 p g + g2

^2

Substituting : ::b Ø ArcSinB
g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
F>> and

:g Ø

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2
> into the resulting radius solution.
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ü g only

b := ArcSinB
g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
F

RevolutionPlot3DB 4 p g + g
2
- g H2 p + gL2 4 p + g Sin@bD -

4 p
2 Sin@bD2 - 4 p g Sin@bD2 - g

2 Sin@bD2 - p g H2 p + gL2 Sin@bD3

4 p + g

+

p H2 p + gL2 4 p + g Sin@bD3

g

+ g H2 p + gL2 4 p + g Sin@bD3 ì

Ip I-16 p g - 4 g
2
+ 16 p

2 Sin@bD2 + 16 p g Sin@bD2 + 4 g
2 Sin@bD2MM, 8g, -3 p, 3 p<F
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PolarPlotB 4 p g + g
2
- g H2 p + gL2 4 p + g Sin@bD -

4 p
2 Sin@bD2 - 4 p g Sin@bD2 - g

2 Sin@bD2 - p g H2 p + gL2 Sin@bD3

4 p + g

+

p H2 p + gL2 4 p + g Sin@bD3

g

+ g H2 p + gL2 4 p + g Sin@bD3 ì

Ip I-16 p g - 4 g
2
+ 16 p

2 Sin@bD2 + 16 p g Sin@bD2 + 4 g
2 Sin@bD2MM, 8g, -p, p<F

-0.15 -0.10 -0.05 0.05 0.10 0.15

-0.10

-0.05

0.05

0.10

0.15
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PlotB 4 p g + g
2
- g H2 p + gL2 4 p + g Sin@bD -

4 p
2 Sin@bD2 - 4 p g Sin@bD2 - g

2 Sin@bD2 - p g H2 p + gL2 Sin@bD3

4 p + g

+

p H2 p + gL2 4 p + g Sin@bD3

g

+ g H2 p + gL2 4 p + g Sin@bD3 ì

Ip I-16 p g - 4 g
2
+ 16 p

2 Sin@bD2 + 16 p g Sin@bD2 + 4 g
2 Sin@bD2MM, 8g, -p, p<F

-3 -2 -1 1 2

-0.2

-0.1

0.1

0.2

ü b only

g :=

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2
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RevolutionPlot3DB 4 p g + g
2
- g H2 p + gL2 4 p + g Sin@bD -

4 p
2 Sin@bD2 - 4 p g Sin@bD2 - g

2 Sin@bD2 - p g H2 p + gL2 Sin@bD3

4 p + g

+

p H2 p + gL2 4 p + g Sin@bD3

g

+ g H2 p + gL2 4 p + g Sin@bD3 ì

Ip I-16 p g - 4 g
2
+ 16 p

2 Sin@bD2 + 16 p g Sin@bD2 + 4 g
2 Sin@bD2MM, 8b, -p ê 3, p ê 3<F
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PolarPlotB 4 p g + g
2
- g H2 p + gL2 4 p + g Sin@bD -

4 p
2 Sin@bD2 - 4 p g Sin@bD2 - g

2 Sin@bD2 - p g H2 p + gL2 Sin@bD3

4 p + g

+

p H2 p + gL2 4 p + g Sin@bD3

g

+ g H2 p + gL2 4 p + g Sin@bD3 ì

Ip I-16 p g - 4 g
2
+ 16 p

2 Sin@bD2 + 16 p g Sin@bD2 + 4 g
2 Sin@bD2MM, 8b, -p ê 3, p ê 3<F

-0.3 -0.2 -0.1 0.1 0.2

-0.20

-0.15

-0.10

-0.05

0.05

0.10

0.15

PlotB 4 p g + g
2
- g H2 p + gL2 4 p + g Sin@bD -

4 p
2 Sin@bD2 - 4 p g Sin@bD2 - g

2 Sin@bD2 - p g H2 p + gL2 Sin@bD3

4 p + g

+

p H2 p + gL2 4 p + g Sin@bD3

g

+ g H2 p + gL2 4 p + g Sin@bD3 ì

Ip I-16 p g - 4 g
2
+ 16 p

2 Sin@bD2 + 16 p g Sin@bD2 + 4 g
2 Sin@bD2MM, 8b, -p ê 3, p ê 3<F

-1.0 -0.5 0.5 1.0

-0.4

-0.3

-0.2

-0.1

0.1

0.2
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g, b

SphericalPlot3DB 4 p g + g
2
- g H2 p + gL2 4 p + g Sin@bD -

4 p
2 Sin@bD2 - 4 p g Sin@bD2 - g

2 Sin@bD2 - p g H2 p + gL2 Sin@bD3

4 p + g

+

p H2 p + gL2 4 p + g Sin@bD3

g

+ g H2 p + gL2 4 p + g Sin@bD3 ì

Ip I-16 p g - 4 g
2
+ 16 p

2 Sin@bD2 + 16 p g Sin@bD2 + 4 g
2 Sin@bD2MM, 8g, -2 p, 2 p<, 8b, -p ê 3, p ê 3<F
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SphericalPlot3DB 4 p g + g
2
- g H2 p + gL2 4 p + g Sin@bD -

4 p
2 Sin@bD2 - 4 p g Sin@bD2 - g

2 Sin@bD2 - p g H2 p + gL2 Sin@bD3

4 p + g

+

p H2 p + gL2 4 p + g Sin@bD3

g

+ g H2 p + gL2 4 p + g Sin@bD3 ì

Ip I-16 p g - 4 g
2
+ 16 p

2 Sin@bD2 + 16 p g Sin@bD2 + 4 g
2 Sin@bD2MM, 8b, -p ê 3, p ê 3<, 8g, -2 p, 2 p<F

We can use the following substitutions to make the graphs more aesthetically pleasing :

Substituting :

::b Ø ArcSinB
g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
F>> and :g Ø

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2
>
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b Ø ArcSinB
g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
F

SphericalPlot3DB 4 p g + g
2
- g H2 p + gL2 4 p + g Sin@bD - 4 p

2 Sin@bD2 -

4 p g Sin@bD2 - g
2 SinBArcSinB

g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
FF

2

-

p g H2 p + gL2 Sin@bD3

4 p + g

+

p H2 p + gL2 4 p + g Sin@bD3

g

+ g H2 p + gL2 4 p + g Sin@bD3 ì

Ip I-16 p g - 4 g
2
+ 16 p

2 Sin@bD2 + 16 p g Sin@bD2 + 4 g
2 Sin@bD2MM, 8g, -2 p, 2 p<, 8b, -p ê 3, p ê 3<F

g =

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2
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SphericalPlot3DB

4 p g + g
2
- g 2 p +

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2

2

4 p + g Sin@bD - 4 p
2 Sin@bD2 -

4 p g Sin@bD2 - g
2 Sin@bD2 - p g H2 p + gL2 Sin@bD3

4 p + g

+

p H2 p + gL2 4 p + g Sin@bD3

g

+ g H2 p + gL2 4 p + g Sin@bD3 ì

Ip I-16 p g - 4 HgL2 + 16 p
2 Sin@bD2 + 16 p g Sin@bD2 + 4 HgL2 Sin@bD2MM,

8g, -2 p, 2 p<, 8b, -p ê 3, p ê 3<F
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SphericalPlot3DB

4 p g + g
2
- g 2 p +

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2

2

4 p + g Sin@bD - 4 p
2 Sin@bD2 -

4 p g Sin@bD2 - g
2 Sin@bD2 - p g H2 p + gL2 Sin@bD3

4 p + g

+

p H2 p + gL2 4 p + g Sin@bD3

g

+ g H2 p + gL2 4 p + g Sin@bD3 ì

p -16 p g - 4 HgL2 + 16 p
2 SinBArcSinB

g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
FF

2

+

16 p g Sin@bD2 + 4 HgL2 Sin@bD2 , 8g, -2 p, 2 p<, 8b, -p ê 3, p ê 3<F
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b, g

SphericalPlot3DB 4 p g + g
2
- g H2 p + gL2 4 p + g Sin@bD -

4 p
2 Sin@bD2 - 4 p g Sin@bD2 - g

2 Sin@bD2 - p g H2 p + gL2 Sin@bD3

4 p + g

+

p H2 p + gL2 4 p + g Sin@bD3

g

+ g H2 p + gL2 4 p + g Sin@bD3 ì

Ip I-16 p g - 4 g
2
+ 16 p

2 Sin@bD2 + 16 p g Sin@bD2 + 4 g
2 Sin@bD2MM, 8b, -p ê 3, p ê 3<, 8g, -2 p, 2 p<F

The Cone of Perception by Parker Emmerson 4th Edition.nb   601

Printed by Mathematica for Students



SphericalPlot3DB 4 p g + g
2
- g H2 p + gL2 4 p + g Sin@bD - 4 p

2 Sin@bD2 -

4 p g Sin@bD2 - g
2 Sin@bD2 -

p g H2 p + gL2 SinBArcSinB g H2 p+gL2 4 p+g

4 p
2
+4 p g+g

2
FF

3

4 p + g

+

p H2 p + gL2 4 p + g Sin@bD3

g

+ g H2 p + gL2 4 p + g Sin@bD3 ì

Ip I-16 p g - 4 g
2
+ 16 p

2 Sin@bD2 + 16 p g Sin@bD2 + 4 g
2 Sin@bD2MM, 8b, -p ê 3, p ê 3<, 8g, -2 p, 2 p<F
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SphericalPlot3DB 4 p g + g
2
- g H2 p + gL2 4 p + g Sin@bD -

4 p
2 Sin@bD2 - 4 p g Sin@bD2 -

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2

2

Sin@bD2 -

p g H2 p + gL2 SinBArcSinB g H2 p+gL2 4 p+g

4 p
2
+4 p g+g

2
FF

3

4 p + g

+

p H2 p + gL2 4 p + g Sin@bD3

g

+

g H2 p + gL2 4 p + g SinBArcSinB
g H2 p + gL2 4 p + g

4 p2 + 4 p g + g2
FF

3

ì

Ip I-16 p g - 4 g
2
+ 16 p

2 Sin@bD2 + 16 p g Sin@bD2 + 4 g
2 Sin@bD2MM, 8b, -p ê 3, p ê 3<, 8g, -2 p, 2 p<F
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SphericalPlot3DB

4 p g +

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2

2

- g H2 p + gL2 4 p + g Sin@bD - 4 p
2 Sin@bD2 -

4 p g Sin@bD2 - g
2 Sin@bD2 - p g H2 p + gL2 Sin@bD3

4 p + g

+

p 2 p +

2 p-p Sin@bD
2
+ p2-p2 Sin@bD

2

-1+Sin@bD
2

2

4 p + g Sin@bD3

g

+ g H2 p + gL2 4 p + g Sin@bD3 ì

p -16 p g - 4

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2

2

+ 16 p
2 Sin@bD2 +

16 p g Sin@bD2 + 4 g
2 Sin@bD2 , 8b, -p ê 3, p ê 3<, 8g, -2 p, 2 p<F
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ü For 1 = 
g 4 p+g

Sin@bD 4 p2+4 p g+g2

SolveB
g 4 p + g

4 p2 + 4 p g + g2 Sin@bD
- 1 ==

2 p r - 2 p r2 -

r g 4 p + g

4 p2 + 4 p g + g2

^2 - g r2 -

r g 4 p + g

4 p2 + 4 p g + g2

^2 , rF

::r Ø 4 p
2
+ 4 p g + g

2
- g H2 p + gL2 4 p + g Csc@bD - 4 p g Csc@bD2 - g

2
Csc@bD2 +

g H2 p + gL2 4 p + g Csc@bD3 -
4 p2 g H2 p + gL2 4 p + g Csc@bD3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2
Csc@bD2MM>>
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SphericalPlot3DB 4 p
2
+ 4 p g + g

2
- g H2 p + gL2 4 p + g Csc@bD - 4 p g Csc@bD2 - g

2 Csc@bD2 +

g H2 p + gL2 4 p + g Csc@bD3 -
4 p2 g H2 p + gL2 4 p + g Csc@bD3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM, 8g, -2 p, 2 p<, 8b, -p ê 3, p ê 3<F
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PolarPlotB 4 p g + g
2
- g H2 p + gL2 4 p + g Sin@bD -

4 p
2 Sin@bD2 - 4 p g Sin@bD2 - g

2 Sin@bD2 - p g H2 p + gL2 Sin@bD3

4 p + g

+

p H2 p + gL2 4 p + g Sin@bD3

g

+ g H2 p + gL2 4 p + g Sin@bD3 ì

Ip I-16 p g - 4 g
2
+ 16 p

2 Sin@bD2 + 16 p g Sin@bD2 + 4 g
2 Sin@bD2MM, 8g, -2 p, 2 p<F
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-0.15
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0.05
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PlotB 4 p g + g
2
- g H2 p + gL2 4 p + g Sin@bD -

4 p
2 Sin@bD2 - 4 p g Sin@bD2 - g

2 Sin@bD2 - p g H2 p + gL2 Sin@bD3

4 p + g

+

p H2 p + gL2 4 p + g Sin@bD3

g

+ g H2 p + gL2 4 p + g Sin@bD3 ì

Ip I-16 p g - 4 g
2
+ 16 p

2 Sin@bD2 + 16 p g Sin@bD2 + 4 g
2 Sin@bD2MM, 8g, -2 p, 2 p<F

-6 -4 -2 2 4 6

-0.2

-0.1

0.1

0.2

RevolutionPlot3DB 4 p g + g
2
- g H2 p + gL2 4 p + g Sin@bD -

4 p
2 Sin@bD2 - 4 p g Sin@bD2 - g

2 Sin@bD2 - p g H2 p + gL2 Sin@bD3

4 p + g

+

p H2 p + gL2 4 p + g Sin@bD3

g

+ g H2 p + gL2 4 p + g Sin@bD3 ì

Ip I-16 p g - 4 g
2
+ 16 p

2 Sin@bD2 + 16 p g Sin@bD2 + 4 g
2 Sin@bD2MM, 8g, -2 p, 2 p<F
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Remembering that :

SolveB1 ==

4 p2 + 4 p g + g2 SinBArcSinB H4 p-qL q

2 p
FF

g 4 p + g

, qF

::q Ø

2 p g

2 p + g

>, :q Ø

2 I4 p2 + p gM
2 p + g

>>
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SolveB1 ==

4 p2 + 4 p g + g2 SinBArcSinB H4 p-qL q

2 p
FF

g 4 p + g

, gF

::g Ø -

2 p H4 p - qL
2 p - q

>, :g Ø

2 p q

2 p - q

>>

We reformulate the 1 - 1 = 0 "structural set up equation" from

SolveB
4 p2 + 4 p g + g2 Sin@bD

g 4 p + g

- 1 ==

2 p r - 2 p r2 -
r g 4 p + g

4 p2 + 4 p g + g2

^2 - g r2 -
r g 4 p + g

4 p2 + 4 p g + g2

^2 , rF

to

1 ==

4 p2 + 4 p g + g2 SinBArcSinB H4 p-qL q

2 p
FF

g 4 p + g

This yields :

SolveB
4 p2 + 4 p g + g2 SinBArcSinB H4 p-qL q

2 p
FF

g 4 p + g

- 1 ==

2 p r - 2 p r2 -
r g 4 p + g

4 p2 + 4 p g + g2

^2 - g r2 -
r g 4 p + g

4 p2 + 4 p g + g2

^2 , rF

::r Ø -32 p
4
g - 8 p

3
g
2
+ 32 p

4
q + 32 p

3
g q + 8 p

2
g
2
q -

8 p
3
q
2
- 8 p

2
g q

2
- 2 p g

2
q
2
+ 4 p

2
g H2 p + gL2 4 p + g H4 p - qL q +

4 p2 g H2 p + gL2 q H4 p - qL q

4 p + g

-

4 p2 H2 p + gL2 4 p + g q H4 p - qL q

g

-

4 p g H2 p + gL2 4 p + g q H4 p - qL q -

p g H2 p + gL2 q2 H4 p - qL q

4 p + g

+

p H2 p + gL2 4 p + g q2 H4 p - qL q

g

+ g H2 p + gL2 4 p + g q
2 H4 p - qL q ì

Ip2 I128 p
3
g + 32 p

2
g
2
- 128 p

3
q - 128 p

2
g q - 32 p g

2
q + 32 p

2
q
2
+ 32 p g q

2
+ 8 g

2
q
2MM>>
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SphericalPlot3DB -32 p
4
g - 8 p

3
g
2
+ 32 p

4
q + 32 p

3
g q + 8 p

2
g
2
q -

8 p
3
q
2
- 8 p

2
g q

2
- 2 p g

2
q
2
+ 4 p

2
g H2 p + gL2 4 p + g H4 p - qL q +

4 p2 g H2 p + gL2 q H4 p - qL q

4 p + g

-

4 p2 H2 p + gL2 4 p + g q H4 p - qL q

g

-

4 p g H2 p + gL2 4 p + g q H4 p - qL q -

p g H2 p + gL2 q2 H4 p - qL q

4 p + g

+

p H2 p + gL2 4 p + g q2 H4 p - qL q

g

+ g H2 p + gL2 4 p + g q
2 H4 p - qL q ì

Ip2 I128 p
3
g + 32 p

2
g
2
- 128 p

3
q - 128 p

2
g q - 32 p g

2
q + 32 p

2
q
2
+ 32 p g q

2
+ 8 g

2
q
2MM,

8g, -2 p, 2 p<, 8q, -p, p<F
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XXIII. Long solution for theta with higher dimensionality (14D).
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Theorem 2 When we designate that a single unit of time passes per revolution of the angle through the total number of 

radians in a circle, instantaneous velocity through the distance of the height of the cone can be found by taking the first 

derivative of the expression for that distance in terms of r and q with respect to t = 
q

2 p
. There is also a velocity through the 

height of the cone, which is equal to wavelength times frequency = l ƒ = 
h

K q

I2 pM
O

. Under the condition that one unit of time 

passes with one revolution of the circle, these two velocities are equal to each other at the position where a 30-60-90 triangle is 

formed between the apex, center of the base of the cone, and point on the circumference of the circle of the base of the cone. 

Proof. 

To prove this, we can substitute r Sin[b] for the height of the cone in the expression of  velocity = 
2 p h

q
and find a real and two 

complex solutions for theta in terms of b , thus from Lemma 4, we can solve for b exactly.

DB2 p

4 p r2 q - r2 q2

2 p

, qF =

4 p r2 - 2 r2 q

2 4 p r2 q - r2 q2

(62)Instantaneous Velocity =

4 p r2 - 2 r2 q

2 4 p r2 q - r2 q2
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RevolutionPlot3DB
4 p r2 - 2 r2 q

2 4 p r2 q - r2 q
2

, 8r, -1, 1<, 8q, -2 p, 2 p<F

SolveB 4 p r2-2 r2 q

2 4 p r2 q-r2 q2

==
2 p h

q
, qF

::q Ø
4 p

3
+

-4 p2 r4+12 p2 r2 h2

6 p r2 r
6-18 r4 h2+3 3 -r10 h2+11 r8 h4+r6 h6

1ê3
-

2 p r
6-18 r4 h2+3 3 -r10 h2+11 r8 h4+r6 h6

1ê3

3 r
2

>,

:q Ø
4 p

3
-

J1+Â 3 N I-4 p2 r4+12 p2 r2 h2M

12 p r2 r
6-18 r4 h2+3 3 -r10 h2+11 r8 h4+r6 h6

1ê3
+

J1-Â 3 N p r
6-18 r4 h2+3 3 -r10 h2+11 r8 h4+r6 h6

1ê3

3 r
2

>,

:q Ø
4 p

3
-

J1-Â 3 N I-4 p2 r4+12 p2 r2 h2M

12 p r2 r
6-18 r4 h2+3 3 -r10 h2+11 r8 h4+r6 h6

1ê3
+

J1+Â 3 N p r
6-18 r4 h2+3 3 -r10 h2+11 r8 h4+r6 h6

1ê3

3 r
2

>>
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Plot3DB
4 p

3
-

J1 + Â 3 N I-4 p2 r4 + 12 p2 r2 h2M

12 p r2 r6 - 18 r4 h2 + 3 3 -r10 h2 + 11 r8 h4 + r6 h6
1ê3

+

J1 - Â 3 N p r6 - 18 r4 h2 + 3 3 -r10 h2 + 11 r8 h4 + r6 h6
1ê3

3 r2
, 8r, -1, 1<, 8h, -1, 1<F
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Plot3DB
4 p

3
-

J1 - Â 3 N I-4 p2 r4 + 12 p2 r2 h2M

12 p r2 r6 - 18 r4 h2 + 3 3 -r10 h2 + 11 r8 h4 + r6 h6
1ê3

+

J1 + Â 3 N p r6 - 18 r4 h2 + 3 3 -r10 h2 + 11 r8 h4 + r6 h6
1ê3

3 r2
, 8r, -1, 1<, 8h, -1, 1<F

SolveB
k I4 p r2 - 2 r2 qM

4 p 4 p r2 q - r2 q2

==
k r Sin@bD

q

, qF
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::q Ø
4 p

3
-

-4 p2 + 12 p2 Sin@bD2

6 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

+

2

3
-p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

>,

:q Ø
4 p

3
+

J1 + Â 3 N I-4 p2 + 12 p2 Sin@bD2M

12 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

-

1

3
K1 - Â 3 O -p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

>,

:q Ø
4 p

3
+

J1 - Â 3 N I-4 p2 + 12 p2 Sin@bD2M

12 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

-

1

3
K1 + Â 3 O -p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

>>

SphericalPlot3DB
4 p

3
+

J1 + Â 3 N -4 p2 + 12 p2 SinBArcSinB -4 p
2
q+4 p q

2
-q

3

2 p -4 p+q

FF
2

12 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

-

1

3
J1 - Â 3 N -p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

,

8q, -2 p, 2 p<, 8b, -1 p, 1 p<F
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SphericalPlot3DB
4 p

3
-

-4 p2 + 12 p2 Sin@bD2

6 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

+

2

3
-p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

, 8b,

-p, p<, 8q, -2 p, 2 p<F
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SphericalPlot3DB
4 p

3
-

-4 p2 + 12 p2 Sin@bD2

6 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

+

2

3
-p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

, 8q,

-2 p, 2 p<, 8b, -p, p<F
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SphericalPlot3DB
4 p

3
+

J1 + Â 3 N I-4 p2 + 12 p2 Sin@bD2M

12 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

-

1

3
J1 - Â 3 N -p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

,

8b, -p, p<, 8q, -2 p, 2 p<F
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SphericalPlot3DB
4 p

3
+

J1 + Â 3 N I-4 p2 + 12 p2 Sin@bD2M

12 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

-

1

3
J1 - Â 3 N -p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

,

8q, -2 p, 2 p<, 8b, -p, p<F
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SphericalPlot3DB
4 p

3
+

J1 - Â 3 N I-4 p2 + 12 p2 Sin@bD2M

12 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

-

1

3
J1 + Â 3 N -p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

,

8q, -2 p, 2 p<, 8b, -p, p<F
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SphericalPlot3DB
4 p

3
+

J1 - Â 3 N I-4 p2 + 12 p2 Sin@bD2M

12 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

-

1

3
J1 + Â 3 N -p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

,

8b, -p, p<, 8q, -2 p, 2 p<F

The real solution for q, solved from equating the instantaneous velocity to the average velocity, can be equated with the 

real solution for the expression for q from Lemma 4 to yield an exact solution for b that tells us that when these solutions for 

theta are equal, a 30-60-90 triangle is formed between the azimuth of the cone, the point on the base of the cone and the center 

of the base of the cone.

SolveB 4 p

3
-

-4 p2 + 12 p2 Sin@bD2

6 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

+

2

3
-p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

==

2 p + p
2
- p

2 Sin@bD2 , bF

::b Ø -
p

3
>, :b Ø

p

3
>>
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We know that the height of the cone is perpendicular to the center of the base of the cone, so this proves a 30-60-90 triangle, 
because the sum of the angles of the triangle must be 180.

Lemma 6 We can show that b = 
p

3
, thus we can show that there are two solutions to q at which this occurs.

ArcSinB
H4 p - qL q

2 p
F = b

SolveBArcSinB H4 p-qL q

2 p
F ==

p

3
, qF

88q Ø p<, 8q Ø 3 p<<

PlotBArcSinB
H4 p - qL q

2 p

F, 8q, -4 p, 4 p<F

-10 -5 5 10

0.5

1.0

1.5

Lemma 7 We can show can show that 

::b Ø -ArcSinB -4 p
2
q+4 p q

2
-q

3

2 p -4 p+q

F>, :b Ø ArcSinB -4 p
2
q+4 p q

2
-q

3

2 p -4 p+q

F>>.

PlotBArcSinB
-4 p

2
q + 4 p q

2
- q

3

2 p -4 p + q

F, 8q, -4 p, 4 p<F

-10 -5 5 10

0.1

0.2

0.3

0.4

0.5

0.6

0.7
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SolveBq ==
4 p

3
-

-4 p2 + 12 p2 Sin@bD2

6 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

+

2

3
-p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6

1ê3

, bF

::b Ø -ArcSinB
-4 p2 q + 4 p q2 - q3

2 p -4 p + q

F>, :b Ø ArcSinB
-4 p2 q + 4 p q2 - q3

2 p -4 p + q

F>>

h = ArcSinB
H4 p - qL q

2 p
F = r Sin@bD

SolveB
4 p r2 2 p + p2 - p2 Sin@bD2 - r2 2 p + p2 - p2 Sin@bD2

2

2 p
==

r SinB
-4 p2 q + 4 p q2 - q3

2 p -4 p + q

F, bF

::b Ø -ArcSinB SinB
-4 p2 q + 4 p q2 - q3

2 p -4 p + q

F
2

F>, :b Ø ArcSinB SinB
-4 p2 q + 4 p q2 - q3

2 p -4 p + q

F
2

F>>
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RevolutionPlot3DB:ArcSinB SinB
-4 p

2
q + 4 p q

2
- q

3

2 p -4 p + q

F

2

F,

-ArcSinB SinB
-4 p

2
q + 4 p q

2
- q

3

2 p -4 p + q

F

2

F>, 8q, -4 p, 4 p<F
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RevolutionPlot3DBr ArcSinB
-4 p

2
q + 4 p q

2
- q

3

2 p -4 p + q

F, 8r, -1, 1<, 8q, -2 p, 2 p<F
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PlotBArcSinB
-4 p

2
q + 4 p q

2
- q

3

2 p -4 p + q

F, 8q, -2 p, 2 p<F

-6 -4 -2 2 4 6

0.05

0.10

0.15

0.20

0.25

0.30

Lemma 7 From showing that h = r Sin[b], thus we can show that h =
4 p r2 q-r2 q2

2 p
= r 

-4 p2 q+4 p q2-q3

2 p -4 p+q

 =

 
1

2 p
4 p r2

4 p

3
-

-4 p2+12 p2 Sin@bD2

6 -p3+18 p3 Sin@bD2+3 3 -p6 Sin@bD2+11 p6 Sin@bD4+p6 Sin@bD6
1ë3

+

2

3
-p3 + 18 p3 Sin@bD

2
+ 3 3 -p6 Sin@bD

2
+ 11 p6 Sin@bD

4
+ p6 Sin@bD

6

1ê3

-

r
2 4 p

3
-

-4 p2+12 p2 Sin@bD2

6 -p3+18 p3 Sin@bD2+3 3 -p6 Sin@bD2+11 p6 Sin@bD4+p6 Sin@bD6
1ë3

+

2

3
-p3 + 18 p3 Sin@bD

2
+ 3 3 -p6 Sin@bD

2
+ 11 p6 Sin@bD

4
+ p6 Sin@bD

6

1ê3

2

RevolutionPlot3DBr
-4 p

2
q + 4 p q

2
- q

3

2 p -4 p + q

, 8r, -1, 1<, 8q, -4 p, 4 p<F
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RevolutionPlot3DB 1

2 p

. 4 p r2
4 p

3
- I-4 p

2
+ 12 p

2 Sin@bD2M ì

6 -p
3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6 1ê3

+

2

3
-p

3
+ 18 p

3 Sin@bD2 + 3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6 1ê3

-

r2
4 p

3
- I-4 p

2
+ 12 p

2 Sin@bD2M ì 6 -p
3
+ 18 p

3 Sin@bD2 + 3 3

-p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6 1ê3

+
2

3
-p

3
+ 18 p

3 Sin@bD2 +

3 3 -p
6 Sin@bD2 + 11 p

6 Sin@bD4 + p
6 Sin@bD6 1ê3 2

, 8r, -1, 1<, 8b, -p, p<F

we can also show that there are three other solutions to theta by solving the equation.

Proof.

h =
4 p r2 q - r2 q2

2 p
= r Sin@bD = r SinBArcSinB

-4 p2 q + 4 p q2 - q3

2 p -4 p + q

FF

q ==
4 p

3

-
-4 p2 + 12 p2 Sin@bD2

6 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

+

2

3

-p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6
1ê3

==

2 p ± p2 - p2 Sin@bD2

We can substitute either theta in the expression for the height of the cone.
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SolveB 1

2 p

. 4 p r2
4 p

3
- I-4 p2 + 12 p2 Sin@bD2M ì

6 -p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6 1ê3

+

2

3
-p3 + 18 p3 Sin@bD2 + 3 3 -p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6 1ê3

-

r2
4 p

3
- I-4 p2 + 12 p2 Sin@bD2M ì 6 -p3 + 18 p3 Sin@bD2 + 3 3

-p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6 1ê3

+
2

3
-p3 + 18 p3 Sin@bD2 + 3 3

-p6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6 1ê3 2

ã r SinBArcSinB -4 p
2
q+4 p q

2
-q

3

2 p -4 p+q

FF, qF
:: ê K @ D @ D I @ D @ D M O10ê3
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SolveB 1

2 p
. 4 p r2

4 p

3
- I-4 p2 + 12 p2 Sin@bD2M ì

6 -p
3
+ 18 p3 Sin@bD2 + 3 3 -p

6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6 1ê3
+

2

3
-p

3
+ 18 p3 Sin@bD2 + 3 3 -p

6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6 1ê3
-

r2
4 p

3
- I-4 p2 + 12 p2 Sin@bD2M ì 6 -p

3
+ 18 p3 Sin@bD2 + 3 3

-p
6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6 1ê3

+

2

3
-p

3
+ 18 p3 Sin@bD2 + 3 3 -p

6 Sin@bD2 + 11 p6 Sin@bD4 + p6 Sin@bD6 1ê3 2

ä

r SinBArcSinB -4 p2 q + 4 p q2 - q3

2 p -4 p + q

FF,
qF

::q Æ 4 p

3
+ 21ê3 -1296 p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O10ê3 -
324 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O5ê3 -p2 + 50 p2 Sin@bD2 -

453 p2 Sin@bD4 + 36 p2 Sin@bD6 + 5 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
78 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
9 3 p2 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
35 p2 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
243 p2 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
9 p2 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
4 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

42 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K @ D @ D I @ D @ D M O1ê3
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K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
5 p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
88 p2 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
36 p2 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
15 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

6 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 ì

27 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O5ê3

128 304 p3 - 46 049 472 p3 Sin@bD2 + 3084 719 760 p3 Sin@bD4 -
76 984 149 600 p3 Sin@bD6 + 791 034 575 760 p3 Sin@bD8 - 2 463 947 543 232 p3 Sin@bD10 -
4 120 487 403 984 p3 Sin@bD12 - 430 339 664 160 p3 Sin@bD14 -
9 183 300 480 p3 Sin@bD16 - 1 924 560 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
240 395 040 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
8 641 939 248 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
116 076 162 240 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
464 847 899 760 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
696 655 378 080 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
43 748 223 120 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
306 110 016 3 p3 Sin@bD14 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
69 984 p3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
22 394 880 p3 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
1 412 976 960 p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
34 362 423 936 p3 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
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361 323 192 960 p3 Sin@bD8 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
1 382 528 881 152 p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
10 033 606 080 p3 Sin@bD12 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
11 224 033 920 p3 Sin@bD14 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
153 055 008 p3 Sin@bD16 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
979 776 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

112 534 272 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

3 868 575 552 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

52 016 027 904 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

241 951 624 128 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

12 788 596 224 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

1 122 403 392 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

69 984 p3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
19 455 552 p3 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
1 082 722 464 p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
23 329 866 240 p3 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
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217 196 393 760 p3 Sin@bD8 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
725 922 896 832 p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
79 877 708 064 p3 Sin@bD12 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
1 632 586 752 p3 Sin@bD14 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
909 792 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

91 119 168 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

2 737 984 032 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

32 062 189 824 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

127 925 643 168 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

8 060 897 088 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

51 018 336 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
. 128 304 p3 - 46 049 472 p3 Sin@bD2 + 3 084 719 760 p3 Sin@bD4 - 76 984 149 600 p3 Sin@bD6 +

791 034 575 760 p3 Sin@bD8 - 2 463 947 543 232 p3 Sin@bD10 -
4 120 487 403 984 p3 Sin@bD12 - 430 339 664 160 p3 Sin@bD14 -
9 183 300 480 p3 Sin@bD16 - 1 924 560 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
240 395 040 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
8 641 939 248 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
116 076 162 240 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
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116 076 162 240 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
464 847 899 760 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
696 655 378 080 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
43 748 223 120 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M - 306 110 016

3 p3 Sin@bD14 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M + 69 984 p3 K-1 + 18 Sin@bD2 +
3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 - 22 394 880 p3 Sin@bD2

K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 1412 976 960
p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

34 362 423 936 p3 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 361 323 192 960 p3 Sin@bD8
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 - 1382 528 881 152
p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

10 033 606 080 p3 Sin@bD12 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 11 224 033 920 p3 Sin@bD14
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 153 055 008
p3 Sin@bD16 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

979 776 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

112 534 272 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

3 868 575 552 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

52 016 027 904 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
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1 18 Sin 3 3 Sin 1 11 Sin Sin

241 951 624 128 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

12 788 596 224 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

1 122 403 392 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

69 984 p3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 19 455 552
p3 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

1 082 722 464 p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 23 329 866 240 p3 Sin@bD6
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 - 217 196 393 760
p3 Sin@bD8 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

725 922 896 832 p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 79 877 708 064 p3 Sin@bD12
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 1632 586 752
p3 Sin@bD14 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

909 792 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

91 119 168 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

2 737 984 032 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

32 062 189 824 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
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32 062 189 824 3 Sin Sin 1 11 Sin Sin

K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
127 925 643 168 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

8 060 897 088 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

51 018 336 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 2

+

4 -1296 p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O10ê3 -
324 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O5ê3

-p2 + 50 p2 Sin@bD2 - 453 p2 Sin@bD4 + 36 p2 Sin@bD6 +
5 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
78 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
9 3 p2 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
35 p2 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
243 p2 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
9 p2 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
4 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

42 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

5 p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
88 p2 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

@ D K @ D @ D I @ D @ D M O2ê3

Untitled-2   7

Printed by Mathematica for Students



36 p2 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
15 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

6 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 3

1ê3
-

128 304 p3 - 46 049 472 p3 Sin@bD2 + 3 084 719 760 p3 Sin@bD4 - 76 984 149 600 p3 Sin@bD6 +
791 034 575 760 p3 Sin@bD8 -
2 463 947 543 232 p3 Sin@bD10 -
4 120 487 403 984 p3 Sin@bD12 -
430 339 664 160 p3 Sin@bD14 -
9 183 300 480 p3 Sin@bD16 -
1 924 560 3 p3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
240 395 040 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
8 641 939 248 3 p3 Sin@bD4

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
116 076 162 240 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
464 847 899 760 3 p3 Sin@bD8

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
696 655 378 080 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
43 748 223 120 3 p3 Sin@bD12

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
306 110 016 3 p3 Sin@bD14 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
69 984 p3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
22 394 880 p3 Sin@bD2
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

1 412 976 960 p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
34 362 423 936 p3 Sin@bD6
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K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
361 323 192 960 p3 Sin@bD8 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
1 382 528 881 152 p3 Sin@bD10
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

10 033 606 080 p3 Sin@bD12 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
11 224 033 920 p3 Sin@bD14
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

153 055 008 p3 Sin@bD16 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
979 776 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

112 534 272 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

3 868 575 552 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

52 016 027 904 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

241 951 624 128 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

12 788 596 224 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

1 122 403 392 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

69 984 p3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
19 455 552 p3 Sin@bD2
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

Untitled-2   9

Printed by Mathematica for Students



K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O -

1 082 722 464 p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
23 329 866 240 p3 Sin@bD6
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

217 196 393 760 p3 Sin@bD8 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
725 922 896 832 p3 Sin@bD10
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

79 877 708 064 p3 Sin@bD12 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
1 632 586 752 p3 Sin@bD14
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

909 792 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

91 119 168 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

2 737 984 032 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

32 062 189 824 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

127 925 643 168 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

8 060 897 088 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

51 018 336 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
. 128 304 p3 - 46 049 472 p3 Sin@bD2 + 3 084 719 760 p3 Sin@bD4 - 76 984 149 600 p3 Sin@bD6 +
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791 034 575 760 p3 Sin@bD8 - 2 463 947 543 232 p3 Sin@bD10 -
4 120 487 403 984 p3 Sin@bD12 - 430 339 664 160 p3 Sin@bD14 -
9 183 300 480 p3 Sin@bD16 - 1 924 560 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
240 395 040 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
8 641 939 248 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
116 076 162 240 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
464 847 899 760 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
696 655 378 080 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
43 748 223 120 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
306 110 016 3 p3 Sin@bD14 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
69 984 p3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
22 394 880 p3 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
1 412 976 960 p3 Sin@bD4 K-1 + 18 Sin@bD2 +

3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 - 34 362 423 936 p3 Sin@bD6
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 361 323 192 960
p3 Sin@bD8 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

1 382 528 881 152 p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 10 033 606 080 p3 Sin@bD12
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 11 224 033 920 p3
Sin@bD14 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 153 055 008
p3 Sin@bD16 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

979 776 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

112 534 272 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
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1 18 Sin 3 3 Sin 1 11 Sin Sin

3 868 575 552 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

52 016 027 904 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

241 951 624 128 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

12 788 596 224 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

1 122 403 392 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

69 984 p3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
19 455 552 p3 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
1 082 722 464 p3 Sin@bD4 K-1 + 18 Sin@bD2 +

3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 23 329 866 240 p3 Sin@bD6
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 - 217 196 393 760
p3 Sin@bD8 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

725 922 896 832 p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 79 877 708 064 p3 Sin@bD12
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 1 632 586 752
p3 Sin@bD14 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

909 792 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

91 119 168 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
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91 119 168 3 Sin Sin 1 11 Sin Sin

K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
2 737 984 032 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

32 062 189 824 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

127 925 643 168 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

8 060 897 088 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

51 018 336 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 2

+

4 -1296 p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O10ê3 - 324 K-1 +
18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O5ê3 -p2 + 50 p2 Sin@bD2 -

453 p2 Sin@bD4 + 36 p2 Sin@bD6 + 5 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
78 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
9 3 p2 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
35 p2 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
243 p2 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
9 p2 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
4 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

42 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
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K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O +

5 p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
88 p2 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
36 p2 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
15 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

6 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 3

1ê3
ì

27 21ê3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O5ê3 >, :q Æ
4 p

3
-

J1 +
0 3 N
-1296 p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O10ê3 -
324 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O5ê3

-p2 + 50 p2 Sin@bD2 - 453 p2 Sin@bD4 + 36 p2 Sin@bD6 +
5 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
78 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
9 3 p2 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
35 p2 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
243 p2 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
9 p2 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
4 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K @ D @ D I @ D @ D M O1ê3

14   Untitled-2

Printed by Mathematica for Students



K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
42 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

5 p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
88 p2 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
36 p2 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
15 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

6 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 ì

27 22ê3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O5ê3

128 304 p3 - 46 049 472 p3 Sin@bD2 + 3084 719 760 p3 Sin@bD4 -
76 984 149 600 p3 Sin@bD6 + 791 034 575 760 p3 Sin@bD8 -
2 463 947 543 232 p3 Sin@bD10 - 4 120 487 403 984 p3 Sin@bD12 -
430 339 664 160 p3 Sin@bD14 - 9 183 300 480 p3 Sin@bD16 -
1 924 560 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
240 395 040 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
8 641 939 248 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
116 076 162 240 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
464 847 899 760 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
696 655 378 080 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
43 748 223 120 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
306 110 016 3 p3 Sin@bD14 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
69 984 p3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
22 394 880 p3 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

@ D K @ D @ D I @ D @ D M O ê
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1 412 976 960 p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
34 362 423 936 p3 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
361 323 192 960 p3 Sin@bD8 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
1 382 528 881 152 p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
10 033 606 080 p3 Sin@bD12 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
11 224 033 920 p3 Sin@bD14 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
153 055 008 p3 Sin@bD16 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
979 776 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

112 534 272 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

3 868 575 552 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

52 016 027 904 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

241 951 624 128 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

12 788 596 224 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

1 122 403 392 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

69 984 p3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
19 455 552 p3 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
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1 082 722 464 p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
23 329 866 240 p3 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
217 196 393 760 p3 Sin@bD8 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
725 922 896 832 p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
79 877 708 064 p3 Sin@bD12 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
1 632 586 752 p3 Sin@bD14 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
909 792 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

91 119 168 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

2 737 984 032 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

32 062 189 824 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

127 925 643 168 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

8 060 897 088 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

51 018 336 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
. 128 304 p3 - 46 049 472 p3 Sin@bD2 + 3 084 719 760 p3 Sin@bD4 - 76 984 149 600 p3 Sin@bD6 +

791 034 575 760 p3 Sin@bD8 - 2 463 947 543 232 p3 Sin@bD10 -
4 120 487 403 984 p3 Sin@bD12 - 430 339 664 160 p3 Sin@bD14 -
9 183 300 480 p3 Sin@bD16 - 1 924 560 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
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9 183 300 480 p3 Sin@bD16 - 1 924 560 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
240 395 040 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
8 641 939 248 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
116 076 162 240 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
464 847 899 760 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
696 655 378 080 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
43 748 223 120 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M - 306 110 016

3 p3 Sin@bD14 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M + 69 984 p3 K-1 + 18 Sin@bD2 +
3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 - 22 394 880 p3 Sin@bD2

K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 1412 976 960
p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

34 362 423 936 p3 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 361 323 192 960 p3 Sin@bD8
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 - 1382 528 881 152
p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

10 033 606 080 p3 Sin@bD12 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 11 224 033 920 p3 Sin@bD14
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 153 055 008
p3 Sin@bD16 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

979 776 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

112 534 272 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

3 868 575 552 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
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K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O +

52 016 027 904 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

241 951 624 128 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

12 788 596 224 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

1 122 403 392 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

69 984 p3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 19 455 552
p3 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

1 082 722 464 p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 23 329 866 240 p3 Sin@bD6
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 - 217 196 393 760
p3 Sin@bD8 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

725 922 896 832 p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 79 877 708 064 p3 Sin@bD12
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 1632 586 752
p3 Sin@bD14 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

909 792 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

91 119 168 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

2 737 984 032 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
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2 737 984 032 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

32 062 189 824 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

127 925 643 168 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

8 060 897 088 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

51 018 336 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 2

+

4 -1296 p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O10ê3 -
324 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O5ê3

-p2 + 50 p2 Sin@bD2 - 453 p2 Sin@bD4 + 36 p2 Sin@bD6 +
5 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
78 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
9 3 p2 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
35 p2 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
243 p2 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
9 p2 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
4 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

42 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
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5 p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
88 p2 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
36 p2 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
15 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

6 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 3

1ê3
+

J1 - 0 3 N 128 304 p3 - 46 049 472 p3 Sin@bD2 + 3 084 719 760 p3 Sin@bD4 - 76 984 149 600
p3 Sin@bD6 + 791 034 575 760 p3 Sin@bD8 -

2 463 947 543 232 p3 Sin@bD10 - 4 120 487 403 984 p3 Sin@bD12 -
430 339 664 160 p3 Sin@bD14 - 9 183 300 480 p3 Sin@bD16 -
1 924 560 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
240 395 040 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
8 641 939 248 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
116 076 162 240 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
464 847 899 760 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
696 655 378 080 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
43 748 223 120 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
306 110 016 3 p3 Sin@bD14 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
69 984 p3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
22 394 880 p3 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
1 412 976 960 p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
34 362 423 936 p3 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
361 323 192 960 p3 Sin@bD8 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
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1 382 528 881 152 p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
10 033 606 080 p3 Sin@bD12 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
11 224 033 920 p3 Sin@bD14 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
153 055 008 p3 Sin@bD16 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
979 776 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

112 534 272 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

3 868 575 552 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

52 016 027 904 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

241 951 624 128 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

12 788 596 224 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

1 122 403 392 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

69 984 p3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
19 455 552 p3 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
1 082 722 464 p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
23 329 866 240 p3 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
217 196 393 760 p3 Sin@bD8 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
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725 922 896 832 p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
79 877 708 064 p3 Sin@bD12 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
1 632 586 752 p3 Sin@bD14 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
909 792 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

91 119 168 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

2 737 984 032 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

32 062 189 824 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

127 925 643 168 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

8 060 897 088 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

51 018 336 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
. 128 304 p3 - 46 049 472 p3 Sin@bD2 + 3 084 719 760 p3 Sin@bD4 - 76 984 149 600 p3 Sin@bD6 +

791 034 575 760 p3 Sin@bD8 - 2 463 947 543 232 p3 Sin@bD10 -
4 120 487 403 984 p3 Sin@bD12 - 430 339 664 160 p3 Sin@bD14 -
9 183 300 480 p3 Sin@bD16 - 1 924 560 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
240 395 040 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
8 641 939 248 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
116 076 162 240 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
464 847 899 760 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
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696 655 378 080 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
43 748 223 120 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M - 306 110 016

3 p3 Sin@bD14 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M + 69 984 p3 K-1 + 18 Sin@bD2 +
3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 - 22 394 880 p3 Sin@bD2

K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 1412 976 960
p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

34 362 423 936 p3 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 361 323 192 960 p3 Sin@bD8
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 - 1382 528 881 152
p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

10 033 606 080 p3 Sin@bD12 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 11 224 033 920 p3 Sin@bD14
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 153 055 008
p3 Sin@bD16 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

979 776 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

112 534 272 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

3 868 575 552 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

52 016 027 904 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

241 951 624 128 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K @ D @ D I @ D @ D M O1ê3
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K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
12 788 596 224 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

1 122 403 392 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

69 984 p3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 19 455 552
p3 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

1 082 722 464 p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 23 329 866 240 p3 Sin@bD6
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 - 217 196 393 760
p3 Sin@bD8 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

725 922 896 832 p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 79 877 708 064 p3 Sin@bD12
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 1632 586 752
p3 Sin@bD14 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

909 792 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

91 119 168 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

2 737 984 032 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

32 062 189 824 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

@ D @ D I @ D @ D M
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127 925 643 168 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

8 060 897 088 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

51 018 336 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 2

+

4 -1296 p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O10ê3 -
324 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O5ê3

-p2 + 50 p2 Sin@bD2 - 453 p2 Sin@bD4 + 36 p2 Sin@bD6 +
5 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
78 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
9 3 p2 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
35 p2 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
243 p2 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
9 p2 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
4 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

42 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

5 p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
88 p2 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
36 p2 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
15 3 2 Sin@ D2 I 1 11 Sin@ D2 Sin@ D4M
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15 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

6 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 3

1ê3
ì

54 21ê3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O5ê3 >, :q Æ
4 p

3
-

J1 -
0 3 N
-1296 p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O10ê3 -
324 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O5ê3

-p2 + 50 p2 Sin@bD2 - 453 p2 Sin@bD4 + 36 p2 Sin@bD6 +
5 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
78 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
9 3 p2 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
35 p2 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
243 p2 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
9 p2 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
4 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

42 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

5 p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
@ D K @ D @ D I @ D @ D M O2ê3
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88 p2 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
36 p2 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
15 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

6 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 ì

27 22ê3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O5ê3

128 304 p3 - 46 049 472 p3 Sin@bD2 + 3084 719 760 p3 Sin@bD4 -
76 984 149 600 p3 Sin@bD6 + 791 034 575 760 p3 Sin@bD8 -
2 463 947 543 232 p3 Sin@bD10 - 4 120 487 403 984 p3 Sin@bD12 -
430 339 664 160 p3 Sin@bD14 - 9 183 300 480 p3 Sin@bD16 -
1 924 560 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
240 395 040 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
8 641 939 248 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
116 076 162 240 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
464 847 899 760 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
696 655 378 080 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
43 748 223 120 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
306 110 016 3 p3 Sin@bD14 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
69 984 p3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
22 394 880 p3 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
1 412 976 960 p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
34 362 423 936 p3 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
361 323 192 960 p3 Sin@bD8 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
1 382 528 881 152 p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
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1 382 528 881 152 p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O +

10 033 606 080 p3 Sin@bD12 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
11 224 033 920 p3 Sin@bD14 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
153 055 008 p3 Sin@bD16 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
979 776 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

112 534 272 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

3 868 575 552 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

52 016 027 904 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

241 951 624 128 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

12 788 596 224 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

1 122 403 392 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

69 984 p3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
19 455 552 p3 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
1 082 722 464 p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
23 329 866 240 p3 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
217 196 393 760 p3 Sin@bD8 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
725 922 896 832 p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
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725 922 896 832 p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O +

79 877 708 064 p3 Sin@bD12 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
1 632 586 752 p3 Sin@bD14 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
909 792 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

91 119 168 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

2 737 984 032 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

32 062 189 824 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

127 925 643 168 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

8 060 897 088 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

51 018 336 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
. 128 304 p3 - 46 049 472 p3 Sin@bD2 + 3 084 719 760 p3 Sin@bD4 - 76 984 149 600 p3 Sin@bD6 +

791 034 575 760 p3 Sin@bD8 - 2 463 947 543 232 p3 Sin@bD10 -
4 120 487 403 984 p3 Sin@bD12 - 430 339 664 160 p3 Sin@bD14 -
9 183 300 480 p3 Sin@bD16 - 1 924 560 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
240 395 040 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
8 641 939 248 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
116 076 162 240 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
464 847 899 760 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
696 655 378 080 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
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696 655 378 080 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
43 748 223 120 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M - 306 110 016

3 p3 Sin@bD14 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M + 69 984 p3 K-1 + 18 Sin@bD2 +
3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 - 22 394 880 p3 Sin@bD2

K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 1412 976 960
p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

34 362 423 936 p3 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 361 323 192 960 p3 Sin@bD8
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 - 1382 528 881 152
p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

10 033 606 080 p3 Sin@bD12 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 11 224 033 920 p3 Sin@bD14
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 153 055 008
p3 Sin@bD16 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

979 776 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

112 534 272 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

3 868 575 552 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

52 016 027 904 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

241 951 624 128 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
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1 18 Sin 3 3 Sin 1 11 Sin Sin

12 788 596 224 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

1 122 403 392 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

69 984 p3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 19 455 552
p3 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

1 082 722 464 p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 23 329 866 240 p3 Sin@bD6
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 - 217 196 393 760
p3 Sin@bD8 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

725 922 896 832 p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 79 877 708 064 p3 Sin@bD12
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 1632 586 752
p3 Sin@bD14 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

909 792 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

91 119 168 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

2 737 984 032 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

32 062 189 824 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

127 925 643 168 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K @ D @ D I @ D @ D M O ê
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127 925 643 168 3 p Sin@bD Sin@bD I-1 + 11 Sin@bD + Sin@bD M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

8 060 897 088 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

51 018 336 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 2

+

4 -1296 p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O10ê3 -
324 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O5ê3

-p2 + 50 p2 Sin@bD2 - 453 p2 Sin@bD4 + 36 p2 Sin@bD6 +
5 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
78 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
9 3 p2 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
35 p2 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
243 p2 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
9 p2 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
4 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

42 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

5 p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
88 p2 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
36 p2 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
15 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K @ D @ D I @ D @ D M O ê
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15 3 Sin 1 11 Sin Sin

K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
6 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 3

1ê3
+

J1 + 0 3 N 128 304 p3 - 46 049 472 p3 Sin@bD2 + 3 084 719 760 p3 Sin@bD4 - 76 984 149 600
p3 Sin@bD6 + 791 034 575 760 p3 Sin@bD8 -

2 463 947 543 232 p3 Sin@bD10 - 4 120 487 403 984 p3 Sin@bD12 -
430 339 664 160 p3 Sin@bD14 - 9 183 300 480 p3 Sin@bD16 -
1 924 560 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
240 395 040 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
8 641 939 248 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
116 076 162 240 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
464 847 899 760 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
696 655 378 080 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
43 748 223 120 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
306 110 016 3 p3 Sin@bD14 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
69 984 p3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
22 394 880 p3 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
1 412 976 960 p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
34 362 423 936 p3 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
361 323 192 960 p3 Sin@bD8 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
1 382 528 881 152 p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
10 033 606 080 p3 Sin@bD12 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
11 224 033 920 p3 Sin@bD14 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
153 055 008 p3 Sin@bD16 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

@ D I @ D @ D M

34   Untitled-2

Printed by Mathematica for Students



979 776 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

112 534 272 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

3 868 575 552 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

52 016 027 904 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

241 951 624 128 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

12 788 596 224 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

1 122 403 392 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

69 984 p3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
19 455 552 p3 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
1 082 722 464 p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
23 329 866 240 p3 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
217 196 393 760 p3 Sin@bD8 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
725 922 896 832 p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
79 877 708 064 p3 Sin@bD12 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
1 632 586 752 p3 Sin@bD14 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
909 792 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K @ D @ D I @ D @ D M O2ê3
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K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
91 119 168 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

2 737 984 032 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

32 062 189 824 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

127 925 643 168 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

8 060 897 088 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

51 018 336 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +
. 128 304 p3 - 46 049 472 p3 Sin@bD2 + 3 084 719 760 p3 Sin@bD4 - 76 984 149 600 p3 Sin@bD6 +

791 034 575 760 p3 Sin@bD8 - 2 463 947 543 232 p3 Sin@bD10 -
4 120 487 403 984 p3 Sin@bD12 - 430 339 664 160 p3 Sin@bD14 -
9 183 300 480 p3 Sin@bD16 - 1 924 560 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
240 395 040 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
8 641 939 248 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
116 076 162 240 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
464 847 899 760 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
696 655 378 080 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
43 748 223 120 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M - 306 110 016

3 p3 Sin@bD14 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M + 69 984 p3 K-1 + 18 Sin@bD2 +
3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 - 22 394 880 p3 Sin@bD2

K 1 18 Sin@ D2 3 3 Sin@ D2 I 1 11 Sin@ D2 Sin@ D4M O1ê3 1412 976 960
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K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 1412 976 960
p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

34 362 423 936 p3 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 361 323 192 960 p3 Sin@bD8
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 - 1382 528 881 152
p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

10 033 606 080 p3 Sin@bD12 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 11 224 033 920 p3 Sin@bD14
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 + 153 055 008
p3 Sin@bD16 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

979 776 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

112 534 272 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

3 868 575 552 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

52 016 027 904 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

241 951 624 128 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

12 788 596 224 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

1 122 403 392 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -

Untitled-2   37

Printed by Mathematica for Students



K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O -

69 984 p3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 19 455 552
p3 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

1 082 722 464 p3 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 23 329 866 240 p3 Sin@bD6
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 - 217 196 393 760
p3 Sin@bD8 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

725 922 896 832 p3 Sin@bD10 K-1 + 18 Sin@bD2 + 3 3

Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 79 877 708 064 p3 Sin@bD12
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 + 1632 586 752
p3 Sin@bD14 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

909 792 3 p3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

91 119 168 3 p3 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

2 737 984 032 3 p3 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

32 062 189 824 3 p3 Sin@bD6 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

127 925 643 168 3 p3 Sin@bD8 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

8 060 897 088 3 p3 Sin@bD10 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 +

51 018 336 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
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51 018 336 3 p3 Sin@bD12 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 2

+

4 -1296 p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O10ê3 -
324 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O5ê3

-p2 + 50 p2 Sin@bD2 - 453 p2 Sin@bD4 + 36 p2 Sin@bD6 +
5 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M -
78 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
9 3 p2 Sin@bD4 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M +
p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
35 p2 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
243 p2 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +
9 p2 Sin@bD6 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 -
4 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

42 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O1ê3 +

5 p2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
88 p2 Sin@bD2 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
36 p2 Sin@bD4 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -
15 3 p2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 -

6 3 p2 Sin@bD2 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M
K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O2ê3 3

1ê3
ì

K @ D @ D I @ D @ D M O ê >>
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54 21ê3 K-1 + 18 Sin@bD2 + 3 3 Sin@bD2 I-1 + 11 Sin@bD2 + Sin@bD4M O5ê3 >>
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XXII. Introspections into Complex Infinity from The Revelation of the Infinite Angle

1 =

g 4 p + g

Sin@bD 4 p2 + 4 p g + g2

=

4 p2 + 4 p g + g2 Sin@bD

g 4 p + g

Plot3DB
4 p2 + 4 p g + g2 Sin@bD

g 4 p + g

==

g 4 p + g

Sin@bD 4 p2 + 4 p g + g2

, 8b, -p ê 3, p ê 3<, 8g, -2 p, 2 p<F
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1 =

g 4 p + g

Sin@bD 4 p2 + 4 p g + g2

, 0 = 2 p

x g 4 p + g

2 p

2

+ x2 - 2 p x - g x

x :=
2 p r

2 p + g

r := -4 p
2
- 4 p g - g

2
+ g H2 p + gL2 4 p + g Csc@bD + 4 p g Csc@bD2 + g

2 Csc@bD2 -

g H2 p + gL2 4 p + g Csc@bD3 +
4 p2 g H2 p + gL2 4 p + g Csc@bD3

H2 p + gL2
ì

Ip I-16 p
2
- 16 p g - 4 g

2
+ 16 p g Csc@bD2 + 4 g

2 Csc@bD2MM

SphericalPlot3DB
g 4 p + g

Sin@bD 4 p2 + 4 p g + g2

ì I2 p
,Ir2 + x2M - 2 p x - g xM,

8b, -p ê 2, p ê 2<, 8g, -4 p, 4 p<F
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SphericalPlot3DB
g 4 p + g

Sin@bD 4 p2 + 4 p g + g2

ì

2 p
,Ir2 + x2M - 2 p x -

2 p - p Sin@bD2 + p2 - p2 Sin@bD2

-1 + Sin@bD2
x , 8b, -p ê 2, p ê 2<, 8g, -4 p, 4 p<F

g := -
2 p H4 p - qL

2 p - q
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SphericalPlot3DB
g 4 p + g

Sin@bD 4 p2 + 4 p g + g2

ì I2 p
,Ir2 + x2M - 2 p x - g xM,

8b, -p ê 2, p ê 2<, 8q, -4 p, 4 p<F

b := ArcSinB H4 p - qL q

2 p

F
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SphericalPlot3DB
g 4 p + g

Sin@bD 4 p2 + 4 p g + g2

ì I2 p
,Ir2 + x2M - 2 p x - g xM, 8g, -4 p, 4 p<, 8q, -p, p<F
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4'(%0-'H0&'*)!*9!0!;0&+,;0&'30-!5,(32'1&'*)!$.!0!(.(&,;!')!:+'3+!&+,!-*3%(!*9!

(%$8,3&'4,!1,23,1&'*)!'(!')3*21*20&,5!')!0)!*$8,3&'4,!(.(&,;!&+0&!5,(32'$,(!:+0&!'(!

(,,)!:*%-5!(%11*2&!0!1+,)*;,)*-*/'30-!0112*03+6!I-(*>!:,!30)!2,;,;$,2!&+0&!

')&,)&'*)0-'&.!'(!/'4,)!*2'/')02'-.6!7*!%)5,2(&0)5!&+,!9*2;!*9!&+,!')&,)&'*)0-'&.!0)5!

'&(!2,-0&'*)!&*!&+,!*2'/')0--.!03@%'2,5!<)*:-,5/,>!&+,!)*,;0!*33%1',(!0!$*5.!*9!

1,23,'4,5!(103,J&';,!0(!1,23,'4,5!:'&+!2,-0&'*)!&*!*$8,3&(!')!&+,!:*2-5!0)5!&+,!

(%$(&0)3,!&+2*%/+!:+'3+!-'/+&!&204,-(6!K*2!=%((,2->!?'&!'(!,'5,&'30--.!%)@%,(&'*)0$-,!

&+0&!&2%&+!30)!*)-.!$,!03&%0--.!/'4,)!')!0)!03&%0-!,4'5,)&'0-!3*)(3'*%(),((B!C=%((,2->!

LLMF6!7+%(>!&+,!&2%&+!*9!/,*;,&2'3!')('/+&!')&*!&+,!(&2%3&%2,(!*9!1,23,1&'*)!

03&%0-'H,(!1,23,1&'*)!*)-.!')(*902!0(!0)!,-,;,)&!*9!1,2(*)0!C0!3+0203&,2'H0&'*)!*9!

3*)(3'*%(),((F!'(!2,(*)0&')/6!7+'(!+,-1(!%(!%)5,2(&0)5!&+,!(,;0)&'3!12*$-,;0&'3!*9!

(,)(,!50&0>!$,30%(,!(,)(,!')!&+,!(,)(%0-!;,0)')/!3*22,(1*)5(!&*!(,)(,!')!&+,!

;,0)')/!*9!0!(&2%3&%2,5>!3*;;%)'30$-,!%)5,2(&0)5')/!&+2*%/+!1+,)*;,)*-*/'30-!

5,(32'1&'*)6!



! "#!

! $%&'()%*'&+''!%,!-.+!+/+&-!)'!0!1+2-)&+&-!0&3!&+(+''024!1.)5%'%1.)(05!1)+(+!

-%!*&3+2'-0&3)&6!-.+!1*775+!%,!1+2(+1-)%&!)&!6+&+2058!9*''+25:'!1.+&%;+&%5%64!

,%(*'+3!62+0-54!%&!-.+!1+2(+1-)%&!%,!-+;1%205!+/+&-'!0&3!-.+!(%&'()%*'&+''!%,!

)&-+2&05!-);+!-.2%*6.!;%305)-)+'!%,!011+020&(+8!9*''+25:'!0((%*&-!)'!(.020(-+2)7+3!

<4!3+'(2)1-)%&!%,!-.+!+/+&-!%,!1+2(+1-)%&=!>?@+!-0A+!-%&+!1*2+54!0'!.45+-)(!0!30-08!B-!

<+6)&'!0&3!+&3'C!0&3!0,-+2!)-!.0'!+&3+3=!)-'!@.%5+!3*20-)%&D*&)-4=!-.+!*&)-4!%,!-.+!

@.%5+!12%(+''!)&!@.)(.!)-!<+6)&'!0&3!+&3'=!>2+(+3+'E!)&-%!-.+!+/+2!;%2+!3)'-0&-!

10'-E!F9*''+25!GHIJ8!K.+!);1%2-0&-!-.)&6!0<%*-!-.)'!@04!%,!*&3+2'-0&3)&6!-);+!

(%&'()%*'&+''!)'!-.0-!-.+!.45+-)(!30-0!+L)'-'!)&!0!')&65+!*&)-4!%,!+L1+2)+&()&6!

3*20-)%&8!B-!)'!@)-.)&!-.)'!;%;+&-!-.0-!-.+!%&-%5%6)(05!%<M+(-!-0A+'!,%2;!-.2%*6.!

/)'*05)70<5+!6203)+&-'8!9*''+25!-%*(.+'!%&!-.)'!)3+0!0-!-.+!<+6)&&)&6!%,!.)'!0((%*&-!%,!

)&-+2&05!-);+=!>9%@!02+!@+!-%!*&3+2'-0&3!-.+!0112+.+&')%&!%,!-20&'(+&3+&-!

-+;1%205!%<M+(-'!-.0-!02+!+L-+&3+3!%/+2!0!3*20-)%&=!(%&-)&*%*'54!,)55)&6!)-!)&!-.+!

'0;+!@04!F0'!*&(.0&6)&6!-.)&6'!3%J!%2!,)55)&6!)-!0'!(%&'-0&-54!(.0&6)&6!F0'!)&!-.+!

(0'+=!,%2!+L0;15+=!%,!1.4')(05!12%(+''+'=!;%-)%&=!05-+20-)%&=!0&3!-.+!5)A+JNE!F9*''+25=!

GHOJ8!K.+!<+)&6!%,!0!-20&'(+&3+&-05!-+;1%205!%<M+(-!)'!-.+!,%2;0554=!%&-%5%6)(0554!

%2)6)&0-+3!%<M+(-!F'*2,0(+J!-.0-!3+'(2)<+'!-.+!6203)+&-!%,!-.+!1+2(+)/+3!'10(+D-);+!

!"#(%&'-0&-54!(.0&6)&6!)&!0!6)/+&!;%3+!%,!+L1+2)+&()&6!0!3),,+2+&(+!)&!-.+!P*05)0!%,!

.45+-)(!30-0=!0&3!)'!05'%!0!*&)/+2'05!'-2*(-*2+!-.0-!3%+'!&%-!(.0&6+!>)&E!)-'+5,=!<*-!

20-.+2!3+'(2)<+'!.%@!%&+!1020;+-+2!%,!1+2(+)/+3!3),,+2+&(+!(%22+50-+'!-%!0&%-.+28!

B&!+''+&(+=!,%2!6+%;+-24!%,!1+2(+)/+3!3),,+2+&(+!)&!()2(*;,+2+&(+'!F5+&6-.!0'!0!

P*05)-4!)'!');)502!-%!/%5*;+!%,!'%*&3=!)&-+&')-4!%,!5)6.-=!0&3!)-'!0&6*50254!1*2+!

6+%;+-2)(!(%22+50-+'!02+!0A)&!-%!,2+P*+&(4!0&3!1%-+&-)0554!(%&-0)&!)&,%2;0-)%&!)&!



! "#!

$%&'(!)*+,!*,!)'--!%&*%!.($/01'!.&'2$3'2*!)4%&!/455'('2%!60*-4*!0.$2!7(*.&41*-!$(!

*0/4%$(+!42%'(.('%*%4$289!%&'!1$2%$0('/!,0(5*1'!4,!%&'!1&*27'!('-*%427!%$!*!74:'2!

5021%4$2!*2/!%&'!:'(+!$;<'1%!/'-4:'('/!0.$2!:4,0*-4=*%4$2!$5!%&'!1$(('-*%',!$5!%&*%!

5021%4$2>!?&'!1&*27'!$110(,!42!*!.0('-+!7'$3'%(41!)*+!@)&41&!4,!425$(3*%4$2*-89!%&'!

,%(01%0('!$5!)&41&!*-%'(*;-'!$2-+!0.$2!42/41*%427!,.'14541!-$1*%4$2,!%&($07&!%&'!

2'1',,4%*%'/!A42/,!$5!3$:'3'2%!)4%&42!%&'!,+,%'3>!?&'!%$2'9!)&41&!4,!.0('-+!&+-'%41!

/*%*9!4,!'B.(',,4;-'!%&($07&!.'(1'4:'/!'2'(7+!5-01%0*%427!)4%&42!%&'!5(*3')$(A!$5!

.'(1'4:'/!/455'('21'!42!7'2'(*->!C&4-'!D!5''-!%&*%!%43'!4,!3'*,0('/!%&($07&!

/455'('21'!42!%'(3,!$5!.'(1'.%0*-!1&*27'!$5!*!1$2%420*--+!@1+1-41*--+8!1$(('-*%'/!

)&$-'!':'2%9!/',1(4.%4:'-+!3'*,0(*;-'!42!%'(3,!$5!3*%&'3*%41,9!E0,,'(-!0,'/!%&'!

-*270*7'!$5!3$/*-4%4',!*2/!/0(*%4$2!%$!1&*(*1%'(4='!*2/!'-014/*%'!3'*2427!$5!

1$2,14$0,2',,!$5!%43'>!!

! ?&'!:$1*;0-*(+9!)&4-'!/455'('2%9!/$',!&*:'!1'(%*42!,434-*(4%4',>!?&','!)4--!;'!

/(*)2!$0%!42!%&'!,+2%&',4,!42!.*(%!,':'2>!D%!4,!42!,'1%4$2!,':'2!%&*%!D!)4--!42%($/01'!

&$)!,$3'!$5!%&'!-$741*-!1$21-0,4$2,!%$!)&41&!&'!1*3'!42!&4,!/4,10,,4$2!$5!2$'3*!

425-0'21'/!%&'!/4,1$0(,'!$2!1$2,14$0,2',,!$5!42%'(2*-!%43'>!E$)':'(9!5$(!2$)9!4%!

,05541',!%$!,*+!%&*%!E0,,'(-!/',1(4;',!%&'!,'(4',!$5!2$)F.$42%,!*,!*!-42'9!G%&'!

%'3.$(*-!.$,4%4$2,!&*:'!42%'(:*-,9!%&*%!%&','!*('!3*724%0/',9!*2/!%&'!-4A'9!1*2!;'!

,''2!)4%&!':4/'21'!&'('H!,$!%$$!1*2!50(%&'(!%(0%&,9!,01&!*,!%&'!-*)!$5!%(*2,4%4:4%+!$(!

%&'!-*)!%&*%!45!*!4,!'*(-4'(!%&*2!;9!%&'2!;!4,!-*%'(!%&*2!*I!@E0,,'(-9!JKL8>!?&4,!-42'!

1$(('-*%',!/4('1%-+!%$!%&'!&'47&%!$5!*!1$2'!%&*%!02454',!%&'!1$21'.%,!$5!,.*1'!*2/!%43'!

%&($07&!%&'!3*%&'3*%41*--+!-42704,%419!.&'2$3'2$-$741*-9!3*%&'3*%41*--+!



! "#!

$%&'$(($)*!+,)!-$./$0'12+334!)$(2'15$)!)166$'$,2$!1,!&$'2$17$)!21'28/6$'$,2$(!

$98+31,-!+,!+'2!3$,-0:;!

!

<;=!>'+,(2$,)$,0+3!?:13.(.&:4*!@,17$'(+3!A21$,2$*!+,)!0:$!@,17.2+3!

! !

! B8(($'3!C+(!7$'4!1,0$'$(0$)!1,!&:13.(.&:4D(!'$3+01.,(:1&!C10:!/+0:$/+012(*!

1,(1-:0*!+,)!1,08101.,;!B$!:$3)!0:$($!&'.53$/(!0.!5$!.6!0:$!80/.(0!1/&.'0+,2$;!E,!0:1(!

(85($201.,*!E!C133!.8031,$!:.C!B8(($'3D(!+22.8,0!&'.-'$(($)!6'./!+,)!31,F$)!

&$'2$&08+3!2.,(21.8(,$((!0.!$(($,01+3!8,104*!8,17.2104*!.,0.3.-4*!(21$,2$*!+,)!+,!1)$+!

:$!2+33$)!0:$!316$GC.'3)*!68'0:$'!)$7$3.&1,-!/4!1,0$'&'$0+01.,!.6!0:$($!1)$+(!1,!

($201.,!($7$,;!B$!)1)!0:1(!54!/+F1,-!8($!.6!3.-12;!E!:.3)!0:+0!0:$!-$./$0'4!.6!+!2.,$!

1(!&'$($,0!C10:1,!($7$'+3!)166$'$,0!3.2+01.,(!.6!0:$!&$'2$&08+3!61$3)!+,)!+3(.*!5$1,-!+!

F1,)!.6!8,17$'(+3*!+33.C(!6.'!/8301&3$!+)8/5'+01.,(!.6!+,!.5H$20*!+,)!1(!+!6.'/+3!

.,0.3.-4!0:$!&$'2$&08+3!61$3)!+,)!0:8(!0:$!&$'2$17$)!C.'3);!

! B8(($'3!/+4!:+7$!)$(2'15$)!0:$!2.,0$,0!.6!0:$!$%&$'1$,2$!.6!0:$!7.38/$!.6!

&$'2$17$)!(&+2$G01/$!0.!5$!.228&1$)!54!0:$!/./$,0!.6!&$'2$17$)!:43$012!)+0+!

0:'.8-:!'$2$&01.,!54!0:$*!I2.,2'$0$!/$,0+3!&'.2$((!54!C:12:!0:$!,.$/+012*!.'!

J.5H$2017$*D!2.3.'!1(!J+)8/5'+0$)DK!LB8(($'3*!MNO;!P+!Q1,21!C+(!.,$!.6!0:$!$+'34!&$.&3$!

0.!,.012$!+,)!2.//$,0!8&.,!0:$!6+20!0:+0!0:$!2.3.'!.6!&$'2$17$)!&1-/$,0(!2:+,-$(!

)$&$,)1,-!.,!0:$!(8''.8,)1,-!&1-/$,0(;!B8(($'3!/+4!5$!(8--$(01,-!0:+0!0:$'$!1(!+!

2.,2'$0$!/$,0+3!&'.2$((!54!C:12:!0:1(!2.,0$%08+31R+01.,!.6!1,6.'/+01.,!&'.2$((1,-!

.228'(;!B.C$7$'*!0:1(!C.83)!5$!(0'+,-$*!6.'!-$,$'+334*!E!C.83)!0:1,F!0:+0!0:1(!

:+&&$,(!0:'.8-:!+,!+5(0'+201.,!.6!0:$!2.3.'!6'./!10(!2.''$3+0$)!&1-/$,0;!>:1(!



! "#!

$%&$'()!*+$%'&!,-!.!'+/.)!0.&/!&),12!34+!.!04%5/+&.)$4%!43!)(/!4*6/0)!43!-/+0/-)$4%7!8%!

/&&/%0/9!:/!-/+0/$5/!)(/!04;4+!.&!-/+0/$5/19!.;)(4,'(!)(/!-$'</%)!$&!.!-/+0/$5/1!

4*6/0)!.&!-/+0/$5/17!=(/!-/+0/-)$4%!43!)(/!-$'</%)!$&!:(.)!$&!/>-/+$/%0/1!.&!04;4+7!

=(/!-$'</%)!$&!)(.)!/;/</%)!43!)(/!4*6/0)!43!-/+0/-)$4%!)(.)!14/&!%4)!0(.%'/!:(/%!

)(/+/!.+/!4)(/+!-$'</%)&!.+4,%1!$)9!*,)!)(/!/>-/+$/%0/1!04;4+!43!$)!14/&!0(.%'/7!!

! ?/+0/-),.;!04%&0$4,&%/&&!43!)(/!04;4+!43!)(/!-$'</%)!)(,&!&($3)&!:(/%!4)(/+!

@$%1&!43!-$'</%)&!.+/!&,++4,%1$%'!)(.)!-$'</%)7!A,)!$%!)($&9!:/!&//!)(.)!)(/+/!$&!.%!

/&&/%)$.;!,%$)29!*/0.,&/!)(/&/!&,++4,%1$%'9!04%)/>),.;!-$'</%)&!.+/!/33/0)$%'!)(/!

-/+0/-)$4%!43!)(/!04;4+!43!)(/!0/%)+.;!-$'</%)7!=($&!-(/%4</%4%!$&!.%.;2B.*;/!

)(+4,'(!-&20(4;4'$0.;!/>-/+$</%)&!43!<,;)$-;/!&,*6/0)$5/!/>-/+$/%0/&!.&!:/;;!.&!

)(/4+/)$0.;!+/;.)$4%&!43!<,;)$-;/!04;4+&!4+!-$'</%)&7!C4:/5/+9!)(/!<.)(/<.)$0.;!

)(/4+2!43!(4:!)(/!-/+0/$5/1!04;4+!43!)(/!-$'</%)!:$;;!0(.%'/!(.&!%4)!*//%!3,;;2!

$%)/'+.)/1!:$)(!)(/!-(/%4</%4;4'$0.;!1/&0+$-)$4%!43!)(/!0(.%'/!$%!04;4+7!=($&!$&!.%!

.+/.!)(.)!:$;;!+/D,$+/!3,+)(/+!$%5/&)$'.)$4%!$%!'/%/+.;7!!

! E3!-/+0/-),.;!04%&0$4,&%/&&9!C,&&/+;F&!.004,%)!.;;4:&!,&!)4!&.2!)(.)!:/!(.5/!

04%&0$4,&%/&&!43!)(/!-/+0/$5/1!4*6/0)!.&!-/+0/$5/19!*,)!:(/+/!$&!)($&!4*6/0)!43!

-/+0/-)$4%G!8&!)(/!4*6/0)!43!-/+0/-)$4%!)(/!-$'</%)!$)&/;39!4+!$&!$)!)(/!-/+0/$5/1!04;4+!

.&!-/+0/$5/1G!H4'$0!:$;;!.;;4:!,&!)4!1$&)$%',$&(!*/)://%!)(/!-/+0/-)$4%!43!)(/!

-$'</%)9!:($0(!$%0;,1/&!.!&,+3.0/9!.%1!)(/!-/+0/-)$4%!43!)(/!04;4+9!:($0(!$&!.%!

/>-/+$/%)$.;!-(/%4</%4%9!*/0.,&/!:/!&(4,;1!*/!.*;/!)4!;4'$0.;;2!I:4+@!4,)F!3+4<!

)(/!04%)/>),.;!$%34+<.)$4%!J4)(/+!-$'</%)&!&,++4,%1$%'!.!'$5/%!-$'</%)K!(4:!)(/!

-/+0/$5/1!04;4+!43!)(/!0/%)+.;!-$'</%)!:4,;1!*/!.33/0)/1!*2!)(/!&,++4,%1$%'!

-$'</%)&L-/+0/$5/1!04;4+&!.%1!)(,&!1$&)$%',$&(/19!)(4,'(!)($&!:$;;!4%;2!'$5/!,&!.!



! "#!

$%&'(!)*!+),,-./(!(0%12!+-'3(&2!1)/)$,!4%,!+($1(-5(6!)&!%!&(72$%/!.%18'$)7&6!4./%18!

)$!9:-2(!.%18'$)7&6;!2:(!29)!-&2($%12-&'!+-'3(&2,!,(+%$%2(6!*$)3!(%1:!)2:($<<;!

.(1%7,(!(%1:!+-'3(&2!-&!2:(!,=,2(3!(**(12,!1)/)$!+($1(+2-)&!)*!2:(!)2:($,>!?);!-&!

(,,(&1(!)&1(!29)!+-'3(&2,!%$(!9-2:-&!%!'-5(&!).@(12!)*!+($1(+2-)&!4%!+($1(-5(6!

6-**($(&1(!-&!1)/)$,<;!2:(!29)!+($1(-5(6!1)/)$,!%$(!-&(02$-1%./=!2-(6!2)!(%1:!)2:($;!

2:7,!2:(!(0%12!1)/)$,!)*!2:(!+-'3(&2,!%,!2:(!1)/)$,!9)7/6!%++(%$!)&!%!./%18!)$!9:-2(!

.%18'$)7&6!-&6-5-67%//=;!9-//!&)2!.(!%./(!2)!.(!6-,2-&'7-,:(6;!(01(+2!.(-&'!%./(!2)!.(!

6(,1$-.(6!2:$)7':!1:(3-,2$=!)*!2:%2!+-'3(&2>!A:7,;!2:(!+-'3(&2,!2:(3,(/5(,!%$(!&)2!

2:(!).@(12,!)*!1)/)$!+($1(+2-)&;!.72!$%2:($;!2:(!+($1(-5(6!1)/)$,;!%,!2:(=!%$(!

(0+($-(&1(6!$(/%2-&'!2)!2:%2!+-'3(&2(6!,7$*%1(!%&6!2:(!,7$$)7&6-&'!+-'3(&2(6!

,7$*%1(,;!%$(>!A:(!+:(&)3(&)&!)*!1)/)$!$(/%2-5-2=!-,!5($=!1)3+/(0;!%&6!,276=-&'!-2!-&!

6(+2:!9)7/6!$(B7-$(!3)$(!%65%&1(6!&(7$),1-(&1(!2:%&!C!%3!+$(+%$(6!2)!)**($>!!

! D)9(5($;!-&!2:-,!+:(&)3(&)&;!9(!,((!%&!(,,(&2-%/!7&-2=!E!%!7&-*-(6!,=,2(3!-&!

9:-1:!+($1(-5(6!1)/)$,!%$(!6(+(&6(&2!7+)&!(%1:!)2:($!-&!%!1)&2(027%/!9%=>!!D7,,($/!

2%/8,!%.)72!(,,(&2-%/!7&-2=!2:$)7':!).,($5-&'!2:(!+$)'$(,,!)*!,1-(&1(>!D7,,($/!

.(/-(5(6!2:%2!%!&(9!8-&6!)*!2:-&8-&'!9%,!&(1(,,%$=!*)$!7&1)5($-&'!:)9!2:(!

,=&2:(,-,!2:%2!*)$3(6!%!7&-2=!)*!,(&,(!9)7/6!2%8(!+/%1(>!D(!2(//,!7,!2:%2!2:(!,1-(&2-,2!

$%$(/=!9-//!27$&!:-,!%22(&2-)&!2)!2:(!,7.@(12-5(;!.(1%7,(!)*!:-,!+7$(/=!2:()$(2-1%/!

-&2($(,2>!D)9(5($;!2:(!+),-2-5(!,1-(&1(,!)&/=!)+($%2(!)&!2:(!/(5(/!)*!2:()$-(,!2:%2!

1%&!.(!+72!,2$%-':2*)$9%$6/=!%&6;!!

F9:(&!2:(!2:()$-G($!6-$(12,!:-3,(/*!2)!2:(!+$)5-&1(!)*!

1)'&-2-)&!%,!:-,!2:(3(!H!*%,:-)&(6;!2:%2!-,;!.=!2:(!

1)&2-&7)7,!1%2(')$-1%/!*)$3-&'!)*!(0+($-(&2-%/!

).@(12-5-2-(,!.(/)&'-&'!2)!2:(!+$)5-&1(;!%,!2:(=!1)3(!

9-2:-&!2:(!,1)+(!)*!6(2($3-&-&'!2:(!+$)1(,,(,!)*!

2:-&8-&';!%&6!.=!2:(!,=,2(3%2-1!1)&&(12-&'!)*!2:(!



! "#!

$%&'()*%+,!)-.,!(/0.*&123!)%!'(41!/%5+*)*%+(6!

$%&'()*%+,!()!-*5-1&!(+2!-*5-1&!61716,8!)-1!%91+6:!
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(.()&3(!,5&-*)&!*-&!*66,35*4/&1!>/)%!)%&!+*>!,2!E-*74*4B<!F&6)/,4!G!,2!!"#$%&$'()*"

+,''$(-"%."+$(*$/')%-"CH33&-(,49!IJJKD9!/(!&;/1&46&!)%*)!)%&!1/*7-*3!,2!/++8(,-.!

6,4),8-9!*!5-/46/5+&!,2!'&()*+)!5(.6%,+,7.9!/(!5-&(&4)!>/)%/4!)%&!7&,3&)-/6L*+7&0-*/6!

2,-3!,2!*!+/7%)!>*;&<!



! "#!

!

$%#!&'(!)*+,-+./(0!

!

! &'(!(1.(*+(,2+3/!0.3-(!*(/+(0!4,!3!-4,0-+450!.(*-(.2+4,%!6(023/2!2'(4*+(0!/447!

32!'48!+,94*:32+4,!+0!;*45.(<!=>!2'(!.(*-(.253/!0>02(:!30!8(//!30!'48!.(*-(.2+4,!

49!*(.*(0(,232+4,0!49!4=?(-20!452!49!.322(*,0!3*(!<(/+@(*(<!24!2'(!.(*-(+@(*!=>!2'(!

/38!49!(:(*;(,-(%!A,!05-'!-30(0B!2'(!4=?(-20!4*!+:3;(0!-4:+,;!24!.(*-(.2+4,!452!49!



! "#!

$%&'&!()$$&*+'!)*&!(&*,&-.&/!)'!)!0%12&3!4)$%!)+/!$%&!51/6!17!',-&+,&'!,)+!5&!8'&782!

-+!91/&2-+:!$%&!&2&9&+$'!-+.12.&/!-+!(&*,&-.&/!,%)+:&!1.&*!$-9&!)+/!-$'!

*&2)$-1+'%-(!0-$%!17!'85;&,$-.&!&<(&*-&+,&!-7!&+18:%!*&2&.)+$!,1+$&<$8)2!-+71*9)$-1+!

-'!:-.&+!$1!$%&!91/&23!

! =8*$!=177>)?@!0)'!)+!&)*26!A&'$)2$!('6,%121:-'$!0%1!0*1$&!B*-+,-(2&'!17!

A&'$)2$!B'6,%121:6C!-+!?DE"3!F%&!7),$'!17!/-*&,$!(&*,&($-1+!,)+!5&!*&2)$&/!-+$-9)$&26!

$1!15'&*.-+:!)+/!&<(&*-9&+$3!=177>)!,1+'-/&*&/!$%&!*&2&.)+,&!17!17!'()$-)2!

1*:)+-G)$-1+!71*!(&*,&($-1+3!H(&,-7-,)226C!=177>)!')6'!1+!$%&!-/&)!17!718*!/-9&+'-1+)2!

1*:)+-G)$-1+!$%)$C!I0&!%).&!)*:8&/!18*'&2.&'!J-+!K%)($&*!LM!$%)$!*&)2-$6!,)++1$!5&!

$*&)$&/!-+!$&*9'!17!'(),&!)21+&C!$%)$!$%&!$-9&!/-9&+'-1+!98'$!+&,&'')*-26!5&!

-+,28/&/N??3!O10!-'!$-9&!/-77&*&+$!7*19!'(),&P!Q!(1-+$!,)+!91.&!)21+:!)+6!'()$-)2!

/-9&+'-1+!0-$%18$!*8++-+:!)21+:!)+1$%&*!56!$*).&2-+:!-+!)!'$*)-:%$!2-+&3!O10&.&*C!

+1!(1-+$!,)+!91.&!)21+:!)!'()$-)2!/-9&+'-1+!0-$%18$!$%&!/-'$)+,&!-$!$*).&2'!)21+:!

1+&!17!$%&!$%*&&!,1991+26!),,&''-52&!'()$-)2!/-9&+'-1+'!5&-+:!&<(*&''-52&!-+!$&*9'!

17!1+26!)!$-9&R2->&!/-9&+'-1+3!F%-'!-'!$%&!8'&782+&''!17!$%&!$%-*/!/-9&+'-1+S!-$!)2210'!

$%&!$-9&!/-9&+'-1+!$1!$)>&!(2),&C!)+/!-'!$%8'!)+!-9(2-,-$26!718*R/-9&+'-1+)2!'(),&!

&<(*&''-52&!$%*18:%!)2:&5*)!)+/!:&19&$*6!8(1+!$%&!,1+'-/&*)$-1+!17!$%&!$-9&R2->&!

.)*-)52&T'!&<(*&''-1+!-+!$&*9'!17!'(),&3!

! U&-7-,)$-1+!-'!$%)$!:&+&*)$-.&!)'(&,$!17!(&*,&($-1+!*&'(1+'-52&!71*!'8,%!

(%&+19&+)!)'!.-*$8)2!,1+$18*3!V+&!,)+!,*&)$&!)!0%12&!*&)29!17!/&'-:+'!$%)$C!0%&+!

(&*,&-.&/C!(*1/8,&!$%&!&<(&*-&+$-)2!&77&,$!17!'&&-+:!'19&$%-+:!$%)$!%)'+T$!),$8)226!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
?@!=8*$!=177>)!0)'!51*+!-+!?WWXC!)+/!/-&/!-+!?DE?3!
??!=177>)C!=3!!"#$%#&'()*+,*-()./'.*!)0%1+'+20*34$.("$/.#+$/'*5#6"/"0*+,*!)0%1+'+2073!

?!&/3!Y&0!Z1*>[!U18$2&/:&C!?DDD3!B*-+$3!



! "#!

$%%&!'()*&!+,-.!/+(!0&1-)&2%3!0&!-4%!2)1%!+5!-4(%%!1%6)()-%!6)278%&!69)2%'!0&!)!

20(29%3!-4%0(!8+,-41!5)20&:!-4%!80''9%3!+&%!1%%1!)&!%;,09)-%()9!-(0)&:9%3!%<%&!-4+,:4!

-4%(%!4)1!&+-!$%%&!+&%!'()*&!+,-!%=69020-9>.!?!'0):()8!'%90<%(0&:!-4%!%55%2-!+5!

<0(-,)9!2+&-+,(!*4%&!6%(2%0<%'!01!6(%1%&-!0&!!"#$%#&'#()*+$,-((#).$&/$,#)+#0(*&.$

!"#&)#'1$@A88%(1+&3!BCCDE!F%2-0+&!G.!H401!'0):()8!01!5+,&'!5(+8!<01,)90I0&:!-4%!

1-(,2-,(%!+5!-4%!%&%(:>!+5!)!*)<%9%&:-4!+5!90:4-!-()<%90&:!*0-4!*)<%9%&:-4!%;,)9!-+!

4%0:4-!+5!-4%!2+&%3!*4024!01!'%12(0$%'!-4(+,:4!'055%(%&2%!0&!20(2,85%(%&2%1!+5!-*+!

20(29%1!)6690%'!-+!-4%!J>-4):+(%)&!-4%+(%8!*4%&!-4%!()'0,1!+5!-4%!0&0-0)9!20(29%!01!

)9*)>1!K%6-!)1!-4%!19)&-!+5!-4%!2+&%.!H401!1%(<%1!)1!)!8)-4%8)-0I)-0+&!+5!-4%!

'0):()8!+5!099,1+(>!2+&-+,(3!)1!*%99!)1!)!(%9)-0+&!-+!-4%!1-(,2-,(%!+5!90:4-!0&!-4%+(>.!

H4%!099,1+(>3!+(!L<0(-,)9M!2+&-+,(1!)(%!0&-%(6(%-%'!$>!-4%!<01,)9!1>1-%8!)1!(%)9!

2+&-+,(1.!N0:4-!%&%(:>3!05!0-1!*)<%9%&:-4!01!'%12(0$%'!$>!-4%!4%0:4-!+5!-4%!2+&%3!

'%90<%(1!)!'0):()8!+5!099,1+(>!2+&-+,(.!H4%!4%0:4-!+5!-4%!2+&%!01!)!'01-)&2%3!-4+,:4!0-!

4)1!%=6(%110+&1!0&!-%(81!+5!0&0-0)9!()'0,1!)&'!)&:9%!-)K%&!+,-!+5!-4%!0&0-0)9!20(29%.!!

! O%1-)9-!61>24+9+:>!)91+!0&-(+',2%1!-4%!0'%)!+5!8,9-071-)$090->3!*4024!01!)!

64%&+8%&)9!%=6%(0%&2%!+5!6%(2%0<0&:!)!6)--%(&!+(!14)6%!)1!(%6(%1%&-)-0<%!+5!-*+!

-40&:1!+(!+(0%&-)-0+&1!)-!+&2%.!P&!-4%!2)1%!+5!-4%!08):%!+5!)!',2KQ()$$0-!1+8%3!90K%!

R+(*++'!S,11%99!T)&1+&3!)(:,%!-4)-3!L-4%(%!01!&+!69)2%!0&!-4%!1%%0&:!5+(!-4%1%!

'055%(%&2%13!1+!-4%>!8,1-!90%!0&!-4%!0&-%(6(%-)-0+&1!6,-!+&!*4)-!*%!1%%MUB!@VSJ3!BDWE.!

X%-3!'+%1!-401!&+-!69)2%!)!*4+99>!1,$Y%2-0<%!0&-%(6(%-)-0+&!+5!-4%!64%&+8%&+&3!

1,::%1-0&:!-4)-!T)&1+&!8)>!$%!%&'+(10&:!1,$Y%2-020->3!*4024!*)1!+,-90&%'!0&!-4%!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
UB!F4*)(-I3!S+$%(-3!%'.!Z/(+8!J)--%(&1!+5![012+<%(>.Z!,#)+#0(*&.$234-+56#44$

7#-8*.91$*.$,"*4&1&0":;.!\)9'%&3!\?]!^09%>7V9)2K*%993!BCC_.!"U.!J(0&-.!?99!

5,(-4%(!(%5%(%&2%1!-+!-401!1+,(2%!*099!$%!20-%'!6)(%&-4%-02)99>!0&!-4%!-%=-.!



! ""!

#$%%&'(!%&)*+,-.!/!0+*!*,,!1$)23!4510,(+)!6$)7%!(,,7!(+7&!1+'','!+1/8&%!,9!%510,(+)!

'/00+*%:!;2+%!+%!-,*!/!),-*',<&'%5!,9!=2&*2&'!5,$!>&')&+<&!/!6$)7!,'!'/00+**:!?*!+%!

2,=&<&'.!/-!+1/8&!&@2+0+*+-8!*2&!*'&-6!,9!1$(*+A%*/0+(+*5.!*2&!>2&-,1&-,-!,9!/-!

/10+8$,$%!<+%$/(!6&>+)*+,-!&-/0(+-8!1$(*+>(&!+-*&'>'&*/*+,-%!,9!*2&!6&%+8-!%$)2!*2/*!

+*!8,&%!0/)7!/-6!9,'*2!0&*=&&-!>,%%+0(&!,'+&-*/*+,-%!,'!+-*&'>'&*/*+,-%:!B&%*/(*!

>%5)2,(,85!2/%!-,*!5&*!*'+&6!*,!6&%)'+0&!2,=!*2+%!2/>>&-%.!0$*!>'+1/'+(5!9,)$%&%!,-!

%*$65+-8!*2&!&@>&'+&-*+/(!>2&-,1&-,-:!!

! ;2&!B&%*/(*!>'+-)+>(&!,9!+-</'+/-)&!%+1>(5!'&9&'%!*,!*2&!9/)*!*2/*!/!6+%*+-)*!

,0C&)*.!=2&-!',*/*&6.!=+((!'&1/+-!+6&-*+9+/0(&!05!*2&!>&')&>*$/(!%5%*&1!$>,-!

',*/*+,-!,'!)&'*/+-!*'/-%9,'1/*+,-%!(+7&!&(/%*+)!6&9,'1/*+,-%!D%*'&*)2+-8E.!,'!

</'+/*+,-%!+-!(+82*+-8!,'!%2/6+-8:!F-&!)/-!',*/*&!/-!,0C&)*!/-6!+6&-*+95!+*!/%!*2&!%/1&!

,0C&)*:!!

! G1&'8&-)&!+%!*2&!B&%*/(*!>'+-)+>(&!*2/*!6&%)'+0&%!2,=!/-!+1/8&!+%!9,'1&6!/%!

/!=2,(&.!-,*!05!'&),8-+*+,-!,9!+*%!),1>,-&-*!>/'*%:!G1&'8&-)&!6&%)'+0&%!*2&!

1,%/+)A(+7&.!=&((!,'8/-+H&6!/-6!(,8+)/((5!),-%*'$)*&6.!%$0*(5!>&')&+<&6!>/**&'-!

),-9+8$'/*+,-%!05!*2&!<+%$/(!%5%*&1:!B&%*/(*!>%5)2,(,85!&%*/0(+%2&%!*2&%&!>'+-)+>(&%!

/%!6&%)'+>*+<&.!-,-A&@>(/-/*,'5!>'+-)+>(&%:!!

! ;2&!(/=!,9!>'/8-/-H.!,'!>+*2+-&%%.!+%!/!9$-6/1&-*/(!*&-/-*!,9!B&%*/(*!

>&')&>*$/(!*2&,'5!/-6!>',>,%&%!*2/*!*2&!<+%$/(!%5%*&1!,'8/-+H&%!+-9,'1/*+,-!+-!/!

%5%*&1/*+).!'&8$(/'.!%511&*'+)!/-6!%+1>(&!=/5:!I2/*!=+((!0&!6+%)$%%&6!+-!>/'*!%&<&-!

=+*2!'&8/'6!*,!*2+%!(/=!+%!*2/*!*2&'&!/'&!9$-6/1&-*/(.!%+1>(&!,-*,(,8+)/(!%*'$)*$'&%!

,9!>&')&+<&6!6+99&'&-)&!*2/*!)/-!>2&-,1&-,(,8+)/((5!&@>'&%%!>&')&+<&6!%>/)&A*+1&!

/%!/!$-+9+&6!%5%*&1.!+-)($6+-8!/-!+-</'+/-*.!&@2+0+*+-8!'&+9+)/*+,-.!/-/(,8+&%!*,!



! "#!

$%$&'$()$*!+,!-$..!+,!)/+&+)0$&1,01)!)2%32($(0,!-/2,$!$43&$,,12(,!)+(!5$!6,$7!02!

&$(7$&!)2%%2(.8!$()26(0$&$7!91,6+..8!0$406&+.!,6&:+)$,!1(!0/$!-2&.7!0/&26'/!

25;$)019101$,!2:!'&+71$(0,<!=/$,$!25;$)0,!+&$!3$&)$19$7!1(9+&1+(0.8!1(!0/$!,$(,$!0/+0!

0/$8!+&$!)+3+5.$!2:!&$)2'(1012(!632(!&20+012(*!0/26'/!0/$8!+.,2!)2(0+1(!+!3+&+%$0$&!

0/+0!1,!1(9+&1+(0!0/&26'/!0/$!0&+(,1012(!7$,)&15$7!58!0/$!,8,0$%!2:!0/$!'$2%$0&1)!

&$.+012(,!2:!0/$!3$&)$19$7!71::$&$()$<!>2%$!2:!0/$,$!25;$)0,!+.,2!$4/1510!%6.01?

,0+51.108<!@(!:+)0*!10!/+,!5$$(!,6''$,0$7!0/+0!0/$!3&1()13.$,!2:!A$,0+.0!3,8)/2.2'8!%+8!

5$!+5.$!02!5$!0&+)$7!02!+!,1('.$!%$)/+(1,%<!=/1,!%$)/+(1,%!-26.7!5$!,1%3.$*!

5$)+6,$!10!1,!3/$(2%$(2.2'1)+..8!5+,$7!1(!$17$01)!2(02.2'8*!2&'+(1B+012(+.*!+(7!

&$.+0$7!02!3&+'(+(B!0/&26'/!10,!,1%3.1)108!+(7!,8%%$0&8<!

! @(!,$)012(!,$9$(*!10!1,!0/1,!17$+!2:!3&+'(+(B!0/+0!-1..!5$!0/$!:2)6,!2:!0/$!A$,0+.0!

+,3$)0,!1().67$7!1(!%8!2-(!+))26(0!2:!3$&)$306+.!0/$2&8<!@(!,$)012(!,$9$(*!0/$!

,1%3.1)108!2:!:2&%+.!2(02.2'8!-1..!3&2917$!+!'&26(7-2&C!:2&!-/1)/!)$&0+1(!

3/$(2%$(+!,0671$7!58!A$,0+.0!3/1.2,23/$&,!.1C$!%6.01?9+&1+()$*!1..6,2&8!)2(026&*!

1(9+&1+()$*!%+8!5$!,/2-(!02!5$!3&$,$(0!1(!71::$&$(0!1(0$&3&$0+012(,!+(7!+33.1)+012(,!

2:!:6(7+%$(0+..8!0/$!,+%$!,8,0$%!%+0/$%+01)+..8<!=/1,!,8,0$%!7$.19$&,!91,6+.1B+5.$!

:6()012(,!-10/!0/$!)/+&+)0$&1,01),!2:!%6.01?9+&1+()$*!1..6,2&8!)2(026&*!+(7!1(9+&1+()$<!

D+0/$%+01)+..8!5+,$7!$43$&1%$(0,!E1(!0/$!,$(,$!2:!%+0/$%+01),!+,!+!5&+()/!2:!

,)1$()$F!6,1('!0/$!'$2%$0&1)!:&+%$-2&C!2:!,3+)$?01%$!7$,)&15$7!58!0/$!'$2%$0&1)!

3+00$&(!2:!3$&)$3012(!0/$2&$%,!1().67$!A$,0+.0!3/$(2%$(+<!=/$!:+)0!0/+0!0/1,!

,8,0$%!1,!,1%3.$*!6(192)+.*!,8%%$0&1)*!,8,0$%+01)*!+(7!&$'6.+&!,6''$,0,!0/+0!10!%+8!

5$!1(92.9$7!1(!0/$!-2&C1(',!2:!0/$!3$&)$306+.!,8,0$%*!+(7!-1..!0/6,!5$!3&232,$7!+,!

+(!1(0$'&+.*!:6(7+%$(0+.!3+&0!02!3$&)$306+.!0/$2&8<!!



! "#!

! !

!!"#$%"&'()*+,+-'.,/"0))1',2$%3"

" "

! $%&!'()*+,-,.(/-0!-**1(-'%!,(!2.3+-0!*&1'&*,.(/!4-3!-52-/'&5!61&-,07!87!

,%&!4(19!(:!;-2.5!<-11=>?!<-11@3!*1.)-17!,%&)&3!-1&!5&3'1.8&5!./!-!8((9!87!A.'9.!

B1+'&!-/5!C-,1.'9!D1&&/!&/,.,0&5!A.3+-0!C&1'&*,.(/E!C%73.(0(67F!C37'%(0(67F!-/5!

G'(0(67=H?!<-11!'-)&!+*!4.,%!,%&!.5&-!(:!-!I?"!;!39&,'%F!8+,!:.13,!'-)&!,(!3&2&1-0!

1&-0.J-,.(/3F!./'0+5./6!,%&!!"#$%&'()*+,-!-/5!,%&!2.3+-0!*-,%4-7?!$%&!2.3+-0!*-,%4-7!

-00(43!+3!,(!+/5&13,-/5F!K%(4!,%&!*-,,&1/!(:!0.6%,!:-00./6!(/!,%&!1&,./-!.3!

,1-/3:(1)&5!./,(!-!37)8(0.'!1&*1&3&/,-,.(/!(:!,%&!&/2.1(/)&/,F!./!4%.'%!,%&!

*(3.,.(/3F!(1.&/,-,.(/3!-/5!)(2&)&/,!(:!3+1:-'&3!-1&!)-5&!&L*0.'.,M!NB1+'&!-/5!

D1&&/F!#IO?!P(1!<-11F!,%&!'()*+,-,.(/-0!,%&(17!.3!,%&/!3()&4%-,!(:!-!

1&*1&3&/,-,.(/-0.3,!-''(+/,?!<-11!+3&5!'()*+,-,.(/-0!-06(1.,%)3!,(!5&2&0(*!

)-'%./&3!,%-,!'(+05!8&6./!,(!1&'(6/.J&!(8Q&',3?!KR/!-06(1.,%)!:(1!:./5./6!&56&3!

8&6./3!87!0('-,./6!'%-/6&3F!(1!."%/#*0+(F!./!0.6%,!./,&/3.,7!./!,%&!.)-6&?!$%&!3.)*0&3,!

-06(1.,%)!4%.'%!'(+05!8&!+3&5!,(!5(!,%.3!4(+05!8&!(/&!4%.'%!'()*+,&5!5.::&1&/'&3!

./!0.6%,!./,&/3.,7!./!&-'%!1&6.(/!(:!,%&!.)-6&M!NB1+'&!-/5!D1&&/F!#>O?!$%&!./,&/3.,7!(:!

0.6%,!'-/!8&!*0(,,&5!./!-!'((15./-,&!*0-/&!-3!-!/+)8&1?!$%+3F!&-'%!*(./,!(:!./,&/3.,7!

'(+05!&-'%!%-2&!-/!-33('.-,&5!1-5.+3!4.,%!.,3!5.3,-/'&!:1()!(/&!(:!,%&!-L&3?!$%&!

5.::&1&/'&!./!,%&!'.1'+):&1&/'&3!(:!,%&!'.1'0&3!*1(5+'&5!87!,%&3&!1-5..!N61-*%&5!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
=>!;-2.5!<-11!4-3!-!B1.,.3%!/&+1(3'.&/,.3,!8(1/!./!=SH"?!T;-2.5!<-11!

N/&+1(3'.&/,.3,O?T!1#)#!*/#%2'3%4#/'5%""?!U?*?F!/?5?!V&8?!I!R*1?!IW=W?!

X&/?4.9.*&5.-?(16Y4.9.Y;-2.5Z<-11ZN/&+1(3'.&/,.3,O[?!
=H!B1+'&F!A.'9.?!6#(7%&'8*",*!+#902'8-:(#9&9.:;'8(:,-9&9.:'%0/'<,9&9.:?!H!&5?!U&4!

\(19F!U&4!\(19E!C37'%(0(67!C1&33F!IWW>?!C1./,?!R00!:+1,%&1!1&:&1&/'&3!,(!

,%.3!3(+1'&!4.00!8&!)-5&!*-1&/,%&,.'-007!./!,%&!,&L,?!



! "#!

$%&'(!%)(*)+%(%*+,!-./$0!('*)!1*!.2!+.3*!34('*34(%54$!/+*!(.!('*!4)4$6+%+!.2!+/5'!

04(47!1*54/+*!%(!0*+58%1*+!4!&840%*)(!.2!('*!5.)(*9(!.2!('*!5'4)&*!%)!%)(*)+%(6!%)!4!

+%3:$*!-46!-'%$*!4$+.!0%+58*(*$6!1*%)&!41$*!(.!$.54(*!4!:.+%(%.)!.2!4!:.%)(!+./85*!
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+'4:*!%+!4!&*)*84$%G*0!5.)*7!.8!4!+*(!.2!+/5'!5.)*+H!FI8/5*!4)0!J8**)7!K#L,;!<!

:8.:.+*!('4(!('*!0%22*8*)5*!%)!5%85/32*8*)5*+!.2!(-.!5%85$*+!4::$%*0!(.!('*!

M6('4&.8*4)!('*.8*3!%+!4!)*-!-46!2.8!0*+58%1%)&!4!&*)*84$!5.)*7!4)0!('/+!%(!

:8.=%0*+!4!)*-!3*('.0!2.8!+(/06%)&!:+65'.:'6+%54$!04(4!.8!('*!04(4!.2!('*!

5.3:.+%(%.)!.2!4!=%*-*0!+/8245*;!<(!5.)(4%)+!4)0!0*+58%1*+!4!&840%*)(!.2!:*85*%=*0!

5'4)&*!34('*34(%54$$6!%)!4!+%3:$*7!5$*487!4)0!5.)5%+*!-46;!<)!400%(%.)7!LB!3.0*$%)&!
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! I*+3,!J))+-,!*%!-!039,*/*7&!%0*&,/*%/!830$%*,9!*,!7*%$-)!'&(0&'/*3,!213!
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?43%!'2)*340+!30!B2'<B2(34:2/!80'!@4+0(&)*'!:4<40+/!3%2!(01B&3*340+*)!
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520123'C!6%2'2!3%2!)4+2!08!<45%3!08!2*(%!2C2!(012<!30!*!B04+3!0&3!4+!3%2!60'),=!?%2+!
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/0*!A'17>-0!A2>)!275!='(;,!A-;&--7!01(=2>-0!2;!-7'(8'10!@-3'>/;9!275!(-2>,-0!2!0'(;!
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7'/)(+&*+$,/!$%!*-'!13<$4*/!$%!/4(%3)'/!+,!7+%%'(',*!:3</8!
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3!.'7+4.0!:-+)-!311$:/!*-'!&3//32'!3,7!('6'(='(3*+$,!$%!1+2-*!3,7!*-'!1$)$.$*+$,!
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-.$-/*-1'-!2(-!8+&!+18!1*5(2!*1!%*0*,+/!6/-B4-1'&!/-5+/8,-%%!)6!();!0+1&!;-!(+7-!

,*7-8!2(/)45(CD3!;(*'(!8*/-'2,&!-66-'2!,*7*15!)/5+1*%0%9!:1-!-,-0-12!)6!2(-!
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J..2,%*';!KLMN5!J!$,&),0!8(+*2)=(8!=4!-,2$%3!,0&,3,:4!,-!8)--(2(0*(!)0!
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$%%&'!()'!%*%'!+&%,-!./(%!0)'123!4+5367!89:;<!/(%!6)'=2,>%!?5+@!=(%!&+')=)+,!+?!=(%!
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?1,62@%,=23!),')D(='!),=+!=(%!@%2,),D!+?!D%+@%=5*!=+!&%5>%&=123!&(%,+@%,2<!M)'!
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),8('8')9'/,1,'-!@8'-.3')%(*1,'-A6!3*5'01!*-7!

(%&3%81*-8%/!)%(.%<!B(6!1'!901!,1!7,&&%(%-1356!14%!3*5'01!
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)</%(5-',)&I!?+%&!4%!/-7!JKJLA6!'+,/!,/!&)'!-!'(:'+!'+-'!0%9%&0/!)&!$)1&,',)&2!M'!
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Theory of Consciousness, Perception and Visionary Experience

I. Introduction: Conscious Reality and the Locked-in Perception

Conscious reality is not a field of theories, but an engaging experience of the relation 

of memories, impressionisms, and dreams. To draft an experience of cosmic perceptual 

morphosis, we engage with the truth that we can tap into the reflection of light and space-

time within the mind. The mind structures reality for the perceiver. This is a perceived 

truth, and understanding it involves meshing realities through theory of consciousness and

perception. To begin looking at the theories of consciousness, I will outline a few. To 

begin showing how the mind has access to the ability to fill in experience of reality 

through the guidance of perceptual contour, I will use the theories of consciousness. To 

elucidate a possible realization of the fact that the mind can change the experience of the 

world for one or more people, an “ideal emotion” (Arno, xx), can sometimes result within 

the subjective experience, ending the session of altered perception temporally, and with 

throughness of the experience, leaving the individual in awe.

Miming can tap into the experience of reality for a crowd. In a similar way, the mind, 

mediating cognition through understanding the structure of its own perception, can alter 

reality to the phenomenal experience of one or more perceivers if any other individual is 

giving a portion of their persona to the experience of reality on the same “intersubjective 

reality” to a being generating an individual experience of true reality through cognition. 

Natural science is helpful in determining the meaning of the proposition of some of these 

kinds of claims and structure of real cognitive experiences actually taking place.



It is necessary to also propose a phenomenology of time in order to correlate the 

experience of space-time accelerating through the course of an individual experience of it 

perceptually, because through space-time, objects are correlated in being to the perceiver. 

Thus, we will be able to weave ideas of spatial structuring through time, and structuring to

the relationship of perception of time to depth and contour. When the perception is 

locked-in on an object of the world, that object is subject to cognition, which delivers 

consciousness of the object to the individual. 

II. Support for a Theory of Manipulation of Experiential Perception of Contour 

through the Conscious Experience of Time and expression substitution, and understanding

through the natural sciences. 

When exactly one unit of time has passed, there is no experience of time if time is 

cyclic, except as a digital place-holder. For the following paragraph, please refer to the 

math item attached to the end of this paper for specific references to the meaning from the 

ontological description to which the meaning pertains scientifically. The mind, conscious 

of time and cognizant through being, views the world, in theory, through the being of the 

worldly embodiment, which contains certain laws within it. When we know what A is, 

and A is a transformational parameter of a section of a system of being, we can show that 

under certain conditions, B is A, because they are the same variable. Because we know 

that A is definitely the case, we can say that B is contingent upon C, where C is some 

exact position (that upon which B=A is contingent) within a correlation of phenomenally 

described, perceptually experienced parameters. What is interesting is that a result from A 

called Z is a component of C, and can be substituted or not substituted into a given 

expression for C in many different locations within that expression. In this way, if A is the

space-time perceived by an individual, and matter rests within it, cognition allows this 

substitution to take place and change the perception for the perceiver through time. “Such 



test implications are thus implications in a twofold sense; they are implications of the 

hypotheses from which they are derived, and they have the form of if then sentences, 

which in logic are called conditional or material implications.”1 idea of B in an expression 

called X, and C is the case, X=Z, 

The process of experiencing reality in this way involves a synaptic relation of the 

neurons. The phenomenon we are attempting to study with natural science in this case is 

the interaction of the subject and reality through a cognitive experience of being. This 

experience of being entails motion, reception, or inception of the personality. When we 

understand the intrinsic structures of the correlation of cyclicality to time and space to 

cyclicality, we will be able to cease the cyclic motion entirely, because we will realize that

there is never a complete circle in terms of difference. Only when there is a ratio of the 

initial radius of an object’s projection on the retina to the diameter of that circle whose 

area exists within the retina is perception of the sample of the array said to be abstractly 

volitional. The volition rests within the understanding of natural sciences, because, “the 

specified test conditions are technologically realizable and can thus be brought about at 

will; and the realization of those conditions involves some control of a factor (position 

during delivery; absence or presence…) that, according to the given hypothesis, affects 

the phenomenon under study” (The Natural Sciences, 20). At will, we are able to adopt or 

deny the existence of time (within the same understanding of it, it can be shown to be both

nothing and expressible in terms of other parameters of an ontological system). If we 

adopt it, allowing the structure to be visualized, and mesh the visualization of it with the 

plane of experiential reality, then we are able to evoke the qualia of the being through a 

perception of a ripple in the actual material.

A synchronization of an experience of time with the location of points on a sphere is a 

synthesis of cognition and reality in a linguistic structure as well. Such truths (those found

1 G., Hempel Carl. Philosophy of Natural Science (Foundations of Philosophy Series). 
Englewood Cliffs, NJ: Prentice-Hall, 1966. Print. Pg. 20 (All further references to this 
source will be cited parenthetically in the text (The Natural Sciences, Pg. #))



through expressing difference mathematically and seeking out the intrinsic structures of 

relativity) are the only available way for the cognitive system to access the meaning of 

depth perception from the sample of the environment in a regular (structured) way when 

focusing attention on an object. Such truths are yielded from calculating difference 

cyclically, while there is a change of directionality for the initial parameter defining the 

circle. Knowledge and expertise certainly affect how we perceive the world and the 

structures and objects within it. Such calculations yield a set of ontologically defined 

objects from incorporating a phenomenal experience into the meaning of the mathematical

application.

When I use a word, I can usually construct a phrase to have the same meaning as the 

meaning of that word. This is what I call a potential synonymity. This leads to viewing the 

perspective of multiple people on a word and the debate of meaning in general. However, 

the important thing to pull out of this idea is that the meanings themselves can be 

synonymous to different cognitive perspectives on consciousness of objects in the world. 

That is, if the meaning of a brain is the persona of the developing and generative mind 

within it, then how are we to differentiate between the mind and the object that is the 

brain? Or moreover, are there potential synonymities between consciously experiencing 

through the mind and the material object of reality?

This involves cognition when we consider its ontological significance. Only when 

everything and nothing are conceptualized and placed in a framework in which that pre-

defined term’s being everything is necessitated by the framework to be nothing does the 

passing of the moment lose sense to the meaning of its initial assumptions for real 

numbers. 

Hallucination is a factor often brought in for discussing those characteristic mental 

states that affect the experience of reality. If we break the word down and figure out its 

root meaning, we can have a better idea of what the structure of the hallucination entails. 

A hallucination involves perceiving real sensory experience that is of a figment of 



imagination and not based in what is held by every day objects to be the objective world. 

One could argue that hallucination is so closely related to the idea of deception, it is not 

proper for the context of actual, perceptual relevance. Yet, the hallucinatory experience (in

the colloquial usage) could deliver the perception of an object in its entire ecological 

context to an individual undergoing the hallucination. Then, who is the one hallucinating 

to the person hallucinating who does not think that they are?

Does visualization in an altered or transcendental state of mind mean hallucination? 

There are hallucinatory perceptions, but in this paper, the definition of hallucination does 

not mean that the thing being hallucinated is not real to the individual experiencing 

something. The hallucination exists as a structure of the conscious experience of the 

objective world or a manipulation of the normal reaction to local materials or vibrations 

through cognition. The set of ontologically derived objects is often useful for the process 

of visualization or altering the experience of one’s reality. However, what psychological 

factors of humans affect the manner of their hallucination are often psychosomatic 

reflections on past experiences or internal human personality traits is a complex issue. 

Simply, we wish not to consider the visualization of the set of ontological objects to be

a hallucination in the sense that what’s being perceived is not real or not material. While 

parameters of the ontological structure can be described as pertaining to time or distance, 

they are simply in their pure quantitative form, a relationship of numbers through 

mathematical operations of a difference of the location of the spatio-temporality in a 

continuous system (a moment of experience is said to be continuous). Each variable or 

relation of variables in the system is expressible by a certain object of visualization. The 

structure through which a perception is taking place is related innately to this 

understanding of being from a difference in the circumference of two circles, which 

depends on the ratio of a circle to its diameter and two different distances, one initial and 

one from a continuous function of the difference through motion.



This kind of problem is what led some philosophers to believe that perceptions were 

purely hallucinations. While I do not think this, I do think that the information contained 

within our mind and its relation to the body does shape our experience of reality, 

“localization of sensings is in fact something in principle different from the extension of 

all material determinations of a thing”2 . The localization of sensations may have certain 

physiological responses when the mind focuses on perceiving the centers of these 

physiological systems. If Buddhism is one of the most advanced languages of mind, it 

might be alright to reference some of its genuine analogies from its tradition of realization.

“A  modern  teacher,  Tenzin  Wangyal  Rinpoche uses  a  computer

analogy: main chakras are like hard drives. Each hard drive has many files.

One of the files is always open in each of the chakras, no matter how

‘closed’ that particular chakra may be. What is displayed by the file shapes

experience”3. 

If I contain a mathematical equation within my mind or even a visualization of the 

meaning of the system from which it came, I may experience that form out of the material 

that is present to me in the physical world. The experience of the object is accessible 

through how it is seen. In essence, the form seen in something may arise out of the mind. 

Knowledge acquired from one’s visual and reasoning skills can effect the experience, 

especially if that knowledge was gained from realizing something true about the actual 

reality and its spatio-temporal structure(the correlation of its distinct elements within a 

unit of the experience of the geometric correlates to those elements expressed by a set of 

ontological objects discovered through math). If the manipulation of the experience 

2  Husserl, Donn Welton Edmund. The Essential Husserl: Basic Writings in 
Transcendental Phenomenology (Studies in Continental Thought). New York: NY, 1980. 
Print. Page 178. (All further references to this source will be cited parenthetically in the 
text (Husserl, Pg. #)).
3 Wikipedia. "Bön (A series on Tibetan Buddhism)." Bön. N.p., n.d. Web. 12 Dec. 2009. 
<en.wikipedia.org/wiki/bön>.



through accessing the truth of the nature of the experience is realized within the 

physiological systems (the brain, the lungs, the heart, etc.), ones being and cognitive 

actions effect the experience through reality and also effect it psychologically.

How would our experience change from thinking that infinity is not equal to zero to 

suddenly considering the possibility of the symbol for everything being equal to the 

symbol for nothing within a system that posits a correlation between an infinitely large 

parameter?

Although the pure structure of being necessitates that 0=   at the maximum 

value of the initial condition if the initial condition is infinitely big, the relativistic, 

intrinsic nature of being provides opportunity for expression of the relations within

knowledge of a difference (of perceived size of a sample). This leads to the ability 

to combine the object of sense (modern-day understanding of sense data) with the 

experience of reality at any distance. Perhaps then, the term reality means that 

element of consciousness that is something and potentiates meaning before mind 

exists. Husserl would say that meaning exists already in the world. Fodor might 

note that, “computer theorists…, often speak of identities of virtual architecture” 

(Fodor, 32). Marr posited the 2.5 D sketch, but what about a 2.333… D sketch? Or

a .333 D sketch? The structures of sense data are only specified dimensions based 

on the constant of time that they use for interpreting cyclicality through the sketch.

Virtual architecture would be that which produces virtual contour. If the world is 

virtual in the sense that a change in two real perceptions (perceived locations of an 

object’s distance away from the locus of perception based through the change in 

area projected on the retina from a sample of the array of an object) depends on the

ontological significance of that change in a perceived sample, which delivers 

virtual contour, then the identity of the virtual architecture is the information in 

light with the available information by which the cognitive and persona systems 

build a perceived reality. 



III. The Set of Ontologically Described Objects that are Useful to Visualization and 

Altered Experience of Material Objects to their Presence.

Upon visualization of objects like a cup, we can perceive them and use them in part 

because of their shape.  However, it is possible that the conscious experience of the object 

can be changed through introduction, extrapolation of and attention to a particular 

expression of an element of the system of experiential being. For instance, the following 

forms are all expressions of the same function. The size of the set of what I call 

ontological objects is not currently known even within the smallest system of difference in

perceived size of a sample of the array projected on the retina.



Figure 1.1



Simply to provide an example, these are all visualizable contoured objects of the same 

function, yet with a different expression coming from the pattern of valid substitutions 

within the system. By accessing them through the mind, we perceive the layering of  

reality. This layering provides sense stability, “it is part of the very notion of a 

computational psychology that all representations must be described syntactically or 

procedurally” 4 (Putnam, 115-116). In the natural science that I have described from the 

math item attached, there is a procedure for relating the change in perceived size of the 

area of the image of a sample of the ambient optic array on the retina to a functional 

system of correlates. The visualization of the functions allows the perceiver to engage in a

reality of his/her own ability to manipulate its experience.

When one taps into the plane of real experience temporally, they can effect their 

experience of the material through time. Time, evolutionarily perceived cyclically, 

manifests both positively and negatively (past and future). The resulting object of 

experience of time is potentially layered into the sample of the array to deliver a rippling 

effect in the plane of reality. Just as the mime taps on the glass of reality to invoke the 

experience of solidity for the audience, the mind may tap on the experience of reality for 

the peronality of experience to create a rippling experience for the individual experiencing

reality, potentially leaving the person experiencing perception with an ideal emotion.

4 Putnam, Hilary. Representation and Reality (Representation and Mind). London: The 
Mit Press, 1991. Print. (All further references to this source will be cited parenthetically 
in the text).



1.2

This is the graph of an angle which is the section of a circle being pulled up into a

cone. This angle is symbolic of cyclic time awareness.

IV. Mystical Experience, Hallucination or Dream?

To change one’s experience of reality through opening the experience of 

visualizing the meaning of the progression of time like a plane whose function describes . 

Andrew Newberg has said that, “The mind remembers mystical experience with the same 

degree of clarity and sense of reality that it bestows upon memories of ‘real’ past events. 

The same cannot be said of hallucinations, delusions or dreams” (Spiritual Brain, 259)5. 

Mystical experience is often associated with clarity of visual perception, perception of 

inner light, and the cessation or slowing down of perceived time. Dreams also can make a 

lot of things happen in a smaller amount of time than they would normally take and allow 

5 Beauregard, Mario, and Denyse O'leary. The Spiritual Brain: A Neuroscientist's Case 
for the Existence of the Soul. New York: Harperone, 2008. Print. (All further references 
to this source will be made parenthetically in the text)



things to occur that would not normally be able to happen. The imagination is a very 

important part of how we connect our experience of the truths of reality, and the idea of 

“imaginary” correlates the mathematical meaning to the visionary meaning. When we find

a real, ontological solution to an element of the experience, which is a function used for 

delivering a series of ontological objects when expressions are applied to the variables, we

often find two imaginary solutions, or several roots, some of which are imaginary.

That distance, which is the consequence of taking a wedge out of circle and 

folding it into a cone such that the initial radius is always the slant of the cone, and the 

line between the apex of the cone and the center of the cone is perpendicular to the base of

the cone, is visualized in figure 1.1 in terms of three variables. In terms of two variables, 

the following graphs are delivered. 



Throughout the discussion of mind and matter, humans have stumbled into 

questions when orienting their thoughts and experience of qualia with the physically 

known facts. In Plato’s cave, people are chained to the rocks, and are in a sense, 

disembodied, because they cannot move. Their eyes are probably fixed, and the meaning 

of their general embodiment minimized to the bare necessities. In Plato’s philosophy, this



greatly limits their experience of beauty, because beauty is related to usefulness.  They 

see only the shadows, and cannot use their bodies. When we peer into the shape of the 

orbitals of an atom, what can we really tell about the shape of an instance of that orbital? 

We are looking through the lens of science, but what does that lens possibly filter out that

goes revealed by pure geometry? The operations for calculating the change and 

visualizing the folding up of a circle into the structure of a cone are a kind of software. 

Dennett is a neuroscientist and cognitive philosopher who likens human consciousness to 

software of a computer, while not saying that. There is consciousness of time (the 

structure of which exists through rotation and motion through space), and time may be 

the temporal component of experience that has some sort of aspects of a “stored-program

digital computer” 6 either providing an output based on the relation of the instantaneous 

speed of the apex of the cone to the average speed through the space between the center 

of the base and the apex of a section of a circle (forming structures that can have a 

multitude of expressions) or delivering a simple symbolic nothing, which allows for the 

digital and the place holding, for when a single unit of time passes, designated by the end 

state equaling the initial state, represented by theta, the chunk taken out of the circle, is 

meant to equal to 2 Pi, the angle is 0. This is because the initial condition is specified in a 

context that is completely undermined upon completion of the transformation.

”Today we have grown quite comfortable with the distinction between the

spatial location in the brain of the vehicle of experience, and the location

in ‘experiential  space’ of the item experienced. In short we distinguish

representing  from represented,  vehicle  from content… the  products  of

visual perception are not literally pictures in the head even though  what

6 Dennett, Daniel C.. Consciousness Explained. 1 ed. New York: Back Bay Books, 1992.
Print. (Pg. 219) (All further references to this source will be cited parenthetically in the 
text (Dennett, pg. #).)



they  represent  is  what  pictures  represent  well:  the  layout  in  space  of

various visible properties” (Dennett, 131). 

The information of the objects in the world delivered to the brain occurs over 

time. Time feels cyclic to most everyone (ebb, flow, rise, fall, rhythm, light, day, night, 

etc.) and can be phenomenally described to be cyclically experienced. However, in 

phenomenal space, time can be nothing and something within the same structure. What is

certain is that if time is represented by the angular element of the equation for a change in

circumferences when taking out a wedge of a circle and describing the difference of the 

initial circle and the base of the cone formed by folding up the circle with wedge 

removed, it has two solutions - a positive and a negative. The space described from a 

phenomenology of cyclic time would be considered a phenomenal space. Dennett 

supports such an idea as it pertains to the experience of a change in perceived object size, 

“We have denied that the projection is in physical space, and have relocated the 

projection in phenomenal space” (Dennett, 130). The change in area of a sample of the 

ambient optic array projected onto the retina can be relocated into phenomenal space 

when describing the change to be happening over time and that time is related to the 

wedge taken out of the initial area projected circularly on the retina.

In a phenomenal space, such as the one described, time and spatial experience 

will be accessible in a different conscious sense. Dreams will be able to take the user and 

expand their share of ability in perceived real space.

Visualized like a revolution, the height of the cone in terms of the difference of 

circumferences delivers a graph that can create the same shape as the l orbital from a 

certain perspective. Changing one’s view on the diagram, the images of the s and p 

orbitals can be composed. When rotated, the image is something potentially much 

different (not identifiable as the same object). In a similar way, a single perspective of the

equation for a function of the height of the cone, if interpreted with a narrow 



understanding of the meaning of its shape, reveals that the potential multistability of the 

structure is not taken into account.

Perhaps, instead of the orbital question, a more pertinent question is the meaning 

of the concentric curves of the clam-shell like visualization of the height resulting from 

mathematically expressing difference (of circumferences over time) to conscious 

experience of phenomenal space (defined by a transition through points in real space that 

yields somewhat paradoxical statements given certain reasonable presuppositions). 

The way that matter is perceived (substance) is changed by the introduction of the

idea that a space (framework, platform), in which objects of greater mass exist in their 

virtual framework than in the real world, can be created. Thus, we may be able to keep 

count of the meaning of more energy within a virtual framework with less energy than it 

takes from physical reality, thus accurately simulating more energy than we have. Then, 

if such a framework and representation of reality is possible, consciousness of reality is 

the more important issue. Of course, energy is not created or destroyed, and on the age of 

the universe, exists in useable form practically forever. 

V. Conclusion through Pushing Classicalism

Although, “scientific hypotheses cannot be conclusively proved by any set of available

data, no matter how accurate and extensive,” (The Natural Sciences, 28), they can be 

proved within a phenomenological assumption. That is, they can use the if-then statement 

to provide a phenomenological account, and then show the meaning of that account has 

validity under the condition that the account is true, seeing as though the meaning of that 

account is mathematically expressible.



In reference to the idea of binocular vision, Wheatstone showed that, “the dissimilarity

of the two pictures is a sign of distance, bound up in inseparable association with the 

fact”7 (Classics, 192). I would also argue that the perception of difference of projection on

the retina is also a sign of distance that is inseparable with the fact of distance, because the

eye muscles move and provide allowance for the object to exist three dimensionally in 

visual perception through interpreting multiple images on the retina over time. As well as 

interpreting the size of the object’s projection on the retina, the visual system is also 

relating the physical object being perceived to other objects around it.

Earlier, it was stated that the set of ontologically defined objects was useful for the 

visualization of an effected reality by mind. Plato would hold the usefulness of these 

objects to be the same as beauty, and that this beauty is connected to the theory of the idea

they represent. Beauty and usefulness are classified by Alexander Bain to be within the 

chapter on aesthetic emotions. If these pleasures are “aimed at by the fine arts” (Classics, 

xxi), and the natural sciences can deliver that which is useful and beautiful, why should 

one try to distinguish between the fine arts and the natural sciences? 

It was earlier proposed that the ending of the session of heightened awareness of the 

plane of reality would leave the experiencing subject with the feeling of an ideal emotion. 

The ideal emotion is defined by the, “fact that Feeling or Emotion persists after the 

original stimulus is withdrawn, and is revived by purely mental forces, makes the life in 

the Ideal” (Classics, 283). I realize now that I have been talking about the ability to 

change one’s experience of matter, and that this is an imagination-based power for which 

man has been looking through shamanism and technology for ages. Bain has several 

things to say with regard to the relationship of power (effecting one’s reality i.e. 

empowerment may be more potent) and ideal emotion. He says, “the memory, 

anticipation, the imagination of great power may give more delight than strong present 

gratifications of sense; something of this is implied in the toils of ambition…” (Classics, 

7 Bain, Alexander. Mental Science: A Compendium of Psychology and the History of 
Philosophy (Classics in Psychology Series). Harvard: Ayer Co Pub, 1988. Print.



286). I would say that after experiencing the change in reality from, “the feeling (that) will

be manifested in ideal forms” (Classics, 285), there is a recognition that the being who just

experienced the change in perception from using the forms delivered through natural, 

ontological science, discovers the in the experience a, “constitutional Tenderness (which) 

is a common manifestation, even without supposing a large emotional Temperment on the

whole” (Classics, 285). Within experiencing the ripple, focus may be placed intensely on 

the experience of the moment, without participating in much of an emotion. The 

tenderness of the subject’s interaction with reality from envisioning the ideal forms 

layered within real experience of the structuring of time, is the source of the ideal emotion

that may result after the session of an “altered reality” has ended.
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