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ABSTRACT

The concept of Boolean filters is introduced in principal p-algebras. Many properties of
Boolean filters are studied. A set of equivalent conditions is given to characterize Boolean
filters. For a closed element a of a principal p-algebra L, we observed that the filter [F,)
which is generated by the Glivenko congruence class F, is a Boolean filter of L. It is
proved that the set Fg(L) = {[F,) : a € B(L)} forms a Boolean algebra on its own. Finally,
some properties of Boolean filters are investigated with respect to the direct products and
homomorphisms.
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1 Introduction

The study of pseudocomlemented lattices or shortly p-algebras has a long tradition in lattice
theory(see [5] or [7]). The best known examples of p-algebras are the Boolean algebras and
Stone algebras. The class of quasi-modular p-algebras was introduced by T. Katrinak [8].
M. Haviar [4] introduced the class of principal p-algebras which contains all quasi-modular
p-algebras having a smallest dense element,i.e., it also generalizes the Boolean algebras.
Recently T. Katrindk and J. Guri¢an [9] discussed the tight connection between the spectra
and the Glivenko congruence of finite pseudocomplemented lattice.

Recently M. Sambasiva Rao and A. Badawy [10] introduced and characterized p-filters of
distributive lattices. A. Badawy and M. Sambasiva Rao [1] introduced o-ideals of distributive
p-algebras. M. Sambasiva Rao and K.P. Shum [11] introduced the concept of Boolean filters
of bounded pseudocomplemented distributive lattices. Also A. Badawy and K. P. Shum [2]
studied the relationship between certain congruences and Boolean filters of a quasi-modular
p-algebra.

After Preliminaries in section 2, the concept of Boolean filters is introduced in principal p-
algebras and then many properties of Boolean filters are studied in section 3. It is observed that
every maximal filter is a Boolean filter and the converse is not true. However, a set of equivalent
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conditions are derived for a Boolean filter to become a maximal filter. Also a characterization of
Boolean filters of principal p-algebras is given. In section 4, we introduced a Boolean filter [F})
for each a € B(L), which is generated by the congruence class F, of the Glivenko congruence
relation ® on a principal p-algebra L. It is proved that the set Fz(L) = {[F,) : a € B(L)} forms
a Boolean algebra on its own. It is also observed that F(L) is isomorphic to B(L). Some
properties of the direct products of Boolean filters are investigated in section 5. In the last
section of this paper, the Boolean filters are characterized in terms of homomorphisms.

2 Preliminaries
In this section, we recall some definitions and results which are taken mostly from the papers
[3], [4], [5], and [8] for the ready reference of the reader.

A pseudocomplemented lattice (or p-algebra) is an algebra (L; v, A,*,0,1) where (L; V, A, 0, 1)
is a bounded lattice and * is the unary operation of pseudocomplementation, i.e.,

zAhNa=0&x<a*

A p-algebra L is called distributive (modular) if the lattice (L;V, A, 0,1) is a distributive (mod-
ular). The variety of modular p-algebras contains the variety of distributive p-algebras. A
p-algebra satisfies the Stone identity

¥V =1
is called an S-algebra. A distributive S-algebra is called a Stone algebra.

Let L be a p-algebra. An element a € L is called closed if a = a**. The set B(L) = {a € L :
a = a**} of all closed elements of L forms a Boolean algebra (B(L); v/, A, 0, 1), where the join
v is defined by the rule

a7 b= (a* Ab)* = (aV b)*.

In S-algebra, B(L) is a subalgebra of L where a 5 b = a vV b. An element d € L is said to be
denseifd* =0. Theset D(L) ={z € L : 2" =0} = {z Va* : z € L} of all dense elements of
L is afilter of L.

Besides distributive and modular p-algebras, a larger variety of quasi-modular p-algebras is
interesting to investigate (see [5]). The variety of quasi-modular p-algebras is defined by the
identity

((xAy) V) Nz =(xAy) V(™ A).
It is known (see [6.1, 8]) the quasi-modular p-algebras satisfy the identity
x=x"A(xVa¥)

which can be weakened to the equation = = 2** A (x Vdy,) in the case the filter D(L) is principal
and D(L) = [dy,).

For an arbitrary lattice L, the set F(L) of all filters of L ordered under set inclusion is a
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lattice. It is known that F'(L) is a distributive (modular) if and only if L is distributive (modular).
Let a € L, [a) denote the filter of L generated by a.

The relation ® of a p-algebra L defined by
(z,y) €& =y*

which is called the Glivenko congruence relation, is a congruence relation on L, and L/® =
B(L) holds. Each congruence class [z]® contains exactly one element of B(L) which is the
largest element in the congruence class. The greatest element of [z]® is 2**. Hence ® parti-
tions L into {F,, : a € B(L)}, where F, = {z € L : 2™ = a} = [a]®,a € B(L). Clearly Fy = {0}
and Fy = D(L). ltis known that [F},) = {z € L : 2** > a}, for each a € B(L).

We shall frequently use the following rules of the computations in p-algebras.

For any two elements «, b of a p-algebra L, we have (see [7],[9])

1
2
3
4

(1) 0 =0and 1**,
)
®)
(4)
(5)a = a¥,
(6)
@)
8)
)

aNa* =0,
a<b|mpl|es b* < a*,

6 )

7 (a/\b)*>a*vb*,

8 )

(9 )** (a* A b*)* — (a** Vv b**)**.
M. Haviar [4] introduced the class of principal p-algebras which contains all quasi-modular

p-algebras having a smallest dense element.

Definition 2.1. [Definition 2.1,4] A p-algebra (L;V,A,*,0,1) is called a principal p-algebra,
if it satisfies the following conditions :

(i) the filter D(L) is principal, i.e., there exists an element d;, € L such that D(L) = [d.);

(ii) the element d, is distributive, i.e., (x Ay) Vdy = (x VdL) A (yVvdy) forall z,y € L;

(i) z =2 A (zVvdg) forany z € L.

If L satisfies the identity z* v z** = 1, then it will be called a principal S-algebra. Throughout

this paper, dy, stands for a smallest dense element of a principal p-algebra L, unless otherwise
mentioned.

3 Boolean filters of principal p-algebras

In this Section, the concept of Boolean filters is introduced in a principal p-algebra. Some
properties of Boolean filters are investigated in a principal p-algebra. It is proved that the
maximal filter and prime Boolean filter are equivalent. A characterization of Boolean filters of a
principal p-algebra is given.
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Definition 3.1. Let L be a principal p-algebra with a smallest dense element d;,. A filter F of
L is called aBoolean filter if =\ dy, € F for each = € L.
Now we give some Examples

(1) For any principal p-algebra L with a smallest dense element d;, the filter D(L) = [d}) is a
Boolean filter of L as « vV d;, € D(L) for all z € L. Moreover D(L) is the smallest Boolean filter
of L and L is the greatest Boolean filter of L.

(2) Let L be a Boolean algebra. Then D(L) = {1}. Thus any filter F' of L is a principal Boolean
filterasz Vv 1=1¢€ F foreach z € L.

(8) Let By ={0,a,b,¢: 0 < a,b < ¢} be a four elements Boolean lattice and Cy = {d,1: d < 1}
a two element chain. Clearly B, @ C is a principal p-algebra (where @ stands for ordinal
sum). The set of all Boolean filters of L is {{c¢,d, 1},{a,c,d,1},{b,c,d, 1}, L}. We observe that
the filters {d, 1} and {1} are not Boolean.

Lemma 3.1. Every maximal filter of a principal p-algebra L is a Boolean filter.

Proof. Let M be a maximal filter of L. Suppose zVd;, ¢ M forsome z € L. Then M V[zVdy) =
L. Hence aAb=0forsomea e M,be [zVd). Then we have

aANb=0 = 0=aAb>aA(zVdy)>(aNz)V(aANdL)
= aAz=0andaAd,=0
= a<z'anda<d; =0
= a=0

Then 0 = a € M which is a contradiction. Hence = \V d;, € M for all x € L. Therefore, M is a
Boolean filter of L. O

It is not true that every Boolean filter is a maximal filter. For, in Example 3 above, the filter
{¢,d, 1} is a Boolean filter but not a maximal filter.

Lemma 3.2. A proper filter of a principal p-algebra L which contains either x or z* for all z € L
is a Boolean filter.

Proof. Let F' be a proper filter contains either x or z* for all x € L. Then z Vv z* € F and
D(L) C F. Since L is a principal p-algebra, we have D(L) = [d) for some d;, € L. Then
xVdr € D(L) implies z V dy, € F. Therefore F is a Boolean filter. O

Now, we study some equivalent conditions for a Boolean filter of a principal p-algebra to be-
came a maximal filter.

Theorem 3.3. Let F be a filter of a principal p-algebra L. Then the following conditions are
equivalent

(1) F is maximal,

(2) x ¢ F impliesz* € F forall x € L,

(3) F is prime Boolean.
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Proof. (1) = (2) : Let F' is a maximal of L. Suppose z € L — F. Then F'V [z) = L. Thus
a Nz =0forsomea € F. Hence a < z*, which implies that z* € F.

(2) = (3) : Suppose F'is not Boolean. Then z Vv d;, ¢ F for some z € L. Thenx ¢ F
and dp ¢ F. Now y Vv y* = d ¢ F forsomey € L. Hence y ¢ F and y* ¢ F, which is
a contradiction to the condition (2). Then F is a Boolean filter. Suppose F' is not prime. Let
xVy € Fsuchthatz ¢ F and y ¢ F. Then by the condition (2), we get z* € F and y* € F.
Hence (z vV y)* = 2* Ay* € F. Therefore 0 = (z V y) A (z V y)* € F, which is a contradiction.
So F'is prime. Then F is a prime Boolean filter.

(3) = (1) : Let F be a prime Boolean filter of L. Suppose F' is not maximal. There exists
a proper filter G of L such that ' ¢ G. Choose » € G — F. Since F is Boolean, we get,
xVdy € F. ThenzVvz* > xVvdy € Fimplies x VvV z* € F. Since F is prime and =z ¢ F, we
get z* € F C G. Hence we have 0 = = A z* € G, which is a contradiction. Therefore F'is a
maximal filter. O

The following lemma is obvious from the Definition 3.1 of Boolean filter.

Lemma 3.4. Let L be a principal p-algebra. Then we have the following :

(1) Any filter of L containing D(L) is a Boolean filter,

(2) Any filter of L containing a Boolean filter is a Boolean filter,

(3) The set BF (L) of all Boolean filters of L is a {1}-sublattice of the lattice F(L).

Now, we characterize the Boolean filters on the following Theorem 3.5

Theorem 3.5. Let F' be a proper filter of a principal p-algebra L. Then the following conditions
are equivalent.

(1) F is a Boolean filter,
(2) z** € F impliesx € I,
(8) Forz,ye L,x* =y*andx € F implyy € F.

Proof. (1) = (2) : Assume that F is a Boolean filter of L. Suppose z** € F. Since F'is a
Boolean filter, we have 2V dy, € Fforallz € L. Then z**A(xVdy) € F. Since z = x** A\ (zVdy)
for every = € L, then z € F and the condition (2) holds.

(2) = (3) : Letz,y € L and z* = y*. Suppose z € F. Then y** = 2™ € F. Then by the
condition (2), we gety € I

(3)=(1): Letz € D(L). Soz* =0 <a*foralla € F. Then z** > a** € F. Hence z** € F.
Since «* = 2*** and z** € F, by the condition (3), we have « € F. Then D(L) C F. Thus by
Lemma 3.4(1), we get that F' is a Boolean filter of L. O

4 Boolean filters via Glivenko congruence classes

In this section, we show that for every closed element a of a principal p-algebra L, the
congruence class F, of the Glivenko congruence relation ® on L generates a Boolean filter
[F,). Many properties of the Boolean filters [F,) for all « € B(L) are studied in a principal
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p-algebra L. Also, we derived that the set Fiz(L) = {[F,) : a € B(L)} forms a Boolean algebra.
It is observed that F'iz(L) is isomorphic to B(L).

Theorem 4.1. Let L be a principal p-algebra. Then for any two closed elements a,b of L we
have the following conditions :

(1) [Fa) = landy),

(2) |Fu) is a principal Boolean filter of L,

(8) a <binB(L) ifand only if [F}) C [Fy,) in Fp(L),

(4) [Fary) = [Fa) V [Fy),

(5) [Fagp) = [Fa) N [Fy),

(6) [Fuvy) = [Fu) N [F,) whenever L is a principal S-algebra.

Proof. (1). Since L is a principal p-algebra, then =z = z** A (z v dy,) for every = € L. Now for all
a € B(L), we get

[Fo)={ze€eLl:2">a} = {z€l:x=x"AN(xVvdy) >aN(zVd)}
= {zel:z>aNndy}
= [a/\dL)

(2) Since d, Vo > dy, > aAdp, thendr vV € [aAdL) = [F,). Therefore [F,) is a principal

Boolean filter of L.
(3) Leta < bin B(L). Assume x € [F}). Then 2** > b > a. Hence z € [F,) and [F}) C [F,)
Conversely, suppose [F},) C [F,). Since b € F, C [F},) C [F,). Then we get b = b** > a.

(4) From (1) we have [F,x;) = [a AbAdL). Then

[Funs) [anbAdy)
[(andL) A (bAdL))
= [a/\dL)\/[b/\dL)

= [Fa)\/[Fb)

(5) Since a,b < a7 bon B(L), then by (2), we have [F,) C [Fu), [I3). Then [F,4) is a lower
bound of both [F},) and [F},) on Fp(L). Assume [F.) C [F,) and [F},) C [F};) for some z € B(L).
Then by (2) we have z > aand z > b. Then z = 2™ > a7 bon B(L). So z € [F,). Hence
[F2) C [Fagp)- Then [F,os) the infimum of both [F,,) and [Fy,) on Fp(L).

(6) Since L is a principal S-algebra, then a7 b =aVb. So [Fou) ={z € L: 2™ > aVb} =
{zel:x*>abl={zxel:a*™*>a}N{z € L:a™ >b} =[F,) N[F). O

Theorem 4.2. Let L be a principal p-algebra, the set Fz(L) forms a Boolean algebra on its
own. Moreover, B(L) = Fp(L).

Proof. Clearly [F1) = D(L) and [Fy) = L are the smallest and the greatest elements of F(L)
respectively. For every [F,), [F},) € Fg(L), by Theorem 4.1(3),(4) we get [Fonp) = [Fu) V [F))
and [Foop) = [Fo) N [Fy). Then (Fp(L),Vv,N,D(L), L) is a bounded lattice. For the distributivity
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of Fg(L), let [Fy),[Fy) and [F;) are three elements of Fz(L). Using distributivity of B(L) we
get

[Fa) 0 ([Fb) V [Fe))

[Fa) N [Fonc)
= [Fav bAc) )
[Flavb)A(age)
(Fagb) V [Fage)
= ([Fo) N ([F) v ([Fa) N ([F2))-

Then Fp(L) is a bounded distributive lattice. Define a unary operation ~ on F(L) by [F,) =
[Fa+). Now

~—

[Fa)

[Fa) = [Fa*) N [Fa) = [Fa*va) = [Fl) = D(L),
[Fa) V [Fo) = [For) V [Fa) = [Farpa) = [Fo) = L

Then [F,+) is the complement of [F,) in Fz(L). Therefore (Fp(L),V.N,” ,D(L), L) is a Boolean
algebra. Define f : B(L) — Fp(L) by f(a) = [Fu+). Now

fland) = [Fanyr) = [Fargpr) = [Far) N [Fpr) = f(a) N f(b),
flavb) = [Flagy) = Farne) = [For) V [Fpe) = f(a) V f(b),
fla*) = [Foe)=[Far) = f(a)

Obviously, f(0) = D(L) and f(1) = L. Then f is a (0,1)-homomorphism. Let f(a) = f(b), then
[Fy+) = [Fy+). Then a* = b* implies a = o™ = b™* = b. Hence f is an injective homomorphism.
Also f is surjective as for every [F,) € Fp(L), we have [F,) = [Fy+) = f(a*). Therefore f is
an isomorphism and B(L) = F(L). O

Lemma 4.3. Let F = [x),z € L be a principal Boolean filter of a principal p-algebra L. Then
we have the following

(1) Fn B(L) is a principal filter of B(L) generated by =**,

(2) F = [Fyp).

Proof. (1). We prove that [z) N B(L) = [z**). Obviously [z**) C [z) N B(L). Conversely, let

y € [z)N B(L). Thus y > x and y € B(L), which implies y = y** > 2**. Hence y € [¢**) and
[) N B(L) C [z**). Therefore F'N B(L) = [x**).

(2) Since [Fy++) = [2** ANdy), [dr) = D(L) C F = [z) and z = 2** A (z V dL), then

[Fre) = [2 Ady)
= [l'**/\(fll\/dL)/\dL)anLS.’L'\/dL
= [I AN dL)
= [@
= F.
Therefore F = [Fy«x) = [ AdL). O
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Corollary 4.4. Let L be a finite p-algebra. Then we have

(1) Every Boolean filter can be expressed as |F,) for some a € B(L),

(2) BF(L) = Fp(L).

Now, we can represent any Boolean filter of a principal p-algebra L as a union of certain
elements of Fp(L).

Theorem 4.5. Let F' be a Boolean filter of a principal p-algebra L. Then F' = | ¢ p[F ).

Proof. Letxz € F. Thena** € FandxzVdy € D(L) C F. Thusz = 2™ A (zVdy) € [x™ Ady) =
[Foee) € Upep[Fe). Then F C |J,cp[Fe-+). Conversely, let y € (J,cp[Fr). Then y € [F.)
for some z € F. Hence y** > 2** € I. Then y*™* € F implies y € F' as I’ is Boolean. Therefore
Upep[Fe) CF. O

5 Direct product of Boolean filters

Let L; and L, be two p-algebras. Then the direct product L; x Ly is also a p-algebra, where *
is defined on L; x Ly by (a,b)* = (a*,b*). Firstly we study the following useful Lemma.
Lemma 5.1. If L; and L, be principal p-algebras, then we have the following :

(1) D(Ly x Lo) = D(Ly1) x D(Ls),

(2) B(Ly x Lg) = B(L1) x B(Ls),

(8) L1 x Lo is a principal p-algebra.

Proof. (1). Let (d,e) € D(L; x Lg). Then we get

(d,e) € D(Ly x Ly) < (d,e)* =(0,0)

(d",e*) = (0,0)

d e D(Ly) and e € D(Ls).
(d,e) € D(L1) x D(Ls).

¢t ¢

(2). For any (a,b) € B(L x Ly) we have

(a,b) € B(Ly x Log) (a,b)™* = (a,b)

(a™,b™) = (a,b)

a* =aand b =b

a € B(Li)and b € B(Ls)

(a,b) € B(Ly) x B(Ls).

t ¢ 0T

(8). Since L; and Ls be principal p-algebras, then D(L;) = [dr,) and D(Lz) = [dy,) for some
dr, € Ly and dr,, € Ls. Thus by (1) we get

D(L1 X LQ) D(Ll) X D(Lg)
[dlq) x [sz)

[(dLl ) sz))‘
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So D(Ly x Ls) is a principal filter of Ly x Ly and (dr,,dr,) is the smallest dense element of
Ly x Ly. Since z = 2™ A (x Vdp,) forallz € Ly and y = y** A (y V dy,) for all y € Ly, then we
get

($7 y)** A ((:Lv y) \ (dLl ) dL2)) = (ZL‘**, y**) A (:L \ dLl YV sz)
= (m**/\(IVdLl)vy**/\(y\/sz))
= (z,9)
Consequently Ly x Ly is a principal p-algebra. O

Now we study the direct product of Boolean filters of principal p-algebras.

Theorem 5.2. If F; and I, are Boolean filters of principal p-algebras L1 and Lo respectively,
then Fy x Fy is a Boolean filter of Ly x Lo. Conversely, every Boolean filter F of L1 x Lo can
be expressed as F = Fy x F, where Fy and F, are Boolean filters of L and L, respectively.

Proof. Let dr,,,dr, be the smallest dense elements of L;, L, respectively. Let | and F, be
Boolean filters of L, and L, respectively. Obviously F; x F; is a filter of Ly x Ls. Since Fy
and F; are Boolean filters of L; and L, respectively, we get a v dy,, € F; for each a € L; and
bVdy, € F, for each b € Ly. So we have
(a,b) V (dLldeQ) = (a Vv dLl,b\/ sz) € I x Fy
Then Fy x F» is a Boolean filter of L1 x Ls. Conversely, let F' be a Boolean filter of L; x Lo.
Consider F; and F; as follows :
Fi={zeLl:(z,1)e F}and [, ={y € Ly : (1,y) € '}

Clearly Fy and F;, are filters of Ly and L, respectively. Now we prove that F; and F; are
Boolean filters of L and L, respectively. For each x € Ly, (z,1) € Ly x Lo. Since F' is Boolean,
then (x v d,1) = (x,1) V (dr,,dr,) € F. Hence z vV dy, € Fi. Therefore F; is a Boolean filter
of Ly. Similarly, we get F, is a Boolean filter of Lo. Now we prove that F = F} x F,. Let
(z,y) € F. Then we have

(z,y) e F = (x,1)e Fand (l,y) € F
= xe€FandyeF,
= (x,y) € F1 x Fy.

Then F' C Fy x F,. Conversely, let (z,y) € Fy x F». Now

(I,y)EleFQ = zeF andyec F
= (z,1)e Fand (l,y) € F
= (z,y)=(z,1)A(Ly) € F.

Then I} x Fy C F. Therefore F} x Fp, = F. O

Lemma 5.3. For any two Boolean filters [F,) and [F,) of principal p-algebras L, and L, re-
spectively, [F,) x [Fy) = [Flap)
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Proof. From the above Theorem 5.2, [F,) x [F}) is a Boolean filter of L; x Ls. Now

() € [F) x [F) & z€[F,)andye [F)
& ™ >aandy™ > b
& (z,y)" = (", y") = (a,b)
< (%,y) € [Flap))-

Therefore [F,) x [I}) = [Flap))- .

6 Boolean filters and homomorphisms

In this section, some properties of the homomorphic images and the inverse images of
Boolean filters are studied. By a homomorphism on a p-algebra L, we mean a lattice ho-
momorphism / which preserves the pseudocomplementation, that is, (h(z))* = h(z*) for all
z € L.

Theorem 6.1. Let L, L, be principal p-algebras with smallest dense elements d;,,dr,, respec-
tively and h : L — L, an onto homomorphism. Then

(1) h(dr) =du,
(2) M[Fa)) = [Fia)) foralla € B(L),
(3) h(F) is a Boolean filter of L1 whenever F is a Boolean filter of L.

Proof. (1). We observe that h(dr) € D(L1) as (h(dr))* = 0. Then dr, < h(dr). Since his an
onto homomorphism, then d,, = h(z) for some = € L. So (h(z))** = 1. Now

dp, = h(x)
= h@" A(zVdL))
= ((A(2))™ A (h(x) V h(dL))
= h(x)Vh(dr) > h(dr).

Therefore h(dy) = dp,.

(2). Leta € B(L). Lett € h([F,). Then ¢t = h(x) for some z € ([Fy)). Then z** > a implies
t** = h(z**) > h(a). It follows that ¢ € [Fj,,)). Conversely, let y € [Fj). Then y** > h(a).
Hence y*™* > (h(a))™ = h(a*™) = h(a). Then y € h([Fy)).

(8). Let F'is a Boolean filter of L. Clearly h(F) is a filter of L;. Since F is Boolean, then
xVdy € Fforallz € L. Then by (1) we get h(z) vV dr, = h(z) V h(dy) = h(xz Vdy) € h(F).
Then h(F) is a Boolean filter of L;. O

Theorem 6.2. Leth : L — Ly be a homomorphism of a principal p-algebra (L;V,A\,* ,0r,11,)
onto a principal p-algebra (L1;V,A,*,0r,,11,). Then Fg(L) is homomorphic of Fg(Ly).
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Proof. Define g : Fg(L) — Fg(L1) by g([Fu)) = [Fpa)) for all a € B(L). For every a,b € B(L),
we get

h(a* AD*)*) = h(a V b)™

(h(aV0))™ = (h(a) v h(b))™

((h(a))™ A (h(0))")" = h(a) 7 h(b)-

h(as7b)

Consequently, we get

9([Fo) VI[E)) = g([Fars))
= [Fhgann)
= [Fa@rne)
= [Fr@) V [Fap)
= g([Fa)) V 9([Fp)),
g([Fa) N [F)) = g([Fags))
= [Fuays))
= [Fu@wvhe)
= [Fu@) N [Fraw)
= g([Fa)) Ng([Fy)),
9([Fa)) = [Fu@))
= [Fln(a)*)
= Fiw)
= g([Fa)).

Clearly g([F1,) = [F1,,)) and g(L) = L. Therefore g is a homomorphism of Boolean algebras
FB(L) and FB(Ll)- O

Theorem 6.3. Leth : L — Ly be a homomorphism of a principal p-algebra L with a smallest
dense element d;, into a principal p-algebra L, with a smallest dense element dr,. Then we
have the following :

(1) h~Y(Q) is a Boolean filter of L whenever G is a Boolean filter of Ly,

(2) Coker h is a Boolean filter of L whenever h(D(L)) = {1p, }.

Proof. (1). Let G be a Boolean filter of L;. Then h=Y(G) is a filter of L. Let x € L. Then
h(z) € Ly. Since G is a Boolean filter of L1, then h(x)Vvdr, € G. Then h(zvdy) = h(z)Vh(dr) >
h(z)Vdy, € G implies h(zVdy) € G. So 2V dy, € h™1(G). Therefore h~1(G) is a Boolean filter
of L.

(2). Obviously Coker h = {x € L : h(z) =1y, } is afilter of L. Forevery z € L, x vV d;, € D(L)
as D(L) is a Boolean filter of L. Hence h(z V dy) = 11, by hypothesis. Then = Vv d;, € Coker h.
Therefore Coker h is a Boolean filter of L. O
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