Colombeau Solutions to Einstein
Field Equations in General Relativity:
Gravitational Singularities,
Distributional SAdS BH Spacetime-
Induced Vacuum Dominance

AR

Book Publisher
International



Colombeau Solutions to Einstein
Field Equations in General
Relativity: Gravitational
Singularities, Distributional SAdS
BH Spacetime-Induced Vacuum

Dominance






Colombeau Solutions to Einstein
Field Equations in General
Relativity: Gravitational
Singularities, Distributional SAdS
BH Spacetime-Induced Vacuum

Dominance

India « United Kingdom

AR

Book Publisher
International



Author(s)

Jaykov Foukzon", Alexander Alexeevich Potapov®
and Menkova Elena Romanovna®

'Center for Mathematical Sciences, Israel Institute of Technology, Haifa, Israel.
Kotel'nikov Institute of Radioengineering and Electronics, Russian Academy of
Sciences, Moscow, 125009, Russia.

3All-Russian Research Institute for Optical and Physical Measurements, Moscow,
119361, Russia.

*Corresponding author: E-mail: jaykovfoukzon@list.ru;

FIRST EDITION 2019
ISBN 978-93-89562-22-4 (Print)

ISBN 978-93-89562-23-1 (eBook)
DOI: 10.9734/bpi/mono/978-93-89562-22-4

789389

562224

9

9 H 789389 “ 562231 H

© Copyright (2019): Authors. The licensee is the publisher (Book Publisher International).




Contents

e e )
N =

1.21
1.2.2

1.3
14
1.4.1
1.4.2
1.5
1.5.1
1.6

1.6.1
1.6.2
1.7
1.71
1.7.2
1.8
1.9
1.10

1.10.1
1.10.2
1.10.3

1.10.4
1.10.5
1.10.6
1.10.7

21
2.2
23
24
25

3.1
3.2

41
4.2
4.21

6.1
6.2

Preface

Abstract

Introduction

Remarks on Linear Distributional Geometry in General Relativity

Basic Notions of Colombeau Generalized Functions and Colom-beau Generalized
Numbers. Point Values of Colombeau Gener-alized Functions

Basic Notions of Colombeau Generalized Functions

The Ring of Colombeau Generalized Numbers . Point Values of Colombeau
Generalized Functions

The Point Free Classical Colombeau Geometry

The Point-Free Loop Quantum Gravity

Classical Point-Free Phase Space

Quantization

Schwarzschild Black Hole

Classical Point-like Phase Space Variables

Classical Point-like Loop Quantum Gravity Contradict with a Linear Colombeau
Geometry

The Point-like Quantum Schwarzschild Geometry

The Point Free Quantum Schwarzschild Geometry

Generalized Stokes' Theorem

The Colombeau Generalized Curvilinear Coordinates

Generalized Stokes' Theorem

The Colombeau Generalized Curvature Tensor

Generalized Einstein's Field Equations

The breakdown of canonical formalism of Riemann geometry for the singular
solutions of the Einstein eld equations

The Densitized Einstein Field Equations Revisited

The Distributional Schwarzschild Geometry

The Distributional Schwarzschild Geometry at the Origin. The Smooth
Regularization of the Singularity at the Origin

The Nonsmooth Regularization of the Singularity at the Origin

The Smooth Regularization Via Horizon

The Nonsmooth Regularization Via Gorizon

Distributional Eddington-Finkelstein Space-time

Generalized Colombeau Calculus

Notation and Basic Notions from Standard Colombeau Theory

Point Values of Generalized Functions on M. Generalized Numbers
Generalized Colombeau Calculus

Point Values of Supergeneralized Functions on M. Supergeneralized Numbers
Distributional General Relativity

Distributional Schwarzschild Geometry from Nonsmooth
Regularization via Horizon

Calculation of the Stress-tensor by Using Nonsmooth Regularization Via Horizon
Examples of Distributional Geometries. Calculation of the Distributional Quadratic
Scalars by Using Nonsmooth Regula-rization via Horizon

Quantum Scalar Field in Curved Distributional Space-time
Canonical Quantization in Curved Distributional Space-time

Dening Distributional Outgoing Modes

Boundary Conditions at the Horizon of the Distributional SAdS BH Geometry
Energy-Momentum Tensor Calculation by using Colombeau
Distributional Modes

Distributional SAdS BH Space-time-induced Vacuum Dominance
Adiabatic Expansion of Green Functions

Effective Action for the Quantum Matter Fields in Curved Distributional Space-time

ONN= —

o o

11
12
13
14
15
17

17
19
23
23
26
28
30
32

32
37
37

38
39
39
41
44
44
45
47
48
50
53

53
62

66
66
68
69
70

73
73
76




Stress-tensor Renormalization

Novel Explanation of the Active Galactic Nuclei. The Power Source of
Quasars as a Result of Vacuum Polarization by the Gravitational
Singularities on BHs Horizon

The Current Paradigm for Active Galactic Nuclei. High Energy Emission from
Galactic Jets

The Colombeau Distributional Kerr Space-time in Boyer- Lindquist form
Conclusions and Remarks

Acknowledgement

Competing Interests

References

Appendix A

79
81

81

83
90
90
91
91
94




Preface

This book deals with Colombeau solutions to Einstein field equations in general relativity: Gravitational
singularities, distributional SAdS BH spacetime-induced vacuum dominance. This book covers key areas
of Colombeau nonlinear generalized functions, distributional Riemannian, geometry, distributional
schwarzschild geometry, Schwarzschild singularity, Schwarzschild horizon, smooth regularization,
nonsmooth regularization, quantum fields, curved spacetime, vacuum fluctuations, vacuum dominance
etc. This book contains various materials suitable for students, researchers and academicians of this

area.
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Abstract

This paper dealing with Colombeau extension of the Einstein field equations using apparatus of the
Colombeau generalized function [1]-[2] and contemporary generalization of the classical Lorentzian
geometry named in literature Colombeau distributional geometry, see for example [5]-[30] and [15]-
[31]. The regularizations of singularities present in some Colombeau solutions of the Einstein
equations is an important part of this approach. Any singularities present in some solutions of the
Einstein equations recognized only in the sense of Colombeau generalized functions [1]-[2] and not
classically. In this paper essentially new class Colombeau solutions to Einstein fild equations is
obtained. We leave the neighborhood of the singularity at the origin and turn to the singularity at
the horizon.Using nonlinear distributional geometry and Colombeau generalized functions it seems
possible to show that the horizon singularity is not only a coordinate singularity without leaving
Schwarzschild coordinates. However the Tolman formula for the total energy Er of a static and
asymptotically flat spacetime, gives Er = m, as it should be. The vacuum energy density of free
scalar quantum field ® with a distributional background spacetime also is considered. It has been
widely believed that, except in very extreme situations, the influence of gravity on quantum fields
should amount to just small, sub-dominant contributions. Here we argue that this belief is false by
showing that there exist well-behaved spacetime evolutions where the vacuum energy density of free
quantum fields is forced, by the very same background distributional spacetime such distributional
BHs, to become dominant over any classical energy density component. This semiclassical gravity
effect finds its roots in the singular behavior of quantum fields on curved distributional spacetimes.
In particular we obtain that the vacuum fluctuations <<I>2> has a singular behavior on BHs horizon
T4t <<I>2 (r)> Tr— r+|72. A CHALLENGE TO THE BRIGHTNESS TEMPERATURE LIMIT
OF THE QUASAR 3C273 explained successfully.

Keywords: Colombeau nonlinear generalized functions; Distributional Riemannian; Geometry;
Distributional Schwarzschild Geometry; Schwarzschild singularity; Schwarzschild Horizon;
smooth regularization; nonsmooth reqularization; quantum fields; curved spacetime;
vacuum fluctuations; vacuum dominance.
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1 Introduction

1.1 Remarks on Linear Distributional Geometry in General
Relativity

A degenerate (singular) semi-Riemannian manifold (M;g) is a differentiable manifold M endowed
with a symmetric bilinear form g € T§ M named metric. Note that the metric g is not required
to be non-degenerate. In particular, if the metric is non-degenerate, (M;g) is a semi-Riemannian
manifold. If in addition g is positive definite, (M; g) is a Riemannian manifold.

This paper dealing with Colombeau extension of the Einstein field equations using apparatus of the
Colombeau generalized function [1]-[2] and contemporary generalization of the classical Lorentzian
geometry named in literature Colombeau distributional geometry. The regularizations of singularities
present in some solutions of the Einstein equations is an important part of this approach. Any
singularities present in some solutions such that Schwarzschild solution etc. of the Einstein equations
recognized only in the sense of Colombeau generalized functions [1]-[2] and not classically. Note
that in physical literature these singular solutions many years were mistakenly considered as vacuum
solutions of the Einstein field equations, see for example [3],[4].

During last 30 years the applications classical linear distributional geometry in general relativity
was many developed [5]-[31].

Remark 1.1.1. Let (Rl’fcd’s)s € Gs(R") be Colombeau generalized function obtained using the
standard definition of the Riemann curvature in a coordinate basis, i.e.

(Riea). = i) = (Tac) + (Tepall) = (Dt (LL1)
where (FZCVE)E € Gs(R™) and TI'y, .,e € (0,9],0 < 1 is the regularized Levi-Civita connection
coefficients in terms of the regularized metric gap.e,e € (0,1] such that (gas.). , (g?b)E €

G(R*), (det (gab,c)). # Og. It has been shown by many authors (see for example [22]) that under
apropriate regularization using the Eq.(1.1.1) one can defines the curvature scalar as a classical
Schwartz distribution in D’ (R™), [18], [19].

Remark 1.1.2. This is the case even for the well-known Schwarzschild spacetime, which is given
in the Schwarzschild coordinates (2°,, 6, ¢), by the metric.

-1
ds? = — (1 - %) (di®)? + (1 - %) (d7)? + 72 [(d0)? + sin® 6(de)?] . (1.1.2)

Here, a is the Schwarzschild radius a = 2GM/C2 with G, M and c being the Newton gravitational

constant, mass of the source, and the light velocity in vacuum Minkowski space-time, respectively.

Obviously the fundamental tensor corresponding to ds? has the components which is degenerate

or singular: (i) at # =0 and (ii) at 7 = a.

Remark 1.1.3. Note that in classical papers [5]-[31], etc. (i) the Colombeau distributional metric
tensor (gab,e). € g(;(R“) related to (Rgcd75)6 € Gs (R4) by Eq.(1.1.1) never is not considered as the
Colombeau solution of the Einstein field equations, (ii) Colombeau nonlinear distributional geometry
never is not considered as the rigorous mathematical model related to really physical spacetime but
only as useful purely mathematical tools in order to obtain related to (Rﬁcd’s)s € Gs(R*) classical
Schwartz distributions in D’ (R™) , (iii) there is no any important physical applications of the classical
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linear distributional geometry were obtained.

Remark 1.1.4. Originally fundamental physical applications of the Colombeau nonlinear distributi-
onal geometry has been obtained in authors papers [33]-[37].

By using now the Cartesian coordinates (:EO

&', 4% #3), which are related to (2°,#,0,¢) through
the canonical relations: #' = fcos¢psinf, 2% = #singsinf, &3 =7 cosf ,the metric (1.1.2) reads

ds® = §,,di"di” ;where at points 7 # 0,7 # a the metric §,, is given by [29]:

QOOZ_(l_h)’ gOOA:Oa
5050 1.1.3
Gop =6F +h(1—h) T a,5=1,2,3 (1-13)
'

with h £ a/7. Well known that at points # # 0,7 # a :

20 4
K/TO - _hT - % )
o T /A\'OT'
KTo =0, kT,=0, (1.1.4)
B

5B RN &% (B h
To=0/(-% - Lo
e ‘*( 2 f)+ 72 (2 fQ)’

where the hatted symbols Tu represent the quantity TM” in the coordinate system {Z*; 1 =0, 1,2, 3}.
Also, we have defined b/ £ dh/d# and h” £ d*h/di?.

Remark 1.1.5. We extend now the quantity (1.1.3)-(1.1.4) in point # = 0 as Colombeau
generalized functions from Colombeau algebra Gs (RS). Regularizing now the function h=a/F
0B sasB
as (he), = a/ (V2 4+ €?)_ and the function z A;E as (A2m+m52) with € € (0, 1], we replace now the
7 7
the singular metric (1.1.3) by the Colombeau generalized metreic

ds® = (Guv,cdi*di")_ (1.1.5)
where
(gooe). = —(L—he), (@ofx,s)g =0z,
@waszwﬁ+«mu—ha*k)( ), a,f=1,2,3

r T
72 4 g2

(1.1.6)

and therefore

~0 Ao ~0
(TOEJZ‘> <'r2+52 5/2) ,K<T0(i;8)> =0z, K(Ta(i;a)) = 0z,

T( e)) =62 (2(7“’34?% - (1.1.7)

(772)) (wt5). (i (552

Note that from Eq. (1.1.7) one obtains

av

T (%) 2 w-limeo T, (&) ~ —Mc28,265° 6 (2). (1.1.8)

20 aB
Remark 1.1.6. Note that (To(i';&‘)> ,(Ta(i“;e)> eg (R4), Thus the generalized Einstein
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equation [33,37-39] related to Eq.(1.1.6)-Eq.(1.1.7) in Colombeau notations reads:

(GZ) — (R;,E)E - %5/ (RE)E =k (Tu,g”)s, (1.1.9)

where

R. (f)) - (Rﬁ;,a (f)) -

3ae? : 2ae? _E ae? (1.1.10)
_ ‘(7:24_62)5/2 6"‘ (7;2_|_€2)5/2 6__ (f2+£2)5/2 .

Remark 1.1.7. Note that the regularized scalar curvature RE has the well-defined weak limit Rw
in D' (R™)

Ry 2 w-lim_,0 R. = fgms@)(i«) : (1.1.11)

Remark 1.1.8. Note that: (i) for any (7.). € R such that st ((7e).) = 7an # 0,(see Definition
1.2.5) where 7an € R from Eq.(1.1.10) it follows that

st ((R (fg))s) = —st ((ﬁ)) = —st ((@5;)/2)) =0, (1112

(ii) for any (7). € R such that (Pe). ~g 0 (see Definition 1.2.4) from Eq.(1.1.10) it follows that
((fza (f))g) ~: — D, (1.1.13)

(iii) at origin (71:0)6 =g 03 (see Definition 1.2.4) one obtains
2
A ~O o ae _ a
((Rs (TE ))E) —R <(€2)5/2>5 _@_(63)67 (1114)
where € € (0,4] .

Remark 1.1.9. Note that the Eq.(1.1.12) in accordance with Eq.(1.1.11) and by Egs.(1.1.12)-
(1.1.14) we have recovered the intuitive meaning about é-function. For the regularized quadratic
scalars one obtains [29]:

Dy s B . 1 3ae? ? ae? 13 ag? 2
REY () Ruv,e (7) = D) {(fz _~_52)5/2} +2 {(fz +€2)5/2] Y {(m _,_52)5/2}

- - 4a® 3 12a%€? (1.1.15)
RQ””" F) Rpopv,e (7) = = ~ - A
(7) Rpopuv,e (7) 72 F g2 L(r2+€2)2} (72 + e2)4
9a’e
(P2 +€2)5°

Remark 1.1.10. Note that in contrast with the regularized scalar curvature R. the regularized
quadratic scalars do not have the weak limits, which can be symbolically written as
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N N N N 2
B* () Ry (&) 2 limeso R (#; ) Ry (3 ) ~ 407%a2 [6<3) (az)] ,

Rpaul/ (JA?)RPUHV ('f:) = lime—>0 Rpauu(j; 5)RPUWJ(§:; 6) (1'1'16)

12a®>  16wa® 1 4. w12

Remark 1.1.11. However Colombeau quadratic scalars (R’E“’ (7e) Ryu,c (735)> and

£

(Ré’”‘“’ (7<) ]A%,MW,S (f5)> well defined as Colombeau generalized functions in Gs (@?)

Sy (A \ B . 1 3ae® 2 ag’ 2
(e ¢ Roe 09), =3 | (Grr e ) | +2| (i) |
2 2.2

A . 12a 12a°¢
pouY (5 A _ _
(Ra () Rpopv,e (T))E (72 + E2)3)S (P2 4 £2)4

n 9a’e?
(P2 +¢e2)5 ), '

Remark 1.1.12. Note that Colombeau quadratic scalars (R‘E“’ (7) Ry c (f)) and

5

(1.1.17)

€

(Rg"’#" () Rpopw,c (f)) can be triating only nonclassically as Colombeau generalized functions
€

extended on R® = R x R x R, since at origin (7250)6 = 0 we get

Auv (20N B O 1 3ae? ? ae? 2
(Re 62) Rone (62)). = 3 |(qayrn) | +2 (@) |
R . 12a 12a%¢?
RE7H O Roov,e A?) = -
( e (7“5) po Y, (7’ ) R (66))€ (e®) .
n 9a%e?
(1) ) -

Remark 1.1.13. In the usual Schwarzschild coordinates (¢,7,0,¢), r # a the Schwarzschild

metric (1.1.2) takes the form above horizon r > a and below horizon r < a correspondingly

(1.1.18)

above horizon r > 2m : ds** = K (r)dt* — [h* (7’)]71 dr? + r2dQ?,
rr)y=-1+2=-"2¢
. a2 _ T 2 T N—1g2 202
below horizon r < 2m : ds™* = h™ (r)dt* — h™ (r) " dr® + r*dQ~,
h(r)=-1+2=2""
r

(1.1.19)

r

Following the above discussion we consider the metric coefficients h* (r), [T (r)] U he (r), and

[~ (r)] ~! as an element of D’ (R?) and embed it into Gs(R?) by replacements above horizon r > 2m
and below horizon r < 2m correspondingly

r>2mir—2m—s \/(r —2m)’ 427 < 2m:2m — 17— /(2m —1r)® + 2. (1.1.20)

Inserting (1.1.16) into (1.1.2) we obtain Colombeau generalized object modeling the singular Schwarzs-
child metric above (below) gorizon, i.e.,

(ds2?)_ = (hZ (r)dt?) . — ([hjm]*l dr2)5 +r2d0?

(ds=?)_ = (hz (r)dt?)_ — ([h;(r)]—l er)E 4 r2d0? (1.1.21)

The generalized Ricci tensor above horizon ([Rﬂ i) may now be calculated componentwise using
>
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the classical formulae

(IRe), = (Re0}) =5 (), + 2 029,

, (1.1.22)
2 ht 14 (b
(Re02), = () = e B
where
r—2m [(T —2m)* + 2] v
(ht'(r)). = — oo +( . )
r([(r—?m) + €?] )E T
" 1 (r — 2m)?
(he(r)). = — 5 7 T 5 sy T
(rlr—2m?+22'%) v ([0 —2m)* +7)*7) (1.1.23)
T —2m T —2m
+ 1/2 2 1/2
7’2([(7“—2171)2—1—52] / )E r2 ([(r—2m)” + &?] / )E
2([(r —2m)® + €% 1/2)
From Eq.(1.1.18)- Eq.(1.1.23) we obtain (see sect.3)
w -lim R ()]} = w -lim [RE(r)]o = —2md(2m). (1.1.24)

Remark 1.1.14. Note that the e-regularization of degenerate and singular metric fields originally
has been proposed in A. Einstein and N. Rosen paper [32].

Remark 1.1.15. The full non-linear theory of Colombeau distributional geometry based on
Colombeau algebras in general relativity and its various applications to fundamental problems
of the quantum gravity in curved Colombeau distributional spacetime originally has been obtained
in authors papers [33]-[37].

1.2 Basic Notions of Colombeau Generalized Functions and Colom-
beau Generalized Numbers. Point Values of Colombeau Gener-
alized Functions

1.2.1 Basic Notions of Colombeau Generalized Functions

In contemporary mathematics, a Colombeau algebra of Colombeau generalized functions is an
algebra of a certain kind containing the space of Schwartz distributions. While in classical distribution
theory a general multiplication of distributions is not possible, Colombeau algebras provide a
rigorous framework for this.

Remark 1.2.1. Such a multiplication of distributions has been a long time mistakenly believed to
be impossible because of Schwartz’ impossibility result, which basically states that there cannot be
a differential algebra containing the space of distributions and preserving the product of continuous
functions. However, if one only wants to preserve the product of smooth functions instead such a
construction becomes possible, as demonstrated first by J. F. Colombeau [1], [2].

As a mathematical tool, Colombeau algebras can be said to combine a treatment of singularities,
differentiation and nonlinear operations in one framework, lifting the limitations of distribution
theory. These algebras have found numerous applications in the fields of partial differential equations,
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geophysics, microlocal analysis and general relativity so far. Basic idea.

Definition 1.2.1. The algebra moderate functions C3; (R™) on R" is the algebra of families of
smooth functions (f: (z)). £ (f- (z)).,z € R",e € (0,5],5 < 1 (smooth e-regularisations, where &
is the regularization parameter), such that: (i) for all compact subsets K of R™ and all multiindices
3b1, there is an N > 0 such that

8‘a|f6 (z) _ _
@)™ - (Bzn)™ | O(eN),e—0, (1.2.1)

with addition and multiplication defined by natural way:

(fe @), + (9: (). = (fe (2) + 9= (2)). (1.2.2)
and
(fe (@) X (e (). = (fe (z) X ge (2)). - (1.2.3)

Definition 1.2.2. The ideal N5 (R™) of negligible functions is defined in the same way but with
the partial derivatives instead bounded by O(e™) for all N > 0,i.e.

a‘alfs (1’)
ver | (@)™ - (Ozn)

Definition 1.2.3. The Colombeau Algebra Gs (R™) [1],[2] is defined as the quotient algebra

=0 (), e—0. (1.2.4)

G(R") = C37 (R™) /N5 (R™). (1.2.5)
Elements of calGs(R™) are denoted by:
u = clf(ue)e] 2 (ue)e + Ns(R™). (1.2.6)

Embedding of distributions

The space of Schwartz distributions D’ (R™) can be embedded into the Colombeau algebra G (R™) by
(component-wise) convolution with any element (¢ ), of the algebra Gs (R™) having as representative
a d-net, i.e. a family of smooth functions e such that pc — 6 in D’ (R") as €— 0.

Remark 1.2.2. Note that the embedding ¢ : D' (R") — Gs (R") is non-canonical, because it
depends on the choice of the d-net.

Example 1.2.1. Delta function 6 (x) € D’ (R) for example has the following different representatives
in Colombeau algebra G5 (R) :

s (oo (1)) com ] (fan () cam.
)Eegg(R),%(%smz(g)) . (1.2.7)

€

since
11 z? 11 . /x
Eﬁexp (-Za) —>5($),;Esln(g) —>(S(1L'), (128)
1 ¢ 11 .,/ 5 -
e @t (3) 0w

in D’ as €= 0.
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Remark 1.2.3. However note that embedding D’ (R") — G (R") does not meant the full equivalence
of the Schwartz distributions and corresponding by embedding Colombeau generalized functions.
In contrast with the Schwartz distributions Colombeau generalized functions has well defined walue
at any point z € R"™ these point values of the Colombeau generalized functions is the Colombeau
generalized numbers.

Example 1.2.2.  Delta function § (z) ill defined at point z = 0 since ¢ (0) = oo.However any
Colombeau generalized function defined by Eq.(1.2.7) has well defined point value at point z = 0.
For example

(e ()| ().
5| —7—= - = — 85
2 7l'€1 de ) ) o 12 17r€ NG (1.2.9)
e ~
m \x? +¢€? :;(g) € Ro-
elx=0 €

Here R is the ring of real Colombeau generalized numbers [34].

1.2.2 The Ring of Colombeau Generalized Numbers ]IA@(;. Point Values
of Colombeau Generalized Functions

Designation 1.2.1. (I) We denote by @5, & <1 the ring of real Colombeau generalized numbers.
Recall that by definition Rs = Er s (R) /Ns (R) where [34],[36],[37]:

Exs (R) = {(xg)e c R(O"”) (Ja € Ry) (Feo € (0,1)) (Ve < &) [Jwe| < e } ,

N; (R) = { (we), € R(O«S)‘ (Va € Ry) (g0 € (0,1)) (Ve < e0) [|ze| < 5a]} . (1.2.10)

(IT) In this subsection we will be write for short R instead Rs.

Notice that the ring R arises naturally as the ring of constants of the Colombeau algebras G; (Q2) .
Recall that there exists natural embedding 7 : R — R such that for all r ER, 7= (TE)E where r. = r
for all € € (0,1]. We say that r is standard number and abbreviate r € R for short. The ring R can
be endowed with the structure of a partially ordered ring: for r,s € R n € Ry, n < § we abbreviate
r gfw s or simply r <g s if and only if there are representatives (r.)_ and (sc), with r. < s. for all

e € (0,7] . Colombeau generalized number r € R with representative (re). we abbreviate cl [(r<)_] .

Definition 1.2.4. (i) Let § = cl [(6:).] € R. We say that § is infinite small Colombeau generalized

number and abbreviate & g 0 if there exists representative (6:). and some g € N such that

6] = O (%) as € — 0. (i) Let A € R. We say that A is infinite large Colombeau generalized number
and abbreviate A =g oo if Angl ~ 0.(iii) Let Ryco be RU {£00} We say that © € Rooo is infinite
Colombeau generalized number and abbreviate © =g Foog if there exists representative (6.),
where |©.] = oo for all € € (0,1].Here we abbreviate £p (Rioo) = Em (RU{£o0}), N (Rios) =

N (RU {#00}) and Rioo = Enr (Rioe) /N (Rioo)

Definition 1.2.5. (Standard Part Mapping). (i) The standard part mapping st : R — R is defined
by the formula:

st (z) =sup {r e R|r <z z}. (1.2.11)
If z € R, then st (z) is called the standard part of .

(ii) The mapping st : R — RU{+o0} is defined by (i) and by st (z) = #oo for z € R and for  z €
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Rioo ,;respectively.

Definition 1.2.6.[37]. Let (f: (z)), € G(R) and Z € R,then cl [(f- (&)).] € R.We will say that
Colombeau generalized number ¢l [(f- (Z))_] is a point values of Colombeau generalized function
(fe (z)). at point Z € R.

Definition 1.2.7. (Principal value mapping) The principal value mapping p.v. R R

of Colombeau generalized function (f- (z)), at point Z € R is defined by the formula:

pv. {cl[(f- (£)).]} = sup |f-(D)|. (1.2.12)

e€(0,1]

We will be write for short p.v. [(f: (%)).] -

Example 1.2.3. The principal value of the curvature scalar (RE (r, a)) (1.1.10) at point ¥ € R
£
reads

p.v. [(RE (*, a))s] - E:gﬁ]%. (1.2.13)

2u0* | | 1
1510t .
Rtz 1’F -

syt .

1 1 |

I Y R LI 11 R Y% | R

2
. . . ae
Fig. 1. Plot of the function R(a,¥,¢) = (CEVSEE
a=1, ¥=10"%,2 = ¢ € (0,0.01]..
R(107%,7 x 107*) = 1.808 x 10°.

pv. [(Rs (, a)) } ~ 1.808 x 10%.

€

1.3 The Point Free Classical Colombeau Geometry

The first definition (prior to the well-known five postulates) of Euclides describes the point as
“that of which there is no part” [40].

A huge portion of our mathematics of the physical world is based on the amazingly simple Euclidean
geometry. Indeed, starting from very straightforward assumptions and theorems such as those found
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in Euclid’s geometry, it is feasible to build also non-Euclidean geometries and complex manifolds
able to explain issues such as those in quantum mechanics. One of the main components of Euclidean
geometry is the point, that stands for the most fundamental object. The first definition of a point
(prior to Euclid) is given by the Pythagoreans: a point is a monad having position. Euclid begins
his geometry with the definition of a point [that of which there is no part] (Def. 1, Euclid, 300
BCE) and the extremities of a line are points (Def. 2). Euclid’s Def.1 is interpreted by T.L. Heath
to mean that a point is that which is indivisible in parts. Therefore, we are confronted with a
primitive notion defined only by axioms that it must satisfy, i.e., the point upon which the whole
apparatus is built, meaning that geometry cannot be described in terms of previously defined real
objects or structures. Here we ask whether the zero-substance point holds true in our physical world
and extend our analysis also to other Euclidean objects, such as lines, surfaces, volumes and so on
[41].

Definition 1.3.1. Let (f (z)). € Gs(R) and cl [(Z.)_] € Rs.Assume that cl [(fe (2:)).] € Rs.

We will say that Colombeau generalized number cl [(f: (Zc)).] is a point values of Colombeau

generalized function (f: (x)), at point (Z.), € Rs.

Example 1.3.1. For any (7). € Rs,e € (0,8] the point values (]A%s (fe)) of Colombeau

€

generalized function (1:2‘E (f)) (see Eq.(1.1.10) reads

£

- o e Y ).
@“mlz@”“ml“<@+;wgs_%uﬁs;aJ“_
5% (€3) (1.3.1)

€1
(). + 0220,

where &1 € (0,1].

Ak

Remark 1.3.1. We choose now (7.)_ = (72), =n(e). =nd (e1),, and from Eq.(1.3.1) we get

2 2 2 2
R (#2)) =—a 4 (61)51 - g 5 (51)51 _
e \l'e R o /2 5/2 9 9.2 5/2
[22), 82, [78 e, + 82,
. 1 (61)51 - 9 (51)51 = (1.3.2)
[n252 (€2)., + 62 (6%)51} / 85 (€9).., [n? + 1]/

—a
&3 (€§)€1 [7]2 + 1}5/2.

Thus in ”point limit” § < 0 the curvature scalar (RE (7*;)) diverges as 6 ° (5{3)51
€

Remark 1.3.2. In order prevent the divergence mentioned above, we assume now that there exists
fundamental generalized length [* = cl [(l;l)sl] = ncl [(61)51] ,e1€(0,1], neR, i<kl
, such that: (fe,)_ > 1"see [36] sec.2.Thus from Eq.(1.3.1) we get now instead Eq.(1.3.2)

10
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|(f62))

e N, e,
< ((1;3+62)5/2)5 ), + ()]

52 (E%)sl 1 1 -
e, re@.]” e, o] e, e ] 0
ad? 1 _ as? 1 |
% + 62] [(ﬁ?l)gl + (52)5]3/2 % + 62] [(f?)f-em,u + (52)5] 32

1.4 The Point-Free Loop Quantum Gravity

We remind that canonical quantization of GRT can be expressed as an SU(2) gauge theory on the 3
dimensional manifold ¥ furnished by canonical point-like geometry, where a topology of space-time
M of the form M = R Xx ¥ is assumed, in a background independent manner. In such formulation
of GR, the gravitational field is described by a pair of conjugate variables (A, E), where A% () is
an SU(2) connection and Ef (z) is the densitised triad vector field, conjugate to A :

{AL(z), B} (¢')} = 8my63806(x — a), (1.4.1)

with G the gravitational constant and + the Immirzi parameter.The conjugate pair are constraint
to satisfy the system

Gi=D.E! =0,H, = E¢F}, =0,

H = eju FLESER — 2(1 + 72)KfaKg]EfEJb. =0,

(1.4.2)

which are called Gauss, spatial diffeomorphism and Hamiltonian constraints respectively. In fact,
the task of finding a metric satisfying the Einstein’s equations, describing configuration of a gravitating
system, is now replaced by finding a conjugate pair (A, E) satisfying the constraint system (1.4.1).
On quantization, one smears the basic fields (A, E) to holonomies of A{ along a curve v, defined by
hy[A] =P [exp (fw A)], and fluxes of Ef through the surface S, defined by E;(S) = [ d*on.E¢.
They form the holonomy-flux algebra in which holonomies act by multiplication, and fluxes act by
derivation. Using a functional representation of quantum field theory and representing states as
functionals of the cylindrical functions of holonomies, the kinematical Hilbert space of the theory is
constructed. After imposing Gauss and diffeomorphism constraints as operators on such states, the
true gauge and diffeomorphism invariant states of the theory turns out to be spin networks acted
upon by holonomies and fluxes operators which form a unique representation. More precisely, a
spin network is a triplet (T, 5,4, ) consisting of a graph I with nodes in 3, labeled by intertwiners
in, and links connecting different nodes, labeled by SU(2) representations j;.

Remark 1.4.1. (I)The quantum geometrical picture suggested by canonical LQG [44] is manifest
in quantization of geometrical observables, such as area and volume, as quantum operators acting
on spin network states which result in discrete spectra and reflect the discrete nature of space-time.

(ITI) In fact singularity resolution occurs as a result of fundamental discreteness of space; while in
a classical continuum, divergences emerge as distance goes to zero, there is no room for divergences
in quantum level since there is no zero distance below the Planck length.

Remark 1.4.2. Canonical quantization of nonlinear distributional GRT can be expressed as
an SU(2) gauge theory on the 3 dimensional Colombeau distributional manifold ¥ furnished by
Colombeau point-free geometry, where a topology of space-time M of the form M = Rs x ¥ is
assumed, in a background independent manner. In such formulation of GRT, the gravitational

11
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field is described by a pair of conjugate variables ((Ac),, (F:)_), where (AZ,E(:EE))E is an SU(2)
Colombeau distributional connection and (EfE (:c,s))s is the distributional densitised triad vector
field, conjugate to (A:),

{(Afm(:vs))s , (E;’ (x/s))s} = 87r'75;63 (0(ze — z2)). (1.4.3)

with G the gravitational constant and ~ the Immirzi parameter.The conjugate pair are constraint
to satisfy the system

(GLE)E =R (D Eﬁa)g = 07 (Hb,8)5 = ( gsFéb,a)g R Oﬂiv

(Hs)g =g €ijk ( ab sEa Ez,e)s - 2(1 + 72) (K[ia,sKZ’g]EﬁeEJb',c‘)S =R Oﬂiv

(1.4.4)

In fact, the task of finding Colombeau metric satisfying the generalized Einstein’s field equations (see
subsect.1.8), describing configuration of a gravitating system, is now replaced by finding a conjugate

pair ((Ac),, (E:),) satisfying the constraint system (1.4.3). On quantization, one smears the basic
Colombeau generalized fields ((Ac).,(E:).) to holonomies of (A;-f8)E along a curve v = (7e)

e

defined by (h,[Ac]), = P [exp (f'v A5>E], and fluxes of (E{'ig)€ through the surface S, defined by

(Elg(g))a = (fg d2anaEﬁ6)E_

A spin network is a triplet (f , Ji,in) consisting of a graph I’ with nodes in f], labeled by intertwiners
in, and links connecting different nodes, labeled by SU(2) representations j;.

1.4.1 Classical Point-Free Phase Space

Definition 1.4.1.(1) The general linear group over Colombeau algebras ]ﬁ, C (the set of real,complex
Colombeau numbers) is the group of n xn invertible matrices of real (complex) Colombeau numbers,

and is denoted by G L, (HA@) ,GL,, (@) or GL (n,]ﬁ) ,GL (n, (E)

(2) The unitary group of degree n over Colombeau algebra (6, denoted ﬁ(n), or U(n, (E)
is the group of n X n unitary matrices over C.

(3) The unitary group is a subgroup of the general linear group GL (n, @)

(4) In the simple case n = 1, the group U(n, (E) corresponds to the circle group T, consisting of all

Colombeau complex numbers with absolute value 1 under multiplication,i.e. T= {z S @‘ |z| = 1} .

(5) The special unitary group of degree n, denoted gﬁ(n), is the Lie group of n x n unitary matrices
over Colombeau algebra R with determinant 1.

The Colombeau distributional manifold S over Colombeau algebra | R having the symmetry group
S with an isotropy subgroup F can be decomposed as DS E/S X S/F The connection can

generally be written as (Ac), = (Ai/.'s‘g) + (Ag/ﬁ 6) . Then (Az/s 5) can be considered as

the connection of the reduced theory and its holonomies along curves in v / S can be quantized.For
the spherlcally ‘symmetric case, Y >Ry x 52, and the symmetry group is S = SU( ). This implies
identifying /5 with Rs and the gauge group of the reduced theory F' with U(1). Therefore,
reduced connections are U (1) gauge fields on R. Roughly speaking, spherical symmetry implies
that our basic fields, in the spherical coordinate ((x.), , 6, ¢), are independent of angular variables.

12
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Thus, the Colombeau generalized connection (Ac(Z:))_ is just a function of the radial coordinate;
(Ac), = (Ac(zc)),.. These connections and triads of the reduced spherically symmetric phase space
have the general form:

(A2). = [(Ar. ()).) 75 [(@e).] + ([(Ar(z)] 7+ [(Ar(a) ] m) (@00 + g 0
(Ave(2e)m). — (Ao () sind.).) -+ 7s (cos0.)..) [(d0.). +

and

(Ee), = (EZ*(xc)35in0:0,, ), + ((Ee1 (355)71)E +

. 1.4.6
(F2(z2)m2) sin 0205, ) + ((EMzo)s) . — (E2(22)1)0%. ). (1.4.6)
correspondingly, where 7; = —%O’i are the generators of su(2) algebra. They define the Colombeau
generalized symplectic structure:
1
Q). =54 ([ dwc(dAq. e AAEZS +2dA1c AdE! + 2dAs . AdE?)) . (1.4.7)

However, a suitable canonical transformation can be made resulting in Colombeau generalized
canonical variables ((As. (¢2)), , (EZ* (2)).), (7 (Ko..c(x2)). , (B2 (22)),) and ((n(x2)). , (P2 (22)).):

Q). = 2%@ [ de-(dAs AdE? + d(vKy2) AdE? + 2dn. A dP)., (1.4.8)

with (K4, ). being the (¢:). component of the extrinsic Colombeau generalized curvature.The

Gauss constraint, generating U(1) gauge transformations, takes the form:
(Gel\)). = ([ dwAe(BE + P29)) =5 05, (1.4.9)
€

where prime denotes differentiation with respect to ..

Note that in terms of these variables, conjugate pair is not simply the connection-flux pair which
suggests a different situation than the full theory. The Colombeau generalized Hamiltonian constraint
can be written as

1
(HE[NS])E = _EX

(f dxeNe(xe)

2 (1.4.10)
2 2 . .
= ((1 “TE o+ KE OB+ ;K%EE;’E(AEE,E +nl) + 2E;er;€)s>) .
€
g

1.4.2 Quantization

Along the standard lines of constructing basic operators and states in the kinematical Hilbert
space of classical LQG, we start with holonomies of the connections. Holonomies of (A ). along

curves (7). in R are defined as (hé’ys)) = exp {% (f% Az, (xs)) ] which are elements in 175(1) =

Rs/Z. For (Ag. ). point holonomies exp [in (Ag, ()] are used which belongs to the space

of continuous almost periodic functions on the Bohr compactification of real line Rs , and point
holonomies of (), € S*, have the form exp [(in(z.))_] which are elements of U(1).

The kinematical Hilbert space of the present reduced theory is the space spanned by spin network
state (Tgk,p,e). :

13
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(Tg,k,u,s)g =

e, exp (g (f doede.00), ) (Teviy) 59 G ) exp o) . 41

>

For a given graph g, these are cylindrical functions of holonomies along edges e of g. Vertices V(g)
of such spin networks are labeled by irreducible R Bohr Tepresentations (t,e) . € @5 and irreducible
S* representation k, € Z, while edges are labeled by irreducible representations of Us(1).

Holonomies act on spin network states by multiplication. Their corresponding momenta, on the
other hand, act by differentiation

. 2
(B2 @ Tosme) =7 (et oy + b o) Tortone) . (14.12)
/ dr. B¢ (ze) Ty ko = ’Ygz% > e Ty ke (1.4.13)
[z PP (2) Ty e = 27025 kv e Ty ke (1.4.14)

The generalized volume operator can be expressed as
( v) = 4r [ dae| B2 (z)|\/| B2 (22)] (1.4.15)

which is diagonal in spin network representation

(VeTosne) = Vieame Toe). (1.4.16)
where
1
(Vime), = dny®/20 (ZV \ﬂy\\/imews) + ke(%)> . (1.4.17)

Implementing the Gauss constraint as an operator on spin networks to select the gauge invariant
states, leads to a restriction on labels

(Gl Tume) =83 (2 M)kt ooy = Ko oy + 200 Ty ). (1.4.18)

N 1
(GelTynn) =05 = ko = =5 (ke (ar) = ke o) (1.4.19)
€
Imposing now this on (1.4.11) results in the gauge invariant states

(Tg,kyu,E)a =

[I.c, exp |:%l€e ([, dze(Ax, (z2) + 77;))5} (HVEV(Q) exp (iﬂu’yK¢E,5(V))> (1.4.20)

€

1.5 Schwarzschild Black Hole

Remind that the Schwarzschild metric is a spherically symmetric solution to Einstein equations
describing the space-time of a source with mass m in coordinate system (z, 6, ¢) reads

14
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—1
ds? = — (1 - Q—m) it + (1 - Q—m) da? + 22dQ2. (1.5.1)
X X

Horizon x4 appear where goo = 0:

4 —2m =0. (1.5.2)

The event horizons partition space-time into 2 regions: I (x > z4), and IT (0 < z < z+). By
inspecting the sign of goo, one observes that in region II, = and ¢ interchange their roles and
becomes time-like and space-like respectively.

1.5.1 Classical Point-like Phase Space Variables

In region II, the metric of space-time takes the form

-1
ds? = — (QTm - 1) dt* + <27m - 1> da? + 12d02. (1.5.3)

According to definition of tetrad (frame) fields g, = nIJeﬁei7 they can be determined only up
to a Lorentz transformation. This leaves us with an SO(3,1) freedom in choosing tetrad. In fact,
given the metric g, = nIJefLe;,I we are free to choose their sign and Minkowski indices, which can
be viewed as sort of a labeling 4 tetrad fields. However, in order to serve as the fundamental fields
for constructing the conjugate pair (A, F), a particular labeling must be chosen which will be clear
below.The suitable choice for labeling 4 orthogonal frame fields reads

2m —1/2 2m 1/2
e =+ (T — 1) dt ; e' = +tsinfdp; e = +tdh ;e® =+ (7 — 1) dr, (1.5.4)
which gives the compatible spin connection components
1/2
W30 — 03 — (_ﬁ) de - w20 = —02 — <2ﬂ _ 1) / 46
12 ' t ’
o 172 (1.5.5)
Wil = - = (T — 1) sin0d¢ ; w'? = —w? = cosOde.
The A field can be constructed using spin connections:
1/2
A3 = 4y (—%) da, A? = 4~ (27’” - 1) a9,
1/2 (1.5.6)
2m
Al = 44 (T - 1) sin @dg, A3 = + cos Odé.

To construct the E field on X;,, we choose a gauge in which 62 = ny, the normal vector field to the
spatial slice. This way we are in fact breaking the SO(3,1) symmetry into SO(3) on a hypersurface
with topology ¥ = R x S2. The 3 triad fields become:

) om 1/2
el = +tsinfdg ; e? = +tdh ; €3 =+ (T - 1) dz, (1.5.7)

with determinant
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2m 1/2
det (¢) = t*sin 0 (T - 1) , (1.5.8)
and inverse triad
1 1 2m —1/2
e = itsin98¢ ; €2 = :t;ag ; €3 = + (T — 1) Bz, (1.5.9)

The F fields become
1/2 1/2
Fi1 ==t (2777’1, — ]_) 8¢’E2 = 4t (ZTm — 1) Sinaag,E3 = :|:t2 sin 60;. (1510)

The 3 triad fields (1.5.7) define their compatible spin connection, T% A el + de* =0 :

2 = 1% = cos0d¢, (1.5.11)
and
3= % (63121—\12 +€321F21) _ cos@dqﬁ. (1_5_12)

Extrinsic curvature is related to A via yK = A —I" reads

e LT g (—@) do K2 = 2a2—+ (20 _4 v (1.5.13)
T ’)/ T t2 bl ’)/ t b
1/2
Ki=14 =34 (277” - 1) sin 6. (1.5.14)

Note that had we chosen other Minkowski indices for tetrad (1.5.4) we would not have obtained the
conjugate pair(A, F) with correct indices satisfying {Af1 (z), E;-’ (:c;)} = 5;625(56 —').

The phase space variables are determined up to a sign freedom. By demanding E and A to satisfy
the diffeomorphism, Gauss and Hamiltonian constraints, their signs can be fixed relative to each
other. All components of diffeomorphism and Gauss constraints are zero except

Hp = ~t (sz — 1) cos 0 {sgn(A}) +sgn(AjA3)}, (1.5.15)
(2 1) cos {sign(E2) + sign(4l B
Gy=t : 1 cos 6 {sign(E3) + sign(AJE*")}, (1.5.16)

and Hamiltonian constraint gives:
2m ) . 9 . ¢
C=t - 1) sin“0 {51gn(E2) + sign(EY )} . (1.5.17)
For the above constraints to be zero we must have

sign(ES) = —sign(E?), sign(A}) = +1,sign(A}) = —sign(47). (1.5.18)

This leaves us with two alternatives corresponding to the residual gauge freedom (b, py) — (—b, —ps).

AL = cradr + bradf + (cos 013 — bsin 071 )dg

Ef = pc13sin 00, + pp2 sin 009 — py1104, (1.5.19)
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and
Al = cradr — bradf + (cos 73 + bsin b7 )do (1.5.20)
Ef = pc13sin 00, — py2 sin 00 + py1104, o
where,
2m 1/2 m
b=ty (T - 1) Cc= 4y (—tfg) , (1.5.21)
9 1/2

pe=+t;py =t (Tm - 1) . (1.5.22)

The momentum p. = +¢2 is a monotonic function and can be interpreted as an internal time

parameter (as is interpreted in [44] for the case of the Kantowski-Sachs minisuperspace of Schwarzshild
black hole).

Region I.

The analoguos calculations for region I with line element (1.5.1) leads to the folowing phase space
coordinates

Al = érsdr 4 bradf + (cosfrs — bsinfr)de

1.5.23

Ef = p.13s8inb0, + pp125infde — pp104, ( )

Al = Ersdr — bradf 4 (cosfrs + bsin 0t1)do (1.5.24)
Ej = pc73sin 00, — py12sin 09y + pp7104, e

where,
- 2 1/2 9 1/2
b:iv(l——m> ;a:qw(%);ﬁczixz ;ﬁb:x(l——m> . (1.5.25)
x x x

This defines variables (1.4.5)-(1.4.6) introduced above in subsection 1.4 as
Ay =¢,E* =p;7Kg=b, E® =pyp; n=(2n+ 1)m, P" =0 (1.5.26)

which constitute a 4 dimensional phase space.

1.6 Classical Point-like Loop Quantum Gravity Contradict with a
Linear Colombeau Geometry

1.6.1 The Point-like Quantum Schwarzschild Geometry

We remind that in accordance with a linear Colombeau geometry approach [30], the Schwarzschild
black hole,etc. has a distributional source ~ § (2) € D' (R) ,see Eq. (1.1.8) and Eq. (1.1.11). This
result as well established and acceptet by scientific community as physical reality [29]-[31].

Remark 1.6.1.However under local singularity resolution based on canonical LQG approach [44],
these distributional sources vanishes and we go bak to ubnormal and mistaken results from classical
handbooks, see for example [3],[4].Obviously this is a contradiction. Thus by using canonical LQG
approach we can not quantized the well established classically distributional Schwarzschild black
hole,etc.
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Viewing LQG as a method to quantize connections, one would be able to impose a symmetry
through two avenues: (i) to pick, in the classical level, only those connections which are invariant
under symmetry group action and consequently reduce the phase space, and (ii) to restrict the
distributional states of the quantum theory, at the kinematical level, only to invariant connection
[42]-[45].

We will consider the simplest case of a spin network that is equispaced in normal coordinates with
lattice spacing A ~ Ipy.

Remind that under naive formal calculation the Kretschmann scalar curvature of the Schwarzschild
black hole reads [43]:

N o B . 48M?2
RPTHY () Rpopw (7) = 6

(1.6.1)

Obviously (1.6.1) indicates that in this case the singularity of space-time lies at # = 0 as well. The
classical phase space variables calculated in subsect.1.5 {c,p.} used in this section are given by
Eq.(1.5.21)-Eq.(1.5.22) and therefore

2m 1/2 m 2m 1/2
b=:|:fy<7—1> ;czqiv(t—z);pc::ttz;pb:t(T—l) . (1.6.2)

Let us consider the following quantity on the classical point-like phase space [43]:
1

_ _sgn(pc) 1
R=3 s {c, ,/|pc|} == (1.6.3)

Following the methods presented in [44], we expand now the holonomy along x direction of ¥ =
R x S? with oriented length T as

R =1+ e [y daers + O(€?), (1.6.4)

and rewrite R as

1

el (rgh;” {h;”‘l, m}) . (1.6.5)

Now, quantization would be straightforward:

R = gt (il [ V5]

= e, (oo (5) Vidsin () = n () Videos ().

Its action on |7, ) which are the simplified version of the spin network states in this reduced model
(with u being the oriented length along the equator of S?), then becomes:

R =

(1.6.6)

1
2w /Alp1 (\/|T +1 = VIT - 1|) 7o) - (1.6.7)

Such operator R |7, ) has a bounded spectrum with maximum value of (\/iw\ﬁépl)il. Thus the
Kretschmann scalar curvature, which is classically divergent, at quantum level has a maximum
value of [43]:

R, p) =

2
_ A8M” (1.6.8)

_ 48M?
V3ol

max f6

RPTM () Roopo (7)

max
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Remark 1.6.2. Note that a quantity (f%e (f)) which is classically has a weak distributional

€
limit, at quantum level obtained by canonical LQG has a maximum value of

Me?
~ T
max Pl

R. (7)

(1.6.9)

max

Thus lim. 0 R (#) = 0 since RHS of the Eq.(1.6.9) wanishes in the limit € — 0.

1.6.2 The Point Free Quantum Schwarzschild Geometry

In region II, the Colombeau metric of point-free Schwarzschild space-time takes the form

(ds?), = — [5"; - 1} - (dt2)_+ [é”; - 1} (da?)_ + (t2d2)_, (1.6.10)

where cl [(tc).] € R.According to definition of Colombeau tetrad (frame) fields (Guv,e).

= nrJ (eﬁ,seiys)g, they can be determined only up to a Lorentz transformation. This leaves us
with an SO(3,1) freedom in choosing tetrad. In fact, given the Colombeau metric (guv.c), =
nrJy (efmeﬁyi)6 we are free to choose their sign and Minkowski indices, which can be viewed as sort
of a labeling 4 tetrad fields. However, in order to serve as the fundamental fields for constructing
the conjugate pair ((A:),, (E:),), a particular labeling must be chosen which will be clear below.
The suitable choice for labeling 4 orthogonal Colombeau generalized frame fields reads

m —1/2
@, =g 1] . (e, = (0] [inen),] [(@60)]

5 2m 1/2
(), = £ [0.] [@00)] 5(e2), =% |35 =1]  [am].

which gives the compatible Colombeau generalized spin connection components

(ws )5 = - (ws )5 = - [(tg)s] [1(Zm8)5] ;

20y 02y _ | 2m
(w2 )5 = — (we )5 - |:(t5)s o 1] [(a6:).], (1.6.12)

2m 1/2
(@), = = @), = | 25 =1 [fsing).] [(do).]
(017), = = (@21), = [(eos6).] [(46).].

The (A:), field can be constructed using spin connections:

(1.6.11)

3 ) _l ) , B o2m . 1/2
M%—ﬂ(u%gwg$wa‘ﬂhm5q S (16.13)

(a2), = |5 <1]  [in0n.] [(@60).] (42), = = [foos6.).] [(d01).].

To construct Colombeau generalized field (E.)_ on ¥ we choose a gauge in which ez = ny, the
normal vector field to the spatial slice. This way we are in fact breaking the SO(3,1) symmetry
into SO(3) on a hypersurface with topology ¥ = R x S?. The Colombeau generalized 3 triad fields
become:
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(), == [(2?) ] (im0 ] [(@o0).] 5 (e2), = [(t2).] [(@02).]

. 1/2 (1.6.14)
(eg)s ==+ {(i) - 1] [(dxﬁ)s] )
with determinant
2m 1/2
(det (c.)), = [(12).] [(sin6.).] [ o 1} , (1.6.15)
and inverse triad
(ere). = im [(05.).] 5 (e2e). =% [(tl) ] [(0s.).] ;
elel [SHTe ) ee (1.6.16)

(es0). =+ [(?;L - 1} .

The (E.), fields become

(Br0). = £ [0.) [ 5 1—/21] [ ,.).).
m 1} [(sineg)s] [(5‘95)5] ) (16.17)

Thg Colgmbeau gveneralized 3 triad fields (1.6.14) define their generalized compatible spin connection,
(T2 Ael)_ + (det) =05:

(T2?), == (12")_ = [(cos0.).] [(d¢:).] , (1.6.18)
and
(12), = 5 (2T 402 = [(cosf).] [(do2).] (1.6.19)

Extrinsic distributional curvature is related to (A:), viay (K:), = (Ac).—(Te), reads

=1 (A7), ==+ (_ (g)s) [(dae).].

(Kgsaf)g

5
R T AR Y2 (1.6.20)
(K.0). =5 (), =% |25 1]
. 1, o e2m 7V
(Kj.0). = 5 (Af..). == [(ts)g 1} [(sinf.),] . (1.6.21)

Note that had we chosen other Minkowski indices for tetrad (1.6.11) we would not have obtained the
conjugate pair(A, E) with correct indices satisfying ({A;8 (ze), Ejl7 (ar;'g)})S =0; (535(1’5 — w;))s
The phase space variables are determined up to a sign freedom. By demanding F and A to satisfy
the diffeomorphism, Gauss and Hamiltonian constraints, their signs can be fixed relative to each
other. All components of diffeomorphism and Gauss constraints are zero except

2m

(te).

(HQE,E)S:W[@E)S][ _1] [(cos0.).] {sign [(A}. .).] +sign [(A2. A% )]}, (L6.22)
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(@), = [00.] [ 22 1] lteost.] {stgn [(22).] + sm (42,5200} 1639

(te),
and Hamiltonian constraint gives:

(0). = ()] ([(2m} - 1) [(sin®0.) ] {SIgn [(E ). ] + sign [(Ef;) ]} (1.6.24)

te).
For the above constraints to be zero we must have

sign [(ngg)s] = —sign

(Ef,i)a} : (1.6.25)
sign I:(A:;Eyg)E] = +17 Sign [(Aé’a,ﬁ)s

= —sign [(42..):].

This leaves us with two alternatives corresponding to the residual gauge freedom

((0e). s (Pree)) = (= (be)o s = (Poec).)-

()dd’a)s (1.6.26)

and

(e (] [09] 7 000

s0:). ]7’3—1—[(1)s ] [sm@ E]T

3 [(sin6:).] [(9r.). ] [(Pece).] [(Sm9 )] [(@6.).] +
+ [(pbg,s)s] m [(85.).]

(1.6.27)

where,
m 1/2 m
| (€)= 31T (1.6.28)
m 1/2
o). =2 (), + o) = [0 ([35--1]) (1:6.29)

The momentum (p, ), = £ (t?)g is a monotonic generalized function on R and can be interpreted
as an internal generalized time parameter.

Region 1.

The analoguos calculations for region I with Colombeau generalized line element (1.6.10) leads to
the folowing phase space coordinates

(sin6.),.] 1) [(doe).] (1.6.30)
(E'ﬁs) [(pgs 5) ] 3 [(Sinei)g] [(87‘5)5] +
Jl

A
=
=
o
o
wn
>
P
o
3
I m
—
/N
(=2
m
N———
\1‘.“_.
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([(coste).] s + [(b) . (1.6.31)

(Bc) = [(e.)
[

b = _ 2m v Ce a o). =+ (a2
(), =1 (af)J e “2[553)51/;(”6 PR e
#)e = [(w2)d] [l B wj

This defines variables (1.4.5)-(1.4.6) introduced above as

(Azee). = (8) ., (BE9), = (Peere) o s7 (Koo o). = (b) o
(B29). = (Pboc)e; n=(2n+ 1)m, (P2°), =0z

which constitute a 4 dimensional phase space.

Let us consider the following quantity on the point-free phase space mentioned above

(Re), = 27:76, {le)] s [y/Tpecc.]]} = SigEr(l|£ffC:|s))€]] _ [(t:)s]' (1.6.33q)

Following the canonical methods presented in [44], we expand now the holonomy along x direction
of ¥ =R x S? with oriented generalized length (7.)_ as

(12) =1+ € (f" doecam), + (0-()

£

, (1.6.34)

€

and rewrite (R.), as

st (052 J{[052) ] o)) o

Now, quantization would be straightforward:

(%)= g (o () J{[(52) ] G 1)
= smz, ([0 (557) ]/ 10eee ] [sin (757) ] - (1.6.36)

[sin (%)] [(Pe.c]).] [COS(Tszcs)E]).

Its action on |(7'6)E , (e, ) which are the simplified version of the spin network states in this reduced

(RE)S =

model (with (ue), being the oriented length along the equator of 52), then becomes:

1
€ B 271\/’7&31

(Re 172 me) ) (VI #1= VI), =) () (me).). (1.6.37)

Such operator (7%5 |7e, Ms>) has a bounded spectrum with maximum value of (\/iﬂ'ﬁepl)il.
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Remark 1.6.3. Thus the Colombeau generalized Kretschmann scalar curvature
( RETHY () Rpo e (te)) , which is classically has infinite large point value ~ cl [(676)6] € R (see

€
Eq.(1.1.18)), at quantum level has a maximum value of :

cl [( RETM (1) Rpor e (tg))s]

M2 M2 e M2 (1.6.38)
2 <st| e L
cl [(tg)g} =R S cl [(tg)s] = 3ols,

Remark 1.6.4. Note that the Colombeau generalized curvature scalar (Rg (tg))
€

obtained at quantum level by point-free LQG by using similarly calculation as it has been applied
above, has nonzero maximum value

(- c2]),

Remark 1.6.5. We emphasize that in contrast with trivial (zero valued) result obtained at

M

13
max Pl

~

R. (t.)

(1.6.39)

max

quantum level for Colombeau generalized curvature scalar (RE (tg)) by using canonical LQG, see
€

Remark 1.6.2, Colombeau generalized curvature scalar (RE (te)) obtained at quantum level by
€

point-free LQG has nonzero maximum value given by Eq.(1.6.39).

1.7 Generalized Stokes’ Theorem

1.7.1 The Colombeau Generalized Curvilinear Coordinates

Let us consider now the Colombeau generalized transformation from one generalized coordinate
system,

(wg)e , (ml)s , (x?)e , (m?)s ,to another generalized coordinate system (ac'so)6 (2l )5 , (mf)a , (w?)s :
transform according to the relation

(3), = (/. (0,02, a2, 2)) (L.7.1)

where the(fgi)E are certain Colombeau generalized functions and where (J. (2,2, 2%, 56'3))8

0.,1.,2 .3
(3o (22,22, 22 ,3))€_<8($g,$s,$g7fﬂe) (1.7.2)

Lo, Te y Te , T 6(1_/50713,6171‘22’1:/53)) #0@
€
is the Jacobian of the Colombeau generalized transformation (1.7.1).

Remark 1.7.1. When we transform the coordinates, their Colombeau differentials (da?) _ transform
according to the relation

@ 0 2 / 0 Z.; ’
(d02). = (aj;kdxfk> - Kaf;k> ] (). (1.7.3)

Definition 1.7.1. Every tuple of four Colombeau quantities (Aé)E ,4 = 0,1,2,3, which under a
transformation (1.7.1) of coordinates, transform like the Colombeau coordinate differentials (1.7.2),
is called Colombeau contravariant four-vector:

i 81"15 ’ 81715 ,
(42). = (fm;’fAEk) - [(63@) } (45, (17.4)
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Let (¢c), be the Colombeau scalar. Under a coordinate transformation (1.7.1), the four Colombeau

. 0 . .
quantities ( 8%) ,4=0,1,2,3 transform according to the formula
H

O\ _ (Ope 0z _ (0 oxlk
(81’2)5 B (31’2’“ Oxt )E B (89:’6’“ N\ ozt )’ (1.7.5)

Definition 1.7.2. Every tuple of four Colombeau generalized functions (A;.), which, under a
coordinate transformation (1.7.1), transform like the Colombeau derivatives of a scalar, is called
Colombeau generalized covariant four-vector

oz, Dz )
(Aie), = <8x§ Ak,€>6 = (87%)5 ( k»E)e' (1.7.6)

Definition 1.7.3. We call the Colombeau generalized contravariant tensor of the second rank,
(A;k )6,any tuple of sixteen Colombeau generalized functions which transform like the products of
the components of two Colombeau generalized contravariant vectors, i.e. according to the law

) amlk ax/m ax/k axlm
A = < = Al = e Al 1.7.
(4. (ax; i m) (ax; Ozt ) (Aim.c). (1.7.7)
and a mixed Colombeau generalized tensor transforms as follows
. axz ax/m 8331 ax/m
Al — € € A/l — £ € A/l . 1.7.
( k,s)s (896’51 8:16’; m,s)s (axg E)x’; )E( m,s)e ( 78)

Remark 1.7.2. Note that the scalar product of two four-vectors (AQBLE) is invariant since

i dxl Oz ey ™ Y
(AiBic), = (%g Bar A'B;, . = aur AlB, . = (A'B;.) . (1.7.9)
The unit four-tensor &} is defined the same as in classical case: 6. = 0 for i # k and 5=
1 for i = k.If (A’;)Sis a Colombeau generalized four-vector,then multiplying by ¢; we obtain

(A%6}) . = (AL (1.7.10)

e

i.e. again Colombeau generalized four-vector; this proves that 4, is a tensor.

Remark 1.7.3. The square of the Colombeau generalized line element (dsg)s in curvilinear
coordinates is a quadratic form in the differentials dzt,i =0,1,2,3 :

(ds?)S = (gik,edxid:rk)s = [(gik,g)s] dz'dz®. (1.7.11)

where the (gix,c), are Colombeau generalized functions of the coordinates; (gix,c), is symmetric in
the indices ¢ and k :

(gik.e). = (grie). - (1.7.12)

Definition 1.7.4.Since the (contracted) product of (gix,c), and the contravariant tensor

dx'daFis a scalar, the (gik,e). form a covariant tensor; it is called the Colombeau generalized
metric tensor.

Definition 1.7.5. Two tensors (A ), and (Bék)E are said to be reciprocal to each other if
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(AireB), = [(Aire).] [(BF),] = 6. (1.7.13)
In particular the contravariant metric tensor is the tensor (gix,c) reciprocal to the tensor

(gé’“)6 sthat is,

{(gi.e). } {(2)_} = o1 (1.7.14)
The same physical quantity can be represented in contravariant or covariant components.

It is obvious that the only quantities that can determine the connection between the different forms
are the components of the metric tensor. This connection is given by the formulas:

(Aé)e = (g;j—kAk’g)E 5 (Ai,g)s = (glk,EAlg) (1715)

.-
These remarks also apply to Colombeau generalized tensors. The transition between the different
forms of a given physical generalized tensor is accomplished by using the metric tensor according
to the formulas:

(Aho). = (98 Awc) o (A%) = (g2 gE™ Aumc) _ , ete. (1.7.16)

The completely antisymmetric unit pseudotensor in galilean coordinates we denote by ™™ Let
us transform it to an arbitrary system of Colombeau generalized coordinates, and now denote
it by (E;“m)a. We keep the notation e'*'™ for the quantities defined as before by €”'?* = 1 (or
eo123 = —1).Let the z'%i=0,1,2,3 be galilean, and the (mé)s ,i=0,1,2,3 be arbitrary Colombeau
generalized curvilinear coordinates. According to the general rules for transformation of Colombeau
generalized tensors, we have

i k ! m
(E;klm) — |:(8ms 8xe 8338 8$5 ) :|ep7'st7 (1717)

€ 81.117 axlr 8(1:/5 8.Tlt

or

{3 (x'o,x'17x'2,a:'3))£}ep”'t, (1.7.18)

€

where (J. (2%, 2", 2", m'S))E # 0z is the determinant formed from the derivatives dz*/0x?, i.e. it

is just the Colombeau generalized Jacobian of the Colombeau generalized transformation from the
galilean to the Colombeau generalized curvilinear coordinates:

9 (ad, a2, a2, a?
(Je ($/07$/1’$l27m/3))5 = (8(3(1/0712’1,.%’27:5’2’)) : (1.7.19)

This Colombeau generalized Jacobian can be expressed in terms of the determinant of the Colombeau
generalized metric tensor (gir,c). (in the system (mé)g) To do this we write the formula for the
transformation of the metric tensor:

; ozl Ozt ;
ik _ € € (0)im 1.7.20
(92"). Kax'i ax'm>j g, (1.7.20)
where
1 1 1 1
(0yim _ (0) _ 1 -1 1 1
1 1 1 -1
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and equate the determinants of the two sides of this equation. The determinant of the reciprocal
tensor det’(gék)5| = 1/(gs).. The determinant det|g®"™| = —1. Thus we have 1/(g.), =
— (32 (x'o,x'l,m'z,x's))g, and so

(Jg (x'o,x/l,zlz,x'3))5 =1//(gc).- (1.7.22)

Thus, in curvilinear coordinates the antisymmetric unit tensor of rank four must bedefined as

(EFm) = #eiklm (1.7.23)

c —(ge).

and its covariant components are
(Eikim,e). = v/~ (9)Cikim- (1.7.24)

In a galilean coordinate system z*,i = 0,1,2,3 the integral of a scalar with respect to dQ)' =
dz'%dz' dz'dz" is also a scalar, i.e. the element dQ’ behaves like a scalar in the integration. On
transforming to Colombeau generalized curvilinear coordinates (acé)8 ,i=0,1,2,3, the element of
integration dQ2’ goes over into

dQ = {(I=1)_ } dQ = /= (g-). (dQ). , (1.7.25)
where (d2), = {(de2) } {(de2) } {(de2) } {(de2). } -

Thus, in Colombeau generalized curvilinear coordinates, when integrating over a four-volume the
quantity \/— (g). (d€2:). behaves like an invariant.

Remark 1.7.4. The element of ”area” of the Colombeau generalized hypersurface spanned by three
infinitesimal Colombeau generalized displacements is the contravariant antisymmetric Colombeau
generalized tensor (dSZ;kl)E; the vector dual to it is gotten by multiplying by the tensor \/— (gc)_€ikim.,
so it is equal to

V= (92). (dSci), = — /= (g-) .€inim (dSE™) . (1.7.26)

Remark 1.7.5. Let (df;k)sbe the element of two-dimensional Colombeau generalized surface
spanned by two infinitesimal Colombeau generalized displacements, the dual Colombeau generalized
tensor is defined as

V= (9e). (dfik.c) . = %\/Tzs)seiklm (df."™). . (1.7.27)

We will be use the designations (dSc,;) and (dfk’;a)s for €;xim (deim)E and €;kim (dfslm)s (and not
for their products by \/— (g:).)-

1.7.2 Generalized Stokes’ Theorem

Remark 1.7.6. Note that the canonical rules for transforming the various integrals into one
another remain the same, since their derivation was formal in character and not related to the
tensor properties of the different quantities. Of particular importance is the rule for transforming
the integral over a hypersurface into an integral over a four-volume (Gauss’ theorem), which is
accomplished by the substitution

(dSic), == [(dQ:),] (aig) . (1.7.28)
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Remark 1.7.7. (Stokes’ theorem) Note that for the integral of Colombeau generalized vector (Ai)s
we have

(§ ALdSic), = (f gﬁdﬂgl = Kgﬁ)} [(de) ] (1.7.29)

which is the generalization of Stokes’ theorem.

Note that in galilean coordinates the Colombeau generalized differentials (dAiyg)E of a vector (Ai,g)E
form the Colombeau generalized vector, and the derivatives (9Ai.c/ 8z’§)€ of the components of a
vector with respect to the coordinates form the Colombeau generalized tensor. In Colombeau
generalized curvilinear coordinates this is not so; (dA;.). is not a vector, and (8141-,5 /8x§)£ is
not the Colombeau generalized tensor.This is due to the fact that (dA;.), is the difference of
vectors located at different (infinitesimally separated) points of space; at different points in space
vectors transform differently, since the coefficients in the transformation formulas (1.7.3), (1.7.4)
are Colombeau generalized functions of the generalized coordinates.Thus in order to compare two
infmitesimally separated generalized vectors we must subject one of them to a parallel translation
to the point where the second is located. Let us consider an arbitrary generalized contravariant
vector ; if its value at the point z° is (AZ)E, then at the neighboring point z‘ + dz’ it is equal
to (Af;)5 + (dAi)E = (A; +dA§)E. We subject the vector (Aé)S to an infinitesimal parallel
displacement to the point z* 4+ dz‘; the change in the vector which results from this we denote
by (5Ai)€ Then the difference (DA;)E between the two Colombeau generalized vectors which are
now located at the same point is

(DAL) = (dAL)_ — (6A%) . (1.7.30)

The change ((5A2)Ein the components of Colombeau generalized vector under an infinitesimal
parallel displacement depends on the values of the components themselves, where the dependence
must clearly be linear. This follows directly from the fact that the sum of two Colombeau generalized
vectors must transform according to the same law as each of the constituents. Thus (6A§)E has the
form

(6A%) = — (T}, ALkda') _, (1.7.31)

where (chl’g)a the are certain Colombeau generalized functions of the coordinates. Their form
depends, of course, on the coordinate system; for a galilean coordinate system (F;ﬂl,s)g = Og. From
this it is already clear that the quantities (FZz,a)g do not form Colombeau generalized tensor, since
a tensor which is equal to zero in one coordinate system is equal to zero in every other one. In
a curvilinear space it is, of course, impossible to make all the (F;ﬂl,s)g vanish over all of space.
But we can choose a coordinate system for which the (F };Z’S)ebecome 0Oz over a given infinitesimal
region. The quantities (Ffdﬂs)s, are called generalized Christoffel symbols. In addition to the

quantities (Fil’s)g we shall later also use Colombeau generalized quantities (I';xi,c). defined as
follows

Ciskte). = (gim.Tim.e). - (1.7.32)
Conversely,
(Fi:l,a)s = (g‘z,;m]-—‘m,kl,5)6 . (1733)

It is also easy to relate the change in the components of a covariant vector under a parallel
displacement to the Christoffel symbols. To do this we note that under a parallel displacement,
a scalar is unchanged. In particular, the scalar product of two vectors does not change under a
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parallel displacement.Let (A; ), and (B;)E be any covariant and contravariant vectors. Then from
) (Ai,gBé)E = O, we have

(BibAie) = — (AiedBL)_ = (T, BEA;cda') (1.7.34)
or, changing the indices,

(Bi6Aie) = (I, Bi Ay cda') (1.7.35)
From this, by the arbitrariness of the (B;)E one obtains

(0Aic), = (T, Ax,c) ) da' (1.7.36)
which determines the change in a covariant vector under a parallel displacement.

Substituting (1.7.31) and (dAé)E = ((0AL/0z").) da' in (1.7.30), we obtain

(DAY), = K%;lj) +( };Z,EA’;)J dx'. (1.7.37) .

1.8 The Colombeau Generalized Curvature Tensor

In this subsection we derive the general formula for the change in a vector after parallel displacement
around any infinitesimal closed contour 7. This generalized change (AAg.). € R can clearly be
written in the form ( $ 5Ak,5)5, where the Colombeau integral is taken over the given regular contour
<. Substituting in place of (0Ax ) the expression (1.7.36), we get

(AAy.), = (j?w . (x) Ai (z) d:rl) €R, (1.8.1)
where for any i,k,1 =0,1,2,3: (T} (:c))E € GRY),z = (2% 2",2%,2%), A (z) e D(G), G CR™
Note that the vector A; which appears in the integrand obviously changes as we move along the
contour 7.

Definition 1.8.1.We will say that generalized change (AAg ), exists in the sense of the Schwartz
distributions if for any A; (z) € D(G) the limit: lime0 AAg e exists. Of course in this case
obviously ¢l [(T};. (x))_] € D' (G) and cl [(AAx,),] € R.

For the further transformation of this Colombeau integral, we must note the following. The values
of the vector A; at points inside the contour are not unique; they depend on the path along which
we approach the particular point. However, as we shall see from the result obtained below, this
non-uniqueness is related to terms of second order. We may therefore, with the first-order accuracy
which is sufficient for the transformation, regard the components of the vector (A;.). at points
inside the infinitesimal contour v as being uniquely determined by their values on the contour itself
by the formulas

(04 (), = (T] - (z) Apc (z)da') _, (1.8.2)
i.e., by the derivatives

8‘457;(5”) = (e (2) Ane (2)), - (1.8.3)

Now applying generalized Stokes’ theorem (see Theorem 1.7.1) to the integral (1.8.1) and considering
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that the area enclosed by the contour has the infinitesimal value (A fsim)s , we get:

0 (Tiom« () Ai (1)) 0 (Tiu.c () Ai (2)) my _
(Fget) (Rt foe.-

A; () M —A; () W) + (1.8.4)

(AAL.), =

'
2
1
2 o' ox

(P55) im0, = (%82 (et ] 7.

Definition 1.8.2. Colombeau generalized k-form (w.)_ on a differentiable manifold M is a smooth
section of the bundle of alternating Colombeau generalized k-tensors on M.

Equivalently, (w.), associates to each z € M an alternating Colombeau generalized k-tensor (wzc),,
in such a way that in any chart for M, the coefficients(w;,...i, ). are Colombeau generalized
functions.

£

Theorem 1.8.1. (Generalized Stokes’ Theorem) Let (w:), be Colombeau generalized differential
form.Then the Colombeau integral of a differential form (w.), over the boundary of some orientable
manifold ¥ C M is equal to the integral of its exterior Colombeau derivative (dwe)_ over the whole
of ¥, i.e.,

é}fE (we), = (afz W€)€ = (g dwe)s :g(dwg)s. (1.8.5)

Proof. Immediately from the classical Stokes’ Theorem and definitions.

Example 1.8.1. For example, for the integral of Colombeau generalized vector (A; . (x)),

we have

(lfAi,sdac")s = (fd ki%) = % <f [(df)] (851;,8 B 86/:1;;» =

) (% - 2 ) s ) [(%e2) - (%) ).

where I' = 0% and (dfeki)s = (dxédx'sk)s - (dwlg daﬂf)E is the infinitesimal element of surface which

is given by the antisymmetric tensor of second rank (dfs"”')6 .

(1.8.6)

DN —

Substituting the values of the derivatives (1.4.3) into Eq.(1.4.4), we get

(Ade). = 5 (Rhum e () Asce (2) ALE™), (1.8.7)

where (R;;elm,s (36))E is a Colombeau generalized tensor field of the fourth rank:

(Rime (1)), = (f’(km@)) B (3(“@)> .\

ox! ox™
(Fin',e (J)) Zm,s (I))E - (Fiwn,s (m) FZl,s (33))6 .

Definition 1.8.3. The tensor field (Rﬁﬂ.mE (gc))E is called the distributional curvature tensor or the
distributional Riemann tensor.

(1.8.8)

Remark 1.8.1. Note that in general case for any i,k,1 =0,1,2,3 : ¢l [(Rjn (CE))E] € G(RY).
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Definition 1.8.4. We will say that the distributional Riemann tensor (R?clm,s (m))sexists in the
sense of the Schwartz distributions if for any ¢,k,1 = 0,1,2,3 and for any A; (z) € D (G) the limit:

lime o [, Rigm.e () Ai (z)d'zx (1.8.9) exists.

Definition 1.8.5. We will say that the distributional Riemann tensor (Rilm6 (:c))sexists in the
classical sense at point Z € R if there exists standard part of point value of Colombeau generalized
function (Rjm,. (), at point & € R,i.e. st (cl [(Rim,- ())_]) € R.

From the expression (1.8.8) it follows directly that Vz € R the distributional curvature tensor is
antisymmetric in the indices [ and m :

(Biim,e (), = = (Rimi« (2)) (1.8.10)
and therefore Vz = (z.), € R the following identity holds

(Riim.e (x2)) . = = (Rimi e (x2)) _ - (1.8.11)

1.9 Generalized Einstein’s Field Equations

The action functional for the gravitational field reads [33,36,37]

([ Ren/=gedS) _. (1.9.1)

The invariant Colombeau integral (1.9.1) can be transformed by means of Gauss’theorem to the
integral of an expression not containing the second derivatives. Thus Colombeau integral (1.9.1)
can be presented in the following form

(f Ren/=9edY)_ = ([ Gen/=gedY) _+ (f Wm) , (1.9.2)

where (G<), contains only the tensor (gix ), and its first derivatives, and the integrand of the second
integral has the form of a divergence of a certain quantity (wi.)g.According to Gauss’ theorem, this
second integral can be transformed into an integral over a hypersurface surrounding the four-volume
over which the integration is carried out in the other two integrals. When we vary the action, the
variation of the second term on the right vanishes, since in the principle of least action, the variations
of the field at the limits of the region of integration are zero. Consequently, we may write

8 (f Rey/=92dQ)_ = (8 [ Ren/=gedY)_ = (8 [ Ger/=gedS2) _. (1.9.3)

The left side is Colombeau scalar; therefore the expression on the right is also Colombeau scalar
(the quantity (G.), itself is, of course, not Colombeau scalar). The quantity (G.), satisfies the
condition imposed above, since it contains only the (gix,c). and its Colombeau derivatives. Thus

finally we obtain

167k

58 [(g:).] = (0 [ Ge/=gedQ)_ = — 1(; - (0 Rev/=g:d9)_. (1.9.4)

The constant « is called the gravitational constant. The dimensions of x follow from (1.9.4). Its

numerical value is x = 6.67 x 10" %sm®xgr=! x sec™2.

We now proceed to the derivation of the equations of the gravitational field. These equations are
obtained from the principle of least action §((Sm.c). + (Sy.).) = Oz, where (Si ). and (S, ) are
the distributional actions of the gravitational field and matter respectively. We now subject the
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gravitational Colombeau metric field, that is,the quantities g¢;x, to variation. Calculating the
variation ¢ (S, )., we get

5 (f Rey/=92d)_ = (8 [ Re/=9=dQ) = (8 [ 92" Ri,en/=g-d?) , =
{(J Rir,ev/=9:092"dQ) _+ ([ Rin,c9:*6y/=g-dQ) _ + (f 92"/ =9-0Rix,dQ) [}~ (1.9.5)
f { (Rik,s vV 7gs§gék)5 + (Rik,eg;k(;\/ 795)5 + (gi-k vV *gséRik,E)E} dQ2.
)

Thus, the variation S [(ge E] is equal to

e 1 ”
e - - ik,e — FYik,elle —4ge :: Q . 1.9.
S [(0:.) = ~gom (J { P = gowere | yv=satan) (19
Remark 1.9.1. We note that if we had started from the expression
3
c
Dl =— c/—gedQ) 1.9.
08, [(9:).] = — {5 (0] Gev/=ged), (1.9.7)
for the action of the field, then we get
6S [(95)6] =
e i 0{Gc/=g- 0 0{G\/—9- 1.9.8
- f&(gek)EdQ { ik g:b) Dl { ikg ! : ( )
167k 0g: Ox dgt
£ 87
Ox! <

Comparing Eq.(1.9.8) with Eq.(1.9.6), we get

1
(Rik,S)E - (gik,eRs)S =

2
{(A) }§ (M) - ac’ﬂa{c:(?;g/m | )

For the variation of the action of the matter we can write

(Sm.e). = % ([ Tine v=g:0g7%d2) _, (1.9.10)

where (Tik,c). € G(R?) is the generalized energy-momentum tensor of the matter fields.

Thus, from the principle of least action

5{S[(9:).] + (Sm.e).} =05 (1.9.11)
one obtains

& 81k

1 1
167k (f {R““f — ke lle = CTTk} \/Tgst;gs’“dﬁ) =0z (1.9.12)

From Eq.(1.9.12), since of the arbitrariness of the (5g2*)_ € G(R*) finally we get

8Tk

1
(Rik,s)s - 5 (gik,sRE)E = CT (nk,s)s (1913)
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or, in mixed components,

(RE.). — %55‘ (R.), = %ﬁ (Tr.). . (1.9.14)

They are called the generalized Einstein equations.
Contracting (1.9.14) on the indices ¢ and k,we get

(Re). = —8:7% (Tie), = ==& (To)... (1.9.15)

Therefore the generalized Einstein equations of the field can also be written in the form

8Tk

(Rik,s)g - CT {(Tik,e)g - % (gik,sTs)E} . (1916)

Note that the generalized Einstein equations of the gravitational field are nonlinear Colombeau
equations.[37].

1.10 The breakdown of canonical formalism of Riemann geometry
for the singular solutions of the Einstein field equations

1.10.1 The Densitized Einstein Field Equations Revisited

The densitized Einstein field equations originally considered in A. Einstein and N. Rosen paper [32],
see also [46].

Remark 1.10.1. Note that if some components of the Riemann curvature tensor R, () become
infinite at point #° one obtain the breakdown of canonical formalism of Riemann geometry in
a sufficiently small neighborhood Q of the point #° € Qi.e. in such neighborhood © Riemann
curvature tensor Ry, (2) will be changed by formula (1.10.7) see remark 1.10.2.

Remark 1.10.2. Let I" be infinitesimal closed contour and let Xr be the corresponding surface
spanning by I, see Fig.1. We assume now that: (i) christoffel symbol I'}; (£) become infinite at
singular point #° by formulae

{ ki (2) < B (2) (s —2?)” (1.10.1)

and (ii) 2° € Yr.Let us derive now to similarly canonical calculation [3]-[4] the general formula for
the regularized change A Ay, in a vector A; (%) after parallel displacement around infinitesimal closed
(1.9.16) contour I'. This regularized change A Ay can clearly be written in the form

AAy = § & (& —2°) 5As, (1.10.2)
N

where

P (:i - io) =11, (.%‘1 - x?)%,é > 1 and where the integral is taken over the given contour I'.
Substituting in place of §Aj the canonical expression §Ay = T't; (&) Apdz (see [9], Eq. (85.5)) we
obtain

AA = [ ® (2 —3°) 6A, = [ @ (& — 3°) T (&) Apda! (1.10.3)

where
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t Black hole

y

X Contour I

Singularity

Fig. 2. Infinitesimal closed contour I'and corresponding singular surface 1 3

0 spanning by I'.

Due to the degeneracy of the metric (1.10.12) at point r=0, the Levi-Civita’ connection Fz_jl ({}) =

= % [glm ({})} [(gmk’,j ({}) + Gmj k ({}) = Gkjm ({})]

is not available on R 3_ U {0} in canonical sense but only in an distributional sense.

0A;

St = T (&) Ak. (1.10.4)

Now applying Stokes’ theorem (see [4],Eq.(6.19)) to the integral (1.10.3) and considering that the

area enclosed by the contour has the infinitesimal value Af'™, we get

AAy = §® (2 —3°) Ty (2) Apda! =

1 9 (Thm (@)Aiqf(;ﬁ—@o)) 9 (Thy (2) Ai® (& — 2°)) m
o 52{ |: O B dxm :| df'm
[0k @) A (2 - 3°)) 0 (T (3) Ai® (@—@0))] Afim

ozt oz 2
q)(j_@O)a( km ;xjx)AZ)'F(;cm(@)Az)a(I)(;xjx)
o (T, (&) A; o9 (& — &° im
—® (2 — 2°) <F’gim) ) _ (i (&) A) @E%m ) AJ; =
oy 0 (Dhn (2) A oy O (T (2) As
o (& — i°) (kalfl) ) ® (& — i°) (’gim) ) _
i Py (A lm

Substituting the values of the derivatives (1.10.4) into Eq.(1.10.5), we get finally:

A (#) @ (@2— ) Af”"7 (1.10.6)

AAk = Ry,

(1.10.5)
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Black Hole Regions

Fig. 3. Infinitesimal closed contour I' with a singularity at point 20
on Horizon and corresponding singular surface Xp O 20 spanning by I'.
Due to the deheneracy of the metric (1.12) at r=2m,
the Levi-Civita’ connection F;'jl {} =

= % [glm ({}ﬂ [(gmk,j ({}) + Imj.k ({}) — Gkjm ({})]

is not available on horizon in canonical sense but only in a distributional sense.

where E}QW is a tensor of the fourth rank

~; ; D (£) T (&
Riym = Riym +20 km(o) .y 1 )0
T — 1 Tm — Ty,

(1.10.7)

Here R}, is the classical Riemann curvature tensor.That ﬁilm is a tensor is clear from the fact
that in (1.10.6) the left side is a vector—the difference m between the values of vectors at one
and the same point. Note that an similar results was obtained by many authors [5]-[17] by using
Colombeau nonlinear generalized functions [1]-]2].

Definition1.10.1. The tensor Eizm is called the generalized curvature tensor or the generalized
Riemann tensor.

Definition1.10.2. The generalized Ricci curvature tensor Ri is defined as
Rim = Riin. (1.10.8)
Definition1.10.3. The generalized Ricci scalar R is defined as
R= ¢"" Rim. (1.10.9)
Definition1.10.4. The generalized Einstein tensor Grom is defined as
Grm = Riem — %gkmé. (1.10.10)

Remark 1.10.3. (I) Note that the Schwarzschild spacetime is well defined only for r > 2m.
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The boundary of the manifold {r > 2m} in R®*xR is the submanifold {r = 2m} of R® xR, diffeomorfic
to a product S% x R.

This submanifold is colled the event horizon, or simply the horizon [33],[34].

(IT) The Schwarzschild metric (1.10.12) in canonical coordinates (z°, 7,8, ¢), with m > 0, ceases to
be a smooth Lorentzian metric for r = 2m, because for such a value of r the coefficient goo becomes
zero while g1 becomes infinite. For 0 < r < 2m the metric (1.10.12) again a smooth Lorentzian
metric but ¢ is a space coordinate while r is a time coordinate. Hence the metric (1.10.12) cannot
be said to be either spherically symmetric or static for r < 2m [33].

(III) From consideration above obviously it follows the metric (1.10.12) that on Schwarzschild
spacetime

Sh = (5% x {r > 2m} U{0 < r < 2m}) x R the Levi-Civita connection

[g" (L] [(gmis ({}) + gmjk (1) = grsom ()] (1.10.11)

N —

{ gy —

is not available in classical sense and that is well known many years from mathematical literature,
see for example [22] section 6 and Remark 1.10.1 Remark 1.10.2 above.

(IV) Note that [4] : (i) The determinat det (gim({})) = —r*sin? @ of the metric (1.10.12) is reqular
on horizon,i.e., smooth and non-vanishing for r = 2m.

In addition:
(ii) The curvature scalar R({}) = ¢** R ({}) is zero for r = 2m.

(iii) The none of higher-order scalars such as R*”({})Rp.({}),etc. blows up. For example the
quadratic scalar R ({})Rpopn ({}) = 48m? /r® is reqular on horizon,i.e.,smooth and non-vanishing
for r = 2m.

(V) Note that: (i) In physical literature (see for example [4],[33],[35],) it was wrongly assumed
that a properties (i)-(iii) is enough to convince us that » = 2m represent an non honest physical
singularity but only coordinate singularity.

(VI) Such assumption based only on formal extensions R({}), R* ({) R, ({}), ...,
R ({})Rpo v ({}) of the curvature scalar R({}) and higher-order scalars such as

R*”({HRuw{}), -, R?*({})Rpour ({}) on horizon r = 2m and on origin r = 0 by formulae

R(r) = lim R(r) =0,R(r)] =IlmR(r)=0
r=2m r—2m r=0 r—0
RO (1) Ry ()| = Tim (RO (1) Ry () = lim A8m” _ 48m”
pany r=2m r—2m PRV r—2m ’rG 7’6 'r:2m7
D pouv o) . ouyY . 48m2
RPoH (r)RpUW(r)‘ = lim (R*7" (1) R (1) = lim —n = o0
r=0 r—0 r—0 7
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However in the limit 7 — 2m the Levi-Civit4 connection Fz'jl ({}) becomes infinite [4]:

" X m (r — 2m) | X —-m
Too (r)‘ = lim ————— =0,y (r)) = lim ——— = oo,
r=2m r—2m r3 r=2m r=2m oy (r — 2m)
m
F81 (r) = lim —— = o0
r=2m r=2m oy (r — 2m)
1
I3, (1) = lim —=2"tm~1 1| =— 1 —2m) =0,
2], g, = 1B, =2 Ty, =7 I, 02
r3 | = lim - =2"'m~1 1! | = — lim (r—2m)sin26 =0,
Blr—om  ro2mp 33|, —om r>2m
| . m(r —2m) " X —m
Too (r)) = lim —————— = o0 I'y; (r)‘ = lim ——— = oo,
r=0 r—0 r3 r=0 r=07 (r — 2m)
................................................. PRVEEERIEE
Fgg = —sin 6 cos O,FgS = .
sin 6

Thus obviously by consideration above (see Remark 1.10.1-Remark 1.10.2) this extension given by
Eq.(1.10.15) has no any sense in respect of the canonical Riemannian geometry.

(VII) From consideration above (see Remark 1.10.1-Remark 1.10.2) it obviously follows that
the scalars such as R({}), R* ({ DR, ({}), ..., R?7* ({})Rpopv ({}) have no any rigorous sense in
respect to the canonical Levi-Civitd connection (1.10.11) and therefore cannot be said to be either
honest physical singularity or only coordinate singularity in respect of the canonical Riemannian
geometry.

Remark 1.10.4. Note that in physical literature the spacetime singularity usually is defined as
location where the quantities that are used to measure the gravitational field become infinite in
a way that does not depend on the coordinate system. These quantities are the classical scalar
invariant curvatures of singular spacetime, which includes a measure of the density of matter.

Remark 1.10.5. In general relativity, many investigations have been derived with regard to
singular exact vacuum solutions of the Einstein equation and the singularity structure of space-
time. Such solutions have been formally derived under condition T},(x) = 0,where T}, (z) represent
the energy-momentum densities of the gravity source. This for example is the case for the well-
known Schwarzschild solution, which is given by, in the Schwarzschild coordinates (x°,r,0,¢),

ds* = —h (r) (dz®)* + K=" (r) (dr)* + r* [(d6)* + sin® 0(de)?] ,h (r) =1 — ’"7 (1.10.12)

where, rs is the Schwarzschild radius rs = 2GM/c2 with G, M and c being the Newton gravitational
constant, mass of the source, and the light velocity in vacuum Minkowski space-time, respectively.
The metric (1.3.12) describes the gravitational field produced by a point-like particle located at
r=0.

Remark 1.10.6. Note that when we say, on the basis of the canonical expression of the curvature
square

2
RI7 (1R o (1) = g

5 (1.10.13)

formally obtained from the metric (1.3.12), that » = 0 is a singularity of the Schwarzschild space-
time, the source is considered to be point-like and this metric is regarded as meaningful everywhere
in space-time.

Remark 1.10.7. From the metric (1.10.12), the calculation of the canonical Einstein tensor
proceeds in a straighforward manner gives for r # 0
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Gl =apey =0 1RO o ey —ae ) =

7 72

W) h(r)

2 72

=0, (1.10.14)

Where h (r) = —1 + rs/r.Using Eq.(1.10.14) one formally obtains a boundary conditions

G (0) = limG} (r) = 0,GL. (0) £ limGY. (r) = 0,
=0 =0 (1.10.15)

GY(0) £ 1ir%Gz (r) = 0,GZ (0) £ im G (r) = 0.

However as pointed out above the canonical expression of the Einstein tensor in a sufficiently small
neighborhood €2 of the point r = 0 and must be replaced by the generalized Einstein tensor G,
(1.10.10). By simple calculation easy to see that

Gi(0) £ lim G} (r) = —00,G7 (0) £ lim Gy (r) = —oo,
G%(0) 2 limGY (r) = —oo,ég (0) = lir%éi (r) = —o0.

r—0

(1.10.16)

and therefore the boundary conditions (1.15) is completely wrong. But on the other hand as pointed
out by many authors [5]-[17] that the canonical representation of the Einstein tensor, is valid only
in a weak (distributional) sense,i.e. [12]:

G¢ (%) = —8mmdgoYs® (T) (1.10.17)

and therefore again we obtain Gj (0) = —oo X (585,9) .Thus canonical definition of the Einstein
tensor is breakdown in rigorous mathematical sense for the Schwarzschild solution at origin r = 0.

1.10.2 The Distributional Schwarzschild Geometry

General relativity as a physical theory is governed by particular physical equations; the focus of
interest is the breakdown of physics which need not coincide with the breakdown of geometry. It has
been suggested to describe singularity at the origin as internal point of the Schwarzschild spacetime,
where the Einstein field equations are satisfied in a weak (distributional) sense [5]-[22].

1.10.3 The Distributional Schwarzschild Geometry at the Origin. The
Smooth Regularization of the Singularity at the Origin

The two singular functions we will work with throughout this paper (namely the singular components

of the Schwarzschild metric) are 1 and , s > 0.Since 1 € L},.(R?), it obviously gives the
r r

r—Ts
1

regular distribution = € D'(R?).
r

By convolution with a mollifier p (z) (adapted to the symmetry of the spacetime, i.e. chosen radially
symmetric) we embed it into the Colombeau algebra G (R?) [22]:

. _>L(r> - (T> * pe = <T>E,ps = E3p(5) ,e€(0,1]. (1.10.18)

Inserting (1.10.18) into (1.3.12) we obtain a generalized Colombeau object modeling the singular
Schwarzschild spacetime [22]:

(ds?)s = (he (1) (dt)Q)E — (hZ* (r) (dr)z)s +r? [(d9)? + sin® 0(d¢)?] ,
he (r) = =1+rs (%) ,e € (0,1].

€

(1.10.19)
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Remark 1.10.8. Note that under regularization (1.10.18) for any e € (0, 1] the metric
ds? = he (r) (dt)> — ho' (r) (dr)® + r? [(d0)? + sin® 0(d¢)?]

obviously is a classical Riemannian object and there no exist an the breakdown of canonical
formalism of Riemannian geometry for these metrics, even at origin r = 0. It has been suggested
by many authors to describe singularity at the origin as an internal point, where the Einstein field
equations are satisfied in a distributional sense [5]-[22]. From the Colombeau metric (1.10.19) one
obtains in a distributional sense [22]:

h. (r) n 1+ he (’V‘)) :87Tm6(r)

(7 (), = (), = (=] ,
LR

L)\ QT (1.10.20)
(B3 (r.€)). = (RY), = 5 ( S h ( )) _ _47rm55£2).

r

Hence, the distributional Ricci tensor and the distributional curvature scalar (R (r))_ are of -type,
§(r)

rz ’

Le. (R (r)) =mm

Remark 1.10.9. Note that the formulae (1.10.20) should be contrasted with what is the expected
result G¢ (z) = —8mmd§dons® (x) given by Eq.(1.10.17). However the equations (1.10.20) are
obviously given in spherical coordinates and therefore strictly speaking this is not correct, because
. o 0 0
the basis fields {87” 95’ 90
at the origin requires a basis regular at the origin. Transforming the formulae for (R_(y). into
Cartesian coordinates associated with the spherical ones, i.e., {r,0, p} <> {z'}, we obtain, e.g., for
the Einstein tensor the expected result G¢ (z) = —8mmd§dgs® (z) given by Eq.(1.10.17), see [22].

} are not globally defined. Representing distributions concentrated

1.10.4 The Nonsmooth Regularization of the Singularity at the Origin

The nonsmooth regularization of the Schwarzschild singularity at the origin r = 0 is considered by
N. R. Pantoja and H. Rago in paper [12]. Pantoja non smooth regularization regularization of the
Schwarzschild singularity reads

(he (r)), = —1 + (Ee (r — es)) ee(0,1],r <7 (1.10.21)
T €

Here © (u) is the Heaviside function and the limit e — 0 is understood in a distributional sense.
Equation (1.10.19) with h. as given in (1.10.21) can be considered as an regularized version of the
Schwarzschild line element in curvature coordinates. From equation (1.10.21), the calculation of
the distributional Einstein tensor proceeds in a straighforward manner. By simple calculation it
gives [12]:

(1.10.22)

(1.10.23)
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Which is exactly the result obtained in Ref. [9] using smoothed versions of the Heaviside function
O(r —e¢). Transforming now the formulae for (G§ (r,¢€))e into Cartesian coordinates associated with
the spherical ones, i.e., {r,0, ¢} <> {z'}, we obtain for the generalized Einstein tensor the expected
result given by Eq.(1.10.17)

G¢ (z) = —8mmég s (z), (1.10.24)

see Remark 1.10.9.

1.10.5 The Smooth Regularization Via Horizon

The smooth regularization via Horizon is considered by J.M.Heinzle and R.Steinbauer in paper [22].

Note that

1
¢ Li,.(R®). An canonical regularization is the principal value vp ( ) €
r—rs r—rs

D'(R*) which can be embedded into G (R?) [22]:

e () e ()
r—7s r—Ts r—Ts

Inserting now (1.10.25) into (1.10.12) we obtain a generalized Colombeau object modeling the
singular Schwarzschild spacetime [22]:

>

( ! )EEQ(R:”). (1.10.25)

r—7s

(ds2)_ = (h(r)(dt)®)_ — (k' (r) (dr)?)_ 4+ 7* [(d6)* + sin® 6(d¢)?] , (1.10.26)

where

h(r):*lJr%,h;l(r):fl—rs( ) ,e€(0,1].  (1.10.27)

r—rs
Remark 1.10.10. Note that obviously Colombeau object, (1.10.27) is degenerate at r = rs,
because h(r) is zero at the horizon. However, this does not come as a surprise. Both h(r) and
h™!(r) are positive outside of the black hole and negative in the interior. As a consequence any
smooth regularization of h(r) (or h™') must pass through zero somewhere and, additionally, this
zero must converge to r = rs as the regularization parameter goes to zero.

Remark 1.10.11. Note that due to the degeneracy of Colombeau object (1.10.26), even the
distributional Levi-Civitd connection obviously is not available by using the smooth regularization
via horizon [22].

1.10.6 The Nonsmooth Regularization Via Gorizon

In this Book we leave the neighborhood of the singularity at the origin and turn to the singularity
at the horizon. The question we are aiming at is the following: using distributional geometry (thus
without leaving Schwarzschild coordinates), is it possible to show that the horizon singularity of
the Schwarzschild metric is not merely a coordinate singularity. In order to investigate this issue
we calculate the distributional curvature at the horizon in Schwarzschild coordinates.

The main focus of this work is a (nonlinear) superdistributional description of the Schwarzschild
spacetime. Although the nature of the Schwarzschild singularity is much “worse” than the quasi-
regular conical singularity, there are several distributional treatments in the literature [8]-[29],
mainly motivated by the following considerations: the physical interpretation of the Schwarzschild
metric is clear as long as we consider it merely as an exterior (vacuum) solution of an extended
(sufficiently large) massive spherically symmetric body. Together with the interior solution it
describes the entire spacetime. The concept of point particles—well understood in the context
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of linear field theories—suggests a mathematical idealization of the underlying physics: one would
like to view the Schwarzschild solution as defined on the entire spacetime and regard it as generated
by a point mass located at the origin and acting as the gravitational source.

This of course amounts to the question of whether one can reasonably ascribe distributional
curvature quantities to the Schwarzschild singularity at the horizon.

The emphasis of the present work lies on mathematical rigor. We derive the “physically expected”
result for the distributional energy momentum tensor of the Schwarzschild geometry, i.e., 7o =
87rm5(3)(§:’), in a conceptually satisfactory way. Additionally, we set up a unified language to
comment on the respective merits of some of the approaches taken so far. In particular, we
discuss questions of differentiable structure as well as smoothness and degeneracy problems of the
regularized metrics, and present possible refinements and workarounds.These aims are accomplished
using the framework of nonlinear supergeneralized functions (supergeneralized Colombeau algebras
G(R?,Y)).Examining the Schwarzschild metric (1.12) in a neighborhood of the horizon, we see that,
whereas h(r) is smooth, h~!(r) is not even Li,, (note that the origin is now always excluded from our
considerations; the space we are working on is R*\{0}). Thus, regularizing the Schwarzschild metric
amounts to embedding A~ into G(R?, %) (as done in (3.2)).Obviously, (3.1) is degenerate at r = 2m,
because h(r) is zero at the horizon. However, this does not come as a surprise. Both h(r) and h™*(r)
are positive outside of the black hole and negative in the interior. As a consequence any (smooth)
regularization At () (ho (r)) [above (below) horizon] of h(r) must pass through small enough vicinity
OF (2m) = {& € BY|||&] > 2m,||& - 2m[ < ¢} (O (2m) = {& € BY|[&] < 2m,||& — 2m]| < })
of zeros set Op (2m) = {7 € R?|||§|| = 2m} somewhere and, additionally, this vicinity OF (2m)
(OZ (2m)) must converge to Op (2m) as the regularization parameter e goes to zero.Due to the
degeneracy of (1.10.12), the Levi-Civita connection is not available. By apriporiate nonsmooth
regularization (see section 3) we obtain an Colombeau generalized object modeling the singular
Schwarzschild metric above and below horizon, i.e.,

Y
»
n
(V)
=
I

(h (r)dt?), - ([h?(?")] - dr?)é +72d0?
(ds:?), = (hZ (r)dt?), — ([h;(r)}—ldrz) ey (1.10.28)
e€(0,1]. ‘

Consider corresponding distributional connections

(v @) = (rif [w7]) € G®* %) and (1] (9) = (Ty) [17]) € G®:.D):

(i) =
(1) -

Obviously (FZ’JI [hﬂ) , (F;jl [hﬂ) coincides with the corresponding Levi-Civita connection on

R3\{(r =0)U(r=2m)}, as (h:r)E = h(')ﬂ (he)e = hg, and (g:rlm)6 = g(')Hm, (g:lm)E = go_lm there.
—1
kj
(gf)ij;k = 0. Proceeding in this manner, we obtain the nonstandard result

([Rﬂi)e - ([Rﬂg)e N —md(2m), (1.10.30)

(7)) = (R]), ~mé(em).

Investigating the weak limit of the angular components of the generalized Ricci tensor using the
abbreviation

((g:-lm) [(g:)mk,j + (g:—)m],k - (g:—)kj,m})€7

C . . (1.10.29)
(95 ™9 Y mrg + (9 ) mik — (9 kjom]) . -

N =N | =

Clearly, connections F,jjl (6),T.5(e),e € (0,1] in respect the regularized metric gF ece (0,1] ,i.e.,
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d(r) = Ofsin 948 ?dqﬁ@(m)

and let ®(x) be the function ®(z) € SF (R®) (®(z) € S;,,(R?)), where by S5 (R?) (S5, (R?)) we
denote the class of all functions ®(x) with compact support such that

(i) supp(®(2)) C {z[||z] > 2m} (supp(®(x)) C {z| ||| < 2m}) (ii) ®(r) € C* (R). Then for any
function ®(z) € Sy, (R?) we get:
w -lim [R;"]i =w —lgr%) [Rﬂg =m <S|<I>> = —m®(2m),

e—0
1 =w —eli_r>r(1) [R;]g =m <5|<I>> = m®(2m),

(1.10.31)
w -lim [RZ]
e—0

i.e., the Schwarzschild spacetime is weakly Ricci-nonflat (the origin was excluded from our considera-
tions). Furthermore,the Tolman formula [3],[4] for the total energy of a static and asymptotically
flat spacetime with g the determinant of the four dimensional metric and d®z the coordinate volume

element, gives
o r 2] o) t 3 .
ET_f(TT+T9+T¢+Tt),ﬁ—gd € =m, (1.10.32)

as it should be.

The paper is organized in the following way: in chapter II we discuss the conceptual as well as
the mathematical prerequisites. In particular we comment on geometrical matters (differentiable
structure, coordinate invariance) and recall the basic facts of nonlinear superdistributional geometry
in the context of algebras 5(]\/[ ,X) of supergeneralized functions. Moreover, we derive sensible
nonsmooth regularizations of the singular functions to be used throughout the paper. chapter
IIT is devoted to these approach to the problem. We present a new conceptually satisfactory
method to derive the main result. In this final chapter III we investigate the horizon and describe
its distributional curvature. Using nonlinear superdistributional geometry and supergeneralized
functions it seems possible to show that the horizon singularity is not only a coordinate singularity
without leaving Schwarzschild coordinates.

1.10.7 Distributional Eddington-Finkelstein Space-time

In physical literature many years a belief exist that Schwarzschild spacetime (S2 x {r > Qm}) xR is
extendible, in the sense that it can be immersed in a larger spacetime whose manifold is not covered
by the canonical Schwarzschild coordinate with » > 2m.In physical literature [4],[33], [34],[35] one
considers the formal change of coordinates obtained by replacing the canonical Schwarzschild time
by "retarded time” above horizon vT given when r > 2m by

+_ o
vt =t4r+2min (2m 1) . (1.10.33)

From (1.10.31) it follows for r > 2m

dt = —dig +dv™. (1.10.34)
| 2m
T

The Schwarzschild metric (1.10.12) above horizon ds™2 (see section 3) in this coordinate obviously
takes the form
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dst? = — (1 - Q—m) dvt? 4 2drdv™ + 7 [(d6)? + sin® 0(dg)?] . (1.10.35)
T
When r < 2m we replace (1.10.33) below horizon by

v =t+r+2mln (17%). (1.10.36)

From (1.10.36) it follows for r < 2m

dr

=2
2m
T

dt +dv~. (1.10.37)

The Schwarzschild metric (1.10.12) below horizon ds® (see section 3) in this coordinate obviously
takes the form

ds2 = (277” - 1) dv™? — 2drdv™ 4 r® [(d6)” + sin® 6(d¢)?] . (1.10.38)

Remark 1.10.12.(i) Note that the metric (1.10.33) is defined on the manifold S? x (r > 0) x R
and obviously it is regular Lorentzian metric: its coefficients are smooth.

(ii) The term 2drdv ensures its non-degeneracy for r = 2m.

(iii) Due to the nondegeneracy of the metric (1.10.32) the Levi-Civita connection

(9" ({N)] [(gmr.; {3) + gmse ({3) = griim (D] (1.10.39)

N =

{ iy —

obviously now available and therefore nonsingular on horizon in contrast with Schwarzschild metric
(1.10.12) one obtains [3]:

Ts . Ts (7" — 7”5) Ts 0 1
v = 1" ==~ 1" —__°> 7Y ==
127 o2 s Loy o3 s Lur o2 L r7
Ff(P = -, 59 = —r, Fge = —7r (r — rs) , Ffw = cot, 9’ (11040)
Iy, = —rsin®0,T, = —r (r —r,)sin’ 0,13, = —sin6 cos .

(iv) In physical literature [3],[4] by using properties (i)-(iii) this spacetime wrongly convicted as
an rigorous mathematical extension of the Schwarzschild spacetime.

Remark 1.10.13. Let us consider now the coordinates: (i) v*,7 = 7,0 = 0,9’ = ¢ and (ii)
v, =710 =0, ¢ = p. Obviously both transformations given by Eq.(1.10.33) and Eq.(1.10.36 )
are singular because the both Jacobian of these transformations is singular at » = 2m :

vt out

r
a5 9. 1

ot 0 — —

& 8771:' = (0 r 12m> (1.10.41) and
ot or

o o\

ot 0 — T om —

o' 877?' = <0 277% 7’). (1.10.42)

ot or

Remark 1.10.14. Note first (i) such singular transformations are not allowed in conventional
Lorentzian geometry and second (ii) both Eddington-Finkelstein metrics given by Eq.(1.10.35) and
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by Eq.(1.10.38 ) are well defined in rigorous mathematical sense at r = 2m.

Remark 1.10.15. (I) From consideration above it follows that Schwarzschild spacetime

(8% x {r > 2m}) x R is not extendible, in the sense that it can be immersed in a larger spacetime
whose manifold is not covered by the canonical Schwarzschild coordinate with » > 2m. Thus
Eddington-Finkelstein spacetime cannot be considered as an extension of the Schwarzschild spacetime
in natural way in respect with conventional Lorentzian geometry. Such an ”extension” is the
extension by abnormal definition and nothing more. (II) However distributional Eddington-
Finkelstein spacetime (1.10.53) is equivalent of the distributional Schwarzschild spacetime in natural
way.

Remark 1.10.16. From consideration above it follows that it is necessary a regularization of
the Eq.(1.10.34) and Eq.(1.10.37) on horizon. However obviously only nonsmooth regularization
via horizon r = 2m is possible. Under nonsmooth regularization (see section 3) Eq.(1.10.34) and
Eq.(1.10.37) take the form

dr

dt = — 1 + dv,
RVAGES 2m)? + €2 (1.10.43)
e€ (0,1]
and
dt == 1 dr + d’l);,
—y/@m- r)? + €2 (1.10.44)
e € (0,1]

correspondingly. Therefore Eq.(1.10.41)-Eq.(1.10.42) take the form

vt out 1 r
g gn|= (r —2m)? + €2 (1.10.45)
o or 0 1

and
ov.  Ovu. 1 — r _
gL g | = @m-—r?+e |. (1.10.46)
ot or 0 !

From Eq.(1.10.43)-Eq.(1.10.44) one obtain generalized Eddington-Finkelstein transformatios such
that

dt = — rdr + (dv?).
( (r—2m)? + e?) (1.10.47)
e € (0,1]
and
dt = rdr + dvT,
( (2m —r)? + 62) (1.10.48)
ce(0,1]. °
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Therefore Eq.(1.10.45)-Eq.(1.10.46) take the form

(655)6 (85@5>5 - 1 ( (7”2;)2+62)6 (1.10.49)

or' or'
ot or 0 1
and
ov. v, 1 — r
( gi,)e ( g:,)e = ( (2m*r)2+62)6 . (1.10.50)
o o 0 !

At point 7 = 2m one obtains

(8;5)6 (855)5 = (1 T(e_l)e> (1.10.51)

ar' or' 0 1
ot or r=2m
and
v, v,
( gi)e ( g:)e - ((1) - (i_l)e), (1.10.52)
ot or r=2m

where (e_l)6 eR.

Thus generalized Eddington-Finkelstein transformations (1.10.47)- (1.10.48) well defined in sense of
Colombeau generalized functions. Therefore Colombeau generalized object modeling the classical
Eddington-Finkelstein metric (1.10.35)-(1.10.36) above and below horizon take the form

(r —2m)? 4+ dv? 4 2drdv + r? [(d6)? + sin® 6(dg)?] . ( )
1.10.53
(2m —r)? + 2dv? + 2drdv. +r? [(d6)* + sin® 6(dg)?] .

S I3

It easily to verify by using formula A.2 (see appendix) that the distributional curvature scalar
(R (e)), again singular at » = 2m as in the case of the distributional Schwarzschild spacetime
given by Eq.(1.10.28). However this is not surprising because the classical Eddington- Finkelstein
spacetime and generalized Eddington-Finkelstein specetime given by Eq.(1.10.53) that is essentially
different geometrical objects.

2 Generalized Colombeau Calculus

2.1 Notation and Basic Notions from Standard Colombeau Theory

We use [1],[2],[7] as standard references for the foundations and various applications of standard
Colombeau theory. We briefly recall the basic Colombeau construction. Throughout the paper €2
will denote an open subset of R"™.

Stanfard Colombeau generalized functions on € are defined as equivalence classes u = [(ue)e] of
nets of smooth functions u. € C*°(Q) (regularizations) subjected to asymptotic norm conditions

44



Colombeau Solutions to Einstein Field Equations in General Relativity: Gravitational singularities,
Distributional SAdS BH Spacetime-Induced Vacuum Dominance

with respect to € € (0,1] for their derivatives on compact sets.

The basic idea of classical Colombeau’s theory of nonlinear generalized functions [1],[2] is regularization
by sequences (nets) of smooth functions and the use of asymptotic estimates in terms of a regularization
parameter €. Let (uc)ce(o,1) With (u:), € C°(M) for all e € Ry ,where M a separable, smooth
orientable Hausdorff manifold of dimension n.

Definition 2.1.1. The classical Colombeau’s algebra of generalized functions on M is defined as
the quotient:

G(M) £ Ep (M) /N (M) (2.1)

of the space Exr (M) of sequences of moderate growth modulo the space N (M) of negligible sequences.
More precisely the notions of moderateness resp. negligibility are defined by the following asymptotic
estimates (where X(M) denoting the space of smooth vector fields on M):

En(M) £ {(uc)e| VK (K S M) Vk (k € N) 3N (N € N)

v£17---,£k (51,...,5]@ (S X(M)) |:SU.E|L§1 L&k ug(p)| = O(ng) as € — 0:| }7 (22)
peE

N(M) £ {(ue)e| VK (K S M), Vk (k € No)Vq (g € N)

Vi, ..., & (51, o€k € X(M)) |:SUE|L§1 S ue(p)| = O(gq) as € = 0:| } . (2.3)
peE

Remark 2.1.1. In the definition the Landau symbol a. = O (¢ (¢)) appears, having the following
meaning: 3C (C' > 0) Jeq (€0 € (0, 1]) Ve (e < €0) [ae < Cp (e)].

Definition 2.3. Elements of calG(M) are denoted by:
u = clf(ue)e] £ (ue)e + N(M). (2.4)

Remark 2.1.2. With componentwise operations (-, + ) G(M) is a fine sheaf of differential algebras
with respect to the Lie derivative defined by Leu £ cl[(Leue)e]-

The spaces of moderate resp. negligible sequences and hence the algebra itself may be characterized
locally, ie., u € G(M) iff uo o € G(Ya(Va)) for all charts (Va,1a), where on the open set
¥a(Va) C R™ in the respective estimates Lie derivatives are replaced by partial derivatives.

The spaces of moderate resp. negligible sequences and hence the algebra itself may be characterized
locally, i.e., u € G(M) iff uo o € G(pa(Va)) for all charts (Va,1pa), where on the open set
Yo (Vo) C R™ in the respective estimates Lie derivatives are replaced by partial derivatives.

Remark 2.1.3. Smooth functions f € C* (M) are embedded into G(M) simply by the “constant”
embedding o, i.e., o(f) = cl[(f):], hence C*°(M) is a faithful subalgebra of G(M).

2.2 Point Values of Generalized Functions on M. Generalized
Numbers

Within the classical distribution theory, distributions cannot be characterized by their point values
in any way similar to classical functions. On the other hand, there is a very natural and direct way
of obtaining the point values of the elements of Colombeau’s algebra: points are simply inserted
into representatives. The objects so obtained are sequences of numbers, and as such are not the
elements in the field R or C.
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Instead, they are the representatives of Colombeau’s generalized numbers. We give the exact
definition of these "numbers”.

Definition 2.2.1. Inserting p € M into u € G(M) yields a well defined element of the ring of
constants (also called generalized numbers) K (corresponding to K = R resp. C), defined as the set
of moderate nets of numbers ((r). € K® with |r.| = O(e™") for some N) modulo negligible nets
(Jre] = O(e™) for each m); componentwise insertion of points of M into elements of G(M) yields
well-defined generalized numbers, i.e.,elements of the ring of constants:

K=E&E(M)/Nc (M) (2.5)
(with K =R or K = C for K = R or K = C), where

E(M)={(r),eK'In(neN)[|rf=0 (e ") ase — 0]}
Ne (M) = {(re), € K'|[Vm (m(e N}) [[rel = O (™) as e — 0]} (2.6)
I=(0,1].

Generalized functions on M are characterized by their generalized point values, i.e., by their values
on points in M., the space of equivalence classes of compactly supported nets (p:)e € M 011 with
respect to the relation p. ~ p. :& dp(pe,p.) = O(e™) for all m, where dj, denotes the distance on
M induced by any Riemannian metric.

Definition 2.2.2. For v € G(M) and xo € M, the point value of u at the point zo, u(xo),is defined
as the class of (uc(@o)), in K.

Definition 2.7.We say that an element r € K is strictly nonzero if there exists a representative
(re). and a ¢ € N such that |rc| > €? for € sufficiently small. If 7 is strictly nonzero, then it is also
invertible with the inverse [(1/r¢)c]. The converse is true as well.

Treating the elements of Colombeau algebras as a generalization of classical functions, the question
arises whether the definition of point values can be extended in such a way that each element is
characterized by its values. Such an extension is indeed possible.

Definition 2.2.3. Let Q be an open subset of R". On a set ) :

Q= {(@.), € V' EFp(p>0) flae| = O ()]} = 27
{(z2). € Q3p (p > 0)Jeo (20 > 0) [|ze| < €, for 0 < e < &g} -
We introduce an equivalence relation:
(e), ~ (Ye). <= Vg (g >0)Ve(e > 0)[|ze — y| <%, for 0 <e < eo]. (2.8)

and denote by Q= Q/ ~ the set of generalized points. The set of points with compact support is

Qe = {:? = cl[(z):] € Q3K (K € Q) Jeo (60 > 0) [z € K for 0 < e < so]}. (2.9)

Definition 2.2.5 A generalized function u € G(M) is called associated to zero, u = 0 on Q@ C M
in L.Schwartz sense if one (hence any) representative (ue)e converges to zero weakly,i.e.

w -lime_oue = 0. (2.10)
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‘We shall often write:

~ 0. 2.11

v Sch ( )

The G(M)-module of generalized sections in vector bundles-especially the space of generalized tensor
fields T, " (M) is defined along the same lines using analogous asymptotic estimates with respect to
the norm induced by any Riemannian metric on the respective fibers. However, it is more convenient
to use the following algebraic description of generalized tensor fields

Giu(M) =G(M)®T,"(M), (2.12)

where T," (M) denotes the space of smooth tensor fields and the tensor product is taken over the
module C*°(M). Hence generalized tensor fields are just given by classical ones with generalized
coefficient functions. Many concepts of classical tensor analysis carry over to the generalized setting
[1]-[2], in particular Lie derivatives with respect to both classical and generalized vector fields, Lie
brackets, exterior algebra, etc. Moreover, generalized tensor fields may also be viewed as G(M)-
multilinear maps taking generalized vector and covector fields to generalized functions, i.e., as
G(M)-modules we have

Go(M) = Loy (61 (M)", G (M)*; G(M)). (2.13)

In particular a generalized metric is defined to be a symmetric, generalized (0, 2)-tensor field gq, =
[((ge) 4y )e] (with its index independent of € and) whose determinant det(gqs) is invertible in G(M).
The latter condition is equivalent to the following notion called strictly nonzero on compact sets: for
any representative det((gc),, )e of det(gas) we have VK C M 3Im € N [inf,cx | det(gay (€))| > €™] for
all € small enough. This notion captures the intuitive idea of a generalized metric to be a sequence
of classical metrics approaching a singular limit in the following sense: g, is a generalized metric iff
(on every relatively compact open subset V' of M) there exists a representative ((ge),; )e of gap such
that for fixed e (small enough)(ge),, = gab (€) (resp. (ge),;, |v) is a classical pseudo-Riemannian
metric and det(gqp) is invertible in the algebra of generalized functions. A generalized metric
induces a G(M)-linear isomorphism from G§(M) to Gf (M) and the inverse metric g** £ [(g;," (€))]
is a well defined element of G3(M) (i.e., independent of the representative ((gc),,)c). Also
the generalized Levi-Civita connection as well as the generalized Riemann-, Ricci- and Einstein
tensor of a generalized metric are defined simply by the usual coordinate formulae on the level of
representatives.

2.3 Generalized Colombeau Calculus

We briefly recall the basic generalized Colombeau construction. Colombeau supergeneralized functions
on 2 C R", where dim (2) = n are defined as equivalence classes u = [(uc)e] of nets of smooth
functions u. € C*°(Q\X),where dim(X) < n (regularizations) subjected to asymptotic norm
conditions with respect to € € (0, 1] for their derivatives on compact sets.

The basic idea of generalized Colombeau’s theory of nonlinear supergeneralized functions [1],[2] is
regularization by sequences (nets) of smooth functions and the use of asymptotic estimates in terms
of a regularization parameter €. Let (uc)cec(o,1] With u. such that: (i) ue € C*°(M\X) and (ii)
ue € D'(M),for all & € (0,1],where M a separable, smooth orientable Hausdorff manifold of
dimension n.

Definition 2.3.1. The supergeneralized Colombeau’s algebra G = G(M,X) of supergeneralized
functions on M, where ¥ C M,dim (M) = n,dim (X) < n , is defined as the quotient:

G(M,%) 2 0 (M, %) /N (M,X) (2.14)
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of the space £ (M, Y) of sequences of moderate growth modulo the space N (M,Y) of negligible
sequences. More precisely the notions of moderateness resp. negligibility are defined by the following
asymptotic estimates (where X(M\X) denoting the space of smooth vector fields on M\X):

Em(M,%) 2 {(uc)e| VK (K & M\X) Vk (k € N) 3N (N € N)
Vfl,...,fk (51,...,§kex(M\E)) |:31€1£|L§1...L§k ug(p) :O(S_N),€—>O:| &
VK (K S M) Yk (k € N) 3N (N € N)V (f € C®(M)) Ve, ..., & (&1, ..., & € X(M))  (215)

{HL%‘;... oucl|= sup ‘Lg...L?kuE(f)o—O(sN),a—)O]},
fEC>® (M)

N(M,S) 2 {(ue)e| VK (K G M\X), Vk (k € No) Vg (q € N)
V€1,~--7£k (fl;~~~7fk € %(M\E)) |:SE.E|L§1 ...Lgk UE(p)| = O(Eq),t’:‘ — 0:|} &
VK (K S M) Vk(k € N) 3N (N € N)V (f € C(M)Ver, ... & (61, ..., & € X(M))  (2:16)

E|LE”1 o LE, UEH = sup ’Lé"l L?kug(f)o =0(g?),e — 0] } ,
fecoo (M)

where Lg, denoting the weak Lie derivative in L.Schwartz sense.In the definition the Landau symbol
ae = O (v (¢)) appears, having the following meaning:
3C (C > 0) 3eo (g0 € (0,1]) Ve (e < €0) [ae < CY ()] .

Definition 2.3.2. Elements of G(M,Y) are denoted by:

u=cll(ue)e] £ (ue)e + N(M, ). (2.17)

Remark 2.3.1. With componentwise operations (-,£ ) G(M,X) is a fine sheaf of differential
algebras with respect to the Lie derivative defined by Leu = cl[(Leue)e].

The spaces of moderate resp. negligible sequences and hence the algebra itself may be characterized
locally, i.e., u € G(M,X) iff uo o € G(¢a(Va)) for all charts (Vi,1a), where on the open set
Ya(Va) C R™ in the respective estimates Lie derivatives are replaced by partial derivatives.

Remark 2.6. Smooth functions f € C®(M\X) are embedded into G(M,X) simply by the
“constant” embedding o, i.e., o(f) = cl[(f)c], hence C*°(M\X) is a faithful subalgebra of G(M, X).

2.4 Point Values of Supergeneralized Functions on M.
Supergeneralized Numbers

Within the classical distribution theory, distributions cannot be characterized by their point values
in any way similar to classical functions. On the other hand, there is a very natural and direct way
of obtaining the point values of the elements of Colombeau’s algebra: points are simply inserted
into representatives. The objects so obtained are sequences of numbers, and as such are not the
elements in the field R or C.

Instead, they are the representatives of Colombeau’s generalized numbers. We give the exact
definition of these "numbers”.

Definition 2.4.1. Inserting p € M into u € g(M, Y)) yields a well defined element of the ring of
constants (also called generalized numbers) IC (corresponding to K = R resp. C), defined as the
set of moderate nets of numbers ((r.). € K(© with |r.| = O(¢ ") for some N) modulo negligible
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nets (|r-| = O(g™) for each m); componentwise insertion of points of M into elements of G(M, X)
yields well-defined generalized numbers, i.e.,elements of the ring of constants:

K= Ec (M, %) /Ne (M, X) (2.18)

(with Kz = Ry or K = Csx. for K =R or K = C),

where
Ee(M,2) ={(rc). e K'|Fn(n e N) [Jr:| =0 (¢™") as e — 0]},
Ne(M,2) ={(re). e K''VYm (m € N) [|rc| = O (™) as e — 0]} (2.19)

I=(0,1].

Supergeneralized functions on M are characterized by their generalized point values, i.e., by their
values on points in ]\;[,;, the space of equivalence classes of compactly supported nets (pc). €
(M\E)m’l] with respect to the relation p. ~ p. :< dp(pe, p.) = O(e™) for all m, where d;, denotes
the distance on M\X induced by any Riemannian metric.

Definition 2.4.2. For u € C:(M, 3) and x9 € M,the point value of w at the point xo, u(zo),is
defined as the class of (u-(xo)), in K.

Definition 2.4.3. We say that an element r € K is strictly nonzero if there exists a representative
(re). and a ¢ € N such that |rc| > €7 for € sufficiently small. If 7 is strictly nonzero, then it is also
invertible with the inverse [(1/rc)<]. The converse is true as well.

Treating the elements of Colombeau algebras as a generalization of classical functions, the question
arises whether the definition of point values can be extended in such a way that each element is
characterized by its values. Such an extension is indeed possible.

Definition 2.4.5. Let © be an open subset of R*\X. On a set Qg :

05 = { (@), € (D) 3 (0 > 0) [l = O (")} =

i (2.20)
{(xE)E e (\2) [3p(p > 0)3eo (€0 > 0) [Jze| < P, for 0 < e < z—:o]}

we introduce an equivalence relation:

(), ~ (=), = Yq(g>0)Ve (e >0)[|lze —y:| <, for 0 <e<eo] (2.21)

and denote by Qs = Qs / ~ the set of supergeneralized points. The set of points with compact
support is

Qne= {5 = cl(z:):] € Qu|FK (K C Q\X) Jeo (g0 > 0) [z € K for 0 < e < 60]} (2.22)

Definition 2.4.6. A supergeneralized function u € QV(M7 Y) is called associated to zero, u = 0 on
Q C M in L. Schwartz’s sense if one (hence any) representative (uc). converges to zero weakly,i.e.

w -lim. soue =0 (2.23)
We shall often write:

u g 0. (2.24)

49



Colombeau Solutions to Einstein Field Equations in General Relativity: Gravitational singularities,
Distributional SAdS BH Spacetime-Induced Vacuum Dominance

Definition 2.4.7. The GV(M, 3)-module of supergeneralized sections in vector bundles- especially
the space of generalized tensor fields 7, "(M\X)-is defined along the same lines using analogous
asymptotic estimates with respect to the norm induced by any Riemannian metric on the respective
fibers. However, it is more convenient to use the following algebraic description of generalized tensor
fields

GL(M,%) = G(M,2) @ T,"(M\Y), (2.25)

where T, "(M\X) denotes the space of smooth tensor fields and the tensor product is taken over the
module C*°(M\X). Hence generalized tensor fields are just given by classical ones with generalized
coefficient functions. Many concepts of classical tensor analysis carry over to the generalized setting,
in particular Lie derivatives with respect to both classical and generalized vector fields, Lie brackets,
exterior algebra, etc. Moreover, generalized tensor fields may also be viewed as G(M, ¥)-multilinear
maps taking generalized vector and covector fields to generalized functions, i.e., as G (M, X)-modules
we have

Gr(M,S) = Ly (GUM, D)7, Go(M, 2)%; G(M, 5)). (2.26)

In particular a supergeneralized metric is defined to be a symmetric, supergeneralized (0, 2)-tensor
field gapv = [((ge),y )e) (with its index independent of € and) whose determinant det(gqs) is invertible
in G(M\X). The latter condition is equivalent to the following notion called strictly nonzero
on compact sets: for any representative det((ge),,)s of det(gas) we have VK C M\X Im €
N[inf,cx | det(gas (€))] > €7] for all € small enough. This notion captures the intuitive idea of a
generalized metric to be a sequence of classical metrics approaching a singular limit in the following
sense: gqp is a generalized metric iff (on every relatively compact open subset V of M) there exists a
representative ((ge),; )e of gap such that for fixed e (small enough)(ge),, = gav (€) (resp. (ge),, |v)
is a classical pseudo-Riemannian metric and det(gqs) is invertible in the algebra of generalized
functions. A generalized metric induces a G(M, X)-linear isomorphism from G§(M, ¥) to G?(M, ¥)
and the inverse metric g*® £ [(g.,' (¢)):] is a well defined element of G3(M,3) (i.e., independent
of the representative ((gc),; )e). Also the supergeneralized Levi-Civita connection as well as the
supergeneralized Riemann, Ricci and Einstein tensor of a supergeneralized metric are defined simply
by the usual coordinate formulae on the level of representatives.

2.5 Distributional General Relativity

We briefly summarize the basics of distributional general relativity, as a preliminary to latter
discussion.In the classical theory of gravitation one is led to consider the Einstein field equations
which are,in general,quasilinear partial differential equations involving second order derivatives
for the metric tensor. Hence, continuity of the first fundamental form is expected and at most,
discontinuities in the second fundamental form, the coordinate independent statements appropriate
to consider 3-surfaces of discontinuity in the spacetime manifolfd of General Relativity.

In standard general relativity, the space-time is assumed to be a four-dimensional differenti-able
manifold M endowed with the Lorentzian metric ds® = g, dz"dz” (u,v = 0,1,2,3). At each point p

of space-time M, the metric can be diagonalized as ds3 = 1., (dX*),(dX"), with n,, = (—1,1,1,1),
by choosing the coordinate system {X*;u = 0,1,2,3} appropriately.

In superdistributional general relativity the space-time is assumed to be a four dimensional differenti-
able manifold M\, where dim (M) = 4,dim (3) < 3 endowed with the Lorentzian supergeneralized
metric

(dsf)e = (guv (€) dadz”),_ ;pu,v =0,1,2,3). (2.27)
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at each point p € M\X, the metric can be diagonalized as
(d3127 (6))6 = (an(ng)P(dXey)P)g with nu, £ (-1,1,1,1), (2.28)
by choosing the generalized coordinate system {(X!)_;u = 0,1,2,3} appropriately.

The classical smooth curvature tensor is given by

Row 20, {5} -0 {2+ {& & - (&HAT e

with { } being the smooth Christoffel symbol.The supergeneralized nonsmooth curvature tensor
is given by

(R"m(e))éé@u({ﬁ}g)e "({v }) ({ }e)e({"%}f)e_ (2.30)
s A

with ({U%}E)E being the supergeneralized Christoffel symbol.The fundamental classical action
integral I is

I= %f(IEG + La)d*z, (2.31)

where Ly is the Lagrangian density of a gravitational source and Lg is the gravitational Lagrangian
density given by

_ 1
Le=—G. 2.32
¢ QKG ( 3)

Here & is the Einstein gravitational constant k = 87G/c* and G is defined by

e =v=g ({%} - {1} (2.33)
with g = det(gu,). There exists the relation

vV—g9R =G+ 0,.D" (2.34)
with

D = —v=g (¢ {5} -9 {5}) - (2.35)
Thus the supergeneralized fundamental action integral (I.)_ is

(1), = + [ (T (@), + (Lar () e (2:36)

where (Las (€)), is the supergeneralized Lagrangian density of a gravitational source and (Lg (e))€

is the supergeneralized gravitational Lagrangian density given by

(La (e), = 5~ (Go), - (2.37)

Here & is the Einstein gravitational constant s = 87G/c* and (G.), is defined by

€

©). = vl e ({75),) (1) - ((9)) ((x51)) o9
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with ge = det [(guv (€))e]. There exists the relation
= (90)c Re) = (Ge), + 0, (DE), (2.39)

with

@), = —v=To. (). ({51 — @), ({#51),) - (240)
Also, we have defined the classical scalar curvature by

R =R", (2.41)
with the smooth Ricci tensor

Ry = R (2.42)
from the action I, the classical Einstein equation

G." =R, — %6,}’]{ =rT,", (2.43)

follows, where T,” is defined by

r’i\ v
T, =—£ 2.44
122 \/—79 ( )
with
~ oL s
T Y 299,y —2 2.45
w Gu 5w ( )

being the energy-momentum density of the classical gravity source. Thus we have defined the
supergeneralized scalar curvature by

Re), = (B*u (e)). (2.46)
with the supergeneralized Ricci tensor

Ry (€)= (R*a (0)), - (2.47)

from the action (I)_, the generalized Einstein equation

(@ (@), = (R (). = 30" R) =K (T (@), (248)

follows, where (T,.” (¢€)), is defined by

(T (e). = —F——= (2.49)
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with

6 (Lt (€).

3 gn (), (2:50)

(T9) 2209 )

being the supergeneralized energy-momentum density of the supergeneralized gravity source. The
classical energy-momentum pseudo-tensor density t,” of the gravitational field is defined by

OLg
agaﬂ',u

t) =0,"Lg — Gorp (2.51)

with gor = 0¢or/0z”. The supergeneralized energy-momentum pseudo-tensor density FE}L” of the
gravitational field is defined by

(800), =" (€6 0), - (L) twom o, (252)

with (gor,v (), = (0go- (¢) /02"),.

3 Distributional Schwarzschild Geometry from
Nonsmooth Regularization via Horizon

3.1 Calculation of the Stress-tensor by Using Nonsmooth
Regularization Via Horizon

In this section we leave the neighborhood of the singularity at the origin and turn to the singularity
at the horizon. The question we are aiming at is the following: using distributional geometry (thus
without leaving Schwarzschild coordinates), is it possible to show that the horizon singularity of the
Schwarzschild metric is not merely only a coordinate singularity. In order to investigate this issue
we calculate the distributional curvature at horizon in Schwarzschild coordinates. In the usual
Schwarzschild coordinates (t,r,0,d), r # 2m the Schwarzschild metric (1.12) takes the form above
horizon r > 2m and below horizon r < 2m correspondingly

above horizon r > 2m :
dst? = bt (r)de? — [pt(r)] " dr? + r2dQ?,
BH(r) = —1 4 22 o T2
. r (3.1)
below horizon r < 2m :
ds™2 = h™ (r)dt* — b~ (r) " tdr? + r2dQ?,

h(r) = —14 20 _2m=r
T

r
Remark 3.1.1. Following the above discussion we consider the metric coefficients h* (r) , [A* ()] -

h™ (r),and [k~ (r)] ~! as an element of D’ (R?) and embed it into (G(R?)) by replacements above
horizon r > 2m and below horizon r < 2m correspondingly
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T2 2mr—2m—s 4/ (r —2m)* + €2,

r<2m:2m —r— y/(2m —r)® + €2,

Remark 3.1.2. Note that, accordingly, we have fixed the differentiable structure of the manifold:
the usual Schwarzschild coordinates and the Cartesian coordinates associated with the spherical
Schwarzschild coordinates in (3.1) are extended on r = 2m through the horizon. Therefore we have
above horizon r > 2m and below horizon r < 2m correspondingly

(r— 2m)2 + €2

| o - ()

T

r—2m .
h(r):{_ ifr>2m

-
0if r < 2m
where (hf(r))_ € G(R® BY (2m, R)), BY (2m,R) = {x € R*2m < ||z|| < R} .

r
— 2
h_l(r)z{ r—2m’r> m

00, T =2m

} — (b)) (r) =

r—2m .
)= o rs2mo U oy (3.2)
0if r > 2m
(2m —r)* 4 €2

=[] €dr B 02m)),

where B~ (0,2m) = { € R®|0 < ||| < 2m}
fé,r <2m
m

r—2 b—>(h6_)71(r)=
00, T =2m
= | ———— €d® B (0,2m))
(r —2m)* + ¢2

Inserting (3.2) into (3.1) we obtain a generalized object modeling the singular Schwarzschild metric
above (below) gorizon, i.e.,

(ds2), = (t()at?), = ([nF ()] " ar®) +r2ag2?,

(d572), = (2 (1), = ([ )] " ar®) o202 (33)

The generalized Ricci tensor above horizon [Rﬂz may now be calculated componentwise using the
classical formulae

(IRe12), = (IRe12), = 5 (), + 2 ),
(Ire12), = ([Res), = P2 200

e r r?
From (3.2) we obtain

(3.4)

€
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1/2
) T n [ —2m)? + ]
r) = — N
€ r[(r72m)2+62}1/2 r2
() e (n), =
r—2m [(r—2m)2+52}172 v/ (r—2m)2 4 €2
r{ — +1 =
r[(r72m)2 +52]1/2 r2 L
r—2m [(r = 2m)? 4 2]/ (r—2m)? 4 2
— + 1— =
[(r —2m)2 + 62}1/2 T T
. r=em
[(7‘72771,)2 +e2]1/2 '
1/2\ "/
R (r) T —2m ! n [(7 —2m)? + 62} /
rT) = — =
€ r[(r—2m)2+e2}1/2 r2
(r — 2m)? r—2m
= 2 1/2 + 2 3/2 + 2 1/2 +
r [(r—2m)2 + €2] r[(r—2m)2 + €2] r2 [(r —2m)? + €2]
T —2m 2[(T—2m)2+€2]1/2
r2 [(r —2m)2 + 52]1/2 r3

r2 (h:r//)6 +or (hz»/)s _ (3.5)

2 1 (r —2m)? r—2m
3" iz T szt izt
r [(r —2m)? + €2] / r[(r —2m)? + €2] / r2 [(r — 2m)? + €2] /
1/2
r—2m 2[(’"_27”)2""52] /

+ - -
r2 [('r —2m)2 + 5211/2 r3

42 { P + [“2’”)”52}1/2}
7 [( B

+

7‘72m)2+52]1/2 r2
r n r(r —2m)? 4 r—2m n
[(r —2m)2 +62]1/2 [(r —2m)? +€213/2 [(r —2m)2 +e2}1/2
r—2m 2 [(7 —2m)? + 62} 1/2
- +
[(r—2m)2 +62}1/2 T
2 2 1/2
2(r —2m) 2[(7‘*2"”) +5] _
[('r72m)2 +52]1/2 s N
r r(r —2m)?

[('r _ 2m)2 + 62]1/2 + [(r _ 2m)2 + 62}3/2‘

Investigating the weak limit of the angular components of the Ricci tensor (using the abbreviation)

d(r) = fsin 6de Qfﬂdqﬁ@(l’)
0 0

and let ®(z) be the function ®(x) € S, (R?), where by Sf (R?) we denote the class of all functions
®(x) with compact support such that:

(i) supp(®(z)) C {z| ||z = 2m} (i) &(r) € C* (R).

Then for any function ®(x) € Som (R?) we get:

Ji (RE}) @@ d'e = [ ([RY];) @(@)d' =
R

i
[ (r (hj’)e +1+ (hj)é) (r)dr =

Qf {_ r—2m 72 } (i(r)dr +2fR @(r)dr.

[(r— 2m)? + e?]
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By replacement r — 2m = u, from (3.6) we obtain

S ([Rﬂ;)6 ®(z)d’z = [, ([Rj]g)e O (z)d?z =
_ R:mW + R;fzmé(u + 2m)du. (3.7)

By replacement u = en, from (3.7) we obtain the expression
15 (0 = [, ([RE]3) @@ =15 (o) = [, (RE]]) @@ de
R—2m € R—2m ¢ (38)

i w _ f &(en + 2m)dn
0 (n?+1) / 0

—€e X

From Eq.(3.8) we obtain

i n
I () =13 () = —¢ 0! Of W - 1] dn—

(3.9)

€

—ed(2m) (R_Qm)2+ —(R_€2mf1> -

R—2m

-5 Of {#_1] &M (&),

GRSV
Where we have expressed the function ®(en + 2m) as
% 2 _ n—1 (I)(l>(2m) l 1 n@(n)
(en+2m) =35, T(En) + 5(677) &, (3.10)
£E20en+2m, 1>60>0, n=1

with @ (¢) £ d'®/d¢'. Equations (3.9)-(3.10) gives

ST () = BmTT () —
!%13 (e) = 15%12 (e) =

R—2m R—2m

+

2
lim { —e®(2m) ( ) +1+1—

e—0

(3.11)

2 R—2m

. € a n ~

e—0

Thus in S5, (B (2m)) C S, (R?) C D'(R?), where BT (2m, R) = {z € R*[2m < ||z|| < R} from
Eq.(3.11) we obtain

w— lim [RF]? = limId (¢) =0,
e.ﬁ»O[ _J; e.~>0 i (3.12)
w—lg% [RE}2 = 1%12 (e)=0

For ([Rﬂi)é , ([Rﬂg)e we get:
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2x ([R7];) @(@)d'z =2« ([RF];) @ (o) d’a =

[ (2 17, + 20 (07),) By =

2 (3.13)
R r r(r— 2m) ~
= [<- + O (r)dr.
2m [(r— 2m)? + €?] 1z [(r— 2m)? + e?] K
By replacement r — 2m = u, from (3.13) we obtain
I (6) = 2x ([Rj]i)e & (z)dPz = I (¢) = 2k ([Rj]ﬁ)é o (z)
R ~
= L2 (), +2r (b)) 2(r)dr = (3.14)
R—2m 2 -
= — u+2m1 3 u (u+2£ng D (u + 2m)du.
0 (u? + €2) / (u? + €2) /
By replacement u = en, from (3.14) we obtain
2K ([Ri]i) ® (z)d®z = 2K ([Rj‘]g) ®(z)d3z =
R ~
= [ (r (hj”)6 +2r (hzr')e) O(r)dr =
2m
R—2m
= 9 2,2 9 _
— f o en+ m1/2 +€ n” (en+ 3772) ®(en + 2m)dn =
5 (22 + €2) (202 + €2)
R—2m ~ ~
< nd®(en + 2m)dn E=2m ¢®(en + 2m)dn
J Tz 2mo 1/2
2 (e (2 + e2) (3.15)
R—2m ~
o P (en + 2m)dn R-2m S312d(en + 2m)dn
f 3/2 +2m, 3/2 =
0 (e2n% + €2) (e2n% + €2)
R—2m ~ R—2m ~
< n®(en + 2m)dn < n3®(en + 2m)dn
o f 2 1/2 + f 2 3/2
0 m?+1) 0 m?+1)
L d(en v om)dy  n 2d(en + 2m)d
9m K (en + Wf/)zn + (677 + ;7/12) n
o (n*+1) 0 (n*+1)
From Eq.(3.15) we obtain
é(z ) R—2m 1 2
) T () — m)or|Z Ui
L (=179 =2m=5= | [ S VRN U 1)3/2] e
R—2m 2
L Y0175y B n
+4 Of 2 (¢) { CES RO 1)3/2} ndn+
- R—2m 5 (3.16)
+e<I>(2m) j B 1 n n dnt
o . P+ 1172 " (2 +1)3/2 n

1 n?
G G

S EGIE

Where we have expressed the function &)(617 +2m) as
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~ n— @aﬁ(l) 2m 1 ngalB(n
P(en+2m) =) %(en)l +oplen)"® fm (e, (3.17)

£é06n—|—2m,. 1>6>0, n=1
With &1 (¢) 2 d'®/de! Equation (3.17) gives

- 1 + = - i + =
w !1_%10 ()= w 21_1}(1)11 (¢)
R—2m

~ . € 1 172
2m®P(2m)1 - d =
mEm)lim [ (n2+1)1/2+(n2+1)3/2} n

(3.18)

2
z : s mdn s dn
2mP (2 1 — =
md( m)sglgo [fo (772+1)3/2 fo (n2+1)1/2]
= —2m®(2m).

Where use is made of the relation

2
. ¢t nmdg ¢ dn _
i |J s e~ ] = (319
Thus in 8, (BY (2m, R)) C 85,,(R?)

‘We obtain

w -lim [Rﬂi =w -lim [Rﬂg = —m®(2m). (3.20)

e—0 e—0
The supergeneralized Ricci tensor below horizon [RZ ]ﬁ = [R; }i

May now be calculated componentwise using the classical formulae

(IR12), = (IRe11), = 5 (0, + 2 0, ).
([R;}z)e _ ([RZ]3)E _ (), (R,

2 3 r 7«2

(3.21)

From Eq.(3.21) we obtain

_ (2m77’)2+62
——ﬂHhZ(r): S E— = —hT(r),r < 2m.

r—2m [(r —2m)® + €%] 1z

r[(r— 2m)? + 62]1/2 - r?
r(h’) A1+ (he), = —r (b)), +1— (), =

r—2m 41
[(r— 2m)? + €?] 2 . (3.22)
he'(r) = —=hE"(r) =
r—9%m 2 [(r - 2m)2 + 62]
r2 [(r — 2m)* + €?] 1/2 r?
r?(he”) 4 2r (he') = —r* (RS"), = 2r (hd"), =
r r(r — 2m)?

hZ'(r) = —hE'(r) =

1/2

[(r_2m)2+62}1/2 [(T—Zm)2 +62]3/2.

Investigating the weak limit of the angular components of the Ricci tensor (using the abbreviation
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- T 27

®(r) = [sinfdf [ dp®(x) where &(T) € C™ (RS), ®(z) is a function with compact support K
0 0

such that K C B~ (0,2m) = {m € R3*0 < ||z < Qm}

We get:

(3.23)

By replacement r — 2m = u, from Eq.(3.23) we obtain

Jie (RZ) @@ = [ ([R7]]) @ (@)dbe=
i M-ﬁ- f ®(u + 2m)du. (3.24)

“hm (u2 4 €2)'/? —2m

By replacement u = en, from (3.23) we obtain

15 = fi ([R)3) @ @d'a=1; (9 = [, ([R:]) @@ d'z =
r &)(6 + 2m)d 0 _
6X ,sz Wig’m &(en+2m)dy | |

€

(3.25)

Which is calculated to give

(3.26)

Where we have expressed the function ®(en + 2m) as

~ _, 002 1
B(en +2m) = ) %m)(en)’ + (e @™ () , (3.27)

€20n+2m, 1>60>0, n=1

With @ 2 ¢@'®/dr'. Equation (3.27) gives
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2
lim { d(2m) [1— <2—m) i 2ty
=0 ¢ ¢ (3.28)
. K 5O

Thus in S5, (By (2m)) C S5, (R*), where B~ (0,2m) = {z € R*|0 < ||z|| < 2m} from Eq.(3.28)

we obtain
w—lim [R7]; = limI; () =0
w — lim R ]2 = limI, (e) = 0. (3.29)
For ([R;]i)e , ([R;]g)e we get:
26 ([R7]}) @@ & =24 ([R7];) @ (@) d'a =
of (r* (h"),_ +2r (hS),) (r)dr = (3.30)

2m

" - rir= 2m)2 O (r)dr.
of { [(r - 2m)2 + 62] 1/2 [(7’ — 2m)2 + 62}3/2 } )

By replacement r — 2m = u, from (3.30) we obtain

If () =2 ([R;]I)Eq)(m)d?’xzfg' (e) =2 ([R;]S)EQ)(I)dSm

- Oj" (r2 (h2")_+2r (hZ),) B(r)dr = (3.31)

0{ u+ 2m “2(“+2m)}<i>(u+2m)du

(u? +€2)1/2 (u? +62)3/2

—2m

By replacement u = en, from (3.31) we obtain

([ } ) dgx—QK([R_B)eq)(m)dsx:
[0 () 2 (h),) lrydr =

€

- 3/2

0
=€
2fm { (22 + )7 (202 + )
0 2nd(en + 2m)dn om0 e®(en 4 2m)dn

2,2
en -+ 2m < (en+ 2m) } (en + 2m)dn =

b (212 4 €2)1/2 (e ) (3.32)
fo e (en + 2m)dn ~om? En?d(en + 2m)dn _
_2m 627’] + €2)*/2 - (22 + €2)%/2
9 en + 2m)d77 0 3D (en 4 2m)dn
2{ RE —!Z" (2 + 1)°2
B( 677 +2m)dn 9 n2®(en + 2m)dn
I R R T
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which is calculated to give
1 2
e

0
_ 2m(1>(2m) & |
0! 3

} dn+

o
(n? +1)3/2
(3.33)

2

n
— (772 T 1)3/2:| ’I]d’l] + O (62) .

2m
{ 1

P + D72

where we have expressed the function ®(en + 2m) as

w1 @70@m) 1 (en)"@aﬁ(m ), (3.34)

®(en +2m) = [ i
&£ fen+2m 1>0>0,n—1

with ) (¢) £ d'® /d¢! Equation (3.34) gives

limI; (6) = limly (¢) =
2

d(2m) 9 1 n
! BCEREE
n*dn ]:

2mlim d =
=0 0! _im {(n2+1)1/2 ] " (3.35)
{f_ e rye Tl s GE 1)

77 +11/2

2m<I>
s—>0
= 2m®(2m).

where use is made of the relation

o nidy
RN Y

3/2} =1 (3.36)

lim
S§—00

0 dT/
|:_fs (u2+1

Thus in 8’ (B~ (0,2m)) C 8'(R®) we obtain
. 91 . _ =
w 611_% R ], =w _ehi% [Rc ], = m®(2m). (3.37)

Using Egs. (3.12),(3.20),(3.29),(3.37) we obtain
[ [(T” T+ T + T;rt) + (T,TT +T,0 4+ T, + T;t)] JogdPr=0  (3.38)

Thus the Tolman formula [3],[4] for the total energy of a static and asymptotically flat spacetime
with g the determinant of the four dimensional metric and d°x the coordinate volume element, gives

(3.39)

Er=[ (T: +T)+ T +T§) =&z = m,

We revrite now the Schwarzschild metric (3.3) in the form
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{ (@s3%). = (h (3.40)

) ((lJrCi ))dr2)6+r2d(22
=1+ [hE@m)] .

Using Eq.(A.5) from Eq.(3.40) one obtains for r < 2m

Ci( )

(R“"( ) -

((; (he)" + 1 (h})')2>6 +2 (

=

4[(r - 2m) +e }
and

(3.40) (de;w (6) RPUW’ (6)) =

€

ne (AN (N
<((h§)) +2<T> +a +2<T = (3.42)
| 4
[(r— 2m)? + €2 * (2m)*’

=

3.2 Examples of Distributional Geometries. Calculation of the
Distributional Quadratic Scalars by Using Nonsmooth Regula-
rization via Horizon

Let us consider again the Schwarzschild metric (3.1)

ds? = h(r)dt® — h(r) " tdr? + r2dQ?,
2m . r—2m
h(r )**1+7 = ) (3.43)

r
1 _ T
) =

—2m’
We revrite now the Schwarzschild metric (3.43) above Horizon (r > 2m) in the form
dst? = —A*(r)dt* + ( (1) " (r)dr?® + r2dQ2,
T
(At(r)) = —

r—2m’

(3.44)

Following the above discussion we consider the singular metric coefficient A™!(r) as an element of
D' (R?) and embed it into (G(R*)) by replacement

r—2m— Vr2 +¢e2 —2m. (3.45)

Thus above Horizon (r > 2m) the corresponding distributional metric (532'2) takes the form
€

(Jsjz)e = (fAQL(r)dt2 + (AQL(T))_1 dr2)e + r2dQ?,

(Af(m), = (@) (3.46)

(00, ().

We revrite now the Schwarzschild metric (3.43) below Horizon (r < 2m) in the form
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ds™2 = A= (r)dt> — (A= (r)) " dr® 4+ r2dQ?,
A (r) = 2m —r 1 r (3.47)
o T 2m—r’

Following the above discussion we consider the singular metric coefficient A™*(r) as an element of
D’ (R?) and embed it into (G(R?)) by replacement

2m —r— 2m — /1?2 + €2. (3.48)

Thus belov Horizon (r < 2m) the corresponding distributional metric (5322) takes the form

€

(d5:2), = (A2 ()at* = (A (1) ™" dr®) +r2ag?,

€

(A7 (), = (@) ((A:(r))_l)e = <m) (3.49)

From Eq.(3.46) one obtains

(A+)/_<\/r2+62—2m)l_ 1 +\/T2+62—2m
¢ r Vr2 £ e2 r2 (3.50)
(A+)//: r _2\/r2+6272m+ 1
‘ (r? +62)3/2 3 r/r2 + e

From Eq.(3.46) using Eq.(A.5) one obtains

<mmf(4ﬁ+%f7m):

4(_ 1 VT Fe - > ;2

T\ VEre T e 7 (3:51)
B r _2\/r2+6272m+ 1
(r? +62)3/2 73 V12 + €2 6'
From Eq.(3.51) for » = 2m one obtains
6 1 1 1 5
R (), = - + 5 = + (3.52)

(2m)®>  (2m)®  (2m) (2m)* ~ (2m)*
Remark 3.2.1. Note that curvature scalar (R (€)), again nonzero but nonsingular.
Let us introduce now the general metric which has the form [11]:

{dﬁz—Amwﬁf—ﬂM)M%%H (r) +C (r) (dr)*

+B (r)r? [(df)? + sin? 6(d¢)?] , (3.53)

Where

A(r):92(1 ‘ET)), B(r)_K2(’")
(

o= (1 B KCET)>_1( ")~ Iffj(:)) B ( ) (3.54)
Q<1—L>f’,K’(r)édK()/drf (r) é r) /dr, .

K (r)
K(r)=p(r)—lal,
a < 0.
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Remark 3.2.2. Note that the coordinates t = 2°/c and r are time and space coordinates,
respectively, only if

1—%>0, (1—%)710{’)2—(1—%)(f’)2>0. (3.55)

In the Cartesian coordinate system {z*;u =0, 1,2,3} with

2! =rcospsinh, x> = rsin ¢sinb, 2> = rcos ¥, (3.56)
The metric (3.53)-(3.55) takes the form

ds® = g, da"dx” (3.57)

With g,. given by

o

goo=—A, goa=—D"-, gay= B>’ (3.58)
From Eq.(3.54) one obtain
ooz _Pm) _ (p(r) — |a])?

A(<)>_Q| A |’|>QB Iy
_(p(r)—la[\ (p(r) —la])” p(r " (r))2 )
o= (205") - Lot - (GaZm) vror. em)

D)= (A0 10 0 2 dr o)
Regularizing the function (p (r) — |a|) ™" above gorizon (under condition p (r) — |a| > 0) such as
p(r) ~lal 20 ) 50
(p(r) ~la)™ = (e (1)~ la)) ™ = (Vo7 () + € — lal) |
with e € (0,1] from Eq.(3.59)-Eq.(3.60) one obtains
ari = (L) B =
= (P —lal\ _ (pe(r) —laD* ([ pe(r) 2 .
o = (00 ) -t - (Gt ) v o o0

= _pe(r) "), f (r) 2 df (r) Jdr
D1 ) = (55 ) £100 1) 2 ar o)

Regularizing the function (Ja| — p (r)) ™" below gorizon (under condition |a| — p (r) > 0) such as

la] —p(r) > 0:
(lal = p ()~ = (la] = pe () = (la] = V72 + )" (3.62)
with € € (0, 1] from Eq.(3.59),Eq.(3.62) one obtains

o2 () (= Ual = pe(r)®

o al (M (|(T|)> 7 <E>3;2(T) N

a T pe (7 , )
( ) G <\a| e (7‘)) (F7 7, (3.63)
D7 (r) = (H’i%) £ ) A )
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Remark 3.2.3. Finally the metric (3.57) becomes the Colombeau object of the form
(ds?), = (gji (€) datda”), (3.64)
with g, (€) given by
1,0(
G5 (&) = —A% (1), gt (0 = —DF () =,

. m)ﬁ (3.65)
9as (€) = BE(r) 67 + CZ (r)

r2

Using now Eq. A2 one obtains that the Colombeau curvature scalars (R:t (e))6 in terms of
Colombeau generalized functions (A;t (r))6 , (Bei (r))€ , (Cei (7“))6 , (Dei (r))6 is expressed as

r? 4+ é2 9ae? 2ae€?
(R+ (E))e = P) 5 3
(\/r2 + €2 — |a|) (r24¢€2)2 r2(r2 4 ¢€2)2 .

(r?2 + 62)% r2 (r2 4+ €?)

B r? 4 ¢
R (6) = - B}
(R (0), (( e

Remark 3.2.4. Note that (i) on horizon r = a Colombeau scalars (R* (¢))_ well defined and
becomes to infinite large Colombeau generalized numbers

3.66

9ae? 2a¢€? :| ) ( )
3
3

R7(0), =
2, 2 2 2 -
a” +e€ _ 9ae - 2ae ; =72 (5_2)5 cR,
(VaZ+ e —lal)” [(a2+ )2 a?(a®+e2)2 ]/, (3.67)
(R™(9), =
2, 2 2 2 ~
B a” +e€ _ 9ae __ 2ae _ — 72 (5_2)6 cR
(Va?+ e —lal)” [(a2+€2)2  r2(r24+€)2 ]/

(ii) for r # a Colombeau scalars (R:E (e))6 well defined and becomes to infinite small Colombeau
generalized numbers (Ri (e))6 ~ =+ (62)E .

Using now Eq. A2 one obtains that the Colombeau scalars (Ri”” ()R, (e)) . in terms of Colombeau
generalized functions (AF (r))_, (BE (r)),, (CZ (r)),, (DF (r)), is expressed as

(R (R (6), =

i ( (r* + 62)2 { [5 E
(Vrr+e —la))* | [2

2
3ae? :| 2ae€?
2

wlw

(r2 +€2)% 72 (r2 + €2):

2
3ae ae? })

+
(r2 +¢2) r2 (r? + €?)
Remark 3.2.5.  Note that (i) on horizon r = a Colombeau scalars (R**” (¢) R, (€)), well
defined and becomes to infinite large Colombeau generalized numbers, (ii) for r # a Colombeau
scalars (Ri (e))E well defined and becomes to infinite small Colombeau generalized numbers.

(3.68)

2

5 3
2 2

Using now Eq. A2 one obtains that the Colombeau scalars (Rip‘”“’ (e) Rfﬁ,w (e))€ in terms of
Colombeau generalized functions (AF (). (BE (). (c* ()., (DZ (r)), is expressed as
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2 2

12a2 ae
R () R (0)), = | s ¥
( PO )e ( T2+62—|a|)6 (T2—|—62)%
2
T 4&2 1+ a62 262 + 962 + (369)
(VrZ+ e —a))’ (r24+e2)3 | [P +e) (2423

a { 4e* " 81¢ }
(Ve —la))* Lt (2 +e) - (24 e)?]
Remark 3.2.6. Note that (i) on horizon r = a Colombeau scalars (Rip”‘“’ ()R, (e))6 well

defined and becomes to infinite large Colombeau generalized numbers, (ii) for r # a Colombeau
scalars finite

(REP () RE,,,, (). = — 20 (3.70)

(r2 —al)®

and tends to zero in the limit r — oo.

Remark 3.2.7. Note that under generalized transformatios such as

2 2 _ 2 2 _
dt = <d [7”’+i27”} ue) (” T, +> , (3.71)
and
_ 2 2 _ 2 2
g — (d [mi Vr? +e } v;) n (27”7 Vr?te dv;) , (3.72)
T T

The metric given by Eq.(3.61)-Eq.(3.64) becomes to Colombeau metric of the form

{ dst? = FA* (r,e) (dvF)? — 20 iDi r e )dveidr + [Bi (r,e) + C’fE (Uét,’l‘, E)} (dr)*+ (3.73)

+B* (r,¢) 27[ 2+ sin? 0(do) ]

4 Quantum Scalar Field in Curved Distributional
Space-time

4.1 Canonical Quantization in Curved Distributional Space-time

Much of formalism can be explained with Colombeau generalized scalar field.The basic concepts
and methods extend straightforwardly to distributional tensor and distributional spinor fields. To
being with let’s take a spacetime of arbitrary dimension D, with a metric g, of signature(+ —...—).
The action for the Colombeau generalized scalar field (¢.), € G(M) is

(,JdD L ol (g 8‘Lap58us05)f(m2+Ra)g0§) . (4.1)

€

The corresponding equation of motion is

([Bc +m? 4+ £Rc] @c)_,e € (0,1]. (4.2)
Here
(Oepe), = (Ige\“”fh lge| /% gt u‘Pe)E- (4.3)
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With 7 explicit, the mass m should be replaced by m/h.Separating out a time coordinate x°,
z# = (2%, 2,3 = 1,2,3 we can write the action as

(Se). = ([da®Lc)_, (Le), = (fdP'a.) . (4.4)

The canonical momentum at a time z° is given by
(= (2)). = (5L/ 6 oz (2))). = (Ihel/ n"Oupe (@) (45)

where z labels a point on a surface of constant x°, the x° argument of (¢) . is suppressed, n" is the
unit normal to the surface, and (|hc|), is the determinant of the induced spatial metric (hi; (¢)),.

To quantize, the Colombeau generalized field (pc). and its conjugate momentum (7. (x))_ are now

promoted to hermitian operators and required to satisfy the canonical commutation relation,

([npa (), me (g)])i = ihoP ! (g, g) ,e € (0,1]. (4.6)

Here deflyéDfl (L y) f (E) = f(z) for any scalar function f € D (RS) , without the use of a
metric volume element. We form now a conserved bracket from two complex Colombeau solutions
to the scalar wave equation (4.2) by

(g0, = ([ asuit) eclo, (@7
where
(52 (e 02)). = (i/h) (lgel"/2 92 (B.0u0e — 9:0u8.) ) (4.8)

This bracket is called the generalized Klein-Gordon inner product, and ((¢., ¢.))_ the generalized
Klein Gordon norm of (@), . The generalized current density (j£ (e, ¢:)). is divergenceless,i.e.
(Oudt (pe, ¢c)). = 0 when the Colombeau generalized functions (¢.). and (¢c), satisfy the KG
equation (4.2), hence the value of the integral in (4.7) is independent of the space-like surface &
over which it is evaluated, provided the functions vanish at spatial infinity. The generalized KG
inner product satisfies the relations

(fe07) = = ((er82). = ((9er0)). v € [0,1]. (4.9)

We define now the annihilation operator associated with a complex Colombeau solution (¢.)_ by
the bracket of (¢.), with the generalized field operator (¢.), :

(a(de)). = (¢, ¢e)). - (4.10)

It follows from the hermiticity of (¢c), that the hermitian conjugate of (a (¢.))_ is given by

(a' (¢2)). =~ (a(d.)). . (4.11)
From Eq.(4.5) and CCR (4.6) one obtains

([a (‘Ps)vaT (¢6)])E = (<<P6:¢E>)g~ (4-12)
Note that from Eq.(4.11) it follows
(fa(pe) al(ee)]). = = (¢ 0)). ([a (ge) a (¢0)]), = — (e, ¢2)) (4.13)

Note that if (¢c), is a positive norm solution with unit norm and with, then (a (¢.)), and a' (¢.)
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satisfy the commutation relation ([a' (¢:),a (¢e)]). = 1. Suppose now that |¥) is a normalized
quantum state satisfying (a (¢c) |¥)), = 1, then for each n, the state [n, ¥) = ((1//n!)(a (¢:))™ |¥)).
is a normalized eigenstate of the number operator (N [(¢.)]). = (a* (pe)a (Lpe))a with eigenvalue n.
The span of all these states defines a Fock space of the distributional (¢¢)_- wavepacket “n-particle
excitations” above the state |¥) .If we want to construct the full Hilbert space of the field theory in
curved distributional spacetime,how can we proceed? We should find a decomposition of the space
of complex Colombeau solutions to the wave equation (4.2) S into a direct sum of a positive norm
subspace Sp and its complex conjugate Sp, such that all brackets between solutions from the two
subspaces vanish. That is, we must find a direct sum decomposition:

S = Sp®S, (4.14)
Such that

({er ). > 0,V (p2). € Sp (4.15)
and

((pe, @) > 0,V (pe). , (¢2). € Sp. (4.16)

The condition (4.15) implies that each (¢ )_ in Sp can be scaled to define its own harmonic oscillator
sub-albegra. The second condition implies, according to (4.13), that the annihilators and creators
for (¢), and (¢.), in the subspace S, commute amongst themselves:

(fa(#=), a(g)). = ([a" (¢2) . a’ (¢:)]), = 0. (4.17)

Given such a decompostion a total Hilbert space H for the field theory can be defined as the space
of finite norm sums of possibly infinitely many states of the form

(a' (¢1,c) ...a® (¢ne) [0))_, (4.18)

Where |0) is a state such that (a(¢n.)[0)), = 0 for all (¢.), in Sp. The state |0), as in classical
case, is called a Fock vacuum and Hilbert space H is called a Fock space. The representation of the
field operator on this Fock space is hermitian and satisfies the canonical commutation relations in
sense of Colombeau generalized function.

4.2 Defining Distributional Outgoing Modes

For illustration we consider the non-rotating, uncharged d-dimensional SAdS BH with a distributional
line element

(ds?)_ = (—fedt® + f.7 dr®)_+1r?dQ3_5,e € (0,1], (4.19)
Where
fe #0,e€(0,1],
fo—14 %22 - :i:: (4.20)

Where d2_, is the metric of the (d — 2)-sphere, and the AdS curvature radius squared L? is
related to the cosmological constant by L? = —(d — 2)(d — 1)/2A. The parameter rq is proportional
to the mass M of the spacetime: M = (d—2)Ag_or8 > /167, where Ag_o = 27 4~Y/2/T[(d —1)/2].
The distributional Schwarzschild geometry corresponds to L — co.The corresponding equation of
motion (4.2) for massless case are
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(9, ¥ p.), % (R.). ,

(GEqIAV)g +A (ge,w)f =8nG (TEqHV)g ,
(Lo ), 6 (@)

(4.21)

The time-independence and the spherical symmetry of the metric imply the canonical decomposition

3 \Illm € (T) lem (0)
_ wwt 5
(et = e (Fp G0 (1.22)
Where Yi, () denotes the d-dimensional scalar spherical harmonics, satisfying
AQq—2Ym (0) = =1 (1 +d—3)Yim (), (4.23)

WhereAQ,_o the Laplace-Beltrami operator.Substituting the decomposition (4.22) into Eq. (6)
one get a radial wave equation

&>y e (1)
fgi’
dr?

/dllllmﬁ (T)

+ fef

+ (w2 — Vim,e (r)) Wim,e (r)) =0. (4.24)

€

We define now a “tortoise” distributional coordinate (1), = (rZ (1)), by the relation

€

(%)E = (f71 (). (4.25)

By using a “tortoise” distributional coordinate the Eq.(4.24) can be written in the form of a
Schrodinger equation with the potential Vi, o (1)

(N;T(;{;K))E_F ((w2 _VE(T:)) v, (T;))E =0. (4.26)

Note that the tortoise distributional coordinate (rZ (r)). becomes to infinite Colombeau constant

[(rf(ry)).] = [(ne).] at the horizon, i.e. as r — ry, but its behavior at infinity is strongly
dependent on the cosmological constant: [(r; (7‘+))5} = 400 for asymptotically-flat spacetimes,
and [(rZ (r4)).] = finite Colombeau constant for the SAdSq geometry.

4.2.1 Boundary Conditions at the Horizon of the Distributional SAdS
BH Geometry

For most spacetimes of interest the potential (V- (rZ (r))). =0asr =1y, ie.
(IrZ (r)]). = 400, and in this limit solutions to the wave equation (4.26) behave as
(We (t,77)). " (exp [—iw (t £ I (r)])., as v ry. (4.27)

Note that classically nothing should leave the horizon and thus classically only ingoing modes
(corresponding to a plus sign) should be present,i.e.

(We (t,7Z)). " (exp [—iw (t+7Z (r)])., as v ry. (4.28)

Note that for non-extremal spacetimes, the tortoise coordinate tends to

(2. = (S £ @) dr) " [(f (r))] T (e —ri| +2)). as vy, (4.29)
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Where (f.' (r4+)). > 0. Therefore near the horizon, outgoing modes behave as

(exp =i (¢ = 12 (")), = {(exp [—iwu? (£,7)]), } (exp [~2iwr? (), = .
= {(exp=iwoz (t,r)]).} { (IIr =i+ 0 1, (4.30)

Where (v? (t,r)). = t+ (rZ(r)).. Now Eq. (4.30) shows that outgoing modes is Colombeau
generalized function of class G(R).

5 Energy-Momentum Tensor Calculation by using
Colombeau Distributional Modes

We shall assume now any distributional spacetime which is conformally static in both the asymptotic
past and future. We will be considered distributional spacetime which is conformally flat in the
asymptotic past,i.e.

ds? ~ (f2;(—dt® + dz?)) asymp. past
ds ( : - (5.1)

ff’m“g(—dt2 + hE,ijd:cida:j))E , asymp. future

Where € € (0,1] (f:3), = (fe,3(t, %)), > 0,J € {in,out}, are smooth functions and h..; =
hei;(Z),4,7 = 1,2,3, are the components of an arbitrary distributional spatial metric. Note that
we use the same labels t and ¥ = (z*, 2%, ) for coordinates in the asymptotic past and future only
for simplicity; they are obviously defined on non-intersecting regions of the spacetime.) In each of

these asymptotic regions the distributional field (®¢). can be written as (®¢), = (ég/fsg) , where
€
(&)E) satisfies
£

(g; <I>> =— (Aa,.}&%)e + (Vg,J‘iE)E , (5.2)

Where (A.in), is the flat Laplace operator, (Ac out), is the Laplace operator associated with the
spatial metric (hei;)., and the effective potential Vy is given by

fe,J

(-0 (B200) ot (1), + €.

(Ve3). = (M) + (f%5(m? +€Rs))5 = (5.3)
e 5.3

With (K. in), = 0, K: out = Kc out(Z) the scalar curvature associated with the spatial distributional
metric (he,ij).-

We assume now this condition: (i) the massless (m = 0) field with arbitrary coupling £ in spacetimes
which are asymptotically flat in the past and asymptotically static in the future,i.e. f;, = 1 and
Je,out = fe,out(T), as those describing the formation of a static BH from matter initially scattered
throughout space, and (ii) the massless, conformally coupled field (m = 0 and £ = 1/6). With this

assumptions for the potential, two different sets of positive-norm distributional modes, (ui‘?) and
) &
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(vét)) , can be naturally defined by the requirement that they are the solutions of Eq.(5.2) which

satisfy Sthe asymptotic conditions:
(+) 3 —1/2 _—i(wpt—k-& -1
(ua,xz ) l6m%ug) T2 TR (£50), (5.4)
and

) (5.5)

€

(Ug,tx)) x(zwa)_lme_iwat (fs;it Fe,a(f))
€

future
Where k € R?, wi = ||%]l, @a > 0, and (F:,a(Z)). are Colombeau solutions of

([=Ac out + Ve,out ()| Fr o (2)). = @ (Fe,a(T)). ,
(Fea(@).]., € O (R?)

(5.6)

Satisfying the normalization
(Js, 'oVh Fea (@) Fep(@)) = b0s (5.7)

On a Cauchy surface 3,y in the asymptotic future. Note that each F: o,€ € [0, 1] can be chosen to
be real without loss of generality. There are reasonable situations where the distributional modes

(vét)) , given in Eq. (5.5), together with distributional modes (vé?) fail to form a complete
€ €

set of distributional normal modes. This happens whenever the operator ([—A: out + Vz out(£)]).

in Eq. (5.2) happens to possess normalizable i.e., satisfying Eq. (5.7) eigenfunctions with negative

eigenvalues, w2 = —02 < 0. In this case, additional positive-norm modes wga) with the
g .
€

asymptotic behavior

é—;)) < ( Qut—im/12 | —Qat+i7r/12) ( F. (%) ) 5.8
(w’ fature € € /2Qa fs,out(f) . ( )

and their complex conjugates (wéi.?) are necessary in order to expand an arbitrary Colombeau
£

solution of Eq.(5.1) As a direct consequence, at least some of the in-modes (uiig)) (typically those
’ e
with low wy) eventually undergo an exponential growth.This asymptotic divergence is reflected on

the unbounded increase of the vacuum fluctuations,

(22(@))), = K;;m K fngf))]z [1+0(e )], (5.9)

Where F‘_ (Z) is the eigenfunction of Eq. (5.6) associated with the lowest negative eigenvalue allowed,
w2 = —02, ¢ is some positive constant, and x is a dimensionless constant (typically of order unity)
whose exact value depends globally on the spacetime structure (since it crucially depends on the

projection of each (ui?) on the mode (wgi)) whose w2 = —Q2; k also depends on the initial
’ €

€
state, here assumed to be the vacuum |0), ). As one would expect, these wild quantum fluctuations
give an important contribution to the vacuum energy stored in the field. In fact, the expectation
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value of its distributional energy-momentum tensor, ({1t ..(Z))).,e € (0,1], in the asymptotic
future is found to be dominated by this exponential growth:

(TN, A (@@ 3 { E5 (2 + LR gz v e
H-ae) (K2 (DR DUDEY | o),

:  (5.10)

(@)
(ez@n) 3 {a-10 (F55) —a-60(29E) +oe). o
(Teis(@)), 2 ]
((22@)).} {(1 %) (w) .y (D;J) ¢ (Rews)
3= 20hy 35)% (02 - <(DFL2)2 —m?fl - 6K5>6) (5.12)
o (Rl - Bt - Bt
b(he), (BT - GEE DUZR o,

Where D; is the derivative operator compatible with the distributional metric (he ;). (so that
Aoyt = DQ), (EHJ) is the associated distributional Ricci tensor so that (K¢ out), = (héj ]’%E,ij) ,
€ €

and we have omitted the subscript out in (f: out), and (K out), for simplicity. The Egs. (5.10-5.12),
together with Eq.(5.9), imply that on time scales determined by Q™ *, the vacuum fluctuations of the
field should overcome any other classical source of energy, therefore taking control over the evolution
of the background geometry through the semiclassical Einstein equations (in which ((T: ..)), is
included as a source term for the distributional Einstein tensor). We are then confronted with a
startling situation where the quantum fluctuations of a field, whose energy is usually negligible in
comparison with classical energy components, are forced by the distributional background spacetime
to play a dominant role. We are still left with the task of showing that there exist indeed
well-behaved distributional background spacetimes in which the operator [(fAE,out + Va,out(f))g}
possesses negative eigenvalues w2 < 0,condition on which depends Eq(5.9). Experience from
quantum mechanics tells us that this typically occurs when (V out), gets sufficiently negative over a
sufficiently large region. It is easy to see from Eq. (5.3) that, except for very special geometries (as
the flat one), one can generally find appropriate values of ¢ € R which make (V out). as negative as
would be necessary in order to guarantee the existence of negative eigenvalues. For distributional
BH spacetime using Eq.(5.9)-Eq.(5.12) one obtains

2

1/4> ST = T (5.13)

2 _ K 62975 T1/2F6(r)
((@2 (T)>)gum$ 2Q ( ((r— ri)® + e?)
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(Teoo(m)ez
(oo {452 (224 BRI 4z o+ ek,
I < ®DUL0) (DL D (D'E ) o1
2 1/4 2 1/4 2 1/4 = )
(r—ry)*+e2) (r—ry)*+e2?) (r—ry)*+e2) " Fe

P fo () = (=)’ + 2!

(Te0i(r)) . =

uture

€ r—T+ .

1/4

r—=ry, fo(r)= ((r - r+)2 +62)

(T s

a

{((=2)) } {(1 — 26) (DFF#) By (%) e (Rey),

€

1—48&)hs; (- DF. 2 °
+( 2&) j <927<( e (r+)) Cm? ((T7r+)2+52)1/27§1{5> >

(r+) .
D;feD, fe D, fD,; F D, feD;F. (5.16)

+(1 - 6¢) 1eDi) 1/2 70 1/4 — 21D 1/2 _ +

(('r—r+)2+52) ((r—r+)2+e2) Fe ((r—r+)2+52) Fe

26D fe (Dfe)? Dy feD*F,

+ (he,ij), 2 7 5 1/2 > 1/4 _ ’

((T—T+) +€2) 2((r—7‘+) +52) ((r—r+) +52) Fe

T — 7‘+. N

Remark 5.1. Note that in spite of the unbounded growth at r — r4 in Eq.(5.13)-Eq.(5.16),
({T,.iv)). is covariantly conserved: (V, <T€‘f,,>)E = 0. In the static case (fcout), = (fe,0ut(Z)),, for
instance for distributional BH geometry, this implies that the total vacuum energy is kept constant,
although it continuously flows from spatial regions where its density is negative to spatial regions
where it is positive.

Remark 5.2. Note that the singular behavior at r — r4 appearing in Eq.(5.13)-Eq.(5.16) leads
only to asymptotic divergences, i.e. all the quantities remain finite everywhere except horizon.

6 Distributional SAdS BH Space-time-induced Vacuum
Dominance

6.1 Adiabatic Expansion of Green Functions

Using equation of motion Eq.(5.2) one can obtain corresponding distributional generalization of the
canonical Green functions equations. In particular for the distributional propagator

iGE (x,2)) = <O |T (gaf (x) pF (m')) | O> ,e € (0,1] (6.1)
One obtains directly
([Oew +m? + ER* (2,)] GF (z,2")) . = — [~¢* (x,0)] /? 6" (z — ). (6.2)

Special interest attaches to the short distance behaviour of the Green functions, such as (G? (z, JC'))S
in the limit ||z —2'|| — 0 with a fixed ¢ € (0,1]. We obtan now an adiabatic expansion of
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(Gg: (z, m'))e Introducing Riemann normal coordinates y* for the point z, with origin at the point
x’ we have expanding

(9500 (%,€)) . = Mo + % [(Riwﬁ (6))8} ¥y’ — é [(Rfavm (6))6} v y’yT+

* {% (Riavﬁ?”’é (E))g + 4% [(R;BA (5))6] (R—jy[wis (E))J vy Yy’ + (6:3)

Where 7. is the Minkowski metric tensor, and the coefficients are all evaluated at y = 0. Defining
now

(2 (@.2), = [((~gk @.e)"")

and its Colombeau-Fourier transform by

] (6% @,2), (6.4)

€

(ZLF (x,2)) = @2m) " ([ d"ke ™ .LF (k) (6.5)

€

Where ky = n®®kqys, one can work in a sort of localized momentum space. Expanding (6.2) in
normal coordinates and converting to k-space, (.Zsi (k))s can readily be solved by iteration to any
adiabatic order. The result to adiabatic order four (i.e., four derivatives of the metric) is

(2 @), = (- m2) ™ (5 -¢) (12 -m?)  (mF00) 4

+% (é - 5) o (k2 = m?) 77 (RE (9)) - (6.6)

L) Joror (2= mt) P [(§-6) (R @)+ (R 0) ] (10 - mt)

Where 0. = 0/0k",

(029). = (3-€) (R2: @)+ 135 (R @), - 13 (RE @), -

~50 (B @) (R5: @)+ g5 [(R5240) ] (RE @)+ o
o % )] (Ries @),

and we are using the symbol < to indicate that this is an asymptotic expansion. One ensures that
Eq.(6.5) represents a time-ordered product by performing the kY integral along the appropriate
contour in Fig.4. This is equivalent to replacing m? by m? — ie. Similarly, the adiabatic expansions
of other Green functions can be obtained by using the other contours in Fig.3. Substituting Eq.(6.6)
into Eq.(6.5) gives

(33 (z,z/))s =(2m) """ x
<fd"’ke*“cy [aoi (2,2 ¢) +,11i (z,a';€) (7 9 ) +a2i (z,a';¢) ( 9[ )2] (kZ _ m2)*1> (6.8)

om?2 om?2 .

where
(ag (v,2';¢)), =1 (6.9)

and, to adiabatic order 4,
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N
N

Fig. 4. The contour in the complex koplane C

to be used in the evaluation of the integral

1/2
giving . The cross indicates the pole at kO = (’k|2 + mz)

With all geometric quantities on the right-hand side of Eq.(6.10) evaluated at z'.
(K> —m? +ie) " = —i [ dseis (K —m?+ic) (6.11)
0

in Eq.(6.8), then the d"k integration may be interchanged with the ds integration, and performed
explicitly to yield (dropping the ie)

N1+
LE(2,2)) = —i(4n) /2 Ooi s (is) 2 exp | —im?s M x, ;s >
(2 (@,2)), = =i (4n) (Of (i) 2exp [=ims+ T ot Cem

o(z,2') = SYay”

The function o (x, ") which is one-half of the square of the proper distance between x and z’, while
the function (% (z,';is))_ has the following asymptotic adiabatic expansion

(.i”f (z,2'; is))g = (aa—L (x,2'; E))E + s (ali (;I:,Jc';&))E + (is)? (agi (z,2'; 8))5 + .. (6.13)
Using Eq.(6.4), equation (6.12) gives a representation of (GEi (z, x’))E :

(GEi (z, z/)> =

€

{ —1 (47‘r)7n/2 <[(Ali/2 (z,2'; E))g:l Zoids (is)7”/2 exp |:7im2s + M] Fe (z,2'; zs)) (6.14)

2is

Where (Ax (z,2;€))_ is the distributional Van Vleck determinant

€

(A (z,2";¢)), = —det [0,0,0 (x,2")] ([gi (z,€) gF («', £)] 71/2) (6.15)

€

In the normal coordinates about &’ that we are currently using, (A+ (z,2';¢€)), reduces to
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([—gi (z, 5)] 71/2) .The full asymptotic expansion of (]:Ei (z,x'; is))s to all adiabatic orders are

(.7-"5i (x,m';is))g =720 (is)j (af (z, :r';z-:))e (6.16)

With (aa[ (m,a:’;s))s = 1, the other (aj[ (x,x';a))g being given by canonical recursion relations
which enable their adiabatic expansions to be obtained. The expansions (6.13) and (6.16) are,
however, only asymptotic approximations in the limit of large adiabatic parameter 7'

If (6.16) is substituted into (6.14) the integral can be performed to give the adiabatic expansion of
the Feynman propagator in coordinate space:

J om?2

) (o))

In which, strictly, a small imaginary part ie should be subtracted from o. Since we have not imposed
global boundary conditions on the distributional Green function Colombeau solution of (6.2), the
expansion (6.17) does not determine the particular vacuum state in (6.1). In particular, the ”ie” in
the expansion of (GgE (z, z/))E only ensures that (6.17) represents the expectation value, in some set
of states, of a time-ordered product of fields. Under some circumstances the use of ”i€” in the exact
representation (6.14) may give additional information concerning the global nature of the states

J
(Gsi (x,x'))s = — (47i)~"/? Ai/Q (z,2'; 5);10 at (z,2';¢) (,i) X
(6.17)

6.2 Effective Action for the Quantum Matter Fields in Curved
Distributional Space-time
As in classical case one can obtain Colombeau generalized quantity (W.)_, called the effective

action for the quantum matter fields in curved distributional spcetime, which, when functionally
differentiated, yields

( — @iVVVEg))E = (T (). (618)

To discover the structure of (W.)_, let us return to first principles, recalling the Colombeau path-
integral quantization procedure such as developed in []. Our notation will imply a treatment for
the scalar field, but the formal manipulations are identical for fields of higher spins. Note that the
generating functional

(Z:[3e)). = ([ Dlpe] exp {iSm () + i [ I () = (x) d"as})8 (6.19)

was interpreted physically as the vacuum persistence amplitude ({out., 0/0,in.)). . The presence of
the external distributional current density (J.)_ can cause the initial vacuum state (|0, inc))_ to be
unstable, i.e., it can bring about the production of particles. In flat space, in the limit (J.), = 0,
no particles are produced, and one have the normalization condition

(Z:[0]), = (fD [pe] exp {iSm (e) +i [JI: (z) pe (z) d”x})E‘J:O = ((0c|0¢)), = 1. (6.20)
However, when distributional spacetime is curved, we have seen that, in general,

(10,0ut.)), # (|0,in.)),, (6.21)

even in the absence of source currents J. Hence (6.19) will no longer apply. Path-integral quantization
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still works in curved distributional spacetime; one simply treats (Sm (¢)). in (6.19) as the curved
distributional spacetime matter action, and (J: (z)), as a current density (a scalar density in the
case of scalar fields). One can thus set J. = 0 in (6.19) and examine the variation of (Z.[0]), :

(02:10)). = i [ D[p:] 6Sm (€) exp [iSm (2:2)] = i ({outz, 0]6Sum (<) 0, in.)). . (6.22)

Note that

( 2 55‘"(5)) (T (9)). (6.23)
(_g £

(e))2 99" (€)

From (6.22) and (6.23) one obtains directly

> oz00]\ _. _
((—g (5))% Sgnv (6)>g =i ({out.,0|T . (¢) 0,in.)), (6.24)

Noting that the matter action Sm (¢) appears exponentiated in (6.19), one obtains directly

2.10] = (exp (W2)), (6.25)
and
(exp (We)),. = —i(In (out., 0/0,in.)). . (6.26)

Following canonical calculation one obtains

(22(0)), ox ([det (-G (z,2))] *) (6.27)

£

Where the proportionality constant is metric-independent and can be ignored. Thus we obtain

(W) = —i (nzZ£[0))_ = —% (tr [ (-c2)]) - (6.28)

€

In(6.28) (éf) is to be interpreted as an Colombeau generalized operator which acts on an linear
€
space S of generalized vectors |z) ,normalized by

1

((@l2). =6 (@=2") ([~g= (@] *) (6.29)
in such a way that
(GF (@.21), = (@l GF 1)) - (6.30)

Remark 6.1. Note that the trace tr [] of an Colombeau generalized operator ($.)_ which acts on
a linear space 3, is defined by

(tr[R.)), = (f A"z [~g* (z,€)] ? §Rm;5)

(Jdma [=g* (@,9)]* @l Renc ) . (63D)

€

Writing now the Colombeau generalized operator (Gf) as
€

(Gi) ——(F). =i <:fods exp [—53]) , (6.32)

€
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By Eq.(6.14) one obtains

((z]exp [—sZ] |a")) =
o(z,a)]*

i(am) 2 [(AY? (@,2%59)) Jexp {f¢m2s+7 (o2 sis) (i) (639

2is R
Now, assuming (.), to have a small negative imaginary part, we obtains
(f ds (is) "' iexp [—sf]) = (Ei (—iAgﬁ))E (6.34)
A £

Where Ei (x) is the exponential integral function.
Remark 6.2. Note that for ¢ — 0
Ei(z) =vy+In(-z)+ O (x) (6.35)
Where « is the Euler’s constant. Substituting now (6.35) into (6.34) and letting A — 0 we obtain

(ln (—éf))g =—(n()), = (:fods exp [—s}] (is)_l) , (6.36)

€

Which is correct up to the addition of a metric-independent infinite large Colombeau constant €2 € R
that can be ignored in what follows. Thus, in the generalized De Witt-Schwinger representation
(6.33) or (6.14) we have

((1:| In (—é;ﬁ) |;t/))E = <T:f: GZ (z,2';m?) dm2) , (6.37)

€

Where the integral with respect to m? brings down the extra power of (is)™' that appears in
Eq.(6.36). Returning now to the expression (6.28) for (W) _ using Eq.(6.37) and Eq.(6.31) we get

z—xz’
m

(W})E = % [(f d"x [—gi (z,¢)] %) ] (lim [ G (z,2';m?) dm2> (6.38)
€ 2
Interchanging the order of integration and taking the limit  — 2’ one obtains

-/ s N
(VVS[)E = % (f dm? [d'x [—gjE (1’,5)} : G (m,x;m2)> . (6.39)
m2 B
Colombeau quantity (Wei)g is colled as the one-loop effective action. In the case of fermion effective
actions, there would be a remaining trace over spinorial indices. From Eq.(6.39) we may define an
effective Lagrangian density (Lieﬁn (x)) by
1
(W), = (Jd'a [-g* @.6)]* LEoq (@) (6.40)

Whence one get

(12 @), = [-6* @)} g @) = &

m2

(lim [ dm*GE (z,x/;m2)> . (6.41)
z—xz’
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6.3 Stress-tensor Renormalization

Note that (LéE (m))s diverges at the lower end of the s integral because the o/2s damping factor
in the exponent vanishes in the limit z — z’. (Convergence at the upper end is guaranteed by the
—ie that is implicitly added to m? in the De Witt-Schwinger representation of (L} (x))e In four
dimensions, the potentially divergent terms in the DeWitt- Schwinger expansion of (LZ (2)), are

(V) =

- a2)™ (i, [ 0 g)]zfjjs [_mﬁﬂ}x (6.42)

21s
x [af (z,2;€) +isaf (v,2';¢) + (is)° a (a:,x';s)])e

Where the coefficients aF, ai and ai are given by Eq.(6.9)-Eq.(6.10). The remaining terms in this
asymptotic expansion, involving agt and higher, are finite in the limit 2 — z’.

Let us determine now the precise form of the geometrical (ch»dw (az)) terms, to compare them

€
with the conventional gravitational Lagrangian that appears in (2.38). This is a delicate matter
because (6.48) is, of course, infinite. What we require is to display the divergent terms in the form
oo X [geometrical object]. This can be done in a variety of ways. For example, in n dimensions, the

asymptotic (adiabatic) expansion of (Lfeﬂ (a:)) is
’ 5

(Lo @) =
1 (47)~"/2 ()Lm’ [(Alﬁ (z,2; 5)>E]:O a; (z,z';¢€) x (6.43)

szds Y "/2exp[—zm s—&—w})
218 .

of which the first n/2 + 1 terms are divergent as o — 0. If n is treated as a variable which can be
analytically continued throughout the complex plane, then we may take the x — x’ limit

(Lg:;eff (x)) 1 (4z) /2 <]°~';Oaj (z;¢€) zoids (is)? 1% exp [fimzs]) =

271 (4m); 20> a; (wie) (m?)" T (- ),
aj (z;€) = aj (z,z;5¢) .

€

(6.44)

From Eq.(6.44) follows we shall wish to retain the units of L:eff () as (length) ™, even when n # 4.
It is therefore necessary to introduce an arbitrary mass scale 4 and to rewrite Eq.(6.44) as

( cieff (l’)) =27 (4m) /2 <7Z>n4 (?’;Oaj (z;¢€) (m2)472j r (j - %))E . (6.45)

If n — 4, the first three terms of Eq.(6.45) diverge because of poles in the I'- functions:

()=t () o

F<1—Z’):(an)2(4_2n—~y)+0(n—4), (6.46)
(n—4).
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Denoting these first three terms by (Lfdiv (x)) , we have
’ €

Lsi;div () =

om0t ] 7

The functions ao (x;€),a1 (z;¢) and as (x;¢) are given by taking the coincidence limits of (6.9)-
(6.10)

(aQi (x;e))g = % (Rfﬁvé (z,) RTF7 (x,e)) ~ 180 (Rio‘ﬁ (z,¢) Rfﬁ (x,s)) —

3 (3-¢) ORF @), + 3 (é ~¢) (R* (2.9)).

Finally one obtains

(Liren (@), = —647;2 (:foids In (is) 021)3 [i (z, x5 eistDE_ (6.49)

Special interest attaches to field theories in distributional spasetime in which the classical action
(Sc), is invariant under distributional conformal transformations,i.e.,

(guv (=, 5))5 - (Qg (%) guv (175))5 £ (g;:fu (m, 5))6 . (6.50)

From the definitions one has
_ n 08 [giu (1’:5)} —+po
(Se (55 (@.9)]), = (S: [g (®,9)])_ + (f d"x (W 057 (w,e) | - (6.51)
From Eq.(6.51) one obtains

, (6.52)

N[=

7 e = - (L S )

[~g(z,e)z 00 (2)

Q=1

and it is clear that if the classical action is invariant under the conformal transformations (6.50), then
the classical stress-tensor is traceless.Because conformal transformations are essentially a rescaling
of lengths at each spacetime point z, the presence of a mass and hence a fixed length scale in the
theory will always break the conformal invariance. Therefore we are led to the massless limit of
the regularization and renormalization procedures used in the previous section. Although all the
higher order (j > 2) terms in the DeWitt-Schwinger expansion of the effective Lagrangian (6.45)
are infrared divergent at n = 4 as m — 0, we can still use this expansion to yield the ultraviolet
divergent terms arising from j = 0,1, and 2 in the four-dimensional case. We may put m = 0
immediately in the j = 0 and 1 terms in the expansion, because they are of positive power for
n ~ 4. These terms therefore vanish. The only nonvanishing potentially ultraviolet divergent term
is therefore j = 2:

9271 (4) /2 (7:)”4 as (z,e)T (2 - g) : (6.53)

Which must be handled carefully. Substituting for az(z) with £ = £(n) from (6.48), and rearranging
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terms, we may write the divergent term in the effective action arising from (6.53) as follows

(Wei.div)s =271 (ax)— /2 (%)n_4r (2 — g) <f d"x [—gi (z,s)}% az (LE))e = 6.50
2= 1 (4m)— /2 (%)n%r (2 - g) <./' d"z [*gi (I»E)]% [afei (@) + BGE (””)D +0(n—4)

€

where

(Fe(@). = (REPY (@,0)RE, 5 (2.9)) -2 (REP (2,) RE, (2.9)) _+ % (RE? (2.9)) _.

(6.55)
(62 @), = (R**P7 @ )Ry 5 (@,9))

and

1 1
Finally one obtains

(1 @19), = = (1/23800%) [a (Fo @ - JORE (@9) 48 (0 (@), ] = (657

— (1/288071' ) [(Raﬁ»yé (z,e) R R (x,e))E - (Raﬁ (z,e) R (z, E))E -OrR (ac,s)] .
Note that from Eq.(3.42) for » — 2m follows that
(R (&) Rpopu (2)), = ([(r —2m)® + &2 ’1) 4 (2m)t. (6.58)
€

Thus for the case of the distributional Schwarzchild spesetime given by the distributional metric
(3.40) using Eq.(6.57) and Eq.(6.58) for » — 2m one obtains

(T} (2,2)),. = — (28807%) [([(r —2m)? + &2 ’1)5 +4 (2m)4] . (6.59)

This result in a good agreement with Eq.(5.14)-Eq.(5.16).

7 Novel Explanation of the Active (Galactic Nuclei. The
Power Source of Quasars as a Result of Vacuum
Polarization by the Gravitational Singularities on BHs
Horizon

7.1 The Current Paradigm for Active Galactic Nuclei. High Energy
Emission from Galactic Jets

Accretion of gas onto the supermassive Kerr black holes lurking at the center of active galactic
nuclei (AGN) gives rise to powerful relativistic jets.

We remind that in the standard theory of an accretion disk around a black hole it is assumed that
there is no coupling between the disk and the central black hole [51]. However, in the presence of
a magnetic field, a magnetic coupling between the disk and the black hole could exist and play an
important role in the balance and transportation of energy and angular momentum.In the absence
of the magnetic coupling, the energy source for the radiation of the disk is the gravitational energy
of the disk (i.e., the gravitational binding energy between the disk and the black hole). But, if
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the magnetic coupling exists and the black hole is rotating, the rotational energy of the black hole
provides an additional energy source for the radiation of the disk.With the magnetic coupling, the
black hole exerts a torque on the disk, which transfers energy and angular momentum between
the black hole and the disk. If the black hole rotates faster than the disk, energy and angular
momentum are extracted from the black hole and transfered to the disk. The energy deposited
into the disk is eventually radiated away by the disk,which will increase the efficiency of the disk
and make the disk brighter than usual. If the black hole rotates slower than the disk, energy and
angular momentum are transfered from the disk to the black hole, which will lower the efficiency
of the disk and make the disk dimmer than usual. Therefore, the magnetic coupling between the
black hole and the disk has important effects on the radiation properties of the disk [52]-[53].

Fig. 5. Jet from Black Hole in a Galaxy Pictor A. The active galaxy Pictor A lies
nearly 500 million light-years from Earth and contains a supermassive black hole at
its centre. This is a composite radio and X-ray image.

v [GAl
=
T
4
-
L

u|Gi|

Fig. 6. Fourier coverage (uv-coverage) of the fringe fitted data (i.e.,reliable fringe

detections) of the Radio Astron observations of BL Lac on 2013 November 10-11at

22 GHz. Color marks the lower limit of observed brightness temperature obtained
from visibility amplitudes. Adapted from [54].
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The current paradigm for AGN is that their radio emission is explained by synchrotron radiation
from relativistic electrons that are Doppler boosted through bulk motion. In this model, the intrinsic
brightness temperatures cannot exceed 10! to 102 K [65]. Typical Doppler boosting is expected
to be able to raise this temperature by a factor of 10.

The observed brightness temperature of the most compact structures in BL Lac, constrained by
baselines longer than 5.3G\, must indeed exceed 2 x 10'*K and can reach as high as ~ 3 x 10K
[55]. As follows from Fig. 7.2, these visibilities correspond to the structural scales of 30 — 40 pas
oriented along position angles of 25° —30°.These values are indeed close to the width of the inner jet
and the normal to its direction.The observed, T3 ops, and intrinsic, T3 int, brightness temperatures
are related by

Tb,obs = 6(1 + 2)71Tb,int (711)

With § = 7.2.The estimeted by (4.1.1) a lower limit of the intrinsic brightness temperature in the
core component of our Radio Astron observations of Ty int > 2.910'2 K. It is commonly considered
that inverse Compton losses limit the intrinsic brightness temperature for incoherent synchrotron
sources, such as AGN, to about 102K [53].In case of a strong flare, the ”Compton catastrophe”
is calculated to take about one day to drive the brightness temperature below 102K [53]. The
estimated lower limit for the intrinsic brightness temperature of the core in the Radio Astron image
of Ty int > 2.910*2K is therefore more than an order of magnitude larger than the equipartition
brightness temperature limit established in [55] and at least several times larger than the limit
established by inverse Compton cooling.

Remark 4.1.1. Note that if the estimate of the maximum brightness temperature given in [53],
is closer to actual values, it would imply Th.int5 x 10*K. This is difficult to reconcile with current
incoherent synchrotron emission models from relativistic electrons, requiring alternative models
such as emission from relativistic protons.

Remark 4.1.2. However the proton, as we know, is 1836 times heavier than an electron and
absolutely huge energy is required to accelerated it to sublight speed.

Remark 4.1.3.These alternative models such as emission from relativistic protons can be suported
by semiclassical gravity effect finds its roots in the singular behavior of quantum fields on curved
distributional spacetimes presented by rotating gravitational singularities.

7.2 The Colombeau Distributional Kerr Space-time in
Boyer- Lindquist form

The classical Kerr metric in Boyer-Lindquist form reads

4dmrasin® 0
2

2
ds® = —Z (r,0) dt* — dtde + L—dr® + pd6*+

202 (7.2.1)
(7"2 ta®+ me;m 9) sin? d¢?,
Where
p? =712+ a’cos’ 0, Ay = 1% — 2mr +a?,
- _ 2mr _ r® —2mr + a” cos® 0 (7.2.2)
Er0)=1- Ea E :

Remark 7.2.1. Note that For small values of the parameter a, where we may neglect terms of the
order of a®, we get from (7.2.1) the Lense-Thirring metric with J, = ma
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1 102
ds? = — (1 - Q—m) at* + (1 - Q—m) dr? + 12 (d6? + sin® 0d¢?) — dmasin'f 6. (7.2.3)
' ' '

I. Slow Kerr gravitational singularity: a < m.

Note that
2 _ 2 .2 _ 0 e (6
= (r,0) = r 2mr42ra cos” 6 _ (7” 7"E+( ))2(7“ re. ( ))7 (7.2.4)
p p
Where rg, (0) = m £ vm2 —a2cos?0 and A, = 1> — 2mr +a®> = (r—r4) (r —r_), where

r+ = m+vm?2 —a?.

Remark 7.2.2. Let Z(0) be a submanifold given by equation ¢ = const, then metric (7.2.1)
restricted on submanifold Up= () reads

2
ds? = —E(r,0) dt* + %dﬂ + p2d6?. (7.2.5)
Note that: (i) the metric (7.2.5) is degenerate on outer ergosurfaces » = rg, (¢) and inner

ergosurfaces r — rg_ () ,(ii) the metric (7.2.5) is singular on horizon r = r,(iii) the metric (7.2.5)
is singular on submanifold given by equation r = r_.

Remark 7.2.3. Note that we will be consider the distributional Kerr spacetime not as full
distributionel BH with Colombeau generalized metric (7.2.7), but only as gravitational singularity
located on submanifold Up= (#) which coincide with outer ergosurface of classical Kerr spacetime. In
accordance with Eq.(7.2.11), Eq.(7.2.19) and Eq.(7.2.20) submanifold Us= () presented the singular
boundary of distributional spacetime presented by Colombeau generalized metric (7.2.7).

We introduce now the following regularized (above ergosurface r = rgz, (0)) quantity

. (re = re- (0))y/ (re — 7, (0)) + &
EX (re,0) = () ; (7.2.6)
Age= 7"3 —2mre + a2,

Where p2 = p2 (re) = r2 4+ a?cos?0,e € (0,6], re > re, (0) > ry.Thus Colombeau generalized
metric (above ergosurface r = rg, (6)) corresponding to classical Kerr metric (7.2.1) reads

.2
(@52%), = = (== (o). ] @ = | (r0) Lo
2 &
(Aps > } [(dr2) ] + (p2), d6°+ (7.2.7)
el 2 .2
(r'g’ +a?+ 2’"”‘/)7;‘1“9) sin? 0de?.

Remark 7.2.4. Let Z(f) be a submanifold given by equation ¢ = const, then Colombeau
generalized metric (7.2.7) restricted on = (6) reads

(d57%). = — [(B. (r-,0)).] di® + K A’Jzﬂ [(dr2) ] + [(2).] de®. (7.2.8)

Note that Colombeau generalized metric (7.2.7) nondegenerate on outer ergosurfaces (r:). =
rm, (0) ,see Pic.7.1.

84



Colombeau Solutions to Einstein Field Equations in General Relativity: Gravitational singularities,
Distributional SAdS BH Spacetime-Induced Vacuum Dominance

Remark 7.2.4. Note that for small values of the parameter a, where we may neglect terms of the
order of a?, we get from (7.2.7) effectively the following Colombeau generalized metric

@) == (1= 5 e (152 )
4masin® 6

(re).

(7.2.9)

[(72).] (46 + sin® 6d¢?) — dtde,

Where rg, (0) =m+ vVm?2 —a?cos? 6.

Remark 7.2.5. Note that Colombeau generalized metric (7.2.9) restricted on E () reads

0 0)\ "

(ds3?) — - (1 e )) at? + (1 e )) [(dr2) ]+ [(r2) ] 6 (7.2.10)
‘ (re). (re). : :

(I) Let (R*<! (re,e))_ be Colombeau generalized curvature scalar

(R (re,€)). corresponding to the metric (7.2.10) with a < 1. Main singular part sing [(R*<! (rc, a))s]

of the Colombeau generalized curvature scalar (R*<' (rc, 5))Ecorresponding to the metric (7.2.10)

reads

E2

sing [(R*<! (rs,s))g] =5 5 55 | (7.2.11)
re, (0) [(rs —re, ()" + 52}

€

Where cl [(re),] =~z rz, (0) see Appendix Eq.(A.12).

(IT) Let (R“”(“<<1) (re,€) Rffﬁ,«” (rg,a)) be Colombeau generalized quadratic scalar

(R" (re,e) Ryy (1¢,€)), corresponding to the metric (7.2.10) with a < 1. From Eq.(7.2.10) and
Eq.(A.1)-Eq.(A.2) one obtains that main singular part

sing [(RW(“<<1) (re,€) Rfﬁfd) (7"575)) ]

of the quadratic scalar (R‘“’<“<<1> (re,€) REﬁ,<<1) (re, E)) reads:
>

s (<0 R 009) | =8 () 0
TE, re —2m R

(III) Let (RWW(K<1> (re,e) RS (re, 5)) be Colombeau generalized quadratic scalar

(RP7" (1, €) Rpouw (T, €)), corresponding to the metric (7.2.10) with @ < 1. From Eq.(7.2.10)
and Eq.(A.1)-Eq.(A.2) one obtains that main singular part

Sil’lg [(Rpo,uu(a<<l) (T575) R;(J(;fful) (T57 E)) ]

of the Colombeau generalized quadratic scalar

(Rpapy(a<<1) (7,57 8) R(pirflfl) (T€7 5)) reads
e

sing [(Rpauu(a<<l) (re,€) R,(;fyfyl) (re, 6))5] =g (4 (r (0))4 [5264-1— e 2m)2]3> . (7.2.13)
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Remark 7.2.6. Note that from Eq.(7.2.11)-Eq.(7.2.13) at outer ergosurfaces (r:), = 75, (6) ,(see
Pic.7.1) follows that
sing [(R*<! (re, )

)M raromr, 0y T Ty 0) (€77, g 0o (7.2.14)
and

sing [ (0= (1,2 RES (. 9)) |

s (R0 1 . )

—4 —2
==rg, (0) (e Rz 00
ro)e=rp, ) F ) ~r oo

. B (7.2.15)
g, (0) (7). ~g o

JRE+

PO LV

(re)e=rp, (6)

Let (R*<™ (rg,e))E be Colombeau generalized curvature scalar (R*<™ (rc,e))_ corresponding to
the metric (7.2.8) with a < m. We let now that

AE:AE(BE+CE): EpEAasaBrs_pm €+C _pEAast :Ej(r,@),

D.=0. (7.2.16)
From Eq.(7.2.8),Eq.(7.2.16) and Eq.(A.1)-Eq.(A.2) we obtain

d ! ! " "
(Ra<m(7«5,€))g,<% [2( i_3g+g)+zcg AL B

Te Ae A ﬁgg N /TE N B.
LU(BLYABL (1AL B\ AL
2 \ B: A:.B. 2 A, B. ) A.
A 2 Al Bl A/ 2 C A// € B// (7217)
el 2 (2 3= 4L ) 4 28T _9¢
pg Te Ae B. A r2 B A Be
LB AB (1AL B\ AL
2 \ B: A.B. 2 A. B. ) A.
Note that
e — 0
8 \/ —re, ()" +e2= e e { )2
\/(r8 —rm, (0)) +e2
52 2 (7.2.18)
or? (re =) et = '

From Eq.(7.2.17) and Eq.(7.2.18) one obtains that main singular part sing [(R*<"" (rc,€)) | of the

€

€
Colombeau generalized curvature scalar (R*<™ (r.,¢))_ corresponding to the metric (7.2.8) (mod
nonsingular multiplier) reads

2
3 a<m e
sing [(R*<" (re,¢)) ] =& —— | - (7.2.19)
[(rs —re, ()" + 52]
Remark 7.2.7. (I) Let (R‘“’(‘Km) (re,€) Rfﬁfm) (7’5,8)> be Colombeau generalized quadratic
scalar )

(R* (re,e) Ryw (1e, €)), corresponding to the metric (7.2.8) with a < m. From Eq.(7.2.8)-Eq.(7.2.16)
and Eq.(A.1)-Eq.(A.2) one obtains that main singular part

sing [(RW(‘Km) (re,€) Rﬁ?f’”) (7"5,5))6]
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of the Colombeau generalized quadratic scalar (R“"<“<m) (re,€) R,(ﬁfm) (re, 5)) reads
€

64

‘W&@VWHQJMTX‘“”W

sing [(R“”(’Km) (re,€) Rﬁﬁfm) (rg,s))g] =z <

(II) Let (R”"””(‘Km) (re,e) RS0 (re, 5)) be Colombeau generalized quadratic scalar

(RP7HY (1, €) Rpopuw (7, €)), corresponding to the metric (7.2.8) with a < m. From Eq.(7.2.8),
Eq.(7.2.16) and Eq.(A.1)-Eq.(A.2) one obtains that main singular part

sing [(R”W(‘Km) (re,€) R(p(gilyln) (7’575)) }

of the Colombeau generalized quadratic scalar (R”"“”(“<m) (re,e) RS (re, 5)) reads
€

sing [ (RF20<™) (7, 2) R (re,a‘))a] — (4(TE+ o [;: - 2m)2}3>6' (7.2.21)

II. Critical Kerr gravitational singularity: a=m.

Note that in contrast with full distributional Kerr spacetime the case of the critical Kerr gravitational
singularity considered in this subsection (see Remark 7.2.3) not principal different in comparison
with a case of the slow Kerr gravitational singularity considered above. In particular the Egs.(7.2.19)-
(7.2.21) holds with rg, () given by Eq.(7.2.22)

re, (0) =m+vm? —a?cos?0 = m (1 +sin’0) . (7.2.22)

ITI. Fast Kerr gravitational singularity: a > m.

Let=,, (0) be a submanifold given by equations (i) ¢ = const and (ii) m? — a? cos? § > 0,i.e.
2 m®
cos” 0 < e = (7.2.23)

Let ©, be a set ©, = {0|cos®0 < n} and let x (6,n) be the indicator function of the set ©,,i.e.
X (0,m) is the function defined to be identically 1 on ©,, and is 0 elsewhere.

We introduce now the following regularized (above ergosurface r = rg, (0),0 € ©,) quantity

X (6.1) (= — 5. (6)) /(= — 7, (6)° + <2
p2 (re)

=5 (re,0,m) = : (7.2.25)

where p? = p? (r.) =2 +a*cos? 0, € (0,9], e > rm, (0) > 0.Thus Colombeau generalized metric
(above ergosurface r = 75, (6)) corresponding to classical Kerr metric (7.2.1) reads

(dst?) = —x (0,m) [(E= (=, 0,m)).] dt* — [(‘W"Z%”’H dtdos
K ) ] (dr2) ] + (p2). 0+ (7.2.26)

2mra® 2sm 0) sin? 0o,
Pe e

+a®+
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Remark 7.2.8. Note that we will be consider the distributional Kerr spacetime not as full
distributionel BH with Colombeau generalized metric (7.2.7), but only as gravitational singularity
located on submanifold Ugee, Z; (§) which coincide with an part of the outer ergosurface of classical
Kerr spacetime. In accordance with Eq.(7.2.11),Eq.(7.2.19) and Eq.(7.2.20) submanifold Ugce, =y, (6)
presented the singular boundary of distributional spacetime with Colombeau generalized metric
(7.2.26).

a<m

N ergsure

exenl horzon -
fing singulanty —
Cauchy horizon

N
eraoraon

Fig. 7. Ergosurface, horizon and singularity for slow Kerr black hole.

event horizon - _

ring singulaity

ergoregion

Fig. 8.Ergosurface,horizon,and singularity for critical Kerr black hole.
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Fig. 9. Ergosurface, horizon and singularity for fast Kerr black hole.

Remark 7.2.9. Let é,, (0) be a submanifold given by equations (i) ¢ = const and (ii) cos®§ <
n,then Colombeau generalized metric (7.2.26) restricted on submanifold Usce, =y (6) reads

(@52%), = —x @) [ (oo Ja+ [ (L5) | (@) + () J . (r2zn)

a,e

Note that Colombeau generalized metric (7.2.27) nondegenerate on outer ergosurfaces (r.), =
re, (0),see Pic.7.3. From Eq.(7.2.27) and and Eq.(A.1)-Eq.(A.2) one obtains that main singular
part sing [(R*>™ (re, 6))5] of the Colombeau generalized curvature scalar (R*>"™ (re, 5))E corresponding
to the metric (7.2.27) (mod nonsingular multiplier) reads

X (0,n) € i
(e e, @)+

sing [(R*”™ (re,¢)) | =3 (7.2.28)

€

Remark 7.2.10. (I) Let (R””(a>m) (re,e) Ri™ (Tg,€)> be Colombeau generalized quadratic

scalar (R*” (re,e) Ry (7e,€)), corresponding to the metric (57.2.27) with a > m.

€

From Eq.(7.2.27) and Eq.(A.1)-Eq.(A.2) one obtains that main singular part
sing [(R“"(a>m) (re,€) Rff?m) (7’575)) ]

of the Colombeau generalized quadratic scalar (R‘“’(“>m) (re,€) Rfﬁ,>m) (re, 5)) reads
€

sing [(Ruu(a>m> (re,e) RG™ (rs,s))g] =g (4 (e (0)) [22 + (re 2m)2]3> . (7.2.29)

(IT) Let (R’”‘“’(‘Dm) (re,e) RS (re, E)) be Colombeau generalized quadratic scalar
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(RP7HY (e, €) Rpopw (e, €)), corresponding to the metric (7.2.27) with ¢ > m. From Eq.(7.2.27)
and Eq.(A.1)-Eq.(A.2) one obtains that main singular part

sing [(RP”W(“>m) (re,€) Rﬁféilm (7’575)) ]
&

of the Colombeau generalized quadratic scalar (R’m“”(“>m) (re,€) RE,?,TLT) (re, 5)) reads
£

a>m 07
sing [(Rpauu(a>m) (7”5,6) R(po;>u/ ) (7"57 E))s] =z ( X( 77) €

) _ 3) . (7.2.30)
4(rey (0))" [2 4 (r- —2m)°]" )

8 Conclusions and Remarks

This book dealing with an extension of the Einstein field equations using apparatus of contemporary
generalization of the classical Lorentzian geometry named in literature Colombeau distributional
geometry,see for example [1]-[2],[5]-[7] and [14]-[15].The regularizations of singularities present in
some solutions of the Einstein equations is an important part of this approach. Any singularities
present in some solutions of the Einstein equations recognized only in the sense of Colombeau
generalized functions [1]-[2] and not classically.

In this book essentially new class Colombeau solutions to Einstein field equations is obtained. We
have shown that a succesfull approach for dealing with curvature tensor valued distribution is to first
impose admisible the nondegeneracy conditions on the metric tensor, and then take its derivatives
in the sense of classical distributions in space S5, (R?).

The distributional meaning is then equivalent to the junction condition formalism. Afterwards,
through appropiate limiting procedures, it is then possible to obtain well behaved distributional
tensors with support on submanifolds of d < 3, as we have shown for the energy-momentum
tensors associated with the Schwarzschild spacetimes. The above procedure provides us with what is
expected on physical grounds. However, it should be mentioned that the use of new supergeneralized
functions (supergeneralized Colombeau algebras G(R®,¥)). in order to obtain superdistributional
curvatures, may renders a more rigorous setting for discussing situations like the ones considered
in this paper.

The vacuum energy density of free scalar quantum field ® with a distributional background spacetime
also is considered.It have been widely believed that, except in very extreme situations, the influence
of gravity on quantum fields should amount to just small, sub-dominant contributions. Here we
argue that this belief is false by showing that there exist well-behaved spacetime evolutions where the
vacuum energy density of free quantum fields is forced, by the very same background distributional
spacetime such BHs, to become dominant over any classical energy density component. This
semiclassical gravity effect finds its roots in the singular behavior of quantum fields on curved
spacetimes. In particular we obtain that the vacuum fluctuations <<I>2> has a singular behavior on
BHs horizon r4: (®?(r)) " |r — 74|~*.We argue that this vacuum dominance may bear important
astrophysical implications.
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Appendix A

Expressions for the Colombeau quantities (R({}, (¢))).

O R¥ ({1 ()R ({1, (), and
(RP ({3, ()R ({},(€)) ), in terms of (40, ,(BJ), ,(C.), and (Do), e € (0, 1]:

Let us introduce now Colombeau generalized metric which has the form

{ @).=- ¢ <’"> <d$°>"’) = 2(De (r) da®dr)  + ((Be (r) + Ce (r)(dr)?), (A1)
+ (Be (r)r? [(d6)? + sin® 6(d¢) ])( r=cl[(re).] €R. :

The Colombeau scalars (R.(€))_, (R*” (¢) Ry (€)), and (RP7"" (€) Rpo v (€))
generalized functions (A (7)), (

€)). , in terms of Colombeau

(1), (Cc(r)).,(De (1)), is expressed as
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A2 |2 A 4AA.  2AB. B. 2 \ B (A.2)
1B ; 1 AL BN\
_5 'r'( e +2§6):| > ’
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Az A// lA A/ 2+2A2 114/ 1 2
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A2 |1B. 1 A. C +D2
A 7B @ AB. 1( >
LA L (A LB L LAB B”
A2 |r \ A B. 2A
_L(BNT_1B
2 \ Be 2B
Here
(Ae), = (Ae (r) (Be (r) + Ce (r)) + (DZ (1)), - (4.3)

Assume that

(Ac (r), = 1,(Be(r)), = 1,(De (r)) = 0.

(A4)
From Eq.(A.2)-Eq.(A.4) one obtains
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44 24000,
(), = (-1 + 205 )

(R™ (€) Ry () ’

=
(o) LETE ). o

(RP7H (e )Rpaw( )e =
o) )

‘We choose now

B (re) =1,C: (1) = —1+ A (re),De (re) =0, (A.6)

and rewrite Colombeau generalized object corresponding to Schwarzschild metric above horizon in
the following form

(ds?), = — (Ac (ro) dt®)_+ (AZ' (re) dr?)_ + r2dQ?, (A7)
Where A. (r)

Ac (1) = —rZ 1/ (re — 2m)® 4+ €2, 7. > 2m. (A.8)
By differentiation we obtain

A=A (B:+C.)=1,AL =0,
AL (r) = —2m (re — 2m)

r24/(re —2m)* + €2

A (r) = ( 16m32 + 24m>r. — 12mr2 — 4me? 4+ 2r3 4+ 1. ) _ (A.9)
: r3 [(rgr— 2m) +e ]3/2
4m (re —2m)® + (r- — 4m) &*

3 [(re — 2m)? + 62}3/2

From Egs.(A.2)-(A.5) and Eq.(A.9) we obtain

A.[2( AL . B. AL\ 2AC.+D? A/ _B!
(B |2 (_gfe _gbe ey 2 ACet e A 5 Dc
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Te 7"2 Ts ai
8m (re — 2m) -3 2 2
2 e —2 2 - -
e (o2 ) -

34/ (re — 2m)* 4 &2
8
( ( 16m2 + 24m>r. — 12mr? — 4me? + 2r2 + r.e ))
r3 [(Ta — 2m) s }3/2

€

Finally from Eq.(A.10) one obtains the following expression for the distributional Colombeau scalar
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(R(re)), = [ —Sme=2m |

(r—2m)"+¢e/ (A.11)

2 <4m (re —2m)® + (re — 4m) 52>
)e

2[(re )J( (re —2m)"+e )I (r2 r2 [(re — 2m)” + 2]

Remark A.1. Note that from Eq.(A.11) follows that: if st ((rc)_) # 0,i.e.(re)_ %z 2m then

>

(re). #g 2m = (R (re,g)), ~ (52)5 ~z 0.
We assume now that cl [(rc)_] ~ 2m and therefore from Eq.(A.11) we obtain

4m?2e?
R Te, e ~R 2 . A2
(R (r2,2)) (W ooy 2 e ) (A.12)

Remark A.2. Note that from Eq.(A.12) at horizon r =g 2m follows that

(R (r,¢)), = (W) = (4m) ™" (1), ~g oo (A.13)

Remark A.3. Note that from Eq.(A.11) follows that:
w-limR (r,e) ~ 6 (r —2m). (A.14)

e—0

Remark A.4. Let [(re —2m)_]| ~5 0, then from Eq.(A.13) we obtain

R Te, ~R 62 372 . A.
[(R(re,¢)).] <2m e oy 1 o] ) (A.15)

£

From Eqgs.(A.2) and Eq.(A.9) we obtain
(R (re, €) Ry (e, €

2
+2<[1A;+ A2+1]> ({ A +1A/€]) =
T Te
€92

1 m —2m
).-25 +
. €2 + (Ta —2m)*] ) (A.16)

Te

9 4m (re —2m)® + (r- — 4m) &*
r3 [(7"5 — 2m)2 + 52}3/2
2

m re —2m

3
e\ Je2 4 (re — 2m)2
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Remark A.5. Note that from Eq.(A.16) follows that:if st ((rc)_) # 0,i.e.(re)_ %z 2m then

r it 2m = (R (r,) R (r,€)). 5 K (1),
) (A.17)

K(r)= 12T6,rs =2m.
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We assume now that (r:)_ ~g 2m and therefore from Eq.(A.16) we obtain

4

Y (re,€) Ry (1e, = Ts c .

Remark A.6. Note that from Eq.(A.18) at horizon r =5 2m follows that:

N I (A.19)

4mie?

Remark C.6. Let [(r- —2m)_] &~ 0, then from Eq.(A1.3) and Eq.(C.12) we obtain

<4m4 (52 + (re — 2m)2)3 ) 5:| (420

(R (re,e) Ryw (1<, €)).] ~g K (rs) +

From Eqgs.(A.2) and Eq.(C.3) we obtain
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Remark C.7. Note that from Eq.(C.15) follows that:
r g 2m = (R”7" (r,e) Rpouw (1,€)), =g K (1), (A.22)
see Definition 1.5.2.(i).

We assume now that (r.)_ ~ 2m and therefore from Eq.(C.10) we obtain

PRV (1 o (e, o - et . .

Remark C.8. Let [(re —2m)_| ~5 0, then from Eq.(A1.3) and Eq.(C.12) we obtain

4

Pory (r v T = Ts £ . .
(RO (1.2) Ry (1)),] = K >+<4m4 = <ra—2m>2]3>5 (A24)

Remark C.9. Note that from Eq.(C.15) at horizon r = 2m follows that:
(RP7H (r,€) Rpopuw (1,€)). 5 00, (A.25)
see Definition 1.5.2.(ii).

Remark A2.6. We assume now there exist an fundamental generalized lengh (Ic),
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(ZE)EE(O,n] =a (E)ge(o,n] ,n <1,
1=

(A.26)

ls)se(n,l

such that |(71E — ﬁ)s| > (le). = a(e),. It meant there exist a thickness thinor = (l¢). of BH horizon.
We introduce a norm ||thpor|| of a thickness thpor by formula

chhor” = Supge(o,n] |l5‘ =1, (A27)

By using (A.20) we get the estimate
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