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Abstract

This paper dealing with extension of the Einstein field equations using apparatus of contemporary
generalization of the classical Lorentzian geometry named in literature Colombeau distributional
geometry, see for example [1], [2], [3], [4], [5], [6], [7] and [32]. The regularizations of singularities
presented in some solutions of the Einstein equations is an important part of this approach. Any
singularities present in some solutions of the Einstein equations recognized only in the sense
of Colombeau generalized functions [1], [2] and not classically. In this paper essentially new
class Colombeau solutions to Einstein field equations is obtained. We leave the neighborhood
of the singularity at the origin and turn to the singularity at the horizon. Using nonlinear
distributional geometry and Colombeau generalized functions it seems possible to show that the
horizon singularity is not only a coordinate singularity without leaving Schwarzschild coordinates.
However the Tolman formula for the total energy Er of a static and asymptotically flat spacetime,
gives Er = m, as it should be. The vacuum energy density of free scalar quantum field ® with a
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distributional background spacetime also is considered. It has been widely believed that, except
in very extreme situations, the influence of gravity on quantum fields should amount to just small,
sub-dominant contributions. Here we argue that this belief is false by showing that there exist
well-behaved spacetime evolutions where the vacuum energy density of free quantum fields is
forced, by the very same background distributional spacetime such distributional BHs, to become
dominant over any classical energy density component. This semiclassical gravity effect finds its
roots in the singular behavior of quantum fields on curved spacetimes. In particular we obtain that
the vacuum fluctuations <'1>2> have a singular behavior on BHs horizon r: <<I>2 (r)> Tr— T+|72 .

Keywords: Colombeau nonlinear generalized functions; distributional riemannian geometry; distribu-
tional schwarzshild geometry; schwarzchild singularity; schwarzschild horizon; smooth
reqularization; monsmooth regularization; quantum fields on curved spacetime; vacuum
fluctuations; vacuum dominance.

2010 Mathematics Subject Classification: 53C25, 83C05, 57N16.

1 Introduction

1.1 The breakdown of canonical formalism of riemann geometry
for the singular solutions of the einstein field equations

Einstein field equations were originally derived by Einstein in 1915 in respect with canonical
formalism of Riemann geometry, i.e. by using the classical sufficiently smooth metric tensor,
smooth Riemann curvature tensor, smooth Ricci tensor, smooth scalar curvature, etc. However
singular solutions of the Einstein field equations with singular metric tensor and singular Riemann
curvature tensor have soon been found. These singular solutions are formally accepted beyond
rigorous canonical formalism of Riemannian geometry.

Remark 1.1 Note that if some components of the Riemann curvature tensor Ry,,,, (Z)become infinite
at point i“one obtains the breakdown of canonical formalism of Riemann geometry in a sufficiently
small neighborhood Qof the point #° € Q, i.e. in such neighborhood QRiemann curvature tensor
Ri,. (2)will be changed by formula (1.7) see remark 1.2.

Remark 1.2 Let I'be infinitesimal closed contour and let 31 be the corresponding surface spanning
by T',see Pic. 1. We assume now that: (i) Christoffel symbol TI'}; (£)becomes infinite at singular
point Z° by formulae
PPN —_ ~ -4
{ ki (&) =X B (&) (2 —af) ", > 1 (1.1)
=kl (CE) e C™ (Zr)

and (ii) #2° € Xr.Let us derive now to similarly canonical calculation [8], [9] the general formula for
the regularized change DeltaAy in a vector A; (&) after parallel displacement around infinitesimal
closed contour I'.This regularized change AAj can clearly be written in the form

AAy = [ ® (3 —2°) 6 A, (1.2)
where ® (£ — 2°) ={_o (2i — x?)% ,0 > 1 and where the integral is taken over the given contour I'.

Substituting in place of §Aj the canonical expression 64y = I't; (&) Agdz! (see [9], Eq. (85.5)) we
obtain

AA = [ ® (2 —3°) 6A, = [ @ (& — 3°) T, (&) Ada! (1.3)
A,
where Bl = Lk (%) Ag. (1.4)
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+ Black hole

y

X Contour I

Singularity

Pic. 1. Infinitesimal closed contour I'and corresponding singular surface X 3
0 spanning by I'.
Due to the degeneracy of the metric (1.12) at point r=0, the Levi-Civita’ connection szl ({}) =

= % [glm <{}):| [(gmk,j ({}) + Imj.k ({}) = Gkjm ({})]

is not available on R 3_ U {0} in canonical sense but only in an distributional sense.

Now applying Stokes’ theorem (see [9], Eq. (6.19)) to the integral (1.3) and considering that
the area enclosed by the contour has the infinitesimal value A f'™, we get
AAg = [ @ (2 —2°) T} (&) Apda’ =

1 O (Tim (2) i@ (2 —2°)) O (Vi (&) Ai® (2= 2°)) |y
=gler : dal - dxm }dfl =
o[0T (@) A (& - 2°)) 0 (T (3) Aid (@:;:«0))] A

oxt ox™ 2
o (TL,. (& —2°) A; — 0P (& — &°

o (o) M 6049 P - 05
0 (T (2) As ; 00 (¢ — 2° tm

—® (7 — i) 7@%”} ) _ (i (3 A) (P(axm ) & -

8 im T Az " ~0 8 f ty Az
@(z—@o)i( kax(f) )—<D(x—x )7( ’gﬁ) ) _
(@) (3 - 30) Bl (@) _ ) g (5 - g0) 2Lia () (?] —Agm.

T — X Tm — Ty,

Substituting the values of the derivatives (1.4) into Eq. (1.5) we get finally:

— . A (@)® (-2 Af™
AT = Ry, M2 T AT (1.6

where E};lm, is a tensor of the fourth rank

— . 1.
o — 20 T —xd, (1.7)
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Black Hole Regions

Pic. 2. Infinitesimal closed contour I' with a singularity at point 4:¥
on Horizon and corresponding singular surface Xp 3 20 spanning by I'.
Due to the deheneracy of the metric (1.12) at r=2m,
the Levi-Civita’ connection Fz—jl ({}) =

= % [glm ({})} [(gmk,j ({}) + Imjk ({}) = Gkjm ({})]

is not available on horizon in canonical sense but only in an distributional sense.

)
\_/

Pic. 3. The contour in the complex koplane C

to be used in the evaluation of the integral

1/2
giving & T. The cross indicates the pole at kO = <|k’2 + m2> .
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Here RY;,, is the classical Riemann curvature tensor. That E};lm is a tensor is clear from the fact
that in (1.6) the left side is a vector - the difference m between the values of vectors at one and
the same point. Note that an similar results were obtained by many authors [3], [4], [5], [6], [7],
(10], [11], [12], [13], [14], [15], [16], [17] by using Colombeau nonlinear generalized functions [1]-[2], .

Definition 1.1. The tensor }N{Zlm is called the generalized curvature tensor or the generalized
Riemann tensor.

Definition 1.2. The generalized Ricci curvature tensor Ekm is defined as

Definition 1.3. The generalized Ricci scalar R is defined as

R= ¢"" Rim. (1.9)

Definition 1.4. The generalized Einstein tensor Grm is defined as

Remark 1.3 (I) Note that the Schwarzschild spacetime is well defined only for r > 2m.The
boundary of the mainfold {r > 2m}in R® x R is the submainfold {r = 2m}of R x R, diffeomorfic
to a product S? x R.

This submainfold is colled the event horizon, or simply the horizon [18], [19].

(IT) The Schwarzschild metric (1.12) in canonical coordinates (x°,7,0, ¢),with m > 0,ceases to be
a smooth Lorentzian metric for r = 2m,because for such a value of rthe coefficient goo becomes zero
while g11 becomes infinite. For 0 < r < 2mthe metric (1.12) is again a smooth Lorentzian metric
but tis a space coordinate while ris a time coordinate. Hence the metric cannot be said to be either
spherically symmetric or static for » < 2m. [18] (III) From consideration above obviously follows
that on Schwarzschild spacetime

Sh = (5 x {r >2m} U{0 <r < 2m}) x R the Levi-Civita connection

{ I () == % [g" (D] [(gmi5 () + gmjik (1) = grsom (D] (1.11)

is not available in classical sence and that is well-known many years from mathematical literature,
see for example [20] section 6 and Remark 1.1 - Remark 1.2 above.

(IV) Note that [19]: (i) The determinant det (g;m({})) = —r*sin? @ of the metric (1.12) is reqular
on horizon, i. e., smooth and non-vanishing for » = 2m. In addition:

(ii) The curvature scalar R({}) = ¢** R, ({}) is zero for r = 2m.

(iii) The none of higher-order scalars such as R*"({})Ru.({}),etc. blows up. For example the
quadratic scalar RP7* ({})Rypouw ({}) = 48m?/r® is reqular on horizon, i. e., smooth and non-
vanishing for r = 2m.

(V) Note that: (i) In physical literature (see for example [9], [18] and [21]. It was wrongly assumed
that properties (i)-(iii) are enough to convince us that r = 2m represent an non honest physical
singularity but only coordinate singularity.

(VI) Such assumption based only on formal extensions R({}), R* ({})Ryuv({}), ...,
f{p”“”({})f{pgw({}) of the curvature scalar R({}) and higher-order scalars such as
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R*({DHRuw({}), s RP*" ({P)Rypoprv ({}) on horizon r = 2m and on origin v = 0 by formulae

R(r)( = lim R(r) =0, R(r)| = limR(r)=0
r=2m r—2m r=0 r—0
RO (1) Ry (r)| = T (RP (1) R (1) = lim A8m” _ ASm’
pony r=2m r—2m pomy r—2m 7‘6 ’r‘G 'r:2m7
RP7H (1) R (1)) = lim (RPH (1) R (1)) = lim 8m’ _
pomy r=0 r—0 pomy r—0 76

However in the limit r— 2m the Levi-Civita connection F;j ({}) becomes infinite:

1 . m(r—2m) _ 1 _ —-m -
FOO (T) ’r:Qm - rgglm r3 =0 I (r)’T:QM - nglmr (7‘ — Zm) =%
o, (r)‘ = lim — " =0

r=2m roomy (r — 2m) ’
.1 - .
P%2 (T)|"':2m - Tl—1>r§lm; =2 1m 1’ F%2|T:2m - _r1—1>glm (7' N zm) =0,
F§3|T:2m = Tl_iglm; =2"tm L P§3|T:2m = —ngnm (r —2m)sin? @ = 0,
. m(r—2m) . —-m
I‘l(l)O (T)|T:0 = ll_r}é 7’3 = P%l (T)|,r:0 = ll_)r%r (’f’ _ 2m) = 00,
B
I'2; = —sinfcos 6, '35 C,OS .
in 0

Thus obviously by consideration above (see Remark 1.1 - Remark 1.2) this extension given by Eq.
(1.15) has no any sense in respect of the canonical Riemannian geometry.

(VII) From consideration above (see Remark 1.1 - Remark 1.2) obviously follows that the scalars
such as ﬁ({}), f{””({})ﬁ,w({}), wey ﬁ””“”({})ﬁpwy({}) have no any sense in respect of the canonical
Levi-Civita connection (1.11) and therefore cannot be said to be either honest physical singularity
or only coordinate singularity in respect of the canonical Riemannian geometry.

Remark 1.4 Note that in physical literature the spacetime singularity usually is defined as location
where the quantities that are used to measure the gravitational field become infinite in a way that
does not depend on the coordinate system. These quantities are the classical scalar invariant
curvatures of singular spacetime, which includes a measure of the density of matter.

Remark 1.5 In general relativity, many investigations have been derived with regard to singular
exact vacuum solutions of the Einstein equation and the singilarity structure of space-time. Such
solutions have been formally derived under condition T}, (x) = 0,where T}, (x) represent the energy-
momentum densities of the gravity source. This for example is the case for the well-known Schwarzs-
child solution, which is given by, in the Schwarzschild coordinates (z°,7,0, ¢),

ds* = —h (r) (dz®)* + K=" (r) (dr)* + r* [(d6)* + sin® 6(de)?] ,h (r) =1 — = (1.12)

where 7, is the Schwarzschild radius 75 = 2GM/c? with G, M and c¢ being the Newton gravitational
constant, mass of the source, and the light velocity in vacuum Minkowsky space-time, respectively.
The metric (1.12) describes the gravitational field produced by a point-like particle located at r = 0.

textbf Remark 1.6 Note that when we say, on the basis of the canonical expression of the curvature
square

i 1272
R (r)Rpopun (1) =

5 (1.13)

fomally obtained from the metric (1.12), that r = 0 is a singularity of the Schwarzschild space-time,



Foukzon et al.; BIMCS, 13(6): 1-54, 2016; Article no.BJMCS.19235

the source is considered to be point-like and this metric is regarded as meaningful everywhere
in space-time.

Remark 1.7 From the metric (1.12), the calculation of the canonical Einstein tensor proceeds in
R (r) 1+h(r)

a straightforward manner gives for » # 0 Gi (r) = GL(r) = T 0,G9(r) =
"
G¢(r) = th(r) — hg) = 0,(1.14) where h(r) = —1 + rg/r. Using Eq. (1.14) one formally
7

obtains a boundary conditions
G4 (0) £ TGl (1) = 0,7 (0) £ I G (r) = 0,
{ G4 (0) £ Tm G (r) = 0,G% (0) £ limG¥ (1) = 0.
However as pointed out above the canonical expression of the Einstein tensor in a sufficiently

small neighborhood (2 of the point r = 0 and must be replaced by the generalized Einstein tensor
Grm (1.10). By simple calculation easy to see that

(1.15)

GL(0) £ l%éﬁ (r) = —o0, G (0) 2 ;13%6: (r) = —o0,

G5 (0) £ im G (r) = —o00, GZ (0) £ lim G (r) = —co.

(1.16)

and therefore the boundary conditions (1.15) are completely wrong. But on the other hand as
pointed out by many authors [3], [4], [5], [6], [7], [10], [11], [12], [13], [14], [15], [16], [17] that the
canonical representation of the Einstein tensor, valid only in a weak (distributional) sense:

G¢ (%) = —8mmd§sYs® (T) (1.17)

and therefore we obtain again Gf (0) = —oo x (636 ) .Thus canonical definition of the Einstein
tensor is breakdown in rigorous mathematical sense for the Schwarzschild solution at origin r = 0.

1.2 The distributional schwarzschild geometry

General relativity as a physical theory is governed by particular physical equations; the focus of
interest is the breakdown of physics which need not coincide with the breakdown of geometry. It has
been suggested to describe singularity at the origin as internal point of the Schwarzschild spacetime,
where the Einstein field equations are satisfied in a weak (distributional) sense [3], [4], [5], [6], [7],
[10], [11], [12], [13], [14], [15], [16], [17], [20], [22], [23], [24], [25].

1.2.1 The smooth regularization of the singularity at the origin

The two singular functions we will work with throughout this paper (namely the singular components

1 1
of the Schwarzschild metric) are — and , s > 0.8ince = € L},.(R?),it obviously gives the
r —7s r
1
regular distribution= € D’(R®). By convolution with a mollifier 3¢l (z) adapted to the symmetry
r

of the spacetime, (i.e. chosen radially symmetric) we embed it into the Colombeau algebra G (R3)
[20]:

% Y (%) = (%) * pe = (%)E ,pe = E%301 (g) ,e € (0,1]. (1.18)
Inserting (1.18) into (1.12) we obtain a generalized Colombeau object modeling the singular Schwarzs-
child spacetime:

(ds2)_ = (he (r) (dt)?)_ — (b (r) (dr)?)_ 4 7% [(d)* + sin? 0(d¢)?] ,
he (r) = —1 + 14 (%) ee(0,1].

€

(1.19)
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Remark 1.8

Note that under regularization (1.18) for any ein (0, 1] themetric
ds? = he () (dt)®> — h' (r) (dr)® + 7 [(d6)? + sin® 6(d¢)?]

obviously is a classical Riemannian object and there is no exist the breakdown of canonical formalism
of Riemannian geometry for these metrics, even at origin r = 0. It has been suggested by many
authors to describe singularity at the origin as an internal point, where the Einstein field equations
are satisfied in a distributional sense [3], [4], [5], [6], [7], [10], [11], [12], [13], [14], [15], [16], [17],
[20], [22], [23], [24], [25]. From the Colombeau metric (1.19) one obtains in a distributional sense
[20]:

(B3 (r.0)), = (i), = (M=) LER )Y g 2000, .
p , e 1.20
(R8 (7",5))s = (R%)e = % (hET(T) + hET(r)) = —47Tm657§§)A

Hence, the distributional Ricci tensor and the distributional curvature scalar (R.(r))_ are of

o—type,i.e. (R (1)) = Wma(g),
€ r

Remark 1.9

Note that the formulae (1.20) should be contrasted with what is the expected result G§ (z) =

—8mmd§s96% (x) given by Eq.(1.17). However equations (1.20) are obviously given in spherical
o o0 0

coordinates and therefore strictly speaking this is not correct, because the basis fields { 3 95 %}
r’ O

are not globally defined. Representing distributions concentrated at the origin require a basis reqular

at the origin. Transforming the formulae for (Ri; (€))sps into Cartesian coordinates associated with

the spherical ones, i.e., {r,0, ¢} +> {z'}, we obtain, e.g., for the Einstein tensor the expected result

G (x) = —87mmd§dyd° (z) given by Eq.(1.17) see [20].

1.2.2 The nonsmooth regularization of the singularity at the origin

The nonsmooth regularization of the Schwarzschild singularity at the origin r = 0 is considered by
N. R. Pantoja and H. H. Rago in [14 |paper Pantoja nonsmooth regularization of the Schwarzschild
singularity is

(he (). = -1+ (20 (@ —2)) =€ ©1,r<r. (1.21)

£

Here © (u) is the Heaviside function and the limit € — 0 is understood in a distributional sense.
Equation (1.19) with h. as given in (1.21) can be considered as an regularized version of the
Schwarzschild line element in cirvature coordinates From equation (1.21), the calculation of the
distributional Einstein tensor proceeds in a straightforward manner. By simple calculation it gives
[14]:

(Gh (). = (G (r.2), = - ("—”) - (M) _

0(r—e) _ o (r)

r2

(1.22)

= —7rs

and



Foukzon et al.; BIMCS, 13(6): 1-54, 2016; Article no.BJMCS.19235

(@ r.0), = (@5 (re)), = - (P10) — (Rl -
is (Z(T;E)> —:S (ij(s(rig)y (TSM;“?.S (1.23)

which is exactly the result obtained in [11] using smoothed versions of the Heaviside function
O(r —¢). Transforming now the formulae for (Gy (r,€))e into Cartesian coordinates associated with
the spherical ones, i.e., {r,8, ¢} +> {z'}, we obtain for the generalized Einstein tensor the expected
result given by Eq. (1.17).

Gy (z) = —8mmdg8y6° (x), (1.24)

see Remark 1.9.

1.2.3 The smooth regularization via horizon

The smooth regularization via Horizon is considered by J. M. Heinzle and R. Steinbauer in [20]
1

T—Ts

D'(R?) which can be embedded into G (R?) [20]:

r_lTs SVP(T_lTS) S {Ps*Vp (r—lrsﬂ 2 (T_ITS)E €G(R?). (1.25)

Inserting now (1.25) into (1.12) we obtain a generalized Colombeau object modeling the singular
Schwarzschild spacetime [20]:

(ds?)s = (h (r) (dt)2)6 — (h;l (r) (dr)2)s +7? [(d@)2 + sin? 9(d¢)2] ,
h) =14 ) =1 n (1) ee @l

S

paper. Note that

1
¢ L},.(R®). An canonical regularization is the principal value vp (r — ) €
S

(1.26)

Remark 1.10 Note that obviously Colombeau object, (1.26) is degenerated at r = rs, because h(r)
is zero at the horizon. However, this does not come as a surprise. Both h(r) and h™'(r) are positive
outside of the black hole and negative in the interior. As a consequence any smooth regularization
of h(r) (or h™') must pass through zero somewhere and, additionally, this zero must converge to
r = rs as the regularization parameter goes to zero.

Remark 1.11 Note that due to the degeneracy of Colombeau object (1.26), even the distributional
Levi-Civitd connection obviously is not available by using the smooth regularization via horizon
[20].

1.2.4 The nonsmooth regularization via horizon

In this paper we leave the neighborhood of the singularity at the origin and turn to the singularity
at the horizon. The question we are aiming at is the following: using distributional geometry (thus
without leaving Schwarzschild coordinates), is it possible to show that the horizon singularity of
the Schwarzschild metric is not merely a coordimate singularity. In order to investigate this issue
we calculate the distributional curvature at the horizon in Schwarzschild coordinates.

The main focus of this work is a (nonlinear) superdistributional description of the Schwarzschild
spacetime. Although the nature of the Schwarzschild singularity is much ”worse” than the quasi-
regular conical singularity, there are several distributional treatments in the literature [6], [7], [10],
[11], [12], [13], [14], [15], [16], [17], [20], [22], [23], [24], [25], [26], [27], [28], [29], [30], mailnly
motivated by the following considerations: the physical interpretation of the Schwarzschild metric
is clear as long as we consider it merely as an exterior (vacuum) solution of an extended (sufficiently
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large) massive spherically symmetric body. Together with the interior solution it describes the
entire spacetime. The concept of point particles — well understood in the context of linear field
theories — suggests a mathematical idealization of the underlying physics: one would like to view
the Schwarzschild solution as defined on the entire spacetime and regard it as generated by a point
mass located at the origin and acting as the gravitational source.

This of course amounts to the question of whether one can reasonably ascribe distributional
curvature quantities to the Schwarzschild singularity at the horizon.

The emphasis of the present work lies on mathematical rigor. We derive the ”physically expected”
result for the distributional energy momentum tensor of the Schwarzschild geometry, i. e., T§ =
87rm6(3)(§:’),in a conceptually satisfactory way. Additionally, we set up a unified language to
comment on the respective merits of some of the approaches taken so far. In particular, we
discuss questions of differentiable structure as well as smoothness and degeneracy problems of the
regularized metrics, and present possible refinements and workarounds. These aims are accomplished
using the framework of nonlinear supergeneralized functions (supergeneralized Colombeau algebras
G(R®,¥)). Examining the Schwarzschild metric (1.12) in a neighborhood of the horizon, we see that,
whereas h(r) is smooth, h™*(r) is not even L},. (note that the origin is now always excluded from
our considerations; the space we are working on is R*\{0}). Thus, regularizing the Schwarzschild
metric amounts to embedding h~' into G(R®, %) (as done in (3.2)). Obviously, (3.1) is degenerate
at r = 2m, because h(r) is zero at the horizon. However, this does not come as a surprise. Both
h(r) and h™'(r) are positive outside of the black hole and negative in the interior. As a consequence
any (smooth) regularization h} (r)(hZ (1)) [above (below) horizon] of h(r) must pass through small
enough vicinity

OF (2m) = {Z e R’|||Z|| > 2m, || — 2m|| < €}
(O (2m) = {Z e R’||Z| < 2m, || — 2m|| < €}) (1.27)

of zeroz set Og (2m) = {7 € R?|||§]| = 2m} somewhere and, additionally, this vicinity OF (2m)
(O7 (2m)) must converge to Og (2m) as the regularization parameter e goes to zero. Due to
the degeneracy of (1.12), the Levi-Civita connection is not available. By appropriate nonsmooth
regularization (see section 3) we obtain a Colombeau generalized object modeling the singular
Schwarzschild metric above and below horizon, i. e.,

(ds£2), = (hF(ryar) = ([nF ()] " dr?) +r%d02,

(dsc2), = (he (ae2), = ([n2 ()] " dr?) + 12402, (1.28)

e€ (0,1].

Consider corresponding distributional connections

(FZJZ (6))5 = (szl [hﬂ)E S §(R372)and (I‘I;jl (5))6 - (F;jl [thE c g(RS,Z) .

1

(r5 @), = 3
(FE; (E))6 =3
Obviously (F:]l [h?]) , (F,jjl [hj]) coincides with the corresponding Levi-Civita connection on

R\{(r =0) U (r =2m)}, as (hf)e = hi,(ho)e = hy, and (¢7'™) = g™, (9-'™), = o™
there. Clearly, connections F;rjl (e) ,F;jl (¢),e € (0,1] are in respect of the regularized metric

+Ilm + . + S — + 1
((ge ) [(gs )ka + (ge )m],k (96 )’va})e7 (1.29)
((g

NG kg + (95 )mge — (ge_)kj,m])e-

gE,e € (0,1],i.e.,(9F)ij;e = 0. Proceeding in this manner, we obtain the nonstandard result

10
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(Re])) = ([REg) = —md(2m),
(7)) = (R7) ~mb(m).

Investigating the weak limit of the angular components of the generalized Ricci tensor using the
abbreviation

O(r) =F sin 0dOZ™ do®(x)
and let®(x) be the function ®(x) € S5 (R®) (®(z) € Sy,,(R?)), where by Si7 (R®) (S, (R®) we
denote the class of all functions ®(x) with compact support such that

(i) supp(®(2)) C {a| 2]] > 2m} (supp(®(x)) C {z] |lz]] < 2m}) (ii) &(r) € C (R). Then for any
function ®(z) € Si,(R?) we get:

(1.30)

w -lim [R:r]i =w —lir% [Rﬂg =m <S|<I>> = —m®(2m),
€—>

e 0 - - (1.31)
w -251(1) [R: ]1 =w —l% [R: ]0 =m <(5|<I>> = m®(2m),
i. e., the Schwarzschild spacetime is weakly Ricii-nonflat (the origin was excluded from our
considerations). Furthermore, the Tolman formula for the total energy of a static and asymptotically
flat spacetime with g the determinant of the four-dimensional metric and d3z the coordinate volume
element gives

Er=] (T:+TZ +T§+T§) =&z = m, (1.32)
as it should be.

The paper is organized in the following way: in section II we discuss the conceptual as well as
the mathematical prerequisites. In particular we comment on geometrical matters (differentiable
structure, coordinate invariance) and recall the basic facts of nonlinear superdistributional geometry
in the context of algebras §(M ,3) of supergeneralized functions Moreover, we derive sensible
nonsmooth regularizations of the singular functions to be used throughout the paper. Section
IIT is devoted to these approaches to the problem. We present a new conceptually satisfactiry
method to derive the main result. In this final section III we investigate the horizon and describe
its distributional curvature. Using nonlinear superdistributional geometry and supergeneralized
functions it semms possible to show that the horizon singularity is not only a coordinate singularity
with out leaving Schwarzschild coordinates.

1.2.5 Distributional eddington-finkelstein spacetime

In physical literature for many years the belief that the Schwarzschild spacetime (52 x {r > 2m}) X
R is extendible exists, in the sense that it can be immersed in a larger spaetime whose manifold
is not covered by the canonical Schwarzschild coordinate with r > 2m. In physical literature [9],
[18],[19],[21] One considers the formal change of coordinates obtained by replacing the canonical
Schwarzschild time by ”retarded time” above horizon v+ given when r > 2m by

+ o
v —t+r+2mln(2m 1). (1.33)
From (1.31) it follows for r > 2m
dt = 7d77“2+dv+. (1.34)
L 2m
T

The Schwarzschild metric (1.12) above horizon ds*? (see section 3) in this coordinate obviously
takes the form

11
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dst? = — (1 - QTm) dvt? + 2drdv™ + 1% [(df)? + sin® 0(dg)?] . (1.35)
When r < 2m we replace (1.33) below horizon by

v-=t+r+2mln (1—%) (1.36)
From (1.36) it follows for r < 2m

dt = Lmdir_l +dv. (1.37)

r

The Schwarzschild metric (1.12) below horizon ds? (see section 3) in this coordinate obviously
takes the form

r

ds™* = (27m - 1) dv™? = 2drdv™ +r* [(df)* + sin® 0(d¢)”] . (1.38)

Remark 1.12 (i) Note that the metric (1.33) is defined on the manifold S? x (r > 0) x R and
obviously it is regular Lorentzian metric: its coefficients are smooth.

(ii) The term 2drdv ensures its non-degeneracy for r = 2m.

(iii) Due to the nondegeneracy of the metric (1.32) the Levi-Civita connection

{ TE ) == § 0" (0)) Ko (0) 4 9 (1) = 3 (0 (1.39)

is obviously now available and therefore nonsingular on horizon in contrast Schwarzschild metric
(1.12) one obtains:

Ts Ts (7" — 7”5) Ts 0 1
v =1 ==~ 2 I1r =—__°> TY ==
vv o2 y Loy o3 yLur o2 s 1L re r7
Y, == T4 =—rTh =—r(r— Ts),l—‘fw = cot 0, (1.40)
F:Jﬂp = —rsin? O’F;SD =T (7“ — TS)Sin2 97 FZ«; — —sinfcos0.

(iv) In physical literature [9], [18], [19], [21] by using properties (i) - (iii) this spacetime wrongly
convicted as an rigorous mathematical extension of the Schwarzschild spacetime.

Remark 1.13. Let us consider now the coordinates: (i) v, = r,0' = 6,0 = ¢ and (%)
v, 7" =10 =0, ¢ = ¢. Obviously both transformations given by Eq.(1.33) and Eq.(1.36 ) are
singular because the both Jacobian of these transformations are singular at r = 2m :

ot at\
% 87;“, = (0 T —12m> (1.41)
ot ar
and
ov~  Ov~ ) r
% % = <0 217}—7“). (1.42)
ot or

Remark 1.14 Note first (i) such singular transformations are not allowed in conventional Lorentzian
geometry and second (ii) both Eddington-Finkelstein metrics given by Eq.(1.35) and by Eq.(1.38 )
again are not well defined in any rigorous mathematical sense at r = 2m.

Remark 1.15 From consideration above it follows that Schwarzschild spacetime (S 2x{r> Qm}) X
Ris not extendible, in the sense that it can be immersed in a larger spacetime whose manifold is

12
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not covered by the canonical Schwarzschild coordinate with 7 > 2m. Thus Eddington-Finkelstein
spacetime cannot be considered as an extension of the Schwarzschild spacetime in any rigorous
mathematical sense in respect conventional Lorentzian geometry. Such ”extension” is the extension
by abnormal definition and nothing more.

Remark 1.16. From consideration above it follows that it is necessary an regularization of the
Eq.(1.34) and Eq.(1.37) on horizon. However obviously only nonsmooth regularization via horizon
r = 2m is possible. Under nonsmooth regularization( see section 3) Eq.(1.34) and Eq.(1.37) take
the form

dt = — - dr : + dv?,
=1/ (r—=2m)° + €2 (1.43)
" e € (0,1]
and
dt = 5 dr - +dv.,
=\/(2m —7r)° + €2 (1.44)
" e € (0,1]
correspondingly. Therefore Eq.(1.41) — Eq.(1.42) take the form
ot ovt 1 r
5?1?’ g;} = (r —2m)* + €2 (1.45)
ot or 0 1
and
Ove  Ovc { .-~
887?’ g;} = @em—r)?+e|. (1.46)
ot or 0 1

From Eq. (1.43) - Eq. (1.44) one obtains generalized Eddington-Finkelstein transformations such
as

rdr

dt = — + (dvf)_,
( (r—2m)? + 62> (1.47)
e € (0,1]
and
dt = rdr + dvT,
< (2m —r)* + 62) (1.48)
e€ (0,1]. ‘

Therefore Eq.(1.45)-Eq.(1.46) take the form

(avj ) (8vj > 1 r
ot ). \or ). |- ( r72m2+62) 1.49
or’ or’ ( ) . (1.49)
ot or 0 1

and
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(5). ) (e
ot ). or ) | = 2m—7‘2+62) 1.50
o o ( ( ) : (1.50)
ot or 0 1

At point r = 2m one obtains
(avj) (8vj> )
ot /. or ). — (1 r (e )5) (1.51)

or' or'
ot or r=2m

€

and

(31)5—) (60;) )
O ) I R RO I
8t E r=2m

where (671)6 € R. Thus generalized Eddington-Finkelstein transformations (1.47)-(1.48) are well
defined in sense of Colombeau generalized functions. Therefore Colombeau generalized object
modeling the classical Eddington-Finkelstein metric (1.35)-(1.36) above and below gorizon takes
the form

(dsf?) = —%\/(r —2m)? + 2dv? + 2drdv + r? [(d)* + sin” 0(d¢)?] .

(ds72) = —\/@m —1)? + dv® + 2drdvs + 2 [(d6)? + sin® 6(d6)?]
€ T

(1.53)

It easily to verify by using formula A.2 (see appendix) that the distributional curvature scalar
(R (€)), ts singular at r = 2m as in the case of the distributional Schwarzschild spacetime given by
Eq.(1.28). However this is not surprising because the classical Eddington-Finkelstein spacetime and
generalized Eddington-Finkelstein specetime given by Eq.(1.53) are essentially different geometrical
objects.

2 Generalized Colombeau Calculus

2.1 Notation and basic notions from standard Colombeau theory

We use [1], [2] and [5] as standard references for the foundations and various applications of standard
Colombeau theory. We briefly recall the basic Colombeau construction. Throughout the paper €2
will denote an open subset of R". Standard Colombeau generalized functions on €2 are defined as
equivalence classes u = [(uc).] of nets of smooth functionsu. € C*°(2) (regularizations) subjected
to asymptotic norm conditions with respect toe € (0, 1] for their derivatives on compact sets.

The basic idea of classical Colombeau’s theory of nonlinear generalized functions is regularization by
sequences (nets) of smooth functions and the use of asymptotic estimates in terms of a regularization
parameter €. Let (uc)ee(o,1) with (ue), € C(M) for all ¢ € Ry ,where M is a separable, smooth
orientable HausdorfF mainfold of dimensionn.

Definition 2.1. The classical Colombeau’s algebra of generalized functions on M is defined as the
quotient:
G(M) £ Ep(M)/N(M) (2.1)

ofthespaceE (M) of sequences of moderate growth modulo the space N (M) of negligible sequences.
More precisely the notions of moderateness resp. negligibility are defined by the following asymptotic
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estimates (where X(M) denoting the space of smooth vector fields on M
En (M) 2 {(uc)e| VK (K S M) Vk (k € N) 3N (N €N)

VErs o 6 (Erren € € X(M)) [sulgwsl L u(p) = O() asmo]}, (22)
peE

N (M) £ {(uc):| VK (K & M), Vk (k € No)Vq (g € N)

2.3
VEL . Er (Er . Ex € X(M)) {supwgl e Ly ue(p)] = O(e7) as & — o} } RNCE)
peK
Remark 2.1 In the definition the Landau symbol a. = O (¢ (£)) appears, having the following
meaning: 3C (C > 0) Jeo (g0 € (0, 1]) Ve (e < €0) [ae < CY (¢)].

Definition 2.2. Elements of calG(M) are denoted by:
u=cl[(uc)e] = (ue)e + N(M). (2.4)

Remark 2.2. With componentwise operations (-, £ ) G(M) is a fine sheaf of differential algebras
with respect to the Lie derivative defined by Leu = cl[(Leue)e].

The spaces of moderate resp. negligible sequences and hence the algebra itself may be characterized
locally, i.e.,u € G(M) iff uo e € GWa(Va)) for all charts (Va,1a), where on the open set
Ya(Va) CR™ in the respective estimates Lie derivatives are replaced by partial derivatives.

Remark 2.3 Smooth functions f € C°°(M)are embedded into G(M)simply by the “constant”
embedding o, i.e., o(f) = cl[(f)e], hence C>°(M) is a faithful subalgebra of G(M).

2.1.1 Point values of a generalized functions on M. generalized numbers

Within the classical distribution theory, distributions cannot be characterized by their point values
in any way similar to classical functions. On the other hand, there is a very natural and direct way
of obtaining the point values of the elements of Colombeau’s algebra: points are simply inserted
into representatives. The objects so obtained are sequences of numbers, and as such are not the
elements in the field R or C. Instead, they are the representatives of Colombeau’s generalized
numbers. We give the exact definition of these "numbers”.

Definition 2.3. Inserting p € Minto u € G(M) yields a well defined element of the ring of
constants (also called generalized numbers) K (corresponding to K = R resp. C), defined as the
set of moderate nets of numbers ((re). € K@ Ywith |re| = O(e™N) for some N) modulo negligible
nets (|re| = O(¢™) for each m);componentwise insertion of points of Minto elements of G(M)yields
well-defined generalized numbers, i.e.,elements of the ring of constants:

K=~E:(M) /N (M) (2.5)

(with K=R or K = C for K = R or K = C), where

E(M)={(r), e K'In(neN)[|rf=0(e") ase — 0]}

Ne (M) = {(re), e K'[Vm(m € N) [Jre| = O (¢™) ase — 0]} (2.6)

I=(0,1].

Generalized functions on M are characterized by their generalized point values, i.e., by their values
on points in Me, the space of equivalence classes of compactly supported nets (pe)e € MO with
respect to the relation p. ~ p. < dp(pe,p.) = O(e™) for all m, where dj,denotes the distance on
Minduced by any Riemannian metric.

Definition 2.4. For u € G(M) and zo € M,the point value of u at the point o, u(xo),is defined
as the class of (uc(xo)).in K.
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Definition 2.5. We say that an element r € K is strictly nonzero if there exists a representative
(re).and a ¢ € Nsuch that |rc| > €? for e sufficiently small. If v is strictly nonzero,then it is also
invertible with the inverse [(1/r<)<]. The converse is true as well. Treating the elements of Colombeau
algebras as a generalization of classical functions, the question arises whether the definition of point
values can be extended in such a way that each element is characterized by its values. Such an
extension is indeed possible.

Definition 2.6. Let Qbe an open subset of R™.On a set ) :
Q= {(2.), € ¥ Ep(p > 0) o] = O (")} = a0
{(zc), € Q"3p(p > 0)3e0 (0 > 0) [|lze| < €, for 0 < e < eo]}
we introduce an equivalence relation:

(e). ~ (ye). <= Vg (g >0)Ve(e > 0)[|ze — y| <€, for 0 < e < eo) (2.8)

and denote by Q= Q/ ~ the set of generalized points. The set of points with compact support is

Qo = {55 = cl[(z.)] € QPBK (K € Q) Jeo (0 > 0) [z € K for 0 < e < 60]} (2.9)

Definition 2.7. A generalized function w € G(M) is called associated to zero, u = 0 on Q C M
in L.Schwartz sense if one (hence any) representative (ue)e converges to zero weakly,i.e.

w -lime_oue =0 (2.10)
We shall often write:
u g 0. (2.11)

The G(M)-module of generalized sections in vector bundles-especially the space of generalized tensor
fields 7, "(M) -is defined along the same lines using analogous asymptotic estimates with respect to
the norm induced by any Riemannian metric on the respective fibers. However, it is more convenient
to use the following algebraic description of generalized tensor fields

GuM) =G(M)®@T,"(M), (2.12)

where T," (M) denotes the space of smooth tensor fields and the tensor product is taken over the
module C*°(M). Hence generalized tensor fields are just given by classical ones with generalized
coefficient functions. Many concepts of classical tensor analysis carry over to the generalized setting
[1],[2] in particular Lie derivatives with respect to both classical and generalized vector fields, Lie
brackets, exterior algebra, etc. Moreover, generalized tensor fields may also be viewed as G(M)-
multilinear maps taking generalized vector and covector fields to generalized functions, i.e., as
G(M)-modules we have

G5(M) = Ly (G1(M)", Go(M)*; G(M)). (2.13)

In particular a generalized metric is defined to be a symmetric, generalized (0,2)-tensor field ga» =
[((ge) up )el (with its index independent of eand) whose determinant det(gas)is invertible in G(M). The
latter condition is equivalent to the following notion called strictly nonzero on compact sets: for any
representative det((gc),, )eof det(gas) we have VK C M 3Im € Ninf,cx | det(gay (€))] > €™]for all
esmall enough. This notion captures the intuitive idea of a generalized metric to be a sequence of
classical metrics approaching a singular limit in the following sense: gapis a generalized metric iff
(on every relatively compact open subset V of M) there exists a representative ((ge),; )e 0f gapsuch
that for fixed e(small enough) (gc),, = gab (€)(resp. (ge),, |v) is a classical pseudo-Riemannian
metric and det(gqp) is invertible in the algebra of generalized functions. A generalized metric
induces a G(M)-linear isomorphism from G§(M) toG)(M)and the inverse metric g*® £ [(g,,' (€))e]
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is a well defined element of G3(M) (i.e., independent of the representative ((ge)yp )e)-  Also
the generalized Levi-Civita connection as well as the generalized Riemann-, Ricci- and Finstein
tensor of a gemeralized metric are defined simply by the usual coordinate formulae on the level of
representatives.

2.2 Generalized Colombeau Calculus

We briefly recall the basic generalized Colombeau construction. Colombeau supergeneralized functions
on Q C R"™, where dim (2) = nare defined as equivalence classes u = [(ue)e] of nets of smooth
functions u. € C°°(Q\X),where dim(X) < n (regularizations) subjected to asymptotic norm
conditions with respect to e € (0, 1] for their derivatives on compact sets.

The basic idea of generalized Colombeau’s theory of nonlinear supergeneralized functions [1],[2, is
regularization by sequences (nets) of smooth functions and the use of asymptotic estimates in terms
of a regularization parameter e. Let (uc)ecin(o,1jWith ucsuch that: (i) ue € C°(M\X) and (ii)
ue € D'(M), for all € € (0,1] ,where M is a separable, smooth orientable Hausdorff manifold of
dimension n.

Definition 2.8. The supergeneralized Colombeau’s algebra G = QN(M, Y)) of supergeneralized func-
tions on M,where YsubsetM,dim (M) = n,dim (2) < n,is defined as the quotient:

G(M,S) 2 £ (M, %) /N (M, ) (2.14)

of the space En(M,Y) of sequences of moderate growth modulo the space N'(M,X) of negligible
sequences More precisely the notions of moderateness resp. negligibility are defined by the following
asymptotic estimates (where X(M\X) denoting the space of smooth vector fields on M\X

En(M, %) 2 {(us):| VK (K G M\E) Vk (k € N) 3N (N € N)
v§1,~-~7€k (51,7&@6}:(1\4\2)) |:81€1[I)(|L§1...L§ku5(p) :O(aiN),8—>0:| &
VK (K S M) Vk (k € N) 3N (N € N)V (f € C¥(M))Vér, ..., & (&1, ... & € X(M))  (215)

{HL;’; L || = ( sup  |Lg, ...Lg’kus(f)o —O(s_N),E%O]},
fec> (M)
N(M,2) 2 {(ue):| VK (K G M\X), Vk (k € No) Vg (g € N)
Ve, &k (€1, 6 € X(M\E)) {sggwgl o Le, uc(p)] = O(e%), e — 0} } &
VK (K S M) Vk(k € N) 3N (N € N)V (f € C(M)Ver, ... & (61,..., & € X(M))  (2:16)
E|L2”l o LE, UEH = sup ’Lg’l L?kus(f)o =0(g?),e — 0] } ,
fece (M)

where Lg, denoting the weak Lie derivative in L. Schwartz sense. In the definition the Landau
symbol ac = O (Y (g)) appears, having the following meaning:
3C (C > 0) 3eo (g0 € (0,1]) Ve (e < €0) [ae < CY ()] -

Definition 2.9. Elements of (j(M, Y}) are denoted by:
u=cl[(uc)e] = (ue)e + N(M, ). (2.17)

Remark 2.4 With componentwise operations (-,+ ) G(M,X) is a fine sheaf of differential algebras
with respect to the Lie derivative defined by Leu = cl[(Leue)e].

The spaces of moderate resp. negligible sequences and hence the algebra itself may be characterized
locally, ie., u € G(M,X)iff uwo e € G(¥a(Va)) for all charts (Va, 1), where on the open set
¥a(Va) C R™ in the respective estimates Lie derivatives are replaced by partial derivatives.
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Remark 2.5 Smooth functions fe C*°(M\X) are embedded into G(M, ¥) simply by the “constant”
embedding o, i.e.,0(f) = cl[(f)e], hence C=°(M\X) is a faithful subalgebra of G(M, ¥).

2.2.1 Point values of a supergeneralized functions on M. supergenera-
lized numbers

Within the classical distribution theory, distributions cannot be characterized by their point values
in any way similar to classical functions. On the other hand, there is a very natural and direct way
of obtaining the point values of the elements of Colombeau’s algebra: points are simply inserted into
representatives. The objects so obtained are sequences of numbers, and as such are not the elements
in the field R or C. Instead, they are the representatives of Colombeau’s generalized numbers. We
give the exact definition of these "numbers”.

Definition 2.10. Inserting pe M into u € g(M,E) yields a well defined element of the ring of
constants (also called generalized numbers) IZ(correspondmg to K =R resp. C), defined as the set
of moderate nets of numbers ((re). € K Hwith |re| = O(e™N)for some N ) modulo negligible nets
(|re] = O(e™)for each m); componentwise insertion of points of Minto elements of g(M, ) yields
well-defined generalized numbers, i.e.,elements of the ring of constants:

Ks=Ec (M, ) /N (M, %) (2.18)

(with Ks = I@g or K = @g for K=R or K = C), where

E (M, ) ={(re). eK'|Fn(neN)[|re]=0(c") ase —0]},

Ne (M, 2) ={(re). e K''Vm (m € N)[|rc] = O (€™) as e — 0]} (2.19)

I=(0,1].

Supergeneralized functions on M are characterized by their generalized point values, i.e., by their
values on points in Mc,the space of equivalence classes of compactly supported nets (p:). €
(M\2)®Y with respect to the relation p. ~ p. = dn(p-,pl) = O(™) for all m, where dy
denotes the distance on M\ induced by any Riemannian metric.

Definition 2.11. For ue g(M, Y)and xo € M,the point value of u at the point xo,u(xo),is defined
as the class of (uc(xo)) in K.

Definition 2.12. We say that an element re K is strictly nonzero if there exists a representative
(re). and a g € N such that—r.| > €? for esufficiently small. If r is strictly nonzero, then it
is also invertible with the inverse [(1/r:)c]. The converse is true as well. Treating the elements
of Colombeau algebras as a generalization of classical functions, the question arises whether the
definition of point values can be extended in such a way that each element is characterized by its
values. Such an extension is indeed possible.

Definition 2.13. Let Q2 be an open subset of R™\X. On a set Qs :

={@). € @) 13 (p > 0) [lzc| = O (")} =

o ) (2.20)
€ (D) [3p (p > 0) Teo (g0 > 0) [|z| < &, for 0< e < 50]}

{@).

we introduce an equivalence relation:
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(). ~ (¥e). <= Vq(g>0)Ve(e > 0)[|lwe —yc| <€, for 0 <e<eo] (2.21)

and denote by Qs = Qz/ ~ the set of supergeneralized points. The set of points with compact
support is

Qs = {5 = cl[(z.)] € Qs|3K (K € Q\X) 3eo (c0 > 0) [z € K for 0 < & < 60]} (2.22)

Definition 2.14. A supergeneralized function ue (j(M, Y)is called associated to zero, u = 0 on
Q C Min L. Schwartz’s sense if one (hence any) representative (u.). converges to zero weakly,i.e.

w -lim. soue =0 (2.23)
We shall often write :

u g 0. (2.24)

Definition 2.15. The QN(M, Y)-module of supergeneralized sections in vector bundles- especially
the space of generalized tensor fields T, "(M\X)-is defined along the same lines using analogous
asymptotic estimates with respect to the norm induced by any Riemannian metric on the respective
fibers. Howewver, it is more convenient to use the following algebraic description of generalized tensor
fields

JZ(M, Z) = §(M7 Z) ®TST(M\E) ’ (2'25)

where T, " (M\X) denotes the space of smooth tensor fields and the tensor product is taken over the
module C*°(M\X). Hence generalized tensor fields are just given by classical ones with generalized
coefficient functions. Many concepts of classical tensor analysis carry over to the generalized setting,
in particular Lie derivatives with respect to both classical and generalized vector fields, Lie brackets,
exterior algebra, etc. Moreover, generalized tensor fields may also be viewed as G(M, X)-multilinear
maps taking generalized vector and covector fields to generalized functions, i.e., as G (M, X)-modules
we have

In particular a supergeneralized metric is defined to be a symmetric, supergeneralized (0,2)-tensor
field gay = [((9¢)yp)e]  (with its index independent of € and) whose determinant det(gay) is
invertible in g~(M\E) The latter condition is equivalent to the following notion called strictly
nonzero on compact sets: for any representative det((ge),, )eof det(gas) we have VK C M\X Im €
N[infpex | det(gas (€))] > €] for all e small enough. This notion captures the intuitive idea of a
generalized metric to be a sequence of classical metrics approaching a singular limit in the following
sense: gap 15 a generalized metric iff (on every relatively compact open subset Vof M) there
exists a representative ((ge),p )e0f Gavsuch that for fized € (small enough) (g:),, = gab (€)(resp.
(92)ap v ) is @ classical pseudo-Riemannian metric and det(gay) is invertible in the algebra of
generalized functions. A generalized metric induces a G(M,X)-linear isomorphism from G§(M, X)to
GY(M,%)and the inverse metric g** £ (g, (€))e)is a well defined element of G2(M,%) (i.e.,
independent of the representative ((gc),,)e)- Also the supergeneralized Levi-Civita connection as
well as the supergeneralized Riemann, Ricci and FEinstein tensor of a supergeneralized metric are
defined simply by the usual coordinate formulae on the level of representatives.

2.3 Distributional general relativity

We briefly summarize the basics of distributional general relativity, as a preliminary to latter
discussion. In the classical theory of gravitation one is led to consider the Einstein field equations
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which are, in general, quasilinear partial differential equations involving second order derivatives
for the metric tensor. Hence, continuity of the first fundamental form is expected and at most,
discontinuities in the second fundamental form, the coordinate independent statements appropriate
to consider 3-surfaces of discontinuity in the spacetime manifolfd of General Relativity.

In standard general relativity, the space-time is assumed to be a four-dimensional differentiable
manifold M endowed with the Lorentzian metric ds? = guvdxtdz” (u,v = 0,1,2,3). At
each point p of space-time M, the metric can be diagonalized as ds> = 7, (dX"),(dX"), with
Nuw = (—1,1,1,1), by choosing the coordinate system {X*; u = 0,1,2,3} appropriately.

In superdistributional general relativity the space-time is assumed to be a four-dimensional differen-
tiable manifold M\, where dim (M) = 4, dim (2) < 3 endowed with the Lorentzian supergeneralized
metric

(ds?), = (g () dztda”), ;v =0,1,2,3). (2.27)
At each point p€ M\, the metric can be diagonalized as
(dsp (), = (Muv (dXE)p(dXY)p), with 1, £ (=1,1,1,1), (2.28)

by choosing the generalized coordinate system {(X%)_;u = 0,1,2,3} appropriately.The classical
smooth curvature tensor is given by

Fouw 2o -0 {Z+ (& - (&= e

with {g—”u} being the smooth Christoffel symbol. The supergeneralized nonsmooth curvature tensor
is given by

(R @), 20, ({553, — 00 ({52 ) + ({35).), {500, -
-3, ({2:1),

with ({;%;}.), being the supergeneralized Christoffel symbol. The fundamental classical action
integral T is

(2.30)

I= %(I[:G + Las)d*a, (2.31)

where Ly, is the Lagrangian density of a gravitational source and L¢ is the gravitational Lagrangian
density given by

_1
2k

Here & is the Einstein gravitational constant k = 87G/c* and G is defined by

6 =v=ae ({25} {0 - {2 {7)) (2:33
with g = det(gur). There exists the relation

v—gR =G+ 0,D" | (2.34)
with

D =~y {25} -0 {55 )) - (2.

Thus the supergeneralized fundamental action integral (I¢), is

Le (2.32)

(1), = + [ (T (@), + (Lar () e (236)

where (L (€)), is the supergeneralized Lagrangian density of a gravitational source and (Lg (e))E

20



Foukzon et al.; BIMCS, 13(6): 1-54, 2016; Article no.BJMCS.19235

is the supergeneralized gravitational Lagrangian density given by
(Le (e))E =3 (Ge), - (2.37)

Here k is the Einstein gravitational constant x = 87G/c* and (G.), is defined by

€= v=Gae (({75),) (b - ((e)) (351)) - @99

with ge = det [(guv (€))e]. There exists the relation

V=9, (R.), = (G.), +, (DY), , (2.39)
with
@), = —/= o). () (P51, ~ (6, ({#53).) - 240
Also, we have defined the classical scalar curvature by
R=R", (2.41)
with the smooth Ricci tensor
Ruw =R nw (2.42)
From the action I, the classical Einstein equation
1
G, =R," — §5MVR =rT,", (2.43)
follows, where T,"” is defined by
rf v
T, = £ 2.44
K \/jg ( )
with
= 0Las
T, £ 2g,a e (2.45)

being the energy-momentum density of the classical gravity source. Thus we have defined the
supergeneralized scalar curvature by

(Re). = (R4 (). (2.46)
with the supergeneralized Ricci tensor

(Ruw (5))6 = (R)\H)\V (6))6 . (2.47)
From the action (I)_, the supergeneralized Einstein equation

(Gu" () = (Ru" (€)= 504" (Re) = & (T" (6)). (2.48)
follows, where (T,,” (¢€)), is defined by

(ﬁ"m)

T (©), = (2.49)
(9e).

with

(T ), 2 200 (), §e e (250)
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being the supergeneralized energy-momentum density of the supergeneralized gravity source.The
classical energy-momentum pseudo-tensor density t,” of the gravitational field is defined by

ive

tMV = 5HV£G - 78907 B

Goru (2.51)

with gor,y = 0gor/Ox”. The supergeneralized energy-momentum pseudo-tensor density I“” of the
gravitational field is defined by

(800), =" €6 0), - (L) wons (o, (252)

with (g7 (€)), = (9gar (€) /0a"),.

3 Distributional Schwarzschild Geometry from Non-
smooth Regularization via Horizon

3.1 Calculation of the stress-tensor by using nonsmooth regulariza-
tion via horizon

In this section we leave the neighborhood of the singularity at the origin and turn to the singularity
at the horizon. The question we are aiming at is the following: using distributional geometry (thus
without leaving Schwarzschild coordinates), is it possible to show that the horizon singularity of
the Schwarzschild metric is not merely only a coordinate singularity.

In order to investigate this issue we calculate the distributional curvature at horizon in Schwarzschild
coordinates. In the usual Schwarzschild coordinates (¢,r,0,¢), r # 2m the Schwarzschild metric
(1.12) takes the form above horizon r > 2m and below horizon r < 2m correspondingly

above horizon r > 2m :
dst? =t (r)dt® — [h*(r)] " dr? + r2d02,
Wy =—14 20 - T2
below horizorn r<2m T (3.1)
ds™ = b~ (r)d* — b (r) " 1dr® + ras?,
h=(r) :71+27m _ 2m —r

-
Remark 3.1 Following the above discussion we consider the metric coefficients h' (r), [AT(r)] -

h™(r), and [h~ (7")}71 as an element of D'(R®) and embed it into(G(R®)) by replacements above
horizon r = 2m and below horizon r < 2m correspondingly
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Remark 3.2 Note that, accordingly, we have fized the differentiable structure of the manifold: the
usual Scharzschild coordinates and the Cartesian coordinates associated with the spherical Schwarzs-
child coordinates in (3.1) are extended on r = 2m  through the horizon. Therefore we have above
horizon r = 2m and below horizon r < 2m correspondingly

)

r—2m 2 2

_ if r>2 (r—2m)" +e

h(r) = r DT e (), = |
0if r <2m r

where (h(r)). € G(R®, BY (2m, R)), B (2m, R) = {w € R*|2m < ||x]| < R}.

r
_ — ,T > 2m _
h 1(r)—{ 7“0—0277171: o }H(hﬁ) 1(1"):
r—2m .
h-m—{ T s }Hh;m— (32
ifr>2m
(2m —7)* + €2

- | Y] ed®.B0.2m),

where B~ (0,2m) = {xe € R*|0 < ||z < 2m}
T

_T—Qm’r<2m »—>(h;)71(r):

00, T = 2m
— | ————— €G®*B (0,2m))
(r—2m)2+62

Inserting (3.2) into (3.1) we obtain a generalized object modeling the singular Schwarzschild metric
above (below) gorizon, i.e.,

(ds72), = (nF (ryae?), = ([ )] " ar®) +1%d02,

(ds:2), = (he (at?), = ([he (] " dr®) +r2a0? (33)

The generalized Ricci tensor above horizon [R"’]i may now be calculated componentwise using the
classical formulae

(Re15) = (REDY), = 5 (). + 2 (),
€ € 2 r

N + (3.4)
(me2), = (megs), = e 00

e r r?
From (3.2) we obtain

€
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SO Y (A s
€ ” [(r—Qm)2+62]1/2 72 )
r (hj’)6 +1+ (h?)E =
r—2m [(r —2m)* + €%] 12 1 (r —2m)® 4 ¢ B
' r[(r— 2m)? + €?] 1/2 r? r a
r—2m N [(r—?m)2+e2]1/2 1 (r—2m)® + ¢ B
[(r — 2m)2 + 62] 1/2 r r
r—2m
— + 1.

[(r _ 2m)2 + 62} 1/2

' 2, aq1/2\’
hé’(r)=—< T_22m 1/2) +<[(T_2m)2+6] ) =
r[(r —2m)* + €] r

1 (r—2m) r—2m
=- + + +

r [(r —2m)® + 62]1/2 r [(7‘ —2m)? + 52]3/2
r—2m 2[(r— 2m)? + €]

r2 [(r —2m)? + 2]/ rs ' (3.5)
T2 (hj-//

4= izt
{ r [(r - 2m)2 + 62} / r [(r - 2m)2 + 62]
r—2m _2[(r—2m)2+62]
72 [(r —2m)® + 62] 1/2 r?
r—2m [(7‘ — 2m)2 + 62] 12 }

_ 1/2 [(r—Qm)2 +52]3/2 + [(r_2m)2+62]1/2

n r—2m 2 [(7" — 2m)
[(7“ — 2m)2 + 62] 1/2 T
2 (r — 2m) +2[(T—2m2+62]
[(r —2m)® + €2] 1z r ,
r r(r —2m)
[(r —2m)* + 2] 1z [(r —2m)® + €2]

Investigating the weak limit of the angular components of the Ricci tensor using the abbreviation

3/2°

d(r) = fsm 0do 2fd¢c1>(z)
0 0

and let ®(x) be the function ®(x) € S (R?), where by Si (R?) we denote the class of all functions
@(z) with compact support such that: _

(i) supp(®(z)) C {z|||z|| > 2m} (ii) ®(r) € C* (R). Then for any function ®(z) € S2m(R?) we
get:
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« ([R);) @@ d'z= [, ([RY]S) @ (@)d'a=

]
J o0, 01002 b0 =

Qf {_ [(r— ; _)2211 2}1/2 } O (r)dr +2f &(r)dr

By replacement r-2m=u,from (8.6)we obtain

Ji (RE];) @(@)d' =
Ji (RE]) @ @) d'a = (3.7)
R—2m u@(u + Zm) R—2m

— —_— + i) u + 2m)du.
of (u? + €2)'/? of ( )

By replacement u=en, from (8.7) we obtain the expression

:fK([Rﬂg)E‘P(w)dw—ﬁ :fK([ ])}(f)d%:
%x(fﬁm%m%wwn e | 69

) en + 2m)dn
o (41t of ( )

From Eq. (3.8) we obtain

KR
o
2

I () = Tf (¢) = —e

R—2m

62

r n = (1 _
-t | gy eom-

eé(2m){ (R‘fm)ﬂ (R‘fml)]

_ET Of {W - 1] W (&)ndn,

(3.9)

where we have expressed the function 5(67} +2m) as

~ o1 P (2m 1. o niim
e+ 2m) = i T eyt L enyratoe), (5.10)
£E20en+2m, 1>60>0, n=1
with ®1 (&) 2 d'®/de'. Equations (3.9)-(3.10 give

cnIE (6) = HmIT (e) —
25%13 (e) = 22%12 (e) =

2
lim { —ed(2m) (R_Qm) g1 Bz
0 € € (3.11)
5 R—2m
md_< "7 4l _
Himd = ] |t~ 8@ =0

Thus in Shy, (Bf; (2m)) C Sh,, (R?) C D'(R®), where BT (2m, R) = {z € R*[2m < ||z|| < R} from
Eq. (5.11) we obtain
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w — lim [Rﬂg =

e—0

I r

(r? (hj")6 + 2r (hj')e) (r)dr =

1imI3+ (¢)

e~>0

0,
3.12
. (312)

(3.13)

r(r—2m)

- ]1/2

{ [(r —2m)® + €2

2m

2
3/2

[(r —2m)® + €]

By replacement r — 2m = u, from (3.18) we obtain

d3x = [+

(&) +2r (BE)

T =2/ ([R]}) o
=

u? (u + 2m)

O (z) d*x

€

(9 =2 [ ([R]5)

E) é(r)dr = (3.14)

D(u + 2m)du.

{_ u 4+ 2m

(W2 +e)"? (w2 +e
By replacement u = en, from (3.14) we obtain

2 [ (RF]) @ @) d'a =2 [, ([RY]

%)

0
0 €

3/2

}

) ® (z)d*x

_ f( (h")_+ 20 (b)) B(r)dr =

en—+2m

e*n” (en + 2m)

€
:5f
0

R—2m
€

6277 +€2) 1/2
] en@(en—!—Qm)dn
(@n? +e2)'/?

R—2m 4 3%
s en®(en+ 2m)dn

R—2m
€

0

(272 + €2)/2
e@(en + 2m)dn
* P

} P (en + 2m)dn

(3.15)
<i>(en + 2m)dn _

2mj
0

—2m

+ f
0
R—

(€22 +62)3/2
R—2m ~
i n®(en+2m)dn

(2 +1)"/?

[0}

0

R—2m

€

J

0

P (en + 2m)dn
(2 +1)"/2
From Eq. (3.15) we obtain

2m

[

d(2m

(202 + €2)
n°®(en + 2m)dn
(? +1)*?

" P (en + 2m)dn
CEERIRE

3/2

2

I7 () =TI (¢) = 2m

RCEREE

n
+ Gt o

2

1

+
(n?

n
+ 1)3/2
2

] ndn+
(3.16)

- n? + 1)1/2 +

1

n
P + 177

} dn+

2

RCEE

n
d
o + 1)3/2} o
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we have expressed the function ®(en+ 2m) as
¥ n— q)aB(” 2m 1 ngaB(n
Ben+2m) = 5y T B (e 4 Lemyraneoie) (317
E20en+2m, 1>0>0, n=1
with® (&) 2 d'®/de!. Equation (3.17) gives

- i + = - i + =
w 611_r>r(1JIO ()= w !gr(l)ll (¢)

R—2m
€

~ . 1 172
2m®(2m)lim - + d =
et [ |~ + g (3.18)
2
= . s mdn s dn _
2m¢‘(2m)51l>nolo [fo (772 + 1)3/2 - fg (772 T 1)1/2] =
= —2m®(2m).
where use is made of the relation
2
. A dn _
s v e T (319
Thus in S (BT (2m, R)) C S5,,(R?) we obtain
. 1 . 0 =
w —611_% [RS] L= w -ll_)l’% [Rﬂo = -—m®(2m). (3.20)

The supergeneralized Ricci tensor below horizon [R;}i = [R;]i may now be calculated componentwise
using the classical formulae

(ro15) = (Re13), = 5 (0, + 2 (), ).
3.21
(me]2), = (Rers), = e 2. @21

rQ
From Eq. (3.21) we obtain
_ 2m —r)? + 2
h:(r):fir 2m — hZ(r) = —( ) = —ht(r),r < 2m.
T r
1/2
h="(r) = —h(r) = r—2m 3 [(T—Qm)2+e2]

r[(r— 2m)? + €2 1z r?

r(h) +1+ (he) =—r(hE) +1—(hT)_ =
r—2m
1.
(= 2m)? 4+ 2] + (3.22)

B () = —hE(r) =

r—2m 2 [(7“ — 2m)2 + 62] 12
r2 [(r —2m)® + 62] 1/2 r?
r? (h;”)6 + 27 (h;’)6 = —p2 (hj”)6 —2r (hj’)6 =
T r(r— Qm)2
3/2°

[(r — 2m)2 + 62} 2 [(r — 2m)2 + 62]
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Investigating the weak limit of the angular components of the Ricci tensor (using the abbreviation

- 2m

®(r) =§ sin6df [ dp®(z) where ®(&) € C> (R*), ®(x) is a function with compact support K
0

such that K C B~ (0,2m) = {z € R*|0 < ||z|| < 2m} we get:

Ji (R7];) @@ d'e= [, ([R7];) @@ d'a=

€

[

m

({ (r(h'), + 1+ (ho),) (r)dr =

I ey e oo

By replacement r — 2m = u, from Eq. (3.23) we obtain

I ([R)2) @@ de= [ ([RC]}) @ (@) =

0 4d 0 _ (3.24)
%2”3?“ + [ @®(u+2m)du.
—2m (U2 + 62) —2m

(3.23)

By replacement u=en, from (8.23) we obtain

5 (6) =[x ([R;]B) P (z)d’z =15 () = [, ([ <] ) O (2)dPx =

D(en + 2m) dn
77 +1)1/2

(3.25)
€ X

®(en + 2m)dn |

which is calculated to give

(3.26)

where we have expressed the function ®(en + 2m) as

I !
E20en+2m, 1>0>0, n=1

with ®Y 2 d'®/dr'. Equation (3.27) gives

~ O] m
B(en+2m) =) M(en)l + %(en)%("’(f) ; (3.27)
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e—0 e—0
2
lim { d(2m) [1— <2—m) b 2ty
=0 € € (3.28)
+lim e fo 41V (E)ndn b =0
e—0 2 b (772—|—1)1/2 nain e =4

Thus in S, (Bg (2m)) C S5, (R*), where B~ (0,2m) = {z € R*|0 < ||z| < 2m} from Eq. (3.28)

we obtain

(ot e
For ([RZ]}) . ([R7T;) we get:
2f (R7]}) @@ dz=2 ([R7]) (@) d'a=
F02 4, w20 (), (01 = (330
- T LT foon

By replacement r — 2m = u, from (8.30) we obtain
—QI([R )E (z)d*x = I (e —QI([ ]) O (z)d*x
_ (7“2 (h://)6 + 2r (h: )E) é(?“)d’f‘ = (3‘31)

0 2 -
ut2m _u(ut2m) O (u + 2m)du.
(u? +€2)1/2 (u? +62)3/2

o=y L

—2m

By replacement u = en, from (3.31) we obtain

25, (1) 30 =2 (1) 3=
[ (), + 2 (0),) bryar =

_2m
9 en + 2m n? (en + 2m)
=e [ — T T (en + 2m)dn =
“2m ((20? +€) (en—|—e)

6277&)(677 + 2m)dn om, f e®(en + 2m)dn _
(22 + 62)1/2 _m (22 + 62)1/2 (3.32)
e’ (en + 2m)dn om 0 En2d(en + 2m)dn _
E277 +e )3/2 2m (e2n? +€2)3/2
3 ®(en + 2m)dn
% +1)°72

9 67] + 2m) d77
! 1/2

[ 677 +2m)dn n*®(en + 2m)dn]

q%

T )T
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which is calculated to give

- = o@2m) , ¢ 1 2

o O=I = m Ty [(n2 T2 (2 11)3/2} it

6 (3.33)
L YY) 1 B n? B

+1 { () {(7724_1)1/2 (n2+1)3/2:|77d17+0( )

&
3

where we have expressed the function &;(67] +2m) as
~ oy P (2m 1 e aBn
Ben + 2m) = i) T B (et 4 Lemyantie), (530
E20en+2m, 1>6>0, n_l

with® (&) £ d'®/d¢'. Equation (3.34) gives

. (i)(Qm) 0 1 n?
lel_% _f {(7724'1)1/2 - (n2 + 1)3/2 dn

: (3.35)
- . o dn n*dn _
2mp(2m) liny {f— CERC W]‘
= 2m®(2m).

where use is made of the relation

0 d 0 2
; n n-an
1 - =1 ,
sLn;o |:fs (u2 + 1)1/2 :’; (772 + 1)3/2:| (3 36)

Thus in 8" (B~ (0,2m)) C S'(R?) we obtain
w-lim [R7]] = w -lim [RC]) = m®(2m). (3.37)
e—=0 e—0

1 0

Using Eqs. (3.12), (3.20), (3.29), (8.37) we obtain
[ [(Tj” T 4T+ Tjt) + (T;” + T, T, + T;f)] J=gd%x =0 (3.38)

Thus the Tolman formula [8], [9] for the total energy of a static and asymptotically flat spacetime
with g the determinant of the four-dimensional metric and d>z the coordinate volume element, gives

Br=] (T: +T§+TY + Tg) v=gdz = m, (3.39)
We rewrite now the Schwarzschild metric (3.8) in the form

{ (ds2?), = (hE(r)dt?), — (1 + CE(r)) dr®), +r2dQ?
CE(r) = -1+ [hEm] ™.

Using Eq. (A.5) from Eq. (3.40) one obtains for r < 2m

((; (h&)" + - (h¥) ) ( 2>€ T ey

Loy, (hE) 2
+< 2(h€) r :| )6 A4[(r—2m) + €?] +(2m)47

(3.40)

Ri”” (e R

?f)

r

—_

2

<
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and
(RPoH¥ (G)QRPOW (6))e = )
2% (he)’ 1 (he)’
<((hit) ) +2( . ) +4r4+2( ; < (3.42)
_ 1 L4 ‘
- [(r — 2m)2 + 62] (2m)4.
3.2 Examples of distributional geometries calculation of the distribu-

tional quadratic scalars by using nonsmooth regularization via

horizon
Let us consider again the Schwarzschild metric (3.1)
ds® = h(r)dt® — h(r) " dr? + r2d0Q?,
hr) :jl + 27m - T_r 7r2m’ (3.43)
(r)=- r—2m’

We rewrite now the Schwarzschild metric (3.43) above Horizon (r > 2m) in the form

dsT? = —AT(r)dt* + (AJF(7”))71 (r)dr? + r2dQ?,
r—2m
— (3.44)

A*(r) =
(AT ()" = -

Following the above discussion we consider the singular metric coefficient A™'(r) as an element of

D’(R?) and embed it into (G(R?)) by replacement

r—2m +— /12 + €2 — 2m.

Thus above Horizon (r > 2m) the corresponding distributional metric Jsjf takes the form

(3.45)

(53?2)6 = (fAj(r)dt2 + (Aj(r))_l dr2)E + 7r2dQ?,
(AF(r), = (7T2 tes 2m)

(00, ().

We revrite now the Schwarzschild metric (3.43) below Horizon (r < 2m) in the form

(3.46)

’
€

ds™ = A (r)dt? — (A= (r)) " dr? + r2dQ?, i
A =TT () = g (347

Following the above discussion we consider the singular metric coefficient A~'(r) as an element of

D’ (R?) and embed it into (G(R?)) by replacement
2m —r — 2m — /1?2 + €2

Thus below Horizon ( 7 < 2m) the corresponding distributional metric (Js; 2)

(3.48)

takes the form
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(ds:), = (A;(r)dt2 — (AT () dr2)e 12402,

(AZ(r), = (@)6 ’ ((AZ(T))_I)G _ <m>6 (3.49)
From Eq. (3.46) one obtains

(A+)/: _Vrit+er-2m l:_ 1 +\/r2+62—2m
€ r VrZ & 2 r2 (3.50)
(A+)//_ r \/T‘2+€272m 1

—2 +
(r2 + E2)3/2 r3 r/r2 + €2
From Eq. (3.46) using Eq. (A.5) one obtains

4A,  2A.C,
R — _ € EE _ AN —
®(©), = (-2 + 25— ar)
4 1 Vr2 4+ € —2m 2
T\ Ve e e (3.51)
B r _2\/7'2+e272m+ 1
(r2 + 62)3/2 r3 12 + €2 . :
From Eq. (3.51) for » = 2m one obtains
6 1 1 1 5
R (), = - + = + (3.52)

S em)? em)?® 2m)’ 2m)’  (2m)’

Remark 3.3 Note that curvature scalar (R (€)), again nonzero but nonsingular. Let us introduce
now the general metric which has the form:

{ ds? =—A (r) (daﬁo)2 —2D(r) dzdr + (B(r)+C (r) (dr)2 (3.53)
+B(r) r? [(d@)2 + sin? 0(d¢)2] , ’
where
) = Q2 __a r) = K? (T)
A =9 _<1 o) KJ(B() )= rw
c0=(1-5) 0= - (1- g5 U (35)
D)= (1= 3 ) £K () 2 dK () fan () 2 df )
K@) =p(r)—lal,
a < 0.

Remark 3.4 Note that the coordinates ¢t = z°/cand  are time and space coordinates, respectively,
only if

a a1 a
1- 250, 1——) K’Q—(l——) N2, .
>0 (1-%) &) x) ) >0 (3:55)
In the Cartesian coordinate system {z*;u=0,1,2,3} with

' =rcospsinh, x> = rsin ¢psinb, x> = rcos ¥, (3.56)

the metric (3.53)-(8.55) takes the form
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ds® = gu.datda” (3.57)

with g, given by

goo = —A, goa = —D? . gap = B5*P 4 C“ijﬂ . (3.58)
From Eq. (3.54) one obtains
A =o (S B0 ) . B= el (;lzr\)a\f
Cr) = (p(;)(;)lal) N (p(;)QZTI)aI) N (p(f)(i)\a\> (F' ()2, (3.59)
D=0 (58 10 0 2 a0

Regularizing the function (p(r) — |a|)™" above horizon (under condition p(r) — |a| > 0C) such as
p(r)—la| = 0:
-1 -1 _ p) 2 -1
(p () = lal) ™ = (pe (r) = lal) ™ = (Vo () + € — |al)

with € € (0,1] from Eq. (8.59)-Eq. (3.60) one obtains

v o pe() oy (e () = lal)®
A () ”(m(rHa\)’ Be="—0m

O (r) = (pg r) — |a\) ~(pe(r) —a))® ( pe (1) ) (F' ()2, (3.61)

(
pe (1) Pz (r) pe (r) = lal

S(r) = pe (1) "(r), f' (r) & df (r) Jdr
D) =9 (52D 1) ) 2 ar o)

(3.60)

Regularizing the function (la] — p(r)) ™" below horizon (under condition |a| — p(r) > 0) such as

la| —p(r) > 0: )
(lal = p () ™" = (la] = pe (1) = (|la| — V2 + €2)

with € € (0,1] from Eq. (3.59)-Eq. (3.62) one obtains

1 (3.62)

(e oy (el = pe(r))?
" (T)_| ) g'?"”a(’?)’ (f;() o0\
_ _f1a]l — pe(r _{a] = pe (T Pe T " (r))2 .
Ce = ( PG > 20 +<|a|—pe<r))(f @y, 6
D7 ()= =0 (L) ) ) 2 df o)

Remark 3.5 Finally the metric (3.57) becomes the Colombeau object of the form
(ds?). = (gitu (¢) da*da”), (3.64)

with guu (€) given by

o

x
90 (6) = —AZ (1), oo (€) = —DE (1) —,
a.B

X o (3.65)
9as (€) = BE (r) 67 + CF (r) —5—

T
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Using now FEq. A2 one obtains that the Colombeau curvature scalars (Ri (e))6 in terms of
Colombeau generalized functions (Ag': (7"))E , (B:': (r))6 , (Cei (7"))6 , (D?: (r))E is expressed as

r? 4+ é2 9ae? 2a¢€?
(RJr (6))5 = 2 5 3
(Ve —la)’ g2 i) (3.60
(Rf (6)) _ r? 4 €2 9ae? 2ae€? ’
€ ( /r2 T e2 — ‘a‘)Q (7“2 + 62)% 2 (T2 + 62)% .

Remark 3.6 Note that (i) on horizon r = a Colombeau scalars (Ri (e))ewell defined and becomes
to infinite large Colombeau generalized numbers

(R+ (5))5 _ < a? + € _ 9ae _ 2a¢€? 3:|)
(\/m— |a|) (a? +52)§ a? (a® + €2)2 .

=7a"2 (672)6 € R,

2

(R (), = (3.67)
B < a’ + e 9ae? B 2ae? )
(\/m— |a|)2 (a2—|—62)% r2 (7’2+62)% .

=—Ta2 (672)6 eR

(it) for r # a Colombeau scalars (Ri (e))6 well defined and becomes to infinite small Colombeau
generalized numbers (Ri (e))e ~+ (62)6 .

Using now Eq. A2 one obtains that the Colombeau scalars (Ri‘“’ ()R, (e))E in terms of Colombeau
generalized functions (A} (7“))6 , (Bei (r))6 , (C’ejE (r))6 , (Dei (r))E are expressed as

(R:l:uu (6) Ri:v (6))5 =

2
" (7’2 + 62)2 § 3ae? _ 2ae?
(vVrrre—la)' L2 [2+e?]  r2pzee)t (3.68)
3ae? ae?

2

+
r2 (r2 4+ €2)

1)

Remark 3.7 Note that (i) on horizon r=a Colombeau scalars (RjEW ()R, (e))ewell defined and
becomes to infinite large Colombeau generalized numbers, (i) for 1 # a Colombeau scalars
(Ri (e))e well defined and becomes to infinite small Colombeau generalized numbers.

5 3
2 2

(42 +)

Using now Eq. A2 one obtains that the Colombeau scalars (Ri"”‘“’ (e)RE, .. (e))em terms of
Colombeau generalized functions (A} (7“))6 , (Bei (r))6 , (CEjE (r))6 , (Dei (r))E are expressed as

2
v 124® ac®
(Rip " (€) R:ptaw/ (E))E = 6 3| T
(\/7“2 + €2 — |a|) (r2 4 ¢€?)z
2
4a? ae? 2¢> 9¢>
= |1+ + S+ (3:69)
i (VrE+ & —la])’ (r24e)3 | [P +e) (2423

a? 4¢* N 81e?
( /r2 1 €2 — \a\)4 r4(r2 + €2) (T2+€2)3

Remark 3.8 Note that (i) on horizon r=a Colombeau scalars (Rip"‘“’ (e)RE, . (e))ewell defined
and becomes to infinite large Colombeau generalized numbers, (ii) for r # a Colombeau scalars are
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finite

(R (R ), = (5 (3.70)

and tend to zero in the limit r — oo.

Remark 3.9 Note that under generalized transformatios such as

2 2 _ 2 2 _
g — (d [7W+62m} U;) n (7W+62mdve+> , (3.71)
T T
and
_ 2 2 _ 2 2
g — <d [%7 vr7“+6 } v;> n (27”7 vr7"+€ dv;) , (3.72)

the metric given by Eq.(8.61)-Eq.(3.64) becomes to Colombeau metric of the form

{ dst? = FA* (r,e) (dv )2 — QUiDi re )dvierr [Bi( €)+ C’i ( v, T, 6)} (dr)*+ (3.73)

+B* (r,¢) 2’[ 2 +sin? 0(do) ]

4 Quantum Scalar Field Curved Distributional
Spacetime

4.1 Canonical quantization in curved distributional spacetime

Much of formalism can be explained with Colombeau generalized scalar field. The basic concepts and
methods extend straightforwardly to distributional tensor and distributional spinor fields. To being
with let’s take a spacetime of arbitrary dimension D, with a metric g,3pq of signature (+—...—). The
action for the Colombeau generalized scalar field (@), € G(M)is

(JdD ol (g au%@usos)—(mQJrRs)sﬁ) . (4.1)

£

The corresponding equation of motion is

([Oc +m* 4+ €Rc] ), =0,e € (0,1]. (4.2)
Here (Qepe). = (lg: 7"/ 0, |g:"/* 92+ Oyipe) - (4.3)

With i explicit, the mass m should be replaced by m/h. Separating out a time coordinate 20,
z" = (2% 2%),i = 1,2,3 we can write the action as

(Se). = (fdaLe)_, (Le), = (fdP ") . (4.4)

The canonical momentum at a time z° is given by

(7= @)). = (8L:/ 8 (Bop- (@), = (Ihe]"* n*O,- () (4.5)

€

where z lables a point on a surface of constant x°, the x° argument of (¢.) . is suppressed, n* is the

unit normal to the surface, and (|hc|), is the determinant of the induced spatial metric (h; (¢)),.

35



Foukzon et al.; BIMCS, 13(6): 1-54, 2016; Article no.BJMCS.19235

To quantize, the Colombeau generalized field (pc). and its conjugate momentum (7 (x))_ are now

promoted to hermitian operators and required to satisfy the canonical commutation relation,

([apg (z),me (g)])i = ihoP ! (g, g) ,e € (0,1]. (4.6)

Here deflyéDfl (L y) f (g) = f(z) for any scalar function f € D (RS) , without the use of a
metric volume element. We form now a conserved bracket from two complex Colombeau solutions
to the scalar wave equation (4.2) by

(s 62)). = (g dzng) e (0,1]. (4.7)

€

where

(7 (pes02)). = (/1) (1c""* 92 (70062 — 0.0..)) (4.8)

€
This bracket is called the generalized Klein-Gordon inner product, and ((¢., ¢.)). the generalized
Klein Gordon norm of (¢c), . The generalized current density (j£ (e, ¢:)), is divergenceless,i.e.
(0ugt (¢, ¢<)). = 0 when the Colombeau generalized functions (¢c), and (¢), satisfy the KG
equation (4.2), hence the value of the integral in (4.7) is independent of the spacelike surface 3a3
over which it is evaluated, provided the functions vanish at spatial infinity. The generalized KG
inner product satisfies the relations

((0er67) . = = (218.)). = ({9er00)). 2 € (0,1). (4.9)

We define now the annihilation operator associated with a complex Colombeau solution (¢c), by
the bracket of (¢.), with the generalized field operator (¢.), :

(@ (de)). = (e, e)). - (4.10)
It follows from the hermiticity of (¢.), that the hermitian conjugate of (a (¢.)), is given by
(' (¢2), = = (a(4.)). - (4.11)
From Eq. (4.5) and CCR (4.6) one obtains
(la(pe),a’ (9e)]), = (e, 6e)). - (4.12)
Note that from Eq. (4.11) follows
(la (@) a(@e)]). = = ((#=,0.)). - ([a" (ge) 0t (9)]), = = ((Be, b)) (4.13)

Note that if (¢.)_ is a positive norm solution with unit norm hf with, then (a(p.)), and a' (¢:)
satisfy the commutation relation ([a' (¢:),a (¢E)DE = 1. Suppose now that |¥) is a normalized
quantum state satisfying (a (¢c) |¥)), = 1, then for each n, the state [n, ¥) = ((1//n!)(a (¢:))™ [¥)).
is a normalized eigenstate of the number operator (N [(¢:)]). = (a' (¢2) a (). with eigenvalue n.
The span of all these states defines a Fock space of the distributional (¢p.)_- wavepacket “n-particle
excitations” above the state |¥) .If we want to construct the full Hilbert space of the field theory in
curved distributional spacetime, how can we proceed? We should find a decomposition of the space
of complex Colombeau solutions to the wave equation (4.2) S into a direct sum of a positive norm
subspace Sp and its complex conjugate Sp, such that all brackets between solutions from the two
subspaces vanish. That is, we must find a direct sum decomposition:
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S = S,®Sp (4.14)
such that

(e, p2)). > 0,V (p:). € Sp (4.15)
and

((per @e)). > 0,V (e). , (¢e). € Sp. (4.16)

The condition (4.15) implies that each (. ), in Sp can be scaled to define its own harmonic oscillator
sub-albegra. The second condition implies, according to (4.13), that the annihilators and creators
for (@), and (¢c), in the subspace S, commute amongst themselves:

([a(pe) a(@:)). = ([a’ () ,a’ (¢e)]). = 0. (4.17)

Given such a decompostion a total Hilbert space H for the field theory can be defined as the space
of finite norm sums of possibly infinitely many states of the form

(a' (¢r.e) al (¢n,e) [0))_, (4.18)

where |0) is a state such that (a(¢n,)|0)). = 0 for all (¢.). in Sp. The state |0), as in classical
case, is called a Fock vacuum and Hilbert space H is called a Fock space. The representation of the
field operator on this Fock space is hermitian and satisfies the canonical commutation relations in
sense of Colombeau generalized function.

4.2 Defining distributional outgoing modes

For illustration we consider the non-rotating,uncharged d-dimensional SAdS BH with a distributional
line element

(ds2), = (=fedt® + f.7 dr?) _+1%dQ5_5,e € (0,1], (4.19)
where
fe #0,e€(0,1],
from1a Tt (20

where dQ2_, is the metric of the (d—2)-sphere, and the AdS curvature radius squared L? is related
to the cosmological constant by L? = —(d — 2)(d — 1)/2A. The parameter ro is proportional to
the mass M of the spacetime: M = (d — 2)Aq—273 /167, where Aq_o = 27@~1D/2/T((d — 1)/2].
The distributional Schwarzschild geometry corresponds to L — 0o.The corresponding equations of

motion (4.2) for massless case are
(d-2)y
H =
(Vuv ()06)5 4(d— 1) (R5)57
(Ge ) + A(ge ). = 87G (Te ), »

(Te ). ~ 0 ().
The time-independence and the spherical symmetry of the metric imply the canonical decomposition

(4.21)

—w \I/m75 T Ym 0
(o (o)), = e (Pl (0 (1.22)

where Y., (0) denotes the d-dimensional scalar spherical harmonics, satisfying
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AQa_2Yim (0) = =1 (1 +d—3) Y, (0), (4.23)

where AQ4_» is the Laplace-Beltrami operator. Substituting the decomposition (4.22) into Eq. (6)
one gets a radial wave equation

(fs %‘5() T+ ff M:() + (W = Vim,e (1) Wim,e (7")> =0.

€

We define now a “tortoise” distributional coordinate (rZ)_ = (rZ (r)). by the relation

((Z» = (7). (4.25)

By using a “tortoise” distributional coordinate the Eq.(4.24) can be written in the form of a
Schrodinger equation with the potential Vi, o ()

((NT(T)>+ ((w? = Ve (r2)) W (1)), = 0. (4.26)

Note that the tortoise distributional coordinate (77 (r)), becomes to infinite Colombeau constant
[(rZ(r4)).] = [(Ing)_] at the horizon, i.e. as 7 — r4, but its behavior at infinity is strongly
dependent on the cosmological constant: [(r; (ry)) E] = +oo for asymptotically-flat spacetimes,
and [(rZ (r4)).] = finite Colombeau constant for the SAdSs geometry.

4.2.1 Boundary conditions at the horizon of the distributional SAdS BH
geometry

For most spacetimes of interest the potential (V (rZ (r))), = 0 as r = 4, ie. (|l (r)]). = +oo,
and in this limit solutions to the wave equation (4.26) behave as

(We (t,72)), ~ (exp[—iw (t £ 72 (r))])., as rry. (4.27)

Note that classically nothing should leave the horizon and thus classically only ingoing modes
(corresponding to a plus sign) should be present, i.e.

(We (t,77)). ~ (exp [—iw (t + 7% (r))])., as 771y, (4.28)
Note that for non-extremal spacetimes, the tortoise coordinate tends to
(r2 (). = (£ () dr)_~ [(f (r))] 7 (n(fr = v +)), as r7ry, (4.29)

where (f.' (r4)), > 0. Therefore near the horizon, outgoing modes behave as

{ (exp [—iw (t — rZ (r)]). = {(exp [~iwvZ (¢, 7)]). } (exp [~2iwr? (r)]), =

= {(exp [—iwv? ( t ).} {(HT —ry _’_E}ziw/fs’(u))s}’ (4.30)

where (V7 (t,r)), = t + (rZ(r)),. Now Eq. (4.30) shows that outgoing modes is Colombeau
generalized functions of class G(R).

5 Energy-momentum Tensor Calculation by Using
Colombeau Distributional Modes

We shall assume now any distributional spacetime which is conformally static in both the asymptotic
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past and future. We will consider distributional spacetime which is conformally flat in the asymptotic
past,i.e.

dsZ ~ (f2n(—dt® + di?)) asymp.past
2 2 2 i35 (5.1)
dss ~ (.fs,out( dt” + hs,zgdl' dx ))e’ asymp.future

where ¢ € (0,1] (fe9). = (fe3(t,%)). > 0,J € {in,out}, are smooth functions and h.;; =

he,i;(Z),i,7 = 1,2,3, are the the components of an arbitrary distributional spatial metric. (Note

that we use the same labels t and ¥ = (:cl L2, m3) for coordinates in the asymptotic past and future

only for simplicity; they are obviously defined on non-intersecting regions of the spacetime.) In each
of these asymptotic regions the distributional field (®.)_ can be written as (®.), = (ég/fg,‘]) ,
€

where (i‘g) satisfies
&

- (5722&)) =— (As,Ji)f;‘)E + (Vs,.]‘i’a)g, (5.2)

where (A m) is the flat Laplace operator, (A, ouz) is the Laplace operator associated with the
spatial metric (heq;),, and the effective potential V; is given by

Ve.] ( leeJ) +(f5,2J(m2+€RE))E:

(kﬁf)(A;f“) +m? (£.%), +E(Kea),

with (K¢ in), = 0, Ke out = K out(¥) the scalar curvature associated with the spatial distributional
metric (he,ij)..

(5.3)

We assume now this condition : (i) the massless(m=0) field with arbitrary coupling £ in space-
times

which are asymptotically flat in the past and asymptotically static in the future, i.e. f;, =1 and
fe,out = fe,out(Z), as those describing the formation of a static BH from matter initially scattered
throughout space, and (ii) the massless, conformally coupled field (m = 0 and £ = 1/6). With this
assumptions for the potential, two different sets of positive-norm distributional modes (u("%)) and
£

)

(vét)) , can be naturally defined by the requirement that they are the solutions of Eq. (5.2) which

satisfy the asymptotic conditions:

(ul? ) e R (A ) (5.4)
and

(vR) | =ewa) T2 (fk Fea(@). (5.5)
where k € R?, wy = Ik, @a > 0, and (F- ,a(%)), are Colombeau solutions of

([_As,out + ‘/6 out(_')]Fe,a(f))e = wi (FE,Oé(f))g ’
(Fea(®),.]._, € C (R?)

satisfying the normalization

(5.6)

(fzm d*zvh Fe,a(f)*Fs,a(f)) = ba,p (5.7)

€
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on a Cauchy surface Y, in the asymptotic future. Note that each Fr: ,e € [0,1] can be chosen to

be real without loss of generality. There are reasonable situations where the distributional modes
(vét)) given in Eq. (5.5), together with distributional modes (vg a)) fail to form a complete
set of distributional normal modes. This happens whenever the operator ([—A: out + Vz out(£)]).
in Eq. (5.2) happens to possess normalizable, i.e., satisfying Eq. (5.7) eigenfunctions with negative
eigenvalues, w2 = —02 < 0. In this case, additional positive-norm modes (wétﬁ)s with the

asymptotic behavior

() ) - ( Qo t—ir/12 7Qat+z‘w/12) (L@))
W) = (e e 5.8
( & fature \/mfs,out(f) e ( )

and their complex conjugates (w,g-;)) are necessary in order to expand an arbitrary Colombeau

solution of Eq. (5.1) As a direct consequence, at least some of the in-modes (u(iﬁ)) (typically
g, e

those with lown w;) eventually undergo an exponential growth. This asymptotic divergence is
reflected on the unbounded increase of the vacuum fluctuations,

(@)= () ] oo, (5:9)

Where F(Z) is the eigenfunction of Eq. (5.6) associated with the lowest negative eigenvalue allowed,
w2 = —0?, € is some positive constant, and & is a dimensionless constant (typically of order umty)
whose exact value depends globally on the spacetime structure (since it crucially depends on the

projection of each (u( )) on the mode (w( )} whose w2 = —0?; k also depends on the initial
€

s

state, here assumed to be the vacuum |0), ). As one would expect, these wild quantum fluctuations
give an important contribution to the vacuum energy stored in the field. In fact, the expectation
value of its distributional energy-momentum tensor, ({1, .. (Z))).,e € (0,1], in the asymptotic
future is found to be dominated by this exponential growth:

(ol A (@) { S5 (024 CEEE g e )
- (2L (O DEDEY o), Y
C(Te@)x
{(e2(@))).} {(1 —4¢) (QZ;F) —(1-6¢) (m;f) - O(e-“)}, (41
(s (), =
{(@2@)), }{(1—2@ (BERE) o (2R te(Ry),
g (QQ (%‘m - 5K5> ) (5.12)
(1 - 6¢) [(DfLafe _ DiSD,F _ Dyf-DiF \
b gy oyl )
e Je 2f2 feFe .

where D; is the derivative operator compatible with the distributional metric (he ;). (so that

Aour = D?), (EHJ) is the associated distributional Ricci tensor so that (Ke out), = (h? ﬁe,,—j> ,
IS €
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and we have omitted the subscript out in (fc,out), and (Ke out), for simplicity. The Egs. (5.10-5.12),
together with Eq. (5.9), imply that on time scales determined by Q !, the vacuum fluctuations of the
field should overcome any other classical source of energy, therefore taking control over the evolution
of the background geometry through the semiclassical Einstein equations (in which ((Tt ..)), is
included as a source term for the distributional Einstein tensor). We are then confronted with a
startling situation where the quantum fluctuations of a field, whose energy is usually negligible in
comparison with classical energy components, are forced by the distributional background spacetime
to play a dominant role. We are still left with the task of showing that there exist indeed well-
behaved distributional background spacetimes in which the operator [(fAE,out + Ve out (f))g}
possesses negative eigenvalues w2 < 0,condition on which depends Eq. (5.9). Experience from
quantum mechanics tells us that this typically occurs when (V out),. gets sufficiently negative over
a sufficiently large region. It is easy to see from Eq. (5.3) that, except for very special geometries (as
the flat one), one can generally find appropriate values of ¢ € R which make (Vz out). as negative
as would be necessary in order to guarantee the existence of negative eigenvalues. For distributional
BH spacetime using Eq. (5.9)-Eq. (5.12) one obtains

/ie2m r1/2 _57" 2
(@20)),. = "s (((T Felr) 1/4) P, (5.13)

—74)" +e?)

{(@2(n)). }

re

((Te,00(r))

1

{ (1 —245) <Q2 n (Dfie((::))) +m? ((r—r)’+ E2)1/2 n §K5> (1 68)
Q. %Delr) (DLW Di()D'E ) (5.14)
(r=rel e (e re e ()P )R

rorgfe(r)=(r—r)*+ 52)1/4

(Teon(r))), { (@2()) .}

utu

QD,F. (ry) QD f. (r)
(1 —4¢) (Tm)*)a —(1-69) (((r T +52)1/4>5 ,  (5.15)
1/4

e fo (r) = ((r = re)? 4 €2)
(Tei5 (1)), <

(2o Ha-2 (M - <M) +6(Reis)_+

_ F? F.
% (92_ <%_m2(7ﬂ_m)2+52)1/2_€[&) > (- 66)
< Dif-Dif- D,fD,F ~ D, f.DiF. > . (5.16)
((r—r0)% + 52)1/2 (=) + E2)1/4 F ((r—r)+ 52)1/2 7).
(hes) ( UD. (Df)* . Duf.DR. )
TN ) 2P (-4 e) R ]
r—Tr4.

Remark 5.1 Note that in spite of the unbounded growth atr — ryin Eq. (5.13)-Eq. (5.16),

(T 1)), is covariantly conserved: (V, <T£'f>)5 = 0. In the static case (feout), = (fe,out(¥)),, for
instance for distributional BH geometry, this implies that the total vacuum energy is kept constant,
although it continuously flows from spatial regions where its density is negative to spatial regions
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where it is positive.

Remark 5.2 Note that the singular behavior at v — r4 appearing in Eq. (5.13)-Eq. (5.16) leads
only to asymptotic divergences, i.e. all the quantities remain finite everywhere except horizon.

6  Distributional SAdS BH Spacetime-induced Vacuum
Dominance

6.1 Adiabatic expansion of green finctions

Using equation of motion Eq. (5.2) one can obtain corresponding distributional generalization of
the canonical Green functions equations. In particular for the distributional propagator

iGE (z,2") = (0 |T (¢ () oF (2)) |0),e € (0,1] (6.1)
one obtains directly

([Oew +m? + ERF (2,6)] GF (2,2")), = — [~gF (z,8)] /? 6" (x —2'). (6.2)

Special interest attaches to the short distance behaviour of the Green functions, such as (GgE (z, ac’))E
in the limit ||z —2'|| — 0 with a fixed ¢ € (0,1]. We obtan now an adiabatic expansion of
(G} (z, x/))E Introducing Riemann normal coordinates y* for the point x, with origin at the point
x'we have expanding

00, =+ (s ) ]9 3 [(R5,0) J s

+{%(R;MWAQL+T%[@§MA@»J(Rgﬂdk}fyyw6+m7 (6.3)

where Ny, is the Minkowski metric tensor, and the coefficients are all evaluated at y = 0. Defining
now

(# @2)), = [((~g5 @2)"") | (62 @.a), (6.4)
and its Colombeau-Fourier transform by

(F (z,2), = 2m) 7" (d"kez ™= (k) _, (6.5)

>
where ky:naﬁkayg, one can work in a sort of localized momentum space. Expanding (6.2) in
normal coordinates and converting to k-space, (g: (k:))E can readily be solved by iteration to any
adiabatic order. The result to adiabatic order four (i.e., four derivatives of the metric) is

(), = (2 =) = (- €) (=) (RE ), +
3 (56w —mt) " (o), 5 [(62,0) Joro" =) * o

where 0o = 0/0k%,
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), (R0, ~ i (8 0) -
310 (RE* ()] (RS 0) + 610 [(R=:2, @) | (RE @)+ (6.7)
+o5 (R 9),] (R, )

and we are using the symbol < to indicate that this is an asymptotic expansion. One ensures that

Eq. (6.5) represents a time-ordered product by performing the kY integral along the appropriate
contour in Pic. 3. This is equivalent to replacing m? by m? —ie. Similarly, the adiabatic expansions
of other Green functions can be obtained by using the other contours in Pic. 3. Substituting Eq.
(6.6) into Eq.(6.5) gives

(azs0))_ = <1 f£> (R
]
1

(z* (z,2")), = (2m) 7" x .
(fd"ke_my[aﬁ(mymﬁe)*af(x,xﬁ€)<6512>+a§(x,xﬁs)(é;12) ](kznﬂ)‘1> o (68)
where

(ai (z,2"5¢)) =1 (6.9)

and, to adiabatic order 4,

(a7 (z,25¢)), =

(% *5) (R* (). - 2 (% *5) [R5 @)1y~ 5 [ (o5 @) v’ (6.10)
(0 (ate), = 3 (5 ) 2 ). + 3 (5 @),

with all geometric quantities on the right-hand side of Eq. (6.10) evaluated at z’.

If one uses the canonical integral representation
(K —m® +ie) " = —zfdse (?—m?+ic) (6.11)

in Eq.(6.8), then the d"k integration may be interchanged with the ds integration, and performed
explicitly to yield (dropping the i€)

(L (a, '), = —i (4m)~"/2 (f ids (is) "/ exp |—im?s + %} FZE (x,a'; zs))
0 ts c (6.12)
o (z,2') = SYay”

The function o (x,z") which is one-half of the square of the proper distance between z and z’, while
the function (. (z,2';is)), has the following asymptotic adiabatic expansion

(F (z,2;is)) =< (ai (z,2;¢)), +is (af (z,2'; je)), + (is)? (a3 (z,2';€)), + - (6.13)
Using Eq. (6.4), equation (6.12) gives a representation of (G (z,x ))
_ (GgE (x,w')) =
—i (47) "2 ([(Ait/2 (z,x'; 8))5] Ofids (is) "% exp {—zm s+ %] Fe (z,2'; zs)) (6.14)

where (A (z,2';¢)), is the distributional Van Vleck determinant
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(A (z,2";¢)), = —det [0,0,0 (x,2")] ([gi (z,€) g% («', g)] 71/2) . (6.15)

€

In the normal coordinates about 2’ that we are currently using, (AL (x,2';€))_ reduces to

([—gi (z,€)] _1/2)5 E

The full asymptotic expansion of (5i (z,2'; zs))g to all adiabatic orders is

o

(F (z,2';is)), =< (is) (a3 (z,2";€)), (6.16)

7=0

with (a(:)E (z,2'; 5))5 = 1, the other (a?': (z,2'; z;‘))s being given by canonical recursion relations which
enable their adiabatic expansions to be obtained. The expansions (6.13) and (6.16) are, however,
only asymptotic approximations in the limit of large adiabatic parameter T

If (6.16) is substituted into (6.14) the integral can be performed to give the adiabatic expansion of
the Feynman propagator in coordinate space:

L N o g—n/2 [ A1/2 fy e~ & ‘. _9 ’
(GZ (z,2)) = — (4mi) AY7 (z,x ,5)]20% (z,z ,E)( 8m2> x

n—2
om2\ © 1
X [(_U> H((TQL)—Q)/Q ((27”2‘7)2)]) )

in which, strictly, a small imaginary part ie should be subtracted from o. Since we have not imposed
global boundary conditions on the distributional Green function Colombeau solution of (6.2), the
expansion (6.17) does not determine the particular vacuum state in (6.1). In particular, the ” i€’
in the expansion of (Gii (z, SIZ"))E only ensures that (6.17) represents the expectation value, in some
set of states, of a time-ordered product of fields. Under some circumstances the use of 7 i€” in
the exact representation (6.14) may give additional information concerning the global nature of the
states

(6.17)

6.2 Effective action for the quantum matter fields in curved distribu-
tional spacetime

As in classical case one can obtain Colombeau generalized quantity (W.)_, called the effective
action for the quantum matter fields in curved distributional spcetime, which, when functionally
differentiated, yields

( (_gfa))é 59%6)) — (T (D). (6.18)

To discover the structure of (W:)_, let us return to first principles, recalling the Colombeau path-
integral quantization procedure such as developed in [1], [2]. Our notation will imply a treatment
for the scalar field, but the formal manipulations are identical for fields of higher spins. Note that
the generating functional

(2. [3.)). = (D [pe] exp{iSim (€) + i3 (2) = () d"a}), (6.19)

was interpreted physically as the vacuum persistence amplitude ({out.,0[0,in.)), . The presence
of the external distributional current density (J.)_ can cause the initial vacuum state (|0,in.)), to
be unstable, i.e., it can bring about the production of particles. In flat space, in the limit (J.). =0,
no particles are produced, and one have the normalization condition
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(Z:[0]). = (D [pe] exp {iSm () + iJe () @ () d"2}) | ;_o = ((0:]0:)). = 1. (6.20)
However, when distributional spacetime is curved, we have seen that, in general,
(10,0ut.))_ # (|0,in))_, (6.21)

even in the absence of source currents J. Hence (6.19) will no longer apply. Path-integral quantization
still works in curved distributional spacetime; one simply treats (Sm (¢)). in (6.19) as the curved
distributional spacetime matter action, and (J. (x)), as a current density (a scalar density in the
case of scalar fields). One can thus set J. = 0 in (6.19) and examine the variation of (Z.[0]), :

(02:10]), = iD [pc] 6Sm () exp [iSm (e €)] = i ({(out.,0|6Sm (¢) 0, in.)), . (6.22)

Note that

2 0Sm (e) \ _
((g (@)% 39 <E>)E ~ e o

From (6.22) and (6.23) one obtains directly

((_g ?a))é 5(;%[(0;))5 =i ({oute,0|T,, () [0, in.)). (6.24)
Noting that the matter action Sm (£) appears exponentiated in (6.19), one obtains directly
Z:[0] = (exp (iWe)), (6.25)
and

(exp (We)), = —i (In(out., 00, in.))_ . (6.26)

Following canonical calculation one obtains

(Z2(0)), ox ([det (~GF (z,2))] *) (6.27)

£

where the proportionality constant is metric-independent and can be ignored. Thus we obtain

(W) = —i (nzZ£[0))_ = —% (tr [m (—Gi)]) . (6.28)

£

In (6.28) (G‘?) is to be interpreted as an Colombeau generalized operator which acts on an linear

space S of generalized vectors |z) ,normalized by
’ _ / + —%
((w[a), =8 (=) ([~g* (@.9)] 7). (6.29)
in such a way that
(G£ (0,2)), = (@] GZ o) - (6.30)

Remark 6.1 Note that the trace tr[] of an Colombeau generalized operator (Rc). which acts on a
linear space S, is defined by

(tr[Re)), = (&' [g* (@.)]F Rowc) = ([ d"2 [~g* (@,6)]* (@] Ruwic[2)) . (6:31)

€
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Writing now the Colombeau generalized operator (Gf) as

€

(G‘?)E =— (.7-"3:71)s =—3 (:fods exp [—sff]) , (6.32)

€

by Eq.(6.14) one obtains

((z|exp [—s}"ei] lz')) =

i(am) 7 [(AY? @a's9)) Jexp [—Ws L o@e) (6.33)

+ ’. . \N—n/2
5| 7 watsio) ()

Now, assuming(c), to have a small negative imaginary part, we obtain
(f ds (is) " iexp [—Jf]) = (Bi (~iAFE))_, (6.34)
A

€

where Ei(z) is the exponential integral function.

Remark 6.2 Note that for x — 0
Ei(z)=v+In(—-z)+ 0 (z), (6.35)
where 7y is the Euler’s constant. Substituting now (6.85) into (6.34) and letting A — 0 we obtain

(ln (fé‘f))g =—(In(F)), = (Zods exp [—sFZ] (is)_1> , (6.36)

€

which is correct up to the addition of a metric-independent infinite large Colombeau constant 2 € R
that can be ignored in what follows. Thus, in the generalized De Witt-Schwinger representation
(6.33) or (6.14) we have

(<x| In (—éf) |x'>>s = <;f: G* (z,2';m?) dm2) , (6.37)

£

where the integral with respect to m? brings down the extra power of (is)f1 that appears in Eq.
(6.36). Returning now to the expression (6.28) for (WZ)_ wusing Eq. (6.37) and Eq. (6.31) we
get.

(Wsﬁ:)'S = % [(f d"x [—gi (z,¢)] %)E] (lim sz (z,2';m?) dm2> . (6.38)

z—x’
m

€

€

Interchanging the order of integration and taking the limit x — x’ one obtains
Y s
(W), = % (f dm*d"x [—g* (v,¢)]? GF (m,m;m2)> . (6.39)
m2 e

Colombeau quantity(WEi)E is called as the one-loop effective action. In the case of fermion effective
actions, there would be a remaining trace over spinorial indices. From Eq. (6.39) we may define

an effective Lagrangian density (Lsi;eﬂ‘ (x)) by
>

(W), = (Jd"a [-g% (@.)]* L () (6.40)

5

whence one gets
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(L;E (;t))E = [—gi (z,¢)] H f;eﬁ (z) = % <zli_)n;l zdeGf (m,x';m2)> . (6.41)

6.3 Stress-tensor renormalization

Note that (Lei (1:))5 diverges at the lower end of the s integral because the o/2s damping factor
in the exponent vanishes in the limit = — x’. (Convergence at the upper end is guaranteed by the
—ie that is implicitly added to m? in the De Witt-Schwinger representation of (Lg': (gc))E . In four
dimensions, the potentially divergent terms in the DeWitt- Schwinger expansion of (Lg': (:tc))s are

(Lidw (ﬂf)) =
- (327r2)_1 ( lim [(Aiﬂ (w,x';s))g] T@ exp |—im?%s + M} X (6.42)

z—x’

x [ag (z,2';¢) +isaf (x,2';¢) + (is)” a5 (z,2';€)])_,

where the coefficients aF, af and aF are given by Eq. (6.9)-Eq. (6.10). The remaining terms in
this asymptotic expansion, involving agt and higher, are finite in the limit = — z’.

Let us determine now the precise form of the geometrical (Lidm (x)) terms, to compare them

€
with the conventional gravitational Lagrangian that appears in (2.38). This is a delicate matter
because (6.48) is, of course, infinite. What we require is to display the divergent terms in the form
00 X [geometrical object ]. This can be done in a variety of ways. For example, in n dimensions,

the asymptotic (adiabatic) expansion of (Lgi;eﬁ' (m)) is
g

(ch;eﬁ‘ (w))s =
o1 (471')7"/2 ( lim [(AL/Q (:c,x';a))J i a; (z,z';€) x (6.43)

z—a’ 3=0

[} . /
x [ids (is)) 17" exp [—im25 + M})
0 2is R

of which the first n/2+ 1 terms are divergent as o — 0. If n is treated as a variable which can be
analytically continued throughout the complex plane, then we may take the = — 2’ limit

(Lieﬁ (x)) =271 (4m) /2 (i aj (z;¢€) ofoids (is)’ 17" % exp [im25]> =

€ 7=0 0
o) i 6.44
2 (4m) " 5 ay ) ()T (5 - 7). .
2

a; (z;€) = a; (z,x5¢€) .

From Eq. (6.44) it follows we shall wish to retain the units of Lieﬂ (x) as (length) ~*, even when
n # 4. It is therefore necessary to introduce an arbitrary mass scale p and to rewrite Eq.(6.44) as

(Ljfeff (x)) = 271 (47) "/ (m>n4 (fj a; (w;¢) (m?)* T (j - Z)) . (6.45)

12 j=0

g

If n — 4, the first three terms of Eq.(6.45) diverge because of poles in the I' - functions:
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<4En*7>+0(”*4)7

) 27n (z%g—7>+fﬂn—4% : (6.46)

2= 2) ZE*_7+OW_)

/—\
%\3

)

Aw\ﬁ

Denoting these first three terms by (L;fdiv (a:)) , we have
£

(Lidiv (95))5 = (4m)"™/?
(T s M

The functions ap (x;€) , a1 (x; €) and a2 (x; €) are given by taking the coincidence limits of (6.9)-(6.10)

Finally one obtains

(Lgfren (x))s = 76471772 (:foids In (is) 822)3 []—'Si (z,x;18) e_ismz] ) ) . (6.49)

Special interest attaches to field theories in distributional spacetime in which the classical action
(Sc), is invariant under distributional conformal transformations,i.e.,

(G (2,€)). = (92 () g (2,9)) . £ (1 (@,€)). - (6.50)

From the definitions one has

-4 T
(SE [gﬁ (x,s)])a = (S [g,w (z,e ]) <f d"x <W> sgtee (x,5)> . (6.51)

From Eq.(6.51) one obtains

: (6.52)

Q=1

T;E P [g;:i:u (z,¢€) 75} - _ ( Q% (z) 08 [gfﬁ, (.1‘@)])
[ €

-9 (Iﬁs)]% JQE (:L')

and it is clear that if the classical action is invariant under the conformal transformations (6.50),
then the classical stress-tensor is traceless. Because conformal transformations are essentially a
rescaling of lengths at each spacetime point x, the presence of a mass and hence a fixed length scale
in the theory will always break the conformal invariance. Therefore we are led to the massless limit
of the regularization and renormalization procedures used in the previous section. Although all the
higher order (j > 2) terms in the DeWitt-Schwinger expansion of the effective Lagrangian (6.45)
are infrared divergent at n = 4 as m — 0, we can still use this expansion to yield the ultraviolet
divergent terms arising from j == 0,1, and 2 in the four-dimensional case. We may put m = 0
immediately in the j = 0 and 1 terms in the expansion, because they are of positive power for
n ~ 4. These terms therefore vanish. The only nonvanishing potentially ultraviolet divergent term

48



Foukzon et al.; BIMCS, 13(6): 1-54, 2016; Article no.BJMCS.19235

is therefore j =2:

n—4
21 (47r) "/ (T) as (z,6)T (2 - E) , (6.53)
n 2
which must be handled carefully. Substituting for as(z) with £ = £(n) from (6.48), and rearranging
terms, we may write the divergent term in the effective action arising from (6.53) as follows

(W), =27 am o () (2,,) (Fars [-o* @) Faa (@e)) =

n-d " 1 : (6.54)
 (4m) "/ (%) r(2-2) (Jd"a[-g* @.2)]" [aF F (@) + BGE (@)]) +O(n—1),

€

where
afBy a 1 2
(= @), = (R @) RE, ; (w.6)) —2(R*7 (@0 RE, (2.9)) + 5 (R* (w,9),, (6.55)
(G2 (@), = (Riaw (2,e) RE, 5 (a, 5))6
and
- 6.56
120’5 360 (6:56)
Finally one obtains
Kz, e = - 7)) Ja (Fe (x) — 2 * (2, g:x =
(Th (%,€)) on (1/28807°) [a (F < () — 0R™ (2,¢))_ + B (GZ () ] (6.57)

— (1/28807%) [ (R

wis @ REP (@0)) — (RE, (@,) RE (,0)) —OR* (,9)] .

Note that from Eq.(3.42) for r— 2m it follows that
(RP7 (&) Ry (2)), = ([(r = 2m)* +63] ) +42m)". (6.58)

Thus for the case of the distributional Schwarzchild spacetime given by the distributional metric
(3.40) using Eq. (6.57) and Eq. (6.58) for r — 2m one obtains

(T () = — (28807%) " [([(r —2m)® + &7 ‘1)5 +4 (2m)4] . (6.59)

This result in a good agreement with Eq.(5.14) — Eq. (5.16).

7 Conclusions and Remarks

This paper dealing with an extension of the Einstein field equations using apparatus of contemporary
generalization of the classical Lorentzian geometry named in literature Colombeau distributional
geometry, see for example [1], [2], [3], [4], [5], [6], [7]. The regularizations of singularities present in
some solutions of the Einstein equations is an important part of this approach. Any singularities
present in some solutions of the Einstein equations recognized only in the sense of Colombeau
generalized functions [1], [2] and not classically.

In this paper essentially new class Colombeau solutions to Einstein field equations is obtained. We
have shown that a succesfull approach for dealing with curvature tensor valued distribution is to first
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impose admisible the nondegeneracy conditions on the metric tensor, and then take its derivatives
in the sense of classical distributions in S%,,(R?) space.

The distributional meaning is then equivalent to the junction condition formalism. Afterwards,
through appropiate limiting procedures, it is then possible to obtain well behaved distributional
tensors with support on submanifolds of d < 3, as we have shown for the energy-momentum
tensors associated with the Schwarzschild spacetimes. The above procedure provides us with what is
expected on physical grounds. However, it should be mentioned that the use of new supergeneralized
functions (supergeneralized Colombeau algebras G(R*,X)) in order to obtain superdistributional
curvatures, may render a more rigorous setting for discussing situations like the ones considered in
this paper.

The vacuum energy density of free scalar quantum field ® with a distributional background spacetime
also is considered. It has been widely believed that, except in very extreme situations, the influence
of gravity on quantum fields should amount to just small, sub-dominant contributions. Here we
argue that this belief is false by showing that there exist well-behaved spacetime evolutions where the
vacuum energy density of free quantum fields is forced, by the very same background distributional
spacetime such BHs, to become dominant over any classical energy density component. This
semiclassical gravity effect finds its roots in the singular behavior of quantum fields on curved
spacetimes. In particular we obtain that the vacuum fluctuations <¢'2> have a singular behavior on

BHs horizon r4: <<I>2 (r)> Tr = r+|72 .We argue that this vacuum dominance may bear important
astrophysical implications.
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Appendix A

Expressions for the Colombeau quantities

(R({} ()., (R ({1, (€))Ryw ({}; (€))) and (R ({}, (€))Rpov ({}, (€)) ) in terms of (Ac),, (Be).,

(Ce), and (D.)_,e € (0,1]
Let us introduce now Colombeau generalized metric which has the form

[ @D, =~ (@ @), -2 (D) dabar), + (B 1)+ O ey, (A1)
(B ()72 [(40)* + sin 6(d0)]) - |
(

The Colombeau scalars (R (€))_ , (R"” (¢) Ry, (€)) and (RP7"" (€) Ryopw (€)), , in terms of Colombean

generalized functions (Ac (r))_, (B (1)), , (C’E (7”))E , (D¢ (r)), are expressed as

A [2 Al LAl 2 A.C.+ D2 A B!
<mmf<eb( z‘%*aj+ﬁ‘zaf‘1‘%z
VLB AL (1AL BLY AL
2 \ B. A.B. 2A.  B.) Ac ’

A% (1 AY 1AA. 1A'B 1A
ng — € - € _ = € - - ‘e
(R (5)R;w(€))e <Az (2 4 AA, +2AB +7‘A )) +
A2 1 /1 AL 1AC’ +D2 1 AB;
2( == |=(= _7_2
+ (AZ [r (2 >+ T 2A.B.

1”1A +
2 4 B:Ac

A2 1A lAA’ lAéBé_i_Bé’_l AW
A2 2A. 4AA. T 2A, B. 2 \ B, (A.2)
LA LA A 322
2B r \ A  Ae B. ’
Rp(wy (OR popv (5))

AZ (Al LAALN? A (1AL 1A6 2
A2 A, 2AA. A \r4 T24.B

[ pacart 1 (o >
el A’) RV %
Sy -1
Here
(Ae), = (Ac (r) (Be (r) + Ce (1)), + (DZ (r)) .. (A.3)
Assume that
(Ac(r)), =1,(Be(r). = 1,(De (1)), = 0. (A.4)

From Eq. (A.2)-Eq. (A.4) one obtains
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44, 2A.C. .,
R (0)), = (-1, 24C fAe) ,

(R* (€) Ryuw (€)=

€

1 " 1 ’ 2 Ale Aece 2 1 1" 1 ! 2
<(2AE+TA€)> +2<[—r+ > } + | 547+ A » (AB)

€

(R (€) Rpopu (6))5 =

<(A2’)2+2<1‘:})2+4(A?%)2+2<§>2>
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