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Abstract

The incompleteness of set theory ZFC' leads one to look for natural nonconservative extensions
of ZFC in which one can prove statements independent of ZFC which appear to be “true”.
One approach has been to add large cardinal axioms.Or, one can investigate second-order
expansions like Kelley-Morse class theory, KM or Tarski-Grothendieck set theory T'G or It is
a nonconservative extension of ZFC and is obtained from other axiomatic set theories by the
inclusion of Tarski’s axiom which implies the existence of inaccessible cardinals. See also related
set theory with a filter quantifier ZF (aa). In this paper we look at a set theory NCO#O#, based
on bivalent gyper infinitary logic with restricted Modus Ponens Rule In this paper we deal
with set theory NC’Z’Z# based on bivalent gyper infinitary logic with Restricted Modus Ponens
Rule. Nonconservative extensions of the canonical internal set theories IST and HST are proposed.
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1 Introduction

The incompleteness of set theory ZFC' leads one to look for nonconservative natural extensions of
ZFC in which one can prove statements independent of ZFC which appear to be “true”. One
approach has been to add large cardinal axioms. Or, one can investigate second-order expansions
like Kelley-Morse class theory, KM [1] or Tarski-Grothendieck set theory TG [2]. It is a non-
conservative extension of ZF'C and is obtained from other axiomatic set theories by the inclusion
of Tarski’s axiom which implies the existence of inaccessible cardinals. See also set theory with a
filter quantifier ZF(aa) [3],related to set theory with satisfaction predicate. However nonconservative
extensions of ZFC' mentioned above related only to pure set theoretical statements. In this paper
we look for nonconservative extensions of Z F'C' in which one can prove statements related to number
theory and analysis. In this paper we deal with set theory NCi# based on hyper infinitary logic
QLi# with restricted modus ponens rule [4]-[7].Non trivial applications of the set theory NCfo#
to transcendental number theory and functional analysis has been recently obtained in my papers
[7]-[10].However all results obtained in [7]-[10] based on a small part of the set theory NCi# and in
fact are obtained using an nonconservative extension of the canonical internal set theory IST [11]-
[13]. The main goal of this paper is to present an nonconservative extension IST# of the canonical
internal set theory IST.Nonconservative extension of the model theoretical nonstandard analysis
also is considered.

2 Set Theory NCfO#

Set theory NCi# is formulated as a system of axioms based on bivalent hyper infinitary logic ZLZZ#
with restricted modus ponens rule [8],see Appendix A. The language of set theory NCi# is a first-
order hyper infinitary language Lo#o# with equality =, which includes a binary symbol €. We write

x # yfor - (x =y) and z ¢ y for =(x € y). Individual variables z, y, z, ... of Li# will be understood
as ranging over classical sets. The unique existential quantifier 3! is introduced by writing, for any
formula ¢(z), 3lzp(x) as an abbreviation of the formula Iz[p(z) & Vy(ely) = =z = y)}.Lfo#
will also allow the formation of terms of the form z|p(z)}, for any formula ¢ containing the
free variable z. Such terms are called non-classical sets; we shall use upper case letters A, B, ...
for such sets. For each non-classical set A = {z|p(z)} the formulas Vz [z € A < ¢ (z)] and
Ve [z € A < ¢(x,A)] is called the defining axioms for the non-classical set A.

Remark 2.1. Remind that in logic QLfo# with restricted modus ponens rule the statement
a A (e = ) does not always guarantee that

a,a = Brrup B (2.1)

since for some o and 3 possible
a,a = [ Frup (2.2)

even if the statement a A (¢ = f3) holds [8],see Appendix A.

Abbreviation 2.1 We write for the sake of brevity instead (1.1) by

a = f (2.3)
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and we often write instead (1.2) by

a = uf (2.4)
Remark 2.2. Let A be an nonclassical set.Note that in set theory NCi#the following true formula

JAVz [z € A < ¢ (z,A)] (2.5)
does not always guarantee that
reAxreA = ¢(z,A) Frupr ¢(x,A) (2.6)
even if € A holds and (or)
oz, A),o(z,A) = z € Abrup z € A; (2.7)

even ¢ (z, A) holds, since for nonclassical set A for some y possible

yeA yeA = ¢(y,A) Frur ¢ (y,4) (2.8)
and (or)

e, A), ¢(y,A) = ye€ A¥rury € A (2.9)
Remark 2.3. Note that in this paper the formulas

daVz[r € a <= p(x) Az €U (2.10)

and more general formulas

daVz [z € a <= ¢ (x,a) Az € u] (2.11)

is considered as the defining axioms for the classical set a.
Remark 2.4. Let a be a classical set. Note that in NCi#: (i) the following true formula

JavVe [z € a <= p(z,a) Az € U] (2.12)
always guarantee that
r€a,r€a = p(z,a) Frup ¢ (T) (2.13)
if € a holds and
p(@),p(z) = z€alrupz€a; (2.14)

if ¢ (z) holds;
In order to emphasize this fact mentioned above in Remark 2.1-2.3, we rewrite the defining axioms
in general case for the nonclassical sets in the following form

JAVz{[r € A <= sp(z,A)]V[r € A <= wp(z,A)]} (2.15)

and similarly we rewrite the defining axioms in general case for the classical sets in the following
form
JaVz [z € a <= ¢ (z) A (z € u)] (2.16)

Abbreviation 2.2. We write instead (2.15):

Ve{[z € A <= swo(z,A)]} (2.17)

18



Foukzon; JAMCS, 87(7): 16-43, 2022; Article no.JAMCS.90139

Definition 2.1. (1) Let A be a nonclassical set defined by formula (2.17).

Assum that: (i) for some y statement ¢ (y) and statement ¢ (y) = y € A holds and
(i) ¢ (y), 0 (y) = y€AFruPYEA yeAyeA = ¢(y)¥rur ¢ (y).

Then we say that y is a weak member of non-classical set A and abbreviate y €,, A.

Abbreviation 2.3. Let A be a nonclassical set defined by formula (2.17) We abbreviate x €54, A
if the following statement = €5 AV x €,, A holds, i.e.

T Esw A ey (x €Es AV €y A) (2.18)

Definition 2.2.(1) Two nonclassical sets A, B are defined to be equal and we write A = B if
Vz [z €Esw A < sx Es,w B]. (2) A is a subset of B, and we often write A C, . B,if
Va [z €Esw A = s €5, B].(3) We also write CL.Set(a) for the formula JuVz [z € a <= x € u A ¢ (x)].
(4) We also write NCL.Set(A) for the formulas
VI [z €sp A <= spp(z)] and Vz [z €50 A <= s (z, A)].

Remark 2.5.CL.Set(A) asserts that the set A is a classical set. For any classical set u, it follows
from the defining axiom for the classical set {z|z €; u A ¢ (z)} that
CL.Set({z|z €s u A ¢ (z)}).

We shall identify {z|z €, u} with u, so that sets may be considered as (special sorts of) nonclassical
sets and we may introduce assertions such as u Cs; A,u S, A, etc.

Abbreviation 2.4. Let ¢(¢) be a formula of NCi#
(i) Vop(z) and VY zp(z) abbreviates Vo (CL.Set(z) = ¢(x))
(ii) Jzp(x) and ITz¢(x) abbreviates Vz (CL.Set(x) = ¢(z))
(iii) VX o(X) and YNCE X p(X) abbreviates VX (NCL.Set(X) = ¢(X))
(iv) 3X¢(X) and FNL X p(X) abbreviates IX (NCL.Set(X) = (X))

Remark 2.6. If A is a nonclassical set, we write 3z € A ¢ (z, A) for Jz [z € AN (x, A)]
and Vo € Ap (x,A) for Va [z € A = ¢ (z, A)].

We define now the following sets:
1{ut,ug,..,unt ={zlz=w1 Ve =uz2 V..V =uy}.
2.{A1,A2,.,.,An}: :{x|x:A1 \/x:AQ\/,..\/x:An}.
BUA={z|Fylye Anz ey]}.
4NA={zVylye A = z€y]}. 5, AUB={zjlz € AVz € B}.
5ANB={zjr € ANr€B}.6A-B={z|lz€ ANz ¢ B}. Tut =uU{u}.
8P (A)={z|lz CA}. 9{z € Alp(z, A} ={z|lr € ANp(z,A)}. 10.V = {z|z = z}.
11.0 = {z|z # z} .
The system NC’Z’Z# of set theory is based on the following axioms:
Extensionalityl: VuVv [Vz (z € u <= z €v) = u =]
Extensionality2: VAVB [Vz (r € A <= ,wz € B) = A= B]
Universal Set: NCL.Set (V)
Empty Set: CL.Set (@)
Pairingl: VuVv CL.Set({u,v})
Pairing?2: VAVB NCL.Set({A, B})
Unionl: Vu CL.Set(Uu)
Union2: VA NCL.Set(UA)
Powersetl: Yu CL.Set(P (u))
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Powerset2: VA NCL.Set(P (A4))

Infinity Ja [@ EaNnVrEa (ar:+ € a)]

SeparationlVuiVus, ...Vu,Va3CL.Set ({x €s alp (z,u1,u2, ..., un)})
Separation2VuVus, ...Vu,NCLSet ({x €s,w Alp (z, A;u1,uz, ..., un)})
ComprehensionlVu,Vus, ...Vu,JAVZ [z €s 0w A <> 5w (T;5u1, U2, ..., Un)]
Comprehension 2 VuiVug,..Vu,JAVZ [z €50 A <= 5w (T, Ajur, uz, ..., un)]
Comprehension 3 VuiVus,..Vu,3aVx [ €; a <= s (a Cu1) Ao (x,a;u1, U2, ..., Un)]

In particular:

Comprehension 3’ VudaVz [z €; a <= s (a Cu) A ¢ (z,a;u)]

Hyperinfinity: see subsection 2.1.

Remark 2.7. Note that the axiom of hyper infinity follows from the schemata Comprehension 3.
Definition 2.3. The ordered pair of two sets u, v is defined as usual by

(u,0) = {{u}, {u,v}} (2.19)

Definition 2.4. We define the Cartesian product of two nonclassical sets A and B as usual by

AXsw B={{z,y) | €sw ANY Esw B} (2.20)

Definition 2.5. A binary relation between two nonclassical sets A,B isasubset RCgs . A X0 B.
We also write aRs b for < a,b >€,., R. The doman dom(R) and the range ran(R) of R are
defined by

dom(R) = {z|3y (zRs,wy)} ,ran(R) = {y : 3z (zRs,wy)} (2.21)
Definition 2.6. A relation Fs ., is a function, or map, written Fun(Fs ), if for each a €

dom(F) there is a unique b for which aFs, .,b. This unique b is written F'(a) or Fa.

We write Fs. : A — B for the assertion that Fs . s a function with dom(F; ) = A and
ran(Fs ) = B.In this case we write a — Fy . (a) for F; ya.

Definition 2.7. The identity map 14 on A is the map A — A given by a +— a.
If X Cs,w A, the map x — x : X — A is called the insertion map of X into A.

Definition 2.8. If F,,, : A — B and X C, . A, the restriction Fs ,|X of Fs . to X is the map
X — A given by x — Fs (z). 'Y C,, B, the inverse image of Y under Fj ., is the set

FillV]={r €sw A: Fsuw(z) €500 YV} (2.22)

Given two functions Fs ., : A - B,Gs . : B — C, we define the composite function G 0 Fs o :
A — C to be the function a +— G w(Fs,w(a)). If Fs: A — A, we write FZ2,, for Fs.p 0 Fs.w, F2,
for Fs . 0 Fs w0 Fs . etc.

Definition 2.9. A function Fs ., : A — B is said to be monic if for all 2,y €5,w A, Fs,w(z) = Fs,w(y)
implies x = y, epi if for any b €5, B there is a €5, A for which b = F w(a), and bijective,
or a bijection, if it is both monic and epi. It is easily shown that F . is bijective if and only if
F . has an inverse, that is, amap G, : B — Asuch that  Fj ., 0Gsw = 1B and Gs,w0oFsw = 14.

Definition 2.10. Two sets X and Y are said to be equipollent, and we write X = ,, Y,if there is
a bijection between them.
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Definition 2.11. Suppose we are given two sets I, A and an epi map Fs ., : I — A.

Then A = {F, . (t)|t € I} and so, if, for each i €,., I, we write a; for Fi (i), then A can be
presented in the form of an indexed set {a; : ¢ €, I}. If A is presented as an indexed set of sets
{Xili €s,w I}, then we write |J,; X; and [,; Xi for UA and NA, respectively.

Definition 2.12. The projection maps m1 : A X5 B — A and w2 : A X5, B — B are defined to
be the maps < a,b >— a and < a,b >+ b respectively.

Definition 2.13. For sets A, B, the exponential B# is defined to be the set of all functions from
A to B.

2.1 Axiom of nonregularity

Remind that a non-empty set u is called regular iff Vz[x # & — (Jy € z)(z Ny = @)].

Let’s investigate what it says: suppose there were a non-empty z such that (Vy € z)(z Ny # 9).
For any z; € = we would be able to get z2 € z1 Nz. Since z2 € x we would be able to get z3 € zoNx.
The process continues forever: ... € zp41 € 2zn... € 24 € 23 € 22 € z1 € x.Thus if we don’t wish to
rule out such an infinite regress we forced accept the following statement:

Jzjxz # 0 — (Vy € 2)(z Ny # 9)] (2.23)

2.2 Axiom of hyperinfinity

Definition 2.14.(i) A non-empty transitive non regular set u is a well formed non regular set iff:
(i) there is unique countable sequence {un},. , such that

e EUnt1 €EUp... EULE U3 E U2 EUL EU (2.24)

(ii) for any n € Nn and any un+1 € un :

Un =ut = (2.25)
where ¢ =a U {a}.
(ii) we define a function o™ inductively by a1 = (aﬂk])

Definition 2.15. Let u and w are well formed non regular sets. We write w < u iff for any n € N

+

W E Up. (2.26)

Definition 2.16. We say that an well formed non regular set w is infinite (or hyperfinite)
hypernatural number iff:
(I) For any member w € u one and only one of the following conditions are satified:

(i) w € Nor

(ii) w = uy, for some n € N or

(iil) w < u.
(IT) Let <u be a set <u = {z|z < u},then by relation (- < -) a set <u is densely ordered with no
first element.
(III) N C u.

Definition 2.17. Assume u € N¥ then u is infinite (hypernatural) number if u € N#\N.
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Axiom of hyperinfinity

There exists a set N¥ such that:
(i) N c N#
(ii) if w € N*\N then there exists infinite (hypernatural) number v such that v < u,
(iii) if w € N*\N then there exists infinite (hypernatural) number w such that for any
neN:utll <,
(iv) set N¥\N is patially ordered by relation (- < -) with no first and no last element.

3 Hypernaturals N7

In this section nonstandard arithmetic A# related to hypernaturals N* is considered axiomatically.

3.1 Axioms of the nonstandard arithmetic A# are:

Axiom of hyperinfinity
There exists unique set N¥ such that:
(i) N c N#
(ii) if w is infinite (hypernatural) number then there exists infinite (hypernatural)
number v such that v < u
(iii) if w is infinite hypernatural number then there exists infinite (hypernatural)
number w such that v < w
(iv) set N¥\N is patially ordered by relation (- < -) with no first and no last element.

Axioms of infite w-induction
)
VS(SCN){{/\(nES:Sn+65)} :>SS:N} (3.27)

new

(ii) Let F' (z) be a wif of the set theory NCfO#, then

{/\ (F(n) = SF(n+))] = Vn(n€w)F (n) (3.28)

new

Definition 3.1.(i) Let 8 be a hypernatural such that 8 € N*\N. Let [0, 3] C N# be a set such
that Vz [z € [0, 8] <= 0<z < f] and let [0, 3) be a set [0,5) = [0,58]\ {B8}.
(ii) Let 8 € N*\N and let Bs C N¥be a set such that

Va {x € Boo = Tk(k>0) [o <z< 5+lk]]} (3.29)

Definition 3.2.Let F (z) be a wif of NCO#O#With unique free variable z.We will say that a wif F' (z)
is restricted on a classical set S such that S G N# iff the following condition is satisfied

Vo [a € N¥\S = —F (a)] (3.30)

Definition 3.3.Let F' (x) be a wif of NCi#With unique free variable z.We will say that a wif F' (z)

is strictly restricted on a set S such that S ;S N# iff there is no proper subset S’ C S such that a
wif F (z) is restricted on a set S'.
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Example 3.1.(i)Let fin (a) , @ € N*be a wff formula such that fin (o) <= sa € N.Obviouslyw f ffin(a)
is strictly restricted on a set N since Va [a € N¥\N = ,~fin (a)] .

Let hfin (o) , & € N#*be a wif formula such that hfin (a) <= ;o € N¥*\NsinceVa[a € N = ,—hfin (a)].

Definition 3.4. Let F (z) be a wif of NCO#O#With unique free variable x.We will say that a wif
F(z) is unrestricted if wif F' () is not restricted on any set S such that 5 & N#.

Axiom of hyperfinite induction 1
VS (S Cs [0,8]) VB (B €s N¥) N\,
{Va(a €5[0,08)) [ A (aesS = of & S):| = S = [Qﬁ]}.

0<a<p

(3.31)

Axiom of hyperfinite induction 1’

VS (S Cs [0, B0]) VB (B € N#) N\,
{\m(ae[mﬁw]) A (aeS = ates)| = 5—[075"0}}'

0<a<Boo

(3.32)

Axiom of hyper infinite induction 1

0<a<p

VS (S C. N#) {V,B (8 € N#)

A (a€.S = aof e S)] = 5= N#}. (3.33)

Definition 3.5.A set S C, N*is a hyper inductive if the following statement holds
A (Oé €58 = sat g, S) (3.34)
a€ N# ’

Obviously a set N# is a hyper inductive. Thus axiom of hyper infinite induction 1 asserts that a
set N¥ this is the smallest hyper inductive set.

Axioms of hyperfinite induction 2

Let F (z) be a wil of the set theory NCi# strictly restricted on a set [0, 5] then

[Vﬁ(ﬁe[o»ﬁl){ A (Fla) = J(a*))” — Va(ae[0,6)F (o) (3.35)

0<a<p

Let F (x) be a wif of the set theory NCO#O# strictly restricted on a set [0, Soc]then

0<a<foo

[VB (Be [0,,6’00])[ A (Fla) = SF(cﬁ))H = Va(ael0,Bx]) F () (3.36)
Axiom of hyper infinite induction 2

Let F (x) be anrestricted wil of the set theory NC## then
(oo}

{v& (B € N#)

A (F(a) = SF(M))H = VB (B € N*)F(B) (3.37)

0<a<p

The main restricted rules of conclusion.
If A# - A then —=A Frup B,where B €# . Thus if statement A holds in A# we cannot obtain
from —A by restricted rules of conclusion any formula B €# whatsoever.
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3.2 The generalized recursion theorem

Theorem 3.1. Let S be aset, c € S and G : S — S is any function with dom (G) = S and
range (G) € S.Let W [G] € N¥ x S be a binary relation such that:

(a) (1,¢) € W[G] and (b) if (z,y) € W [G] then (Sc(z),G (y)) € W [G].
Then there exists a function F : N¥ — § such that: (i) dom (F) =N#and  range() C S;(ii)
(1) = ¢;(iii) for all 2 € N#* | (Sc(z)) = G ((2)).
1.The desired function is a certain hyper inductive binary relation W € N* x S.

It is to have the properties:
(ii") (1,¢) € Wi(iii’) for all z € N# if (z,y) € W then (Sc (z),G (y)) € W.
Remark 3.1. The latter is just another way of expressing (iii), that for all z € N#

F(z)=y (3.38)
then

(Sc(z)) =G (y) (3.39)
Remark 3.2.Note that any relation W mentioned above is a hyper inductive relation since the
hyper inductivity conditions (ii’)-(iii’) are satisfied.

However there are many hyper inductive relations which satisfy the conditions (ii’)-(iii’); on such
is N* x S.What distinguishes the desired function from all these other hyper inductive relations
is that we want (a,b) to be on it only as required by (ii’) and (iii’). In other words, it is to be the
smallest hyper inductive relation satisfying (ii’)-(iii’). This can be expressed precisely as follows:

(1) Let M be a set of the hyper inductive relations W satisfying the conditions (ii")

and (iii’); then we define a set = (| W. Hence (2) whenever W € M then C W.

wWeM

We shall now show that we can derived from (1) that is also one hyper inductive relation in M.(3)
(1,0) €.

This follows immediately from the definition of () and the fact that (1,¢) € W for all W €

weM
M.(4) If (z,y) € then (Sc(z),G (y)) €.
For if (x,y) € then (z,y) € W for all W € M;hence by (iii’) (Sc(z),G (y)) € W for all W € M
so that (Sc(z),G (y)) € by (1).

We must now verify that fs actually a function, i,e., we wish to show that for any z, z1, z0 € N# |
if (z,21) € and (z, 22) €, then z1 = 2.

We shall prove this by hyper infinite induction on z. Let (5) A = {z|z € N# and for all z1, 22
€ N*# if (z,21) € and (z, 22) Ethen z; = z2}.

We shall show A = N# by applying hyper infinite induction. First we have (6) 1 € A.
To prove (6), it suffices to show that for any z, if (1, z) € then z = c.

We prove this by contradiction; in other words, suppose to tbe contrary that there is some z with
(1,2) € but z # c. Consider the hyper inductive relation W = \{(1, z) }.

Since (1,¢) € and (1,¢) # (1,z), it follows that (1,¢) € W. Moreover, whenever(u,y) € W
then (u,y) € and hence (Sc(u),G(y)) € but Sc(u) # 1, so (Sc(u),G(y)) # (1,z),and hence
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(c(u),G(y)) € W. Thus W satisfies both conditions (ii’) and (iii’); in other words, W € M. But
then it follows from (2) that C W however this is elearly false sinee (1,z) € and (1,2) ¢ W.Tbus
our hypothesis has led us to a contradiction, and henee (6) is proved. Next we show that (7) for
any € N# if x € A then Sc(z) € A.

Suppose that z € A, so that whenever (z,21) € and (z,22) € then z1 = z2. We must show that
whenever (Sc(z),w:) €and (Sc(z),w2) €then wi = wa. To prove this, it suffices to show that (8)
whenever (Sc(z),w) € then there exists a z with w = G(z) and (z,z) € .

For if (8) ia true, we would have for the given w1, w2 some z1 = z2 with w1 = G(21), w2 = G(22),
(z,21) € and (x, z2) € . Then, since z € A, z1 = 22 and henee G(z1) = G(z2) , that is, w1 = w2.

Now to prove (8) suppose, to the contrary, that it is not true; in other words, suppose that we have
some w with (Se(z),w) € but such that for all z which (z,z) € we have w # G(z). Consider the
hyper inductive relation =~ W = \{(Sc(z),w)}.We shall show that W € M. First of all (1, ¢) €and
(1,¢) # (Sc(z),w); hence (1,¢) € W. Suppose tbat (u,y) € Withen (u,y) € and (Sec(u),G(y)) € .

Clearly if u # x then (Sc(u),G(y)) # (Sc(x),w),so that in this case (Sc(u), G(y)) € W. On the
other hand, if u = z and (Sc(u),G(y)) = (Sc(x),w), then w = G(y), where (z,y) €, contrary to
the choice of w henee (Sc(u),G(y)) # (Sc(z),w)), so again (Sc(u),G(y)) € W. Thus whenever
(u,y) € W, also (Sc(u),G(y)) € W. Now that we have shown W € M we see by (2) that C W
but this is false since (Sc(z),w) € and (Sc(z), w) ¢ W. Thus our hypothesis that (8) is incorrect
has led to a contradiction, and now (8) is proved. Sinee (7) follows from (8), we have by hyper
infinite induction from (6) that A = N*. Hence (9) is a function.

We have still to prove that satisfies,condition (i); we must show that for each € N# there- is
a y with (z,y) €. Since C N# x S, it will then follow that dom() = N* and range() C S. Let
B = dom(), that is, (10) B = {x|z € N* and for some y, (z,y) €}.

We prove now by hyper infinite induction that B = N#. First, 1 € B, since (1,c) € b ( ). Next,
if z € B, pick some y with (z,y) €; then by (4), (Sc(x),G(y)) €, and henee Sc(z) €

Thus concludes the first part of the proof, that there is at least one function satisfying conditions

(i)-(iii).

Part 2. We prove that there cannot be more than one such function. Suppose that ;1 and 2 both
satisfy the conditions (i)-(iii) we wish to show 1 =2, i.e., that for all x € N¥ ; (z) =5 (). Thus is
proved by hyper infinite induction on X. By (ii), 1(1) = ¢ and 2(1) = ¢, so 1(1) = 2(1). Suppose
that 1(z) =2 (z); then 1(Sc(x)) = G(1(x)) and 2(Sc(z)) = G(2(x)), so 1(Sc(z)) =2 (Sc(z)).

Theorem 3.2. Let S be aset, c € S and G : S x N* — S is a binary function with dom(G) =
S x N# and range (G) € S.

Then there exists a function : N* — § such that:
(i) dom () = N* and range () C S;(ii) (1) = ¢;(iii) for all z € N* |, (Sc(z)) = G ((z),x).

We omit the proof of the Theorem 3.2 since it can be given by simple modification of the proof to
Theorem 3.1.
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4 Nonconservative Extension of the Model Theoretical
NSA

Remind that Robinson nonstandard analysis (RNA) many developed using set-theoretical objects
called superstructures [14]-[17]. A superstructure V(S) over a set S is a set defined by the following
way:

Vo(S) = 8, Vi1 (S) = Va(S) U (P(Via(S)), V(S) =nert Va(S). (4.40)

Superstructures of the empty set consist of sets of infinite rank in the cumulative hierarchy and
therefore do not satisfy the in. .. nity axiom. Making S = R will suffice for virtually any construction
necessary in analysis.

Bounded formulas are formulas where all quantifiers occur in the form

Ve(zrey = --),qz(zey = --+) (4.41)

A nonstandard embedding is a mapping

*x: V(X)—>V(Y) (4.42)

from a superstructure V(X) called the standard universum, into another superstructure ~ V(Y),
called nonstandard universum, satisfying the following postulates:

1.Y="X
2.Transfer Principle. For every bounded formula ®(z1,...,z,) and elements a1, ...,an € V(X),
theproperty® is true for ai, ..., a, in the standard universum if and only if it is true for *ai , ..., “an

in the nonstandard universum:

(V(X),e) E P (a,...,an) <= (V(Y),e) E®("a1,..., "an) (4.43)
3.Non-triviality. For every infinite set A in the standard universum, the set {"ala € A} is

a proper subset of *A

Definition 4.1. [17] A set z is internal if and only if = is an element of *A for some element A
of V(R). Let X be a set with A = {A;},.; a family of subsets of X. Then the collection A has
the infinite intersection property, if any infinite subcollection J C I has non-empty intersection.
Nonstandard universum is k-saturated if whenever {Ai},;c/is a collection of internal sets with
the infinite intersection property and the cardinality of I is less than or equal to k,er A; # &.

Remark 4.1.Remind that: (i) for each standard universum U = V(X) there exists canonical
language =y, (ii) for each nonstandard universum W = V(Y) there exists corresponding canonical
nonstandard language * =w [17].

3".The restricted rules of conclusion.

If W = A then —A ¥ B,where BE AB€ *

Thus if A holds in W we cannot obtain from —A any formula B whatsoever.

Remark 4.2. We write * = A instead W = A.
Definition 4.2.[6]-[7].A set S C *Nis a hyper inductive if the following statement holds

ae/\*N (a eSS = SCWL S S) (4.44)
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where a™ £ a4 1.0bviously a set *N is a hyper inductive. As we see later there is just one hyper

inductive subset of *N namely *Nitself.

In this paper we apply the following hyper inductive definitions of a sets [6]-[7]

ISV | BeS = o« N (eeS = .atel)|(4.45)
0<a<p

We extend up Robinson nonstandard analysis (RINA) by adding the following postulate:
4.Any hyper inductive set S is internal.

Remark 4.1.The statement 4 is not provable in ZFC but provable in a set theory NCi# , see.

Thus postulates 1-4 gives an nonconservative extension of RNA and we denote such extension by
NERNA.

Remark 4.2.Note that NERNA of course based on the same gyper infinitary logic with
Restricted Modus Ponens Rule as a set theory NCi# .

Remind that in RNA the following induction principle holds.
Theorem 4.1.[17]. Assume that S C *N is internal set, then

(1eSH AVz[zeS = z+1] = S="N (4.46)
In NERNA Theorem 4.1also holds.

Remark 4.3. It follows from postulate 4 and Theorem 3.1 that any hyper inductive set S is
equivalent to *N: S = *N

Remark 4.4. Note that the following statement is provable in NCi# :
4’ Axiom of hyper infinite induction

A (aeS = atef)
0<a<p

VS (S C *N) {\15 (B € *N)

= S§= *N}. (4.8)  (4.47)
Thus postulate 4 of the theory NERNA is provable in NCi#.

Rules of conclusion

MRR (Main Restricted rule of conclusion)

Let ¢ (z) be a wif with one free variable z and such that (n € *"N\N)AV(Y) = ¢ (n), then—yp (n) ¥
Bii.e., if statement A holds in V(Y) we cannot obtain from —A any formula B whatsoever.

Remark 4.5.The MRR is necessarily in natural way, since by assumption —¢ (n) one obtains
directly the apparent contradiction ¢ (n) A =p (n) from which by unrestricted modus ponens rule
(UMPR) one obtains ¢ (n) A =¢ (n) Fumpr B.

Example 4.1. Remind the proof of the following statement: structure (N, <) is a well-ordered set.

Proof.Let X be a nonempty subset of N. Suppose X does not have a < -least element.
Then consider the set N\ X.
Case (1) N\X = @. Then X = N and so 0 is a < -least element. Contradiction.
Case (2) N\X # @.Then 1 € N\X otherwise 1 is a < -least element. Contradiction.
Case (3) N\X # @. Assume now that there exists an n € N\ X such that n # 1.
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Since we have supposed that X does not have a least element, thus n+ 1 ¢ X.

Thus we see that for all n : n € N\ X implies that n+ 1 € N\ X. We can conclude by induction that
n € N\X for all n € N. Thus N\X = N implies X = &.
This is a contradiction to X being a nonempty subset of N.

We set now X7 = *N\N, thus "N \X; = N.In contrast with a set X the assumption n € *N \ X,
implies that n+1 € *N \ X; if and only if n is finite, since for any infinite n € *N \N the assumption
n € "N \ X contradicts with a true statement V(Y) |=n ¢ "N \X; = N and therefore in accordance
with MRR we cannot obtain from n € *N \ X; any formula B whatsoever.

5 IST# and BST#

The axiomatics IST (Internal Set Theory) was presented in 1977 [11] and in a sense formulates
within first-order language the behaviour of standard and internal sets of a nonstandard model of
ZFC. This were done by adding the unary standardness predicate ”st” to the language of ZFC
as well as adding to the axioms of ZFC' three new axiom schemes involving the predicate ”st”
Idealization, Standardization and Transfer.

Remark 5.1. Formulas which do not use the predicate st are called internal formulas (or €-
formulas) and formulas that use this new predicate are called external formulas (or st-€-formulas).A
formula ¢ is standard if only standard constants occur in ¢.

Abbreviaion 5.1. We denote a set of the all naturals by N*and a set of the all finite naturals by N.
Abbreviaion 5.2. We write fin(z) meaning ’z is finite’. Let ¢(z) be a st- € -formula:

1.¥%* zp(z) abbreviates Vz (st (z) = ¢(x)).2.3%" zp(z) abbreviates Jz(st(x) A p(z)).
3.V 2 (x) abbreviates Vo (fin(z)) = ¢(x)).4.3%" zp(x) abbreviates Jz(fin(z) A ¢(x)).
575402 20(2) abbreviates Va(st(z) A fin(z)) = ¢(x)).
6.35¢2 2p(2) abbreviates 3z (st(z) A fin(z) A p(z)).
The fundamental axioms of IST :
(I) Idealization
VR EIyyr € F [R(z,y) < 30V zR(x,b)] (5.48)

for any internal relation R.

Remark 5.2. The idealization axiom obviously states that saying that for any fixed finite set F'
there is a y such that R(z,y) holds for all z € F is the same as saying that there is a b such that
for all fixed z the relation R(z,b) holds.

(ITI) Standardization

VAP BV z(z € B < x € AA¢(x)) (5.49)

for every st-€-formula ¢ with arbitrary (internal) parameters.
(III) Transfer

VStylz"'7ynv5tx[90(x7y17'-~7yn)] = V$¢($7y1,~~-7yn) (550)

for all internal @(z,y1, ..., Yn).
Remark 5.3. An importent consequence of (I) is the principle of External Induction, which
states that for any (external or internal) formula ¢,one has
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(0) A [P n(p(n) = p(n+1))] = nip(n) (5.51)

Boundedness

VzIFty(z € y) (5.52)

and since (2.5) contradicts idealization the following (bounded) form is taken instead:
(IV) Bounded Idealization
For every e-formula R :
VoY [ViRF3y € Y (Vo € FR(z,y) <= 3b(b€Y)V**zR(xz,b))] (5.53)
This gives a subsystem BST, which corresponds to the bounded sets of IST.

5.1 Internal set theory IST#

The axiomatics IST# formulates within infinitary first-order language the behaviour of standard
and internal sets of a nonstandard model of NC’Z’Z#‘ This done by adding the unary standardness
predicate ”st” to the language of NCO#O# as well as adding to the axioms of NCZ’Z# three new axiom
schemes involving the predicate ”st”:

Idealization, Standardization,Transfer and Axiom of internal hyper infinite induction.

Remark 5.4.Formulas which do not use the predicate st are called internal formulas (or €4
formulas) and formulas that use this new predicate are called external formulas (or st-€s,,-formulas).A
formula ¢ is standard if only standard constants occur in ¢.

Abbreviaion 5.3.We write fin(z) meaning 'z is finite’.

Let ¢(x) be a st- €g-formula:
1.¥3% zp(z) abbreviates Vz (st (z) = s¢(x)).
2.V3%, zp(x) abbreviates Vz (st (z
3.3% 2¢(x) abbreviates Jx(st(x)

V>\_/
5
5,

4Vﬁ“1:<p( ) abbreviates Vz(fin(z)) = s¢(x)).
5.V xo(x) abbreviates Va(fin(z)) = 5,wp(x))
6.3%" zo(x) abbreviates 3z(fin(z) A o(z)).

7.0 2(z) abbreviates Vz(st(z) A fin(z)) = s¢(x)).
8.V 1o(z) abbreviates Va(st(z) A fin(z)) = s.wp(z))
9.3etfn zp(z) abbreviates Jx(st(x) A fin(z) A ¢(x))
The fundamental axioms of IST# :
(I) Idealization for classical sets
vetin Ly ClyCl e, F[ROY (z,y) = I°MV2 R (2, b)) (5.54)

for any internal classical relation R (z, Y).

Remark 5.5.The idealization axiom obviously states that saying that for any fixed classical finite
set F' there is a classical y such that RS (z,y) holds for all classical « €, F is the same as saying
that there is a classical b such that for all fixed classical « the classical relation R°%(x,b) holds.

(IT) Standardization for classical sets

VStACLt BOLyst Ol ¢ B «= sz € AN p(2)) (5.55)
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for every st-€-formula ¢ with arbitrary (internal) parameters.

(III) Transfer for classical sets

vstyFL“”’ySLvsthL [So(xaylaayn)] - SvaL@(mayh"'?yn)

for all internal formulas ¢(x, y1, ..., Yn)-

Boundedness

vxcLastyCL(x € y)

and since (5.10) contradicts idealization the following (bounded) form is taken instead:
(IV) Bounded Idealization for classical sets
For every e-formula R :

vty CL [yt pCL3yCL ¢ Y (vaCr (z € F) R(z,y) <= 3" (b € Y)V*2R(z,b))] .

(V) Idealization for nonclassical sets

V:?gnFNcLayNCLVmNCL Gs,w F [RNCL (.’E, y) S,wabNCvat’:meNCL (.’E, b)}

for any internal nonclassical relation RN (z, ).

(5.56)

(5.57)

(5.58)

(5.59)

Remark 5.6.The idealization axiom obviously states that saying that for any fixed nonclassical
finite set F' there is a classical y such that RN (z,) holds for all classical = €5 F is the same as
saying that there is a classical b such that for all fixed classical z the nonclassical relation RN (z,b)

holds.
(VI) Standardization for nonclassical sets

st ANCEgst pNCLyst o NCL (4 €60 B <= 50T €s,0 AN p(2))

for every st-€,,,-formula ¢ with arbitrary (internal) parameters.

(VII) Transfer for nonclassical sets

st , NCL NCLyst, . NCL NCL
vs,wyl y ey Yn Vi [

Sa(mﬂylw'wyn)} - wav-sywx @(m7y17'“7y'fl)

for all internal ¢(z,y1, ..., Yn).

Boundedness for nonclassical sets
vs’waCLastyNCL(x € Y)

since (5.15) contradicts idealization the following (bounded) form is taken instead:
(VIII) Bounded Idealization for nonclassical sets
For every €, -formula R :

(5.60)

(5.61)

(5.62)
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V3t Y NCE [ystiin pNCLgyNCL ¢ | Y (Vewa™ " (z € F) R(z,y) < sw

N (b € V)V, 2R (x,b))] - ’ (5.63)
(IX) Internal Induction
VS (S cs N#) {\15 BeN®)| AN (av€S = at e, S)] = 5= N#} . (5.64)
0<a<pg

The main restricted rules of conclusion.
If IST# - A then —A ¥ B,where B € .
Thus if statement A holds in IST# we cannot obtain from —A any formula B whatsoever.

6 External Set Theory HST?

6.1 External set theory HST

A 7perfect” external set theory (a nonstandard set theory that includes external sets) should satisfy
some requirements:

(I) It should be a conservative extension of classical mathematics (usually ZFC) so that all classical
mathematical the-orems and constructions remain valid.

(IT)The theory should also allow to perform nonstandard constructions in its full generality and
therefore include a strong version of saturation (called idealization in IST and bounded idealization
in BST) and transfer principles.

(ITII) Finally it should allow to build, for any given set, the standard set of all its standard elements.
This is called standardization. This means that ideally it should be something like an extension of
IST allowing external sets and quantification over external formulas. However, as pointed out by
Hrbécek [10] such a theory cannot exist. In fact, the axiom of regularity cannot be extended to
the external universe. To see that let R% denote the external set of infinitely large real numbers.
Observe that for all w in the (nonempty) external set R% NN, one has R "NNw # @ . Additionally,
if one wishes to formulate a nonstandard set theory with IST-style saturation 4,the replacement
axiom in the external universe contradicts both power set and choice. Let n be a nonstandard
natural number. By saturation there is a 1-1 embedding into n, for all ordinals. So by power set
and transfer the class Ord is a set (see Theorem 1.3.9 and Remark 1.3.10 in [13]).

Remark 6.1. To be of standard size means to be an image of the set of all standard elements of a
standard set (In HST,a set X is standard size if and only if X is well-ordered ) .To see that choice
fails, let  be well-ordered by a relation <.

Consider the class of all standard ordinals “Ord, well-ordered by € . We use the theorem that
whenever two sets are well-ordered there is an order preserving embedding of one into the other.
Clearly °Ord cannot be embedded into x,otherwise °Ord would be a set. Then there is an
embedding of x into Ord. In fact, to an initial segment of “ Ord. This means that z is of standard size.
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Remark 6.2. As a consequence, sets which are not of standard size cannot be well-ordered (see
Theorem 1.3.1 in [13]). These results are known as the Hrbdcek’s paradoxes.

The first problem is not in fact a ”real” problem because the regularity axiom is given so that every
set is obtained at some level of the cumulative hierarchy over @ as mentioned above and has no
great impact on which theorems are true. This "nice picture” of the universe is contested by some
mathematicians and a suitable anti-foundation axiom can be taken instead,see for example [18].

In [12] Hrbécek considered already two possibilities to avoid this. The first one was to lose both
power set and choice for external sets, leading to the system NS; . The second one was to lose the
replacement axiom for external sets, which lead to his theory NSz A third possibility was developed
by Kanovei [13].The idea is to restrict saturation by a standard infinite cardinal in order to reinstate
the power set axiom. This is a system of partially saturated external sets which modifies the system
HST (described below), called HST . This may be a solution for many practical purposes but not
a solution as a foundational system for the nonstandard methods.

The theory BST possesses an extension to HST, which formulates within first-order language
essential aspects of the behaviour of standard, internal and external sets within a nonstandard
model, much as in Hrbacek’s system NS; . The system HST is conservative over ZFC and
equiconsistent with both BST and ZFC.

A set in HST is called internal if it is element of a standard set (see also the "Boundedness” axiom).

Remark 6.3. Below we use (definable) classes, they only should be interpreted as abbreviations
of formulas with sets. Two important definable classes in HST are the class of standard sets

S = {z|st (z)} (6.65)

and the class of internal sets

I=2z|3y(st(y) Az € y) (6.66)

6.2 HST axioms

(I) Axioms for all sets.

The axioms of this group are valid for all sets. These axioms are similar to the respective ones
of ZFC with the diference that in HST they are presented in the full language. This implies in
particular, by the axiom of separation, that the theory HST deals with external sets; for example
if X is standard and infinite, then {z € X|st (z)} is an external set.

1. Extensionality
VXVY(Vz(z € X <= z€Y) = X =Y).
2. Pair

VaVb3AVz(z € A <= (x =aVz =0)).
3. Union

VAIBVz(z € B < 3X € A(z € X)).
4. Infinity

IX(@ e X ANVz(z € X = (zU{z} € X)).
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5. Separation

VXIYVe(z €Y <= (z € X Ap(z))).
6. Collection

VX3IYVr € X(Typ(z,y)) = Jy € Yo(z,y)).
The power set, regularity and choice axioms of ZFC are not valid in general.

This is because, as mentioned above, each one of these axioms (if considered in the full language of
HST) leads to a contradiction.

(II) Axioms for standard and internal sets

In this group as well as in the next there are axioms which are not valid for all sets. The first axiom
scheme states that all ZFC axioms, when restricted to standard parameters are valid in HST:

1. ZFC*t.

This means, in particular, that the following are axioms of HST:
(a) Regularity®*

VES[S#£ o = Btz eS)A(znS #£0)] (6.67)
(b) Power Set®*
VEX TPVt €Y = 2 C X) (6.68)
(c) Choice®®
VESFY Ve (z € S\{@}) [3*2(Y Nz = {z})] (6.69)

The fact that every axiom of ZFC restricted to standard sets is an axiom of HST means that the
class S models ZFC.

2.Transfer

(e ) (6.70)

where ¢ is an arbitrary closed €- formula containing only standard parameters
This means that the universe I is an elementary extension of S in the ZFC language.

vty . Vo, [p (@1, .y zn)] = ¢

3. Transitivity of I

ViRtpyy [y € 2 = int (y)] (6.71)

The next axiom states that the class I is regular. This means that sets in HST are built over I in
a way similar to the Von Neumann hierarchy of sets in ZFC over @.

4. Regularity over I
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VX #@3z e X(zNX CI) (6.72)

5. Standardization

VXY (XNS=YNS) (6.73)

This axiom implies that the only sets consisting entirely of standard sets are of the form Y NS,
where Y € S.

Axioms for sets of standard size
1. Saturation

If A CIis a standard size set then

(VX,Y €A) = XNY €AA(XEA) = X £2)) = NA£D (6.74)

2. Standard Size Choice
Choice is available in the case where the domain of the choice function is of standard size.Let
X be a set of standard size and F' a function on X.

Then

Vz € X((F(z) # @) = 3f(f(z) € F(x))) (6.75)

3. Dependent Choice
Any nonempty partially ordered set without maximal elements includes a nonempty linearly ordered
subset (sequence) where any element has its immediate successor.

6.3 Nonconservative extension of the HST

6.3.1 External set theory HST#

(I) Axioms for all sets

The axioms of this group are valid for all sets. These axioms are similar to the respective ones of
NCi# with the diference that in HST# they are presented in the full language. This implies in

particular, by the axiom of separation, that the theory HST# deals with external sets; for example
if X is standard and infinite classical set, then {z € X°%|st (z)} is an external classical set of the

#st
set theory NC7%;.
This means, in particular, that the following are axioms of HST?#:

I.Axioms for a classcal sets
(a) Regularity®® for a classcal sets

VS [S#£ 0 = (F*z e 9)A(zNs S # 2)] (6.76)

(b) Power Set®® for a classcal sets
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VEX Ytz € Y = oo C X) (6.77)

(c) Choice®® for a classcal sets

VESTFY Ve (€. S\ {@}) [32(Y Ns 2 = {z})] (6.78)

(d) Transfer for a classcal sets

(e Tn) (6.79)

where ¢ is an arbitrary closed €- formula containing only standard parameters.

vty . Vo, [p (@1, .y zn)] = ¢

This means that the universe I is an elementary extension of S in the ch’:i language.

(e) Transitivity of I for a classcal sets

ViRt [y €5 1 = int (y)] (6.80)
The next axiom states that the class I is regular. This means that sets in HST# are built over I in

a way similar to the Von Neumann hierarchy of sets in NCis; over &.

(f) Regularity over I for a classcal sets

VX #£ @3 €, X(zNs X C, 1) (6.81)

(g) Standardization for a classcal sets

VXFPY(X N S=Y N, S) (6.82)

This axiom implies that the only sets consisting entirely of standard sets are of the form Y Ng S,
where Y €, S.

Axioms for a classcal sets sets of standard size

1. Saturation for a classcal sets

If A Cs Iis a standard size set then

(VX,)Y € A) = XN Y ESANXEA) = X #9)) = N A#£D (6.83)

2. Standard Size Choice for a classcal sets
Choice is available in the case where the domain of the choice function is of standard size.Let
X be a set of standard size and F' a function on X.

Then

Vo €s X((F(x) # @) = 3f(f(z) €5 F(z))) (6.84)

3. Dependent Choice for a classcal sets
Any nonempty partially ordered set without maximal elements includes a nonempty linearly ordered
subset (sequence) where any € ., element has itsi mmediate successor.
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II.Axioms for a nonclassical sets
(a) Regularity®® for a nonclasscal sets

VESNCL [S £ 5 = s w (3% €sw S) A (2 Nsyw S # 2)] (6.85)

(b) Power Set®* for a nonclasscal sets

st Y NOLgsty NCLyst ;NCL (1 ¢ ¥V <= 5,0% Cs0 X) (6.86)

(c) Choice®® for a a nonclasscal sets

VESFY VL (2 o S\s {D}) [F2(Y Now z = {2})] (6.87)

(d) Transfer for a nonclasscal sets

Yz, YV, [0 (31, oy Tn)] = 5w (T1, .., Tn) (6.22) (6.88)

where ¢ is an arbitrary closed €- formula containing only standard parameters.
This means that the universe I is an elementary extension of S in the NCiS; language.

(e) Transitivity of I for a nonclasscal sets

Vi"t$Vy [y Es,w xr = s,wint (y)] (689)

The next axiom states that the class I is regular. This means that sets in HST# are built over I in

a way similar to the Von Neumann hierarchy of sets in NCZ":SJe over J.

(f) Regularity over I for a nonclasscal sets

VX # @3z €50 X (2 Ny X Coy I) (6.90)

(g) Standardization for a nonclasscal sets

VXY (X Moy S =Y Mo S) (6.91)

This axiom implies that the only sets consisting entirely of standard sets are of the form Y Ny S,
where Y €5, S.

Axioms for a nonclasscal sets sets of standard size
1. Saturation for a a nonclasscal sets

If A Cs Iis a standard size set then

((VX,Y es,w A) - s,wX ms,w Y es,w A) A (X es,u) A) - SX ?é @))) = S, w

o, (6.92)

2. Standard Size Choice for a a nonclasscal sets

36



Foukzon; JAMCS, 87(7): 16-43, 2022; Article no.JAMCS.90139

Choice is available in the case where the domain of the choice function is of standard size.Let X be
a set of standard size and F' a function on X.

Then

Vz €50 X((F(z) # 0)) = 5,03f(f(x) €s,uw F(2))) (6.93)

3. Dependent Choice for a a nonclasscal sets

Any nonempty partially ordered nonclasscal set without maximal elements includes a nonempty
linearly ordered subset (sequence) where any element has its immediate successor.

7 Conclusion

Though the history of infinitesimals and infinity is long and tortuous,nonstandard analysis, as a
canonical formulation of the method of infinitesimals, is only about 60 years old. Hence, definitive
answers for many of its methodological issues are yet to be found. In 1960, Abraham Robinson,
exploiting the power of the theory of formal language reinvented the method of infinitesimals, which
he called nonstandard analysis because it used nonstandard models of analysis. K. Hrbacek argue
for acceptance of BNST* (Basic Nonstandard Set Theory plus additional Idealization axioms)
[20]. BNST™ has nontrivial consequences for standard set theory; for example, it implies existence
of inner models with measurable cardinals.It has been proved in [21]-[22] that any set theory
wich implies existence of inner models with measurable cardinals is inconsistent. However hyper
Infinitary first-order logic 2Lfo# with restricted rules of conclusions obviously can save BNST*
from a triviality.
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Appendix

A. Bivalent Hyper Infinitary first-order logic QLfO# with

restricted rules of conclusions. Generalized Deduc-tion
Theorem

Hyper infinitary language Li# are defined according to the length of hyper infinitary conjunctions/
disjunctions as well as quantification it allows. In that way, assuming a supply of kK < N# =
card (N#) variables to be interpreted as ranging over a nonempty domain, one includes in the
inductive definition of formulas an infinitary clause for conjunctions and disjunctions, namely,
whenever the hypernaturals indexed hyper infinite sequence {As}; y# of formulas has length
less than x, one can form the hyperfinite conjunction/disjunction of them to produce a formula.
Analogously, whenever an hypernaturals indexed sequence of variables has length less than A, one
can introduce one of the quantifiers V or 3 together with the sequence of variables in front of a
formula to produce a new formula. One also stipulates that the length of any well-formed formula
is less than R¥ itself.

The syntax of bivalent hyper infinitary first-order logics QLi# consists of a (ordered) set of sorts

and a set of function and relation symbols, these latter together with the corresponding type, which
is a subset with less than N# = card (N#) many sorts. Therefore, we assume that our signature

may contain relation and function symbols on v < NO# many variables, and we suppose there is a
supply of kK < N# many fresh variables of each sort. Terms and atomic formulas are defined as
usual, and general formulas are defined inductively according to the following rules.

If ¢, 1, {¢pa : @ < v} (for each v < k) are formulas of Li#, the following are also formulas:
(1) Aacry Pas A<y Pas
(ll) Va<fy ¢C¥a Vag, ()b&?
(iil) ¢ = Y, ¢ AP, oV Y, ¢
(iv) Ya<yZa¢ (also written Vx,¢ if xy = {za : @ < 7}),
(v) Ja<yzad (also written Ix ¢ if x4 = {za : @ < 7}),
(vi) the statement /\04<’Y ¢ holds if and only if for any « such that a < ythestatementholdsg,,

. 1d(V;i) the statement \/,_ ¢o holds if and only if there exist o such that a < ~the statement
olds ¢q.

Definition 1.[19]. A valuation of a syntactic system is a function that as signs T (true) to some
of its sentences, and/or L (false) to some of its sentences.Precisely, a valuation maps a nonempty
subset of the set of sentences into the set {T, L}.

We call a valuation bivalent iff it maps all the sentences into {T, L}.

Definition 2.[19].Let L be a propositional language. L is a classical bivalent propositional language
iff its admissible valuations are the functions v such that for all sentences A, B of L the following
properties hold

(a) v(A) € {T, L}

(b) v(mA) =T iff v(A) =L

() v(AANB)=T iff v(A)=v(B)=T.

(d) by definition of the classical implication A = B the following truth table holds

v
v
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v(A) v(B) v(A = B)
(1) T T T
(2) T 1 1
(3) €L T T
4 L L T

Truth table 1.
Remark 1.Note that in the case (4) on a truth table 1
In this case we call implication A = B a weak implication and abbreviate

A = 4B (7.94)
We call a statement (1) as a weak statement and often abbreviate v (A = B) = T, instead (1).

Definition 3.[19]. A is a valid (logically valid) sentence (in symbols, IF A) in L iff every admissible
valuation of L satisfies A.

The axioms of hyper infinitary first-order logic QLO#O# consist of the following schemata:
I. Logical axiom

Al. A— [B— 4

A2.[A-[B—-C]—=[[A—= Bl =[A—= (]

A 3. ["B — -A] = [A— B]

Ad [N A=A =[A= A

A 5. [/\i<ch’i] — Aj,a € N#

A 6. [vx[A — B] — [A — VxB]] provided no variable in x occurs free in A; A 7. VxA (x) —
St(A),
where S¢(A) is a substitution based on a function f from x to the terms of the language; in
particular:

AT Vo [A(z:)] = A(t) is a wif of QLO#O# and t is a term of QLZZ# that is free for

Ail,a € N#

<o

T

in A (x;). Note here that t may be identical with z;; so that all wifs Vo; A = A are axioms
by virtue of axiom (7),see [19].
A 8.Gen (Generalization).

Vz,; B follows from B.

II.Restricted rules of conclusion.
Let ws be a set of the all closed wifs of Li#.
R1.RMP (Restricted Modus Ponens).
There exist subsets A1, As Cwsr such that the following rules are satisfied.

From A and A = B, conclude B iff A ¢ A; and (A = B) ¢ Aa,where A1, Ay Cwe -
In particular for any A, B €wg : A = B € As.
If A¢ Ay and (A = B) ¢ Aswe also abbraviate by A;,A — Btrup B.

R2.RMT (Restricted Modus Tollens)
There exist subsets A}, A5 Cwa such that the following rules are satisfied.

P = Q,—‘Q Fryr —P iff P ¢ A’land (P - Q) ¢ A,z,
where A}, Al Cuws .
Remark 2.Note that RMP and RMT easily prevent any paradoxes of naive Cantor set theory
(NQC), see [4]-[6].
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III. Additional derived rule of conclusion.

Particularization rule (RPR)

Remind that canonical unrestricted particularization rule (UPR) reads

UPR: If t is free for = in B(x), then Vz [B(z)] - B(t),see [19].

Proof.From Vx [B(z)] and the instance Va [B(z)] = B(t) of axiom (A7),

we obtain B(t)byunrestrictedmodusponensrule.

Since z is free for = in B(z), a special case of unrestricted particularization rule is:VzB F B.

Definition 4.Any formal theory L with a hyper infinitary lenguage Lfo# is defined when the
following conditions are satisfied:

1. A hyper infinite set of symbols is given as the symbols of L. A finite or hyperfinite sequence
of symbols of L is called an expression of L.

2. There is a subset of the set of expressions of L called the set of well formed

formulas (wffs) of L. There is usually an effective procedure to determine whether a given
expression is a wif.

3. There is a set of wfs called the set of axioms of L. Most often, one can effectively decide
whether a given wif is an axiom; in such a case, L is called an axiomatic theory.

4. There is a finite set Ri, ..., R,, of relations among wifs, called rules of conclusion. For each
R;, there is a unique positive integer j such that, for every set of j wfs and each wff B, one can
effectively decide whether the given j wifs are in the relation R; to B, and, if so, B is said to follow
from or to be a direct consequence of the given wifs by virtue of R;.

Definition 5.A proof in L is a finite or hyperfinite sequence By, ..., B, k € N# of wifs such that
for each i,either B; is an axiom of L or B; is a direct consequence of some of the preceding wifs in
the sequence by virtue of one of the rules of inference of L.

Definition 6. A theorem of L is a wif B of Y such that B is the last wff of some proof in L. Such
a proof is called a proof of B in L.

Definition 7. A wif E is said to be a consequence in L of a set of I' of wifs if and only if there is
a finite or hyperfinite sequence By, ..., By, k € N# of wffs such that E is By and, for each 4,either
B; is an axiom or B; is in I, or B; is a direct consequence by some rule of inference of some of the
preceding wifs in the sequence. Such a sequence is colled a proof (or deduction) E from I'. The
members of I' are called the hypotheses or premisses of the proof.

We use I' - E as an abbreviation for F as a consequence of I'.
In order to avoid confusion when dealing with more than one theory, we write I' 1, E/, adding the
subscript L to indicate the theory in question.

If T is a finite or hyperfinite set {H;}, ., ., ,m € N* we write Hy, ..., Hy, - E instead of {H;}, ;. I
E. T T

Lemma 1.[19]. F B = B for all wifs B.
Theorem 1.(Generalized Deduction Theoreml). If I' is a set of wifs and B and E are wffs, and

I''BF E, then ' B = E. In pticular, if BF E then - B = E.

Proof. Let E, ..., E,,n € N¥ be a proof of E form I'U { B}, where E,is E.
Let us prove, by hyperfinite induction on j, that ' B =  E; for 1 <j < n.
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First of all, E1 must be either in " or an axiom of L or B itself.

By axiom schema Al, F1 = (B = E1) is an axiom. Hence, in the first two cases, by MP,
I' W B = sFE1 For the third case, when F; is B, we have - B = FE; by Lemma 1, and,
therefore, ' - B = E;. This takes care of the case j = 1.

Assume now that: - B = ,Ej for all k < j,j € N¥. Either Ej; is an axiom, or E; is in I, or Ej
is B, or Ej; follows by modus ponens from some E; and E,, where [ < jmjj,andE,, has the form
E;, = ,E;. In the first three cases, ' H B = /F; as in the case j = 1 above. In the last case,
we have, by inductive hypothesis, ' B = Fjand '+ B = ,(E; = F;) But, by axiom
schema (A2), - B = (B, = E;) = (B = sEi) = (B = Ej))

Hence, by MP, '+ (B =  E;) = (B = JEj;) and, again by MP, ' B = [E;.

Thus, the proof by hyperfinite induction is complete.

The case j = n € N* is the desired result. Notice that, given a deduction of E from I and B, the
proof just given enables us to construct a deduction of B =  F from I'. Also note that axiom
schema A3 was not used in proving the generalized deduction theorem.

Remark 3.For the remainder of the chapter, unless something is said to the contrary, we shall omit
the subscript L in Fr. In addition, we shall use I', B+ E to stand for ' U {B} - E. In general, we
let T, By, ..., B, b E stand for T' U {Bi}lgz‘gn HE.

Remark 4.We shall use the terminology proof, theorem, consequence, axiomatic, etc. and notation
I' + E introduced above.

Proposition 1. Every wif B of K that is an instance of a tautology is a theorem of K, and it may
be proved using only axioms A1-A3 and MP.

Proposition 2.If £ does not depend upon B in a deduction showing that I'y B+ E, then ' - E.

Proof.Let D1,..., D, be a deduction of E from I'and B, in which E does not depend upon B.In
this deduction, D,, is E. As an inductive hypothesis, let us assume that the proposition is true for
all deductions of length less than n € N#

If E belongs to I' or is an axiom, then I' - E. If F is a direct consequence of one or two preceding
wifs by Gen or MP, then, since E does not depend upon B, neither do these preceding wfs. By the
inductive hypothesis, these preceding wfs are deducible from I'" alone. Consequently, so is E .
Theorem 2.(Generalized Deduction Theorem 2).Assume that, in some deduction showing that
I', B+ E, no application of Gen to a wff that depends upon B has as its quantified variable a free
variable of B. Then ' - B — JFE.

Proof.Let D, ..., D, be a deduction of FE from I'and B satisfying the assumption of this theorem.
In this deduction, D, is E. Let us show by hyperfinite induction that ' H B = D, for each
i <neN#*. If D;is an axiom or belongs to I', then ' H B = D;, since D; = (B = D)
is an axiom. If D; is B, then I' H B = ,D;, since, by Proposition 1, - B = B.- If there
exist j and k less than ¢ such that Dy is - D; = ,D;, then, by inductive hypothesis, I' - B
= sDjand '+ B = ,(D; = sD;). Now, by axiom A2, + B = ,(D; = D;) =
s((B = :D;) = (B = D)) .Hence, by MP twice, ' - B = ,D;. Finally, suppose that
there is some j < 4 such that D; is VairD;.
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By the inductive hypothesis, I' - B = ,Dj, and, by the hypothesis of the theorem, either D;
does not depend upon B or xj is not a free variable of B. If D; does not depend upon B,then, by
Proposition 2, I' - D; and, consequently, by Gen, I' - Va, D;. Thus, I' F D;. Now, by axiom Al,
D — S(B — sDi)-

So, ' W B = :D; by MP. If, on the other hand, x} is not a free variable of B, then, by axiom
A5, F Vo, (B = D;) = (B = VarD;) Since ' W B = ,D;, we have, by Gen,I' -
Vz (B = :D;) , and so, by MPI' - B = Vx;,D; that is, ' - B = ,D;. This completes
the induction, and our proposition is just the special case i = n.
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