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Introduction

According to the philosophy of mathematics to be defended here, math-
ematics is a science of the real world, just as much as biology or sociology
are. Where biology studies living things and sociology studies human
social relations, mathematics studies the quantitative and structural or
patterned aspects of things.

A typical mathematical truth is that there are six different pairs in four
objects:

Figure I.1 There are six different pairs in four objects

10.1057/9781137400734 - An Aristotelian Realist Philosophy of Mathematics, James Franklin



2 An Aristotelian Realist Philosophy of Mathematics

The objects may be of any kind: physical, mental or abstract. The
mathematical statement does not refer to any properties of the objects,
but only to patterning of the parts in the complex of the four objects.
The truth is thus about pure structure, and is also quantitative, in
dealing with the necessary relation between the number of objects and
the number of pairs.

If the statement seems to us a less solid truth about the real world
than, say, the causation of flu by viruses, that is simply due to our blind-
ness about relations, or our tendency to regard them as somehow less
real than things and properties. But relations (in the example, relations
of equality between parts of a structure) are as real as colours or causes.
There is nothing to be said for the view of engineers that mathematics is
no more than a grab-bag of methods and formulas, a ‘theoretical juice-
extractor’ for deriving one substantial truth from others. The truth about
pairs of objects is not hypothetical or logical or symbolic in nature, but
a straightforward truth about objects — objects of any kind, physical or
otherwise, but real objects.

A philosophy of mathematics which starts from that direction has
many contrasts with the two philosophies that have dominated discus-
sion in the philosophy of mathematics, Platonism and nominalism.
Platonism attributes to the objects of mathematics a reality in some
sense necessarily abstract and separate from physical objects, and
regards mathematical objects as individual things (such as the number
3). But Aristotelianism takes symmetry, ratio and other mathematical
properties to be capable of multiple realization in physical reality, and
whatever other reality there may be. (The qualification ‘capable of’ is
important: it is for the world, not theory, to decide if infinities, for
example, are realized in the physical world, but Aristotelianism, unlike
Platonism, insists that they are properties that could be literally real-
ized.) Where nominalism (including versions like formalism and logi-
cism) regards mathematics as having no real subject but being only a
manner of speaking about or making inferences concerning ordinary
physical objects, Aristotelianism regards mathematics as literally being
about some aspect of reality, but about certain kinds of properties and
relations rather than about individual objects.

This perspective raises a number of questions, which are pursued in
the following chapters.

First, whatkind of reality dorelations and other properties have? The first
chapter provides an introduction to Aristotelian realism, explaining the
general metaphysical perspective of which an Aristotelian philosophy of
mathematics is an instance. Aristotelian realism holds that mathematical
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Introduction 3

and all other properties can be instantiated in physical or other reality
(though which ones actually are instantiated is not an a priori matter
but one for nature to determine and science to discover). Chapter 2,
‘Uninstantiated universals and “semi-Platonist” Aristotelianism’,
develops one aspect of Aristotelian realism that is especially relevant to
the philosophy of mathematics because of mathematics’ commitment
to structures like higher orders of infinity that are not found in physical
reality: the standing of uninstantiated properties. Then, what exactly
does ‘quantity’, ‘structure’ or ‘pattern’ mean? Those are notoriously
vague words, especially ‘structure’. Chapter 3, ‘Elementary mathematics:
the science of quantity’, deals with ‘quantity’, the traditional object of
mathematics and still the main topic in its bread-and-butter applications.
Ratios, numbers and sets are explained in Aristotelian terms as properties
or relations found in reality. Chapter 4, ‘Higher mathematics: science
of the purely structural’, deals with structure, the typical subject-matter
of modern advanced mathematics. The various attempts to develop a
structuralist philosophy of mathematics have either not addressed the
definitional problem of what structure is or have sought some kind of
sets or other abstract objects to be ‘structures’. One should look instead
for a precise characterization of what properties of things are structural.

The next question concerns the necessity of mathematical truths,
from which follows the possibility of having certain knowledge of
them. Philosophies of mathematics have generally been either empiri-
cist in the style of Mill and Lakatos, denying the necessity and certainty
of mathematics, or admitting necessity but denying mathematics a
direct application to the real world (for different reasons in the case
of Platonism, formalism and logicism). An Aristotelian philosophy
of mathematics, however, finds necessity in truths directly about the
real world. Examples and a defence against objections are given in
Chapter 5, ‘Necessary truths about reality’. The situation in the wider
mathematical or formal sciences such as operations research, where
the combination of necessity and reality is in some ways clearer than
in mathematics proper, is described in Chapter 6, “The formal sciences
discover the philosophers’ stone’. The role of mathematics in science,
especially the recent exciting ‘science of complexity’ is explained as a
natural outcome of the Aristotelian point of view: complexity is simply
richness of structure.

With the essentials of Aristotelian philosophy of mathematics now
laid out, Chapter 7 makes comparisons with the Platonist and nomi-
nalist philosophies of mathematics that were dominant in the twentieth
century, and replies to objections arising from them.
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4 An Aristotelian Realist Philosophy of Mathematics

Chapter 8 deals with the special topic of infinity — we are rightly
convinced that the numbers never run out, but what that means and how
we can know anything so far beyond experience is something that any
philosophy of mathematics must explain convincingly. And since the
world may in fact be finite, infinity is a test case for whether Aristotelian
philosophy can give an account of uninstantiated properties.

Chapter 9 deals with geometry, regarded in ancient times as a
central part of mathematics but, since the discovery of non-Euclidean
geometries, under a cloud and suspected of being merely the physics of
real space. The division between what is mathematical and what phys-
ical is determined.

Chapters 10, 11 and 12 on ‘Knowing mathematics’ deal with epis-
temology, which is very different in an Aristotelian perspective from
traditional alternatives. Direct knowledge of small-scale quantity and
structure is possible from perception, and Aristotelian epistemology
connects well with what is known from research on infant development.
But mathematical knowledge needs a good deal of intellectual work
to extend the deliverances of perception. Visualization supplements
proof by providing a direct global insight into unperceived structure.
There are some surprises in explaining how proof leads to knowledge of
mathematical necessity. Chapter 13 deals with a special topic in math-
ematical epistemology, explanation. Mathematical explanations show
why patterns in the real world must be as they are. Chapter 14 deals
with another special topic, idealization: as Platonists have emphasized,
mathematics often seems to deal with idealized entities such as perfect
circles which are not exactly found in reality, so the role of such entities
in studying the mathematical structures that reality does actually have
needs careful explanation.

The fact that mathematical truths may often be proved does not
exclude the possibility that there should be experimental evidence
bearing on them. A realist perspective, whether Platonist or Aristotelian,
would expect to find that normal logical methods of scientific inquiry
are applicable also to mathematics. Some conjectures have good evidence
for them, and it is that evidence that justifies the effort of trying to
prove them. Chapter 15, ‘Non-deductive logic in mathematics’, surveys
the topic. The existence of experimental evidence in mathematics, where
truths are necessary, shows the need to revive Keynes’ view that proba-
bility is, at least sometimes, a matter of pure logic, a kind of partial impli-
cation which holds between hypotheses and the evidence for them.

Mathematics, then, is a genuine science, giving us knowledge of one
kind of properties of the real world — the quantitative properties like
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Introduction 5

number and size and the structural properties like symmetry, continuity
and partedness. Knowledge of mathematical truths can come through
the same means as any other factual truths — perception and inference
from particulars. But mathematics also has a necessity absent from the
truths of natural science, a necessity knowable, in some cases, with
certainty through proof.

Unique features of Aristotelian philosophy of mathematics — claims
which distinguish it sharply from all the alternatives in the philosophy
of mathematics — are:

e Certain real properties of the (physical and any other) world (ratio,
symmetry, ...) are among the objects of mathematics.

e Although some mathematical properties may not be actually instan-
tiated, they all could be instantiated.

e There are no abstract objects (in the Platonist sense of acausal entities
in a non-physical realm) and no need for them.
Applied mathematics is central to the philosophy of mathematics.
There are necessary mathematical truths literally true of physical
reality.

e The simplest mathematical truths can be perceived to be true, while
others can be established by more intellectual methods.

Strong claims have always been made for the truth, necessity, certainty
and significance of mathematics. Those claims are all true. In these
times especially, a clear defence of those claims is needed. Freed of unan-
swerable questions about how either remote Platonist entities or a mere
language could be so effective in science, an Aristotelian structuralist
view of mathematics will reinstate mathematics in its deserved place as
one of civilization’s prime grips on reality.

Before beginning the philosophy strictly so called in the first chapter,
let us undertake a short thought experiment. It will prepare for the
philosophy by dramatizing what it is like to conceive of the mathemat-
ical features of the world in themselves.

Imagine a world that is, as far as possible, purely physical. It contains
no abstract entities like Platonist numbers, no minds human or divine,
no languages - just physical objects as we ordinarily conceive them to be,
pieces of stuff with their various masses, shapes, relative distances, forces,
velocities, atomic constitutions, quantum states and so on. (Of course,
there is some difficulty with imagining a world without one’s imagina-
tion in it, but let us separate the physical world as far as possible — by
supposing, let us say, that we are dealing with the earth before conscious
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6 An Aristotelian Realist Philosophy of Mathematics

animal life began.) Is there or is there not, in that world, anything of a
mathematical nature (to speak as non-committally as possible)?

If there are massy objects, then the masses stand in certain relations
to one another - some are more massy than others, some much more.
Those relations are not created by any perception, naming or measuring
of them; they are inherent in the physical stuff itself. Furthermore,
masses being what they are, they do not stand just in relations of more
and less, but in relations of exact ratios, or relations of proportion. For
example, if a mass is copied (such as when a bacterium breeds), then the
mass of the sum stands in a definite relation to the original mass. That
ratio can itself be replicated in the ratio holding between velocities, or
between distances, or between forces. The ratios have interrelationships;
for example, if the ratio of (force, mass ...) a to b is the same as that of ¢
to d, then the ratio of a to c is the same as that of b to d. Each system of
ratios between entities of the same kind, though fully realized in phys-
ical reality, bears an uncanny resemblance to (at least part of) what we
are accustomed to call the continuum or system of real numbers. (The
qualification ‘at least part of’ is to allow for the fact that if the universe
is finite, it may be that very large and very small ratios are not realized in
physical reality. We are speaking here just of those ratios that do happen
to be so realized.)

Similarly with discrete quantity. Parts of the world, prior to any
naming operation, come in discrete chunks that are identical in some
respect; for example electrons identical in mass and charge, and apples
having close similarities in shape, size and biochemistry. Masses of such
chunks are so organized as to bear a certain relation to the individual of
that kind, leading to certain characteristic relations between masses: for
example, any heap of electrons consists either of a part and an identical
part, or a part and an identical part with one electron left over. That is,
what we call the arithmetic of whole numbers is realized, prior to any
human thought or to intervention by abstract objects, in the relations
between parts of physical reality (again, up to the number of things in
the universe).

The way mass is arranged in the universe is not totally random, but
often symmetric (whether exactly or approximately). Snowflakes grow
with hexagonal symmetry, planetary orbits repeat cyclically, animals
grow with near bilateral symmetry, trees have an approximate circular
symmetry with random elements. Again, these samenesses between
parts pre-exist any thoughts or descriptions of them, and prima facie, at
least, do not involve any abstract entities or blueprints. But symmetry
and its kinds (including approximate symmetries) are the subject-matter
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Introduction 7

of the division of higher pure mathematics called group theory. So again
it appears that considerable mathematical structure of that kind is, like
quantity, literally realized in the physical world.

Many flows and similar processes in the world are continuous, at least
at the scale of animal perception. Those flows thus literally realize the
relations studied in the science of continuity, the calculus, such as those
holding between distance, velocity and acceleration. Or, if the universe
at a microscale is discrete, they realize those corresponding relations in
discrete approximations to calculus - for example, the relation between
constant relative growth rates and exponential growth curves holds in
both the continuous and the discrete case. In either case, the universe
literally realizes the mathematical structure.

Now let us begin explaining the philosophical perspective that makes
sense of those facts.
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The Science of Quantity and
Structure
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1

The Aristotelian Realist
Point of View

Much of the unpleasantness in traditional philosophy of mathematics —
its neglect of applied mathematics, its fixation on sets, numbers and
logic rather than complex structures, its concern with infinities before
small finite structures, its epistemological impasse over how to know
about ‘abstract’ objects — comes from its oscillation between Platonism
and nominalism, as if those were the only alternatives. So it is desirable
to begin with a brief introduction to the Aristotelian option in meta-
physics. The chapter is conceived as a ‘tutorial’ introduction, which
outlines Aristotelian realism about properties and an overview of the
main reasons for believing it. While Aristotelian realism has been a
neglected option in the philosophy of mathematics,! it is well known in
general metaphysics, so the ground can be covered in summary, leaving
the extensive debates for and against Aristotelianism, Platonism and
nominalism to the references in the notes.

The main issues have nothing to do with mathematics in particular,
so I deliberately avoid more than passing reference to mathematical
examples.

The reality of universals

‘Orange is closer to red than to blue.’ That is a statement about colours,
not about the particular things that have the colours — or if it is about
the things, it is only about them in respect of their colour: orange things
resemble red things but not blue things in respect of their colour. There
is no way to avoid reference to the colours themselves.

Colours, shapes, sizes, masses are the repeatables or ‘universals’ or
‘types’ that particulars or ‘tokens’ share. A certain shade of blue, for
example, is something that can be found in many particulars - it is a

11
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12 An Aristotelian Realist Philosophy of Mathematics

‘one over many’ in the classic phrase of the ancient Greek philosophers.
On the other hand, a particular electron is a non-repeatable. It is an
individual; another electron can resemble it (perhaps resemble it exactly
except for position), but cannot literally be it.2

Science is about universals. There is perception of universals — indeed,
it is universals that have causal power. We perceive an individual stone,
but only as a certain shape, colour and weight, because it is those prop-
erties of it that confer on it the power to affect our senses. It is in virtue
of being blue that a body reflects certain light and looks blue. Science
gives us classification and understanding of the universals we perceive
and finds the laws connecting them — physics deals with such properties
as mass, length and electrical charge, biology deals with the properties
special to living things, psychology with mental properties and their
effects, mathematics with... well, we’ll get to that.

Aristotelian realism about universals takes the straightforward view
that the world contains both particulars and universals, and that the
basic structure of the world is ‘states of affairs’ of a particular’s having a
universal, such as this page’s being approximately rectangular.?

Science is also the arbiter of what universals there are. To know what
universals there are, just as to know what particulars there are, one must
investigate, and accept the verdict of the best science (including infer-
ence as well as observation). Photosynthesis turned out to exist, phlo-
giston not. Thus universals are not created by (or postulated to account
for) the meanings of words, nor can one make up more of them by
talking or thinking. On the other hand, language is part of nature, and it
is not surprising if our common nouns, adjectives and prepositions name
some approximation of the properties there are or seem to be (just as our
proper names label individuals), or if the subject-predicate form of many
basic sentences often mirrors the particular-property structure of reality.

Platonism and nominalism

Not everyone agrees with the foregoing. Nominalism holds that univer-
sals are not genuine constituents of reality but are only words or concepts
or classes, and that the only realities are particular things. In the philos-
ophy of mathematics, logicism and formalism are theories of nominalist
tendency, as they regard mathematics as not about any external reality
but a matter of symbols. (Nominalist and Platonist arguments specific to
mathematics will be discussed in Chapter 7.)

The main problem for nominalism is its failure to give an account of
why different individuals should be collected under the same name (or
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The Aristotelian Realist Point of View 13

concept or class), if universals are not admitted. According to ‘predi-
cate nominalism’ for example (that is, nominalism that takes universals
to be mere words), ‘The word “white” correctly applies to Socrates’ is
prior to ‘Socrates is white.’ That is counterintuitive, since it appears that
things were white prior to language existing, and that we apply the term
correctly because of the commonality between white things. And our
recognition of that commonality, which is a condition of our learning
to apply the word correctly, arises from the ability of all white things
to affect us in the same way - ‘causality is the mark of being’. A further
problem is that the predicates or concepts relied upon by nominalists to
unite the particulars are themselves universals — the word ‘white’ means
not a particular inscription on a certain page, but the word type ‘white’
in general; thus predicate or concept nominalism simply pushes the
problem of the ‘one over many’ back one stage.*

A serious attempt to show that mathematics can be done nominal-
istically, that of Hartry Field, will be examined in Chapter 7. It will be
concluded that, although not Platonist, the project implicitly includes a
realist view of quantitative properties.

Platonism (in its extreme version, at least, which is the version usually
found in the philosophy of mathematics®) holds that there are univer-
sals, but they are pure Forms in an abstract world, the objects of this
world being related to them by a mysterious relation of ‘participation’
or ‘approximation’. Thus, what unites all blue things is solely their rela-
tion to the Form of blue, and what unites all pairs is their relation to
the abstract number 2. Mathematicians’ unreflective use of names like
‘2’, ‘the continuum’ and ‘the Monster group’, as if they name particular
entities with which mathematicians have dealings, is felt to support a
Platonist view of such beings.

The problems for Platonism, both ontological and epistemological,
arise from the relational view of its solution to the ‘one over many’
problem. First, there is the difficulty of explaining the nature of the rela-
tion: ‘participation’ and ‘approximation’ are metaphors that it is hard
to clarify, while if we consider examples such as the relation of pairs to
the number 2, we seem to have no insight into the relation.® Second,
the relational nature of how the Form works means that it bypasses the
commonalities between things that do unite them: if we imagine the
Form of blue not existing, which of the individuals are the ones that
would be united by their relation to the Form of blue, if it did exist?
Surely there is something about them that makes those the ones apt
for participating in the Form of blue, and distinguishes them from red
ones? That is what perception suggests. Blue things affect our retinas in
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14 An Aristotelian Realist Philosophy of Mathematics

a characteristic way because the blue in the things acts causally, without
any apparent need to consult a Form elsewhere before doing so.

Epistemologically too, Platonism has difficulties because of its rela-
tional nature. Either there is a perception-like intuition into the realm
of the Forms, or we have knowledge of them through some process
of inference such as inference to the best explanation. The first is not
possible, since the realm of the Forms is acausal, so no messages can
come from that realm to our brains, as happens from coloured surfaces
to our retinas. How can humans ‘reliably access truths about an abstract
realm to which they cannot travel and from which they receive no
signals’?” (It has been maintained that in mathematical visualization
we do have direct access to a realm of mathematical necessities;® as will
be argued in Chapter 11, that is true but the necessities are realized or
realizable in diagrams, not in a separate abstract world.) The second
option, access to the Forms via inference to the best explanation, faces
the initial problem that young children appear to have a great deal of
direct mathematical knowledge from counting and pattern recognition,
without the need for any sophisticated reasoning to abstract entities.
The nature of that basic knowledge will be treated in Chapter 10, while
more elaborate attempts to argue to Platonism from the indispensability
of mathematics in science will be considered in Chapter 7.

A complete answer to Platonism must include an account of what the
number 2, the continuum and other mathematical entities are, if they
are not abstract objects in a Platonic world. An alternative, Aristotelian,
account will be given in Chapters 3 and 4.

This is not the place for more detailed criticism of Platonism and
nominalism, which has been extensively pursued in general works on
metaphysics.

At this point it can be seen how the Platonist-nominalist dichotomy
that has been assumed in most of the philosophy of mathematics is a
false one. If Platonism is taken to mean ‘there are abstract objects’ and
nominalism to mean ‘There aren’t’, then it can appear that Platonism and
nominalism are mutually exclusive and exhaustive positions. However,
the words ‘abstract’ and ‘object’ both work to distract attention from
the Aristotelian alternative: ‘abstract’ by suggesting a Platonist discon-
nection from the physical world and ‘object’ by suggesting the particu-
larity and perhaps simplicity of a billiard ball. Indeed, the concept of
‘abstract object’ that has had such a high profile in the philosophy of
mathematics is a comparatively recent notion and a very unclear one. It
is an artifact of the determination of nominalists (especially Locke) and
Platonists (especially Frege) to carve up the field between themselves.
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In particular, the notion is a creation of Frege’s conclusion that since
the objects of mathematics are neither concrete nor mental, they must
inhabit some ‘third realm’ of the purely abstract.’

Aristotelians do not accept the dichotomy of objects into abstract and
concrete, in the sense used in talk of ‘abstract objects’. A property like
blue is not a concrete particular, but neither does it possess the central
classical features of an ‘abstract object’, causal inefficacy and separation
from the physical world. On the contrary, a concrete object’s posses-
sion of the property blue is exactly what gives it causal efficacy (to be
perceived as blue).

Thus an entity of interest to the philosophy of mathematics — say
the ratio of your height to mine — could be either an inhabitant of an
acausal, ‘abstract’” world of Numbers, or a real-world relation between
lengths, or nothing. The three options — Platonist, Aristotelian and
nominalist — need to be kept distinct and on the table, or discussion will
be confused from the beginning.

Because of the special relation of mathematics to complexity, there are
three issues in the theory of universals that are of comparatively minor
importance in general but are crucial in applying Aristotelian realism
to mathematics. They are the problem of uninstantiated universals, the
reality of relations, and questions about structural and ‘unit-making’
universals. The first of these, perhaps the most important, will be left to
the next chapter.

The reality of relations and structure

Aristotelian realism is committed to the reality of relations as well as
properties. The relation being-taller-than is a repeatable and is accessible
to observation in the same way as the property of being orange.!° The
visual system can make an immediate judgement of comparative tall-
ness, even if its internal arrangements for doing so may be somewhat
more complex than those for registering orange. Equally important is
the reality of relations between universals themselves, such as between-
ness among colours - if the colours are real, the relations between them
are ‘locked in’ and also real. Western philosophical thought has had
an ingrained tendency to ignore or downplay the reality of relations,
from ancient views that attempted to regard relations as properties of
the individual related terms to early modern ones that they were purely
mental.!? But a solid grasp of the reality of relations such as ratios and
symmetry is essential for understanding how mathematics can directly
apply to reality. Blindness to relations is surely behind the plausibility of
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Bertrand Russell’s celebrated saying that ‘Mathematics may be defined
as the subject where we never know what we are talking about, nor
whether what we are saying is true’!? (though elsewhere Russell writes in
a fully realist way of the similarity or isomorphism of relations!3).

The internal relations between the parts of an object or system consti-
tute its structure, a concept of crucial importance in mathematics. A
structural property is one that makes essential reference to the parts
of the particular that has the property. ‘Being a certain tartan pattern’
means having stripes of certain colours and widths, arranged in a certain
pattern. ‘Being a methane molecule’ means having four hydrogen
atoms and one carbon atom in a certain configuration. ‘Being check-
mated’ implies a complicated structure of chess pieces on the board.!*
Properties that are structural without requiring any particular properties
of their parts such as colour could be called ‘purely structural’. They
will be considered in Chapter 4 as the fundamental objects of higher
mathematics.

‘Unit-making’ properties and sets

‘Being an apple’ differs from ‘being water’ in that it structures its
instances discretely. ‘Being an apple’ is said to be a ‘unit-making’ or
‘sortal’ property,!s in that a heap of apples is divided by the universal
‘being an apple’ into a unique number of non-overlapping parts, apples,
and the parts of those parts are not themselves apples. That is the reason
why the word ‘apple’ has a plural and ‘water’ (in its normal sense) does
not, but the distinction is fundamentally about properties, not about
language. A given heap may be differently structured by different
unit-making properties. For example, a heap of shoes may consist of
twenty shoes but ten pairs of shoes. Notions of (discrete, natural, whole)
number should give some account of this phenomenon, taking note of
the fact that the unit-making universal is prior to the number it creates
in the heap it structures. By contrast, ‘being water’ is homoiomerous,
that is, any part of water is water (at least until we go below the molec-
ular level).1® Therefore the universal ‘being water’ does not create any
particular number of units in an individual mass of water.

The fact that ‘being an apple’ divides the heap into individual apples
also ensures that there is a set of apples, raising the issue of the relation
between sets and universals. A set, whatever it is, is a particular, not a
universal. The set {Sydney, Hong Kong} is as unrepeatable as the cities
themselves. The idea of Frege’s ‘comprehension axiom’, that any prop-
erty ought to define the set of all things having that property, is a good
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one, and survives in principle the tweakings of it necessary to avoid
paradoxes. It emphasizes the difference between properties and sets,
by calling attention to the possibility that different properties should
define the same set. In a classical (philosophers’) example, the properties
‘cordate’ (having a heart) and ‘renate’ (having a kidney) are co-extensive,
that is, define the same set of animals, although they are not the same
property and in another possible world would not define the same set.

Most discussion of sets, in the tradition of Frege, has tended to assume
a Platonist view of them, as ‘abstract’ entities in some other world, so
it is not clear what an Aristotelian view of their nature might be. One
suggestion is that a set is just the heap of its singleton sets, and the
singleton set of an object x is no more than x’s having some unit-making
property: the fact that Joe has some unit-making property such as ‘being
a human’ is all that is needed for there to be the set {Joe}. 17 This theory
and alternatives to it will be discussed further in Chapter 3.

Causality

A large part of the general theory of universals concerns causality, dispo-
sitions and laws of nature, with all of these being explained in terms
of relations between universals.!® A principal strength of Aristotelian
realism is that it can give a natural account of the difference between a
law of nature and a cosmic coincidence: a law that all As are Bs (unlike a
coincidence that all As happen to be Bs) is the result of some real connec-
tion — the nature of which is to be discovered by science — between the
real properties A and B. (The properties A and B may be complex and
the connection between them the result of connections between simple
components: for example, the law-like connection between acidity
and corrosion is a result of properties at the molecular level.) Similarly,
Aristotelianism gives a straightforward account of counterfactuals: a piece
of salt is soluble — that is, would dissolve in water if placed in it even if
never actually placed there - in virtue of the properties inherent in the
salt (resulting from the bonds between sodium and chloride ions and the
properties of water molecules). There is thus an important distinction
drawn between those properties that are dispositions or powers (defined
counterfactually by what they would do in certain circumstances), like
solubility and inertia, and categorical properties, which ‘just are’, like
shape. The relation between the two is a matter of controversy.

For mathematics, part of this is significant and part not. Properties
normally considered mathematical, like shape, size, partedness, symmetry,
continuity and so on, are categorical — they are not defined by what they
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would do in counterfactual circumstances. But they do have causal powers,
at least in conjunction with other properties. The reason one cannot fit a
square peg into a round hole is the shape of the two (in conjunction, of
course, with the rigidity of the peg and hole, that is, their dispositions to
maintain their shapes when forces act). To be cubical supports a disposi-
tion to fit measuring instruments in certain ways, but that is a matter
of how the categorical nature of shape fits with other causes.!® For the
purposes of philosophy of mathematics, difficult questions about disposi-
tionality and causes do not need to be resolved.

The causal powers of mathematical properties are significant for
perception of them, just as the causal powers of other properties are:
the symmetry of a face can affect our vision, for example, as much as
its colour.

Aristotelian epistemology

Despite the commonalities between Platonism and Aristotelianism, their
approach to epistemology is entirely different. Platonism, as described
above, is bedevilled by an ‘access problem’, as to how there can be
knowledge of a realm of Forms with which we have no causal interac-
tion. Whatever problems Aristotelian epistemology has, that problem is
not one of them. Aristotelian universals are not ‘abstract’ in the sense of
lacking causal power (to produce signals). On the contrary, the objects of
perception have the causal powers they do — such as to give off signals,
affect the senses differentially, and so on - precisely in virtue of the
properties they have, such as shape and colour. The eye can see that
an object is square because its square shape causes it to have a different
effect on the retina from that of a non-square object.

But there is more to the Aristotelian story of knowledge than percep-
tion. Aristotelian epistemology distinguishes between sensory and intel-
lectual knowledge, giving rather different accounts of each.

Sensory knowledge is straightforwardly naturalistic and causal. For the
most basic kind of non-inferential sensory knowledge in both animals
and humans (and for that matter in robots), Aristotelians accept a ‘ther-
mometer’ model of knowledge: the senses know a fact if there is a reli-
able connection between the fact’s holding and the knower’s believing
it. ‘Reliable’ is explained in terms of nomic connections between sorts of
facts, which have been given a realist interpretation on the Aristotelian
view. There is no requirement for the connection itself to be known.2°
Thus we know that a surface in our range of vision is yellow through the
yellowness of the object causally affecting our retina (in a way that is the
same as other yellow things but different from the way that things of
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other colours affect us). The senses can thus ‘track’ colour differences, in
having a range of causal response (translatable as appropriate into motor
response) to the range of real colours.

The simplicity of that example may suggest that the analysis is not
applicable to knowledge of complex or general truths, but research in
perceptual psychology in recent decades has shown the amazing range
of abilities of animal cognitive systems to respond automatically to very
complicated or structural properties. In a classic example, a certain fibre
in the frog optic nerve

responds best when a dark object, smaller than the receptive field,
enters that field, stops, and moves about intermittently thereafter.
The response is not affected if the lighting changes or if the back-
ground (say a picture of grass and flowers) is moving, and is not there
if only the background, moving or still, is in the field.?!

Experimenters naturally call such a fibre a ‘bug detector’, but what it
responds to is just a certain highly complex spatio-temporal pattern.
Especially significant is the ability of higher levels of the perceptual
system to respond to tempo and other ‘intermodal’ properties that can
be registered by more than one sense, since that indicates the possi-
bility of high-level (but still automatic) comparisons between the deliv-
erances of different sense organs.?? It is explained naturalistically how
the cognitive system extracts the knowledge from the perceptual flow
that ‘affords’ the structure of the external world that causes it — for
example, how the total visual system interprets the optical flow of all
visible objects as information that the organism is moving forward into
the scene.?® Cognitive systems are also capable of a certain amount of
automatic inference, such as interpolating the unobserved surfaces of
partially observed bodies?* and generalizing from examples; research in
these areas in Artificial Intelligence, though slow to progress, has indi-
cated how to extend a straightforwardly naturalistic, causal analysis of
knowledge to such complex cognitive abilities.

But for human knowledge, more is required. Given that the world is
a world of states of affairs (of the form Fa, ‘individual a has property F’)
there needs to be some cognitive power of ‘abstraction’ able to recognize
that. It must on the one hand recognize the continuing thing a that
participates in the fact, and distinguish it (or ‘separate it in thought’)
from the universal F (and recognize F as distinct from the other proper-
ties that a has). Despite Wittgensteinian arguments that such a cognitive
power is impossible,?® developmental psychology on categorization and
learning discovers such an ability and casts some light on how it works.
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Very young infants can group together objects according to similarity
in perceptual features and form a mental representation of categories;
for example, infants three to four months old, shown several varied
pictures of cats, can then recognize that new pictures of cats are similar
to the category learned but that pictures of dogs or horses are novel. It
is possible to say which features of the examples are most important —
for cats versus dogs, the shape of the head is much more important
than the shape of the body. The same applies to spatial relations, with
infants shown a variety of pictures of a dot above a horizontal line then
proving able to distinguish between similar pictures and those with a
dot below a line. Those abilities require an implicit recognition of the
different perceptual properties of the objects and their distinction from
the objects themselves.2°

It is not quite so clear whether it is possible to give a naturalistic
account of more specifically human kinds of knowledge such as self-
awareness and linguistic capabilities, but those difficult areas do not
have close relevance to the philosophy of mathematics.

There is, however, one further kind of human knowledge that is
central to mathematics. Aristotelians are impressed by the fact that
human knowledge includes not only facts but understanding of why
certain facts must be so. One can not only know that all equiangular
triangles are equilateral, but understand by following a proof why
they must be. In Aristotle’s classic example, ‘it is the physician’s busi-
ness to know that circular wounds heal more slowly, the geometer’s to
know the reason why’.?” Traditional Aristotelianism posited a faculty
of the ‘intellect’” with almost magical powers of not only ‘abstraction’
to isolate universals in the mind but also of insight into the universals
and their necessary interrelations.?® Since the prime examples of this
kind of knowledge come from mathematics, further discussion can be
left to the chapters on the higher levels of mathematical epistemology
(Chapters 11 and 12).

That is a basic sketch of epistemology from the standpoint of
Aristotelian realism. Ideally it should be possible to refer to a book that
gives a full account of the matter based on contemporary cognitive
science. Unfortunately there is no such book,? as recent Aristotelians
have concentrated on metaphysics rather than epistemology. The philos-
ophy of mathematics cannot await the writing of that book. It need not
do so, as only the most basic features of epistemology are essential for
tackling the general issues involved in knowing mathematics.
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Uninstantiated Universals and
‘Semi-Platonist’ Aristotelianism

Aristotelian philosophy of mathematics holds that the objects of math-
ematics — such properties as symmetry, continuity and order - are real-
ized in the physical world, so that mathematics is a science of aspects of
the world, as much as biology is. The principal objection to that thesis
is, ‘Some of the objects of mathematics are not realized in the physical
world, such as large infinite numbers’. It may be that the world is finite,
in which case infinite numbers and very large lengths are not instanti-
ated in the real world. Even more so the higher infinities: ‘set theory is
committed to the existence of infinite sets that are so huge that they
simply dwarf garden variety infinite sets, like the set of all the natural
numbers. There is just no plausible way to interpret this talk of gigantic
infinite sets as being about physical objects.”t Or as Shapiro writes:

It seems reasonable to insist that there is some limit to the size of the
physical universe. If so, then any branch of mathematics that requires
an ontology larger than that of the physical universe must leave the
realm of physical objects if these branches are not to be doomed to
vacuity. Even with arithmetic, it is counterintuitive for an account of
mathematics to be held hostage to the size of the physical universe.?

What then is the Aristotelian account of mathematical truths about
those unrealized quantities?

Before answering that question, one may pause to wonder if the ques-
tion does not cut two ways. Is there something too swift about asking,
‘Even if the Aristotelian could give an account of small number, ratios,
etc., how could he deal with the huge and uninstantiated ones to deal
with?” Compare someone who responded to the claim ‘Perception gives
knowledge’ with the objection ‘Even if perception gives knowledge

21
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about some things, how could it explain knowledge of the unobserved?’
True, but let us stop and smell the roses first. Small finite structures have
plenty to keep the mathematician occupied, and the body of knowl-
edge about them is extensive. If it were admitted that those truths were
literally true of mundane reality, then there would be a large body of
Aristotelian mathematical knowledge, in no need of Platonist reinter-
pretation. If then the world did expand so that the boundary between
the instantiated and the uninstantiated blew out infinitely, perhaps to
the higher infinities, most of mathematical knowledge might be literally
true of the (non-abstract) world.

Be that as it may, the ‘problem of uninstantiated universals’ is a
genuine one and must be faced. It is especially urgent in, but not unique
to, the philosophy of mathematics. It needs very careful treatment.
It will be argued that Aristotelian realism does have an answer to the
problem, but it requires an Aristotelianism of somewhat Platonist tinge.
The resulting theory is, however, very far from standard Platonism and
cannot be reconciled with it.

Determinables and determinates

The reason we know about uninstantiated universals such as huge numbers
is that they occur in structured ranges of universals called determinables.
Colour is a determinable, while an exact shade of colour such as Cambridge
Blue is a determinate — a precise way of being a colour, among the wide
range of possible ways of being a colour. (‘Blue’ is thus a range of deter-
minate colours — colour partly but not fully determined.) Similarly with
quantities: length is a determinable, 1.57 metres a determinate length.

The way in which determinables are divided into determinates is
unlike the way in which classification works via genus and differentia.
While (in the traditional example) humans are of the genus animal with
the differentia of rationality added, Cambridge Blue is not colour with
some differentia added (other than Cambridge Blue itself). It is just one
of the different ways of being coloured.?

While it is possible that a determinable should divide into a discrete
mass of unrelated determinates — the space of smells has something of
that character, though not exactly — in the most important cases such as
colour and quantity, the determinates are subject to continuous varia-
tion. Colours resemble closely or not, and between two colours there is a
range of intermediate colours.* Similarly for lengths. To all appearances,
ranges of colours and lengths are infinitely divisible, though it is for
empirical science to say if the appearance corresponds to reality.
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Facts about the relations between the determinates of a determinable,
such as the betweenness relations holding among the colours or the
ratios in which lengths stand, appear to be necessary. Surely there is no
possible world in which a given shade of blue is between scarlet and
vermilion, or in which A is twice the length of B, B twice the length of C
and A three times the length of C?

It would be possible in principle for our perception to register some
individual determinates without noticing that they formed instances of
the range of a determinable. That is not what actually happens. Our
sense organs respond continuously, and no doubt imprecisely, to ranges
of colours and lengths, and we recognize explicitly the variation, and
that it is variation within a single determinable. As a result, we have an
ability to interpolate and extrapolate, to imagine colours and lengths
close to but distinct from those experienced. That gives us prima facie
reason to believe in the reality, in some sense, of colours and lengths
other than those we have directly experienced.

That is epistemology. What of the ontology?

Uninstantiated shades of blue and huge numbers

The Aristotelian slogan is that universals are in re: in the things them-
selves (as opposed to in a Platonic heaven). It would not do to be too
fundamentalist about that dictum, especially when it comes to unin-
stantiated universals such as numbers bigger than the number of things
in the universe. How big the universe is, or what colours actually appear
on real things, is surely a contingent matter, whereas at least some truths
about universals appear to be independent of whether they are instanti-
ated - for example, if some shade of blue were uninstantiated, it would
still lie between whatever other shades it does lie between.> What exactly
is the Aristotelian account of the reality (if any) of a shade of blue that
happens never to have been instantiated?

Many Aristotelians argue that admitting uninstantiated universals in
any way at all would be excessively Platonist, by acknowledging a realm
of Forms beyond the real world, ungrounded in any true reality.® They
must say, then, that lengths greater than the diameter of the universe
or uninstantiated shades of blue are mere possibilities. The difficulty for
that suggestion is that those ‘merely’ possible lengths appear themselves
to stand in ratios to each other, in ways correctly described by math-
ematics, and an uninstantiated shade of blue appears to lie between
two determinate instantiated ones. The ‘mere’ possibilities thus them-
selves form a Platonic-like world of forms, complex in structure, the
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truths of which have no apparent truthmaker. Our knowledge of ratios,
such as that three times a length lies between twice and four times that
length, applies to lengths beyond the diameter of the universe. Those
truths stand ready to be, so to speak, clothed in reality if the universe
expands.

Brent Mundy argues for the reality of uninstantiated universals by
asking how a general theory of quantity relates to empirical evidence
about quantities. A nominalist theory faces the problem that standard
postulates of the theory of (extensive) quantity such as that the sum of
two quantities is a quantity are literally false (for example, if mass means,
operationally, measurement in a balance, then two large enough masses
may be too large to fit together in a balance, though they do fit individu-
ally). That problem is shared by an Aristotelian realism that admits only
instantiated quantities: the sum of two instantiated lengths and the
average of two shades of blue may not be instantiated. Mundy suggests
that for a posteriori realism — one which takes it as a matter for science to
determine which universals there are — the empirical evidence supports
the reality of determinable quantity more than of the arbitrary collection
of those determinates that happen to be instantiated. On grounds of theo-
retical simplicity, length-in-general is the theoretical entity that makes
sense of the empirical evidence, not lengths-in-the-happenstancedly-
instantiated-range.” To restrict lengths or colours to the instantiated
range would be a ‘simplification’ analogous to supposing that only
observed bodies exist — it fails to posit the natural range of which the
data happen to be a sample. One expects the science of colour to be able
to deal with any uninstantiated shades of blue that there may be on a
par with instantiated shades — of course direct experimental evidence
can only be of instantiated shades, but science consists not just of heaps
of experimental data but of inference from experiment, so extrapola-
tion (or interpolation) arguments are possible to ‘fill in’ gaps between
experimental results.

Similarly, Brian Ellis argues that laws of nature do not connect indi-
vidual values of ‘dimensions’ or ‘generic universals’, such as mass, but
the dimensions themselves. They express ‘concomitant variation’, in
Mill’s phrase, or ‘generic relations between the quantitative properties
of things’, that is, relations between ranges of, for example, depth and
pressure. So science suggests that it is the determinable rather than
the determinates or values that are ontologically prior, since laws
connect determinables in the first instance.® The lack of instantiation
of some values does not tell against the reality of the determinable in
general.
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It is the same with mathematical structures such as the continuum,
Euclidean geometry or infinite numbers (on which more in Chapter 8)
and idealizations such as perfect spheres (on which more in Chapters 5
and 14). Those can be described as (possibly) uninstantiated structures
or as (merely) possible structures, but in either case they are complex
forms which could be instantiated in reality — forms about which there
can be necessary knowledge. They differ from the Forms of classical
Platonism which necessarily lie beyond mundane reality and cannot be
literally instantiated in it. Aristotelian forms can be instantiated, but it is
for the contingencies of historical reality (or the will of God, or whatever
decides such matters) to determine which are in fact instantiated.

Possibles by recombination?

Because of the tendency of quantity to apply across vast ranges of size,
it is particularly difficult to make sense of quantity in terms of a strict
Aristotelian realism that does not in some way admit uninstantiated
universals. The best attempt to do so is the combinatorial theory of
possibility of David Armstrong. Armstrong holds that possibilities are
recombinations of actual elements in the world - there being a unicorn
is possible because it is a recombination of parts of actually existing
entities. But combination is to allow addition and deletion of actually
existing particulars (though not addition of universals): ‘Combination
is to be understood widely. It includes the notion of expansion (perhaps
“repetition” is a less misleading term) and also contraction.” Individuals
are to be allowed to clone themselves indefinitely, indeed infinitely
often, to create new possibilities.

The difficulty is that the possibility of very large or infinite numbers
is then built into the theory, or presupposed by it, rather than analysed
by it. Why are numbers larger than those instantiated in the universe
possible? Because the actual individuals in the universe are subject
to ‘indefinite multiplication’.!? (Similarly, the possibility of a length
greater than the diameter of the universe is grounded in the possibility
of replication of actual individuals to give a body of greater total length:
an uninstantiated quantity is ‘combinatorially accessible from actual’
quantities.!!) But what is the ground of the possibility of indefinite repli-
cation of individuals itself? The theory does not say. Instead it has to
assume that possibility in order to get started.!? What, for example, is
the ground of the possibility of some particular infinite cardinal? It is
the possibility that actual individuals should be infinitely replicated at
least that many times (a possibility normally regarded as controversial,
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in view of traditional Aristotelian doubts about actual infinities). That
may indeed be the ground, but the combinatorial theory of possibility
has not given an analysis of that possibility, only an assertion of it. So
the combinatorial theory is not a complete account of possibility. In
particular it has not given, as it claimed to do, a reductive analysis of
uninstantiated universals in terms of instantiated ones.

There is a remaining problem as to the possibility of truly ‘alien’
universals, which are like nothing in the actual universe.!®* However,
these seem beyond the range of what needs to considered in mathe-
matics — for all the vast size and esoteric nature of Hilbert spaces and
inaccessible infinite cardinals, they seem to be in some sense made out
of a small range of simple properties. What those properties are and
how they make up the larger ones is something to be considered later
(Chapters 3 and 4).

Semi-Platonist Aristotelianism

At this point it may be wondered whether it is not a very Platonist form
of Aristotelianism that is being defended here. It has a structured space
of universals, not all instantiated, into whose necessary interconnections
the soul has insights. That is so. But there are three, not two, distinct
positions covered by the names Platonism and Aristotelianism:

1. (extreme) Platonism, according to which universals are of their nature
‘abstract objects’, that is, they are not the kind of entities that could
exist (fully or exactly) in this world, and they lack causal power;

2. semi-Platonist or modal Aristotelianism (the position defended here),
according to which universals can exist and be perceived to exist in
this world and often do, but it is a contingent matter which do so
exist, and we can have knowledge even of those that are uninstanti-
ated, and of their necessary interrelations;

3. strict this-worldly Aristotelianism, according to which uninstantiated
universals do not exist in any way: all universals really are in re.1*

These positions are very distinct. The gap between semi-Platonist
Aristotelianism and extreme Platonism is unbridgeable. Aristotelian
universals are ones that could be in real things (even if some of them
happen not to be), and knowledge of them comes from the senses
being directly affected by instantiated universals (even if indirectly and
after inference, so that knowledge can be of universals beyond those
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directly experienced). By contrast, extreme Platonism calls universals
‘abstract’, meaning that they do not have causal powers or location and
hence cannot be perceived (but can only be postulated or inferred by
argument).!®

It is true that whether the gap between the second and third posi-
tions is large depends on what account one gives of possibilities. If the
‘this-worldly’ Aristotelian were to have a robust view of merely possible
universals (for example, by granting full existence to possible worlds),
there might be little difference in the two kinds of Aristotelianism. But
that would be to adopt Platonism about possible worlds. But supposing
a deflationary view of possibilities (as would be expected from an
Aristotelian and as is developed in Armstrong’s theory), a this-worldly
Aristotelian will believe in a much narrower realm of real entities.

Shapiro argues that there is no acceptable view of necessity and possi-
bility that can be relied on here by ‘modal’ Aristotelianism, so that reli-
ance on necessity cannot replace Platonism. Indeed, this is his objection
to what he calls the ‘eliminative structuralist’ Aristotelian alternative to
Platonism. He discusses Hellman’s ‘modal realism’, which agrees with
Aristotelianism to the extent of regarding mathematics as (at least some-
times) about possible structures (though Hellman does not support this
with an Aristotelian theory of universals; Hellman’s theory is consid-
ered further in Chapter 7). According to Hellman, an arithmetic claim &
means that for any logically possible system §, if S exemplifies the natural-
number structure, then @ is true of S. Shapiro objects:

Recall that in contemporary logic textbooks and classes, the logical
modalities are understood in terms of sets. To say that a sentence
is logically possible is to say that there is a certain set that satisfies
it. According to the modal option of eliminative structuralism,
however, to say that there is a certain set is to say something about
every logically possible system that exemplifies the structure of the
set-theoretic hierarchy. This is an unacceptable circularity. It does no
good to render mathematical ‘existence’ in terms of logical possibility
if the latter is to be rendered in terms of existence in the set-theoretic
hierarchy.!®

It is a dubious claim that contemporary logic textbooks do regard sets
as more basic than logical necessity;!” to the extent that they do, they
follow Frege’s Platonism, which will be criticized in Chapter 7. And such
a view is particularly implausible in the kind of cases that have just been
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discussed. The necessity of the betweenness relations between colours, for
example, is due to the necessity of relations between universals in general.
Similarly with the transitivity of ‘greater than’ between lengths. Colours
and lengths, and the properties of them, do not in any way depend on
sets. Whatever the nature of those necessities, there is no motivation for
regarding them as dependent on set theory. So Shapiro’s contention of
circularity in appeals to necessity and possibility cannot be sustained.

Let us return to the question of the relation between the second
(semi-Platonist Aristotelian) and third (strictly earthbound Aristotelian)
positions, which disagree on whether to admit in some way necessities
concerning uninstantiated universals. The discrepancy is not a matter of
great urgency in considering the usual universals of science which are
known to be instantiated because they cause perception of themselves. It
is the gargantuan and esoteric specimens in the mathematical zoo that
strike fear into the strict empirically oriented Aristotelian realist. Our
knowledge of mathematical entities that are not or may not be instantiated
has always been a leading reason for believing in Platonism, and rightly
s0, since it is knowledge that goes well beyond the here and now. It does
create insuperable difficulties for a strict this-worldly Aristotelianism. But
it needs to be considered whether one might move only partially in the
Platonist direction. There is room to move only halfway towards extreme
Platonism for the same reason that there is space in the blue spectrum
between two instantiated shades for an uninstantiated shade. The non-
adjacency of shades of blue is a necessary fact about the blue spectrum (as
Platonism holds), but whether an intermediate shade of blue is instan-
tiated is contingent (contrary to extreme Platonism, which holds that
universals cannot be literally instantiated in reality). It is the same with
uninstantiated mathematical structures, according to the Aristotelian of
Platonist bent: a ratio (say), whether small and instantiated or huge and
uninstantiated, is part of a necessary spectrum of ratios (as Platonists
think) but an instantiated ratio is literally a relation between two actual
(say) lengths (as Aristotelians think) and is thus something found in
the physical world. The fundamental reason why an intermediate posi-
tion between extreme Platonism and extreme Aristotelianism is possible
is that the Platonist insight that there is knowledge of uninstantiated
universals is compatible with the Aristotelian insight that instantiated
universals can be directly perceived in things.

The slogan of semi-Platonist Aristotelianism is ‘Instantiation is possible
but not necessary’.

Should an uninstantiated universal be said to ‘exist’? That is not
regarded as a meaningful question by the semi-Platonist Aristotelian.
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When a universal is instantiated in a particular in some state of affairs,
a being exists with that universal; when a universal is not instantiated,
there are knowable possibilities concerning it and its relations to other
universals, but there is no need to grant it an ‘existence’ parallel to
that of particulars. It may be convenient to set up names and math-
ematical notations for such possibilities, but it is not the business of
the philosophy of universals or the philosophy of mathematics to deal
with complex questions in the philosophy of language concerning refer-
ence to objects beyond the here and now (such as fictional and future
objects, as well as possibilities).!® It is sufficient to insist on the reality of
relations between universals, instantiated or not, and on the reality of
knowledge of them.

Semi-Platonist Aristotelianism makes sense of two conflicting intui-
tions about the objectivity of mathematics, which create difficulties
for other theories. On the one hand, its Aristotelian aspect allows it to
connect the objectivity of mathematics with the usual objectivity of
science arising from perception and measurement: the symmetry of a
physical object, for example, can be perceived, quantities can be counted
and measured. That is because symmetry and quantitative properties like
length are genuinely instantiated in reality and can cause perceptual and
measurable knowledge of themselves in the ordinary way of science. On
the other hand, pure mathematics is felt to cantilever our knowledge out
beyond perceptible reality, and to give us insight into realms of necessi-
ties that may well not be instantiated in the actual world. As Armstrong
puts it, ‘in mathematics, we gain knowledge of entities which are merely
possible, and indeed, perhaps nomically impossible...there can be no
question of establishing these conclusions a posteriori... Mathematical
“existence”, then, is the possibility of actual existence.’!’

Those opposing sources of mathematical objectivity must be compat-
ible despite their apparent tension, since sometimes it happens that pure
mathematics discovers structures whose applicability is unsuspected,
followed by scientists’ discovery that those very structures describe
some aspect of reality. (Einstein’s use of esoteric aspects of differential
geometry in general relativity is one of many celebrated cases.?’) Semi-
Platonist Aristotelianism explains the metaphysics underlying these
different aspects of the objectivity of mathematics. The same mathe-
matical properties may be instantiated (hence perceptible and measur-
able) or uninstantiated and merely possible (hence accessible, if at all, by
some other, purely intellectual, method).

The details of the epistemology — how perception in simple cases
meshes with intellectual insight into the non-existent — will be dealt
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with in Chapters 10, 11 and 12. Chapter 11 in particular deals with the
faculty of the imagination, which is capable of the recombinations of
learned concepts that launches us out beyond the directly perceived,
into the realm of the possibly uninstantiated.
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Elementary Mathematics: The
Science of Quantity

If Aristotelian realists are to establish that mathematics is the science of
some properties of the world, they must explain which properties. That
is particularly necessary since it is much less obvious what the answer is
for mathematics than it is for sciences like physics, biology or sociology.
It is clear enough what properties of things physics studies — properties
such as mass and attraction (even if it is hard to say what they have in
common that makes them physical). Likewise it is clear that biology
studies the properties unique to living things. But when the properties
of things studied by those special sciences have been listed, what proper-
ties are there left over for mathematics to be about? The answer is less
than obvious.

To be convincing, an Aristotelian realism must answer this question
convincingly and precisely. The answer must be convincing in terms
of covering the examples that are uncontroversially mathematical, and
precise in terms of a clear definition.

There have been two main suggestions from realists about the object
of mathematics, as to what that object is. The first theory, the one that
dominated the field from Aristotle to Kant and that has been revived
by a few recent authors, is that mathematics is the ‘science of quantity’.
The second is that its subject matter is structure or pattern.

Reasons will be given for taking both of these to be objects of mathe-
matics, and exact definitions of both these (notoriously vague) concepts
will be offered. The exactitude of the definitions will be sufficient to
permit a demonstration that the concepts are not identical, though
closely related.

Two realist theories of mathematics:
quantity versus structure

Quantity is examined in this chapter and structure in the next. It is
concluded that both quantity and structure are real properties and are
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studied by mathematics, but are quite distinct properties. The division
between the two objects of study roughly corresponds to the division
between elementary and higher mathematics. It will be explained how
to characterize the notions of ‘quantity’ and ‘structure’ precisely enough
so that it can be established that the two are not the same. Yet they have
a close enough relationship to give some degree of unity to the subject
matter of mathematics.

From the time of Aristotle to the eighteenth century, one philosophy
of mathematics dominated the field. Mathematics, it was said, is the
‘science of quantity’. Quantity, one of Aristotle’s basic categories of
being, is divided into the discrete, studied by arithmetic, and the contin-
uous, studied by geometry.! That theory plainly gives an initially reason-
able picture of at least elementary mathematics, with its emphasis on
counting and measuring, and calculating with the resulting numbers.
It promises direct and comprehensible answers to questions about what
the object of mathematics is (certain properties of physical and perhaps
non-physical things such as their size), and how those properties are
known (the same way other natural properties of physical things are
known: by perception in simple cases and inference from perception in
more complex ones).

Following dissatisfaction with the classical twentieth-century philoso-
phies of mathematics such as formalism and logicism, and in the absence
of a general wish to return to an unreconstructed Platonism about
numbers and sets, another realist philosophy of mathematics became
popular in the 1990s. Structuralism holds that mathematics studies
structure or patterns. As Shapiro explains it, number theory deals not
with individual numbers but with the ‘natural number structure’, which
is ‘a single abstract structure, the pattern common to any infinite collec-
tion of objects that has a successor relation, a unique initial object, and
satisfies the induction principle’.? The structure is ‘exemplified by’ an
infinite sequence of distinct moments in time. Number theory studies
just the properties of the structure, so that for number theory, there is
nothing to the number 2 but its place or ‘office’ near the beginning of
the system. Other parts of mathematics study different structures, such
as the real number system or abstract groups.

The structuralist theory of mathematics has, like the quantity theory,
some initial plausibility, in view of the concentration of modern math-
ematics on structural properties like symmetry and the purely relational
aspects of systems both physical and abstract. It is supported by the
widespread concentration of modern pure mathematics on ‘abstract
structures’ such as groups and topological spaces.
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In view of the underlying philosophical similarity between these
two realist theories of mathematics, it is surprising that questions have
not been asked about the relation between them, or about the relation
between the concepts of quantity and structure. This is particularly
remarkable in that the quantity theory, or something very like it, was
revived in the 1990s, and a school of philosophers has tried to show that
sets, numbers and ratios should also be interpreted as real properties of
things (or more exactly real relations between universals: for example
the ratio ‘the double’ may be something in common between the rela-
tion two lengths have and the relation two weights have). The fact that
this project has been pursued in Australia® while structuralism is North
American does not seem sufficient excuse for this theory’s being unmen-
tioned in most recent discussion in the philosophy of mathematics.

Nor is it sufficient excuse — though it may to some extent explain
the lack of communication - that the quantity theory tends to be more
Aristotelian and structuralism more Platonist in its realism. The quantity
theorists tend to discuss ratios existing between actual lengths, times
and so on, and mostly situate their theory in an Aristotelian realist
theory of universals such as that of Armstrong. But, as will be described
in the next chapter, the two leading structuralists, Shapiro and Resnik,
are largely Platonist about structures: Shapiro favours an ‘ante rem struc-
turalism’ which he compares to Platonism about universals, and Resnik
is also Platonist with certain qualifications.? But the gulf between the
two sides is not as wide as it seems. Shapiro and Resnik allow arrange-
ments of physical objects, such as basketball defences, to ‘exemplify’
abstract structures, thus allowing mathematics to apply to the real world
in a somewhat more direct way than classical Platonism, while certain
other structuralist authors place much greater emphasis on instanti-
ated patterns.> On the other hand, quantity theorists admit a need to
deal with uninstantiated quantities such as very large numbers, tending
to make their approach a semi-Platonist form of Aristotelianism (as
described in Chapter 2).

Once the existence of the science-of-quantity and science-of-structure
theories is noticed, some obvious questions arise. Are they really the
same theory, with ‘structure’ being just a modern understanding of what
was previously called quantity? Or is structure a genus of which quan-
tity is a species, so that structuralism is a generalization of the quantity
theory that reflects the wider compass of modern mathematics? If, on
the other hand, quantity and structure are both genuine sorts of univer-
sals, but different ones, are there sciences of both, and if so, what are
they?
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These questions are important for reasons beyond the need of an
Aristotelian philosophy of mathematics to say clearly and exactly what
mathematics is about, if the philosophy of mathematics is to move
beyond its concentration on the items studied in kindergartens and logic
seminars, such as numbers and sets, and deal with those studied by real
mathematicians, including applied mathematicians. (Even philosophers’
discussions of the applicability of mathematics foreground numbers and
real analysis rather than, say, operations research or fluid dynamics.%) An
initial classification of the entities appearing in the discourse of math-
ematicians is surely desirable in advance of any philosophically inspired
projects to, for example, reconstruct those entities in some other mate-
rial such as sets or categories.

The position that will be argued for here is that quantity and struc-
ture are different sorts of universals, both real. The sciences of them are
approximately those called by the (philosophically somewhat unsatis-
fying) names of elementary mathematics and advanced mathematics.
That is a more exciting conclusion than might appear. It means that the
quantity theory will have to be incorporated into any acceptable philos-
ophy of mathematics, something very far from being done by any of the
current leading contenders. It also means that modern (post-eighteenth-
century) mathematics has discovered a completely new subject matter,
pure structure, thus creating a science unimagined by the ancients.

Let us first examine quantity, addressing such traditional questions
of the philosophy of mathematics as ‘What are numbers?’, while at
the same time keeping to elementary matters where purely structural
considerations are less evident.

Continuous quantity and ratios

According to the traditional division of mathematics, geometry studies
continuous quantity while arithmetic studies discrete quantity or
numbers. That division at least highlights the fact that it is far from clear
initially whether the two kinds of quantity have much in common, for
example whether the ratio ‘the double’ has much in common with the
counting number 2. So let us examine them separately.

The crucial concept of continuous quantity is ratio or proportion.
Bigelow introduces ratios as follows. His Aristotelian language is chosen
to keep close to physically real relations, and also to remind us how
easily we deal with the reality of relations, and relations between
relations:
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Physical objects, like elephants and Italians, humming-birds and
Hottentots, have many physical properties and relations: volume and
surface area, for example. And the physical properties of these objects
stand in important relations to one another. In particular, such phys-
ical properties stand in relations of proportion to one another. There
is a relation between the surface area of the humming-bird and that
of the Hottentot; and this may or may not be the same as the rela-
tionship that holds between the surface areas of an Italian and an
elephant.

Relationships such as proportion will hold not only between surface
areasbutalso between volumes. Conceivably, the relationship between
the surface areas of two objects might be the same as the relationship
between volumes for two other objects. But it is a fact of considerable
biological significance that the relation between surface areas of two
objects will not, in general, be the same as the relationship between
their volumes. Ignoring differences in shape (say, by supposing an
elephant were shaped like an Italian, or vice versa), it turns out that
if the elephant has ten times the height then it will have a hundred
times the surface area and a thousand times the volume. The volumes
of the elephant and the Italian, or the Hottentot and the humming-
bird, will be ‘more different’ than their surface areas. There are several
distinct relationships present; furthermore, there are distinctive ways
in which these relationships differ from one another. There are also
distinctive relationships among these relationships. These facts have
consequences of physical significance: for instance, with regard to
problems of heat regulation. It is from such fertile soil as this that
most of mathematics has grown.”

Thus, for example, the universal ‘being 1.57 kilograms in mass’ stands in
a certain relation, a ratio, to the universal ‘being 0.35 kilograms in mass’.
Pairs of lengths can stand in that same ratio, as can pairs of time inter-
vals. (It is not so clear whether pairs of temperature intervals can stand
in a ratio to one another; that depends on physical facts about the kind
of scale that temperature is.) The ratio itself is just what those binary
relations between pairs of masses, lengths and time intervals have in
common. ‘A ratio is a sort of relation in respect of size between two
magnitudes of the same kind’, in Euclid’s words.®

Ratios are most easily appreciated in the kind of quantity called
‘extensive’. Modern physics makes a basic distinction between extensive
quantities like length and mass, and intensive ones like temperature and
speed.’
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If a body has length two metres, it consists of two parts, each of
length one metre. It is the same with mass or volume: a two-unit mass
or volume consists (in many different ways) of two parts of unit mass or
volume. A time of two seconds consists of two parts, each of one second.
Such a quantity is called ‘extensive’. In the language of the International
Union of Pure and Applied Chemistry, ‘a quantity that is additive for
independent, non-interacting subsystems is called extensive’.1°

Extensive quantities are easy to measure since a unit can be repeated to
fill up the quantity to be measured. For example, a length can be measured
by concatenating identical rods, because the length occupied by the rods
is the sum of the lengths of each one. It is easy to see how the ratios arise
in such cases: necessarily, if an object with an extensive quantity is cloned,
the ratio of the sum to the original is necessarily the double ratio.

A (particular) ratio is thus not merely a ‘place in a structure’ (of all
ratios), for the same reason as a colour is not merely a position in the
space of all possible colours - the individual ratio or colour has intrinsic
properties that can be grasped without reference to other ratios or
colours. Though there is indeed a system or space of all ratios or all
colours, having its own structure, it makes sense to say that a certain
one is instantiated and a neighbouring one not. It is perfectly determi-
nate which ratios are instantiated by the pairs of energy levels of the
hydrogen atom, just as it is perfectly determinate which, if any, shades
of blue are missing.!!

Although ratios are most easily seen in extensive quantities, they are
also crucial in some kinds of intensive quantities, namely, those that
are rates of extensive quantities. A body with speed of two metres per
second does not consist of two parts, each with speed one metre per
second, so speed is not an extensive quantity. Nevertheless, speeds have
determinate ratios, since a body with speed twice another covers twice
the space in equal times.

Ratios appear to have no close connection with sets. The ratio of your
height to mine does not suggest or require the existence of any sets (of
heights, people, numbers or anything else).

Discrete quantity and numbers

Discrete quantities arise in quite a different way from ratios. It is char-
acteristic of ‘unit-making’ or ‘count’ or sortal universals like ‘being an
apple’ to structure their instances discretely. That is what distinguishes
them from mass universals like ‘being water’. A heap of apples stands
in a certain relation to ‘being an apple’. That relation is the number of
apples in the heap. The same relation can hold between a heap of shoes
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and ‘being a shoe’. The number is just what these binary relations have
in common.!?

Thus, suppose there are seven black swans on the lake now. The prop-
osition refers to a part of the world, the black biomass on the lake now,
and a structuring property, being a black swan. Both are necessary to
determining that the relation between the mass and the property should
be ‘seven’: if it were a different mass (for example the black swans on or
beside the lake now) or a different unit-making property (for example
being a swan organ) then the numerical relation would be different.
Therefore numbers are not properties of parts of the world simply, but
must be properties of the relation between parts of the world and the
unit-making properties that structure them.

So the fact that a heap of shoes stands in one such numerical relation
to ‘being a shoe’ and another numerical relation to ‘being a pair of shoes’
(made much of by Frege!®) does not show that the number of a heap is
subjective or not about something in the world, but only that number is
relative to the count universal being considered; and Aristotelians take
that universal to be part of the world'’s furniture. (Similarly, the fact that
the probability of a hypothesis is relative to the evidence for it does
not show that probability is subjective, but that it is a relation between
hypothesis and evidence.) We will consider the significance and baneful
consequences of Frege’s mistake in Chapter 7.

One may picture the structuring unit-making property as a ‘cookie-
cutter’ that cuts the mereological sum, the black mass on the lake, into
seven black swans. However, that is potentially misleading in suggesting
that the individuals cut out should be disjoint. That is often so, but it
need not be, since the way some unit-making properties structure their
instances allows for the possibility of a proper part of an individual
being also an individual of the same kind. For example, in the diagram
below,!* the space surrounded by the outside lines consists of three
delineated squares, but they are not disjoint:

Figure 3.1 Squares whose intersection is another square
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So the relation of a part of space to ‘being a square’ can be a little more
complex than the relation of apple mass to ‘being an apple’, but there is
nothing especially problematic about that.

Like a ratio, a number is not merely a position in the system of
numbers. There is a perfectly determinate number of apples in a heap,
independently of anything systematic about numbers (and independent
of any knowledge about it, such as through counting). Thus the theory
of Shapiro and others that the number 2 is merely a position in the series
of numbers is incomplete. It arises from a confusion between the ordinal
and cardinal aspect of numbers. Although 2 as an ordinal number is
merely the second place in the number sequence, 2 as cardinal number
is the unique relation between, for example, Sirius and ‘being a star’
(since Sirius is a double star).

Discrete quantity and sets

Whereas ratios have nothing to do with sets, numbers are intimately
connected with them. Given a set, there is something to count. And
conversely, if there is counting, there is a set of entities being counted,
and indeed sets are good for little else.!® Given a heap and a unit-making
property structuring it, there is immediately created (there supervenes)
both the set of things of which the heap is the mereological sum, and
the number of things in that set. If there is no unit-making property - if
there is just stuff — there is no number and no set.

Thus sets have a critical role in mathematics, and not just at an
advanced level. Philosophers sometimes speak as if sets were only discov-
ered in the nineteenth century in connection with esoteric questions in
the foundations of real analysis.!® An explicit set theory was only needed
at that stage, but there is plenty of reference to sets in earlier math-
ematics. In combinatorics, such as the counting of structured sets like
‘how many ways’ to do something (say, how many pairs can be chosen
from a set of objects), it is difficult to avoid explicit reference to the sets
involved. For example, in their correspondence of 1654 that founded
the mathematical theory of probability, Fermat and Pascal considered
the ways of completing a game with four coin tosses, and explicitly
listed the set of sixteen possibilities:!”

Table 3.1 Possible outcomes of four coin tosses
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The widespread idea of a ‘majority’!® is an explicit concept of a subset,
needed for example in explaining the validity of the argument:

Most As are Bs
Most As are Cs

Therefore some Bs are Cs'?

The reasoning needed here resembles that in the most elementary prob-
lems now normally solved at school via explicit reference to sets (using
Venn diagrams), questions such as, ‘If ten students in the class play
violin, five play piano and two play both, how many play at least one of
those instruments?’ In the graph of a function - such as Oresme’s graphs
of the shape of motion, Descartes’ graphing of algebraic equations in the
Cartesian plane, or Playfair’s eighteenth-century graphs of expenditure
over time — the axes represent the domain and codomain of the func-
tion, that is, the sets of, respectively, the inputs and the possible outputs
of the function. Thus sets are and have long been very familiar objects
in quite elementary parts of mathematics.

Nor was reference to sets found only in mathematics. The relation of
a platoon to a brigade (or of corresponding divisions in ancient armies)
is numerical, rather than measured by biomass, because they are both
sets of soldiers. The Oxford English Dictionary records many early uses of
‘group’, ‘collection’, ‘class’, ‘multitude’, ‘aggregate’, ‘pair’ and ‘set’ in the
modern sense of sets of things,?® and that does not begin to deal with
the more specialized language dealing with sets of people and animals,
such as ‘company’,?! ‘society’, ‘committee’, ‘congregation’, ‘member of
Parliament’, and the entire array of collective nouns such as ‘flocks’,
‘herds’, ‘gaggles’”> and so on. Even philosophers could manage the
concept to some degree: when Plato is recorded as being forced to add to
the ‘featherless biped’ definition of ‘man’ the characteristic ‘with broad
flat nails’ (in response to Diogenes’ plucked chicken),? there is plainly
an understanding involved of the extension of a predicate. Even sets
of sets of sets...are not uncommon in ordinary life - if I sign off for a
consignment of three truckloads each with four crates of ten packages
with five pairs of shoes each, I have dealt with a set of a set of a set of a
set of a set of a set of shoes; the example indicates why multiplication is
as important in elementary arithmetic as addition.

So what are sets, from an Aristotelian point of view? The Aristotelian
cannot rest content with the Platonist story that sets are a simple
‘abstract’ object at which questions should stop, and that the membership
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relation is sui generis. That conception is problematic, as will be argued
in Chapter 7, but even if it were intelligible and satisfactory, it would
interpose a Platonist entity in a story where there should be no role for
it, the story of how unit-making properties structure a heap into some-
thing able to be counted.

The Aristotelian desires a theory according to which sets are onto-
logically nothing over and above there being a unit-making property
to structure a heap. Several theories are available and the differences
among them are inessential:

e Armstrong adopts David Lewis’s proposal that a set is the mereolog-
ical sum of its singletons, and adds the idea that the singleton of x is
simply the state of affairs of there being some unit-making universal
that singles out x.24

e Forrest suggests that an appealing antirealism about sets would take
the set {a, b,...} to be the heap a + b +... regarded as having a, b...as
parts, and a realist version of this would be to take the set to be the
‘trope’ or state of affairs of the heap a + b +...’s having a, b,...as
parts.?’

® Bigelow argues that a singleton is an ‘individual essence’ or haec-
ceity of its only member, which ‘captures it uniqueness’, so that a
set is ‘a universal that nothing could possibly instantiate without
being identical to one of the things that actually instantiate that
universal’.2¢

e Simons suggests that the same formal properties can be obtained
by allowing the singleton of x to be the state of affairs of x’s being
identical to itself?” (the unit-making property is implicit here, in that
without such a property there would not be an x to pick out).

The essence of all these suggestions is that at the basic philosophical
level necessary in this question, we cannot help ourselves naively to the
notion of ‘object’. When we assert ‘The cat sat on the mat’, ‘The’, in ‘the
cat’, indicates that we are dealing with a single unified object, cut out
from the background. In the continuum of matter that is the universe
and the flux it undergoes, what cuts out the warm furry item, draws its
boundaries and points it out as an individual thing deserving a common
noun??® It is the property, the repeatable unit-making property ‘being
a cat’, that cuts the cat from the background, and in doing so creates
a singleton (and when actually repeated creates other sets) and at the
same time creates something to be counted.
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This casts light on the intuitively attractive theory that numbers are
properties of sets: that, for example, {Sydney, Hong Kong} and {temper-
ance, patience} are particulars which share the property ‘being 2’ or
‘being pairs’.?