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hrQ@/BK2MbBQM�H b2K�MiB+b- r?B+? +�M `2T`2b2Mi � /BbiBM+iBQM #2ir22M �T`BQ`Biv �M/ M2+2bbBiv-
?�b rB2H/2/ +QMbB/2`�#H2 BM~m2M+2 BM i?2 T?BHQbQT?v Q7 H�M;m�;2X AM i?Bb T�T2`- A �tBQK�iBx2
i?2 HQ;B+ Q7 i?2 † QT2`�iQ` Q7 ai�HM�F2` URNd3V BM i?2 +QMi2ti Q7 irQ@/BK2MbBQM�H KQ/�H HQ;B+X
h?Bb QT2`�iQ` i`�+2b Bib �M+2bi`v i?`Qm;? a2;2`#2`; URNdjV �M/ ³[pBbi URNdjVX

AM irQ@/BK2MbBQM�H KQ/�H HQ;B+- i?2 i`mi? Q7 � 7Q`KmH� φ BM � KQ/2H M Bb `2H�iBpBx2/
iQ irQ T�`�K2i2`b, � T�`�K2i2` `2T`2b2MiBM; i?2 rQ`H/@�b@�+im�H- r?B+? BM Qm` b2K�MiB+
MQi�iBQM U�b BM U!V- U†V- �M/ U!V- #2HQrV �TT2�`b }`bi- �M/ � T�`�K2i2` `2T`2b2MiBM; i?2
rQ`H/ Q7 2p�Hm�iBQM- r?B+? r2 r`Bi2 b2+QM/XR Jv 2tTQbBiBQM H2�Mb QM ai�HM�F2`Ƕb MQiBQM
Q7 /B�;QM�HBx�iBQM- �M/ ?Bb +?�`�+i2`Bx�iBQM Q7 � T`BQ`BfM2+2bb�`v UA/!V /BbiBM+iBQM �b i?2
+QMi`�bi #2ir22M i?2 i`mi? Q7 ! † φ �M/ i?2 i`mi? Q7 !φX h?2 E`BTF2 KQ/2Hb mb2/ 7Q` i?Bb
`2bmHi �`2 b?QrM iQ #2 2[mBp�H2Mi iQ ai�HM�F2`Ƕb K�i`Bt KQ/2Hb- r?B+? �`2 r2HH FMQrM BM
T?BHQbQT?v Q7 H�M;m�;2X

A +�HH i?Bb T`QQ7 bvbi2K "k.- 7Q` ǳ#�bB+ irQ@/BK2MbBQM�HBbKǴX h?2 Q#D2+i H�M;m�;2 +QMi�BMb
#Qi? ǳ�+im�HHvǴ U!V �M/ i?2 † QT2`�iQ`X

U!V M, y, x " !φ Bz M, y, y " φ

U†V M, y, x " †φ Bz M, x, x " φ

h?2 H�M;m�;2 �HbQ +QMi�BMb � ;HQ#�H a8 KQ/�HBiv ! +QKKQM BM /Bb+mbbBQMb Q7 irQ@/BK2MbBQM�H
b2K�MiB+b U*`QbbH2v � >mK#2`biQM2- RNddc .�pB2b � >mK#2`biQM2- RN3yc 6`Bix- kyRj- kyR9V,

U!V M, y, x " !φ Bz 7Q` �HH x′, M, y, x′ " φ

»h?Bb T�T2` #2M2}i2/ 7`QK i?2 BMTmi Q7 K�Mv T2QTH2X q�`K i?�MFb iQ S2i2` 6`Bix- a?�rM ai�M/272`-
h?QK�b A+�`/- GHQv/ >mK#2`biQM2- C�`2F J�+M�`- JB+?�2H LB2Hb2M- q2b >QHHB/�v- uB72M; .BM;- a`B/?�`
_�K2b?- G�``v JQbb- C�K2b q�Hb?- �M/ 2bT2+B�HHv �`+ EQ+m`2FX

Rh?2`2 Bb +QMbB/2`�#H2 p�`B�iBQM BM i2`KBMQHQ;v 7Q` i?2 }`bi T�`�K2i2`- �M/ BM/22/ r?2i?2` Bi b?QmH/ #2
i?Qm;?i Q7 �b � rQ`H/- Q` bQK2i?BM; 2Hb2 Umbm�HHv `B+?2`VX S`QKBM2MiHv- i?Bb T�`�K2i2` +Q``2bTQM/b iQ i?2
rQ`H/ Q7 i?2 +QMi2ti BM E�TH�M URN3NV- �M/ iQ i?2 b+2M�`BQ T�`�K2i2` BM *?�HK2`b Ukyy9VX
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h?2 7Q+mb QM †- �M/ i?2 ;HQbb QM �T`BQ`Biv �b !†- K�`Fb � +QMi`�bi rBi? i?2 +H�bbB+ HBi2`�im`2
QM irQ@/BK2MbBQM�H KQ/�H HQ;B+- r?B+? Bb +2Mi2`2/ QM !Xkj

.2bTBi2 i?Bb i`�/BiBQM�H 7Q+mb- i?2 /�;;2` K�BMi�BMb Bib mMB[m2 BMi2`2biX Ai Bb mb27mH iQ
?�p2 b2T�`�i2 `2T`2b2Mi�iBQMb Q7 † �M/ !- 7Q` 2t�KTH2- iQ KQ/2H i?2 /BbiBM+iBp2 K�M2mp2`b
Q7 ǳ/B�;QM�HBx2`bǴ Uai�HM�F2`- RNd3V �M/ ǳbmT2`p�Hm2`bǴ Uh?QK�bQM- RNdyV BM +�b2b r?2`2 i?2
BM/2i2`KBM�+v Q7 i?2 QT2M 7mim`2 �z2+ib #Qi? i?2 +QMi2Mi �M/ i?2 i`mi?@+QM/BiBQMb Q7 7mim`2@
/B`2+i2/ /Bb+Qm`b2 UJ�+6�`H�M2- kyyNc 6mb+Q- kyRNVX AM � [mBi2 /Bz2`2Mi +QMi2ti- i?2 MQiBQM
Q7 /B�;QM�HBx�iBQMěi?2 BMi2`T`2i�iBQM Q7 φ �b †φě#22M mb2/ BM 7Q`K�H 2TBbi2KQHQ;v iQ KQ/2H
bm#iH2iB2b Q7 "�v2bB�M H2�`MBM;X ai�HM�F2` UkyRyVǶb /Bb+mbbBQM Q7 i?2 aH22TBM; "2�miv T`Q#@
H2K U1H;�- kyyyV- 7Q` 2t�KTH2- bm;;2bib i?�i i?2`2 Bb � T`QTQbBiBQM "2�miv H2�`Mb r?2M b?2
r�F2b mT �7i2` i?2 +QBM@iQbb 2tT2`BK2Mi r?B+? Bb /BbiBM+i 7`QK � bmT2`}+B�HHv BM/BbiBM;mBb?�#H2
T`QTQbBiBQM b?2 FM2r #27Q`2ěi?2 F2v /Bz2`2M+2 #2BM; i?�i i?2 }`bi T`QTQbBiBQM Bb i?2 /B�;Q@
M�HBx�iBQM Q7 i?2 b2+QM/X9 h?2b2 �TTHB+�iBQMb �`2 +QM+2Tim�HHv �i ?QK2 BM � 7`�K2rQ`F r?B+?
i`2�ib † QM � T�` rBi? AX Pi?2` †@+2Mi`B+ rQ`F BM i?2 HBi2`�im`2 BM+Hm/2b � #`B27 /Bb+mbbBQM Q7 †
BM *?X Ry Q7 aB/2` UkyRyV- mM/2` i?2 M�K2 ǵ×Ƕ- �M/ i?2 /Bb+mbbBQM BM *`2bbr2HH UkyRkV- mM/2`
i?2 M�K2 ǵ_27 ǶX *HQb2` iQ i?2 T`2b2Mi bim/v- � +QKTH2i2M2bb i?2Q`2K 7Q` i�#H2�m bvbi2Kb
72�im`BM; !- A- �M/ † UmM/2` i?2 M�K2 ǵ⊗ǶV �TT2�`b BM G�KT2`i UkyR3VX

AM i?2 }M�H b2+iBQM Q7 i?2 T�T2`- A /Bb+mbb i?2 `2H�iBQMb?BT #2ir22M i?2 T`QQ7 bvbi2K
T`2b2Mi2/ ?2`2 �M/ ³[pBbi HQ;B+b U³[pBbi- RNdjc a2;2`#2`;- RNdj- T;X ddV- r?B+? BMimBiBp2Hv
T`BpBH2;2 i?2 bT�+2 Q7 rQ`H/b Qp2` i?2 bT�+2 Q7 rQ`H/@T�B`bě�M/ ?2M+2 i?2 bT�+2 Q7 T`QTQbBiBQMb
Qp2` i?2 bT�+2 Q7 ;2M2`�H /BT`QTQbBiBQMb bim/B2/ ?2`2X8

�XR hrQ .BK2MbBQM�HBbK pB� †, �M QmiHBM2

ai�HM�F2`Ƕb +H�bbB+ /Bb+mbbBQM BM ǳ�bb2`iBQMǴ BMi`Q/m+2b irQ@/BK2MbBQM�H b2K�MiB+b #v BMD2+iBM;
mM+2`i�BMiv BMiQ � bBim�iBQM r?2`2 bT2�F2`b 2tT`2bb i?Qm;?ib mbBM; +QMi2ti@b2MbBiBp2 H�M;m�;2X

G2i K2 ;Bp2 � bBKTH2 2t�KTH2, A b�B/ vQm �`2 � 7QQH iQ PǶG2�`vX PǶG2�`v Bb � 7QQH-
bQ r?�i A b�B/ r�b i`m2- �Hi?Qm;? PǶG2�`v /Q2b MQi i?BMF bQX LQr .�MB2Hb- r?Q
Bb MQ 7QQH �M/ r?Q FMQrb Bi- r�b bi�M/BM; M2�` #v- �M/ ?2 i?Qm;?i A r�b i�HFBM;
iQ ?BKX aQ #Qi? PǶG2�`v �M/ .�MB2Hb i?Qm;?i A b�B/ bQK2i?BM; 7�Hb2, PǶG2�`v
mM/2`biQQ/ r?�i A b�B/- #mi /Bb�;`22b rBi? K2 �#Qmi i?2 7�+ibc .�MB2Hb- QM i?2
Qi?2` ?�M/- �;`22b rBi? K2 �#Qmi i?2 7�+i Ę#mi KBbmM/2`biQQ/ r?�i A b�B/X Cmbi
iQ }HH Qmi i?2 2t�KTH2- H2i K2 �// i?�i PǶG2�`v #2HB2p2b 7�Hb2Hv i?�i .�MB2Hb Bb
� 7QQHX LQr +QKT�`2 i?2 TQbbB#H2 rQ`H/b i, j- �M/ kX i Bb i?2 rQ`H/ �b Bi Bb Ęj Bb
i?2 rQ`H/ i?�i PǶG2�`v i?BMFb r2 �`2 BMc �M/ k Bb i?2 rQ`H/ .�MB2Hb i?BMFb r2 �`2
BMĘi?2 7QHHQrBM; irQ@/BK2MbBQM�H K�i`Bt �HbQ `2T`2b2Mib i?2 (}`bi �M/) b2+QM/
r�v(b) i?�i i?2 i`mi?@p�Hm2 Q7 Kv mii2`�M+2 Bb � 7mM+iBQM Q7 i?2 7�+ibX

k6Q` Qi?2` rQ`F +2Mi2`2/ �`QmM/ !- b22- BMi2` �HB�- *`QbbH2v � >mK#2`biQM2 URNddVc :`2;Q`v UkyyRVc
"H�+F#m`M � J�`t UkyykVc >�x2M 2i �HX UkyRjVc 6`Bix UkyRj- kyR9VX

jAi Bb rQ`i? MQiBM;- BM i?Bb `2bT2+i- i?�i �T`BQ`Biv UAV +�M �HbQ #2 2tT`2bb2/ pB� i?2 +QKTQmM/ ǳ}t2/Hv
�+im�HHvǴ UF!V QT2`�iQ` /Bb+mbb2/ #v .�pB2b � >mK#2`biQM2 URN3yVX h?2 b2K�MiB+ 2Mi`v 7Q` F Bb,

UFV M, y, x " Fφ Bz 7Q` �HH y′, M, y′, x " φ

9a22 i?2 2tTQbBiBQM BM J�;B/Q` UkyRyVX aBKBH�` �`;mK2Mib TH�v � `QH2 BM b+`22MBM;@Qz �`;mK2Mib BM /2+BbBQM
i?2Q`v U�?K2/- kyR9- *?X 9XR- 6mb+Q- kyR3VX

8h?2 i2`K /BT`QTQbBiBQM +QK2b 7`QK >mK#2`biQM2 URN3RV- r?2`2�b T`QTQbBiBQM�H +QM+2Ti Bb mb2/ #v ai�H@
M�F2` QTX +BiXX

k



i j k
i h 6 h
j h 6 h
k 6 h 6

p 4 #uQm �`2 � 7QQH$

i, i " p
i, j ! p
i, k " p

j, i " p
j, j ! p
j, k " p

k, i ! p
k, j " p
k, k ! p

6B;m`2 R, � irQ@/BK2MbBQM�H K�i`Bt U};m`2 7`QK
ai�HM�F2` URNd3VVX

AM ai�HM�F2`Ƕb j×j /B�;`�K- i?2 p2`iB+�H �tBb `2T`2b2Mib /Bz2`2Mi p�Hm2b Q7 i?2 rQ`H/@�b@
�+im�H T�`�K2i2`- r?BH2 i?2 ?Q`BxQMi�H �tBb `2T`2b2Mib /Bz2`2Mi p�Hm2b Q7 i?2 rQ`H/ Q7 2p�H@
m�iBQM T�`�K2i2`X AM i?Bb T�`iB+mH�` 2t�KTH2- i?2 p2`iB+�H �tBb /Bb�K#B;m�i2b /Bz2`2Mi `2b@
QHmiBQMb Q7 i?2 +QMi2ti@b2MbBiBp2 2tT`2bbBQM ǳvQmǴ- �M/ i?2 ?Q`BxQMi�H �tBb b?Qrb rQ`H/b i, j-
�M/ k BM i?2B` `QH2 �b �`;mK2Mib iQ i?2 `2H2p�Mi T`QTQbBiBQMb 2tT`2bb2/X ai�HM�F2` TQBMib Qmi
i?�i i?2 /B�;`�K `2T`2b2Mib i?2 bT2�F2` �M/ PǶG2�`v �b �;`22BM; QM r?�i T`QTQbBiBQM r�b
2tT`2bb2/ #v i?2 mii2`�M+2 UbBM+2 i?2 b�K2 `Qr Q7 i`mi?@p�Hm2b- h- 6- h- �TT2�`b iQ i?2 `B;?i
Q7 #Qi? i �M/ jV- 2p2M i?Qm;? PǶG2�`v #2HB2p2b r?�i r�b b�B/ r�b 7�Hb2Xe h?�i Bb- i?2 T`QTQbB@
iBQM PǶG2�`v i?BMFb r�b 2tT`2bb2/ Ui → h- j → 6- k → hV Bb 7�Hb2 BM i?2 rQ`H/ ?2 i?BMFb ?2 Bb
BM UpBxX- jVX h?2 7�+i i?�i i?2 b�K2 +QHmKM �TT2�`b mM/2` i �M/ k `2T`2b2Mib i?�i i?2 bT2�F2`
�M/ .�MB2Hb �;`22 QM r?Q Bb � 7QQH �M/ r?Q BbMǶi, #Qi? i?2@rQ`H/@�++Q`/BM;@iQ@i?2@bT2�F2`
UpBxX- iV �M/ i?2@rQ`H/@�++Q`/BM;@iQ@.�MB2Hb UpBxX- kV �;`22- 7Q` 2�+? +QMi2ti@BMb2MbBiBp2 /Bb@
�K#B;m�iBQM Q7 i?2 ǳvQmǴ BM vQm �`2 � 7QQH U`2bT2+iBp2Hv, PǶG2�`v BM rQ`H/b i �M/ j- �M/
.�MB2Hb BM rQ`H/ kV- QM r?2i?2` i?2 T`QTQbBiBQM 2tT`2bb2/ #v i?�i /Bb�K#B;m�i2/ +H�BK Bb
i`m2 Q` 7�Hb2X

h?2 ǳvQm �`2 � 7QQHǴ 2t�KTH2 BMpQHp2b � KBbmM/2`bi�M/BM; Q7 �M mii2`�M+2 UQM .�MB2HbǶb
T�`iVX "mi bQK2iBK2b � 7�BHm`2 iQ FMQr ?Qr +QMi2ti b2MbBiBpBiv Bb iQ #2 `2bQHp2/ Bb `2+Q;MBx2/
#v �HH T�`iB2bX q?2M b2p2`�H +�M/B/�i2 rQ`H/b �`2 i?mb BM2HBKBM�#H2- � b2Mi2M+2 φ +�M #2
`�iBQM�HHv U`2VBMi2`T`2i2/ �b †φ, �b ai�HM�F2` Tmib Bi- i?2 † i�F2b i?2 /B�;QM�H Q7 � K�i`Bt �M/
ǳT`QD2+ibǴ Bi BMiQ i?2 ?Q`BxQMi�H UQTX +BiX- T;X 3kVX h?Bb Bb /B�;QM�HBx�iBQMX

i j k
i h 6 h
j h 6 h
k 6 h 6

k. K�i`Bt 7Q` #vQm �`2 � 7QQH$

i j k
i h 6 6
j h 6 6
k h 6 6

k. K�i`Bt 7Q` #† UvQm �`2 � 7QQHV$

6B;m`2 k, .B�;QM�HBx�iBQMX

� /B�;QM�HBx2/ K�i`Bt b�iBb}2b i?2 +QM/BiBQM i?�i i?2 b�K2 T`QTQbBiBQMěi?2 b�K2 ǳ?Q`B@
xQMi�HǴ 7mM+iBQM 7`QK rQ`H/b iQ i`mi?@p�Hm2běBb 2tT`2bb2/ `2H�iBp2 iQ 2p2`v +�M/B/�i2 7Q`
�+im�HBiv UQTX +BiX- T;X 33VXd h?Bb Bb � T`2+QM/BiBQM Q7 B/2MiB7vBM; i?2 +QMi2ti +?�M;2 TQ@
i2MiB�H- Q` mT/�i2 Q7 i?2 +QMp2`b�iBQM�H +QKKQM ;`QmM/- �bbQ+B�i2/ rBi? i?2 BM7Q`K�iBQM
BMimBiBp2Hv +�``B2/ #v �M �bb2`iBQM Q7 φ U>2BK- RN3kc ai�HM�F2`- kyykVX h?2 i2`KBMQHQ;v Q7

e�b Bb +QKKQM BM i?2 HBi2`�im`2- A rBHH KQp2 7`22Hv #2ir22M +?�`�+i2`BxBM; T`QTQbBiBQMb �b b2ib Q7 TQbbB#H2
rQ`H/b �M/ �b +?�`�+i2`BbiB+ 7mM+iBQMb Q7 i?Qb2 b2ibX

d>�ri?Q`M2 � J�;B/Q` UkyyNV +�HH i?Bb 72�im`2 ǳlMB7Q`KBivǴ- MQiBM; i?�i /B�;QM�HBx�iBQM /Q2b MQi `2biQ`2
lMB7Q`KBiv BM MQM@a8 7`�K2rQ`Fb UTX j3kVX ai�HM�F2` ?BKb2H7 `2H�i2b i?2 T`BM+BTH2 iQ h`�+i�imb S`QTQbBiBQM
kXykRR UqBii;2Mbi2BM- RNd9VX

j



i?2 � T`BQ`B �M/ i?2 � TQbi2`BQ`B �TTHB2b #2+�mb2 ! † φ `2T`2b2Mib mT/�i2 QM i?2 T`QTQbBiBQM
2tT`2bb2/ #v †φ- r?B+?ěmMHBF2 i?2 T`QTQbBiBQM 2tT`2bb2/ #v φěBb bQK2i?BM; BMi2`HQ+miQ`b
�`2 BM � TQbBiBQM iQ FMQr T`BQ` iQ rQ`FBM; Qmi 2t�+iHv r?B+? rQ`H/ i?2v �`2 BMX ai�HM�F2`
;Q2b QM iQ �TTHv i?Bb i`2�iK2Mi iQ i?2 +QMiBM;2Mi � T`BQ`B b2Mi2M+2 ǳh?Bb #�` (i?2 K2i2` #�`)
Bb QM2 K2i2` HQM;Ǵ UQTX +BiX- TTX 3j@39c b22 E`BTF2- RN3yc qBii;2Mbi2BM- RN8jVc i?2 T`QTQbBiBQM
2tT`2bb2/ #v i?2 b2Mi2M+2 KB;?i ?�p2 #22M 7�Hb2- #mi bBM+2 i?2 b2Mi2M+2 +�MMQi #2 7�Hb2Hv
mii2`2/- Bi /Q2b MQi `mH2 Qmi �Mv rQ`H/b �b +�M/B/�i2b 7Q` �+im�HBivX

>2`2- r2 BMp2biB;�i2 i?2 HQ;B+ Q7 i?2 irQ@/BK2MbBQM�H H�M;m�;2 Q7 *`QbbH2v � >mK#2`biQM2
URNddV- �m;K2Mi2/ #v †X � +QKTH2i2M2bb `2bmHi- rBi? `2bT2+i iQ � +H�bb Q7 K�i`Bt KQ/2Hb 7Q`
i?2 T`QQ7 bvbi2K BMi`Q/m+2/ BM i?2 M2ti b2+iBQM- 7QHHQrb +HQb2Hv i?2 bi`�i2;v Q7 6`Bix UkyR9V-
ȜkX

" h?2 HQ;B+ "k.

.2}MBiBQM RX G�M;m�;2,
L ,4 At | (φ ∧ φ) | ¬φ | † φ | !φ | !φ
%- ∨- → �M/ ≡ /2}M2/ �b mbm�Hc Aφ UBi Bb � T`BQ`B i?�i φV /2}M2/ �b ! † φX
.2}MBiBQM kX G2i "k. #2 i?2 T`QQ7 bvbi2K �tBQK�iBx2/ #v JQ/mb SQM2Mb �M/ lMB7Q`K
am#biBimiBQMc �HH "QQH2�M i�miQHQ;B2bc i?2 E �tBQK �M/ L2+2bbBi�iBQM 7Q` 2�+? T`BKBiBp2
KQ/�H QT2`�iQ`c �M/ i?2 7QHHQrBM; �tBQKb,

UT!V !p → p

U5!V %p → !%p

U!5"V %!p → !p

UGV !p → !p

UF!V !p ≡ ¬!¬p

UF†V †p ≡ ¬ † ¬p

UX→V †(p → !p)

UY→V !(p → †p)

U4AV ! † p → ! †! † p

U5AV % † p → ! † % † p

LQi�iBQM, 'B2D φ ?QH/b B7 φ #2HQM;b iQ i?2 bK�HH2bi b2i Q7 7Q`KmH�b i?�i +QMi�BMb �HH i?2
�tBQKb �M/ Bb +HQb2/ mM/2` i?2 `mH2b Q7 BM72`2M+2X

q?BH2 L �m;K2Mib i?2 H�M;m�;2 Q7 *`QbbH2v � >mK#2`biQM2 URNddV �M/ 6`Bix UkyRj- kyR9V- Bi
Bb � 7`�;K2Mi Q7 i?2 H�`;2` H�M;m�;2 Q7 a2;2`#2`; URNdjVX 6B`bi r2 T`Qp2 bQK2 6�+ib BM "k.
i?�i �`2 7�KBHB�` 7`QK i?Bb HBi2`�im`2X
6�+i RX 'B2D †(p ≡ !p)

S`QQ7X h?2 `B;?i@H27i /B`2+iBQM Q7 i?2 2K#2//2/ #B+QM/BiBQM�H Bb �M �tBQKX

q2 `2�bQM rBi? i?2 7QHHQrBM; 2[mBp�H2M+2b,
RX †(¬p → !¬p) BMbi�M+2 Q7 (X→)
kX †(¬!¬p → p) 7`QK URV- *QMi`�TQbBiBQM
jX †(!p → p) 7`QK UkV- (F!)- .L1
9X †(!p ≡ p) 7`QK UjV- (X→)- L2+2bbBi�iBQM �M/ E �tBQK 7Q` †

*�HH i?Bb i?2Q`2K UXV �M/ +�HH i?2 i?2Q`2K †(!p → p)- r?B+? r�b T`Qp2/ �i ai2T j �#Qp2-
UX←VX
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6�+i kX 'B2D !(p ≡ †p)

S`QQ7X h?2 `B;?i@H27i /B`2+iBQM Bb �M �tBQKX h?2 H27i@`B;?i /B`2+iBQM Bb BKK2/B�i2 7`QK � T`QQ7
bBKBH�` iQ i?2 T`QQ7 Q7 6�+i RX *�HH i?Bb i?2Q`2K UY V- �M/ +�HH i?2 i?2Q`2K !(†p → p)- r?B+?
r�b T`Qp2/ �i ai2T j BM i?2 �M�HQ;Qmb T`QQ7 iQ i?2 T`QQ7 Q7 6�+i R �#Qp2- UY←VX

6�+i jX 'B2D !p → !!p

S`QQ7X 6`QK U!5"V �M/ UF!VX *�HH i?Bb i?2Q`2K U!8!V U*`QbbH2v � >mK#2`biQM2- RNdd- T;X
R9VX3

6�+i 9X 'B2D †% † p ≡ % † p

S`QQ7X h?2 H27i@`B;?i /B`2+iBQM Bb BKK2/B�i2 7`QK U4AV �M/ UT!VX h?2 `B;?i@H27i /B`2+iBQM Bb
BKK2/B�i2 7`QK U5AV �M/ UT!VX *�HH i?Bb #B+QM/BiBQM�H U†%†V- Q` i?2 +QHmKM�`Biv Q7 R!X

6�+i 8X 'B2D † † p ≡ †p

S`QQ7X q2 `2�bQM rBi? i?2 7QHHQrBM; 2[mBp�H2M+2b,
RX †!p ≡ †p 7`QK 6�+i R- E �tBQK 7Q` †
kX ! † p ≡ !p 7`QK 6�+i k- E �tBQK 7Q` !
jX †! † p ≡ † † p 7`QK URV Ubm#biBimiBM; p rBi? †pV
9X †! † p ≡ †!p 7`QK UkV- L2+2bbBi�iBQM rBi? †
8X † † p ≡ †p 7`QK URV- UjV- U9V- h`�MbBiBpBiv

*�HH i?Bb U_2/†VX

6�+i eX 'B2D !!p ≡ !p

S`QQ7X h?Bb +�M #2 T`Qp2M �M�HQ;QmbHv iQ i?2 T`QQ7 Q7 6�+i 8X

*�HH i?Bb U_2/!VX

6�+i dX 'B2D ! † p → !p

S`QQ7X 6`QK UGV �M/ UY V UpBxX- 6�+i kVX "v BMbi�MiB�iBM; ǵ†pǶ 7Q` p- r2 ;2i ! † p → ! † p
7`QK UGVX "v /Bbi`B#miBM; i?2 ! QT2`�iQ` Qp2` UY V- r2 ;2i ! † p ≡ !pX >2M+2 ! † p → !p #v
i`�MbBiBpBiv Q7 →X

*�HH i?Bb UA!VX

amKK�`BxBM; i?2b2 7�+ib,
3"2+�mb2 *`QbbH2v � >mK#2`biQM2 mb2 ǵAǶ 7Q` ǳ�+im�HHvǴ �M/ ǵ&Ƕ 7Q` Qm` !- i?2B` p2`bBQM Bb +�HH2/ ǵUA5#VǶX
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UXV †(p ≡ !p)

UX←V †(!p → p)

UY V !(p ≡ †p)

UY←V !(†p → p)

U!8!V !p → !!p

U% † %V †% † p ≡ % † p

U_2/†V † † p ≡ †p

U_2/!V !!p ≡ !p

UA!V ! † p → !p

"XR h?2 +H�bb 6`"k.

.2}MBiBQM jX � E`BTF2 7`�K2 Bb � imTH2 K = 〈W, {R$i : i ∈ I}〉 r?2`2 W Bb � b2i Q7 TQBMib
�M/ R$i , i ∈ I �`2 #BM�`v `2H�iBQMb QM W X
6�+i 3X h?2 7Q`KmH�b BM "k. ?�p2 i?2 7QHHQrBM; ;HQ#�H }`bi@Q`/2` +Q``2bTQM/2Mib BM E`BTF2
7`�K2b Ur?2`2 ǵuR! ◦R†vǶ �##`2pB�i2b `2H�iBQM ∃z : uR!zR†vV,

UT!V R! Bb `2~2tBp2

U5!V R! Bb 1m+HB/2�M

U!5"V ∀w, v, u : (wR!u ∧ wR!v) → uR!v

UGV R! Bb � bm#`2H�iBQM Q7 R!

UF†V R† Bb � 7mM+iBQM

UF!V R! Bb � 7mM+iBQM

UX→V ∀w, v, u : (wR†v ∧ vR!u → v = u)

UY→V ∀w, v, u : (wR!v ∧ vR†u → v = u)

U4AV R! ◦R† Bb i`�MbBiBp2

U5AV ∀x, y, a, b[(xR!y ∧ xR!a ∧ aR†b) →
∃c(bR!c ∧ ∀d(cR†d → yR†d))]

6�+i NX �//BiBQM�HHv- i?2Q`2Kb UX←V- UXV- UY←V- UY V- �M/ U!8"V U+X7X 6�+ib R@jV ?�p2 i?2
7QHHQrBM; HQ+�H }`bi@Q`/2` +Q``2bTQM/2Mib BM E`BTF2 7`�K2b,

UX←V rBi?BM Img(R†)- R! Bb `2~2tBp2

UY←V rBi?BM Img(R!)- R† Bb `2~2tBp2

U!8!V R! ◦R! ⊆ R!

UXV rBi?BM Img(R†)- R! Bb i?2 B/2MiBiv `2@
H�iBQM

UY V rBi?BM Img(R!)- R† Bb i?2 B/2MiBiv `2@
H�iBQM

.2}MBiBQM 9X � #�bB+ K�i`Bt 7`�K2 M Bb � E`BTF2 7`�K2 〈WX , RX
! , RX

! , RX
† 〉- r?2`2

WX = X ×X 7Q` bQK2 MQM2KTiv b2i X �M/,

Ç 〈y, x〉RX
! 〈y′, x′〉 Bz y = y′

Ç 〈y, x〉RX
! 〈y′, x′〉 Bz y′ = x′ = yX

Ç 〈y, x〉RX
† 〈y′, x′〉 Bz y′ = x′ = xX

h?2 ;mB/BM; bTB`Bi Q7 i?2 +QKTH2i2M2bb T`QQ7 7Q` i?2 +H�bb Q7 #�bB+ K�i`Bt 7`�K2b +QK2b
7`QK 6`Bix UkyR9- ȜR@kVX 6QHHQrBM; i?�i T`QQ7- r2 B/2MiB7v i?`22 ivT2b Q7 bi`m+im`2- J " _ "
6`"k.X

RX 6`"k.- i?2 +H�bb Q7 E`BTF2 7`�K2b QM r?B+? "k. Bb p�HB/c

kX _- �M BMi2`K2/B�i2 +H�bb Q7 ǳ"@_2bi�HH 7`�K2bǴNc
NaQ@+�HH2/ #2+�mb2 Q7 i?2B` bBKBH�`Biv iQ i?2 7`�K2b BM _2bi�HH UkyRkVX
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jX J Ui?2 i�`;2i +H�bbV- i?2 +H�bb Q7 #�bB+ K�i`Bt 7`�K2bX

6`"k. Bb i?2 +H�bb Q7 E`BTF2 7`�K2b 7Q` r?B+? bQmM/M2bb �M/ +QKTH2i2M2bb 7Q` i?2 "k. �tBQKb
Bb BKK2/B�i2 pB� a�?H[pBbiǶb *QKTH2i2M2bb h?2Q`2K U"H�+F#m`M 2i �HX- kyyk- *?X 9VX h?2
b2+QM/ +H�bb- _- Bb i?2 +H�bb Q7 TQBMi@;2M2`�i2/ bm#7`�K2b Q7 6`"k.X h?2 bK�HH2bi +H�bb- J- Bb
i?2 +H�bb Q7 #�bB+ K�i`Bt 7`�K2b- B/2MiB+�H iQ i?Qb2 mb2/ #v ai�HM�F2` BM ?Bb /Bb+mbbBQM Q7 i?2
ǳvQm �`2 � 7QQHǴ �M/ ǳi?Bb #�` Bb QM2 K2i2` HQM;Ǵ +�b2bX

q2 b22F iQ b?Qr i?�i i?2b2 +H�bb2b �`2 KQ/�HHv 2[mBp�H2Mi U6`"k. ' _ ' JV, i?�i
Bb- i?�i i?2 b�K2 b2ib Q7 7Q`KmH�b �`2 b�iBb}�#H2 BM 2�+?X hQ /Q bQ- r2 mb2 irQ BMp�`B�M+2
`2bmHib 7Q` KQ/�H KQ/2Hb, UBV 6`"k. ' _ #2+�mb2 KQ/�H b�iBb7�+iBQM Bb BMp�`B�Mi mM/2`
;2M2`�i2/ bm#KQ/2Hbc �M/ UBBV _ ' J #2+�mb2 KQ/�H b�iBb7�+iBQM Bb BMp�`B�Mi mM/2` #QmM/2/
KQ`T?BbKbX

6`"k. _ J
;2MX bm#KQ/2H #QmM/2/ KQ`T?BbK

LQi�iBQM, 7Q` � `2H�iBQM R$ i?�i Bb � 7mM+iBQM- A rBHH mb2 ǳf$(x)Ǵ 7Q` i?2 mMB[m2 y bXiX xR$yX
G2i D = Img(R!)X A rBHH mb2 d1, d2- 2i+X 7Q` �`#Bi`�`v rQ`H/b BM DX

LQr 7Q` bQK2 �//BiBQM�H 7`�K2 +QM/BiBQMb- BKTQb2/ #v i?2 �tBQK b+?2K�i� QM F ∈ 6`"k.,

6�+i Ry U�Hi2`M�iBp2 +?�`�+i2`Bx�iBQM Q7 /B�;QM�H TQBMibVX Img(R!) = Img(R†)X

S`QQ7X G2i u ∈ Img(R!)X >2M+2 #v UY←V- u ∈ Img(R†)X *QMp2`b2Hv- H2i u ∈ Img(R†)X >2M+2
#v UX←V- u ∈ Img(R!)X

6�+i RRX R! ◦R† Bb 1m+HB/2�MX

S`QQ7X 6Q` #`2pBiv- H2i RA := R! ◦R†X amTTQb2 xRAy �M/ xRAzX h?mb- i?2`2 Bb � y′ �M/ z′

bm+? i?�i xR!y′ �M/ y′R†y- �M/ �HbQ xR!z′ �M/ z′R†zX aBM+2 xR!y′ �M/ xR!z′ �M/ z′R†z-
#v U5AV- i?2`2 Bb � z′′ bm+? i?�i zR!z′′ �M/ 7Q` �HH u- B7 z′′R†u- i?2M y′R†uX LQr- rBi?BM
Img(R†)- R† Bb i?2 B/2MiBiv `2H�iBQM U#v UXV �M/ 6�+i RyXV >2M+2- B7 y′R†u- i?2M u = yX
h?2`27Q`2- B7 z′′R†u- i?2M u = yX aBM+2 R† Bb � iQi�H 7mM+iBQM- i?�i K2�Mb z′′R†yX >2M+2- r2
?�p2 zR!z′′ �M/ z′′R†yX aQ- zRAyX

6�+i Rk Ua[m�`2 *QKTH2iBQM UavKK2i`vV BM Img(R!)VX ∀d1, d2 ∈ Img(R!), B7 d1R! ◦R†d2-
i?2M d2R! ◦R†d1X

S`QQ7X amTTQb2 d1 ∈ Img(R!)X h?2M ∃z : d1R!zR†d1, R! Bb `2~2tBp2 �M/ R† Bb `2~2tBp2
rBi?BM Img(R!)X "v �bbmKTiBQM- ∃z : d1R!zR†d2X Ai 7QHHQrb #v U5AV- i?2 1m+HB/2�MM2bb Q7
R! ◦R†- i?�i ∃z′d2R!z′R†d1X

6�+i Rj UR! ◦R† �M 2[mBp�H2M+2 `2H�iBQM QM Img(R!)VX R! ◦R† �M 2[mBp�H2M+2 `2H�iBQM QM
Img(R!)X

S`QQ7X h?Bb 7QHHQrb 7`QK i?2 7�+i i?�i rBi?BM Img(R!)- R! ◦ R† Bb bvKK2i`B+ U#v 6�+i RkV-
i`�MbBiBp2- �M/ `2~2tBp2X
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d1 w

w′ d2

† †

!

!

6B;m`2 j, 6�+ib Rk Ua[m�`2 +QKTH2iBQMV �M/ R9
UJB``Q` TQBMibVX

6�+i R9 UA† JB``Q` SQBMibVX amTTQb2 wR!d1 �M/ wR†d2X h?2M ∃w′ bXiX w′R!d2 �M/ w′R†d1X

S`QQ7X amTTQb2 wR!d1 �M/ wR†d2X Ai 7QHHQrb U7`QK UX←VV i?�i #Qi? d1, d2 ∈ Img(R!)X
"2+�mb2 wR!d1- wR!d1 �M/ bQ d1R!w #v bvKK2i`v Q7 R!X >2M+2 ∃z : d1R!zR†d2 �b
rBiM2bb2/ #v wX "v 6�+i Rk- ∃z : d2R!zR†d1X G2i w′ #2 i?2 z bm+? i?�i d2R!z ∧ zR†d1X
aBM+2 w′R!d2 �M/ d2R!d2- #v U!5"V w′R!d2X >2M+2 w′R!d2 �M/ w′R†d1X

h?2Q`2K RX "k. Bb bQmM/ �M/ bi`QM;Hv +QKTH2i2 rBi? `2bT2+i iQ 6`"k.- i?2 +H�bb Q7 "k.@
7`�K2bX

S`QQ7X "v i?2 a�?H[pBbi *QKTH2i2M2bb h?2Q`2K U"H�+F#m`M 2i �HX- kyyk- *?X 9VX

"Xk h?2 +H�bb _

q2 b22F iQ b?Qr i?�i i?Bb +H�bb Bb KQ/�HHv 2[mBp�H2Mi iQ i?2 +H�bb Q7 "@_2bi�HH 7`�K2běi?�i
� b2i Q7 7Q`KmH�b Bb b�iBb}�#H2 QM 6`"k. Bz Bi Bb b�iBb}�#H2 QM _- i?2 +H�bb Q7 "@_2bi�HH 6`�K2bX
hQ /Q bQ- Bi rBHH #2 ?2HT7mH iQ T`Qp2 � G2KK� +QM+2`MBM; i?2 TQBMi@;2M2`�i2/ mMBp2`b2X

LQi�iBQM, BM ;2M2`�H- r2 r`Bi2 R[Y ] 7Q` i?2 BK�;2 Q7 � b2i Y mM/2` RX

G2KK� RX 6Q` �Mv TQBMi@;2M2`�i2/ bm#7`�K2 F ′w = 〈W ′, R′!, R′†, R′!〉 ∈ 6`"k., W ′ =
R![R†[R![{w}]]]X

S`QQ7X q2 H2i X := R![R†[R![{w}]]]X q2 b?Qr URV w ∈ X �M/ UkV i?�i 7Q` 2�+? QT2`�iQ` (
i?�i R$[X] ⊆ XX
URV G2i u = f!(w)X "v UGV- wR!uX "v UY V- uR†uX "v bvKK2i`v Q7 R!- uR!wX >2M+2 pB�
u- Bi 7QHHQrb i?�i w ∈ XX
Uk@!VX aBM+2 R! Bb i`�MbBiBp2 �M/ `2~2tBp2- R![X] = XX
Uk@†VX G2i v ∈ R†[X]X LQr R†[X] = R†[R![R†[R![{w}]]]]- #v i?2 /2}MBiBQM Q7 XX "v U4AV-
R†[R![R†[R![{w}]]]] = R†[R![{w}]X >2M+2 Bi bm{+2b iQ b?Qr i?�i B7 v ∈ R†[R![{w}]- i?2M
v ∈ R![R†[R![{w}]]]X h?Bb 7QHHQrb BKK2/B�i2Hv 7`QK UT!V, pBxX- 7`QK i?2 7�+i i?�i vR!vX
Uk@!VX G2i v ∈ R![X]X "v 6�+i d- v ∈ R†[R![X]] �M/ bQ v ∈ R†[R![R![R†[R![{w}]]]]]X
"v h`�MbBiBpBiv Q7 R!- v ∈ R†[R![R†[R![{w}]]]]X "v U4AV- v ∈ R†[R![{w}]X 6`QK UT!V- r2
�;�BM +QM+Hm/2 i?�i v ∈ R![R†[R![{w}]]X

3



.2}MBiBQM 8X � "@_2bi�HH 6`�K2 Bb � 7`�K2 R = 〈W,R!, R!, R†〉 b�iBb7vBM; i?`22 +QM/B@
iBQMb,

RX R! Bb �M 2[mBp�H2M+2 `2H�iBQM

kX R! Bb � 7mM+iBQM bm+? i?�i

UBV wR!v → wR!v

UBBV R! K�Tb �Mv irQ R!@`2H�i2/ rQ`H/b iQ i?2 b�K2 TQBMi

jX R† Bb � 7mM+iBQM bm+? i?�i

UBV 7Q` �Mv w, R†[R![{w}]] = Img(R!)

UBBV R† Bb `2~2tBp2 Qp2` Img(R!)

G2i _ #2 i?2 +H�bb Q7 "@_2bi�HH 7`�K2bX G2i D #2 i?2 b2i Img(R!) BM � "@_2bi�HH 7`�K2X

h?2Q`2K kX 6`"k. ' _X

h?2Q`2K k Bb �M +QMb2[m2M+2 Q7 i?2 G2KK�b k �M/ j- #2HQrX "v G2KK� k- �Mv 7Q`KmH�
7�HbB}�#H2 BM R ∈ _ Bb 7�HbB}�#H2 BM bQK2 F ∈ 6`"k.X "v G2KK� j- �Mv 7Q`KmH� 7�HbB}�#H2 BM
� TQBMi@;2M2`�i2/ bm#7`�K2 Fw ∈ 6`"k. Bb 7�HbB}�#H2 BM bQK2 R ∈ _X

"2+�mb2 KQ/�H b�iBb7�+iBQM Bb BMp�`B�Mi mM/2` TQBMi@;2M2`�i2/ bm#KQ/2Hb U"H�+F#m`M 2i �HX-
kyyk- S`QTQbBiBQM kXeXV- i?2 7Q`KmH�b 7�HbB}�#H2 BM R ∈ _ �`2 2t�+iHv i?2 7Q`KmH�b 7�HbB}�#H2
BM F ∈ 6`"k.X

G2KK� kX _ ⊆ 6`"k.X

S`QQ7X hQ p2`B7v i?Bb- Bi bm{+2b iQ ;Q i?`Qm;? i?2 }`bi@Q`/2` +Q``2bTQM/2Mib Q7 "k.X A BM+Hm/2
i?2 T`QQ7 Q7 UX→V #2+�mb2 Bi Bb MQi bi`�B;?i7Q`r�`/X amTTQb2 wR†v �M/ vR!uX aBM+2 R! Bb
`2~2tBp2- w ∈ R![{w}]X >2M+2- v ∈ R†[R![{w}]]- r?B+? K2�Mb v ∈ Img(R!) #v *QM/BiBQM
j@UBVX aQ 7Q` bQK2 z ∈ W - zR!vX "v *QM/BiBQM k@UBV- zR!vX aQ #v *QM/BiBQM k@UBBV- zR!u Bz
vR!uc #mi #v bmTTQbBiBQM- r2 ?�p2 vR!u- bQ zR!uX aBM+2 R! Bb � 7mM+iBQM �M/ zR!v- r2
?�p2 u = vX

G2KK� jX 1p2`v TQBMi@;2M2`�i2/ bm#7`�K2 Fw ∈ 6`"k. Bb � "@_2bi�HH 7`�K2X

S`QQ7X q?2`2 Fw = 〈W ′, R′!, R′†, R′!〉 Bb � w@;2M2`�i2/ bm#7`�K2 BM 6`"k.- r2 r�Mi iQ 2b@
i�#HBb? i?�i Fw b�iBb}2b *QM/BiBQMb R@j Q7 "@_2bi�HH 7`�K2bX *QM/BiBQM R Bb BKK2/B�i2 7`QK
UT!V �M/ U5!VX *QM/BiBQM k 7QHHQrb 7`QK i?`22 �tBQKb, URV UF!V- r?B+? ;m�`�Mi22b i?�i R′!
Bb 7mM+iBQM�H QM {w ∈ W ′}c UkV UGV- r?B+? ;m�`�Mi22b i?�i R′! Bb �Hr�vb � bm#`2H�iBQM Q7 R′!c
�M/ UjV U!5!V- r?B+? ;m�`�Mi22b i?�i R′! ◦R′! ⊆ R′!XRy

6BM�HHv- r2 r�Mi iQ 2bi�#HBb? i?�i Fw b�iBb}2b *QM/BiBQMb j@UBV �M/ j@UBBV Q7 "@_2bi�HH
7`�K2bX 6Q` *QM/BiBQM j@UBBV, i?Bb 7QHHQrb 7`QK 6�+i N UY←VX q2 #2;BM rBi? *QM/BiBQM j@UBV,
R′†[R

′
![{v}]] = Img(R′!)X h?2 ⊆ /B`2+iBQM 7QHHQrb 7`QK UX←VX 6Q` i?2 ⊇ /B`2+iBQM- H2i v #2 �M

�`#Bi`�`BHv +?Qb2M rQ`H/ BM W ′ �M/ H2i d #2 �M �`#Bi`�`v rQ`H/ BM Img(R′!)X G2i ŵ = f!(w)X
Ry*QM/BiBQMb R@k QM "@_2bi�HH 7`�K2b �`2 B/2MiB+�H iQ 6`BixǶb UQTX +BiX- T; jNkV- �M/ i?2 �`;mK2Mi B/2MiB+�H

�b r2HHX

N



q2 b?Qr, U�V vR′! ◦ R′†ŵ �M/ U#V ŵR′! ◦ R′†dX Ai rBHH 7QHHQr #v i?2 i`�MbBiBpBiv Q7 R′! ◦ R′†
i?�i vR′! ◦R′†d �M/- bBM+2 d Bb �`#Bi`�`v- i?�i R′†[R

′
![{v}]] ⊇ Img(R′!)X

6Q` U�V- r2 MQi2 �;�BM i?�i #v G2KK� R- ∃u, v̂ bXiX wR′!u �M/ uR′†v̂ �M/ v̂R′!vX aBM+2
U#v *QM/BiBQM kV wR′!ŵ �M/ R′! Bb �M 2[mBp�H2M+2 `2H�iBQM- Bi 7QHHQrb i?�i ŵR′!u �M/ uR′†v̂
�M/ v̂R′!vX "v 6�+i Ry- #Qi? v̂ �M/ ŵ �`2 BM D- bQ #v 6�+i Rk Ub[m�`2 +QKTH2iBQMV- ∃u′ bXiX
v̂R′!u

′R†ŵX "mi bBM+2 R′! Bb �M 2[mBp�H2M+2 `2H�iBQM �M/ v̂R′!u
′- Bi 7QHHQrb i?�i vR′!u′X >2M+2

vR′!u
′R′†ŵX

6Q` U#V- r2 MQi2 i?�i #v G2KK� R- ∃u, u′ bXiX wR′!u �M/ uR′†u
′ �M/ u′R′!dX aBM+2 wR′!ŵ

#v *QM/BiBQM k- Bi 7QHHQrb i?�i ŵR′!uR
′
†u
′R′!dX "v 6�+i R- bBM+2 u′ ∈ Img(R′†)- u′R′!u

′c
bBM+2 u′R′!d �M/ d ∈ Img(R′!)- Bi 7QHHQrb i?�i u′ = d #v *QM/BiBQM kX q2 +QM+Hm/2 i?�i ∃u,
ŵR′!uR

′
†dX

JQpBM; QM iQ *QM/BiBQM j@UBBV, R† Bb `2~2tBp2 Qp2` Img(R!)X h?Bb 7QHHQrb 7`QK 6�+i N
UY←VX

h?2 M2ti bi2T Bb mb2 R ∈ _ iQ +QMbi`m+i � K�i`Bt 7`�K2 M′ r?B+? rBHH bmTTQ`i � #QmM/2/
KQ`T?BbK 7`QK M′ QMiQ RX h?Bb +QMbi`m+iBQM 7QHHQrb i?2 bTB`Bi Q7 6`Bix UkyR9V- G2KK� kX3,
2�+? `Qr Q7 i?2 K�i`Bt Bb +QMbi`m+i2/ 7`QK QM2 +2HH Q7 i?2 R! `2H�iBQM BM RX UA �/QTi i?2
MQi�iBQM�H +QMp2MiBQM i?�i [x]E Bb i?2 2[mBp�H2M+2 +H�bb Q7 x mM/2` i?2 2[mBp�H2M+2 `2H�iBQM
EXV

6`BixǶb +QMbi`m+iBQM- 7Q` R �M/ M′ rBi? QMHv i?2 R! �M/ R!@`2H�iBQMb- BMpQHp2b T`QpBM;
7Q` 2�+? w ∈ WR i?2 2tBbi2M+2 Q7 � bm`D2+iBQM αw : W → [w]R! - 7`QK v ∈ WR iQ bQK2r?2`2
BM wǶb HQ+�H R!@+2HH- bm+? i?�i αw(w) = f!(w)X AMimBiBp2Hv- i?2 7mM+iBQM αw(·) +QMbi`m+ib
� K�i`Bt KQ/2H M′ `Qr #v `QrX �b 6`Bix b�vb- bm+? �M QMiQ 7mM+iBQM 2tBbib 7Q` +�`/BM�HBiv
`2�bQMb �M/ #2+�mb2 U#v U!5"V �M/ UF!VV i?2`2 Bb � mMB[m2 R!@}t2/ TQBMi BM 2�+? R!@+2HHX
h?2 ?QKQKQ`T?BbK h 7`QK WM iQ WR Bb ;Bp2M #v h(〈w, v〉) = αw(v) Ub22 6B;m`2 9XV

M′

W ×W

w1 w2

w3 w4 w5

R

[w1]R!

[w4]R!

6B;m`2 9, �M 2t�KTH2 Q7 i?2 ?QKQKQ`T?BbK BM
6`Bix UkyR9VX �``Qrb BM i?2 "@_2bi�HH 7`�K2 R b?Qr
i?2 R! `2H�iBQMX

Ry



Pm` p2`bBQM rBHH #2 bBKBH�`- #mi rBHH `2[mB`2 � H�`;2` K�i`Bt 7Q` +QQ`/BM�iBM; i?2 R†@`2H�iBQMb
�b r2HH i?2 R!@ �M/ R!@`2H�iBQMbX G2KK�b 9@e �M/ *Q`QHH�`v R 2bi�#HBb? � K�i`Bt@HBF2 bi`m+@
im`2 rBi?BM R ∈ _X 6Q` i?Bb Tm`TQb2- Bi rBHH #2 mb27mH iQ BMi`Q/m+2 i?2 7QHHQrBM; MQi�iBQM,
r?2`2 R Bb � "@_2bi�HH 7`�K2- H2i C = {cd : d ∈ D} #2 i?2 b2i Q7 R!@+2HHb BM RX A rBHH mb2
i, j . . . �b BM/B+2b Qp2` D �M/ y, x . . . �b BM/B+2b Qp2` W X

G2KK� 9X
⋃

i∈D ci = W X

S`QQ7X AKK2/B�i2 7`QK i?2 7�+i i?�i R! Bb �M 2[mBp�H2M+2 `2H�iBQMX

G2KK� 8X h?2`2 Bb � mMB[m2 R!@}t2/ TQBMi BM 2�+? R!@+2HH ci ⊆ W X

S`QQ7X AKK2/B�i2 7`QK *QM/BiBQM k QM "@_2bi�HH 7`�K2bX LQi�iBQM, +�HH i?Bb R!@}t2/ TQBMi
f!(ci)X

G2KK� eX 6Q` �Mv ci �M/ �Mv cj ⊆ W - ∃w ∈ ci, ∃!v ∈ cj bXiX wR†vX

S`QQ7X G2i di- dj #2 i?2 R!@}t2/ TQBMib Q7 ci �M/ cj X "v *QM/BiBQM j QM "@_2bi�HH 7`�K2b �M/
i?2 7�+i i?�i dj ∈ Img(R!), ∃w ∈ W bXiX diR!w �M/ wR†dj X "v i?2 /2}MBiBQM Q7 ci, w ∈ ciX
"v G2KK� 8- dj Bb mMB[m2X

JQ`2 MQi�iBQM, r?2`2 ci ∈ C- H2i cji #2 i?2 b2i {w ∈ ci : ∃!v ∈ cj bm+? i?�i wR†v}X G2i f†(cji )
#2 i?2 mMB[m2 v ∈ cj bXiX ∀w ∈ cji - wR†vX h?�i f†(c

j
i ) Bb � }t2/ TQBMi Q7 R† 7QHHQrb 7`QK 6�+i

8X

*Q`QHH�`v RX 1�+? ci +�M #2 T�`iBiBQM2/ BMiQ {cji : j ∈ D}- r?2`2 2�+? cji Bb � MQM2KTiv
bm#b2i Q7 ci bXiX ∀w ∈ cji - wR†(f!(cj))X >2M+2

⋃
j∈D cji = ci- �M/

⋃
i∈D(

⋃
j∈D cji ) = W.

h?2Q`2K jX _ ' JX

S`QQ7X 6Q` i?2 `B;?i@H27i /B`2+iBQM- r2 Q#b2`p2 i?�i J ⊆ _X

6Q` i?2 H27i@`B;?i /B`2+iBQM, ;Bp2M � "@_2bi�HH 7`�K2 R rBi? /QK�BM W �M/ Img(R!) = D-
r2 rBHH #mBH/ � K�i`Bt 7`�K2 M �M/ +QMbi`m+i- `Qr@#v@`Qr- � bm`D2+iBp2 #QmM/2/ KQ`T?BbK
g 7`QK M iQ R- 7`QK r?B+? KQ/�H 2[mBp�H2M+2 7QHHQrb U"H�+F#m`M 2i �HX- kyyk- S`QTQbBiBQM
kXR9VX

G2i M #2 i?2 K�i`Bt 7`�K2 r?Qb2 b2i Q7 TQBMib Bb (D ×W ) × (D ×W )X 6Q` �Mv i, j ∈ D
�M/ y ∈ W - H2i Aj

i,y #2 i?2 b2i {〈i, y〉}× {〈j, x〉 : x ∈ W}X LQi2 i?�i |Aj
i,y| = |W |X

6Q` 2�+? i, j ∈ D �M/ y ∈ W - }t bQK2 gji,y : W 0→ cji - �M QMiQ 7mM+iBQM bXiX B7 i = j i?2M
gji,y(y) = f!(ci)X

h?Bb +QM/BiBQM K�Tb i?2 ǳ/B�;QM�HǴ TQBMib Q7 i?2 K�i`Bt 7`�K2 BMiQ D BM i?2 "@_2bi�HH
7`�K2X

RR



6B;m`2 8, "mBH/BM; � ?QKQKQ`T?BbK F 7`QK M iQ
RX ai�`b b?Qr i?2 R!@}t2/ TQBMib Q7 RX

am+? QMiQ 7mM+iBQMb 2tBbi 7Q` +�`/BM�HBiv `2�bQMb, |Aj
i,y| ≥ |cji | #2+�mb2 W ⊇ cij X

.2}M2 F : (D ×W )× (D ×W ) 0→ W #v F (〈i, y〉, 〈j, w〉) = gji,y(w)X

hQ b?Qr i?�i F Bb � #QmM/2/ KQ`T?BbK 7`QK M iQ R- Bi bm{+2b iQ ;Q i?`Qm;? i?2 6Q`i?
�M/ "�+F *QM/BiBQMb 7Q` ( ∈ {!,!, †} 7Q` 2�+? TQBMi 〈〈i, y〉, 〈j, x〉〉 ∈ (D ×W ) × (D ×W )-
K�FBM; `2T2�i2/ mb2 Q7 i?2 7�+ib i?�i UBV gji,y(x) ∈ cji - UBBV ∀w ∈ cji , f!(w) ∈ ci �M/ f†(w) ∈ cj -
�M/ UBBBV ∀w ∈ cij - B7 i = j- i?2M f†(c

j
i ) = f!(ci)X

"2HQr- A b?Qr i?2 6Q`i? �M/ "�+F +QM/BiBQMb 7Q` ( = !- ( = †- �M/ ( = !XRR

!- 6Q`i?, r2 r�Mi iQ b?Qr i?�i B7 〈〈i, y〉, 〈j, x〉〉RX
! 〈〈i, y〉, 〈j′, x′〉〉- i?2M F (〈i, y〉, 〈j, x〉)R!F (〈i, y〉, 〈j′, x′〉)X

h?Bb Bb BKK2/B�i2 7`QK i?2 7�+i i?�i #Qi? F (〈i, y〉, 〈j, x〉) �M/ F (〈i, y〉, 〈j′, x′〉) �`2 BM cic BM
�Mv "@_2bi�HH 7`�K2- �HH w ∈ ci �`2 R!@`2H�i2/ iQ QM2 �MQi?2`X

!- "�+F, r2 r�Mi iQ b?Qr i?�i B7 F (〈i, y〉, 〈j, x〉)R!v′- i?2M i?2`2 Bb bQK2 v bm+? i?�i
F (v) = v′ �M/ 〈〈i, y〉, 〈j, x〉〉RX

!vX "v bm`D2+iBpBiv- 2�+? v′ ∈ cji Bb bm+? i?�i i?2`2 Bb bQK2
v bm+? i?�i, F (〈〈i, y〉, 〈j′, v〉〉) = v′X "2+�mb2 F (〈〈i, y〉, 〈j′, v〉〉) ∈ {〈i, y〉} × (D × W )- Bi Bb
;m�`�Mi22/ 7Q` �Mv bm+? TQBMi i?�i 〈〈i, y〉, 〈j, x〉〉R!〈〈i, y〉, 〈j′, v〉〉X

RRh?2 K�TTBM; F 7`QK M = 〈WX , RX
! , RX

† , RX
! , V X〉 iQ R = 〈W,R!, R†, R!, V 〉 Bb � #QmM/2/ KQ`T?BbK

B7 Bi b�iBb}2b i?2 7QHHQrBM; +QM/BiBQMb U"H�+F#m`M 2i �HX- kyyk- T;X 8NV,
RX w �M/ F (w) b�iBb7v i?2 b�K2 T`QTQbBiBQM H2ii2`bc
kX B7 wRX$ v i?2M F (w)R$F (v) Ui?2 6Q`i? +QM/BiBQMVc
jX B7 F (w)R$v′ i?2M i?2`2 2tBbib bQK2 v bXiX wRX$ v �M/ F (v) = v′ Ui?2 "�+F +QM/BiBQMVX

q2 +�M 2Mbm`2 i?�i +QM/BiBQM R Bb K2i 7Q` �Mv p�Hm�iBQM 7mM+iBQM V QM R #v 2Mbm`BM; i?�i F (w) b�iBb}2b i?2
b�K2 T`QTQbBiBQM@H2ii2`b �b w 7Q` �Mv w ∈ WRX

Rk



†- 6Q`i?, r2 r�Mi iQ b?Qr i?�i 〈〈i, y〉, 〈j, x〉〉RX
† 〈〈j, x〉, 〈j, x〉〉 2Mi�BHb F (〈i, y〉, 〈j, x〉)R†F (〈j, x〉, 〈j, x〉)X

"v +QMbi`m+iBQM- F (〈i, y〉, 〈j, x〉) ∈ cji �M/ F (〈j, x〉, 〈j, x〉) ∈ cjj X >2M+2 F (〈i, y〉, 〈j, x〉)R†F (〈j, x〉, 〈j, x〉)X

†- "�+F, r2 r�Mi iQ b?Qr i?�i B7 F (〈i, y〉, 〈j, x〉)R†v′- i?2M i?2`2 Bb bQK2 v bm+? i?�i
F (v) = v′ �M/ 〈〈i, y〉, 〈j, x〉〉RX

† vX "v +QMbi`m+iBQM- B7 F (〈i, y〉, 〈j, x〉)R†v′- i?2M v′ = f!(cj)X
� rBiM2bb 7Q` i?2 2tBbi2MiB�H Bb 〈〈j, x〉, 〈j, x〉〉X

!- 6Q`i?, r2 r�Mi iQ b?Qr i?�i 〈〈i, y〉, 〈j, x〉〉RX
! 〈〈i, y〉, 〈i, y〉〉 2Mi�BHb F (〈i, y〉, 〈j, x〉)R!F (〈i, y〉, 〈i, y〉)X

6Q` i?Bb- Bi bm{+2b iQ b?Qr i?�i gji,y(x)R!gii,y(y)X "v +QMbi`m+iBQM- #Qi? gji,y(x) �M/ gii,y(y) ∈
ci- �M/ gii,y(y) Bb i?2 R!@}t2/ TQBMi Q7 ciX >2M+2 F (〈i, y〉, 〈j, x〉)R!F (〈i, y〉, 〈i, y〉)X

!- "�+F, r2 r�Mi iQ b?Qr i?�i B7 F (〈i, y〉, 〈j, x〉)R!v′- i?2M i?2`2 Bb bQK2 v bm+? i?�i F (v) =
v′ �M/ 〈〈i, y〉, 〈j, x〉〉RX

! vX "v +QMbi`m+iBQM- � rBiM2bb 7Q` i?Bb 2tBbi2MiB�H Bb 〈〈i, y〉, 〈i, y〉〉X

h?2Q`2K 9X "k. Bb bQmM/ �M/ +QKTH2i2 7Q` JX

S`QQ7X 6`QK h?2Q`2Kb R@jX

* GQQFBM; �?2�/

h?2 ! QT2`�iQ` Bb �M a8 KQ/�H QT2`�iQ`- �M/ "k. Bb � +QMb2`p�iBp2 2ti2MbBQM Q7 � bBKTH2
a8 KQ/�H HQ;B+X AM HQQFBM; �?2�/ iQ � irQ@/BK2MbBQM�H i`2�iK2Mi Q7 Qi?2` HQ;B+b- r2 b?QmH/
�bF ?Qr irQ /BK2MbBQMb KB;?i #2 H2p2`�;2/ iQ mT;`�/2 � +H�bb Q7 i`�/BiBQM�H E`BTF2 KQ/2Hb
r?Qb2 Q`B;BM�H �++2bbB#BHBiv `2H�iBQMUbV +�Tim`2 72�im`2b Q7 p�`BQmb ǳ~�pQ`bǴ Q7 TQbbB#BHBiv �M/
M2+2bbBivX

6Q` 2t�KTH2- i?2`2 Bb � b2Mb2 BM r?B+? i?2 ! Q7 "k. KQ/2Hb �M �HH@BM+HmbBp2 ;HQ#�H KQ/�HBiv-
r?2`2 2p2`v rQ`H/ Bb �++2bbB#H2 7`QK 2p2`v Qi?2`X h?Bb BKTHB2/ ;HQ#�HBiv Bb r?v i?2 +H�mb2
7Q` !φ BM Ȝ� `2[mB`2/ MQ R@`2bi`B+iBQMX "mi i?2 �++2bbB#BHBiv `2H�iBQM 7Q` ! BM "k. Bb MQi- Q7
+Qm`b2- ;HQ#�H QM i?2 bT�+2 Q7 rQ`H/@T�B`b, 7Q` A iQ `2K�BM `B;B/ BM i?2 b+QT2 Q7 !- �b U!5!V
K�M/�i2b- ! +�MMQi b?B7i i?2 rQ`H/@�b@�+im�H T�`�K2i2`X >2M+2 r?2i?2` i?2 irQ@/BK2MbBQM�H
2Mi`v U!V 2tT`2bb2b � i`mHv ;HQ#�H KQ/�HBiv- Q` MQi- /2T2M/b QM r?B+? bT�+2ěi?2 bT�+2 Q7
rQ`H/b- Q` i?2 bT�+2 Q7 rQ`H/@T�B`běQM2 i�F2b iQ #2 7mM/�K2Mi�H iQ i?2 KQ/2HX

�M ³[pBbi HQ;B+ U³[pBbi- RNdjc a2;2`#2`;- RNdj- T;X ddV +�M #2 b22M �b i�FBM; i?2 bT�+2 Q7
rQ`H/b iQ #2 7mM/�K2Mi�H- BM i?2 7QHHQrBM; b2Mb2X Ai BMi2`T`2ib i?2 �iQKb Q7 L �b 7mM+iBQMb
7`QK rQ`H/b iQ i`mi?@p�Hm2b i?�i �`2 +QMbi�Mi BM i?2 rQ`H/@�b@�+im�H T�`�K2i2`ěi?�i Bb- �b
T`QTQbBiBQMb BM ai�HM�F2`Ƕb b2Mb2X

h?2 +H�bb At Q7 �iQKB+b i?mb 2t?B#Bib bT2+B�H 72�im`2b i?�i �`#Bi`�`v rzb BM i?2 7mHH H�M;m�;2
/Q MQi ?�p2X �iQKb b�iBb7v i?2 `2bi`B+i2/ b+?2K� UOR8V,
.2}MBiBQM e Ua2;2`#2`;Ƕb �tBQK UOR8VVX ?bT�+2

UOR8V α ≡ †α- 7Q` α ∈ AtX

*�HH i?2 +QMbi`�BMi BKTQb2/ #v UOR8V #�`+Q/2M2bb, B7 f†(w) = f†(w′)- i?2M 7Q` �iQKB+ α,
w " α Bz w′ " αX AMimBiBp2Hv- i?Bb +Q``2bTQM/b iQ �iQKB+ K�i`B+2b r?B+? �`2 i?2B` QrM
/B�;QM�HBx�iBQMbX

Rj



h?Bb +QKKBiK2Mi- �i i?2 H2p2H Q7 �iQKb- iQ i?2 7mM/�K2Mi�HBiv Q7 rQ`H/b �M/ T`QTQbBiBQMb
Bb �ii`�+iBp2 BM +QMbB/2`BM; i?2 [m2biBQM BM i?Bb b2+iBQM, i?2 [m2biBQM Q7 ?Qr iQ mT;`�/2 � +H�bb
Q7 MQM@a8- QM2@/BK2MbBQM�H E`BTF2 KQ/2Hb BMiQ bi2`2QX PM i?2 ³[pBbi pB2r- � R. 7`�K2 Bb
ǳHB7i2/Ǵ BMiQ irQ /BK2MbBQMběi?�i Bb- BMiQ i?2 bT�+2 Q7 K�i`B+2běBM � r�v i?�i +QMb2`p�iBp2Hv
2ti2M/b Bib T`Q}H2 i?`Qm;?Qmi i?2 QM2@/BK2MbBQM�H 7`�;K2Mi Q7 i?2 Q`B;BM�H H�M;m�;2- r?B+?
Bb i?2M 2M`B+?2/ #v A �M/ †X � r�v iQ /Q i?Bb Bb iQ /mTHB+�i2 �Mv QM2@/BK2MbBQM�H R$ `2H�iBQM
BM i?2 W ×W TH�M2- T`2b2`pBM; Bib 7`�K2 +QM/BiBQMb �+`Qbb i?2 ?Q`BxQMi�H- �M/ iQ BM+Q`TQ`�i2
�tBQK b+?2K� UOR8V BMiQ i?2 `2H2p�Mi T`QQ7 bvbi2K- i?mb /Bb�HHQrBM; MQM@#�`+Q/2 �iQKbX h?2
+QM}M2K2Mi Q7 R$ iQ i?2 ?Q`BxQMi�H `2bT2+ib U!5"V- i?2 BM�#BHBiv Q7 #Qt@/B�KQM/ KQ/�HBiB2b
iQ b?B7i i?2 rQ`H/@�b@�+im�H T�`�K2i2`X UOR8V HBKBib i?2 2tT`2bbBp2 TQr2` Q7 i?2 T`QTQbBiBQM�H
7`�;K2Mi iQ i?2 2tT`2bbBp2 TQr2` Q7 �M �`#Bi`�`v p�Hm�iBQM 7mM+iBQM T�B`2/ rBi? i?2 Q`B;BM�H-
T`2@HB7i2/ 7`�K2X UOR8VǶb HBKBi�iBQM QM +HQbm`2 mM/2` bm#biBimiBQM i?mb 7QHHQrb i?2 bTB`Bi Q7 2X;X
qBHHB�KbQM UkyRjV- r?Q `2K�`Fb i?�i ǳi?2 Q#pBQmb `�iBQM�H2 7Q` BMbBbiBM; QM Ę+HQbm`2ĘmM/2`
mMB7Q`K bm#biBimiBQM BM � T`QTQbBiBQM�H bvbi2K Bb � `2�/BM; Q7 MQM@HQ;B+�H b2Mi2M+2 H2ii2`b �b
T`QTQbBiBQM�H p�`B�#H2bXǴRk

*�HH bm+? �M 2M`B+?2/ KQ/2H � ǳk. HB7iǴ Q7 � QM2@/BK2MbBQM�H E`BTF2 7`�K2- �M/ +�HH i?2
HB7i2/ 7`�K2 2M`B+?2/ rBi? ! �M/ † `2H�iBQMb � ǳJ�i`Bt HB7iǴ Q7 i?2 b�K2 7`�K2X >2`2- r2
/2KQMbi`�i2 i?�i �//BM; UOR8V iQ Qm` "k. +QKTH2i2M2bb `2bmHi }ib i?2 ³[pBbi KQH/ 7Q`
bBKTH2 a8 7`�K2bX

.2}MBiBQM dX G2i "k. Y UOR8V #2 i?2 T`QQ7 bvbi2K �tBQK�iBx2/ #v JQ/mb SQM2Mb- L2+2b@
bBi�iBQM 7Q` 2�+? T`BKBiBp2 KQ/�H QT2`�iQ`- �tBQK UOR8V- �M/ i?2 �tBQK b+?2K�

UY"k.V φ- r?2`2 φ Bb � i?2Q`2K Q7 "k.X

LQi2 i?�i "k. Y UOR8V H�+Fb i?2 `mH2 Q7 lMB7Q`K am#biBimiBQMXRj

.2}MBiBQM 3 U6↑- i?2 K�i`Bt HB7i Q7 � 7`�K2 +H�bb 6VX q?2`2 6 Bb � +H�bb Q7 E`BTF2 7`�K2b
〈W, {R$i : i ∈ I}〉- i?2 K�i`Bt HB7i Q7 6- 6↑- Bb i?2 +H�bb Q7 K�i`Bt KQ/2Hb MX = 〈WX , {R$i :
i ∈ I}, V X〉 bXiX

Ç WX = W ×W

Ç RX
$i

= {〈〈y, w〉, 〈y, w′〉〉 ∈ WX ×WX : wR$iw
′}

Ç RX
! = {〈〈y, w〉, 〈y′, w′〉〉 ∈ WX ×WX : y = y′ �M/ y′ = w′'

Ç RX
† = {〈〈y, w〉, 〈y′, w′〉〉 ∈ WX ×WX : w = w′ �M/ y′ = w′'

Ç V X : At 0→ ℘(WX) Bb bm+? i?�i 〈y, w〉 ∈ V X(p) Bz 〈y′, w〉 ∈ V X(p)

LQi�iBQM, +�HH bm+? � p�Hm�iBQM 7mM+iBQM V X � ǳp2`iB+�HHv +QMbi�Mi p�Hm�iBQM 7mM+iBQMǴX

h?2Q`2K 8X "k. Y UOR8V Bb bQmM/ �M/ +QKTH2i2 7Q` a8↑- i?2 K�i`Bt HB7i Q7 i?2 +H�bb Q7 a8
E`BTF2 7`�K2bX

S`QQ7X aQmM/M2bb, 6Q` UY"k.V- bBM+2 "k. Bb p�HB/ Qp2` J �M/ a8↑ ⊂ J- 2p2`v i?2Q`2K Q7
"k. Bb p�HB/ Qp2` a8↑X 6Q` UOR8V- bmTTQb2 7Q` bQK2 �iQK a i?�i a ≡ †a Bb 7�Hb2 �i bQK2

RkqBHHB�KbQM UkyRj- T;X de- 2KT?�bBb �//2/Vc b22 �HbQ "m`;2bb URNNN- T;X RdeVX
Rj6Q` /Bb+mbbBQM- b22- BMi2` �HB�- aKBH2v URN3kVc >QHHB/�v 2i �HX UkyRjVX
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〈y, x〉 ∈ WM- M ∈ a8↑X h?2M 2Bi?2` M, y, x " a #mi M, x, x ! a- Q` M, y, x ! a #mi
M, x, x " aX 1Bi?2` r�v- M Bb MQi � K�i`Bt HB7i2/ E`BTF2 7`�K2X

�b 7Q` i?2 `mH2b, i?2 T`QQ7 i?�i JQ/mb SQM2Mb T`2b2`p2b p�HB/Biv Bb bi`�B;?i7Q`r�`/X 6Q`
L2+2bbBi�iBQM- bmTTQb2 i?�i φ Bb p�HB/ Qp2` a8↑X G2i M ∈ a8↑ �M/ H2i y, x ∈ W X h?2M bBM+2
φ Bb p�HB/ Qp2` a8↑- i?�i K2�Mb 7Q` �Mv x′ ∈ W , M, y, x′ " φ- bQ UBV M, y, x " !φc UBBV
M, y, y " φ- bQ M, y, x " !φc �M/ UBBBV M, x, x " φ- bQ M, y, x " †φX aBM+2 y, x r2`2 �`#Bi`�`v-
Bi 7QHHQrb i?�i !φ- !φ- �M/ †φ �`2 �HH p�HB/ Qp2` a8↑X aQ �HH i?2 `mH2b T`2b2`p2 p�HB/BivX

*QKTH2i2M2bb, bmTTQb2 Γ Bb � "k. Y UOR8V@+QMbBbi2Mi b2i Q7 7Q`KmH�bX h�F2 ∆ ⊇ Γ bm+?
i?�i ∆ Bb K�tBK�HHv "k. Y UOR8V@+QMbBbi2MiX "v h?2Q`2K 9- i?2`2 Bb � K�i`Bt KQ/2H M
�M/ bQK2 y, x ∈ W bm+? i?�i M, y, x " ∆X "v L2+2bbBi�iBQM 7Q` ! �M/ †- ! †!(α ≡ †α) ∈ ∆X
>2M+2- M, y, x " ! † !(α ≡ †α)- r?B+? K2�Mb 7Q` �Mv z, w ∈ W , M, z, w " α ≡ †αX aQ 7Q`
�Mv z, z′, w ∈ W ,

〈z, w〉 ∈ V X(p) Bz Mz, w " p

Bz M, z, w " †p
Bz M, w, w " p

Bz M, z′, w " †p
Bz M, z′, w " p

Bz 〈z′, w〉 ∈ V X(p).

>2M+2- M ∈ a8↑X
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_272`2M+2b
�?K2/- �`B7 UkyR9VX 1pB/2M+2- .2+BbBQM �M/ *�mb�HBivX *�K#`B/;2 lMBp2`bBiv S`2bbX

®[pBbi- G2MM�`i URNdjVX ǳJQ/�H GQ;B+ rBi? am#DmM+iBp2 *QM/BiBQM�Hb �M/ .BbTQbBiBQM�H
S`2/B+�i2bXǴ CQm`M�H Q7 S?BHQbQT?B+�H GQ;B+- kURV, TTX RĜdeX

"H�+F#m`M- S�i`B+F- J��`i2M /2 _BDF2- �M/ u/2 o2M2K� UkyykVX JQ/�H GQ;B+X
*�K#`B/;2 lMBp2`bBiv S`2bbX

"H�+F#m`M- S�i`B+F- �M/ J��`i2M J�`t UkyykVX ǳ_2K�`Fb QM :`2;Q`vǶb ǳ�+im�HHvǴ
PT2`�iQ`XǴ CQm`M�H Q7 S?BHQbQT?B+�H GQ;B+- jR, TTX k3RĜk33X

"m`;2bb- CQ?M URNNNVX ǳq?B+? KQ/�H HQ;B+ Bb i?2 `B;?i QM2\Ǵ LQi`2 .�K2 CQm`M�H Q7
6Q`K�H GQ;B+- 9y, TTX 3RĜNjX

*?�HK2`b- .�pB/ Ukyy9VX ǳ1TBbi2KB+ irQ@/BK2MbBQM�H b2K�MiB+bXǴ S?BHQbQT?B+�H aim/B2b-
RR3, TTX R8jĜkkeX

*`2bbr2HH- J�t UkyRkVX 1MiBiB2b �M/ AM/B+2b- pQHX 9RX aT`BM;2` a+B2M+2 � "mbBM2bb J2/B�X

*`QbbH2v- CQ?M- �M/ GHQv/ >mK#2`biQM2 URNddVX ǳh?2 GQ;B+ Q7 ǵ�+im�HHvǶXǴ _2TQ`ib QM
J�i?2K�iB+�H GQ;B+- 3, TTX RRĜkNX

.�pB2b- J�`iBM- �M/ GHQv/ >mK#2`biQM2 URN3yVX ǳhrQ LQiBQMb Q7 L2+2bbBivXǴ S?BHQ@
bQT?B+�H aim/B2b- j3URV, TTX RĜjyX

1H;�- �/�K UkyyyVX ǳa2H7@HQ+�iBM; #2HB27 �M/ i?2 aH22TBM; "2�miv T`Q#H2KXǴ �M�HvbBb- ey,
TTX R9jĜR9dX

6`Bix- S2i2` UkyRjVX ǳ� GQ;B+ 7Q` 1TBbi2KB+ hrQ@.BK2MbBQM�H a2K�MiB+bXǴ avMi?2b2- RNy,
TTX Rd8jĜRddyX

6`Bix- S2i2` UkyR9VX ǳq?�i Bb i?2 *Q``2+i GQ;B+ Q7 L2+2bbBiv- �+im�HBiv �M/ �T`BQ`Biv\Ǵ
_2pB2r Q7 avK#QHB+ GQ;B+- dUjV, TTX j38Ĝ9R9X

6mb+Q- J2HBbb� UkyR3VX ǳ1TBbi2KB+ hBK2@"B�b BM L2r+QK#Ƕb S`Q#H2KXǴ AM �X �?K2/ U2/XV
L2r+QK#Ƕb S`Q#H2K- *�K#`B/;2 lMBp2`bBiv S`2bbX

6mb+Q- J2HBbb� UkyRNVX ǳL�im`�HBxBM; .2QMiB+ GQ;B+, AM/2i2`KBM�+v- .B�;QM�HBx�iBQM- �M/
a2H7@�{`K�iBQMXǴ S?BHQbQT?B+�H S2`bT2+iBp2b- jk, TTX Re8ĜR3dX

:`2;Q`v- .QKBMB+ UkyyRVX ǳ*QKTH2i2M2bb �M/ .2+B/�#BHBiv _2bmHib 7Q` aQK2 S`QTQbBiBQM�H
JQ/�H GQ;B+b *QMi�BMBM; ǳ�+im�HHvǴ PT2`�iQ`bXǴ CQm`M�H Q7 S?BHQbQT?B+�H GQ;B+- jyURV, TTX
8dĜd3X

>�ri?Q`M2- CQ?M- �M/ P7`� J�;B/Q` UkyyNVX ǳ�bb2`iBQM- *QMi2ti- �M/ 1TBbi2KB+
�++2bbB#BHBivXǴ JBM/- RR3U9dyVX

>�x2M- �HH2M- "2MD�KBM _BM- �M/ E�B q2?K2B2` UkyRjVX ǳ�+im�HBiv BM S`QTQbBiBQM�H
JQ/�H GQ;B+XǴ aim/B� GQ;B+�- RyR, TTX 93dĜ8yjX

>2BK- A`2M2 URN3kVX h?2 a2K�MiB+b Q7 .2}MBi2 �M/ AM/2}MBi2 LQmM S?`�b2bX S?X.X i?2bBb-
lMBp2`bBiv Q7 J�bb�+?mb2iib- �K?2`biX

>QHHB/�v- q2bH2v- h?QK�b A+�`/- �M/ hQKQ?B`Q >Qb?B UkyRjVX ǳAM7Q`K�iBQM .v@
M�KB+b �M/ lMB7Q`K am#biBimiBQMXǴ avMi?2b2- RNyUamTTH RV, TTX jRĜ88X
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>mK#2`biQM2- GHQv/ URN3RVX ǳ_2H�iBp2 L2+2bbBiv _2pBbBi2/XǴ _2TQ`ib QM J�i?2K�iB+�H
GQ;B+- Rj, TTX jjĜ9kX

E�TH�M- .�pB/ URN3NVX ǳ.2KQMbi`�iBp2bXǴ AM CX �HKQ;- CX S2``v- �M/ >X q2iibi2BM U2/bXV
h?2K2b 7`QK E�TH�M- Pt7Q`/ lMBp2`bBiv S`2bbX

E`BTF2- a�mH URN3yVX L�KBM; �M/ L2+2bbBivX >�`p�`/ lMBp2`bBiv S`2bbX

G�KT2`i- 6�#BQ UkyR3VX ǳ�+im�HBiv- h�#H2�mt- �M/ hrQ@.BK2MbBQM�H JQ/�H GQ;B+bXǴ 1`F2M@
MiMBb- 3j, TTX 9yjĜ9jjX

J�+6�`H�M2- CQ?M UkyyNVX ǳLQMBM/2tB+�H *QMi2tim�HBbKXǴ avMi?2b2- Ree, TTX kjRĜ8yX

J�;B/Q`- P7`� UkyRyVX ǳ_2pB2r Q7 Pm` EMQrH2/;2 Q7 i?2 AMi2`M�H qQ`H/ #v _Q#2`i ai�H@
M�F2`XǴ S?BHQbQT?B+�H _2pB2r- RRNUjV, TTX j39ĜjNRX

_2bi�HH- :`2; UkyRkVX ǳ� +mi@7`22 b2[m2Mi bvbi2K 7Q` irQ@/BK2MbBQM�H KQ/�H HQ;B+- �M/
r?v Bi K�ii2`bXǴ �MM�Hb Q7 Sm`2 �M/ �TTHB2/ GQ;B+- Rej, TTX ReRRĜRekjX

a2;2`#2`;- E`Bbi2` URNdjVX ǳhrQ@.BK2MbBQM�H JQ/�H GQ;B+XǴ CQm`M�H Q7 S?BHQbQT?B+�H
GQ;B+- kURV, TTX ddĜNeX

aB/2`- h?2Q/Q`2 UkyRyVX GQ;B+ 7Q` S?BHQbQT?vX Pt7Q`/ lMBp2`bBiv S`2bbX

aKBH2v- hBKQi?v URN3kVX ǳh?2 a+?2K�iB+ 6�HH�+vXǴ S`Q+22/BM;b Q7 i?2 �`BbiQi2HB�M aQ+B2iv-
3j, TTX RĜRdX

ai�HM�F2`- _Q#2`i URNd3VX ǳ�bb2`iBQMXǴ AM *QMi2ti �M/ *QMi2Mi- Pt7Q`/ lMBp2`bBiv S`2bb-
TTX d3ĜN8X AM ai�HM�F2` URNNNVX

ai�HM�F2`- _Q#2`i URNNNVX *QMi2ti �M/ *QMi2MiX Pt7Q`/- Pt7Q`/ lMBp2`bBiv S`2bbX

ai�HM�F2`- _Q#2`i UkyykVX ǳ*QKKQM :`QmM/XǴ GBM;mBbiB+b �M/ S?BHQbQT?v- k8U8@eV, TTX
dyRĜdkRX

ai�HM�F2`- _Q#2`i UkyRyVX Pm` EMQrH2/;2 Q7 i?2 AMi2`M�H qQ`H/X Pt7Q`/ lMBp2`bBiv S`2bbX

h?QK�bQM- _B+?KQM/ URNdyVX ǳAM/2i2`KBMBbi hBK2 �M/ h`mi?@o�Hm2 :�TbXǴ h?2Q`B�- TTX
ke9Ĝk3RX

qBHHB�KbQM- hBKQi?v UkyRjVX JQ/�H GQ;B+ �b J2i�T?vbB+bX Pt7Q`/ lMBp2`bBiv S`2bbX

qBii;2Mbi2BM- Gm/rB; URN8jVX S?BHQbQT?B+�H AMp2biB;�iBQMbX qBH2v@"H�+Fr2HHX

qBii;2Mbi2BM- Gm/rB; URNd9VX h`�+i�imb GQ;B+Q@S?BHQbQT?B+mbX GQM/QM, _QmiH2/;2X
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