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ABSTRACT. Larry Moss and Rohit Parikh used subset semantics to characterize a family of logics
for reasoning about knowledge. An important feature of their framework is that subsets always
decrease based on the assumption that knowledge always increases. We drop this assumption
and modify the semantics to account for logics of knowledge that handle arbitrary changes,
that is, changes that do not necessarily result in knowledge increase, such as the update of our
knowledge due to an action. We present a system which is complete for subset spaces and prove
its decidability.
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1. Introduction

Subset logic is a bimodal logic that combines two modal operators, one corre-
sponding to knowledge, and one corresponding to effort, and models the increase of
knowledge after a larger amount of resources has been spent in acquiring it. Subset
logic has been introduced by Moss and Parikh who also established the basic results
(Moss & Parikh, 1992; Dabrowski et al., 1996). A great deal of further research has
been devoted to characterizing the underlying structure of subsets using axioms of this
logic. For example, the system “topologic” has been found complete with respect to
topological spaces (Georgatos, 1993). Variants of this logic have also been developed
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to address knowledge after program termination and time passing (Heinemann, 1999;
Heinemann, 2007).

The main novelty of subset logic is its semantics, where, after fixing a space of
subsets of a set of worlds, sentences are interpreted over a pair (z,U), where x is
the actual world the agent resides in, and U is the view the agent has. The agent’s
view consists of those worlds the agent considers possible. We can represent effort
by restricting the agent’s view. Restricting the view means that the agent cancels out
some of the alternatives, and, as a result, increase of knowledge occurs. In this paper,
we would like to explore the possibility of using subsets of worlds to model any kind
of change, rather than change that corresponds to increase of knowledge. Consider the
following example.

EXAMPLE 1. — Imagine a room with a table and two cubes: a red one and a blue
one. The agent is outside the room but knows that one of the cubes is on the table and
one is on the floor. Now, suppose that the agent instructs a robot to enter the room and
place the red cube on the floor. The update of the agent’s knowledge base after the
robot’s action can be modeled as follows. Denote the sentence “the red cube is on the
floor” with , and similarly with b for the blue cube. The initial view is U = {w1, w2}
where wy = {r A =b} and wy = {—r A b}. After the robot is instructed to place the
red cube on the floor the first possibility persists while the second possibility turns into
wh = {r A b}. The resulting view of the agent is U’ = {wy, w})}. O

Note that, in the above example, U’ is not a subset of U and change does not

result in an increase but rather in an update of knowledge (in the sense of (Katsuno &
Mendelzon, 1991)). In particular, the sentence

K(r <> —b)

is true at U but false in U’. Further, the resulting subset is determined by the transfor-
mation of its components. Before instructing the robot we do not know whether the
red cube is on the floor:

—K—r

but after instructing the robot (call this action a) the following holds:

[a]Kr.

Our modification is threefold:

— We consider subsets that do not necessarily form a topological space but rather
they are determined by the accessibility relations. This is not contrary to the basic
intuition behind the Moss-Parikh logics but rather complementary. We do not want
to express the structure of subsets but rather the structure of actions that restrict the
agent’s view to those subsets.

— We consider changes that do not necessarily result in a smaller subset. Fre-
quently, we reason with defeasible knowledge or we jump to conclusions as in non-
monotonic reasoning. Other times, we need to revise our beliefs. In such cases, the
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resulting epistemic state is not a refinement but rather a transformation of the original
one.

— We make explicit the accessibility relations that bring about different forms of
change. Such actions can be the result of a program, a game move, pieces of informa-
tion about a changing world, or, simply, the passage of time.

We view this logic as a tool for studying the transformations of knowledge in a
more general setting much like dynamic epistemic logic (van Ditmarsch et al., 2007),
although we restrict our attention to a single agent (for a multiple agent approach using
subset logic see (Heinemann, 2008)). Systems that combine two or more modal logics
are nothing new (Kracht & Wolter, 1991; Gabbay & Shehtman, 1998). Their theory, in
the simple cases, is straightforward. Similarly, basic results such as completeness for
Kripke models and decidability are straightforward once those have been obtained for
the individual logics separately (see (Gabbay et al., 2003)). However, our complete-
ness and decidability results refer not to the usual frame models with accessibility
relations but, instead, we use subset models.

In the next section, we define the subset logic SC for reasoning about change
and prove completeness for subset semantics via an appropriate translation to/from
Kripke models. Then, we prove a normal form theorem and use it to sketch a proof of
completeness in Section 3 and a proof of decidability in Section 4. We conclude with
a sketch of a logic that incorporates actions.

2. Syntax and semantics

We follow the notation of (Moss & Parikh, 1992).

Our language is bimodal and propositional. We start with a countable set Atom of
atomic formulas containing two distinguished elements T and L. Then the language
L is the least set such that Atom C £ and closed under the following rules:

6,0 €L peLl
pAYEL —¢,06,Kop € L

Notice that, in contrast to example 1, the language does not contain actions. We
make use of a single [] modality but all results extend to a multi-modal setting (see
Section 5). The intended interpretation of the [J modality is that of necessity, meaning,
what is true in all worlds which are possible outcomes of the change of the current
world. However, in the bimodal setting, [J acquires a second dimension. Change of
the current world can be indeterminate, that is, it can be described with several worlds
accessible from the current one, and we make no assumption on the properties of this
change (e.g. symmetry, transitivity, etc). Therefore, [l is a just a modality obeying
normality. What turns the [J modality in to necessity during update is not change
of truth, but change of knowledge. All possible changes (to talk about a particular
change one needs a richer language, e.g. actions) of the knowledge base K is a priori
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specified, in the sense that it it described with a formula ¢, and results to a unique
knowledge base K o ¢, the update of K with ¢. So change at the knowledge level is
deterministic. The update part of [J will be described, semantically, with subsets and,
syntactically, with combination axioms (axioms involving both [J and K).

The interpretation of the language using subsets follows:

DEFINITION 2. — Let X be a set, R a binary relation on X, i.e., R C X x X called
accessibility, and O a subset of the powerset of X, i.e. O C P(X) such that X € O.
We denote the set {(x,U) : x € X,U € O, andz € U} C X x O by XxO. For
each U € O, let U™ be the set of the elements accessible from U, that is, the set
{y : (z,y) € R,z € U}. The set O will be called R-closed if whenever U € O then
Ul e 0.

Let O be R-closed, then the triple (X, R, O) will be called a subset frame. A
model is a quadruple (X, R, O, 1), where (X, R, O) is a subset frame and i a map
Sfrom Atom to P(X) with i(T) = X and i(L) = () called initial interpretation.

DEFINITION 3. — The satisfaction relation =, where M is the model (X, O, R, i),
is a subset of (X xO) x L defined recursively by (we write x,U =p ¢ instead of

((z,U),9) EEm):
x,UbEmA iff x€i(A), where A € Atom
. UEmony iff 2,UpEm¢andz,UEm
o, Um0 iff z,UFEMmP
z, U Em Ko iff forallyeU, y,UkEm ¢
z, U E=pm O iff forally € X suchthat (v,y) € R, y,UR | ¢.

If 2,U [=pm ¢ for all (z,U) belonging to X xO then ¢ is valid in M, denoted by
M E ¢.
We abbreviate —=[]—¢ and -K—¢ by ¢¢ and L¢ respectively. We have that

x,U =pm Lo if there exists y € U such that y, U Eaq &
z,U |=p Q¢  if there exists y € X such that (z,y) € Rand y, UR = ¢.

The axiom system SC consists of axiom schemes 1 through 8 and rules of table 1
(see page 431). We will write Fgc ¢ iff ¢ is a theorem of SC.

Observe that we require that [J satisfies the K (normality) axiom and K satisfies
the S5 axioms. We have two interaction axioms:

Axiom 7 is the cross axiom, a standard axiom for subset logic, a propositional
analogue of the Barcan formula and the “perfect recall” of (Schmidt & Tishkovsky,
2008) for a single modality.

Axiom 8 together with Axiom 7 implies that the accessibility relation of [J is a
function (deterministic) on subsets, that is, from the epistemic point of view, it implies
that possible knowledge is necessary.
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Observe that the cornerstone axiom of subset logic:
(A—0OA) A (A — O-A), for A € Atom

is not valid in SC. It stipulates that the non-epistemic facts true in the world of an
agent will remain true as the only change we allow is epistemic. The actual state of an
agent remains always the same although the agent’s view may change. In contrast, the
logic we axiomatize allows arbitrary changes including changes to the agent’s actual
state and this axiom is no longer valid.

Table 1. Axioms and Rules of SC

Axioms
1) All propositional tautologies
2) O(¢ — ¢) = (06 — Oy)
3) K = 1) = (K — Ke))
4) Ko = ¢
5) K¢ — KKo
6) ¢ — KLo
7) K¢ — UKo
8) OK¢ — Ko
Rules
00,0
(]
i K-Necessitation i [J-Necessitation
Ko Lo
The following holds:
THEOREM 4. — The axioms and rules of SC are sound with respect to subset
frames.
PROOF 5. — The proof is straightforward and we show only soundness for Axiom 8.

Suppose z, U |= OK¢. This implies that there is a w such that z Rw and w, U = K¢.
Now, let y € U and yRz. We need to show that z, U = ¢ which follows from
w, UR = K. [ ]

We may choose to interpret SC on Kripke frames. Let (W, R, Rk) be a frame,

where W is a set of worlds with two binary accessibility relations R and Rk on W.
Then the above axiom system corresponds to the following first order properties:

1) Rk is an equivalence relation,
2) Vz,y, w(xRow A wRky — Jw'(zRxw’ A w’' Roy))(see Fig. 1), and
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Figure 2. First-order property corresponding to Axiom 8

3) V,y,w,w' (zRxw’ A w'Roy A tRgw — wRky) (see Fig. 2).

Property 1 corresponds to the S5 set of axioms for K, Property 2 corresponds to
Axiom 7, and Property 3 corresponds to Axiom 8. We will show the last correspon-
dence (Axiom 8 is the least known). Suppose Property 3 does not hold, i.e. there exist
x,y, w,w with z Rxw, wRny, xRow’ but —w’ Rxw. Consider a valuation ¢ such
that ¢(A) = {y}, for some atomic A. In a model based on i, we have z = —A for all
z # y. So, by our initial assumption, we have w’ |= K—A. Therefore, z = OK—A but
x = KO-A. So Axiom 8 fails. The other direction is straightforward.

To prove (strong) completeness of the logic for Kripke models is straightforward
because SC is the fusion of T and K augmented by Axioms 7 and 8 which are
Sahlqvist formulas (Sahlqvist, 1975; Blackburn et al., 2002).

We can show completeness for subset models by translating any Kripke model
based on a frame as above in to an equivalent subset model. Let (W, R, Rk, ) be
a Kripke model whose underlying frame satisfies Properties 1-3 as above, then let
(W, O, Rp, 1) be the subset model, where O consists of the equivalence classes of
Rk, that is, the set of subsets O is a partition of W', We have the following

1. This translation, due to one of the reviewers, resulted in a considerable simplification of the
completeness proof over the original one sketched in the next section.
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LEMMA 6. — The partition O is Rg-closed.

PROOF 7. — Let U € O. We will show that U0 is a Rk-equivalence class. Let
x,y € URD and assume that 2,4y’ € U are such that 2/ Rqx and v/ Ry . By Prop-
erty 3, we have xRyy. To show that U0 is maximal, let zRxy with 2 € UT0. Let
2’ € U such that 2’ Roz. By Property 2, 2’ Rk o Ry, and, therefore, y € U%0, R

Furthermore, the subset model defined by this translation is equivalent to the start-
ing Kripke model in the following sense:

LEMMA 8. — Forallw € W and ¢ € L, we have that

w6 iffw,U = g,
where U is the Rg-equivalence class of w.

PROOF 9. — By induction on ¢. The atomic and boolean cases are straightforward.
Suppose w = (¢. Let wRow'. We have that w’ |= ¢ so w’, U0 |= ¢, by induction
hypothesis, and therefore w, U |= O¢. The converse is similar as is the K¢ case. B

Further, there is a simple reduction of a subset space model (X, O, R, i) to an
equivalent Kripke model (see for example Section 4.1 in (Georgatos, 1993))

(XxO, Ro, Rk, 1),

where

— (2, U)Rp(y, W) iff tRy and W = UE,
- (z,U)Rk(y, W) iff W = U, and
- i"(A) ={(z,U) : z € i(A)}.

Similarly, we have that
U E ¢iff (¢,U) E 6.
The above two translations are not, in general, inverses of each other. The translation

from a Kripke model to a subset model always produces a partition on the worlds.
Those translations combine to show the following

THEOREM 10. — The axiom system SC is strongly complete with the class of R-
closed subset models.

3. Normal form

In this section, we will show that SC possesses a normal form (Theorem 15). We
will sketch a translation of the canonical model to a subset model based using the
normal form and, in the next section, we will employ the normal form again to prove
the finite model property. We will need the following

LEMMA 11. — The following are theorems of SC.
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1) O(¢ ANKY) < Op A OKyp
2) O(¢ v Ke) + O v OKy
3) OKg < 0L v KOg

4) OL¢ < OLVLOe

PROOF 12. — For Case 1, the one implication is straightforward. For the other
1.0 A OKY — Op AOKy by Axioms 7 and 8
2. 0o ANOKyY — O(¢p AKep)  in a normal system.
Similarly for Case 2.

Both Cases 3 and 4 follow from normality, Axiom 7, in one direction, and Axiom
8, in the opposite direction. |

DEFINITION 13. — Let L5 C L be the set of formulas generated by the following
rules:

¢, € L~ ¢ € LM
¢ A e LY —¢,0¢ € LU
Let LK be the set {K¢, Lo|¢p € L5}

Atom C 5

DEFINITION 14. — We say that ¢ € L is in prime normal form (PNF) if it has the
form
U AKY AN L
i=1
where 1, ); € L5 and n is finite. ¢ is in disjunctive normal form (DNF) if it has
the form \/" | ¢;, where each ¢; is in PNF and m is finite.

We shall omit the cardinality of (finite) conjunctions and disjunctions, writing, e.g.,
V/, ¢; instead of \/_| ¢;. Suppose that ¢ is a formula in the following form

i

A (e viviv Ky |,
J

where 1;, V], 1/1{ e L5, We shall call such a form conjunctive normal form (CNF).
Using the distributive laws, we may show that DNF and CNF are effectively inter-
changeable up to equivalence.

THEOREM 15 (DNF). — For every ¢ € L, there is (effectively) a 1 in DNF such
that

Fsc ¢ <> 1.

PROOF 16. — By induction on the logical structure of ¢.
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— If = A, where A is atomic, the result is immediate because the set of atomic
formulas belongs to L™ so A is equivalent to a formula in PNF.

— Suppose that ¢ = —p. Then, by induction hypothesis, 1 is equivalent to a
formula in DNF, which implies that ¢ is equivalent to a formula in CNF which is
equivalent to a formula in DNF, as noted just above.

— If = V x then ¢ is equivalent to a disjunction of two formulas in DNE i.e.
is itself in DNF.

— If & = Kap then 1 is equivalent to a formula in CNF, and hence ¢ is equivalent
to a formula of the following form

/\K XZ-\/LX;\/\/Kxg ,
i J

since K distributes over conjunctions. Now, since K(¢pV Ky) +» KoV Ky and KLy +
Lx are theorems of S5, the above formula is equivalent to

N2 LSAAVAS AR
( J
which is equivalent to a formula in CNF.

— If ¢ = O then, by induction hypothesis, 1 is equivalent to a formula in CNF,
and hence ¢ is equivalent to a formula of the following form

/\D XZ—\/Lxg\/\/Kxg ,
( J

since U distributes over conjunctions. By repeated applications of Lemma 11.2, the
above formula is equivalent to

A [ Oxi v Ol v \/OKx! | (1)

i J

Using Lemmas 11.4 and 11.3, (1) is equivalent to

A [ Oxi v oLvLox; v/ KOK |, 2
i J
which is in CNF. |

We will show how one can construct a subset model equivalent to the canonical
model. This syntactic construction is more nuanced from the one in the previous
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section as it identifies those sets of maximal consistent theories that correspond to a
single point. All proofs for the rest of this section are omitted.

The canonical model of SC is the structure
c= (5435},

where
S ={s C L: sis SC-maximal consistent},

sdtiff {pe £:0¢p € sk Ct,

sStiff {pe L:Kpes)Ct,
v(A)={seS:Aes},

along with the usual satisfaction relation (defined inductively):

skEc A iff secwv(A)

S [#c 1

S ):C ﬁ¢ iff s I#C ¢

skEcoNy iff sl=c ¢pand s ¢

s e O iff forallt € S, 53¢ implies ¢ ¢ ¢

skEc Ko  iff forallt €S, s> timplies ¢ ¢ o.

We write C |= ¢, if s =¢ ¢ forall s € S.

A canonical model exists for all consistent bimodal systems with the normal-
ity axiom scheme for each modality. We have the following well known theorems
(see (Chellas, 1980), or (Goldblatt, 1992).)

THEOREM 17 (TRUTH THEOREM). — Forall s € S and ¢ € L,

sEco i oeEs.

THEOREM 18 (COMPLETENESS THEOREM). — Forall ¢ € L,

Ckoé¢  iff  Fsco

We will make use of the following sets:

DEFINITION 19. — For all elements s of the canonical model S, let
sH=sn,P K =snck

and
SH={s":s5e5} SK = {sK:5¢ 5}
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Let T C LO(LX). We say T is an L5(LX)-theory if T € SZ (T € SK).

Let f be amap from S to S7x S defined by f(s) = (s7, sX). It is straightforward
to show that the map f is 1-1 and onto. So, f has an inverse defined by f~*(T,7") =
s(T,T"), where s(T,T") € S is the unique maximal consistent extension of 7" U T".
Therefore, the worlds of the canonical model may be split in two components that will
be used to construct a point and a subset in the following definition.

DEFINITION 20. — Let C = (S, {2), L>}, v) be the canonical model of SC and let
S5, SK be as in Definition 19. The standard subset model is defined with

(X7 07 R’ U))

where
X = {xr:T e S},

i.e., there is a point xr for each L5-theory T,
O ={Up : T € S},
i.e., there is a subset Ur: for each LX-theory T', with membership relation defined by
Ur: = {zr : TUT consistent},

Ty R$T2 lﬁc T1£>T2,

and
v(A)={zr: AeT}.

Given Ur € O, we need to show that UF € O. For each T' € SK, let
TR = {K¢:KOp € T}U{Ly : LOW € T}.
It is easy to show that if 7' is consistent then 7% € SK. We have the following

LEMMA 21. — For all Ur € O, we have

UR =Urr.

As a corollary, O is R-closed and so the canonical subset model is well defined.
We can show the following (using induction)

THEOREM 22. — For all (z1,Ur:) € X xO, we have

e Ur = o iff ¢ €s(T,T).
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4. Decidability

In this section, we will show that the logic SC is decidable by showing that it
possesses the finite model property: if a formula is satisfiable then it is satisfiable in a
finite subset model, i.e., a subset model that has a finite number of points and therefore
a finite number of subsets.

The proof relies upon both the normal form theorem of the previous section as well
as a filtration.

To this end, let ¢ be a formula and (X, O, R,4) a subset model in which ¢ is
satisfied, that is, there exist z € X and U € O such that z, U |= ¢. The Normal form
theorem allows us to assume that ¢ is in DNF, i.e. a has the form

V[ xirkin A |

i J

where Xi,x,’i,xg € L5, Denote the set {y : ¥ is a subformula of Xi7xg7xg D1o=
1,...,n} with £5 and {Ly? : i = 1,...,n} with LK.
We will now define a filtration on (X, O, ) as follows. Let ~, be an equivalence

relation on X defined by x ~4 y, for x,y € X, when z,U |= x iff y, U |= x for all
X € EE and some U € O. Note here that a straightforward induction shows that the

satisfaction of a formula y in £ is independent of the subset, that is, z, V' E x for
some V € X iff ¢, U = x forall U € X. Denote the equivalence class of « under
~¢ With 4, the set {:L'¢ :x € U} with Uy, and the set of all equivalence classes with
Xg. Now consider the subset model (X4, P(X4), Re, i), where, for all atomic A in
L
¢ )
i6(A) = {ag 1w € i(A))
and, for all (1b € EE and some U,V € O,

zyRyys iff 2, U }=DObtheny, V |=b.

Observe that “for some U,V € O” above implies “for all U,V € 0, as b € LT,
and that the powerset P(X,) is Ry-closed.

We have the following

LEMMA 23. — Forall ¢ € EE, we have

PROOF 24. — The atomic case follows from the definition of ¢,. The boolean cases
are straightforward. Now, suppose ¢ is of the form Oy. Let 2, U = Oy. To show that
x4, Uy = Ox. Let 24 Ryyg. By definition of Ry, we have y, V' = x forsome V € O.
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By induction hypothesis, we have y4, Vs = x. As mentioned above y4, W |= x for
all W C X, since x € EE. In particular, y¢,Uf¢ = x. For the other direction,

suppose 4, Uy = Ox and let xRy. We have z4Ry4, and so yg, U(f"” E x. As
x € LY, we have Yo, UR)y E X (yp € (UR), because y € UR). By induction
hypothesis, y, UF = x. [ |

This extends to all subformulas of ¢ by the following

LEMMA 25. — For all v, where 1) is a subformula of ¢, we have

z,UEYifzs, Us E 9.

PROOF 26. —If ¢y € ED, the lemma follows from the previous lemma. The boolean
cases are straightforward. Now, suppose 1 belongs to £X, i.e. is of the form Ly where
X € EE. Let z,U |= Lx. We must show that x4, U, |= Lx. There exists y € U such
that y, U |= x. By induction hypothesis we have y,, Us = X, 80 24, Uy = Lx. For
the other direction, suppose x4, Uy = Lx. There exists y4 € Uy such that yg, Uy |= X
so, by induction hypothesis, y, U |= x and therefore z, U = Ly. [ |

As a consequence, the logic SC satisfies the finite model property with respect to
the class of SC-models. The main result of this section follows.

COROLLARY 27. — The logic SC is decidable.

5. Conclusion

We have presented a variant of the Moss-Parikh Subset Logic that handles arbitrary
changes along with a completeness and decidability result. Our presentation has made
use of a single update (J) modality but extending the language, semantics, and subse-
quent results to a multi-modal setting is straightforward. For the sake of completeness
we will briefly mention how this can be done but we will omit all details.

First, the language will be augmented with a set Act of symbols corresponding
to sorts of changes. A change can be a result of an action but not necessarily so (for
example, time passing). As aresult, we need to include in the language formulas of the
form [a]¢. On the semantics side, models will be equipped with the set { R,, : a € Act}
of binary relations on X. For each U € O and a € Act, let U Ra pe the set of the
elements accessible from U, that is, the set {y : (x,y) € R4,z € U}. The set O will
be called R,-closed if whenever U € O then UR+ € O. If O is R,-closed for each
a € Act, then the triple (X, {Ro}, pct: O) will be called a action subset frame and
proceed similarly for the definition of the model. Satisfaction now will include the
case

2,U [Epm [al¢ if forally € X such that (z,y) € Ra, y,UR = ¢.
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Now, all results including decidability and the normal form theorem lift to the
extended language in a straightforward way as actions do not interact with each other.
This extended language allow us to express the original Moss-Parikh modality using
amodality [U] for each U € O, whose semantics are given by the relation

Ry ={(z,z) : xz € U}.

The update operator we introduced in this paper is an interesting addition to the al-
ready extensive arsenal of subset logic. We believe that such an addition is very useful
as a building block to an epistemic logic that handles change in various forms. As an
example, update can be combined with the public announcement operator of dynamic
epistemic logic, and/or with a family of knowledge operators corresponding to knowl-
edge of multiple agents (see (Heinemann, 2008) for a proposal within the framework
of subset logic).

The combination PDL+KS5 of propositional dynamic logic with a logic of knowl-
edge has been extensively studied in (Schmidt & Tishkovsky, 2008). These results do
not carry over in our system because of the interaction axiom

(a)K¢ — Kla]o

which is stronger than the ones (N L and C'R) considered in (Schmidt & Tishkovsky,
2008). Adding a calculus of action in the manner of dynamic logic, or interpreting the
modalities in a temporal context is perhaps the most promising extension of this logic.
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