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in every w.s. of player 2.

Remark. The essential point of these results is that, as

Ai =4 [rJec Zg » Wwinning strategies for clopen games with recursive

code are simply generalized Skolem functions for infinitary
Lm ckm formulae. The most obvious evaluation of the complexity of

1 3
these Skolem functions (basis result) is in general the best
possible (anti-basis result). The height of the clopen set
corresponds to a generalized way of counting the number of quantifier

alternations.

1. A, Blass "Complexity of Winning Strategies" Discrete
Mathematics Volume 3 Number 4 1972
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AN EXACT-PAIR FOR THE:ARITHMETIC DEGREES.WHOSE JOIN
IS NOT A ‘WEAK UMIFORM UPPER BOUND
Where I is a set of Turing degrees, (a, b) is I-exact iff

I= {E I gig} n {5_ , £ 2 b}. Where F < ww, an F ¢ ww parametriies

(sub-parametpizes) F iff F = {(f)xl'x e wl (Fe {(f)xl x € wl).

a 1is a weak uniform upper bound (weak sub-u.u.b.) on I iff for some

A € a, A paramettizes (sub-parametcizes) oI n“2. AR 1is the set

of arithmetic degrees. Theorems 1 and 2 of [2] point to this

analogy between joins of exact pairs and weak u.u.b,'s on any

countable ideal I which is closed under jump: for any a, a u.u.b,

on I iff (1) there is an I-exact pair (b,c) with b v ¢ < a and

(bve) (2) 2 a 1) iff (2) there is a weak u.u.b. d < a with g(z)s_ :5(1).

This makes the relation between exact pairs sand weak u.u.b's interesting.

}



(Note: a is a u.u.b. on T iff a is the degree of Some parametiizing

of I.) In this note we prove the following.

(i) There is an AR-exact pair (E’l’.) such that 3 v b computes
no weak sub-u.u.b. on AR (and thus no weak u.u.b. on AR).

(ii) There are continuum many such pairs,

(ii1) Any u.u.b. on AR computes the join of such a pair.

We use forcing for 2-quantifier sentences in the language of
arithmetic supplemented by uninterpreted predicates 'A' and 'B'.
<P,Q> is a condition iff p ET Qy P, Q, € AR, P and Q are uniformly
recursively pointed perfect trees. We assume familiarity with

forcing in this context; see [1] or [3] for details ang notation.

Lemma 1: Llet ¢(.z,v,é,§) represent a recursive relation. Suppose

that for any <P0,Q0> extending <P,Q> there are e € u and
<P1,Q1> B Yv ¢(e,v,A,B), Then there are c € W and <R,S> extending
“P.Q>, <R,8> H= ¥/ vé(e,v,4,B) and R @ § P 8 Q.

This lemma is implicit in [5, lempa 3.1]. et B2 represent
Cohen forcing restricted to Range (P) x Range Q).

Claim: For some e ¢ w, 60.‘61 £ Str,

<P(60), Q(61)> HM—VV(I)(E,V,_A_,E). Suppose not: then for every such
e, 60,61 there are 05Ty, Ty _60 d o 61 < Ty

P —
<P(Tl),Q(T1)> Hﬂ'ﬁ—'!(ﬁ-(g,_r_x_,_é,_g). Imitating the construction of
f5, lemma 3.1_], build <P0,Q0> extending <P,Q> and forcing
ng v"ltb(x,v,_é,g). But then our Bupposition yields an e and <Pl,Ql>

extending <P0,Q0> and forcing Vv¢(3,v,§_,§), for a contradiction.
Now let R(S) = P(8, A sy, s(8) = Q(ﬁl" ¢) for all 6 e Str, <R, S>
and e are as desired, Here 61"6 = the concatenation of 61 and §.

Lemma 2: There ig a .Hg relation ¢ fn,f) such that for any
n ew there ig 3 unique f ¢ wtu such that ¢ (n,£); for this f, for
any i and x: 4if { < n then ( (f)i(x)' #0 iff x ¢ O(i)); if {1 3 n,
(f)i (x) = 0. Thue +¢ ETO(n).)



Procf: As with f4, problem 16.98], except even easier.
To; prove (i), it suffices to show that if <P,Q> H—"{g}é &z
is total" then for some n and <R,8> extending <P,Q>,
<R,S> B~ JF x$(n, ({g}é @ E)x). For we just comstruct a generic
sequence, at odd stages coding members of AR/]w2 into our condi-
tions to ensure that (A,B) = Q [Pi] X [Qi] is a pair of u.b.'s on
AR, making sure that if some <Pi’Qi> forces "{E}é .8 is total",

4B

some,<Pj,Qj> forces "‘Iaxtb(g‘,({g]A -—)x)" for some n. Then

{e}A ® 5 will fail to sub-parametrize-AR..

Suppose <P,Q> H—"{E}—A ] is total", P & Q _sTO(n), but for
every <P0,Qo? extending <P,Q> there are k € w and <P1’Ql> extending
<P0,Q0>, <P1,Q1> H—cb(n-l-l,(‘[_ti}A @ E)k). By lemma 1, some <R,S>

extends <P,Q>, forces c[:'(n+1,({g}é & E)k) for some k, and
R®S < r P @ Q. We may now construct (A,B) € [®] x [s],

A®B<_R®S, so that {e}* # B 4 total, and ¢ (n+l,({e}* &5

T ) -

(n+l)_ AS®B _ _
But 0 =p (e} )ksTA«;BsTRengpgqg o(n)

7 ., for

a contradiction.

Applying the technique of [6] we may modify the previous con-
struction to prove (ii). Embedding the previous construction in

that of [2, Theorem 1], we may prove (iii).

We note that an AR exact pair (a,b) such that a vb 1is not
the jump of an u.b. on AR may be easily obtained from known results.
(Select (a,b) so that (a v b) ), 0 (m); for any u.b. c on
AR-g(m) Lc (2-); we can't have a v b = c'.) But a construction like
the previous one shows that there are continuum many such (g,h) .

and that any u.u.b. on AR computes the join of such a pair.

All these results hold with HYP = the set of hyperarithmetic
degrees in place of AR. We would like to know whether they hold for
all countable ideals which are closed under jump. We'd like to
know whether all weak sub-u.u.b's on AR are actually weak u.u.b.'s,
(In [3] it is shown that all sub-u.u.b.'s on AR are u.u.b.'s; this
fails for HYP.) Most of all, we'd like to know whether every weak

u.u.b. on AR computes the join of an exact pair.
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276  NONCOMPUTABILITY IN ANALYSIS AND PHYSICS: A COMPLETE
DETERMINATION OF THE CLASS OF NONCOMPUTABLE LINEAR
OPERATORS

The following abstract will appear in the Abstracts of the American
Mathematical Society:

With mild side conditions we prove: bounded operators preseérve

computability, unbounded operators do not. The side conditions are:
a) the operator is closed and b) the operator acts effectively on

the sequence xo,xo,xz,...,xn... or instead on the functions in some
"effective generating set”. The theorem is formulated axiomatically -
in terms of an axiomatic "computability theory" on an arbitrary

Banach Space. An intrinsic definition of Lp—computability-is also
given.

The above result is applied to the wave, heat, and potential
equations, and to Fourier series and transforms, as well as to a

variety of other topies.
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