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THE JOURNAL OF SYMBOLIC LoGic
Volume 45, Number 2, June 1980

JUMPING THROUGH THE TRANSFINITE:
THE MASTER CODE HIERARCHY OF TURING DEGREES!

HAROLD T. HODES

Abstract. Where a is a Turing degree and £ is an ordinal < (8,)%*, the result of performing
& jumps on g, a ©, is defined set-theoretically, using Jensen’s fine-structure results. This opera-
tion appears to be the natural extension through (8,)"* of the ordinary jump operations. We
describe this operation in more degree-theoretic terms, examine how much of it could be
defined in degree-theoretic terms and compare it to the single jump operation.

§1. Basic definitions and results. For 4 < o, let:
Lo[A] = M([A] = {x |x is hereditarily finite};
Lo1[A4] = {x|xis first-order definable over {L,[A]; € | L,{A], 4; L,[A])};
LilA] = | Lol4l;
a<li
MyuinlAl = 4,(KLJA); € T L[A], 45 L[A])) forn > 1;
Mwa[A] = La[A]

Clearly M, i1[A] — Myo[A] = Lyii[A] — Lo[A]l. {M,[A]), is introduced only
for perspicacious statement of results. All proofs will use {L,[4]),. Note that
if A = Bthen M,[A] = M,[B]. Thus for a Turing degree a, we may define Mg =
M,A] and Lg = L,[A], for A € a. We let M,[D] = M= M, and L[Z]=
L2 =L,. All of the following definitions are given for @ = 0. They relativize to ar-
bitrary a in the obvious way. As usual, L = L,, M = M,. Unless otherwise
indicated, lower case Greek letters range over (8;)L; A always ranges over limit
ordinals.

[a, ) = {rla < 7 < B}. [, B) is an M-gap ifft (M — M,) N 0® = @; [, )
is an M-gap iff (Ly — L,) N w® = @. a is an M-gap ordinal iff [a, « + 1) is an
M-gap; « is an L-gap ordinal iff [, @ + 1) is an L-gap. « is an M-index iff a is
not an M-gap ordinal; « is an L-index iff « is not an L-gap ordinal. & starts an
M-gap iff « is an M-gap ordianl and is the supremum of M-indices; « starts an
L-gap iff o is an L-gap ordinal and is the supremum of L-indices. Let F(a) be the
maximum § such that [, a + f) is an M-gap. Thus « is an M-gap ordinal iff F(a) #
0. If « starts an M-gap, F(a) is the length of that gap.

Let Ind: (8;)f — (8;)¢ enumerate the M-indices in increasing order. Clearly
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JUMPING THROUGH THE TRANSFINITE 205

a < Ind(a). If a < Ind(a), it is because Ind was temporarily “thrown off” by
an M-gap. A € w is a master code for a iff M,;; N 2° = {BS w|B <. 4}.
Clearly this notion is invariant under Turing equivalence. Thus a Turing degree
b is a master code for £ iff b is the degree of a master code for &.

THE FUNDAMENTAL THEOREM. & is an M-index iff there is a master code for &;
Sfurthermore, if b is the master code for & then b’ is the master code for & + 1.

We are now ready to extend the jump operation through (%;)t. Let 00 = the
master code for Ind(§). The previous definitions and the Fundamental Theorem
relativize to an arbitrary degree a. Thus we may define ¢ = the g-master code for
Ind4(§), for & < (8;)Le.

The central results of this paper characterize the function & — 0% in more
degree-theoretic terms. We now introduce the machinery needed to state these
results.

Ind(a) # « iff (3B)(B starts an M-gap and 8 < a < 8 + F(B) - w). Let J(a) =
the least strict upper-bound on {Ind(¢) | £ < a}. @ < J(@). In fact, J(a) > «a iff
Ind(er) > & and a does not start an M-gap. J(a) # Ind(x) iff « starts an M-gap.
Ind(e) = J(a) + F(J(@)).

We divide limit ordinals below (8;)’ into three cases.

Case 1. J(2) is not a limit of M-gaps.

Case 2. J(A) is a limit of M-gaps and F(J(Q)) < .

Case 3. Otherwise.

Notice that F(J()) > w iff A falls under Case 3.

In subsequent proofs, further subdivision is needed.

Case 1.1. Afalls under Case 1 and J(2) is an M-index.

Case 1.2. 2 falls under Case 1 but not Case 1.1.

J(A) is an M-gap ordinal iff J(A) is admissible iff A is admissible and locally count-
able. Notice that if A is not under Case 1.1, then J(A) = 1 = wA. For A under
Case 1, A falls under Case 1.1 iff F(J(2)) = 0, and 2 falls under Case 1.2 iff F(J(2))
= F(A) = 1. The least Case 1.1 ordinal is w, and Ind(w) = w. The least Case 1.2 or-
dinal is w{¥ = w; and Ind(w;) = w; + 1.The least Case 2 ordinal is sup{w$¥| n < w}
= w,, and Ind(w,) = w,. The least Case 3 ordinal is 8y, and Ind(8y) = By + w-

Between terms denoting Turing degrees, “ <” represents Turing reducibility.
A set I of Turing degrees is an ideal iff it is closed under join and downward-closed
under <. If I is an ideal, the pair (b, ¢) is I-exact iff for any g, ac I'iff a < b and
a < c. If (b, ¢) is I-exact we shall also call (b V ¢) I-exact. Let I; be the minimal
ideal containing {0® | & < 2}. By definitions, (JI, =M;» N w® =L, N w* =
Lg N w® where w -7 =J(A)andInd(A) = w - B + n forn < w.

The following results extend the characterization of (&. 0©) | B, provided
in [6]. Let y; = the least y such that {a® | a is I;-exact} has a least member.

THEOREM 1. 1, exists. In fact,

{2 + F(J(A) for A under Case 1,
= 3 + F(J(2)) for Aunder Case?2 or Case 3.

Thus w; = 3 + F(R) for A under Cases 2 or 3, and y; = F(A) in Case 3.
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206 HAROLD T. HODES

THEOREM 2. 0 s the least member of {a™ |a is I,-exact}. Moreover, it is the
least member of {a® | a is I;-exact and Ind(]) is recursive in a}.

Where U is a predicate of Turing degrees, a is a &-low Uiff g is a U and for any
beU,a < b®,

THEOREM 3. For & < y;, there is no &-low I -exact degree.

These theorems shall all be derived from the following lemmas. Let

( {2 + F(J(2)) if A falls under Case 1,
"B+ F (J(A)) if A falls under Case 2 or Case 3.

LEMMA 1. There is an I;-exact pair (b, ¢) such that (b V ¢)¢®) < 0@ and Ind(2)
is recursive in b and in c.

LEMMA 2. For any d ¢ I there is an I,-exact pair (b, ¢) such that for any & < G(A),
d £ (b V ¢)® andInd(Q) is recursive in b and in c.

LeMMA 3. If (b, ¢) is I -exact, then Q¥ < (b V ¢) €@,

By Lemmas 1 and 3, 0% is the least member of {a®) | g is I;-exact} and of
{a €M | g is I-exact and Ind(1) <w{V¥}. Thus y; exists. By definition of ;,
{a‘® | a is I -exact} has a least member d. Since d ¢ I, by Lemma 2 if z; < G(3),
d is not least. Thus g3 = G(2). Lemma 2 easily proves Theorem 3.

COROLLARY.Q is the least member of {a=+* | a is a u.u.b.on I} and of {a™ |
a is aweak uu.b. on I,}. For & < (—1 + ;) there is no &-low u.u.b. on I; for & < p;
there is no &-low weak u.u.b. on ;.

(See [4] for the definition of a u.u.b. and a weak u.u.b.) This corollary connects
these results with the apparatus of [2].

We state, mostly without proof, some basic facts about gaps.

1. If o starts an M-gap or an L-gap, « is a limit ordinal and wa = a.

2. If o starts an L-gap, then o starts an M-gap.

3. If o is a supremum of L-indices, L, = V' = HC (i.e. “everything is count-
able”).

4. If ¢ starts an M-gap, « is the supremum of L-indices.

A 4, comprehension axiom is a sentence of the form:

(Vx€w) (x o ¢x) > @) (7 € 0 & (¥x) (x€y o ¢ 1)).

where ¢ is 5, and ¢ is II,,. 4, CA is the set of 4, comprehension axioms.

5.If F(wa) > nthen L, = 4, CA.

6. If o starts an M-gap then « starts an L-gap iff F(o) > w.

7. If « starts an M-gap and F(a) = n then « is 3,-admissible.

Proor. Use Jensen’s result on the 2, uniformizability of L,.

8. a starts an L-gap iff L, = ZF~ + V = HC; if « starts an L-gap, L, } w®is a
B-model of analysis. (ZF~ = ZF — {Power Set}.) See [8].

9. A is a limit of M-gaps iff M, is closed under hyperjump iff M; N w* is IT}
absolute.

We freely identify binary relations on w with subsets of @ via the coding scheme
n = {(n)y, (n)). Thus for X < w, structures (X, R, 4), R = X%, 4 < X, may be
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JUMPING THROUGH THE TRANSFINITE 207

identified with reals. An arithmetic copy of (L.[4];e (L,[A4?]), A) hereafter
called an arithmetic copy of L,[4], is a structure (X, R, 4>, X S w, isomorphic to
(L[A]; € t (Lg[a])?, A), coded as single real. Hereafter E,[A] ranges over arithmetic
copies of L,[A]. Let Th,({X; R, 4)) be Th({X; R, 4; X)) N (2, U I,), the n-
quantifier theory of {(X; R, 4; X), with each member of X viewed as a name of
itself. For X € w, Th,({(X; R, A)) may be viewed as a single real. The following
standard facts about the arithmetic hierarchy provide motivation for this paper:
if Eg[A] <+ A, then Th,(Eo[4]) =1 A", and there is an E;[A] canonically con-
structed from Ey[A] such that Th(Ey[A]) =1 Thyo(E; [4]) =1 A@.

The Fundamental Theorem is proved in [6]. The proof makes use of Jensen’s 2,
uniformization theorem, transferred from the J to the L hierarchy. The proof of
that uses Jensen’s notion of a 2, master code for an arbitrary L,. It might seem more
direct to imitate Jensen’s proof, which proves 2, uniformization and the existence
of 2, master codes simultaneously, with 4, uniformization and 4, master codes,
thereby avoiding mention of 2, master codes. But this seems to be impossible.

The proof of the Fundamental Theorem proceeds by proving the following fact,
which we shall misleadingly call a corollary.

If L, b 4,1 CA then 4,,,(L,) contains a real of the form Th,(E,). Thus the
master code for wa + n is the least degree of the form deg(Th,(E,)).

The ordinary jump on @ corresponds to a canonical jump function* on Pw:
deg(A4)’ = deg(A4*). Unfortunately, an arbitrary transfinite jump on 2 seems to
be associated with no canonical such function on Pw.

§2. Proofs of Lemmas 1, 2 and 3. Lemmas 1 and 2 for A under Cases 1 or 2 are
proved in [6]. For the sake of a complete presentation we sketch those proofs here,

Suppose A falls under Cases 1 or2.Let n = F(J()); let J() = wa. Thus for
some E,, 0% = deg(Th,(E,)). To prove Lemma 1 it suffices to construct B and
C € 2¢ such that

(1) (B, C) is exact for L, () w®;

(2.1) if A falls under Case 1 then

(B® )% e 4,14(Ly);
(2.2) if A falls under Case 2 then
(B @ C)(3+”) € An+1(La)'

To prove Lemma 2 it suffices, given d ¢ I; and fed, to construct B and C € 2¢
such that (1) is true and

(3.1) if A falls under Case 1 then f £+ (B @ C)1+m;

(3.2) if A falls under Case 2 then f £+ (B @ C)@tm,

We now prove Lemmas 1 and 2, using forcing with uniformly recursively pointed
perfect trees in an arithmetic setting. Fix a forcing language built from number
variables, numerals, predicate constants for primitive recursive predicates on 2 x
2% x @, and generic predicate constants B and C. Build prenex sentences from 3
and —, with the usual /19, 39 classification. Conditions are as in [6]: pairs (P, Q)
where P and Q are uniformly recursively pointed perfect trees from L, ] w® and
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208 HAROLD T. HODES

P =; Q. (P, Q) extends (R, S) iff P and Q are subtrees of R and S respectively.
[P] is the set of characteristic functions, identified with members of Pw, which lie
along branches of P. [P, Q] = [P] x [Q]. (P, Q) H- @ iff for any (B, C)e [P, O],
(B, C) = @, where @ € II%,. The other clauses are standard:

(P, Q) - (3x) @ iff for some n < w (P, Q) H- @ (x/n);
(P, Q) - — @ iff for every (R, S) extending (P, Q),
(R, S) i+ @, for @ € 3%,.

By Lemma 3.5 of [6], some condition extending (P, Q) decides &.

We must compute the definitional complexity over L, of forcing restricted to
(2% U IT3). The class of conditions and the extends relation are 2§ and /12 re-
spectively. By Lemma 3.8 of [6], forcing restricted to (2§ U I19) is 29. So if A falls
under Case 1.1, forcing restricted to (Z¢y U Mg) is 4y over L,. Forcing restricted
to (J3 U I)is IT} over L, () w®, so clearly 4; over L,. So for A under Case 1,
forcing for (Jswy U llew) is dr(yayy+1 over Ly).

Suppose A falls under Case 2. L, ] w® is [I} absolute. So forcing restricted to
(39 U MY is II, over L,. But by the Kleene basis theorem we can show that it is also
2, over L,; suppose (P, Q) - @ if and only if(V f € w*) R(f, P, Q, @), where Re XY,
WX is the hyperjump of X. Then (Vf € w®)R(f, P, Q, @)iff (Vf < WPOQ)
‘R(f, P, Q, @) iff L, H (3%) (£ admissible & (P, Q)e L; & (Vf€ L¢yq ) w®)
“R(f, P, Q, @)). So in Case 2, following up the definition of forcing, forcing for
(2%; U I?y5) is ;41 over L, thus for (2&wn U M8w)is drgay)+1 over L,.

Let (@ Dice and {4;);c, be 4,11(L,) enumerations of (Zgz U Hgy) and L, N
2¢ respectively. The latter exists by the corollary to the Fundamental Theorem.
Let

Py= Qg =1id,  (Py1, Qoy1) = (Poi* A, Qo * A);
(Pai+2, Q2i12) = the < least extension of (Py;11, Qz11) deciding &,

where P * A is the canonical result of coding A into P; see [6, Lemma 3.3].
(P;y 0)icw € dpi1(Ly). Let (B, C) = ﬂ,-<,,,(P,-, Q;]- The usual forcing = truth
lemma states that (B, C) i @; iff (P21, Q2i41) H Dy (1) follows easily from the
odd steps and Lemma 3.7 of [6]. Since(B @ C)¢@ is defined by a Z;(;) formula,
(2.1) and (2.2) are satisfied.

To prove Lemma 2 it shall be necessary to prove the following.

SUBLEMMA 1. For any i and any condition (P, Q) there is an m and a condition
(R, S) extending (P, Q) such that either

(R, S) H_ (L {l} (B®C) G- (m) COnVerges”
or
@Kk # fim) & (R, S) H- “{i}EOOCL(m) = k7).

Suppose (P, Q) and i are a counterexample, i.e. for any m and any (R, S) extending

(P, O):
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JUMPING THROUGH THE TRANSFINITE 209

(4) A(R*, S*) extending (R, S)) (R*, S*) H- ““{i} BOO “P~D(m) converges”;
and

(5) (VK)(Gf (R, S) K- ““{i}#DD CPD(m) = k> then f(m) = k).
Thus f(m) = k iff

L, = (AR, 5)) (R, ) extends (P, Q) & (R, S) #- “{i} @O (m) = k.

By the previous results on the definitional complexity of forcing, the above
definition is 3,. Thus, because f is a function, f € 4,(L,). But L, = 4, CA. So fe
L,, contrary to choice of f.

We now finish the proof of Lemma 2. Let {@,);<, and {4,);,, be enumerations
of Ceay—1 U Mgy—1) and L, [ 2 respectively; let

Py = Qg = id;
(P3ir1, Q3i1) = (P3; * Ay, Q3 % A));
(P3i42, O3i42) = an extension of (P3;41, O3;41) deciding @ ;
(P3;43, Q3;43) = an extension of (P32, 03;42) such that for some m,
either
(P3iy3, Qaiva) H “—{i}BOOCU"(m) converges™ or
for some k # f(m),
(Psiy3, Qsi43) W (i} B m) = k.

Let (B,C) = ﬂ,~<w [P;, Q. (1) is immediate as in Lemma 1. Stages of the form 3/
insure the truth of (3.1) and (3.2). Note that if f€ 4,,(L,) the above construction
can be made 4,,; over L,. So for d < 0® we could choose(d, ¢) so that d «
@bv g)(G(l)—l) and (b V Q)(G(/l)) <0W, so(bV Q)(G(x)) = 0™ by Lemma 3.

Suppose that A falls under Case 3. Recall that J(1) = 2 = wA. Let F(A) = wf +
n. For some E;, 4, 09 = deg(Th,(E;,)). To prove Lemma l it suffices to construct
B and C € 2¢ such that (1) is true and

(8) For some Eﬁ[B @ C]9 Thn(Eﬁ[B ('B C]) € An+1(L1+ﬁ);

92+ p<wfandi + B < of;
(9) implies that Ind(A) < w{®P. Its purpose is more than decorative. Let b =
deg(B), ¢ = deg(C). Ind®vo (F(A)) = Ind®V9(wp) + n. Suppose Ind®VO(wp) =
wy + m. Then for some E,[B@® C], (b V ¢)¢D = deg (Th,,,,(E,[B® C)). If
wB + n < wr + m, we have no reason to expect that we can find B, C and
E,[B @ C] such that Th,,(E[B ® C]) € 4,,1(Ly45). However, (9) insures that
Ind®V9(wpB) = wp. Thus (8) suffices for Lemma 1. For Lemma 2, suppose that
d¢ I, and fed. If ] falls under Case 3 it suffices to construct B and C € 2¢ such
that (1) and (9) are true and

(10) /¢ Z,(L[B ® C)).
As before, (9) insures that (b V ¢)F® = deg(Th,(E;[B @ C])) for some
E4[B @ C). Furthermore, (I Gvo = LIB® C] N w*.

For both Lemmas 1 and 2 we shall obtain B= By ® B; and C = C; @ C,,
such that By and Cyare Turing upper-bounds on L; (| w® and such that B, and C;
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210 HAROLD T. HODES

are wellfounded trees of height high enough to insure that %' and w$! are greater
than 4 + 8.

In Case 3, the proofs of Lemmas 1 and 2 use forcing for a ramified language. Fix
a set P of one-place predicate constants. Let the lexicon of L*[P] consist of members
of P, -, &, 3, parentheses, countably many unranked variables, and for each
§ < 7, countably many variables of rank &. Let the formation rules be as usual,
except that "P(v)7 for P € P is well-formed iff v has rank 0. Call a formula with no
bound unranked variables ‘“ranked”. Let Cy[P] be a set of standard names for
members of L. Let C¢.;[P] be the set of terms %@(x;/cy, ..., xi/c;) such that ¢ is
ranked with exactly the free variables x¢, xy, ..., x;, no bound variables of rank
>&,¢1y .0 4 € Jase ColP]. IF & is a limit, let Ce[P] = | Jo<eC,[P]. Let L,[P] be the
language which results by supplementing L}[P] by the constants in C,[P].

Identify terms and formulae of L,[P] with members of L, in some fixed way. The
rank of term ¢, p(c), is the least £ such that c € C;[P]. A formula ¢ of L, [P] is ranked
iff it has no bound unranked variables. Its rank, p(¢), is the supremum of the ranks
of its contained constants, predicate constants, and bound variables, where mem-
bers of P have rank 1. Suppose P = {P,, ..., P,}. Fori < k, suppose P, is assigned
to P; € w. L,[Py, ..., P} is defined in the obvious way, and obviously equals
L,[Py @+ @ Pyl. {L,[Py, ..., Pi]; €| Ly[Po, ..., Pil, Po, ... Py; Ly[Py, ..., Py]) is the
intended structure for L,[P]. Note that for 7 > 0, the intended structure contains
each P; both as an extension of P; and as an individual denoted by “x0(P/(x%))”.
Variables of rank & < 7 range over L¢[P,, ..., P;]. c € C,[P] denotes a member of
Ly»[Po, ..., Py). Thus if ¢ is ranked, ¢ is interpretable over L, [Py, ..., Pyl

Let [y = 3, = {¢| ¢ is ranked formula of L,[P]}. Define 3, and /I, as usual.
For the proofs to follow, let P = {By, By, Co, C1} and let LgP] = L; let C[P] =
Ce.

To insure the truth of (9) we need conditions more complicated than those used
up to now. Let § be the maximum ordinal < A + § which is either admissible or a
limit of admissibles.

A modified Steel condition is a finite function z into § such that dom(z) =
Seq — {< >}, dom(z) is closed under initial segments, and for g, v € dom(2), if
o properly extends 7 then z(g) < z(z). (Think of { ) as belonging to dom(z)
and z(< ») = 6.) If y and z are such conditions, z extends y iff z | dom(y) = y.

Let a condition be a quadruple (P, Q, y, z), where P and Q are Turing equivalent
uniformly recursively pointed perfect trees in L, and y and z are modified Steel
conditions. Understand “extends” componentwise. Hereafter, “K” etc. shall
range over conditions. Let the height of K, ht(K), = max(range(y) U range(z)).
Let K = the set of conditions; K, = {K| ht(K) < &}, where £ is a limit ordinal.

Let <* be the wellfounded relation on sentences of L introduced by Cohen in
his definition of forcing [3, p. 115). Forcing for sentences in L is defined by induction
on <* Let K = (P, Q, y, 2).

K¥W @ iff (@) = 0 and @ is true;
K W Byk)  iff for every Xe[P], ke X;
KW Cyk)  iff for every Xe[Q], k€ X;
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JUMPING THROUGH THE TRANSFINITE 211

K H{ By(k) iff kedom(y) or k = { );
K W Ci(k) iff kedom(z) or k = { );
KWty -@ iff for every K’ extending K, K’ W+ @&, for p(— @) > 0;
K- Dd&¢ TKH-@ and KH- ¢ for p(@D & ¢) > 0;
K H Ax%)@ iff for some c € C¢, K @ (x¢/c), for p((3x$)D) > 0;
K H (3x)@ iff for some ce C, K H- @ (x/c);
K H ciecy iff either (i) p(c;) < p(cz) and ¢, is %4 and
K H- @ (x¢/cy), or (ii) for some c3, p(c3) < plcz)
and K H (Vx$)(x¢ € c; & xf € c3) & c3€ ¢p)
where p(c;) =& + 1, and in either case p(c; € c3) > 0.

Let |@| be the ordinal for the position of @ in <* } {¢|¢ € Ty and p(¢) > 0}.
Thus sup |@| < w-(A+ ). In order to refer to |@| in Ly,4, code w-(2 + f) into
w X (A + B) in the canonical way; we shall freely identify | ¢J | with the appropriate
member of w x (A + B). For y < 2 + 8 and @ such that p(@) > 0, |F| < w-y
iff o(@) < ». From right to left this is clear; if |@| < w7, then for some k < w,
D] = w-po(D) + k; s0 w-p(D) < wy; so p(D) < 7.

SUBLEMMA 2. Forcing restricted to (5, U II,) sentences is 4,1 over L.

Let 4 be the characteristic function for forcing. We shall prove that -
(K x IIp) € 21(La4p)- Because it is a function, it then belongs to 4y(L;4p)-

Forwy < 4, let H-,, = H 1 (K, x {Dlo(@) = 0or |@| < p}). Ford < 9 <
A+p and k <o, let -7 = j- 1} (K x {@D | 1@| < wp + k or p(B) = 0}).
We shall find %, formulas @,(f) and @y(f, K, @, i) such that for w§ < 0:

(12) |f77 < &9 H_anye Lwe;

(13) Lye = O1(f) iff for some 7 < &, f = H-uyp;

(14) if & is a successor, H-,¢(K, @) = i iff

Lwé = (af)(q)l(f) & ¢2(f’ K’ Q, l)):
(15) if & is a limit, H- (K, @) = i iff

Loe = AN &K, @) = ).

We shall find a %), formula @3(f) and for each £ < w a formula y,(f, K, @, i)
such that:

(16) for k < w H-7+* (K, @) = i iff Ly = Af)(D:1(f) & (S, K, @, i)); and for
Esuchthat § < £ <A + f3;

(7N forog <p<é&andk < w, H-o7r* e L¢;

(18) Le = O5(f) iff forsomepand k,0 < 9y < §and k < w, f = H-o1¥;

(19) for ¢ suchthat § < é < A+ Band & < w,

H-ottk (K, @) = i iff Le = QN)(93() & (S, K, B, D));

and finally for @ € Ily;

(20) H- (K, @) = iiff Liyp = GN(@s(f) & x(f; K, @, D).
As a first approximation to @;(f), consider
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212 HAROLD T. HODES

(21) £ is a function into 2 & (37) (w exists & dom(f) = K, x {@||D| < 7} &
(V<{K, @) edom f):

(D) (@) = 0= (f(K, @) = 1iff @ is true),

(2) (Vke w) (@ = "By(k)" = (f(K, @) = 1iff ...)),

(6) (V'¢e {B10< 1B < 9D = T=¢ = (AK, @) = 1iff (VK')(K' extends
K= f(K', ¢) = 0))),

@ (V) (Ve {BIIDI <D = "Ax)Y" = (f(K, @) =1 iff @ce Cp)
(fIK, (Xt[e) = 1))
)

What are the failings of (1)? The ‘(V£)’ in clause (8) is unrestricted. But for || <
7, if @ = (3x)¢, § < p(D) < |D| < 5. Thus it may be replaced by (V& < 7).
More seriously, the quantifier over conditions in clause (6) is not only unrestricted
within L, for w § < J, butif w§ < g, its intended range includes more than L.
We shall show that in fact it may be replaced by (VK’ € K,,,)’. This shall require
several facts about modified Steel conditions due, essentially, to Steel [10].

If x and y are modified Steel conditions and 7 is a limit ordinal, then x is an -
retag of y iff: dom(x) = dom(y); if x(¢) < 7 then x(¢) = y(0); if x(¢) > 7 then
¥(o) = 7. Notice that ‘is an y-retag of” is symmetric.

RETAGGING LEMMA. Suppose that x, x' and y are modified Steel conditions, x'
extends x, and & < 7 are two limit ordinals. If y is an y-retag of x then some modi-
fied Steel condition y' extends y, and is a &-retag of x'.

PROOF. Let

r(d) _ {0 if x'(0) < &,

1 + max{r(c " j)|¢ ~jedom x’} otherwise.

Clearly dom(r) = dom(x’), since dom(x’) is finite and wellfounded under <,
where ¢ < 7 iff 7 properly extends ¢.
Let

x'(¢) ifr(e) =0,
¥(0) = {l + max{y'(¢"j)| 6"~ je dom x'} if r(6) # 0 and & ¢ dom y,
¥(o) otherwise.

Clearly dom(y") = dom(x’).

Claim. If ¢ < © € dom(y’) then y'(g) > y'(7).

This is straightforward unless ¢ € dom(y) and 7 ¢ dom(y). Then, by induction
on r(z), ¥'(z) < x'(z). But x'(z) < x'(0) = x(0). If x(0) < 9, x(0) = ¥(o) = y'(0),
yielding y'(z) < y'(0). If x(¢) = 7, y'(6) = 7. But by induction on r(z), y'(z) < § +
o < 7. So again y'(7) < y'(g). Thus y’ is a modified Steel condition. Clearly y’ is a
§-retag of x'. Suppose g € dom(y). If r(g) # 0, y'(0) = ¥0). If r(d) = 0, y'(0) =
x'(6) = x(0) = ¥(o) because x(¢) < & <y and y is an y-retag of x. Thus )’ ex-
tends y. Note that if » < ht y, ht(y") = ht(y); if ht(y) < 5, ht()') < £ + w.
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JUMPING THROUGH THE TRANSFINITE 213

COROLLARY 1. If x' and x are modified Steel conditions, x' extending x, and & is
a limit ordinal, then there is a modified Steel condition y extending x such that y is a
&-retag of x and ht(y) < max(ht(x) + w, & + w).

PRrROOF. Because x is a (£ + w)-retag of itself, the desired y exists by the retagging
lemma and the concluding remark in its proof.

Let condition<{P, Q, x, y) be a &-retag of (P, Q, x', ¥’ iff x and y are &-retags of
x and y’ respectively. The previous lemma and corollary remain true when modi-
fied Steel conditions are replaced by conditions.

COROLLARY 2. For @& € Ily such that |@| < §orp(D) = 0 and K’ an o - §-retag
of KiKW @ iff K'H- &.

ProoOF. If p(@) = 0, this is trivial. We now induce on |J|. Clearly K {- By(k)
iff K’ H By(k).

Similarly for the other base clauses. All induction steps except the one for nega-
tion are trivial. Suppose K Ht —(@. Let K, extend K such that Ky - ¢J. Since
=@ <&, |@| < & The retagging lemma provides K extending K’ which is an
o-|@|-retag of K. By induction hypothesis, Ky - @ iff Ko - @. Thus K’ Bt — Q.
The converse follows symmetrically.

COROLLARY 3. For K€ K, and @ such that |B| < & KW — @ iff for any K' €
K, if K’ extends K, K' W @&.

PROOF. (=) is clear. (<) Suppose K* extends K, K* H-J. By Corollary 1 there
is a K’ extending K, K’ an w-|@|-retag of K*, and ht(K*) < max(ht(K) + w,
0@+ w) < wé. Thus K* - @ by Corollary 2 and K* € K. So the quantifier
restriction in (*) (6) may be introduced.

We now construct @,. Let ¢ be a 3; term such that for any 7, Lyw1y FE £ = 7.
As a first approximation let @,(f, K, &, i) be:

(1Dl < t&f(K, @) = i)V (@] =t & dom(f) = (K,., x {D||D| <t} &
() (D) = 0= (i = Liff @ is true)
(@) (Vkew)(D = "Bo(k)' = (i = 1iff ...))

6) (Ve {DI DI < D = "T¢T = (i = 1iff (VK' € K,)(f(K', ¢) = 0)))
).

The arguments used in revising (*) show that for |@| = 7,
Lw(77+1) = ¢l(f) & ®2(f’ K, @a 1) lﬁf= H_am and H_w(17+1)(K’ @) = I
We now prove (12)-(15) by simultaneous induction. (12) is vacuously true for
& = 0. For any ¢ such that @ & < 4, if (12) is true, so is (13). Then so are (14) and
(15). Thus H-,¢ € Lgy1, implying (12) for £+ 1. If £ is a limit, (12) holds for
& induction. Thus (12)—(15) are all true. Consequently H-; € 3;(L;) and thus

H-5 € Ls,y. If 6 = A + B, this proves Sublemma 2.
If 6 < A + B, notice that K€ Lsy; & L4 @3(f) may be taken to have the form:

(f= sV EEk < 0)0@ < p&dom(f) = K x {@| |B| < wp + k} &O'(f)),

where the construction of @’ is easy. Notice that the quantifier (VK) in clause (6)
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214 HAROLD T. HODES

may be restricted to K. Let yo(f, K, &, i) be f(k, @) = i. Suppose y, has been
constructed. Let y,+1(f; K, @&, i) be

(5) (Vo)(@ = "—¢7 = (i = 1iff (VK’ extending K)Xy(F, K', §, 0)))) &
©) (VHVIND = "¢ A ¢ = (i = 1iff (Xu(F, K, ¢, 1) & (X(F, K, ¢/, 1)),

(16) is clear, using (13), yielding (17) for £ = § + 1. Assume (17) for arbitrary &.
By construction, (18) and (19) are true for & Thus (17) is true for ¢ + 1. If £ is a
limit and (17) is true for all &’ < &, (17) is true for & Thus (17)-(19) are true for
all§ such that § < § < 2 + . So (20) is also true, proving that H- | (K x ) €
21(La4p)- Sublemma 2 is proven.

Suppose {K; ), is a 3, generic sequence, i.e. for each i € w, K,,; extends K;
and for every @ € 2, there is an i such that K; decides . Where K; = (P;, O;,
X, ¥, let To=Ux;, Ty = Jy:, By = dom(Ty) and C; = dom(7T;). By the
usual forcing = truth lemma, for any k € w, k € B iff for some i, K; - By(k), and
similarly for C;. By definition of modified Steel conditions, Ty: < seq — {{ >} > 0
such that if 6<7 e dom(Ty), o € dom(Ty) and Ty(s) > Ty(z). Similarly for Tj.
Thus {B;, <) and {C;, <) are wellfounded.

SUBLEMMA 3. If g € By, for any &, |olp, = & iff for some i, x,(o) = &.

Furthermore, the order type of ( By, <) = . Similarly for C, and y,. Proof by in-
duction on |¢|p,. Suppose |g|s = §. For some i, o € dom(x;) and K; H- “|glp, = £”.
By the induction hypothesis (<), [o]5, < x(0). So x(0) = &. If x(0) > &, let K =
Py Qi x; U{K0™J, €D}, y;>, for some j such that o™ ¢ dom(x,), and form an-
other generic sequence extending K and yielding B in place of B;. By choice of i
and forcing = truth, |g|s = §. But by the induction hypothesis (<=), |67j[s, = &.
Contradiction. Thus x;(¢) = . Now suppose that x,(s) = £.If |g]5, > &, for some
J» 07j€ Byand |07 j|s = §. By the induction hypothesis (=) there is an i’ > i
such that x,;/(¢”j) = §, which is impossible. If 7 = |o|p, < &, select i’ > i such
that K, H- “|glp, = 7”. Where K = (Pys, Qn, x; U{{0™ ), D}, yir> for j such that
0" j ¢ dom Xx;, form another generic sequence extending K and yielding B; in place
of B. By choice of i and forcing = truth, |o|s, = 7. By the induction hypothesis
(<), lo” jls, = n-Contradiction. Thus |g|5, = £. Suppose sup{|o|s,lo€ B} =& < 4.
For some i, K; H- “sup{|ols,| Bi(0)} = &". Let K = <P, Qi x; U (<UD, €+ 1D},
yi» for {j> € dom(x;). Form a generic sequence extending K and yielding B, in
place of By. By forcing = truth, sup{|s|s| o € B;} = ¢&. But by previous parts of this
sublemma, [{j |5 = § + 1. Contradiction. A symmetric argument applies to C;.

We now construct Band C. Let (4,),c, and {@,);c, be enumerations of L; (] 2¢
and the J, sentences of L, both members of 4,,,(L;1s). Such enumerations exist
by the corollary to the Fundamental Theorem. Define {K;);c,, € 4,41(L34+5) by:

Ky, = {d, id, A, AD;
Kj;; = the < -least condition extending Kj; and deciding @&, ;
K2i+2 = <P * Aia Q * Ah X, y> where K21'+1 = <P7 Q, X, y>
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JUMPING THROUGH THE TRANSFINITE 215

Letting K; = {P;, Qi X, y», let BO=mi<w[Pi]’ Co = mi<w[Qi] and By, G, Ty
and T, as above. Let B = By @ B, and C = Cy @ C;. By the standard argument,
if f<; Band f < C, fe L;,4 and so fe€ L;. By the even stages of the construc-
tion, for any fe€ L;, f < By and f <; Cy. Thus(l)is true. Because § < v and
0 < of, (9) is true. Because <{K;);c, € 4,1(L4+p), there is an M, a term-model
copy of Lg[B, @ C), such that the Th,(M) € 4,,1(L;4). Because 4, ,,(Lz,p) contains
a counting of the set of terms C, the preimage of ¢, under this counting is the
desired Eg[B @ C], verifying (8).

We now prove Lemma 2 for Case 3. Recall that fe w® — L;. The language L is
as before. We now extend Sublemma 1 to this setting.

SUBLEMMA 4. (x9, y9) € 5, K € K. There are k < w and K’ extending K such that
either K’ = —(3yN @ (k, ¥°) or for some m # f(k), K' = @ (k, m).

PROOF. Suppose not. Then for any & € w and any K’ extending K there is a K*
extending K’ s.t. K* - (V) @D (k, »?), and for any such XK', if K’ H F(k, m) then
f(k) = m. This gives us a 3, definition of f over L;,5 Thus f e 4,(L;,p). But
Ly = 4,CA. So fe L;,4. Contradiction. Select such a k and K’ and call them
k(K, @) and K'(K, @) respectively.

We may now construct B and C. Let {4;);c, and {@;>;c,, enumerate L; (] 2¢
and the J, sentences of L. Let {K;);c,, be such that:

Ky = (id, id, A, AD;

Kj; .1 decides @;;

K31'+2(P * Ah Q * Ai’ Xy y) where the K3x‘+1 = (P: Q’ Xy y):

K313 = K3 if @, does not contain exactly the free variables x? and )9,
K'(K3;12, @;) otherwise.

Form By, B;, Cy, C;, B, C from {K;);c, as before. As with Lemma I, (1) and
(9) are true. Suppose f € 2,(Lg[B @ C]). Then f is defined over Ly[B @ C] by some
@.(x% ). For some j, K; - @k, f(k)) where k = k(K3;12, @;). But either
K; - @)Dk, %) or K; W Pk, m) for m # f(k). Contradiction. Thus
(10) is also true.

Again we note that ifd < 0™, (b, ¢) could be constructed so that (b V ¢)©¢®) <
0W, thus (b Vv ¢)€@ = 0% by Lemma 3.

We now turn to Lemma 3. Suppose that (b, ¢) is I;-exact, Be b and Cec. Let
J(A) = wy. In Cases 1 and 2 we want to construct a real Thp(;,),(E,) which is
recursive in (B @ C)¢™), By an easy modification of Definition 8 from [1], there
is an operator * on 2¢ X g such that (i) (X, »)* <. X uniformly in y, and (ii)
for any E¢ and b € w such that for no xe FId(E,), (x); = b, (Thy(E), b)* =
Thy(Ee,,) for an Eg,; extending Ee. Wealso note that the relation X = Y@ is JJ)
over 2¢ x 2 (although it is only /13 over Pw x Pw!).

Case 1.1. F(A) = 0 and G(A) = 2. Ify = ¢’ + 1, ¢’ is an L-index for otherwise
A falls under Case 3. Applying the corollary to the Fundamental Theorem to 7/,
there is a real Thy(E,/) € L,. E,» may be chosen so that for any x € FId(E,), (x); #
0. Let Tho(E,) = (Tho(E,"), 0)* <+ Thy(E, ). By results in [4], (B ® C)® can
compute a nice parametrization of L, [} w®. Thus Thy(E, )« <+ (B® C)®.

Now suppose that 7 is a limit. Select a 7' < ¢ such that [y’, 7) contains no
M-gaps. As before, select a real Thy(E, ) € L,,,. By choice of 7/, there is a linear
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system of notation R € L., of height (y — 7'). Working over L, we construct a
sequence {Thy(E,)),cracr)> €ach E, is an E,,,,, as follows.
JTho(ET:) if |X|R = 0;
(ThO(Ey)’ y)* lfIxIR = IyIR + 17
1 (J Tho(E,) if|x|gisa limit.
y<R

ThyE) = ) Thy(E,).
x€F1d(R)

Tho(E,) =

To show that Thy(E,) <+ (B @ C)®@, we introduce another such sequence.

Tho(E,) if [xlz = 0,
H(R) = {H(R)@ if |x|]g=|ylg + 1,

{(n2)ze H(R) &y <g x}.
H(R) = {<x, z) | ze H(R) & x € FId(R)}.

By induction along R, Thy(E,) < H,(R) uniformly in x and H,(R) € L, for each
x€ FId(R). Thus Thy(E,) < H(R) and H(R)ei(L, | w®). Again because
(B@® C)® computes a nice parametrization of L, | w*, HR) < (B® C)®.

Case 1.2. A =7, F(2) = 1 and G(2) = 3. We use the previous argument with a
twist. Let ¥ < y be maximum such that ¢’ is admissible or a limit of admissibles.
L; contains no system of notation for A. But because(B @ C)® computes a nice
parametrization of L; () w®, there is a linear system of notation Rof A = A — 7’
such that H(R) <. (B ® C)® and each initial segment of R belongs to L;. This
follows from Theorem 2 of [4], replacing the ordinary jump by the w-jump. Select
Thy(E /) € L,/ and construct {Thy(E,)),crar) and Thy(E;) as before, with Ex an
E, 1101, Again Thy(Ey) <+ H(R) < (B @ C)®. But then Thy(E;) <1 Thy(E;)' <+
(B@® C)®.

Case 2. A = y. Let FQ) = n, G(A) = n + 3. Again, by a slight revision of
Theorem 3 of [4], we may select a linear system of notation R for A, such that H(R)
<1 (B ® C)®. Select Thy(Ey) € L,. We construct {Thy(E,)), with E, an E,,, ., and
Thy(E;) as before. Again Thy(E;) < H(R). Thus Th,(E;) <: Thy(E)™<+.
(B® C)EW),

Case 3. A = 7, F(2) = G(A) = wfB + n. The argument divides into two subcases.
Suppose 3 < A + . Thus 8 < wi, Ind®9(G(2)) = G(2). We wish to find an
E, 4 such that Th,(E;,p) € 4,41(LgB ® C]). By the argument for Case 2, there is
a real Thy(E;) <+ (B ® C)®, and so belonging to L;[B @ C]. Let R be a linear
system of notation for 8 such that R < (B @ C)® and all initial segments of R
belong to L;. Within Lg[B @ C] we construct a sequence {Tho(E,) >,z Starting
with Thy(E,) and such that E, is an Ey, 5. Tho(Ersp) = Uscram Tho(E;) as be-
fore; so Thy(Ey15) <+ H(R). H(R) € 4,(Lg[B @ C]); so H(R)™ €4,,1(Lg[B & c])
and Th,(E;1p) <+ Tho(Ez4g)™ <1 H(R)™.

Now suppose that 3 = 2 + B. Let Ind®V9(G(2)) w - 6 + m. The strategy used
up to now is no longer available, for we cannot count on there being a system of
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notation for (3 belonging to Li[B @ C]. Let L= {<&, x)|x€Legyy — L for & <
A+ B} and let (E, x) &€y, y) iff x € y. Thus <L et (L X L)} is isomorphic to
{Lj+p, €) and Le 4y(Lg[B @ C)). Select Th,,(E;[B@® CDe (b V ) CD) . Let Eyp
be the copy within E;[B @ C] of KL, & } (L x L)). Because wB+n<wd+ m,
Thy(Essp) <1 Th(E{B ® C)).

§3. Defining A£.0 inductively. 1£.0© has been defined set-theoretically. In
[6] (1£.0©) B, is shown to have a sort of degree-theoretic inductive definition
over {2; <, '); viz. there is a sequence of formulae {¢{(x)),, in the language
of {<2; <,’, I) such that for any 4 < f3, there is an i such that (2; <,’, I)
(3x)¢,(x) and for the least such i, {(2; <,’, ) E 0P = (2x) $(x). Allowing
the appearance of 1a.a®© for §<f, in the structure, we can bootstrap up to a
larger initial segment of A£.0¢0. How far may this be iterated? We define a se-
quence of suchinitial segments {d;);.,, as follows.

Given any partial function d on ordinals, let dom*(d) be the maximal initial
segment of the ordinals on which d is defined.

dy(n) = 0 forn € w.

d;11(A) = the least member of {d%(y,) | a is I;-exact} if for every I;-exact a, y; €
dom*(d¥); undefined, otherwise;

dia(A + 1) = dia (D).

d,(2) = the least member of {d?(y;) | a is I;-exact, i € w} if there is an i e @
such that for every I,-exact a, 1; € dom(d/@);

d, (A + n) = d,A"™.

Notice that d;,;(1) = max{d | for any I;-exact a, d < d%,)}, under the above
conditions for definition. So the definition of d; in terms of d, coincides with the
inductive degree-theoretic definition of A& < (3,.0¢" provided in [6].

a is a local 8, iff L,y = a = 8. Let d; be the least local &,. Let d, be the
least o such that L, = (Vn € w) (8, exists). Note that sup{d,|n € w} < 0., <
0, For n > 1, let 4, be that A such that L; ;= 4 = §;. Let 4, be that A such
that L;., = 2 = ;. Again, 4, < A forthat AsuchthatL; = A1 =

THEOREM 4. For § < w, dom*(d;) = A..

This approach to defining 0¥ in terms of I, stops at A,. This follows from the
following.

THEOREM 5. There is an I, -exact a such that dX(y;) is undefined. Thus if d,y
is defined in terms of d,, just as d;, is defined in terms of d;, then dom*(d, 1) = A,.

We simultaneously prove Theorem 4 and the following lemma.

LEMMA 4. Suppose that [A, X + «) is a maximal L-gap. [A, A + «) contains a local
R;1 iff for the some I -exact a, 1; ¢ dom*(d?).

PROOF. A4y = w. Thus for & = 0, Theorem 4 is trivial. For i = 0, by results
from §2, both sides of the biconditional in Lemma 4 are true. 4; = f,. By results
in §2, for ¢ = 1, Theorem 4 follows. Suppose 1 < § < wand § =i + 1. We
assume as our induction hypothesis that for any a, dom*(d%) = 4. This is legiti-
mate because this proof, though presented relative to 0, may be relativized to any
degree. In what follows, we write LZ as (L%, ).

We first prove Lemma 4 for i as above. (<=). Let a be I;-exact, y; ¢ dom*(d9).
By induction hypothesis relativized to @, dom*(d%) = 4. So y; = 24
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Claim. §%€[A, A + ).

First we show that 22 < 1 + a. If A + a < 24 thena < A%; s0 wa < wif =
A%. For somen, € w, 13 = wa + nand 24 is a limit; so g; < A%. Now we show that
02 <2+ a. Suppose A + a < 0% A+ ais an L-index. But (L¢, 9% = ZF—;
thus (L, 0%) = ZF~. So ¢% is not an L-index. Thus 24 < A + 8 < 0%. L1441 cON-
tains a wellordering of height A + a. So does (L%, A + a + 1). But [2%, §¢ + 1)
is an Le-gap. Contradiction. Therefore 02 < A + «a.

Claim. [A, 02 + 1) contains a local 8;,;. Let a3, ..., a@,_;, be such that:

(LQ, 512 + 1) |= ay = Rl & - &ai—l = N1 & 5? = N;.
Thus
Lo+ DEIA=8&a =R & - &a;; = R; &0F = 8.

Thus [A, A + a) contains a local 8;,;.
(=). Suppose that [A, A + a) contains a local 8;,;. Thus there are ay, ..., a; €
[A, 2 + «) such that
LypnEl=81&a =% & - &a; = 841

Clearly A + a; = a;. We construct an I;-exact pair (b, ¢) such that A{&V9 < ;.
By the induction hypothesis, A{V9 = dom*(df¢V?). So this suffices. We construct
B and C € 2 such that b = deg(B) and ¢ = deg(C). Let conditions be as in
the proof of Lemmas 1 and 2 under Cases 1 and 2. Let the forcing language L be
Ly, 41 [B, C). Let {(P}, Q/)) ;= be a sequence of conditions such that

Py = Qp = id;

(Pai41, Qaiv1) extends (Py;, Q) and decides @;;

(Paiyos Qoiva) = (Poiya * Ais Q2ip1* 415
where {@ >, and {4;);c, are enumerations of the sentences of L and of L; [ 2¢
respectively. Let (B, C) = [{P;, Q;]. A < w®®. By the standard argument, all
cardinals of L, , except for 8, are preserved.

La,.+1[B @ClEa =8 & &a; =R;.

Thus ; > §{8V9. So A9 < @; < @ < wa < ;. Thus Lemma 4 is proved for
this choice of i.

We now prove that dom*(d;;;) = A;41. If A < A1, A does not start an L-gap
containing a local 8;;;. By Lemma 4, for any a which is I;-exact, y; € dom*(d9).
Thus d;,1(2) is defined. A;;, starts an L-gap containing a local X;,;. By Lemma 4,
d;11(A;11) is undefined.

Finally, suppose ¢ = w. If 1 < 4, for some i € w, A does not start an L-gap con-
taining a local 8;,;. By Lemma 4, for any I;-exact a, 1; € dom*(d%). Thus d,(2) is
defined. A, starts an L-gap containing a local &;,; for every i € w. Thus for any
i € w there is an [; -exact a such that x4, ¢ dom*(d4). Thus d,(A,) is undefined.

PrOOF OF THEOREM 5. Let (a;);c,, be such that for all i € w,(L, 0-,) = a; = 8; 11
It suffices to construct (b, ¢) I -exact such that a; = A%V9. Because 1, > wa; =
a1, by Theorem 4, g, ¢ dom*(d%V?). Thus d,41(4,) is undefined. As in the proof
of Lemma 4 (=), we construct (b, ¢) such that for all i € w, (L%9,0.,) E a; = ;.
Thus 0., = 04Y9. So a; = AYV9.
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JUMPING THROUGH THE TRANSFINITE 219

Let 4, for n < w, be nth-order number theory, i.e. Peano’s axioms set in an nth
order language, where variables of order i, | < i < n, range over sets of type
i — 1. Let A, = | J,4,,in the language with variables of all finite orders. 4, is anal-
ysis. For § < w, we imitate the construction of the ramified analytical hierarchy.
A structure for A4, has the form ({U;>1<;<¢; +,+, S; 0> where Uy = @ and U4, <
P(U,); variables of order j + 1 range over U;. Let M§ be the structure for 4, with
all U;’s, for j # 0,empty. Form the transfinite sequence { M ), by iterating closure
under definability in the language of 4. This hierarchy stops. Let the final structure
be M¢ with domains (U%),;.,; let the closure ordinal be 7¢. Then M¢ = 4,. Let
Af be A, translated into the language of set theory. L; ) P* (w) and L;_, N P*(w)
are, respectively, the minimal models for 4 ¥,, and 4¥ in which wellfoundedness is
absolute. Thus U%,, = (L, d,) N Pi(w); U? = (L, 6-,)  Pi(w) where U, U?
are from M»*1, Mo respectively. Thus for any n < w, 7, = 0,-;; furthermore,
To = 0<y LetI€ = A¢ for & < w. By Theorem 4, ( JI; N 2¢ = U$. Thus d; classifies
the degrees of reals in M¢.

§4. Comparison with the single jump operation. How similar is the single jump
operation @ — @’ to an arbitrary operation of the form a — a® for & < (8;)X4? In
this section we examine an analogy and a striking disanalogy. As usual, all results
are stated for @ = 0, but easily generalize to arbitrary a.

The analogy: Friedberg’s completeness theorem ((Va > 0')3c)(e¢ = ¢’)) gener-
alizes to arbitrary transfinite jumps:

THEOREM 6. For any & < ()L and any a, if a > 0% then there is a ¢ such that a
= c®,

The disanalogy: the trivial fact that 0’ < a’ does not generalize in the most
straightforward way.

THEOREM 7. For any § < (8,)t and any a, 0® < g@d®),

THEOREM 8. For any & <(8;)L there is a b such that 0© = p(nd®),

Before we present proofs, notice that if & + 9 < (8;)%, 0 ™ = Q&+ This fol-
lows by an easy induction on 7.

PROOF OF THEOREM 6. Suppose a > 0©), If £ = o + 1, by the relativization of
Friedberg’s theorem to 0@, there isad > 0@, d' = a. By the induction hypothesis
on ¢, there is a ¢ such thatd = ¢@. Thusd’ = ¢@tD = g,

Suppose that £ is a limit ordinal. By analogy with Friedberg’s argument, we
construct a ¢ such that c® < a < ¢ V 0® < ¢®. Clearly such a ¢ is as desired.
Suppose Ind(§) = wfB + n and A4 € g. Let the forcing language L be Ly[C]. Let
{$:icc be @ 4,,1(Lg) enumeration of the 2, U I, sentences of L. We shall force
with Cohen condition, viewed as finite strings of 0 and 1. There is a sequence of
Cohen conditions {g,);c, € 4,+1(Lg) such that for every i:

041 extends g;;

g9, decides ¢;;

021 = 02 AQD).

Let C = lim;_,0;; let ¢ = deg(C). For any Ej, {0,);<,, is coded by a single real re-
cursive in Th,(E,) @ A. Select Ej such that Th,(Eg) € 0©0. Because Th,(Ep) < 4,
C < A. Because the even steps are determined only by Th,(Eg) and 4 is coded
into C at the odd steps, 4 <; C @ Th,(Ep). Thus ¢® < a < ¢ VvV 0®. Finally
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220 HAROLD T. HODES

because all conditions belong to Lo, for any » < 8 and any m, L, = 4,, CA iff
L,[C] = 4,,CA. Thus foranyy < &, 0 < ¢@. Thereforec V 0© < ¢ ©. Q.E.D.

PROOF OF THEOREM 7. Suppose & = 7 + 1. By induction hypothesis, 07 < gnd()),
Thus 07+D < g@ndM+D) But Ind(¢) = Ind(y) + 1. Suppose ¢ is a limit. Let Ind(¢) =
of + n; let Ind4(Ind(§)) = wa + m > wf + n. Let 4 € a. By the procedure used
in the proof of Lemma 3, Case 3, in the final paragraph, there is a uniform way of
obtaining an E; from any E,[A] such that Th,(Eg) <T Th,,(E,[4]). This suffices.

PROOF OF THEOREM 8. If Ind(§) = &, Theorem 8 is trivial. So suppose Ind(§) >
&. Tt suffices to construct a & such that 4@ < 0@, Let Ind(§) = wa + n. Let
L be L,[B]. Let § be the maximum ordinal < o which is admissible or a limit of
admissibles. We force with modified Steel conditions, with ordinal labels <g.
Let {¢;>eo € d,41(L,) enumerate the (3, U /I,) sentences of L. Let {z;,c,€ 4,11(Ls)
be a sequence of modified Steel conditions such that for any i, z;,; extends z; and
z; decides ¢;. By the standard construction, such a sequence exists. Let B be the
extension of B determined by this sequence. Let & = deg(B). Because {z;);c, €
d,+1(Ly), for any E, there is an E,[B] such that Th,(E,[B]) < Th,(E,). Select E,
such that Th,(E,) € 0%¥; let E,[B] be determined by E,. As in the proof of Lem-
mas | and 2 under Case 3, B is a wellfounded tree of sequence numbers of height §.
Thus Ind(¢) < wf. Thus b+ < deg(Th,(E,[B]))-

We finish this section with an application of Theorem 6.

COROLLARY. For any A, {d |d = 0%} = {a® | a is I;-exact}.

PROOF. Let (b, ¢) be an I;-exact pair such that (b V ¢)® > 0@, Supposed > 0@,
By Theorem 6, for some d* > (b V ¢)®, (d*)2+#) =d. By (J) of [4, §2], for some
I-exact pair (b*, ¢*), (b* V ¢*)® = d*. The other direction is just Lemma 3.
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