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HAROLD T. HODES

SOME THEOREMS ON THE EXPRESSIVE
LIMITATIONS OF MODAL LANGUAGES

In [3] Allen Hazen considers certain statements expressible in an
extensional language involving quantification over possible worlds, but
which are not expressible in the corresponding modal language. In this
paper, I derive a derive a variety of such claims from several model-theoretic
theorems concerning SS5.

1. PRELIMINARIES

Fix a set of predicates Pred, each of a particular number of places, and a
countably infinite set of variables Var; for a set of names C form the
language L(C) by following the usual formation rules, with the primitives
‘L, ‘>, ‘v’ and ‘0’ A term of L(C) is a member of Var U C. Use and
mention shall be freely confused. Let 11¢, (3v)¢, O¢ and Eo abbreviate

¢ €1, (Vv)11¢, 10719 and (Iv) (v = 0) where o is a term of L(C) and v is a
variable distinct from o; ‘&’, ‘v and ‘= are defined as usual.

We work entirely within the modal logic S5. So we may take a frame to
be a pair F' = (W, A), W a non-empty set, 4 a function on W so that A(w) is
a set for all w € W, and U{4(w) | w € W} = 4 is non-empty. An F-valuation
for L(C) is a function ¥ with domain C U (W x Pred), ¥(c) €4 for ¢ €C;
for w € Wand P € Pred, Pn-place: if n > 1, V(w,P)C A";forn =0,

V(w, P) € {t, f}. A structure for L(C) is a triple o7= (W, 4, V), Va (W, 4)-
valuation for L(C). For w € W, we say that w is from .9/, @ is an assignment
for &7 iff @: Var > A. Let:

a(o) if o €Var;

den(a,0) =
V(o) ifceC.
Define (7, w) [= ¢[a], “G satisfies ¢ at w in &, by the familiar recursion:
(S, w) B L [a];

(; w) [= P[a] iff V(w, P) =t for P Q-place;
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14 HAROLD T. HODES

(&, w)|=Po,...o,a] iff (ay,...,a,) € V(w, P) where
a; =den (% 3, 0;) for 1 <i<nandPisn-place,n > 1;

(&, w) =0 =0'[a] iff den(d, 0) = den(¥,a, 0');
(& w) = @D Y)a] if (&, w) ¥ ¢[a] or (H, w) = ¢[al];

(4, w) = (VYv)¢la] iff for every a € A(w), (7, w) = ¢[a,],
where &, is the assignment which differs from 2 at most in
that it sends v to a;

(&, w) [=0¢[a] iff for every w' € W, (¥, w) E ¢[a].

Where I'is a set of formulae, (] w) = '[a] iff forall ¢ €T, (¥, w) =
¢[a]. Where the variables free in ¢ are understood to be x4, . . . , x,,, we’ll
write “[ay, . . ., a,]” instead of “[a]”, where it’s understood that a; = a(x;)
for 1 <i<n.Let (&, w) = ¢, “¢is true at w in, iff for all assignments
a from &7 (&7, w) |= ¢[a]; note: free variables in ¢ are thus treated as if
bound by a “possibilist” universal quantifier, not by ‘V’. (&, w) = Tis
defined similarly. Where T" U {¢} is a set of sentences, I implies ¢ iff for all
structures %, w from ./ and assignments a for .o if .o/’ |= I'[a] then

= ¢[a]. ¢ is valid iff the empty set implies ¢.

We formalize quantified S5 as in [2]. Keep in mind that the axiom
schema of universal instantiation is: (Vv)¢ D (Eo D ¢(v/0)) where o is a
term of L(C) substitutable for v in ¢. Other axiom schemata worth keeping
in mind are (Vv)Ev and OFEo (for all terms o of L(C)). Our rules of proof are
Modus Ponens, Universal Generalization and Necessitation. Where I' U {¢} is
aset of formulae, ' ¢ iff —Fpor (Y, & ... & ¥,) D ¢ for some
Voo, Un EN Lt OT={0(Y1 & ... & V) | ¥y, ..., ¥, €T}

A diagram over W, C'is a set of ordered pairs (w, ), wE Wand ¢ a
sentence of L(C). Where D is a diagram, D(w) = {¢ | (w, ¢) ED};OD =
U{oD(w)|lw E W};for W SW,D"% =D —{(w, ) IlwEW};Dis
consistent iff O.D is consistent. We note the following facts.

(1) If D is consistent, then so is either D U {w, ¢)}
or DU {w, 1¢)}.
(2) If D U {(w, (3v)¢)} is consistent and ¢ € C does not occur in

D U {(w, (3v)¢)} then D U {(w, (I)9), (W, $(v/c)),

(w, Ec)} is consistent.
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EXPRESSIVE LIMITATIONS OF MODAL LANGUAGE 15

3) If D U {(w, O¢)} is consistent and w' € W does not occur in
D U {(w, 0¢)} then D U {w, ©¢), (W', )} is consistent.

2. THREE HENKIN COSTRUCTIONS

We consider a language L(Cy). Let T, be the set of universal closures of all
formulae of the form:

¢ D0(Vx))O...0(Vx,)0@&Ex &...&Ex,),

where ¢ is a formula of L(Cy) in which x, . . . , x,, are not free.

THEOREM 1. Let T be a set of sentences of L(Cy). T U T is consistent iff
there is a structure &= (W, A, V) for L(Cy) and a wy € W so that
(S, wo) = Tand 4 = A(wy).

Suppose &= (W, A4, V) and A(wo) = A; then (%, wo) |= T,. This proves
the “if” direction. We now consider the “‘only if” direction. Note that
To = (3x)Ex and Ty |- Ec for all ¢ € Cy. Suppose T U T, is consistent.
Then so is I'= T U T, U {(3x)Ex} U {Ec|c € Cyf. Select sets W, C 2 C,,
card (W) = card (C — Cg) = max{R,, card(Pred), card(C,)} = «, Fix a listing
in order-type k of all pairs (w, ¢), w € W and ¢ a sentence of L(C); select
wo € Wand let Dy = {wo} x I. Dy is a consistent diagram. We now construct
a sequence {Dg}¢ < , of consistent diagrams. Suppose Dy has been defined,
is consistent, and for every ¢ € C occurring in Dy, Ec € Dg(w,). Let (w, ¢)
be the &th pair on our list.

If all names occurring in ¢ already occur in Dy, let:

D:U {w,¢)} if this is consistent;

Di =
D U{w,1¢)} otherwise

By remark (1), D'E is consistent. Otherwise suppose cy, . . . , ¢, are the mem-
bers of Coccurring in ¢ but not in Dy. Let

D U{w, 119), (wo, Ecy), . . ., (Wo, Ec,)}  otherwise.

Suppose both Dy U {(w, ¢), (o, Ecy), . . . $ and D U {(w, 119), (wo, Ec,),
. . . $ are inconsistent. Suppose w # wy. For some 8, a conjunction of mem-
bers of Dg(wy), letting ® = ODg{"" wel,

D, _{Dt Uiw, ¢), (wo, Ecy), . . ., (Wo, Ec,)}  if this is consistent;
p=
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16 HAROLD T. HODES

® U ODe(w) U{f) -0(8 O (Ec, v. .. vEc,)),
D U ODe(w) U{¢} 0(0 D (TEc, v. .. vEe,)).

By induction hypothesis, for the ¢ € C occurring in § we have Ec € D¢(wo);
since To < DE(WO)’

Dg(wo) -0(Vx,)0...0(Vx,) O (0 & Ex & . . . & Ex)).
Since |~ OEc;fori=1,...,n,
Dg(wo) 0@ & Ec, & . . . & Ecy,).

From this, using S5 axioms, we may show that Dy U {(w, $)} and Dg v
{(w, ¢)} are both inconsistent, contrary to the consistency of D;. Now
suppose w = wo. For 8, a conjunction of members of Dy(wy),

OD; ™ |- 0((0 & (3x)Ex & 9) D (1Eey v. .. vEc,)),

oDz |- 0((8 & (3x)Ex & 1) D (NEcy V. . . vIEcy)
Thus
oDzwd |- (8 & (3x)Ex) D (MEey v. .. vEe,).

But since ¢y, . . . , ¢,, do not occur in Dg{%} or 8, they may be replaced by
variable and universally quantified; then by standard quantifier
manipulations,

oDz - (9 & (3x)Ex) D (Vx) "Ex.

Therefore ODE{'”J - 071(0 & (3x)Ex), showing that Dy is inconsistent.
Thus D'g is consistent. Let ¢’ be ¢ or ¢ according to the case used in
defining D}, If ¢' is neither (3v)y nor Oy, let Dy, = D'

If ¢' is (Iv)Y, select a ¢ € Cnot occuring in Dy and let D = D U
{(w, ¥ (¥/c)), (w, Ec)}; Dy is consistent. Let D¢, = Dy U {(wo, Ec)). If
Dy, , were inconsistent there would be a 8, a conjunction of members of
D(w), so that 0D} "% |- 0(8 D 1Ec). But D(wo) - 0(Vx) 0(6 & Ex); s0
D'E'(wo) |- 0(0 & Ec), contrary to the consistency of D'é.

If ¢' is Oy, select a w' € W not occurring in Dj; and let Dy, , =
Dy U{(w, Y)}. Dy, is consistent.

For A <k, A a limit ordinal, Dy = U {D; | £ <\}. D, is consistent; and for
any ¢ € C occurring in D), Ec € Dy(wy). D, is a maximal consistent diagram
over W and C. It determines a structure %"= (W, A, V) as follows. For
¢,c €C, let c ~c'iff for some w € W, c =c' € D, (w); let [c] be the
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EXPRESSIVE LIMITATIONS OF MODAL LANGUAGE 17

~-equivalence class of c; let A(w) = {[c] | Ec € D, (w)};let V(c) =[c];
W(w, P) = t iff P € D, (w) where P is O-place; V(w, P) ={([c4], .. .,
[enD | Py . . . ¢, € D (W)} for P n-place and n > 1. As usual, for all
sentences ¢ of L(C), (&, w) = ¢ iff ¢ € D(w). o7 is as desired.
Q.E.D.

For any formula ¢, let (0)¢ be 0(VWp,)0...0(Vy,)0¢,if vy, ..., v, are
the variabes free in ¢; if ¢ is a sentence, (0)¢ is 0¢. Where I'is a set of
formulae, (O)[' = {(D)¢ | ¢ ET}.

Let T, be the set of formulae of L(Cy) of the form:

(09 & Oy & 07(¢ & ¥)) D O(¢ & (Ix)O(¥ & TEX)),

where x is not free in V.

THEOREM 2. Suppose T'is a set of sentences of L(Cy). TU (©)T; U
{o(3x)Ex} is consistent iff there is a structure .o&7'= (W, 4, V) for L(C) and
Wwo € W such that (%, wo) = T and for all w, w' € W, if w # w' then A(w) is
not a subset of A(w').

Suppose & = (W, A, V) is a structure for L(Cy), wo € W and for all
w, w' €W, if w# w' then A(w) is not a subset of A(w"). Then (%, wo) =
(@)T, U {8(3x)Ex}. Clearly no A(w) is empty. Suppose a = (a1, . . . , a,),
g;€EAfori=1,...,n,wE Wand (¥, w) E 0¢ & O¥ & 071(¢ & ¢)[a).
Select wy, w, € W, (&, wy) = ¢[a], (&, w,) = ¥[a] and w, # w; selecting
b € A(wy) — A(w,) as a witness, (&, w;) = (3x)X(Y & T1Ex)[a)]. Thus
(A w) = 0(¢ & (3x) O(Y & 11Ex))[a). So (¥ wg) k= (O) T,. These remarks
suffice to prove the “if” direction.

We now prove the “only if” direction. Fix W, C and the sequence of
pairs (w, ¢) as in the previous argument. Let Dy = {wo} x (T U (@)T; U
{(3x)Ex}) for a selected wo € W. We construct a sequence of consistent dia-
grams under this constraint: only introduce a new world when consistency
demands it. Furthermore, when we introduce a new world we also introduce
new constants to insure that the final model has the desired structural
property.

Suppose D; has been constructed, is consistent, and for all w, w' € W and
occurring in Dy, if w# w' then

(0] oDt w}y 0(Dg(w) U De(w")) is inconsistent;
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18 HAROLD T. HODES

) There are ¢, ¢’ € C'so that Ec, Ec’ € D¢(w) and
Ec',Ec € Dy(W').

Let (w, ¢) be the least pair in our list of pairs which has not been handled
and for which w occurs in Dy. Let

, Dy U{w,¢)} if thisis consistent;
; D, U{w,1¢)} otherwise.

Let ¢' be ¢ or 1¢ according to whether the first or second case applied. If ¢’
is neither (3v)Y nor Oy, let Dy, = D'g. The induction hypothesis is
preserved. If ¢’ is (3») Y, select ¢ € C not occurring in Dj and let

Dyyy = Dy U{(w, ¥ (¥/c)), (W, Ec)}. If ¢' is O and for some w' occurring in
Di, D; U{(W', ¥)} is consistent, select such a w' and let D, , = D} U

{(W', ¥)}. The induction hypothesis is preserved.

Suppose that there is no such w'. Select a w' € W not occurring in D and
let Di = D U{(W', ¥)}; this is consistent. Let {wy},, < o be a well-ordered
list of the members of W occurring in D'g. For each n < a select two
members of C, call them ¢, and d,, all distinct and not occurring in D’E’- Let
Dy’ = D; U{wy, Ec,), W', Edy,) |n < a}. Since 0(3x)Ex € D¢(w,) and all
¢y and dp are “new”, Dy is consistent. For n < a, let:

Dy = D' U {(wy, NEdy), (W', 1Ecy) |0’ < n}. By induction on n,
each Dy ,, is consistent. This holds for n = 0. Suppose Dy j, is consistent but
Dy U {wp, TEd,)} is not. Let T = 0D{@n »'}, Thus there are § and 6,
conjunctions of members of Dy ,(wy) and Dg,n(w'), so that

rU{0@ & Ed,), 0(0' & Ed,,)}

is inconsistent. By (1) of our induction hypothesis we may, without loss of
generality, suppose that I' U {0(8 & 6")} is inconsistent. Using the
machinery of S5 we may conclude that

I'+(0' & Ed,) D00 D Edy);

but since dy, doesn’t occur in T, 6 or 6,
I'6' O (Vx)o(@ D Ex).

Because all members of T begin with 0’, using the machinery of S5:
I' 0@’ D (Vx) o (6 D Ex)).

Because (0) T, € Dy (wo),
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EXPRESSIVE LIMITATIONS OF MODAL LANGUAGE 19

Dy n(wo) (00" & 00 & 071(6 & 6')) D 0(8’ & (3x)(6 & 1EX)).
Since I' - 01(0 & 6"),
0D, = 0(8" & (3x) O(0 & "Ex)),

contrary to the consistency of D ,. Thus Dy 5, U {(wy, 1Edy)} is
consistent. A similar argument with D, , U {(wy, 1Ed,)} in place of Dy ,
¢y in place of djp, and the roles of w,, and w' exchanged, shows the
consistency of Dy p 4. Clearly D  for A a limit ordinal <« is consistent.
Thus D¢, ; = Dy  is consistent and satisfies our induction hypothesis. From
D, we construct the desired structure ’= (W, 4, V) as usual, with W' =
{w B W|w occurs in D,}. & has the desired properties.

Q.E.D.

Let T, be the set of all formulae of L(Cy) of the form:
¥ D 0(@3x) AY & Ex)),

where x is not free in Y.

THEOREM 3. Suppose T'is a set of sentences of L(Cy). TU (@)T, U
{o(3x)Ex} is consistent iff there is a structure &= (W, 4, V) and wo € W
so that (%, wo) |= T and for all w, w' € W, A(w) and A(w") are not disjoint.

Clearly if % is as described on the right-hand side, (., wo) = (@) T, U
{o(3x)Ex}. The “if” direction follows.

Suppose T U (0)T, U {o(3x)Ex} is consistent. Fix W, C and the listing of
ordered pairs (w, ¢) as before; select wy € W and let Do = {wo} x
(T U (©)T, U {o(3x)Ex}). We construct a sequence of consistent diagrams
{DE)E < « 50 that: for every w, w' occurring in D there is a ¢ € C so that
Ec € D(w) and Ec € D(w'). The construction is easy and therefore left to
the reader.

We note the following corollaries to the previous theorems.

COROLLARY 1. Ty |- ¢ iff for all structures &= (W, 4, V) for L(C,) and
wo € W, if A = A(w,) then (&, wo) k= ¢. T, |0 ¢ iff for all structures
= (W, A, V) for L(Cy), if A = A(wo) then (7, w) = ¢ for all w € W.

COROLLARY 2. (0)T; U {o(@x)Ex} |- ¢ iff for all structures
= (W, A, V) for L(Cp) such that for all w, w' € W if w # w' then
A(w) £ AW"), (4, wo) E ¢ for all wo € W.
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20 HAROLD T. HODES

COROLLARY 3. (@)T, U {0(3x)Ex} - ¢ iff for all structures, & =
(W, A, V) for L(C,) such that for all w, w' € WA (w) N A(w') is non-empty,
(S, wo) = ¢ for all wo E W.

3. INEXPRESSIBILITY RESULTS

We first consider three examples.

(1) A structure &= (W, 4, V) for L(C)) so that (] w) = T but A(w) #
Aforallw€eW.

Let W be the set of integers; select A so that alli € W: A() £ A(i + 1),
A(Y) is infinite, card (A (i + 1)) = card(4 (), card(A (i + 1) — A(D)) is
constant as i varies; suppose ¥V"Co SN {A(i) |i € W} and for P € Pred,

V(w, P) is empty or = fforallwE W. Select wE Wand a,, . . . ,a,, EA(w).
Select an automorphism ¢ on A such that for all i € W, 0" A(i) = A(i + 1)
and o is constant on ¥"Co U {ay, ..., ap}. Forany by, ..., b, €4, and ¢

a formula of L(C,),

(VV, W) '=¢[bl: ey bk] iff ("M’ w+ l) p ¢[0(bl)7 e o(bk)]'

Suppose (¥, w) Ed[ay, . .. ,a,). Given any @, .y, . . . ,dpm+n €A select a
jEwsothata, .y, ...,8msn €AW +)). Then (HF,w+)) =
dlay,...,apland (Hw+) = (Ex & ... &Exp)|amer, - - Aman)-
Thus (7, w) = To.

(2) A structure '= (W, A, V) for L(Cy) so that for wo, w, E W,

A(wg) & A(wy)and (.7 wo) = (0)T;. First we go on an algebraic digression.
Suppose A €A, A and A — A are countably infinite. For FC A4,

G €A — A, F and G finite, let A(F,G)=(4 —F) UG.

LEMMA. If o is an automorphism of 4 and 6’4 = A(F,, G,) then for any
Fand G, 6"A(F,G) = A(F', G')for F' = (0'FNA) U (F,—0'G),G' =
(@'G—A) VU (Go— d'F).

Suppose ¢ is as in the antecedent. Consider a € A(F, G). We show that
a@) EA(F',G"). Case 1: a €A — F. Then a(a) €E A(Fo, Gy). If a(a) €
A—Fy 0@ & F';s0 0@ EAF', G").If 6(a) € Gy, 6(a) € (Go—0'F);
s0 6(@) €G', and so 0(a) EA(F', G'). Case 2: a €EG. Then g (a) &

A(Fo, Go). If 0@) € A and € G, 0(a) € (0'G — A);s0 a(@) €G'; 50
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EXPRESSIVE LIMITATIONS OF MODAL LANGUAGE 21

(@) EA(F', G"). If a(a) € F,, o(a) € A. Since a € F, o(a) ¢ ¢'F;since

0(@) €d'G, a(a) &€ F'; s0 a(a) EA(F', G'). We next show that if a & A(F, G)
then o(@) &€ A(F', G"). Case 1: a ¢ A and a € G. Then a(a) € A(Fo, Go). If
0(a) € A and € G,, since o(a) € ¢'G, o(a) € G';s0 a@) € A(F', G'). If

0(a) € Fo, 0(a) EFy— 0'G; 50 a(a) EF'; 50 0(a) € A(F', G"). Case 2: a EF.
Then a(a) € A(F,, Go). If 0(a) EA — Fo, 0(@) E6"F N A;s0 0(@) EF'; s0
o(@) & A(F', G"). If o(a) € Gy, 0(a) & A;since o(a) € 0'G; o(@) € G'; s0

finally o(a) € A(F', G").
Q.E.D.

For A4 and A as above, let us introduce a constant w(F, G) for every
FCSA,GCSA—A, Fand G finite, so that w(F, G) =w(F',G")iff F=F'
and G = G'; let W= {w(F, G)|for all such F and G} U {w,}. Let
A(w(F, G)) = A(F, G), A(w,) = A. Select V, and (W, A)-valuation for
(Cy) so that where P € Pred, V(w, P)is empty or = f for all w € W, and so
that A — V'Coand A — (4 U V'Cy) are infinite.

Suppose ¢ is an automorphism of 4, w, w' € W —{w,}, c"A(w) = A(W)
and o is constant on ¥"Cy. Then 0: /= o/ (See [1], p. 202 for definition
ofg: =)

Proof. Without loss of generality, we may suppose that 4(w) = A. By
the previous lemma for any u € W there is a v € W so that ¢"A(u) = A(v).
Since o is constant on ¥"Cy, our claim follows.

LEMMA. Supposeay, . ..,a, EA(w),wEW—{w;},a=(ay,...,a,).
Then (7, w) I= ¥[a] iff (&, wy) = ¥[a].

Proof. Letting wo=w({ }, { }), we may assume without loss of
generality, that w = wy. Select a function p: 4 >A, 1 — 1, onto 4, and
constant on ¥"Cy U {ay, . . ., a,}. Clearly there is such a p. Suppose o' € p,
p' is finite. Let F be the empty set, G = range(p') — A. Then there is an
automorphism ¢ of 4, 0 2p’, so that 6’4 = A(F, G). By a previous remark,
0: &= . We may now apply Lemma 1 of [1] and conclude that
(A, wo) E Y [a] iff (& wy) E Y[p(@y), - - -, p(an)]; since p is constant on
{ai, ..., ap}, our result follows.

LEMMA. Forany w € W, (&, w) |= (0) T;. To show this, suppose
ay,...,a,€4,a=(a,,...,a,),and

(W) = (09 & Oy & 0T(¢ & ¥))[a].
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22 HAROLD T. HODES

Then for some u, v € W, (&, u) = ¢[al], (=, v) = Y [a], u # v. We wish to
show that

(W) = 08 & (3x)0(¥ & 1Ex))[a].

If u = w this is clear. Suppose u # w,. By the previous lemma, we may
select v so that v # w,. If A(u) is not a subset of A(v), we’re done. Select
be&V'CoU{ay,...,a,}, b&A(v),and let A(u") = A(u) U {b}. Select an
automorphism o of A constanton ¥"Co U {a;, .. .,a,}and so that "A(u) =
A('). By previousremarks, 0: '~ ;50 ( %, u) = ¢[a] iff (7 u') = ¢[a).
The lemma follows. Hence % and wg are as desired.

(3) A structure &= (W, A, V) for L(Cy) so that for some wy, w; E W,
A(wo) and A(wy) are disjoint, but (] wy) = (@) T, U {0(3x) Ex}. Select
A(wg) and A(w)) to be disjoint countable sets. For each b € A(w,) and
¢ € A(w)) introduce distinct worlds wo(b, ¢) and wy(b, ¢), letting
A(wolb, ©)) = A(wo) — {b} U {c}, Aw)) —{c} U {b}, W = {wo, wi} U
{w(d, ¢), wy(b, ¢) | b € A(wq), ¢ € A(wy)}. Make sure that A(wo) — V'Co
and A(w,) — V"Cy are infinite; and let ¥(w, P) be empty or = f for all
WEW,PEPred. Fora=(ay, . . ., a,),a; €A = A(wg) UAW)), if
b,c€{ay,...,a,p YU V'Co (S, wy) = ¢[a] iff (&, wib, ¢)) k= ¢[a]. This
is because of an automorphism o on A which fixes {a,, . . . , a,} U V'Coand
exchanges b and c. Using this fact, we easily show that .o is as desired.

We now consider various structural properties of frames (W, A) and pairs
of the form ((W, 4), wo), wo € W.

PROPERTY 1. A4 = A(wo).

PROPERTY 01. Forsome w € W, 4 = A(w).

PROPERTY 2. Forsome w € W, A(wy) & A(W).

PROPERTY 02. For each w € W, there is a w' € W so that A(w) G A(w").
PROPERTY ¢2. For some w and w' € W, A(w) G A(W").

PROPERTY 3. For some w € W, A(w) ¢ A(wo).

PROPERTY 03. Forevery w € W, there is a w' € W with A(w') & A(w).

This content downloaded from
132.174.252.179 on Sat, 12 Feb 2022 01:43:07 UTC
All use subject to https://about.jstor.org/terms



EXPRESSIVE LIMITATIONS OF MODAL LANGUAGE 23
PROPERTY 4. For all w € W, A(w) N A(w,) is non-empty.
PROPERTY 04. For all wand w' € W, A(w) N A(w') is non-empty.

PROPERTY (4. For some w € W: for all w' € W, A(w) N A(W') is
non-empty.

PROPERTY 5. For some w € W, A(w) and A(w,) are disjoint.

PROPERTY 05. For each w € W, there is a w' € W with A(w") disjoint
from A(w).

PROPERTY ¢5. For some wand w' € W, A(w) and A(w") are disjoint.

A structural property of frames (W, 4) for wy € W, is expressible in
L(Cy) iff for some set T of sentences of L(Cy): for all structures
=W, A, V)and wo € W, (¥, wg) |= T iff (W, A) has that property. A
similar definition applies to properties of pairs (W, 4), wo), where (W, A) is
a frame and wo € W.

THEOREM 4. The negation of Property 1 is unexpressible. This is
equivalent to saying “There could be something which doesn’t acutally
exist” is unexpressible. Suppose that for T a set of sentences of L(Cy), if

A # A(wq) then (W, 4, V), wo) = T. Example 1 shows that T U T is
consistent; then Theorem 1 yields a structure .&/'= (W, 4, V) and wo € W so
that (7, w) = T'but 4 = A(w,). (Kit Fine has pointed out to me that this
theorem follows painlessly from examination of the models described at the
bottom of p. 203 of [1].)

THEOREM 5. Property 1 is unexpressible. This is equivalent to saying that
“Necessarily everything actually exists™ is unexpressible. Suppose that T is a
set of sentences of L(Cy) and that for any structure &= (W, 4, V) for
L(Cy) and wo € W, if (&, wo) = T then (W, A), wo) has Property 1. For

& as in Example 1, (&7 i) | T; select ¢ € T so that (7 i) |= 71¢; then

To U {"1¢} is consistent; so Theorem 1 yields a structure & = (U, B, V') for
L(C,) and uo € U so that (F, uo) = 11¢, so (F, uo) B T, but (U, B), uo)
has Property 1.
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24 HAROLD T. HODES

THEOREM 6. The negation of Property Ol is unexpressible. Identifying the
proposition expressed by a sentence in a structure with the set of worlds at
which that sentence is true, this tells us that the necessitation of the
proposition expressed by “There could be something which doesn’t actually
exist” is unexpressible. Notice: that proposition is not expressed by
“Necessary there could be something which doesn’t actually exist”, because
of the way in which “actually” refers back to the “starting world”. Suppose
that for any structure "= (W, 4, V) for L(C,), if (W, A) does not have
Property 01, then (% wg) = T for wy € W. By examining Example 1,
T U Ty is consistent. Theorem 1 then delivers a structure &= (W, 4, V) for
L(C,) so that for some wo € W, (2, wo) = T and (W, A) has Property O1.
Curiously, we can express the necessitation of the proposition expressed
by “Necessarily everything actually exists” by “O(Vx)2Ex”; of course,
“(Vx)OEx” doesn’t express “Necessarily everything actually exists”. So the
necessitation of an unexpressible proposition may be expressible.

THEOREM 7. Property 01 is unexpressible. This shows the possibilification
of the proposition “Necessarily everything actually exists”, is unexpressible.
Suppose that for some T, if &= (W, 4, V) and (7, wy) = T then (W, A)
has Property ¢1. For &of Example 1, (%] §) K T; say (% i) = 1¢ for
¢ € T. The argument is as for Theorem 5. -

Again, the possibilification of the proposition expressed by “There could
be something which doesn’t actually exist” is expressible by “O(3x)0OEx”,

THEOREM 8. Property 2 is unexpressible. This shows the unexpressibility
of “There could be something which doesn’t actually exist without there
not being something which does actually exist”. Suppose for any structure
L= (W, A, V) for L(Co) and wo € W, if (W, A), wo) has Property 2 then
(&, wo) = T. Example 1 shows that T'U Ty is consistent; Theorem 1
delivers a structure .o/ = (W, A, V) and wy € W so that (7, wy) = T but
(W, A), wy) lacks Property 2.

THEOREM 9. Property D2 is unexpressible. Proof is as above.
THEOREM 10. Property 03 is unexpressible. Proof is as above.

THEOREM 11. Property 02 is unexpressible. Suppose we have T so that
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EXPRESSIVE LIMITATIONS OF MODAL LANGUAGE 25

for any structure &= (W, 4, V) and wo € W, if (W, 4) has Property ¢2
then (%] wy) [= T. Consideration of Example 2 shows that TU ()T, U
{o(@x)Ex} is consistent; Theorem 2 yields a structure &7'= (W, 4, V) so
that (%, wo) = T but (W, 4) lacks Property ¢2.

THEOREM 12. Property 3 is unexpressible. Proof is as above.

THEOREM 13. Property 4 is unexpressible. This says that “Necessarily
something actual exists” is unexpressible. Suppose we have T so that if

= (W, 4, V), (&, wo) =T, then (W, A), wo) has Property 4. For the &
of Example 3, (W, 4), wo) does not have Property 4; so (% wo) B T;
select ¢ € T so that (%, wo) = 1¢; {119} U (0) T, U {0(3x)Ex} is consistent;
let #= (U, B, V')and uo € U be delivered by Theorem 3; (. %, uo) = 9,
50 (Z, up) I# T, but ((u, B), uo) has Property 4.

THEOREM 14, Property 04 is unexpressible. Proof is as above.
THEOREM 15. Property S is unexpressible.

THEOREM 16. Property DS is unexpressible.

THEOREM 17. Property 04 is unexpressible.

THEOREM 18. Property OS5 is unexpressible.

Proofs should now be routine.
Conjecture. There is no set T of sentences of L(C) so that for all
structures &= (W, A, V) for L(C,) and wo € W:

(7, wo) |= Tiff for all w € W, if A(wo) # A(w) then
A(wp) N A(w) is empty.
It should be noted that (., wo) = ¢ iff for all w, w' € W, if A(w) #
A(w') then A(w) N A(w') is empty, where ¢ is:
0(Vx)a(Vy)(O(Ex & 1Ey) D 0(Ex D (Vz)o(Ey D 1Ez)).

Observation. 1If we consider logics other than S5, and permit correspond-
ing accessibility relations to occur in frames, these inexpressibility results

This content downloaded from
132.174.252.179 on Sat, 12 Feb 2022 01:43:07 UTC
All use subject to https://about.jstor.org/terms



26 HAROLD T. HODES

carry over to the resulting sort of structures. These results are really just
weakenings of the preceding ones. It would be nice to have a single general
theorem which explains exactly what distinguishes the expressible from the
unexpressible properties.

When we move to a second-order modal language, we can express, for
example, “There could be something which doesn’t actually exist™:

AX)((3Ix) Xx & 0(3x)(Xx & 0Xx)).

Note added in proof (Sept. 30, 1983): In fact, all properties discussed above
are expressible in the second-order language in which type 1 variables range
over essences (i.e. over subsets of A), with Pred and C empty. This is
discussed further in ‘On modal logics which enrich first-order S5°, forth-
coming in this Journal.
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