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Abstract

We introduce a new Priestley-style topological duality for N4-lattices, which are the algebraic counterpart of paraconsistent
Nelson logic. Our duality differs from the existing one, due to S. Odintsov, in that we only rely on Esakia duality for Heyting
algebras and not on the duality for De Morgan algebras of Cornish and Fowler. A major advantage of our approach is that we
obtain a simple description for our topological structures, which allows us to extend the duality to other algebraic structures
such as N4-lattices with monotonic modal operators, and also to provide a neighbourhood semantics for the non-normal
modal logic corresponding to these algebras.
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1 Introduction

Paraconsistent Nelson logic, which was introduced in [El] as an inconsistency-tolerant counterpart
of the better-known logic of Nelson [IE, E], combines interesting features of intuitionistic, classical
and many-valued logics (e.g. Belnap—Dunn four-valued logic); recent work has shown that it can
also be seen as one member of the wide family of substructural logics [E].

The work we present in this article is a contribution towards a better topological understanding
of the algebraic counterpart of paraconsistent Nelson logic, namely a variety of involutive lattices
called N4-lattices in [[IL1]. We present a Priestly-style duality for those lattices and we develop a
topological duality for N4-lattices expanded with a monotone modal operator.

A Priestley-style duality for N4-lattices was already introduced by Odintsov [@], generalizing
the duality developed by Cignoli [E] for a subclass of N4-lattices called N3-lattices. The main
differences between the Cignoli—-Odintsov approach and ours are the following:

» we only rely on Esakia duality for Heyting algebras [ﬁ], whereas [E, ] use both Esakia
duality and the duality for De Morgan algebras [, [9]: as a consequence, the dual spaces that
we obtain are, in our opinion, easier to understand than those considered in [E, |E];

. [E, ] only deal with bounded N4-lattices, whereas we cover the non-bounded case as well.

From our perspective, our duality has the further advantage that it can be easily extended to obtain
topological counterparts of N4-lattices with modal operators such as those introduced in [@,@], and
the resulting duality can be used to provide a state-based semantics for the paraconsistent modal logic
introduced in [ﬂ]. The duality we present for non-modal N4-latices has already been introduced in
], to which we will refer in the sequel.
This article is organized as follows.
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Section [ introduces the abstract algebraic definition of N4-lattices and we state a fundamental
result of Odintsov [@], namely that every N4-lattice can be represented through a concrete construc-
tion called twist-structure. We show that this can be extended to a categorial equivalence, which
will allow us to work, for our duality, with a category of twist-structures instead of the category of
N4-lattices as defined in [IE].

SectionBlcontains the details of our duality. At the level of objects, on the algebraic side we have
twist-structures, that is, tuples (A, V,A) where A is a Brouwerian lattice (i.e. the 0-free subreduct
of a Heyting algebra) and V, A are, respectively, a filter and an ideal of A. On the topological side
we have tuples (X, C, O) such that X is the Priestley space corresponding to a Heyting algebra (an
Esakia space) and C,0 CX are, respectively, a closed and an open set of the Priestley topology on
X. We prove that the two resulting categories are dually equivalent via the usual functors involved
in Priestley (and Esakia) duality.

Section M recalls the algebraic definitions of monotonic N4-lattices [@] and BK-lattices [@],
which are both classes of N4-lattices augmented with monotone modal operators. We see that twist-
structure representations are available for these algebras as well and, as in the non-modal case, we
extend them to categorial equivalences that employ the same functors.

Section [l extends the duality of Section [ to twist-structures corresponding to N4-lattices with
modal operators. At the level of objects, on the algebraic side we have as before tuples (A, V,A),
but where A is now a Brouwerian lattice augmented with modal operators. On the topological side,
these operators are represented by neighbourhood functions on the corresponding spaces [@]. We
show that the usual Priestley functors establish dualities between twist-structures augmented with
modal operators and the spaces thus obtained.

Finally, Section [6] shows how the duality of Section [ can be used to provide a state-based
semantics which is complete with respect to the paraconsistent modal logic introduced in Hﬂ], thus
solving one of the open problems posed in [E, Section 5].

2 Equivalence between N4-lattices and twist-structures

In this section we prove a result which is implicitly contained in [@], namely that N4-lattices,
viewed as a category, are equivalent to a category of twist-structures over (i.e. special second
powers of) Brouwerian lattices. This restricts to an equivalence between bounded N4-lattices and
twist-structures over bounded Brouwerian lattices (i.e. Heyting algebras). In the next section we
will develop a duality for the latter category based on Esakia duality for Heyting algebras, which
will allow us to obtain a dual equivalence between the topological spaces thus introduced and the
category of (bounded) N4-lattices.

Let us start by introducing N4-lattices, which are our main objects of interest [@, Definition 2.3].

DEFINITION 2.1
An N4-lattice is an algebra B=(B, A,V,—,~) such that:

1. the reducfl (B,A,V,~) is a De Morgan lattice, i.e. a distributive lattice equipped with a unary
operation ~: B— B (usually called negation) such that ~~a=a and ~(aVv b)=~an~b for
all a,beB,

2. the relation < defined, for all a,b€ B, as a<b iff a— b=(a— b)— (a— b), is a pre-ordering
(i.e. reflexive and transitive),

'By a reduct of B we mean an algebra with the same carrier set, in which some of the algebraic operations of B have
been suppressed.
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3. the relation = defined, for all a,b€ B, as a=b iff a < b and b < a, is a congruence relation w.r.t.
A,V,— and the quotient algebra B.,= (B, A,V,—)/= is a Brouwerian lattice (see below),

4. forall a,beB, ~(a— b)=an~b,

5. forall a,beB, a<b iff (axb and ~b=<~a), where < is the lattice order of B.

B is said to be bounded if its lattice reduct is bounded, in which case we include the bounds as
constants in the algebraic signature.

We remind the reader that a Brouwerian lattice is a lattice (L, A, V) equipped with a binary oper-
ation — that satisfies the following residuation condition: for all a,b,c€L, anb<c if and only if
b <a— c. Brouwerian lattices are precisely the O-free subreducts (i.e. subalgebras of reducts) of
Heyting algebraSH

Although it is not apparent in the above definition, it is known [E] that N4-lattices form a variety
(therefore, the class of bounded N4-lattices is also a varietiy).

Condition (3) of the definition provides a way to associate a Brouwerian lattice to any given
N4-lattice. Conversely, we are now going to describe a method introduced in [@, Definition 2.1]
that allows us to construct an N4-lattice as a special power of a Brouwerian lattice, and we shall see
that each N4-lattice is isomorphic to one obtained in this WayE

Let A=(4,A,V,—,1) be a Brouwerian lattice. Consider the algebra A™=(4 x4, A,V,—,~)
with operations defined as follows:

e {a,b)N{(c,d):={anc,bvd)
e {a,b)Vv{c,d):={avec,bArd)
e {a,b)— (c,d):={a—c,and)
o ~{a,b):=(b,a).

It is not difficult to check that A™ satisfies all conditions of Definition 2.1] i.e. A™ is an N4-lattice.
If A has a minimum element 0, then by defining T :=(1,0) and L:=(0,1) we obtain a bounded
N4-lattice. Notice that the operations A, V,— of A™ are defined component-wise just as in a direct
product in the first component, while they are somehow ‘twisted’ in the second one. This explains
the name twist-structure over A for the algebra A™ used for instance in [@].

Although the construction described above indeed produces an N4-lattice, not all N4-lattices are
isomorphic to one constructed in this way. In order to obtain all of them, we need to consider all
{A,V,—, ~}-subalgebras of A™. The following construction, due to Odintsov, provides a way of
producing all such subalgebras.

Given our Brouwerian lattice A, denote by D(A) the set of dense elements of A, defined as

D(A):={aV(a— b):a,beA}.

D(A) is always a lattice filter of A, so we may also call it the filter of dense elements of A. If A has
a bottom element 0, (i.e. if A is in fact a Heyting algebra, except for the fact that no symbol for 0
is included as a constant in the algebraic language), then the dense elements can also be obtained as
follows:

D(A)={aVv—a:acd}={acd:—~—a=1}

where — is the Heyting negation of A, i.e. —~a:=a— 0.

2 Brouwerian lattices are also known in the literature as generalized Heyting algebras ], Brouwerian algebras m],
implicative lattices [IE] or relatively pseudo-complemented lattices [IE]. Note also that some authors call ‘Brouwerian
lattices’ structures that are (lattice-theoretic) dual to ours.

3The origins of this construction can be traced back to [IE] and also, independently, [IE].
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Now consider a lattice filter V C A such that D(A)CV and let A C4 be a lattice ideal. Then
the set

B:={{a,b)eAxA: avbeV, anbeA}

is closed under the operations A,V,—,~ of A™. Therefore (B, A,V,—,~) is an N4-lattice. Fol-
lowing [@], we denote this algebra by Tw(A,V,A). Notice also that, for every a4, there is
b€ A such that (a,b) € Tw(A,V, A). To see this, take @' € A. Then aV (a— a')€ D(A) C V and since
an(a—d)=anrd €A, we have {(a,a— d') €B. Thus, letting b:=a— d’, we obtain the desired
result.

In order to show that any N4-lattice can be obtained as Tw(A,V,A) for a suitable choice of
(A,V,A), we define, for an arbitrary N4-lattice B,

V(B):={[aVv ~a]:aeB}

where [b] denotes the equivalence class of b € B modulo the relation = introduced in Definition 211
Similarly, we let

AB):={lan~al:a€B}.

It is not difficult to check that V(B) is a lattice filter of the Brouwerian lattice B,,= (B, A,V,—)/=
which contains the dense elements of B, and that A(B) is an ideal of B,... Thus, we can construct the
N4-lattice Tw(B,., V(B), A(B)), which turns out to be isomorphic to B, as shown by the following
result [@, Corollary 3.2].

ProposiTion 2.2 (cf. [E], Prop. 2.2)
Every N4-lattice (bounded N4-lattice) B is isomorphic to the algebra

Tw(B.., V(B), A(B))

where B, is a Brouwerian lattice (Heyting algebra), through the map jg : B— B/= x B/= defined,
for all a e B, as

Je(a):=([al,[~al).

Thus, any (bounded) N4-lattice can be associated to a triple of the form (A,V,A) with A a
(bounded) Brouwerian lattice and V, A, respectively, a filter and an ideal of A. We are going to see
that jg is in fact the unit of a categorical equivalence between two naturally associated categories.

We denote by N4 the category whose objects are N4-lattices and whose morphisms are the
algebraic N4-lattice homomorphisms. The category of bounded N4-lattices (denoted N4™) is defined
analogously, the corresponding objects being bounded N4-lattices and the morphisms being the
algebraic N4-lattice homomorphisms that preserve the bounds.

On the other side of our equivalence, we define a category Twist whose objects are triples A=
(A, V,A) such that:

« A is a Brouwerian lattice,
+ V is a lattice filter of A containing the dense elements D(A),
* A is a lattice ideal of A.

We will refer to objects in this category as twist-structures, but notice that we view them just as
triples (A, V, A) rather than as the product algebra Tw(A, V, A) defined above.
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A morphism between two twist-structures Ay =(A,Vy,Ay) and Ay =(A,,V,,A) is defined as
a Brouwerian lattice homomorphism /4: A; — A, such that

s AVIICEV,
s MA]CA,.

It is easy to check that the set-theoretic composition of morphisms gives a morphism and that the
identity morphism of a twist-structure is the identity homomorphism of the underlying Brouwerian
lattice. We define the category Twist" by restricting the objects to twist-structures over bounded
Brouwerian lattices (i.e. Heyting algebras) and by requiring that morphisms preserve the bounds.
Note that Twist" is a subcategory of Twist which is not full because of the requirement that mor-
phisms preserve the bounds.

We proceed to define functors 7: N4 — Twist and N : Twist — N4 that will allow us to prove the
equivalence between the two categories.

Given an N4-lattice B, we let

T(B):=(B..,V(B),A(B)).
If f: By — B; is an N4-lattice homomorphism, we define 7(f): (Bj).. — (B3).. as

T(f)lal=):=lf(@)]=,

where [a], is the equivalence class of @ € B; modulo the relation introduced in Definition 2Tl and
likewise [b]=,€B,/=, for all beB,. The definition is sound because a=,a’ implies that f(a)=,
f(@). The map T(f) is a morphism from (By)., to (B,).. satisfying that T(f)om; =m,0f, where
7;:B; — B, /= is defined by m;(b):=[b]<, for all beB;.

It is straightforward to check that T is indeed a functor from N4 to Twist. Note that if By, B,
are bounded and f preserves the bounds, then T'(f) also preserves the bounds. Thus 7 also gives a
functor from N4 to Twist".

Conversely, given a twist-structure 4A=(A,V, A), we let

N(A):=Tw(A,V,A).

We know from Proposition that Tw(A,V,A) is an N4-lattice. For a morphism #: A; — A,
between twist-structures A;=(A;,V;,A;) and A, =(A,,V,,4,;), we define the map
N(h): N(A))— N(A), for all a,be A, as

N(h)(a,b):=(h(a),h(b)).

It is easy to see that this map is well defined, that is, if (@, b) € N(A;), then (h(a), (b)) € N(A;), and
that it is a homomorphism. As with 7', it is straightforward to see that N is a functor from Twist to N4.
Moreover, if A;, A, are twist-structures over bounded Brouwerian lattices and #: A; — A, preserves
the bounds, then N(4): N(A;)— N(A,) is a bounded N4-lattice homomorphism. Therefore N gives
a functor from Twist" to N4*.

Now, given an N4-lattice B, by Proposition 2.2l we have an algebraic isomorphism

jg: BEN(T(B)).

It is easy to see that this implies that jg is an isomorphism in the category N4.
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Conversely, given a twist-structure 4, we define a function n4: A— T(N(A)) as follows: for
all ae A,

na(a):=[{a,d)] (2.1)

where a’ € 4 is an element we choose such that (a,a’) € N(A) and [{a,d’)] is the equivalence class of
{a,a’y modulo the equivalence relation on T(N(.A)) introduced in Definition 2]l In order to see that
this definition is sound, notice first that such an element ¢’ € 4 always exists because [N (A)]=A4,
and secondly notice that for all a,b,d’,b’ € 4, it holds that [{(a,a’)]=[(b,b’)] if and only if a=5.

ProrosiTION 2.3 (cf. [E], Prop. 2.3)
For any twist-structure A, the map n4: A— T(N(A)) defined in @I) is an isomorphism in the
category Twist.

Proor. (a). The map n_4 is one-to-one. Let a,b,a’,b’ € A and suppose that [{a,a’)]=[(b,d')]. Then,
as noted above, a=b.

(b). n4 is onto. Let (a,b) e N(A). As observed above, [{a,b)]=[(a,c)] for any c€A such that
{(a,c) e N(A). Hence, [{a,b)]=[{a,a’)]=n4(a).

(¢). n4 isahomomorphism. Leta, b € 4. Then n4(a) Ana(b)=[{a,ad)IA[{(b,b)]=[{a,d’) A{b,b')]=
[{anb,d Vb)) But [{(anb,a’ vb')]=[{anb,c)] for any c € A such that (a Ab,c) € N(A), so in par-
ticular we have that [{(aAb,ad’Vb')]=na(aAb). A similar reasoning establishes the cases of the
other operations.

(d). n4[VI=V(N(A)). 1t is sufficent to observe that

V(N(A))={[(a,b)v ~(a,b)]:{a,b) e N(A)}
={[{avb,anb)l:avbeV, anbe A}

={[{c,d)]:ceV,deA, d<c}

={[{c,d)]:ceV}

=nalVI.

(e). na[A]l=A(N(A)). Similar to the proof of the previous item. [ |

ProposiTION 2.4 (cf. [E], Prop. 2.4)
Let f: By — B, be a morphism of N4-lattices. Then N(7'(f))ojs, =jB,of -

Proor. For any a € By, we have

N(T(f))ojp, (@)=N(T(f)({lal=,,[~al=))
=(T(f)al=), T(f)[~al=))
=([f(a)]s,. [f (~a)]5,)
=([f ()]s, [~f(@)]=,)
=Jjg,of (a).

ProposiTION 2.5 (cf. [E], Prop. 2.5)
Let h: A; — A, be a morphism of twist-structures. Then T(N(h))ona, =n.a,oh.
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T
.
N4 (N41) Twist (Twist™)
-~
N

Fic. 1. Equivalence between (bounded) N4-lattices and twist-structures over (bounded) Brouwerian
lattices.

Proor. For any a€4,, we have

T(N(h)ona,(@)=T(N(h)[(a.a)]=)
=[N(h)({a.d)]=,
=[(h(a),h(d)]=,
=[(h(a),(h(@))]=,
=1.4,°h(a).

Let us remind the reader that the equality [(h(a),h(a))]=,=[(h(a),(h(a))]=, holds because
[{(h(a),h(a))]=, =[{h(a),b)]=, for any b€ A4, as long as {h(a),b) e N(A,). [ |

Propositions .4 and 23] imply the announced equivalence result (Figure [I).

THEOREM 2.6 (cf. [‘E], Thm. 2.6)

Functors 7': N4 — Twist and N : Twist— N4 establish a natural equivalence between the category
N4 of (bounded) N4-lattices and the category Twist of twist-structures over Brouwerian lattices
(Heyting algebras).

3 Topological duality for twist-structures

In this section, we introduce a category of topological structures that will be proven to be equivalent
to the twist-structures considered in the previous section. As we will build on Esakia duality for
Heyting algebras, we begin by recalling essential definitions and results on Esakia duality [ﬁ],
which is itself based on Priestley duality for distributive lattices [|_1—_1|].

3.1 Esakia duality

Recall that a Priestley space is a compact topological ordered space X = (X, t, <) that satisfies the
following separation condition: for every x,y € X such that x £y there exists a clopen up-set U with
xeU and y ¢ U. A Priestley space is an Esakia space if in addition it satisfies that for every clopen
set U C X, the down-set | U is clopen.

If A is a Heyting algebra, then (X (A), t, C) is an Esakia space, where X (A) is the set of the prime
filters of A and 7 is the topology generated by the sub-basis

{oa(@):ac A}U{X(A)—oa(a):ac A}
with

oa(a):={PeX(A):acP) 3.1)
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Conversely, if X = (X, 1,<) is an Esakia space, then the distributive lattice of its clopen up-sets
forms a Heyting algebra when endowed with the following implication operation. For clopen up-sets
U,VCX, welet

U—syVi=xeX:txNnUCV},

which also is a clopen up-set. We denote this Heyting algebra by A(X). Notice that implication can
be equivalently defined as

U—sx V= U-=V)r.

The correspondence between Heyting algebras and Esakia spaces given by the maps X (.) and 4(.)
can be turned into a dual equivalence between the category of Heyting algebras and the category of
Esakia spaces by extending those maps to contravariant functors between the two categories.

The category of Heyting algebras has as objects these algebras and as morphisms the algebraic
homomorphisms between them. The objects of the category of Esakia spaces are these spaces and
the morphisms are Esakia functions, defined as follows. Let X', ) be Esakia spaces. Amapf: X — Y
is an Esakia function if it is continuous, order-preserving and satisfies that 1/ (x) Cf[1 yx] for every
xeX.

If h:Aj— A, is a homomorphism of Heyting algebras, then the map X(%):X(A;)— X(A))
between the corresponding Esakia spaces defined by X(A)(P)=h""[P] for every PcX(A;) is an
Esakia function. Conversely, if / : X; — X; is an Esakia function, then the map A(f): A(X;) — A(X))
defined by A(f)(U)=f"'[U] for every clopen up-set of X is a Heyting algebra homomorphism.

The map X (.) so obtained is a contravariant functor from the category of Heyting algebras to the
category of Esakia spaces and the map A(.) is a contravariant functor in the other direction. The two
functors establish a dual equivalence between the two categories. The natural transformations are
given by the following families of morphisms. For a Heyting algebra A, the map o4 : A — A(X(A))
defined in @@&J)) is an isomorphism. If X is an Esakia space, the map €y : X — X (4(X)) defined by
ex(x)={U € A(X):xe U} for every x € X is a homeomorphism and an order isomorphism.

Esakia duality can be adapted to obtain a topological duality for Brouwerian lattices as these can
be seen as Heyting algebras which possibly lack the bottom element. Our strategy is the following.
To a Brouwerian lattice A we add a new bottom element, thus obtaining a Heyting algebra A*, and
then we consider its dual Esakia space X (A*). Our original A can then be recovered as the algebra
of the non-empty clopen up-sets of X(A*). Let us expound the details.

Let A=(4,A,V,—,1) be a Brouwerian lattice. Regardless of whether A already has a bottom
element, we add a new one 0* and we set 0* <a for all ae€ AU{0*}. This uniquely determines the
behaviour of the Heyting implication, because on the one hand it must hold that 0* — a=1 for all
ae€ AU{0*}, and on the other hand residuation implies that

a—0"=\/{be4U{0"}:anb=0")

which means that for a #0* the only possible choice is 5=0*. Hence we are led to the following
definition:

0* ifaed

a—0"= { 1 otherwise (i.e. if a=0%).
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Extending in this way — to the new universe 4U{0*} we obtain a Heyting algebra, which we
denote by A*. Note that X(A*)=X(A)UA and the prime filter 4 of A* contains all prime filters
of A*.

Concerning the dense elements, we observe that D(A*) =4 because for every a€ 4, aV (a— 0%)=
aVv0*=a. Moreover, a Heyting algebra B is isomorphic to A* for some Brouwerian lattice A if and
only if, for every b€ B—{0}, b— 0=0. Indeed, if B satisfies this last condition, then it is isomorphic
to (B,)* where B, is the Brouwerian lattice we obtain by deleting 0 from B.

Notice that if A, A, are Brouwerian lattices, a map h: A} — Aj is a Heyting algebra homomor-
phism if and only if the restriction 4[4, : Aj— A, is a Brouwerian lattice homomorphism. This
implies that Brouwerian lattices, viewed as a category, are equivalent to a full subcategory of Heyt-
ing algebras. Moreover the objects of this subcategory are the Heyting algebras that satisfy the
quasiequation: xAy~ 1 =x~ 1.

Let A be a Brouwerian lattice. If we look at X (A*), the Esakia space corresponding to A*, we have
that X (A*) has a greatest element, namely A4, and it holds that 4 € o5+(a) for every a € A. Moreover,
the map o« restricted to A establishes an isomorphism between A and the algebra of non-empty
clopen up-sets of X(A*). This makes it possible to recover the Brouwerian lattice A as the lattice of
non-empty clopen up-sets of the Esakia dual of A*.

We say that an Esakia space (X, <, t) is a pointed Esakia space if the poset (X, <) has a greatest
element 1y. It immediately follows that the set of non-empty clopen up-sets of a pointed Esakia
space is closed under finite intersections, and therefore it is a Brouwerian lattice (it may or may not
have a least element, depending on whether the subspace given by the elements different from 1y
is an Esakia space or not).

Let X = (X, <, t) be a pointed Esakia space. Note that for every non-empty clopen up-set U C X,
we have U —»y W={xeX :txNU C @} =0. Denoting by 4,(X) the Brouwerian lattice of non-empty
clopen up-sets of X', we have that the algebra of all clopen up-sets 4(X) is isomorphic to (4,(X))*.
We can thus, without loss of generality, identify A(X) and (4,(X))*.

For a Brouwerian lattice A, we set X*(A):=X(A*). This is clearly a pointed Esakia space and,
as observed above, o+ restricted to A establishes an isomorphism between A and A,(X*(A)).

Now let #: A} — A, be a homomorphism between Brouwerian lattices A, A,. Then % extends to
a unique Heyting algebra homomorphism /4*: A} — A} that maps the new element 07 € A} to the
new element 05 € Aj. So the dual Esakia function X (%*): X (A5) — X(A}) maps the top element of
X(A}) (namely, 4,) to the top element of X (AY) (namely, 4;). We denote the map X (4*) by X*(h).

If &), A, are pointed Esakia spaces and f:X; — X, is an Esakia function, then the dual A(f):
A(X,) — A(X)) restricts to a Brouwerian lattice homomorphism A, (f): A.(X,) — 4.(&}) when, for
every non-empty clopen up-set U C X,, £ ~![U] is non-empty. This holds if and only if f(1y,)=1y,.
In fact, f(1y,) = 1y, obviously implies that f ~'[U] is non-empty for every non-empty clopen up-set
U CX;. On the other hand, suppose that, for every non-empty clopen up-set U CX;, we had that
f~'[U] is non-empty and f'(1y,) # l,. Then, since 1y, Zf(ly,), there is a clopen up-set U C X, such
that 1y, € U and f(1y,) ¢ U. This would imply 1y, ¢/ ~'[U], which is not possible because f~'[U]
is a non-empty up-set.

Accordingly, we say that an Esakia function f : X; — X, between pointed Esakia spaces X7, & is
a pointed Esakia function (or morphism) if f(1x,)=ly,.

Of course if X is a pointed Esakia space, then X (4(X))=X"*(4.(X)) and the homeomorphism and
order isomorphism €y : X — X (A4(X)) is a pointed Esakia function. Therefore Esakia duality easily
implies that X*(.) and 4,(.) are contravariant functors that establish a dual equivalence between the
category of Brouwerian lattices with their homomorphism and the category of pointed Esakia spaces
with pointed Esakia functions (Figure DJ).

¥T0Z ‘€2 AInC uo 1eA N.L deeyioljgig e /Bio'seuinolpio)xo: edbily/:dny woly pepeojumoq


http://jigpal.oxfordjournals.org/

Dualities for modal N4-lattices 617

X
— =

BrLat pEsSp
\_/
A

Fic. 2. Equivalence between Brouwerian lattices and pointed Esakia spaces.

3.2 Duality for twist-structures
The following property is going to be useful for the description of our topological spaces.

LEmMa 3.1 (cf. [lE], Lemma 4.1)
Let P C A4 be a prime filter of a Brouwerian lattice A. Then D(A) C P if and only if P is a maximal
element of the poset of prime filters of A.

Proor. We will prove that, if P C Q for some prime filter O, then O =4, so Q is not prime. Assume
that P € QO and there is a € O such that a ¢ P. We claim that, for an arbitrary element b € 4, it holds
that b € Q. By assumption we have aV (a— b)e D(A) C P. Since P is prime and a ¢ P, we conclude
thata—beP Q. Now a,a— be Q imply that aA(a— b)=aAbe Q. This means that be O as we
claimed.

Suppose now that P is a maximal element of the poset of prime filters of A. Let a,b € 4 and assume
that aVv (a— b)€P. Consider the filter F' generated by PU{a}. Then a — b ¢ F. On the contrary
there would be c € P such that cAa<a— b. Then c <a— (a — b)=a— b. It would thus follow that
a— be P, against our assumption. So there is a prime filter Q such that PCFCQ and a—b&Q.
Therefore P is not maximal: a contradiction. Hence D(A) C P.

COROLLARY 3.2
Let PC A be a prime filter of a Brouwerian lattice A such that D(A)C P. Then P is a maximal
element of the poset X (A*)—{A4}.

In the rest of the section we first present a duality for twist-structures over Heyting algebras, and
later we extend it to obtain a duality for all twist-structures.

3.3 Duality for twist-structures over Heyting algebras

In this subsection, unless otherwise specified, we consider only twist-structures (A, V, A) € Twist™,
that is twist-structures over Heyting algebras.

Let A=(A, V,A)eTWiStL and let (X(A),7,Z) be the dual Esakia space of A. Thanks to the
isomorphism o, between A and the algebra of clopen up-sets of X(A), the sets V,AC A can be
represented as follows. We let

Ca:=[ \loa(@):aeV}
which is obviously a closed up-set, and

Oyp:= U{UA(CI) rae A}
which is an open up-set. It is easy to check that

Ca={PeX(A):VCP) O4={PeX(A):PNA£GH).
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In the rest of the article we will thus be using whichever of the above definitions is more convenient.
Let us also notice that C 4 is included in the set max(X (A)) of maximal elements of our Esakia space
(which also implies, trivially, that C 4 is an up-set). This follows from Lemma 1] because P € C 4
implies that D(A) C V C P. We use this insight to introduce formally the spaces we will deal with.

DEerNITION 3.3 (cf. [E], Definition 4.2)
An NE-space is a structure X = (X, <, t,C, O) such that

1. (X, <,7) is an Esakia space,
2. C is a closed set such that C € max(X),
3. O is an open up-set.

In order to view NE-spaces as a category, we need to introduce a notion of NE-morphism. We
propose the following definition.

DEeFINITION 3.4 (cf. [E], Definition 4.3)
Let X1 =(X1,<1,71,C1,0;) and &, =(X;, <5, 15, C3,0;) be two NE-spaces. A morphism is a map
f: X1 — X, such that

1. f is an Esakia function, i.e. f is monotone, continuous and for every x € X7, 1/ (x) Cf[1x],
2. fICI] S Gy,
3. f7'0:]<C 0.

Given NE-spaces X}, X,, X5 and NE-morphisms f: A] — A5, g: A, — Aj, it is easy to see that
gof 1 X1 — Aj is also a morphism. Moreover, the identity map on an NE-space is a morphism. So
we indeed have a category NE-Sp of NE-spaces.

We are going to see that NE-Sp is dually equivalent to the category Twist" of twist-structures
over Heyting algebras. It will thus follow that NE-Sp is also dually equivalent to the category N4*
of bounded N4-lattices.

The definition immediately implies that, for any twist-structure A=(A,V, A),

X(A):=(X(A),7,S,C4,04)

is an NE-space. Given a morphism of twist-structures h: A; — A, we define the map
X(h): X(Ay)— X (A)) as in Esakia duality, i.e. we let X (h)(P):=h"'[P] for any P X(A,).

It is obvious that X (%) is an Esakia function. Let us check that the other requirements of Definition
B4 are also met.

LeEmmMaA 3.5 (cf. [E], Lemma 4.4)
Let 4: A;— A, be a morphism between twist-structures A; = (A, Vi, A;) and A, = (A, V,, Aj).
Then X (h): X(A;)— X(A;) is a morphism between the corresponding NE-spaces.

Proor. In order to see that X (h)[C4,]1C Cy4,, assume Q € X(h)[C.,], 1.e. Q € A~ [C 4,]. This means
that there is Q' € X (A,) such that V, € Q" and Q =h~'[Q']. Since / is a morphism of twist-structures,
we have that h[V,]C V.. This implies that V; CA~[V,]Ch~'[Q']=0. We conclude that V, €0,
which means that Q € C 4, as desired.

Assume now that P € X (h)~'[O 4,]. This means that X (2)(P)=h"'[P]€ O 4,. Then i~ '[P]N A, #0.
Let a€A, be such that aeh~'[P]NA,. We then have A(a) e PNA(A;). From the assumptions we
have PNA(A;) SPNA,;, so we obtain i(a) e PNA, £, which implies P € O 4, as required. Thus,
X (h) is indeed a morphism of NE-spaces. [ |
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It follows from Esakia duality that the map X preserves composition and identity maps.
So we actually have a functor X : Twist" — NE-Sp. We are now going to define a functor
A: NE-Sp— Twist™ in the opposite direction.

To each NE-space X' =(X,<,7,C,0) we associate a twist-structure in the following way. Let
A(X) be the Heyting algebra of clopen up-sets of X'. To the closed set C we associate the following
filter of A(X):

Vei={UeA(X):CCU}.
Likewise, to the open up-set O we associate the following ideal of A(X):
Ap:={U€e€A(X):UCO}.

We need to ensure that V¢ does indeed contain all dense elements of A(X'). For this we notice
that, since every dense element has the form U U(| U)° for some clopen up-set U € A(X), condition
(2) of DefinitionB3]is equivalent to the following property: C CUU(JU) for all U € A(X). In fact,
we have

max(X)=[ (WU U) : U A(X)}.

To see this, assume x e max(X). Then, for every clopen up-set U, we have x¢ ([ U)° iff xe | U iff
there is y € U such thatx <y. By maximality of x, this means thatx =y, sox € U. Hence,x e UU(JL U )*
for every U € A(X). Conversely, suppose x ¢ max(X), i.e. there is y € X such that x <y. Since X is
a Priestley space, we know that there is a clopen up-set ¥ such that x¢} and y € V. Moreover,
xelV,ie x¢ (V). This means that x¢ VU(| V), sox¢ [ {UUU) :U € A(X)}.

The above reasoning immediately implies that (4(X), V¢, Ap) is a twist-structure over a Heyting
algebra. Thus, for every object X € NE-Sp, we have A(X) € Twist™. Let us now look at morphisms.

Let X1 =(X1,<1,71,C1,0;) and X, =(X;,<;,75,C,,0,) be NE-spaces, and let f:X] — X, be
an NE-morphism. Consider the dual map A(f): A(X;)— A(X)) between the Heyting algebras of
clopen up-sets of the two spaces. We know from Esakia duality that A(f) is a Heyting algebra
homomorphism. Let us check that it is in fact a twist-structure morphism (as defined in Section 2))
from (4(X2), Ve,,Ao,) to (A(X1), Ve, Ag,).

Lemma 3.6 (cf. [13], Lemma 4.5)
Let f: X} — &, be a morphism of NE-spaces. Then A(f): A(X,)— A(X}) is a twist-structure mor-
phism.

Proor. We need to show that A(f)[V¢,]1 S Ve, and A(f)[Ap, 1S Ag,. Let U € A(f)[V¢,] and V € V¢,
be such that U=A(f)(V)=f"'[V]. Since V €V, we have C;CV. So f~'[C,]Cf~'[V]. Then,
since f[C1]C C,, we have C; Cf~![C,]. Therefore, C; Cf~'[V]. Hence, f~![V']€ Vc,. Now let
U € A(f)[Aop,] and assume that ¥ € Ay, is such that A(f) (V)= U, so that f ! [']=U. Since V € Ay,),
we have V C O,. Therefore, U=f"![V]Cf~![0,]C O,. Hence, U € Ay,. [ |

We thus have a functor 4: NE-Sp — Twist" from the category NE-spaces to the category of
twist-structures over Heyting algebras. We are now going to see that, for any twist-structure .4 and
any NE-space X, there are natural isomorphisms o, : A= A(X(A)) and ey : X =X (A(X)).

Given a twist-structure A= (A, V, A), consider the twist-structure associated with the dual space
of A, that is, (A(X(A)),Vc,,Ao,). We know by Esakia duality that the map o, : 4 — A(X(A))
defined by

oax(a)={PX(A):aeP}
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is a Heyting algebra isomorphism. Thus, we only need to check that o is a twist-structure morphism
too. This follows from next lemma (we will omit the subscript of o4 when there is no ambiguity).

Lemma 3.7 (of. [13], Lemma 4.6)
For any twist-structure A= (A, V,A), the map o, : 4— A(X(A)) satisfies:

1. GA[V] ZVCAs

2. O'A[A] :A0A~
Proor. (i)LetaeV.ThenC4 Co(a),soo(a)eVe,.Letnowo(a)e Ve ,. Then C 4 Co(a). Suppose
that a € V. Let P be a prime filter such that VC P and a ¢ P. Since P € C 4, we have C4 Lo (a), i.c.
o(a)¢ Ve, a contradiction.

(ii) Let ae A. Then o(a) € O 4. Therefore, o(a)e Ao ,. Suppose now o(a)e Dy ,, i.e. o(a) SO 4.
Suppose a ¢ A. Let P be a prime filter such that a € P and PNA=0. Then Peo(a) and P¢ O 4, i.e.
o(a)Z O 4, a contradiction. [ |

Conversely, consider the NE-space corresponding to the twist-structure 4(X):
(X(A(X)), S, 14, Cax), Oucy) -
Recall that the map €y : X — X (4(X)) defined, for all x€ X, by
ex(x)={U eA(X):xe U}

is an Esakia-homeomorphism between (X, <, t) and (X (4(X)), S, t4). We check that €y is in fact
an NE-morphism as well.

Lemma 3.8 (cf. [13], Lemma 4.7)
For any NE-space X = (X, <,t,C, O), the map €y : X — X(4(X)) satisfies:

l. ex[Cl=Cyx),
2. 6;{[0] =0,4()().

Proor. (i) Recall that in a Priestley space any closed up-set is the intersection of all the clopen
up-sets containing it, and similarly any open up-set is the union of all the clopen up-sets it contains
(see, e.g. [ﬂ, Proposition A.1]). Given x € C, we have to see that

ex(v) e[ Jo(U):UeVc},

that is, that for every U € A(X) such that C C U, it holds that U € € x(x). Assume then C C U € A(X).
Then xe U, so U €€x(x). Conversely, assume x € U for every clopen up-set U D C. Since C is a
closed up-set, C =({U € A(X):C CU}. Therefore, x € C and € x(x) €€x[C].

(i1) For x € O, we have to see that

ex(v)e| Jlo(U):Ueh).

That is, that U € ex(x) for some U €A(X) with U CO. Suppose the contrary. Then, for every
U € A(X) with U C O, itholds that x ¢ U. Since O is an open up-set, O = J{U € A(X): U € O}. It fol-
lows that x¢O, a contradiction. Hence, ex(x)elJ{o(U):Ue€Ap}. Assume now
ex(x)eU{o(U):U € Ap}. Then there is a clopen up-set U C O such that x € U. Therefore, x€ O
and e x(x) €ex[O]. [ |

¥T0Z ‘€2 AInC uo 1eA N.L deeyioljgig e /Bio'seuinolpio)xo: edbily/:dny woly pepeojumoq


http://jigpal.oxfordjournals.org/

Dualities for modal N4-lattices 621

T X
_— — =
N4t Twist™ NE-Sp
N~ N~
N A
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The fact that o4 and €y are natural follows immediately from Esakia duality. We highlight these
facts in the following lemmas.

Lemma 3.9
Let #: Ay — A; be a morphism of twist-structures. Then o 4,0h=A(X(h))o0 4,.

Lemma 3.10
Let f: X — &, be a morphism of NE-spaces. Then €x, of =X (A(f))oey,.

Joining the previous results, we obtain the announced dual equivalences (Figure [3)).

Theorem 3.11 (cf. [L3], Thm. 4.8)
The functors X : Twist™ — NE-Sp and 4: NE-Sp — Twist™ establish a dual equivalence between

the category Twist™ of twist-structures over Heyting algebras and the category NE-Sp of NE-spaces.

CoroLLARy 3.12 (cf. [L4], Cor. 4.9)
The category N4* of bounded N4-lattices and the category NE-Sp of NE-spaces are dually equiv-

alent via functors X o 7': N4* — NE-Sp and N o4 : NE-Sp— N4

3.4 Duality for Twist

The above duality for Twist™ can be adapted to obtain a topological duality for Twist, the category
of twist-structures over Brouwerian lattices. In this subsection, unless otherwise specified, by twist-
structure we mean a twist-structure over a Brouwerian lattice.

Let A=(A,V,A)eTwist. We consider the Heyting algebra A* and its dual Esakia space X (A*),
which is a pointed Esakia space in our terminology. We define C 4 and O 4 similarly as before:

Ca:=[ |loa-(a):aeV} O4:=| Jloa-(a):aeA).
Then,
Ca={PeX(A):VCPIU{4} and O 4={PeX(A):PNAAFIU{A).

So these sets are respectively a non-empty closed up-set and a non-empty open up-set. Moreover,
the elements of C 4 — {4} are maximal among the points of X (A*)—{A4}. The objects of the category
which we will prove to be dual to Twist are topological structures defined as follows.

DEFINITION 3.13
A pointed NE-space is a structure X = (X, <,t,C, O) such that

1. (X, <,7) is a pointed Esakia space,
2. C is a non-empty closed up-set such that the elements of C— {1y} are maximal in X — {1y},
3. O is a non-empty open up-set.
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It follows from the above considerations that, if A=(A,V,A) is a twist-structure, then
X*(A):=(X(A*),C4,04) is a pointed NE-space which we take as our candidate for the dual of A.

We observe that condition (2) of Definition B13] is equivalent to the following: for all clopen
up-sets U,V € A(X), if V #0, then CCUU(U —x V). To see this, let us prove that

max(X—{lX})zﬂ{UU(U—>X V):U,V clopen up-sets and V # @} —{1x}.

Suppose x emax(X —{1x}). Let U,V be clopen up-sets with V #{@. Suppose that x¢gU —x V.
Then txNU € V. By maximality of X, tx={x, 1x}. Therefore if x ¢ U, then txNU={1x}CV,
a contradiction. Thus x€ U. Hence, xe( {UU(U —x V): U,V clopen up-sets and V #@}. Con-
versely, suppose x ¢ max(X —{lx}) and x# 1y, i.e. there is y€X such that x<y <1y. Since X
is a Priestley space, we know that there are clopen up-sets U,V such that x¢U, yeU, ygV
and lyeV. Then x¢U —x V , because ye txNU and y €V. Therefore, xgUU(U —x V). So
x¢(WUUU—xV):U,V clopen up-sets and V # @}.

Let X =(X,<,7,C,0) be a pointed NE-space. In the Brouwerian lattice 4,(X)=A(X)—@ of
non-empty clopen up-sets, we define the following filter V¢ and ideal A(:

Vei={Ue€A4,(X):CCU) Ap:={UeA,(X):UCO).

From the discussion above it immediately follows that (4.(X), V¢, Ap) is a twist-structure, which
we will take as our candidate for the dual of X.

We denote by pNE-Sp the category having as objects pointed NE-spaces and whose morphisms
are defined as follows.

DEeriNITION 3.14
Let &) =(X1,<1,71,C1,01) and X, = (X3, <;,7,,(>,0,) be pointed NE-spaces. A pNE-morphism
is a map f : X; — X, such that

1. f is a pointed Esakia function,
2. fICI]1 € G,
3. f701<0n.

Let #: A; — A, be a morphism between twist-structures A; =(A, Vi,A}) and A, =(A;, V), Ay).
Let us consider the dual X (4*): X(A})— X(A}) of the extension /*:Aj — A3 of h. This map is a
pointed Esakia function which satisfies that X (h*)[C 4,] € C 4, and X (h*)~'[O.4,]1 S O 4,. The proof
of this is analogous to that of Lemma Therefore X (4*) is a pNE-morphism from X*(A;) to
X*(A)). In this context we denote X (h*) by X*(h).

Let now A|1=(X1,<1,711,C1,01) and X, =(X;,<;,75,(;5,0;) be pointed NE-spaces and
[ X1 — A&, a pNE-morphism. Since f is a pointed Esakia function, the dual A(f):A(&>) — A(X))
of /" as a pointed Esakia function when restricted to A4,(X) is a Brouwerian lattice homomorphism
from A4,(X,) to 4,(X;). We denote this restriction by A,(f). By a proof similar to that of Lemma
and taking into account that f(¢;)=t,, we obtain that 4.(f)[V¢,]1C V¢, and A.(f)[A0,]1 S Ay,.
Therefore A,(f) is a twist-structure morphism from 4, (A3) to 4,(X)). We take the map 4, (f) as the
dual of f in the category Twist.

If A=(A,V,A) is a twist-structure, it can be shown with a proof similar to that of Lemma 3.7]
that the map o~ restricted to 4 is an isomorphism between A and A, (X*(A)).

Let X =(X,<,7,C,0) be a pointed NE-space and consider the space X*(4,(X")) corresponding
to its dual twist-structure 4,(X). We have that X*(4,(X)) is the pointed Esakia space dual to
the Brouwerian lattice of the twist-structure A,(X), so X*(4,(X)) is the dual Esakia space of the
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Heyting algebra A(X) of clopen up-sets of X'. Hence, the map €y : X — X(A(X))=X*(4.(X) is a
homeomorphism and an order isomorphism. Moreover, € x[C]=Cy,(x) and €ex[0]=0,,x). The
proof is analogous to the proof of Lemma Therefore €y is an isomorphism in the category
pNE-Sp.

From the above considerations the next theorem easily follows (Figure H).

THEOREM 3.15

X*: Twist— pNE-Sp and 4,: pNE-Sp — Twist are contravariant functors that establish a dual
equivalence between the category Twist of twist-structures and the category pNE-Sp of pointed
NE-spaces.

CoroLLARY 3.16
The category N4 of N4-lattices and the category pNE-Sp of pointed NE-spaces are dually equivalent
via functors X*oT: N4 — pNE-Sp and No4, : pNE-Sp — N4.

4 Modal N4-lattices

We are now going to extend the topological duality introduced in the previous section to N4-lattices
with unary modal operations.

DErFNITION 4.1 ([@])
A monotone modal N4-lattice (MN4-lattice) is an algebra B= (B, A, vV, —, ~, ) such that the reduct
(B,A,V,—,~) is an N4-lattice and, for all a,b € B,

(Ql) if a<b, then Da=<0b,
(Q2) if ~a=<~b, then ~Oa=~0b,

where < is the pre-order introduced in Definition 21l An MN4*-lattice (or a bounded MN4-lattice)
is an MN4-lattice whose lattice reduct is bounded.

It is easy to check that by defining & :=~ 0~ we obtain another unary operation satisfying (Q1)
and (Q2), i.e. for all a,b€B,

if a<b, then Ca<<b,
if ~a<~b, then ~Ca=<x~h.

MN4-lattices obviously form a quasivariety; at present we do not know whether this class is in
fact a variety or not. Let us mention one subvariety of MN4-lattices that is already known in the
literature.

DErFINITION 4.2
A BK-lattice is an algebra B=(B,A,Vv,—,~,0, 1) such that the reduct (B,A,V,—,~,0) is a
bounded MN4-lattice (with bottom element 1) and, for all a,b € B,

(E1) (a—b)—a<a,
(E2) OaAOb=<0O(aAb),
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(E3) O(@—a)=0(a—a)—O(a—a),
(E4) —Oa=<"—a,
(ES) —Oa=0-a.

where a=b abbreviates the two equalities a <b and b < a, while —a abbreviates a — L.

BK-lattices were introduced in [m] as an algebraic counterpart of the modal expansion of the
Belnap—Dunn logic of [IZ'], although the definition presented above is adapted from [24, Definition
3.5]. It is worth pointing out that, since BK-lattices are particular examples of (bounded) MN4-
lattices, all the results that we will prove about the latter apply to BK-lattices as well.

Conditions (Q1) and (Q2) ensure that in any MN4-lattice operations O and < are compatible with
the relation = introduced in Definition Il So we can define operations O, < on the Brouwerian
lattice B.,= (B, A,V,—) /= as follows:

Ola]=[0ad] and Ola]=[~0O~a).
These operations satisfy the following monotonicity properties (here < denotes the lattice order of
B..):

if [a] <[b], then O[a] <O[b],
if [a] <[b], then Ola] < O[b].

These properties explain the choice of the terminology ‘monotone modal N4-lattice’.
Moreover, the filter V(B) C B/= and the ideal A(B) C B/= satisfy:

o ifavbeV(B) and aAbe A(B), then Oav Obe V(B) and OaA<Obe A(B).

These observations suggest a way to represent MN4-lattices as twist-structure products. We will
need the following definitions.

DEFINITION 4.3

A monotone bimodal Brouwerian lattice is an algebra A= (4, A,V,— 0O,<) such that the reduct
(4,A,Vv,—) is a Brouwerian lattice and 0, : 4 — A are monotone maps. A monotone bimodal
Heyting algebra is a bounded monotone bimodal Brouwerian lattice.

Given a monotone bimodal Brouwerian lattice A, we can construct an MN4-lattice A™ in the
following way:

* the N4-lattice reduct of A™ is the twist-structure (4, A, vV, — )™ introduced above,
o O{a,b)=(0a,<b) for any (a,b) €A x A.

Routine checking shows that the algebra A™ is in fact an MN4-lattice m, Proposition 4.3]. However,
as in the case of N4-lattices, not all MN4-lattices arise in this way as we need to consider all
subalgebras of A™. These can be characterized in the following way.

Let A=(4,A,Vv,— 0,0) be a bimodal Brouwerian lattice, V C A4 a filter containing the dense
elements of A and A C 4 an ideal satisfying:

e ifavbeV and aAnbe A, then Dav<beV and JanObeA.

It is easy to check that the set

B:={{a,b)eAxA: avbeV, anbe A}
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is a subalgebra of A™. Let us denote by Tw(A,V, A) the MN4-lattice obtained through this con-
struction. The following result shows that all MN4-lattices arise in this way.

ProrosiTioN 4.4

Every MN4-lattice (bounded MN4-lattice) B is isomorphic to the twist-structure 7w(B..,, V(B), A(B)),
where B.. is a monotone bimodal Brouwerian lattice (Heyting algebra), through the map
JjB:B— B/=xB/= defined, for all a€ B, as

Je(a):=([al,[~al).

Proor. We know by Proposition that the map jp is an isomorphism between the N4-lattice
reducts of B and 7w(B.., V(B), A(B)). By [@, Theorem 4.5], we have that jg preserves the modal
operator, which concludes our proof. [ |

Using the above result, we are going to extend the categorial equivalence between N4-lattices
and twist-structures to MN4-lattices and modal twist-structures, defined as follows.

DEFINITION 4.5
A monotone modal twist-structure is a triple A=(A,V,A) where

(1) A is a monotone bimodal Brouwerian lattice,
(i) V is a filter that includes the dense elements of A,
(iii) A is an ideal of A,
(iv) forevery a,beA,ifavbeV and anbeA, then OavObeV and DaAObe A,

DEFINITION 4.6
Let A, =(A,V(,A}) and A, = (A, V5, A,) be monotone modal twist-structures. A morphism from
A to A, is an homomorphism of monotone bimodal Brouwerian lattices 4: A; — A, such that

(1) A[V1]CEV,,
(ii) A[A]1CA,.

The category of monotone modal twist-structures, denoted MTwist, has as objects monotone
modal twist-structures and as morphisms the above-defined maps between them. We define the
category MTwist" by restricting the objects to bounded Brouwerian lattices (i.e. Heyting algebras)
and by requiring that the morphisms preserve the bounds. We are going to prove that MTwist
(MTwist™) is equivalent to the category MN4 (MN4") having as objects (bounded) MN4-lattices
and as morphisms algebraic (bounded) MN4-lattice homomorphisms.

We define functors 7': MN4 — MTwist and N : MTwist— MN4 in the same way as in the non-
modal case, and likewise for the functions jg: B— N(H(B)) and n.4: A— T(N(A)). We proceed
to check that these definitions work in the modal case as well.

Lemma 4.7
For any monotone modal twist-structure A, the map n.4: A— T(N(A)) defined in @J)) is an iso-
morphism in the category MTwist.
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Proor. We need only to show that n 4(0a)=0n4(a) and n 4(Ca)=<na(a) for all ae 4. We have

na(0a)=[(0a,(Ca))]=
=[(0a, (@)1=
=[0(a,d)]=
=0[{a,d)]=
=0na(a).

We recall once more that the equality [(Oa,(Oa)')]= =[(0a, O(a'))]= holds because it only depends
on the first component of each pair. A similar argument allows us to prove that .4 (<Ca)=On4(a). [ |

LeEmma 4.8

Let h: A;—A; be a morphism of monotone modal twist-structures. Then the map
N(h): N(A))— N(A,) is such that N(h)(O{a,b))=0ON (h)({a,b)) for all (a,b) € N(A,). Therefore
N (h) is an MN4-lattice morphism.

Proor. It is sufficient to observe that N(k)(O{(a,b))=N(h)({Oa, by = (h(Oa), i(Ob)) = (Oh(a),
Oh(b)) =0 (h(a), h(b)) =ON (h)({(a,b)). n
Lemma 4.9

Let /: B; — B, be an MN4-lattice homomorphism. Then:

T()(Olal=)=0T(f)[al=) and T()(Clal=)=CT(f)[al=).
Therefore T(f): T(B;)— T(B,) is a monotone modal twist-structure morphism.

Proor. It is sufficient to observe that 7'(f)(Olal2)=T()([Calz)=[f(0a)l==[0f(a)l==
D[f(a)]z =0 T(f)([a]z) Slmllaﬂya T(f)(o[a]z) = T(f)([NDNa]E) = V(NDNG)]E = [NDNf(a)]E
=O[f(@)]==0T(f)al-) n

The previous lemmas (together with Proposition [4)) immediately imply the announced equiva-
lence result.
THEOREM 4.10
Functors 7: MN4 — MTwist and N : MTwist — MN4 establish a natural equivalence between the
category MN4 of (bounded) MN4-lattices and the category MTwist of twist-structures over monotone
bimodal Brouwerian lattices (Heyting algebras).

As mentioned above, BK-lattices are particular examples of bounded MN4-lattices. To be more
precise, we can rephrase the representation result proved in [E] in our terms saying that BK-lattices
correspond exactly to modal twist-structures A= (A, V, A) such that:

* A is a modal Boolean algebra
* aeV implies DaeV
e ae€ A implies CaeA.

We remind the reader that a modal Boolean algebra or simply a modal algebra [EI] is an algebra
(4,A,Vv,—,0,<,0,1) such that the reduct (4,A,V,—,0,1) is a Boolean algebra and the modal
operations satisfy, for all a,be4: O(anb)=0aA0b, O1=1 and Oa=—<—a, where —a denotes
the Boolean complement of a.

It is easy to prove that the equivalence stated in Theorem[ IOl restricts to an equivalence between
full sub-categories corresponding to BK-lattices and to twist-structures over modal Boolean algebras

(Figure [3).
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Fic. 5. Equivalence between modal N4-lattices and monotone bimodal Brouwerian lattices.

5 Duality for modal twist-structures

In this section we extend our topological duality for twist-structures to modal twist-structures. As
in the non-modal case we relied on Esakia duality for Heyting algebras, we will now build on the
duality for distributive lattices with monotone operators of [[L4].

Let A=(4,A,V,— 0,0) be a monotone bimodal Heyting algebra and denote by (X(A), ta, )
the corresponding Esakia space. We denote by P*(X(A)) the collection of upward subsets of X (A)
and by Fi(A) the set of all lattice filters of A. For each operation e € {00, O} we define a neighbourhood
function v,: X(A)— P(PT(X(A))) as follows: for every prime filter P € X (A),

vo(P)={U € A(X(A)):3IF €Fi(A) s.t. ¢ [F]CP and {Q € X(A):F CQ}C U}.

Notice that v,(P) is an up-set of (P*(X(A)), C). It is also obvious that v, is monotone with respect
to the Esakia order of X (A). The structure (X(A), 7a, C,va, Vo) will be called the monotone modal
Esakia space of A.

Using the neighbourhood function v, we can represent the algebraic operation e in the Heyting
algebra of clopen up-sets of X (A) through the following definition: for any U € A(X (A)),

e, (U):={PeX(A):Uev,(P)}.

The following proposition shows that the above definitions make sense and that, using them, we
obtain that the isomorphism o4 : 4 — A(X(A)) preserves the monotone modal operators as well.

ProrosiTION 5.1
For every ac A, ox(ea)=e, oa(a).

ProoF. Let P €oa(ea). Then ea € P. Since e is monotone in A, it follows that e[1a] C P. Moreover,
if Q€ X(A) is such that 1a S Q, then Q €os(a). From the fact that 1a is a filter, it then follows
that P e, oa(a). Suppose now that Pce, oa(a). Let F be a filter of A such that e[F]C P and
{OeX(A):F S0} Coa(a). We have to show that ea € P. Suppose the contrary. Then a ¢ F. So there
is a prime filter Q such that ¥ € Q and a € Q. This contradicts the fact that {Q € X (A): F C 0} Coa(a).
Hence we conclude that ea € P. | |

By Proposition 3] we already know that o4 is an isomorphism between the monotone bimodal
Heyting algebra A=(4,A,V,—,0,1,0,0) and (4(X(A)),N,U,—,4, X(A),O,,,<,,). Thus, in
order to extend this to a monotone modal twist-structure (A,V,A), we only need to take care of
representing V and A. Let us look at how properties (ii)-(iv) of Definition are reflected on the
NE-space corresponding to a monotone modal twist-structure.
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ProrosiTION 5.2

For any monotone modal twist-structure A= (A,V,A) over a monotone bimodal Heyting alge-
bra, the maps vg, ve : X(A)— P(PT(X(A))) satisfy the following condition: for all clopen up-sets
U,V eX(A),

if CACUUV and UNV €04, then C4C 0, UUS,, V and O,,UNG,, VCO4.

Proor. Let a,be A be such that ox(a)=U and o,(b)=V. Assume C4,CUUV and UNV SO 4.
From the first assumption we have C 4 Coa(a)Uoa(b)=0oa(aV b), from the second oa(a)Nos(b)=
oa(anb)ZO4. Let us check that avbeV and aAbeA. The first assumption means that, for
every prime filter P OV, one hasaVvb e P. Now, ifa Vv b ¢ V, there would be a prime filter P D V such that
aVv b ¢ P, a contradiction. Similarly, a Ab ¢ A implies that there is a prime filter P such that aAb € P and
ANP=¢.Then P € op(aAb) and therefore P € O 4. This means PN A #£ (3, a contradiction. We conclude
that avbeV and anbeA. Applying Definition (iv), wehave dav<obeV and DandbeA.
Therefore, C 4 Coa(OaVv Ob)=0a(0a)Uoa(Ch)=0,,04(@)U<,, 0a(b)=0,, UUS,, V. Similarly
we obtain o4 (DaA Ob)=04(0a)Nox(Ob)=0,, UNSC,, V SO0 4. | |

We put the above observations together to introduce our formal definition of spaces corresponding
to monotone modal twist-structures over Heyting algebras.

Let (X, <,7,C,0) be an NE-space and let v be a neighborhood function. Recall that the corre-
sponding modal operation on the set of clopen up-sets is defined by

o,(U)={xeX:Uev(x)}.

DErINITION 5.3

A monotone modal NE-space (MNE-space) is a structure X' =(X,<, t,v;,v,,C,0) such that
(X,<,7,C,0) is an NE-space and v;: X — P(P"(X)) are neighbourhood functions satisfying the
following properties: for all x,y € X and all clopen up-sets U, V € A(X),

(1) x <y implies v;(x) Cv;(y) with i € {1,2},

(i) 0, U, ©,,UeA(X),
(i) if CCUUV and UNV €O, then CCO,,UUS,, V and O, UNS,, V CO,
(iv) vi(x) is an up-set for each i € {1,2} and for all xe X,

where O, ,©,, are, respectively, the modal operations corresponding to the neighborhood functions
V1 and V.

The above observations immediately imply that the space corresponding to a monotone modal
twist-structure satisfies the properties of Definition 3.3l

ProrosiTION 5.4
Let A=(A,V,A) be a monotone modal twist-structure over a Heyting algebra. Then

X(A)z <X(A)7 g’ TA’UE\’VO’C.A3O.A)

is an MNE-space.

Conversely, let us check that the Heyting algebra of clopen up-sets of an MNE-space is the
algebraic reduct of a monotone modal twist-structure.
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ProposiTION 5.5

Let X = (X, <, t,v1,1,,C, 0) be an MNE-space. Then the twist-structure A(X) = (4(X), V¢, Ap) is
a monotone modal twist-structure over a Heyting algebra, when we endow A(X) with the operations
0, and ©,,.

Proor. Let U,V e€A(X). If UCV, then O, UCO,V and ¢, U<,V because v;(x),va(x) €
P1(X) for all xeX. Hence, (4(X),0,,,<$,,) is a monotone bimodal Heyting algebra. It remains
to check that Vo and Ay satisfy property (iv) of Definition Suppose that YUV € V¢ and
UNV eAy. The former means that C CU UV, the latter that U NV CO. Then, by Definition B3]
(iii), we have CC 0O, UU<,,V and O, UNS,, ¥V CO. Hence we obtain O, YU,V e Ve and
0, UN<, V ey, [ |

In order to view MNE-spaces as a category, we need to specify the morphisms. This is done
through the following definition.

DEFINITION 5.6
A map f: X — X' between two MNE-spaces X’ and X" is an MNE-morphism if f is an NE-morphism
which additionally satisfies that, for every x € X and every clopen up-set U € A(X’),

(i) U ev|(f(x))if and only if /' [U] € v;(x),
(i) U evj(f(x)) if and only if f = [U] € vy(x).

It is easy to see that the composition of MNE-morphisms is an MNE-morphism and that the
identity map of an MNE-space is a morphism. We can thus define a category MNE-Sp having
as objects MNE-spaces and as morphisms MNE-morphisms. We proceed to introduce functors
X : MTwist" — MNE-Sp and 4: MNE-Sp— MTwist" adopting the same definitions as for (non-
modal) twist-structures and NE-spaces.

Let us check that Definition[3.@lis actually capturing the essential properties of morphisms between
spaces that are dual to modal twist-structures.

LeEmma 5.7

Let ~: A— A’ be a morphism between monotone modal twist-structures A= (A,V,A) and A" =
(A’,V',A") over a Heyting algebra. Then X (h): X(A')— X(A) is an MNE-morphism between the
corresponding spaces.

Proor. By Lemma B3] we just need to check that conditions (i) and (ii) of Definition are sat-
isfied. We only prove (i) as the proof of (ii) is analogous. Let P€ X(A’) and U € A(X(A)). We can
assume that U =0, (a) for some a€A. Suppose U € vi(X(h)(P)). Let F C A be a filter such that
O[F]1 S X(h)(P)=h"'[P] and such that {Q € X(A):F € Q}Coa(a). This implies that a € F. Thus,
Oaeh~'[P], i.e. l(Oa)=0'h(a)€ P. From the monotonicity of O’ it follows that O'[1h(a)] C P.
Moreover, if Q € X(A) is such that 14(a) € Q, then O € o(h(a)). Therefore, since 1h(a) is a filter of
A’, we conclude that oa/(h(a)) € v;(P). Note that Q € X (h)~[oa(a)] iff A~ [Q] € 0 (a) iff h(a) € O iff
Q €oa(h(a)). Thus, X (h)~'[oa(a)l=0a(h(a)) € vi(P).

To prove the other implication of (i), suppose X (4)~'[o(a)] € v{(P). Then, oa(h(a)) € v|(P). Let
GCA' be a filter such that O'[G]CP and {QeX(A):GCQ}Coa(h(a)). Then A ' [G]Ch™!
[O-'[P1 SO [P]]=0""[X (h)(P)]. Suppose O’ € X(A) is such that 7' [G] S Q' buta & Q’. Then
h(a)€G. So there is Q€ X(A’) such that GCQ and h(a) €Q, a contradiction. Thus {Q' € X(A):
h~'[G] S Q'} Coa(a). We conclude that U =o4(a) € vi(X (h)(P)). [ |

Next we check that the NE-space isomorphism €y : X =X (4(X)) is an MNE-morphism, and
therefore an isomorphism in the category MNE-Sp.
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LeEmma 5.8
Let ¥ =(X,<,7,C,0,v;,v;) be an MNE-space. Then the map €y : X — X (4(X)) satisfies:

@) vo, (ex(x)={ex[U]: U evi(x)},
(1) vo,, (ex(x))={ex[U]:U €vy(x)}.

Proor. We only prove (i) as the proof of (ii) is analogous. Suppose V' €vg, (€x(x)). Let D be a
closed up-set of X(A(X)) such that D C V' and with the property that for every clopen up-set W
of X(A(X)) with DC W it holds that W €vg, (€x(x)). Then €;'[D] is a closed set. We consider
U:e;(1 [], which is a clopen up-set of X. So, e)_fl [D]C U. Suppose now that W is a clopen up-
set of X such that 6/;1 [DICW. Then DCex[W] and ex[W] is a clopen up-set of X (4(X)). So,
ex[W]evg, (ex(x)). Note that, for every clopen up-set V' of X, it holds that oy+(V)=ex[V]. So
from Proposition[Z.Jlwe have Dvm, o4y (W)=o04x)(0,, W). Thus, DVE,”l ex[W]=ex[O, W]. Since
ex[Wle Vg, (ex(x)), we have ex(x) e Dmvl €x[W] and so ex(x)cex[0,, W]. Thus, xeO, W and
so W e v (x). It follows that U € v{(x). Therefore € x[U] :eX[e;(l[V]] =Ve{ex[U]:Uev(x)}.

Suppose now that U € v(x). Thenx € O,, U. So ey (x) eex [0, Ul =04 x)(0,, U) = DUD”l o) (U)=
0,5, €x[U]. So, ex[Ul€vg, (ex(x). | |

Finally, let us check that MNE-morphisms give rise to monotone modal twist-structure morphisms
between the corresponding monotone modal twist-structures.

Lemma 5.9
Let f: X — X’ be a morphism of MNE-spaces. Then A(f): A(X")— A(X) is a monotone modal
twist-structure morphism.

Proor. Recalling Lemma[3.6] we only need to prove that for every clopen up-set U € A(X”), it holds
that A(f)(0,;U)=0,,4(f)(U) and A(f)(O,,U)=0,,4(f)(U). We only prove the first equality as
the proof of the second one is similar. Let x € X'. Then x € 4(f)(0,; U) if and only if f(x) € O, U if
and only if U € v}(f(x)) if and only if A(f)(U)=f""[U] € vi(x) if and only if x € O,, A(f}(U). | |

Joining the previous results, one immediately sees that functors defined in the same way as for
(non-modal) twist-structures and NE-spaces yield an equivalence in the modal case.

THEOREM 5.10

The functors X : MTwist" — MNE-Sp and 4: MNE-Sp— MTwist" establish a dual equivalence
between the category MTwist™ of modal twist-structures over bimodal Heyting algebras and the
category MNE-Sp of MNE-spaces.

CoroLLARY 5.11
The category MN4~ of bounded MN4-lattices and the category MNE-Sp of MNE-spaces are dually

equivalent via the functors X o 7: MN4» — MNE-Sp and N o4: MNE-Sp — MN4*.

The above result can be used to obtain a topological duality for BK-lattices by restricting the
objects of MTwist to modal twist-structures A= (A, V,A) corresponding to BK-lattices, in which
case we know that A is a modal Boolean algebra. It is then easy to see that the objects of the dual
category are structures X =(X,<,7,C,O,v;,v,) such that (X, t) is a Stone space and, for every
U eA(X),

«ifCcU,thenCcO,U,
« if UCO, then ¢,V CO.

¥T0Z ‘€2 AInC uo 1eA N.L deeyioljgig e /Bio'seuinolpio)xo: edbily/:dny woly pepeojumoq


http://jigpal.oxfordjournals.org/

Dualities for modal N4-lattices 631

— —
MN4-+ MTwist™ MNE-Sp
\/ \_/
N A

FiG. 6. Equivalence between bounded MN4-lattices and MNE-spaces.

Moreover, since O and < are modal operators in the classical sense (i.e. they preserve, respectively,
finite meets and finite joins and are dual of one another), we can replace the neigbourhood functions
v1, v, by arelation R and follow the duality theory for Boolean algebras with operators [ﬁ, Chapter 5].

The equivalences obtained so far are displayed in Figure

We are now going to expound how to extend the above duality between MNE-Sp and MTwist" to
a duality between the category of MTwist™ and a category of monotone modal NE-spaces. For this
purpose we are interested in monotone bimodal Heyting algebras A= (4, A, V,— 0, ) satisfying
the properties that 00=0, G0=0 and that, for all a € 4 — {0}, Oa, Ca #0.

ProposiTION 5.12
Let A=(4,A,Vv,— 0O,0) be a monotone bimodal Heyting algebra.

(1) if D0=0, ¢0=0, then for every neighbourhood function v, with e € {0, &} and every prime
filter P, ) ¢ v,(P), and therefore o, (¥)=0,

(ii) if for all aeA—{0}, Oa,<>a#0, then for every neighborhood function v, with e € {0, &} and
every acA—{0}, o, (0a(a)) #7.

Proor. (i). Suppose W€ v,(P). Thus there is a filter F' of A such that ¢[F]CP and {QeX(A):
F CQ} . Since every proper filter is included in some prime filter, it follows that F'=A. There-
fore {ea:a € A} C P.Now since ¢0=0, 0 € P, a contradiction. Therefore, ¥ & v,(P). Hence, e, (/) =0.
(i) Let a€ A —{0}. Then Oa #0. Let P be a prime filter such that Oa € P. Then O[ta] C P. Moreover,
{OeX(A):taSQ}Coa(a). Therefore, PO, (oa(a)). In a similar way we obtain that
Oy, (0a(@) #9. L

Now we are in a position to introduce the dual space of a monotone modal twist-structure
A=(A,V,A). Let us consider the dual pointed NE-space X*(A)= (X (A*), T+, <, C4,04) of the
twist-structure A (disregarding the monotone modal operations). Recall that the Heyting algebra
A* is obtained from A by adding a new bottom element 0*. We expand the operations O and < to
A*=AU{0*} by setting 00* =0* and &0*=0*. Then we consider the dual monotone modal Esakia
space X (A*)= (X (A*), S, ta+, Vo, Vo) of (A*, 0, ). Recall that 4 is a prime filter of A*. Also note
that (X (A*), C, ta+) is a pointed Esakia space. The structure X *(A) = (X (A*), C, Ta+, Vo, Vo, C4, 0 4)
will be the dual of A.

For a monotone modal twist-structure A= (A, V, A), we already know that o4+ : A=A, (X*(A))is
an isomorphism of twist-structures between A and the twist-structure 4,(X*(A)), when we disregard
the modal part of A. In order to see that o5« establishes an isomorphism of monotone modal twist-
structures between A and 4,(X*(A)), using Proposition 3.1] it only remains to see that for every
a€d, 0, 0x(a) and ©,, 0x<(a) are non-empty. This follows from Proposition 3121

In order to characterize abstractly the duals of monotone modal twist-structures, we are now going
to study some properties of the structure X*(A) that is dual to .A.

ProrosiTiON 5.13
Let A=(A,V,A) be a monotone modal twist-structure. Then in the dual structure (X(A*),C,
Tax, Vo, Vo) We have vo(4)={oa-(a):a€ A} and vo(A)={oa+(a):a€A}.
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Proor. LetaeA. Consider the filter 1a. Then {Q € X(A*): ta S O} =o0a+(a). Moreover, it is obvious
that O[1a] S 4. Thus, oa«(a) € va(4). Since B & va(4), oa+(0*)=0 € va(A4). Hence, vo(4) ={os-(a):
a€A}. In a similar way we obtain that vo(4)={oa+(a):a€A}. [ |

Let A=(A,V,A) be a monotone modal twist-structure. By a proof similar to that of Proposition
we obtain that conditions (i)-(iv) in Definition B3] hold in (X(A*), C,Ta+, Vo, Vo). This and
Proposition 3131 lead us to the next definition.

DeriniTION 5.14

A pointed monotone modal NE-space (pointed MNE-space) is a structure X = (X, <, 7,C, O, vy, v,)
such that (X, <,t,C, O) is a pointed NE-space and v; : X — P(P"T(X)) are neighbourhood functions
satisfying conditions (i)-(iv) in Definition B3] as well as the following ones:

(1) D &v(x) and @ € v,(x), for every xe X,
(i1) vi(ly)=vy(lx)=A4.(X), where 1y is the greatest element of (X, <).

From Propositions 312 and [5.13] it follows that if A=(A,V,A) is a monotone modal twist-

structure, then X' (A4*) is a pointed monotone modal NE-space. In this context we denote it by X *(.A).
We are now going to obtain the monotone modal twist-structure dual of a pointed monotone

modal NE-space.

LEmmA 5.15
Let ¥Y=(X, <, 7,C,0,v;,v;) be a pointed monotone modal NE-space. Then for every non-empty
clopen up-set U, O,,(U) and <,,(U) are non-empty.

Proor. Let U be a non-empty clopen up-set and let 1x be the greatest element of (X, <). Then
U ev(ly). Therefore 1y € O,,(U) and hence 0, (U) # . In a similar way we obtain that ¢, (U) # 0.
[ |

The above lemma implies that the restrictions of O,, and <,, to non-empty clopen up-sets are
monotone operations on the algebra of non-empty clopen up-sets of X. Therefore, we take as dual
of X the algebra A~ (X)=(4.(X), V¢, Ap) corresponding to the pointed NE-space (X, <,t,C,O)
with 4,(X) endowed with the operations 0, and <,, restricted to the universe of 4,(X). It is then
easy to see that A~ (X)=(4.(X), V¢, Ap) is a monotone modal twist-structure.

Let ~: A} — A, be a morphism of monotone modal twist-structures A4, = (A, V{,A;) and A, =
(A2, V,,A,). Then the extension of / to the homomorphism 4*: A} — A} of Heyting algebras that
maps 07 to 03 is also a homomorphism from the monotone modal Heyting algebra A} to the mono-
tone modal Heyting algebra A}, because 2*(0,07)=h*(07)=05=0,0*=0,~*(07), and similarly
h*($10%)=O0h*(07). We already know that X (7*) is a pNE-morphism from X™*(Ay) to X*(A,)), if
we disregard the modal part. With a proof similar to that of Lemma [5.7] we obtain that, for every
P € X(A3) and every clopen up-set U of X*(A,),

« Uevg, (X(h*)(P)) if and only if X (h*)~'[U] € vn,(P),

« Ue€ve, (X (h*)(P)) if and only if X (h*)~'[U] € vo, (P).
Thus we define morphisms between pointed monotone modal NE-spaces as follows.
DEFINITION 5.16

A map f: X — X' between two pointed monotone modal NE-spaces X and X" is an pMNE-morphism
if ' is a pNE-morphism and for every x € X and every clopen up-set U € 4*(X’),

(i) Uev|(f(x))if and only if f~'[U] € v;(x),
(i) Uevs(f(x))if and only if /' [U] € va(x).
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TaBLE 1. Summary of (dual) equivalences.

topological
twist-structures over structures

N4-lattices Brouwerian lattices pointed

NE-spaces
bounded N4-lattices Heyting algebras NE-spaces
monotone modal monotone bimodal pointed
N4-lattices Brouwerian lattices MNE-spaces
bounded monotone monotone bimodal MNE-spaces
modal N4-lattices Heyting algebras
BK-lattices modal Boolean algebras BK-spaces

The definition implies that if #: 4| — A, is a morphism of monotone modal twist-structures, then
X (h*): X*(Ay) —> X*(A;) is an pMNE-morphism, which we denote by X*(h).

Let f: X — X' be an pMNE-morphism from a pointed monotone modal NE-space X to a pointed
monotone modal NE-space &X”. The dual 4,.(f): A~ (X')— A~ (X) of f as a pNE-morphism preserves
also the modal operations (the proof is similar to that of Lemma [39)). Therefore, it is a monotone
modal twist-structure homomorphism.

If X is a pointed MNE-space, then we know that the map €y : X — X*(A (X)) is an pNE-
isomorphism (if we disregard the neighborhood maps). A proof analogous to that of Lemma
allows us to establish that €y is an pMNE-isomorphism.

Let pMNE-Sp be the category of pointed MNE-spaces with pMNE-morphisms. Using the duality
between MTwist™ and MNE-Sp together with the considerations above, it is not difficult to prove
the following theorem. Let X*(.) and 4,(.) be the maps we obtain from the above definitions.

THEOREM 5.17

The maps X*: MTwist— pMNE-Sp and 4, : pMNE-Sp — MTwist are contravariant functors which
establish a dual equivalence between the category MTwist of modal twist-structures and the category
PMNE-Sp of pointed MNE-spaces.

COROLLARY 5.18
The category MN4 of MN4-lattices and the category pMNE-Sp of pointed MNE-spaces are dually
equivalent via the functors X*o7: MN4 — pMNE-Sp and N o4, : pMNE-Sp — MN4.

The equivalences established by the above results are displayed below:

T X
_— —
MN4 MTwist pMNE-Sp
\_/ \_/
N A

Table [l below summarizes all the equivalence results established in this article (we have called
BK-spaces the topological structures corresponding to BK-lattices, which can be easily obtained by
restricting Definition E31to modal spaces [, Definition 3.17).
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6 A semantics for paraconsistent modal logic MN 4

Pointed monotone modal NE-spaces can be used to provide a semantics for the paraconsistent

modal logic MN4 introduced in HZI]. This is a logic in the language (A, V,—,~,0) that can be

syntactically defined by adding to any complete calculus for paraconsistent Nelson logic (see, e.g.
, Definition 2.1]) the following rules [24, Definition 3.1]:

—P—>—q

pP—q
Op= Og R S S
lp— Og —0Op— —0gq

(B1)
This calculus, the consequence thereof we denote by - aqar4, is complete with respect to the algebraic
semantics given by MN4-lattices as follows. Define the relation =jy4 by

I' =yva @ if and only if for every MN4-lattice B and every homomorphism 4 : Fm — B, if for every
Ve, h(y)=h(¥ — ), then h(p)=h(¢— ¢).
Then m, Theorem 3.6] implies the following:

THEOREM 6.1
For every set of formulas I and every formula ¢,

CEavavae iff T Euvag.

We are going to show that 4 (xr4 is also complete with respect to a semantics provided by pointed
MNE-spaces.

Let X=(X,<, 1,C,0,v1,v;) be a pointed MNE-space. A valuation on X is a map
V:Var — A,(X) x A,(X) such that for every propositional variable p € Var,

(i) Ccm(V(p)Um(V(p)),
(i) m(V(p)Nnm(V(p) € O.

Let V be a valuation on a pointed NE-space X =(X, <, 7,C,0,vy,1,;). We extend it to a map
V:For — A,(X)x A,(X) by setting

* Vigny)=(mV(eNNmi(V (), ma(V () U (V (¥))),

* Vigvy)=(mV(e)Um(V(¥)), m(V(e) N (V($))),

* Vig—= )= (mV(e)—»>m(V),mi(V(e)Nm(V(¥))),
s V(> )= (mV(9). mi(V(p)),

* V(@)= (0, V(9), 0,V (9)).

Let V' be a valuation on a pointed NE-space X' =(X,<, 7,C,0,v;,1,). For every ¢ we let
Vi(p):=m(V(p)) and V() :=m(V(9)).

LeEMMA 6.2
Let V' be a valuation on a pointed NE-space X = (X, <, t,C, O, vy,1,). Then for every formula ¢,
CCVi(p)UVa(p) and Vi(p)NVa(p) S O.

Proor. By definition the valuation of the statement holds for every propositional variable. So V" is
a map from the set of variables to the domain of the MN4-lattice Tw(4.(X'), V¢, Ap). Therefore, if
the conditions corresponding to (i) and (ii) of the definition of valuation hold for ¢ and , then the
corresponding conditions hold for ¢ A, @ VY, ¢ — i and ~¢. Moreover, from the definition of
pointed NE-space it immediately follows that the corresponding condition holds for Og. [ |
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COROLLARY 6.3

Let V' be a valuation on a pointed NE-space X' = (X, <, t,C, O, vy,1,). Then the extension of V' to
the algebra of formulas is a homomorphism from this algebra to 7w(A4,(X), V¢, Ap). Moreover, for
every formula ¢,

Vi(p)=X if and only if V(p)=V (¢ — ¢).

Proor. The rightward implication follows from the lemma. Suppose that Vj(¢)=X. Since

Vip— @)= (Vi(p)— Vi(p), Vi(p)NV2(p)) we have V(g — )= (X, V2(9)) = (Vi(@), Va(9)) = V(<0.)-

Assume now that V(¢)=V (¢ — ¢). Then Vi(p)=V1(p)— Vi(p)=X.
We are now in a position to define a consequence relation.

DEFINITION 6.4
For every set of formulas I' and every formula ¢, let

I' =pune @ if and only if for every pointed MNE-space X’ and every valuation V' on X, if for every
Y el, Vi(y)=X, then V;(p)=X.

In order to show that the paraconsistent modal logic MA4 is complete with respect to the
semantics provided by pointed MNE-spaces, we need to make some observations. Let B be an MN4-
lattice and 4 a homomorphism from the algebra of formulas to B. We consider the monotone modal
twist-structure (B, V(B), A(B)) and its dual pointed NE-space (X(B..),<, 8_,Cs_,O0B_, V0, Vo).
Recall that B is isomorphic to Tw(B.., V(B), A(B)) via the map jg defined by jg(a)={([a],[~a]) for
every a € B and that (B,,, V(B), A(B)) is isomorphic to (4,(X*(B.)), V¢, Ao, ) via the map op,_.
Thus, Tw(B.., V(B), A(B)) is isomorphic to Tw(4.(X*(B.)), V¢, _, Aoy ) via the map k defined by

k({[a],[~al))=(os_([a]),o8_([~a])).

Therefore, B is isomorphic to Tw(A4.(X*(B.)), Ve, » Ao, ) through the map k ojg. Then, the map
kojgoh is a valuation on X*(B,.). Recall that the set of points of X*(B..) is the set X((B..)*) of
prime filters of (B..,)*, which is the set of prime filters of B, together with B...

LemmaA 6.5
Let B be an MN4-lattice and # a homomorphism from the algebra of formulas to B. The valuation
kojgoh on X*(B..) satisfies, for every formula 1,

h(yr)=h( — ) if and only if (k ojgoh) () =X ((B..)").
Proor. For every formula v,
(kojgoh)(¥)=k(js(h(¥)))= (oB_([A(¥)D], o8 ([A(~ ¥)])).
Suppose h(y)=h(y — ¥). Then [A(Y)] = [h(y — ¥)]=[h(Y)] = [A(¥)]. Therefore,
(kojsoh)i(¥)=os_([A(y)]) =0 ([A(Y)]— [A(Y)]) =X (B.)").
Suppose now  (kojgoh)(¥)=X((B.)). That is, op_([h(¥)])]=X((B.)"). Since

op_([h(¥)] = [A(¥)]) =X ((B..)*), injectivity of op_ implies that [A(1)] — [A(y)]=[h(¥)]. But then
[A(y)] is the top element of the Heyting algebra (B,.)* which is also the top element of B... There-

fore, h(y)=h()— h(y). [ |
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ProposiTION 6.6
For every set of formulas I" and every formula ¢,

I =pune @ if and only if T =pva .

Proor. Suppose I' =y @ and I' f=ppne . Then, let X = (X, <, 7,C,0,v;,v;) be an pointed NE-
space and V' a valuation on X such that for every v €', V1(¢¥)=X and V;(¢)#X. We consider
the MN4-lattice Tw(A4,(X), V¢, Ap). The valuation V' gives a homomorphism from the algebra of
formulas to Tw(A4,(X), V¢, Ap). It holds that for every W €T, V(¥)=V (¢ — ). Therefore, since
I'Euvae, V(p)=V(p— @), and so Vi(p)=X, a contradiction.

To prove the converse suppose I' l=,1ne ¢. Let B be an MN4-lattice and 4 a homomorphism from the
algebra of formulas to B such that for every v € I', () = h(yy — ). Consider the space X*(B..) and
the valuation kojgoh. Then for every ¢ €', (kojgoh),(¥)=X(B..). Therefore, (kojgoh)(¢)=
X((B..)*), and so i(¢)=h(¢ — ¢). We conclude that T" =pv4 . [ |

As a corollary we obtain the announced completeness result.

THEOREM 6.7
For every set of formulas I' and every formula ¢,

I=pnvae iff T e ¢
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