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Abstract. This is the second part of a two-part series on the logic of hyperlogic,
a formal system for regimenting metalogical claims in the object language (even
within embedded environments). Part A provided a minimal logic for hyperlogic
that is sound and complete over the class of all models. In this part, we extend these
completeness results to stronger logics that are sound and complete over restricted
classes of models. We also investigate the logic of hyperlogic when the language is
enriched with hyperintensional operators such as counterfactual conditionals and
belief operators.

B1 Introduction

This is the second part of a two-part series on the logic of hyperlogic, a
hyperintensional semantics designed to regiment metalogical claims (e.g.,
“Intuitionistic logic is correct” or “The law of excluded middle holds”) in
the object language. To recap, this regimentation is achieved using:

*  amultigrade entailment operator >

*  propositional quantifiers Vp and dp

. interpretation terms ¢ that double as atomic formulas (“: is correct”)

. hybrid operators @, (“according to (”) and | i (“where i is the current
interpretation”).

The semantics of hyperlogic introduces the notion of a “hyperconvention”,
i.e.,acomplete interpretation of the propositional variables, boolean connec-
tives, and D> over some space of possible worlds propositions. Interpretation
terms denote “conventions”, modeled as sets of hyperconventions. Propo-
sitional quantifiers range over (special kinds of) index propositions, i.e., sets
of world-hyperconvention pairs. Models in this semantics determine (i) a
set of worlds W; (ii) a domain of admissible conventions Dg; (iii) a domain
of admissible index propositions Dp; and (iv) a valuation V. Truth-in-a-
model is evaluated relative to worlds and hyperconventions. Operators like
@, can shift the hyperconvention parameter. This allows formulas to be
assessed on alternative interpretations of the connectives and entailment.
Hyperintensionality is thus captured through shifting these interpretations.
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In Part A (Kocurek, 2022), a complete axiomatization for this semantics
was given. The axiomatization in Part A captures consequence over the
class of all models. Almost no constraints are placed on either a model’s
convention or proposition domain. The resulting logic for hyperlogic is,
therefore, fairly minimal. For example, no constraints are placed on the
interpretations the entailment operator > can receive. Yet, intuitively, it
would be a stretch to say > really represents a notion of “entailment” if,
say, it wasn't factive (i.e., if > ¢ did not imply ¢), or if it wasn’t reflexive
or transitive. It would then be natural to inquire into how imposing such
constraints affects the underlying logic of hyperlogic.

Furthermore, hyperlogic was initially motivated by concerns with the
interaction between metalogical claims and hyperintensional operators such
as attitude verbs, counterfactuals, and so on. Yet the language of hyperlogic
introduced in Part A does not contain any of such operators.

In Part B of this series, we take initial steps to filling these gaps. We start
by studying stronger logics for hyperlogic that can be obtained by adding
additional rules and axioms in §B2. These stronger logics can be shown
to be sound and complete over classes of models whose convention and
proposition domains satisfy certain natural constraints. In §B3, we examine
how the completeness results from Part A carry over to languages with
hyperintensional operators. We conclude in §B4 with some questions left
open by this two-part investigation into the logic of hyperlogic. §B5 is a
technical appendix containing proofs of completeness for various classes of
hypermodels.

Note: as this is a continuation of a two-part series, I will freely refer back
to the definitions, notation, and results from Part A (Kocurek, 2022), rather
than repeat them. Labels for sections, definitions, theorems, and tables are
prefixed with the part that they refer to (e.g., ‘§A3’ refers to §3 of Part A).

B2 Restrictions on Hypermodels

Let us start by exploring constraints we may impose on the class of hyper-
models and how that affects the logic of hyperlogic. In §B2.1, we look at
general constraints on the convention domain and present axiomatizations
in the quantifier-free fragment over those hypermodels. In §B2.2, we extend
some of these results to languages with propositional quantifiers. Finally,
in §B2.3, we examine constraints on the proposition domain.
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B2.1 Quantifier-Free Fragment

Table Bl contains a sample of constraints one may want to impose on the
convention domain. For the analyticity constraint, we write ¢ ~ ¢’ to mean
c and ¢’ are exactly alike except possibly in how they interpret propositional
variables (i.e., c(A) = ¢’(A) for all A). The intersection of each class in
Table Bl is denoted by concatenation (e.g., the class of analytic and full
hypermodels is AnF). Where X is a class of hypermodels, we define classical
and universal entailment over X, written I =x ¢ and I' |Ex ¢ respectively,
as in Definition A2.16 except restricting to hypermodels in X.

Name Class Constraint (on all C € Dg)

full F e =9 W foreachce C

atomic At {w}emn,foreachce Candw e W

boolean B 7. is closed under complement and finite inter-
section for each c € C

quantification uniform U, 1, = Tt foreach ¢, ¢’ € C

operation uniform U c(r)=c'(n)foreachc,c’ € C and each A

singular Si IC| =1

analytic An forany c,c¢’ € Dy, ifce Cand ¢ ~ ¢/, thenc’ € C

S5-universal Ss each c € C is classical

classically complete Coi V(cl) = {c e H | cis classical }

Table B1: Some constraints on convention domains.

Table B2 contains axiomatizations of consequence over various classes.
Some of the axioms make use of the following abbreviations:

@¢=~0,~¢ (9)' = @) = (@ ¢ =@ y).
Here are their truth conditions (where [¢]° = .cc [¢]°):

w,c-@ ¢ < forsomec € V(1): w,cI- ¢

w,elk (9) = @) = [6]"0 = [g]"®.

In addition, we write ¢ for ¢1,...,¢,, and ¢ = ¢x for &1 (pF = P1).
Where L is a logic and A is an axiom, L + A is the result of extending L with
A (i.e., the rules still apply to formulas derived using A). If Risarule, L + R
is the result of closing L under R along with the other rules. Given this, we
have the following:
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Name Axiom/Rule

Uni, keLhe,d =9 k(@) = (a@)

Sing = ey

Self-Dualy @ ¢ - @ ¢

Bool * Q- %P
($0P) i (o @)

RAn ifa, x|, A, @) = @) - (a@))* = (a(9))" foreach A where
none of p,garein o, then @, x|, , [A|; - (k€ 1) = (A€ )

Class Axiomatization

F,Ug, At,B  H

Uo H + Uni,

Si H + Sing = H + Self-Dualg

AnF,AnU,  H+RAn

Ss H + Bool-

Table B2: Axiomatizationsin L for various classes from Table B1. Axiomatizations
in £HE (except those appealing to RAn, which becomes infinitary when add 1>) are
obtained by replacing H with H and generalizing the corresponding axioms
accordingly.

Theorem B2.1 (Relative Completeness in LY and £ME). The ax-
iomatic systems in Table B2 are sound and complete for (consequence
over) the relevant class of hypermodels.! (See §B5.1 for the proof.)

In addition, we can consider imposing restrictions specifically on the
interpretation of >. Usual suspects include reflexivity, transitivity, mono-
tonicity, etc. But there are also “unusual” suspects to consider (e.g., factivity)
since > is an object language operator. Table B3 contains examples of such
constraints, with their corresponding axioms stated in Table B4. Following
our earlier convention, we write X for X1, ..., X. (If n = 0, then X = )
We also write (X > Y) for ();(X >¢ Y;).

It is an open question whether consequence in £ over An or Co,; can be axiomatized.
An axiomatization for An in £ is given in §B2.2. (Interestingly, the key axiom invokes

V3-quantification, which cannot be directly expressed in £1.) By contrast, consequence for
Co; in LM is provably unaxiomatizable (Corollary B2.5).
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Name Constraint (on all ¢, ¢’ € Dy)

reflexive XpeX)=W

transitive X Y)n(YeZ) S (X e 2)
monotonic (X,? >c.Z) C (Y, u,Y . Z)

contractive (X, u,u,y . Z)c (X, u,Y . Z)
commutative (f, Uy, Us, Y e Z) = (?, Uy, U, Y e Z)
congruential (X Y)n(Y e X)n(X e Z) s (Y e Z)
self-aware (X > (Y>eZ) = (Y > Z)

fully aware (X >e (Y Do Z)) = (Y b Z)
import-export (X > (Y e Z2) = (X,Y > Z)
O-residuation (X,Y > Z) = (X >e (YU Z))
—-residuation (X,Y > Z) = (X be (Y —¢ Z))

&-fusion (X, Uy, U, Y b Z) = (X, Uy n U, Y D Z)
A-fusion (X, Uy, Uy, Y b Z) = (X, Uy Ac Uy, Y e Z)
factive (XpeY)nXin---nX,)SY
noncontingent either (X b, Y)=Wor (X > Y) =&
strict X > Y)={weW|Xin---nX,SY}

Table B3: Some constraints on the interpretation of >.

Theorem B2.2 (Relative Completeness for »>). The axiomatic sys-
tems resulting from adding the relevant axioms in Table B4 to H,
are sound and complete for the relevant class of hypermodels.

Proof (Sketch): We revise the definition of the proposition space for
canonical hyperconventions (Definition A3.13)so that ., = {X | [X]x # & }.2
The completeness proof in §A3.2 remains in tact. We just need to
verify that if we impose an axiom, the canonical model satisfies
the corresponding constraint. The proof is more-or-less the same
for each case. We illustrate with the transitivity case. Suppose
Ae (X e Y)n (Y pe Z). Since A € (X >, Y), there are some
¢ € [X]x and P € [Y], such that @ (¢ > ;) € A for each i (note: we
can let 5 be the same for each 1; by Lemma A3.12 and Rep ). Since

2 Observe that this revised definition of 7t¢, is not guaranteed to be full or atomic, so this proof
does not automatically carry over when these constraints are also imposed.
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Name Axiom Corresponding Constraint
Id - (¢ > @) reflexive

Tr (@ >9), W >x)IF (¢ >x) transitive
Weak @B >x) i (@,p>x) monotonic
Contr @ ¢, 0,8 >x) (@ ¢, pwx) contractive
Perm @ ¢, v, B>x) (@ v, ¢, >x) commutative
Cong @ >9), @ >), @b k@ o>y congruential
Self-Aware (¢ > (¥ > x)) HI- (¥ > x) self-aware
Aware (@ > (Y > x) - @ > x) fully aware

IE @5 @ X)) (6,9 5 import-export
Res- (6 > W >x) - (b, ¥ >x) S-residuation
Res_, (@ > W — X))k (¢,¢ > x) —-residuation
Fus,, (@ é, v, B> x) - (@, ¢ &y, >x) &-fusion

Fus, @, ¢, 0,p>x) (@& ¢ AP, >x) s-fusion

Ty (¢ >Y), Iy factive

Rigid (¢ >v)I- WP >Y) noncontingent
Strict, (@ > ) - WP oY) strict

Table B4: Axiomatizations in £HE for various classes from Table B3.

A€ (Y b, Z), thereis a x € [Z], such that @.(¥ > x) € A. By Tr,
@ (¢ >

¢ > x)eA Hence, Ae (X >, Z). [

B2.2 Adding Quantifiers

Adding propositional quantifiers to the language allows us the ability to
distinguish between classes of models that previously generated the same
logic. Notably, the consequence relations over F, Uy, At, and B are now all
distinguishable. In addition, we can now present an axiomatization for An,
which was absent from §B2.1 (see footnote 1).

Axiomatizations for some of those classes are given in Table B5. Where
Y. is a set of axioms of the form |- o, we let L U X be the proof system defined
as follows: T' IFoy ¢ ff T U {0 | (F0) € Z} L ¢ (in other words, X are
treated as premises, not axioms; this means, among other things, that one
cannot necessarily derive the universal generalization of members of ¥).
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The axiomatizations in Table B5 make use of the following abbreviations:

e © = VpIq(p* = qx) T = T, = (T € ) & (T S T1i)
[7ely = VpVa(p =« q) K h=&{n, = a0, & (e = ).

These have the obvious truth conditions assuming |V (k)| = [V(A)| = 1
(which is the only relevant case for the axiomatizations below).

Name Axiom/Rule
Atom -3p(p&Vq(M(p @, q) + B(p >~@,q)))
BoolEx FE~p
I-E(p &q)
Ex - E¢
An ~th ke M, k2 IFhet
Manyinom |- (]I} & [t|; & t ~ 1) D (1 = I) where I € INom
Unig KELNELIF Tl = TNy
Unigy KELANELIFK~M
Class Axiomatization
At QOH + Atom
B QH + BoolEx
Uq OH + Uni,
Uo QH + Unigy
An (QH + An) U Manynom
Si QH + Sing = QH + Self-Dualg
Ss QH + Bool. + Ex

Table B5: Axiomatizations in £ for various classes from Table B1.

Theorem B2.3 (Relative Completeness in £3). The proof systems
in Table B5 are sound and complete for the relevant class of hyper-
models. (See §B5.2.)

Notice that no axiomatization for F is stated. This is because consequence
over F is unaxiomatizable.

Theorem B2.4 (Unaxiomatizability of Full Consequence in £9"). =¢
in £ is unaxiomatizable. Moreover, where X is the intersection of
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any of the classes mentioned in Table Bl and Table B6, if FX # (7,
then =¢px in L is unaxiomatizable.

Proof: Let At(p) = ®p & Vq(l(p o q) + B(p © ~¢q)). Itis easy to
verify that if c is full, then M, w,c I+ At(p) iff |[V(p)(c)| = 1. Let A
consist of the following formulas:

Vp@(—p =~p) Vp@(Op=-07p)
VpVq@((p rq) = (p &9q)) VpVq@m(O(p —q)— (Op—0q))
VpVq@((pvg) =(p+9q) Vp@«(mp>mOp)
VpVgar((p—>q)=(p=9) Vp@B(Vq(At(q) > 0O(g >p))>0p).

Since the propositionally quantified modal logic Kn+ is unaxiomatiz-
able (Fine, 1970), it suffices to show that for any ¢ € £ (the language
of propositionally quantified modal logic), Exr+ ¢ iff A, |k|; EF @k ¢.
We do this by constructing, for each Kni+-model, an equivalent full
hypermodel of A and vice versa.

First, let K = (W,R, V) be a Kn+-model. Let cx be defined as

follows:
nck:pw _'CkX:y
ck(p) =V(p) XnrgY=XNnY
O, X ={weW|R[w] < X} XveY=XUY

O X={weW|Rw|nX#7g} X—-Y=XuUY.

Define M*X = (W, D¢, Dp, V) so that (i) c¢x € Dy, (ii) each ¢ € Dy
is full, (iii) V'K(p) = Py, and (iv) VE(k) = {ck}. Clearly, MK w, cr IF
A U {|k|,}. Moreover, by induction, for all ¢ € LR and all Q, ..., Q,
where Q;(cx) = X;, we have 7()‘2;"”, w |- ¢ iff (M(]()qulqén , W, Ck I+
¢. Hence, K, w |- ¢ iff MK w,c - @ o.

Next, let M = (W, D¢, Dp, V) be a full hypermodel satisfying
AuU{|k|}. Let cx be such that V (k) = {c}. Define KM = (W, R, VM)
so that (i) wRov iff forall X < W, if w € O, X, then v € X, and (ii)
VM(p) = ck(p). We establish by induction that for all ¢ € LR and

all Q1,...,Q, where Q;(ck) = X;, we have Mgl"::qu”n,w,ck - ¢

iff (WM);%Q;;H, w |- ¢. The only interesting case is the O-clause.
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Observe that R[w] = {ve W|w e O, {v}}.3 For notational ease, let

M= Mglrqunn and K* = («M)lh ..... I

(=) Suppose M*,w,c; I O¢. Thus, w € O, [P] . Let
v € R[w]. Then for all X < W, if w € O, X, then v € X. Hence,
v e [p]™"*, which by IH means v ¢ [¢]%". Hence, K*, w |- O ¢.

(<) Suppose M*,w,ci ¥ O¢. Thus, w ¢ O, [[(f)]]M*'Ck. Since
ck is full, by Definition A2.11 (constraint ii on Dp), there exists a P
such that P(cx) = [[qb]M*’Ck. By the definition of A, (M*)g,w, Ck -

3q(At(q) A O(g A —p)). Let Q be such that (M*)Z’qu,w,ck - At(g) A

O(g A —p). Thus, Q(ck) = {v} for some v ¢ P(ck) = [[(p]]M*’Ck. By
H, 0 ¢ [¢]%", ie., K*, 0 £ ¢. And since w € O, (Q(ck) N P(ck)) =
Oc, {v}, that means v € R[w], and so K*, w |- O ¢. ]

Corollary B2.5 (Unaxiomatizability of Classically Complete Con-
sequence in L£A3H), =Co, 1N L9 is unaxiomatizable, as is FCo,x for
any X that is the intersection of any of the classes mentioned in Ta-
ble B1 and Table B6 where Co X # .

Proof: Since V(cl) = {c € H},, | ¢ is classical }, thereisa c € V(cl) such
that c is full. So adding @.; Vp 39(p = @i q) to A is enough to ensure
that ¢y is full. m

B2.3 Constraints on Propositions

Let’s now turn to constraints on the proposition domain. A sample of such
constraints is given in Table B6. For strong closure, we write M ~ M’
to mean M and M’ are based on the same hyperframe (i.e., only differ in
valuation). Axiomatizations for consequence over some classes are stated
in Table B7. Some of the axioms use the following abbreviation: (¢ =, ¢’) :=
@,(¢ = ¢). Completeness for the intersections of these classes can be gotten

For the C-direction: If v € R[w] = {ue W|VYX<SW: wel, X=uecX}, thenw ¢
Dck{v_} = O¢ ¢ {v}, and so w € O, {v}. For the D-direction: If w € O, {v}, then
w ¢ O, m SoletX < Wwherew € O, X. Ifv ¢ X, then X < {v_} Thus, (X*ckm) =W.
By the necessitation formula, 0., W = W. Hence, w € O¢, (X —¢, m) By the K axiom

formula, w € O, m, 4. Hence, v € X.
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from combining the relevant axiomatizations, with the exception of CleDfe
and Cl g Dfe, which are mentioned explicitly in Table B7.

Name Class  Constraint (on all P € Dp)

complete Cp Dp = Ppy,

correlated Cr P(c) = P(c¢') whenever ¢, c’ € C

closed under Clg [[(pﬂM e Dpforall p e @

o

strongly Clg [[qbﬂM/ eDpforall g e Dand all M’ ~ M

closed under

o

definable in ® Dfgp if P € Dp, then there is a ¢ € ® such that [[cp]}M =P

discerning Di for all ¢,c’ € Dy, if ¢ # ¢/, then for some P € Dp,
P(c) # P(c’)

combinatorial Cb if X1 € 1y, ..., Xn € m, for some distinct ¢1,...,¢, €
Dp, then for some P € Dp such that P(c;) = X; fori < n

Table B6: Some constraints on proposition domains.

Theorem B2.6 (Relative Completeness in £Q"). The proof systems

in Table B7 are sound and complete over the relevant class. (See
§B5.3.)

B3 Hyperintensional Operators

In this section, we enrich the language of hyperlogic with hyperintensional
operators and explore their logic(s). We start by adding a counterfactual
conditional and then show how a similar approach can apply to belief and
knowledge operators. In §B3.1, we expand the syntax and semantics from
§A2 to include a counterfactual conditional (following Kocurek (2021b)).
In §B3.2, we axiomatize the minimal counterfactual hyperlogic on this se-
mantics. In §B3.3, we extend this axiomatization to include an entailment
operator/propositional quantifiers. In §B3.4, we explore stronger coun-
terfactual hyperlogics obtained by imposing restrictions on the selection
function. Finally, in §B3.5, we show how a similar approach can address the
hyperlogic of belief /knowledge.

10
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Name Axiom/Rule

Corr KeLNe L Vp(pE =ph)

Elimyg Vp ¢ I ¢[x/p] where x € @ and y is free for p

Exo - 3p &i_1(p =, x) where x € ® and p does not occur free in

Exg, I Ex where y € ®

PIT* [ty Jxly, Vp(pt = p*) I (1= x)

PIL} [ty Jxly Vp(pt = p"), Imly - (0= x)

Split {ltl iy A # )}y I 3p &ica(p =y qi) where p ¢ {q1,..., qu}

Homg I-Vp(p = x ©p =« x) where y € ® and p does not occur free in y

Genyg if each x € @ is free for p in ¢ and a I+ ¢[x/p] for each x € @, then
al-vpiy

Class Axiomatization

Cr QH + Corr

C|q) QH v EXq;

Clg QH + Exo = QH + Elimye

Dfg OH + Genyo (only weakly complete if ® is infinite)

CleDfp (QH U Exg) U Homg = (QH U Exg) U Homg

C|$ qu) (QH + EXq)) v Homg

Di QH + PII'*

Cb QH + PII* + Split = QH + PII; + Split

CpSi QH + Split + Sing = QH + Split + Self-Dualg

Table B7: Axiomatizations in £" for various classes from Table Bé.

B3.1 Selection Semantics

For any language £L* mentioned in Part A, we can consider the langauge
L} that results from extending £* with a counterfactual conditional o-.
For instance, £g_> is the result of extending L0 with o, LS_, the result of
extending LY with o, and so on. To extend hyperlogic with a counter-
factual conditional, Kocurek (2021b) proposes we allow counterfactuals to
shift the hyperconvention parameter of an index. This can be achieved by
simply replacing worlds in the standard (intensional) selection semantics for
counterfactuals (Stalnaker, 1968; Lewis, 1973) with world-hyperconvention
pairs. Thus, we revise Definitions A2.11 and A2.12 as follows:

11
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Definition B3.1 (Selection Hypermodel). A selection hyperframe is
a tuple ¥ = (W, D¢, Dp, f) where (W, D¢, Dp) is a hyperframe
and f: 91, x I, — @I, isa selection function. A selection
hypermodel over ¥ is a selection hyperframe paired with a valuation
for F . Satisfaction is defined as in Definition A2.12 with the following
addition, where [¢p]™ = {(w d)el, Mo, dI-¢ 3

Muw,cl-¢oo—>19 < f([[cp]}M,w,c) c [[IH]M.

At the outset, we impose no restrictions on the selection function. Some
theorists (e.g., Cohen 1990; Nolan 1997) argue that if counter(meta)logicals
are nonvacuous, then the logic of counterfactuals is trivial. For example, it
is nearly universally accepted that ¢ 0= (Y A x) = ¢ O- . Yet, here is an
alleged counterexample:

(1) a. Ifeveryinstance of conjunction elimination had failed, Alice and
B?eth would be sad.
b. = If every instance of conjunction elimination had failed, Alice
would be sad.

Similar “counterexamples” can be constructed to nearly every principle of
counterfactual reasoning.* Even principles such as = ¢ 0— ¢ have been
called into question (Nolan, 1997, p. 555).5

Nolan (1997) makes an exception for modus ponens (¢ 0— 1, ¢ = 1), which is immune to
counterexamples of this sort.

We might try to save the standard logic for counterfactuals with possible antecedents (Bro-
gaard and Salerno, 2013; Berto et al., 2018). It is not obvious this will work, though. Imagine
Alice endorses a strange logic on which every instance of conjunction elimination fails. Then
(i) is as problematic as (1) despite only having counterfactuals with possible antecedents (Al-
ice could have had the right views about logic).

(1) a.  If Alice were right about logic, every instance of conjunction elimination would
fail.
. If Alice were right about logic, Beth and Cher would be sad.
c. Therefore, if Alice were right about logic, Beth would be sad.

One may try to block this counterexample by denying the first premise on the grounds that
the antecedent is possible and “nothing impossible would obtain were something that’s
possible to obtain”. This reasoning appeals to what Nolan (1997) calls the “Strangeness of
Impossibility Condition”: no impossible world can occur closer to the actual world than any
possible world. But this principle has been called into question (Nolan, 1997; Vander Laan,
2004; Bernstein, 2016; Clarke-Doane, 2019). Hyperlogic, by contrast, can explain what’s

12
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Hyperlogic offers refuge to those who find this disheartening. As we’ll
see, even though counter(meta)logicals are nonvacuous in hyperlogic, its
counterfactual logic is nontrivial: the standard counterfactual principles
can be salvaged when the connectives used to state those principles are
classically rigidified. This means, among other things, that imposing con-
straints on the selection function is not incompatible with the nonnvacuity
of counter(meta)logicals, such as those in (1).

B3.2 Completeness

Let’s turn to the logic of counterfactual hyperlogic. Given that we are
not placing any constraints on the selection function, what counterfactual
principles, if any, are valid?

Kocurek and Jerzak (2021, Appendix) show that the logic of classical
consequence in L2, is the same as the logic of the standard “impossible
worlds” semantics for counterfactuals, where we can model an impossible
world as an arbitrary set of formulas. But this is only because (as Cohen
(1990); Nolan (1997) suggest) there are no valid principles of counterfactual
reasoning that aren’t already substitution instances of S5-theorems. Thus,
without further constraints, (1) is invalid in the hyperconvention semantics
when regimented so:

(VpVg~((prg) >p)o-(anb)) .. (YpVg~((p A q) >p)O-a).

Fortunately, counterfactual hyperlogic in £f, is more interesting, since
it has the expressive resources to “hold fixed” the interpretation of a certain
connective within the scope of a counterfactual (Kocurek and Jerzak, 2021,
p-21). If we require a certain formula within a counterfactual to be inter-
preted according to, say, a classical hyperconvention, then any entailments
that formula generates in classical logic must be preserved. For example, the
reason (1) seems to invalidate conjunction elimination in the consequent is
that the word ‘and” in the consequent is being interpreted relative to a logic
where conjunction elimination fails. If we force that ‘and” to be interpreted
classically, however, then the argument is valid. That is, (1) is valid when

going on in examples like (1) and (i) without taking a stand on this issue.

13
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regimented s0:°

(VpVg~((p ~ngq) >p)o-(a&b)) .. (VpVg~((p A q) >p)ooa).

This could explain why (1) has a ring of plausibility to it. Even though
the counterlogical supposition is asking us to interpret conjunction so that
conjunction elimination fails, it’s nevertheless tempting to hold on to our
“standard” classical way of interpreting ‘and” when evaluating the conse-
quent.”

We can generalize this observation by axiomatizing consequence in L.
The axiomatic system Hy, is given in Table B8. Some notation:

¢ o= @(p o)) POy = ~@(Ppoo~Y)
D@,L llb = ¢) g’ l,b <>(Z),L l,b = ¢ O—>l 14)
Dg,l Y = a> qurl l,b Og/[ v = ak <>¢,L v
Elg,[ Y o= D¢11,l1 o D;Z/ln 4 gf‘ Y o= <>¢’11,11 o ng,m ¥

As an anonymous referee points out, hyperlogic predicts the following inference is still
(universally) valid:

(VpVa~((p&q) >p)o= (a&Db)) .. (VpYq~((p &q) >p) o> a).

Here, ‘(the law of) conjunction elimination” is regimented using & rather than A. I am
unsure whether this is an unwelcome result (we are, after all, still using our actual notion of
entailment to reason about these counterfactuals, not the notion of entailment denoted by >
in the antecedent). However, if we want to avoid this result, we could revise the semantics of
hyperlogic, following a suggestion from Kocurek (2021b, p. 13683), so that counterfactuals
can shift the denotation of interpretation nominals (though not interpretation variables).
Since & is defined in terms of cl, this revision would allow that & no longer has its classical
meaning in the consequent. The resulting counterfactual logic would still be nontrivial,
since the inference would hold if we regiment the premise as follows (given interpretation
variables have rigid denotation):

li.@lk.@(VpVq~((p ~q) >p)o-lj.@(@jan@jb)).

It is an open question how this revision would affect the resulting logic of hyperlogic.

This strategy requires we interpret ‘and” in the consequent of (1a) in terms of & even though
we interpret ‘(the law of) conjunction elimination’ in terms of A. We see a similar phenomena
with in-scope de re readings of counterfactuals. Consider:

1) If I hadn’t gone to college, my professor would find the class easier to teach.

Here, ‘my professor’ in the consequent picks out the speaker’s professor in the actual world
even though we are entertaining the speaker never going to college. The claim that ‘and’
in the consequent of (1a) can be interpreted according to our actual (classical) conventions
even though we are entertaining an alternative convention is similar.

14
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Ho,

All the axioms and rules in H, plus:

Ko ¢B> (Y 2X), ¢ Y I- PO x

Necs, @By I-¢o- (DY)

Geng, ifa,lk|; IF ¢ O— (k D ¢) where k does not occur free in @, ¢, or ¢,
thend |- ¢ o> ¢

REA if @ Ik ¢ =¢ ¢’ where x do not occur free in @, ¢, or ¢’, then

alk(po-y) = (¢ o>v)
Derivable rules:

Geng,, ifa,|x|; IF ¢ o>, (k D) where x does not occur free in ¢, &, ¢, or ¢,
thend |- ¢ o=, ¢

RKD_m) ifl,l)1,...,l70n I~ )(,thengb 0= l,bl,...,(Z) 0= l,bn I (Z) 0= X

Table B8: Axioms and rules for provability in £H, (with some derivable rules). The
rules for |- can be converted into rules for |- (given «x isn’t cl) by applying C2U,
U2C, and ClI.

As before, let L1 be the expansion of £H with Prop™ and INom™*.

Definition B3.2 (Lindenbaum Set). A set ' < LS_J[ is Lindenbaum
if it is a ng -maximal consistent set that satisfies constraints (i)—
(iii) from Definition A3.6 (nominalized, witnesses — @s, differentiates
terms) as well as the following:

(iv) T differentiates antecedents: if (O b1 Y #0 o Y) e TT, then

[IT]; eTT and (¢ #;+ ¢') € I'" for some fresh [ € INom™.
(v) T* witnesses actual &s: if &5 Y € I't, then |I*]; e T and
6, (I &) e T* for some fresh I € INom™.

(vi) I'" witnesses possible &s: if O(ag A &g ¢) € I'T, then [IT]; €

It and O(ag A &g (1T &) € I'" for some fresh I € INom™.

Lemma B3.3 (Counterfactual Lindenbaum). If I' < L] is consis-
tent, then there is a Lindenbaum set '™ < LS_T such thatT < T'+.

15
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Proof: The construction is the same as that in Lemma A3.7 except for
how we define Iy, 1 from T, (both [* and p™ are unused throughout):

F;u{ﬁegﬂ@ﬁ U} if ¢x € I', where ¢y = " @, ¢

I u{@p* #@p*) ﬁ{‘(j)keriwheregbk:@#?{)/\ el A
1

o Lo {llt], ¢ #+ @'} lé‘q)k;) I, where ¢ = (qu;,[l!’ #

(ol

rou {@fZ)IL(l*' &), [I1)} if ¢x € I';, where ¢ = Qg,L Y

I u{O(ao A &g (I &), [IT]} if ¢k € T} where i = O(ao A g Y)

I otherwise

Suppose for reductio that I'y 1 is inconsistent. The only cases we need
to check are where ¢ = (DW v #0,, 1Y), where ¢y = <>$’l Y, and
where ¢ = O(ap A ©F ). Assume throughout the contradiction
is derivable from y1, ..., y, € I't.

Suppose ¢i = (Elwlp # D¢,’[¢). Thus:

7,0, ¥ # Oy W, [T = & =10 ¢

cl,Ir,y, Oy, ¢ # Oy ¥, il IF ¢ =i ¢ Lemma A3.2, C2U
@ cl, @y, Op, ¥ # Oy, ¥, lily ¢ =i ¢ Geng, Red, Red
@y cl, @y, Op, ¢ # Oy Y I- ¢ = ¢’ Gen,, Vac|, Idle,
@y cl, @y, Op, ¥ # Oy ¥ 1= ¢ =1+ ¢’ Geng, Red
I il , 7,8y, ¢ # 04 Y IF =+ ¢’ Introg, Cl
I vl , 9,8, % # Oy ¥ = ¢ =1+ ¢ U2C

Ir, |Ir|, ,77,D¢,ll,b #0y, ¢ =0,,¢ =0y,  REA, ¢ (r,[lr]; € o).
Suppose ¢ = @%IL y. Thus:
§,08 4, I, -~ 08 (I & y)
7,08 Ut B, ~(" &) def. of &F
V05, T FEg (1T 5~¢)  RKg,,
v, let Y+ E!%,[ ~1 Geng,,
YO Y def. of &F , 4.
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Suppose ¢ = Olag A Oy ¢). Thus:

7,00 A 98 ), 11Ty = Ola » @ (17 5~ )

O, Olag A &4 P), 1T, a0 -3 (IT 5 ~1) S5, Rigid
Oy, Olap A @%/Lyb),ao - IE;‘M ~ Geng,,,
Oy, Oan A <>%,Ll7b) = O(wo > &g, ~9) RK, S5
Y= O(a = &g, ~ 1) S5, 4.
| ]

Lemma B3.4 (Counterfactual Existence). Where A € Wr:
(@) IfO¢ ¢ A, then thereisa A’ € Wr such that ¢ ¢ A'.
(b) If <>q>,[(l & 0) € A where |I|; € A, then there is a A’ € Wr

extending {Ia, |Ial;, ||, @ 0} U {@; x | DW(I D x) € A}

Proof: Start with (a). By the proof in Lemma A3.9, A™™ U {— ¢} is con-
sistent. Enumerate all formulas of the form =@, ¢, of the form &4 v,
or of the form & (ap A <>2§,L Y) as x1, X2, X3, - - . - We define a sequence
of formulas 0¢, 61, 02, ... depending on the form of x;,1. As before,
0o = 7¢. If xpp1 = 7@, 9, then define 6,41 as in Lemma A3.9.
If xos1 = 95,9, define 811 = xue1 — (I A 05 (I & ),
where I is the first nominal such that A™, dg, ..., 0, Xn+1— ([IT]; A
@g’[(ﬁ & 1)) ¢ L. Suppose for reductio there were no such I*.
Reasoning as in Lemma A3.9, we can conclude that O(0 — xn+1) €
A and 0O( — ~(|IT]; A <>$,L(l+ & y))) € A for all I, and that
O(0 A xnt1) € A. Since A witnesses possible ¢&s, there is a I such
that &(0 A ¢ (IT &) €A, 4.
If xp41 = O(“O N Q?f),t l;b)/ define 0,41 = Xn+1 — (|l+|1 A <>(0(0 A
%rl(lJr & 1)))), where I is the first such that A™, 09, ..., 0n, Xnt+1 —
(IT ] A O(ag A @%,[(ﬁ&tp))) i L. Suppose thereisnosuch/*. Then
0(0 — xnt+1) € Aand O(0 - ~([IT]; A O(ao A @g’[(ﬁ &Y)))) € Afor

all I*. As before, &(8 A xus1) € A, ie., O(O A O(ao A @;IL Y)) € A.
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B3 Hyperintensional Operators

By S5, &6 A O A &g, ) € A Since A witnesses possible ©s,
there is an [ such that G(ag A <>%,[(ZJr & 1)) € A. By S5 again,
S8 A O(ag A ©5 (1T &) €A, 4.

Now for (b). Let A%+ = {@; x | DW(Z > x) € A}. Then A™or U

{Ia, |Ialy, I|; , @1 0} is consistent. For suppose not. Then for some
@ X1,--- , @ Xn € A_D(’wl we have:

In Al N, @ X - ~@ 0 Bool
In Al N @ X @ ~06 Distg
clin \laly Ny @ X I-@ ~ 6 C2U
@, cl, lIal; |y, @ X I-@ ~06 Geng, Ref, Red
Inecl|lly,@)xI-F@~0 Elimg,
Inecl|lly,Lx-~06 Introg, Elimg

Inecl|ll{,IoxIFI>~6 S5
O,,(aec), Oy |l O X -0, ~6  RKe,
Iaecl|ll;, 0, X 0O, ,~6  Rigid, Necs.,, Geng.,.

1

Since O é

¢
our initial assumption that <>57),L OeA, .

p X, (Ia € cl),|l|; € A, that means O ~0 €A, contrary to

Now, suppose O x € A. Thus, @ B@;, x € A (by Rigid, Introg,
Red, Bool, and Distg). By Necq, DW(I D@, x) € A. Hence,
@ @, x € AP0, Since Ip, |Ial; - @ @1, x < x, theset £ == A0 U
{In,|Ial1 /|1, @ 0} U {x| O x € A} is consistent. The proof strategy
from here is essentially the same as in part (a), though some changes
need to be made to ensure the steps go through. The main change is

that we need to replace D(5—> ---)and <>(S A -+ ) with EIW(SD )
and ¢ W(S & ---). To illustrate, I'll use the case where x,+1 =
O(ap A @gﬂ\, Y). As before, we define 6,41 = xn+1— (|IT]; A Olap A
<>l’;"K(lJr & ¢))), where I is the first such that: X, ¢, ..., 0n, Xn+1 —
(I, A Olao A <>;§‘,K(ZJr & 1)) ## L. By Bool and the fact that
In,|Ial; € X, this condition is equivalent to X, 0o, ..., 0n, Xn+1 2
(1], &@i, O(QO&QE‘IK(H&IP))) i~ L. Suppose, for reductio, there’s
no such /™. So for all I, there are some y1,...,y, € L such that
P 1 82 ~(xns1 0@, (a0 & F (I" &))). By RKa, O, 7
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DW(S: ~(Xnr1 2@, $(a0&SF (1" &¢)))). Since O, , 7 € AS this
means IZl(#,L((SD()(nJr1<§t~(|l+\1&@1A 0(a0&<>grk(l+&¢))))) € Aforall
™. AsDbefore, <>¢,l(6&)(n+1) eA,ie., <>¢’L(6 &@, O(ao&Qg,K Y)) €
A By RKg., O, 0 € Aand O, @, #(ao & 3 ¢) € A By
Necs, and Geng.,,, @, B(ap & &5 Y) I Oy, @i W(ao & Of ).
Since |Iz|; € A, that means @;, ®(ap & <>g‘,K ) € A. Since Ip € A,
that means $(ap A QE,K Y) by Bool. Since A witnesses possible
®s, there is an I such that |I7|; & @, ® (a0 & <>E/X)/L(l+ & U)) € A.
By Necq, D¢,L(|l+|1 & @), ®(a & @g,L(W & V))) € A. By RKy,,,
O (0 & (|I7], & @1, #(a0 & &F (1T &) €A, 4. n

The proofs of the other intermediate lemmas are all as before. To finish
the proof, we need to define the selection function for our canonical model.

Definition B3.5 (Defining Formula). Where A < L., we define the
set[A] :={¢pe LIT|A={(A coy|@cpeAt}.

Lemma B3.6 (Replacement of Definitions). For all A < ]IWF, all ¢y,
all ¢, ¢’ € [A], and all i, we have ((¢ O— ¢) = (¢' O ¢)) €T

Proof: Suppose for reductio that ((¢p O—« ) = (¢’ O« ¥)) ¢ I. Since
I' differentiates antecedents, there are some /™ such that (by Distg)
(@+ ¢ #@+¢')el.Sincep,p' € [A],( @+ P =@+ P')eTy, 4. =

Definition B3.7 (Canonical Selection Function). We define fr, the
canonical selection function for I, as follows for all A < ]IWF, all
A € Wr,and all ¢,. First, if [A] = &, then fr(A, A, cx) = {{A, ck)} NA.
Second, if ¢ € [A], then (A, ) € fr(A, A, i) iff for all Y € LI, if
(o> (A2 Y)) €A then@, ¢ € A'.

By Lemma B3.6,if ¢, ¢’ € [A], then (¢« (AD1)) € Aiff (¢'O— (DY) € A,
so this definition for fr is well-defined.

8 This is the step that would not have gone through without the relevant change, since we do
nothave 07 € A.
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Definition B3.8 (Canonical Model). The canonical selection hyper-
model of T is the selection hypermodel Mr = (Wr, Der, Dpr, fr, Vr)
where (Wr, Dcr, Dpr, Vr) is defined as in Definition A3.15 and fr is
defined as in Definition B3.7.

Lemma B3.9 (Truth). Mr, A, ¢ - ¢ iff @ ¢ € A.

Proof: The inductive steps are all the same as before. We just need to
check the 0 step goes through. First, A, ¢ - o=y iff fr([¢] , A, ci) <
[1]. By Lemma B3.6 and by IH (¢ € [[¢]]), this holds iff the following
holds for all A’ and ¢;:

if Vye LET: (posc o)) eA= @ x e A, then @ e A

We now show this condition holds for all A’ and ¢, iff @ (¢ O~ ) € A.

(<) Suppose @ (¢ O~ ¢) € A. Let A’ and c¢), be such that for all
x € LI if (po= (A2 x)) € A, then@, x € A'. Since @, (¢pT—1) € A,
we have by RK,, that @,(¢ o~ (A > ¢)) € A. Hence, @, ¢ € A'.

(=) Suppose @.(¢p o— ) ¢ A. Thus, ¢ ¢ ~1p € A. Since
A witnesses actual s, there is an I such that ¢ ¢—, (IT & ~ ).
By Lemma B3.4, there is a A’ € Wr such that A’ 2 {—~@;+ ¢} U
{@+ x| ¢ o>« (I" 2 x) € A}. Hence, (A, 17) is the counterexample
we need. ]

B3.3 Adding > and Quantifiers

What changes if we add an entailment operator or propositional quantifiers
to £H,? In the former case, no additional axioms are required apart from
those in Hy, and Hy,: all the proofs in §B3.2 go through in the presence of
>. In the latter case, we do need one additional axiom. Observe that the
Barcan formula and its converse are universally valid for counterfactuals
(where p does not occur free in ¢):

Vp(p o= 1) dlE ¢ O Vp ih.

The converse Barcan formula is derived just by combining QH and Hp:

Vp -y Elimy
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o> VpY IOy RK,,
Vp(p o= Vpy) - Vp(¢o-y)  RKy
GO Vpy I-Vp(p O- 1) Vacy.

However, the Barcan formula, which is needed to prove the analogue of
Lemma A4.6, must be added separately. Other than that, the proofs of
completeness for £ and L, can be straightforwardly combined to yield
a proof of completeness for L

OH,
All the axioms and rules in QH and H,, plus:

BFo, Vp(¢ o> ¢) I- ¢ O Vp ¢ where p does not occur free in ¢

Table B9: Axioms and rules for provability in L

B3.4 Constraints on Selection Function

Let’s now look at some constraints on the selection function. Table B10
contains several such constraints. We can extend the completeness result to
include such constraints by adding the relevant axioms from Table B11.

Name Class Constraint (on all A, B < ]IDH)

success Suc f(A,w,c)cA

weak centering W ifw,c)e A, then{w,cye f(A,w,c)
strong centering C if (w,c) e A, then f(A,w,c) = {{w, c)}
Stalnaker’s assumption Stal If(A,w,c) <1

vacuism Vac if A(c) = &, then f(A,w,c) = &
necessary consequent NC fA,w,c) W x {c}

necessary entailment NEC f(A ,w,c) < A(c) x {c}

strangeness of impossibility ~ SIC if A(c) # &, then f(A,w,c) €W x {c}
operational rigidity Ro f(A,w,c) W x {c"eDulc~c'}

Table B10: Some constraints on selection functions.

Theorem B3.10 (Relative Completeness in LF ). The proof systems
in Table B11 are sound and complete for the relevant class of selection
hypermodels. (See §B5.4.)
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Name Axiom(s) Corresponding Constraint

Ides - ¢ 0 ¢ success

MPo, O, PP I-Y weak centering

Cen O (po->y) =y strong centering

CEM (po=v)+ (poO=~1) Stalnaker’s assumption

Vac ~®PI-Ppo-Y vacuism

NC By Foo-y necessary consequent
I-li.(¢po-i)

NEC B(PoY)IFdo=>y necessary entailment
(¢ oo (i & ¢))

SIC L Jo RURENoRs ST strangeness of impossibility
O I-li(po-i)

R, I-1i.O o Lji[a(p) = @i A(@; ¢)] operational rigidity

Table B11: Axiomatizations in £, for various classes from Table B10.

Let me briefly explain the motivation behind some of these constraints.
Vacuism is the view that all counterpossibles (counterfactuals with impos-
sible antecedents) are vacuously true.” Often, vacuists also endorse the
necessary consequent and necessary entailment principles, which are all
coderivable given success (the labels come from French et al. 2020). Some
of these principles have equivalent “hybrid” formulations. In the hypercon-
vention semantics (with success), counterpossibles are vacuous when we
hold fixed the interpretation of the antecedent. This goes back to one of the
main motivations for considering hyperlogic as a semantics for metalogical
claims, viz., it can formalize “conventionalist” approaches to hyperinten-
sionality, which explain hyperintensionality in terms of convention-shifting
(§A1). We can regiment this idea of “holding fixed” an interpretation using
the hybrid binder |, which is what allows alternative axiomatizations for
some of these principles.

Second, the “strangeness of impossibility condition” was introduced by
Nolan (1997, p. 550). If we think of selection functions as selecting the “clos-
est” or “most similar” antecedent-worlds, then the condition effectively says
that impossible worlds are always “far out” in that they're less similar than

For a defense of vacuism, see Stalnaker 1968, 1996; Lewis 1973; Kratzer 1979; Bennett 2003;
Williamson 2007, 2017; Emery and Hill 2017. For criticism, see Cohen 1987, 1990; Zagzebski
1990; Mares 1997; Nolan 1997; Merricks 2001; Goodman 2004; Vander Laan 2004; Kim and
Maslen 2006; Krakauer 2012; Brogaard and Salerno 2013; Kment 2014; Bernstein 2016; Berto
et al. 2018; Jenny 2018; Tan 2019. See Berto and Nolan 2021; Kocurek 2021a for an overview.
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any possible world.!® French et al. (2020) present an impossible worlds se-
mantics where this corresponds to the axiom (& ¢ A0 ) — (¢ o—1), which
has an analogue in Table B11. Again, this has an equivalent formulation
in terms of convention-shifting: counterconventional readings only arise
when the antecedent in question is impossible (on its actual interpretation).

Finally, operational rigidity, in effect, states counterlogical vacuism, i.e.,
the view that all counterlogicals (counterfactuals with logically impossible
antecedents) are vacuously true. Some nonvacuists have held that even
if counterpossibles are generally nonvacuous, counterlogicals are a special
exception, while others have argued there’s no relevant difference between
counterlogicals and other counterpossibles.! In hyperlogic, this turns on
whether counterfactuals are allowed to shift the interpretation of the connec-
tives. Thus, those who maintain that counterlogicals are a special exception
can hold that counterfactuals are only allowed to shift the interpretation of
nonlogical vocabulary.

B3.5 Belief and Knowledge

Thus far, we have focused on counterfactual hyperlogic. But the selection
semantics (or something like it) is also often employed as a semantics for
dyadic belief and knowledge, where B?1 says the agent believes that ¢
given ¢ and likewise for K?1.12 It is standard to define the monadic belief
operator as B¢ = B¢ (here, we can define T = (p + ~p)). Letting
R(w,c) = f([T],w, c), we then have the following semantics for monadic
belief:

M,w,c-B¢p <« forall{(v,d)ye R(w,c): M,v,d I+ ¢.

Thus, we can import the results in §B3.2 to give a logic of belief and knowl-
edge within hyperlogic. As in §B3.4, one could consider imposing any of
the usual restrictions on R to obtain stronger logics.

10 See Mares 1997; Nolan 1997; Vander Laan 2004; Krakauer 2012; Jago 2014; Kment 2014;
Bernstein 2016; Clarke-Doane 2019 for discussion of this principle. See Kocurek 2021a for
an overview.

11 For defenses of counterlogical vacuism, see Goodman 2004; Kment 2014. For defenses of
counterlogical nonvacuism, see Cohen 1990; Mares 1997; Nolan 1997; Vander Laan 2004; Kim
and Maslen 2006; Krakauer 2012; Brogaard and Salerno 2013; Berto et al. 2018. Kocurek and
Jerzak (2021) defend an intermediate position, viz., counterlogicals are only nonvacuous on
counterconventional readings.

12 See, e.g., Boutilier 1992; Moses and Shoham 1993; Lamarre and Shoham 1994; Friedman and
Halpern 1997; van Ditmarsch 2005; Baltag and Smets 2006; van Benthem 2007.
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B4 Conclusion

One application of doxastic/epistemic hyperlogic is to the problem of
logical omniscience. It is well known that on the standard intensional
semantics, belief is closed under classical entailment: if ¢ = ¢, then
B = By.1® Attempts to avoid this result generally often appeal to lim-
itations or defects in cognitive states, e.g., lack of computational resources,
awareness, or informational access. However, another (less discussed) way
logical omniscience can fail is via different views on logic. If Inej believes
intuitionistic logic is correct, then her beliefs will not generally be closed
under classical consequence even if she is a perfect reasoner.

Doxastic hyperlogic is well-equipped to handle such cases. While it
does not require that beliefs are closed under classical consequence, it does
validate a more modest closure principle: @, B(¢ D ¢),Bt,B¢ |- Bi. Re-
stricting to hypermodels where >, is factive and noncontingent (Table B3),
we can simplify this principle: @,(¢ > ¢),Bt,B¢ |- By. In other words,
beliefs are closed under whatever logic the agent adopts (if there is one,
assuming it’s reasonable). We obtain the “classical” picture only when we
assume Bc/ holds.*

Of course, doxastic hyperlogic is not a complete solution to the problem
of logical omniscience. For one, it still assumes agents are perfect reasoners
within their own logic, and is thus not a good model of logical error. More-
over, beliefs are still assumed to be closed under universal consequence: if
¢ I 1, then B |- Bip. The moral, rather, is that there are several differ-
ent problems of logical omniscience that likely need to be addressed with
different tools. Appeals to computation, awareness, fragmentation, etc. are
better equipped for modeling logical error, whereas doxastic hyperlogic is
better equipped for modeling ideal yet nonclassical agents.

B4 Conclusion

This concludes the two-part series exploring the logic of hyperlogic. In
Part A of this series, we axiomatized a minimal logic of hyperlogic. In
Part B, we extended these results to stronger logics over a restricted class

13 For discussion of this problem, see Hintikka 1975; Stalnaker 1976a,b, 1984; Duc 1997; Alechina
etal. 2004; Berto 2010; Ripley 2012; Bjerring 2013; Jago 2007, 2014, 2015; Bjerring and Schwarz
2017; Yalcin 2018; Bjerring and Skipper 2019; Hawke et al. 2019; Skipper and Bjerring 2020;
Elga and Rayo 2021; Hoek 2022; Soysal 2022.

14 Sedlar (2015) likewise explores a doxastic logic where the belief operator is nonclassical,
though the base logic is classical. In some ways, Sedlar’s system is similar to doxastic
hyperlogic, although the latter is more flexible in the range of logics an agent’s beliefs may
be sensitive to. Thanks to an anonymous referee for noting this parallel.
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of models as well as to languages with hyperintensional operators. In this
final section, I wish to sketch a few possible directions for future research
that would be worth pursuing.

First, it is an open question how best to extend hyperlogic with first-
order quantifiers. We could have hyperconventions specify a domain of
individuals, but this might bring technical complications with tracking the
denotations of variables across shifts in hyperconvention. Another option
would be to have hypermodels directly specify a single domain across all
hyperconventions. This might be more manageable, though it builds in
substantive metaontological assumptions.

Second, there are many questions remaining for the model theory of
hyperlogic, especially concerning “finite” hypermodels. For example, it is
easy to see that any satisfiable £®H-formula is satisfiable in a convention-
finite model (i.e., one where D¢ is finite): just reduce the hypermodel to
the denotations of the free terms in the formula. Yet, there are satisfiable
(quantified) £L®H-formulas that not satisfiable in a hyperconvention-finite
model (i.e., one where Dy is finite). What about any satisfiable LH-formula,
though? Does H satisfy the finite model property?

Third, we made a number of choice points regarding the initial setup
of the hyperconvention semantics that could be revised. One is that we
required the “classical” hyperconventions to all interpret [0 and <> as uni-
versal modals. It would be natural to weaken this requirement so that O
and < only obey weaker normal modal logics. Another choice point con-
cerned whether to treat iterated “according to” operators as redundant. I
suspect there is more than one way to naturally generalize the semantics for
“according to” so that iteration matters.

Finally, the hyperconvention semantics only concerns claims about log-
ics for the propositional modal language. It does not have a way of capturing
metalogical claims concerning alternative logics for hyperlogic—specifically,
for the propositional quantifiers, hybrid operators, or counterfactuals (ex-
cept insofar as they also concern alternative logics for the connectives).
While Kocurek (2021b, §6) sketches a possible extension to such a language,
it is unclear what the resulting logic of this proposed solution is or whether
there might be more elegant solutions waiting to be explored.

B5 Appendix: Proofs of Relative Completeness

In this appendix, we give the proofs of various completeness theorems rel-
ative to restricted classes of models (Theorems B2.1, B2.3, B2.6 and B3.10).
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First, we state a helpful lemma, which follows straightforwardly from Corol-
lary A3.10 and Definition A3.13:

Lemma B5.1 (Canonical Operations). Let |«|; , |A\|; € I. Where ¢; €

[Xilc and i € [Yi]n, &, (X) = &, (Y) iff (A(¢)" = a(¥)") €T.

In each case, the proof of soundness is straightforward and left to the reader.
Completeness requires showing the canonical model is in the relevant class.
In some cases, we must revise the canonical model construction and/or the
Lindenbaum construction.

B5.1 Theorem B2.1

The proofs of completeness for F, Uq, At, and B are immediate since the
canonical hypermodel (Definition A3.15) is full (and thus, quantification
uniform, atomic, and boolean).

Uo: We need to make a slight revision to the definition of a canonical
hyperconvention. In particular, we need to revise the third clause to say
that c, interprets the connectives classically if the following is in I" for some
t1,...,tpand Ay, ..., Ayt

(keu)rnhMen)rhMmen)r(laen) A €ty) Al €c
1 1 Ly cl
K M A -

So unlike Definition A3.13, c, can be classical even if @, cl ¢ I', so long as
it satisfies this “zigzag” condition. Now, Lemma A3.16 needs to be restated
as the following;:

Claim: If (x € t), (A € t) € I' and ¢ is classical, then c; is classical.

Proof: Suppose first that x satisfies the zigzag condition. Then the
zigzag can be extended to A via t, and thus ¢, is classical. Sup-
pose instead that x does not satisfy the zigzag condition. Then
Ce(M)(X) = {AeWr|3¢p e [X]c: @~ ¢ e A}. Suppose [X], = &.
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Then c(=)(X) = &. But since ¢, is classical, ¢, (=)(X) = X. So
X = W, even though (p + ~p) € [W]x, 4. Hence, there is no X where
[X]x = . This can only happen if Wr is finite. List the members
of Wr as Aq,...,A,. Since these are all distinct maximal consistent
sets, there must be some 61, ..., 6, such that 6; € A; iff i = j. Each
X < Wr is then definable by a disjunction of these ;s (if X = (7,
then it’s definable by ). Now, let Ir € I" and for each X < Wr, let
O0x = @i 0i; + - - + @ 0;,, where the disjunction of 6;,,...,9;, de-
fines X. By Red and Distg, ((6x)* = (6x)*) € T for every X. By Uni,,
(% 6x)* = (% 6x)*) € I. Thus, c,(%) = ci(%) by Lemma B5.1, and
S0 ¢ is classical. ™

Using this claim in place of Lemma A3.16 in the inductive step for
the connectives in Lemma A3.17, the completeness proof goes through
as before. We just need to check that Dcr is operationally uniform. Let
cx, ¢ € C,. By the above claim, ¢, is classical iff c¢; is classical. If both
are classical, then we're done. So suppose otherwise. I just prove the -
case for illustration. If [X], = ¢, then [X], = J (otherwise, if ¢ € [X];,
then @, ¢ € [X]y). If [X]x = [X]) = &, then ¢ (3)(X) = on(¥)(X) = &.
So suppose ¢ € [X]r and ¢ € [X],. Then @.¢p € Aiff @ p € A. By
Corollary A3.10 and Bool, @, ¢ = @, € I'. By Uni,, @ % ¢ = @, * ¢ € .
Hence, ¢, (3%)(X) = c5(3%)(X) by Lemma B5.1.

Si:  Completeness is straightforward. To establish that H + Sing = H +
Self-Dual ™, we just need to show that Sing is coderivable with Self-Dualg
in H. Self-Dualg trivially follows from Distg and Sing. Here’s the other
direction:

l,i I= "’@L’"i Ehm@

LilF@1 Self-Dualg
LI-li.@ i Gen|, Vac
- Jt]q Geng, Ref, def. of |];.

AnF, AnUq:  Werevise the Lindenbaum construction, specifically the defini-
tionof [y41. Letk » Aabbreviate ((p+)* = (g*)") A\ {(a(p)* # (a(g*))} A,

where p_+ and q_+ are unused at this point in the construction. Then we re-
vise the definition of T’y 1 so that I’y 1 = T;( U {K # A} if ¢x € F;( where
¢ = (k € 1) A (k€ 1) A |\|;. Suppose I'ryq is inconsistent in this case.
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Then for some y1,..., v, € F ,wehave y,x € (,A ¢, |)\|1,( ) =(q
A(p_ﬂ" = (q ) foreachA ByRAn, y, k€ t,h¢ (,|\; IF (k€ 1)=(
Hence, F’ is inconsistent, 4.

It suffices to show that the canonical hypermodel is analytic. Suppose
cx € C,and ¢ ~ 3. So (k € t) e I'and |\|; € I'. Moreover, if (A € () ¢ T, then
by the revised Lindenbaum construction, k # A € I, contrary to ¢, ~ ¢y, 4.
Hence, (e ) e T.

R
)\e)

Ss: We revise Definition A3.13 so that c(A) is always defined classically.
The only revision needed to the proofs is to verify the connective case in
the truth lemma (Lemma A3.17). This follows from the fact that |k|; I+
@ A() = A(@¢ @) is (H + Bool, )-derivable (by Bool,, Geng, and Distg
(for IF)).

B5.2 Theorem B2.3

For some of these proofs, we use the lemma below, which follows from
Definition A4.7 and 3-witnessing.

Lemma B5.2 (Canonical Proposition Space). Let |k|; , [\|; € . Then
T, € T, iff (me € m) €T, and |mt., | = 1iff |mt,|; € T.

We omit the proofs for B, Ug, Uy, Si, and Ss, which are routine.

At:  Let ¢, € Dur and A € Wr. First, observe that ¢ — O(@,p*™ — ¢) € A.
For by Atom, Bool, and Distg, 3p(@cp A Vq(O(@cp — @1, q) v O(@cp —
—@, q))) € A. Since I € A, we have 3p(@, p AVq(O(@cp —q) v O(@c p —
=q))) € A. By 3-witnessing, @, pT AVq(O(@c pt—q)vO(@cpT——9q)) € A
for some p*. By Elimy, CIEx, and 3-witnessing, (@, p™ — ¢) vO(@cp* —
= ¢)eA. ByS5, ¢ —O(@cpt — ¢) €A

So suppose @, p* € A’ and suppose ¢ € A. Thus, O(@cp* — ¢) € A.
By Corollary A3.10, ¢ € A’. Hence, A’ = A. Sop™ € [{A}], i.e, {A} € 7, .
An:  Since members of INom* = {I", [, I}, ...} might not be allowed to
denote singletons (since conventions must be closed under ~), the Henkin
construction needs to be revised so that INom™ is replaced with IVart =
{1;r , 1; , ; , ...} (though we don’t allow formulas in L9+ 0 bind members
of IVar™). We also need to make the following amendments to the definition
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of the canonical model:

Der ={Ci[ =y e Ty o {Ci| Iy e T} v {{ex| e ~ it | il T}
if Iland (€ IV IVar*
Ve(t) = {c.} i |L‘1E. and ¢ € IVar u IVar
C, otherwise

The proof of the truth lemma (Lemma A3.17) remains intact (the only dif-
ference is the @,-case where ¢ is i and [i|; € T in that case, A, ¢, I+ @; ¢ iff
A ci - ¢iff @ ¢ € Aiff @ @; ¢ € A.) Trivially, {c, | ¢ ~ ¢;} is analytic. So
we need to show that C, is analytic if = [¢|; € I, and that C; is analytic if
|1l eT.

First, suppose = |t|; € . Let ¢, € C, and let ¢; # ¢, be such that ¢, ~ c).
Since (k € t),|A|]; € I, it suffices to show that (x ~ )\) € I; for then by
An, (A € 1) e I, and so ¢, € C,. By Lemma B5.2, (n, = m) € I since
T, = T¢,. Moreover, if ((p*)* = (g7)*) €T, then {Ae Wr|@cpT € A} =
{AeWr|@.g" € A}. Since ¢, & ¢, that means c,(%)(X) = (%) (X). So
by Lemma B5.1, (% p*)* = (% g*)") € T. Therefore, ((p*)* = (4%)") o
(% p*)* = (% g™)") eT. Since T witnesses 3s, Vp Vq((p* = q*) o ((xx p)* =
(%)) €T, ie, (fxx = %) € I. Similarly, (0, = 05) € I. Hence,
(k ~\) eT.

Next, suppose |I|; € T. Let ¢, ~ c;. By the reasoning above, (k ~ ) € T.
Since |k|;,|l|; € T, it follows by Many|yom that (x = I) € I'. Hence, by
Lemma A4.9, ¢, = ¢;, and thus ¢, € C;.

B5.3 Theorem B2.6

We omit the proofs for Cr and Di, which are routine.

Clp: We revise the Henkin construction. Let Prop® = {p;’, Ps, P53, .} be
new propositional variables, and let L2+ be the result of expanding £+
with Prop® (again, not including formulas with quantifiers binding these
variables). Enumerate the members of ® as x1, x2, X3, - ... Let A be the set
of all formulas of the form Py =1 Xk where I € INom™* and xi € ®. The
Henkin construction is the same except we redefine I', so that T, = 'y U {¢}
ifI'x, A, @x FQHUExe L (and = I'y otherwise). Clearly, if 'y UA is (QHUExg)-
consistent, then so is F;( U A. The proof that I'r 11 U A is consistent if F;( UAis
consistent is essentially the same. Thus, we just need to show thatI'y U Ais
(QH U Exo)-consistent. Suppose it’s not. Since It occurs nowhere in A, we
can eliminate It by the same reasoning as in Lemma A3.7. Thus, there are
some &1, . .., & that are instances of Exg, some 61, ..., 0, € A where d; is of
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the form g7 =, 1; forsome i; € ®and k; € INom*, and some y1,...,ym €T

such that @, 6 — - y (throughout, I'll use |- for provability in QH and gy,
for provability in QH U Exg). Now, it may be that q; = q;? for some i and j.
So let g7 ~ 1; be the conjunction all §;s such that q;? = q;—that s, g7 ~ ¢;
has the form (g7 =, ¥i) A --- A (g} =k Y;). (Given how A is defined
and how @ is enumerated, it is never the case that q;7 = q;? but ¢; # ¥;
so this definition is well-defined.) Thus, &, q] = Y1, 4y ® Py 7 y.
By Lemma A4.3, a,r ~ Y1, APy y where r1,...,r, € Prop are
fresh. By RKj3, Vacs, and VDisty, @, 3r1(r1 ~ ¥1),...,3rm(rn = ¥n) - 2 7.
So by Exo, FExp ™ )//\, 5.

The rest of the proof of the Henkin lemma (Lemma A4.5) goes through
as before. And since T’y U A is (QH u Exg)-consistent for each k, Tt U A
is (QH u Exo)-consistent, which by maximality means A < I'". Hence, I'"
has the following property: for each xy € @, there is a p° such that for all
telTerm™, (p° =, x)eT™.

To complete the proof, we revise the definition of n., (when @, cl ¢ I)
and Dpr:

e, = {X | 3p € Prop™ U Prop®: p € [X]}

Dpr = {P € Pp,,, | 3p € Prop™ U Prop® V¢ € Dur: p € [P(ci)], }-
The rest of the proof goes through as before. Soby Lemma A4.12, [ ;] =
{AeWr|@cxie A} = {Ae Wr|@cp; €A}, so Ppo can be our witness for
Xxi € ®. Hence, Dpr is closed under ®.

Clg: The proof is roughly the same as Clgp, but we need to make some
revisions. Let &' = {x[q7/q1,...,9,/9:]1 4%, --.,qy € Prop® U Prop®}. Enu-
merate the members of @ as x1, x2, x3,... in such a way that p?{ never
occurs in xi,..., Xx. Proceed with the Henkin construction in the same
manner as before, replacing ® throughout with @'. To establish thatI'; U A
is (QH + Exq)-consistent, we use the same reasoning, except the last step
needs further justification, since ¢; may not be in @ but rather of the
form ¢; = X[qi/ql,...,q;/qn] for some y € ®. However, since Exg is
now an axiom, that means if y € ®, then -~ 3r(r ~ x). So by Geny,
- Vq1---VYq, 3r(r ~ x). Hence, by Elimy, - 3r(r ~ ;).

Making the same revisions as before, the rest of the completeness proof
goes through. So we just need to show now that Dpr is strongly closed
under ®. Let M = (Wr, D¢r, Dpr, V). Then V(g;) = Pq; for some q..

Hence, by Lemma A4.1, [[qb]}M = [¢lq1/91,-- -, q;/qn]]]Mr. By how I was
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constructed, there is a p° such that for all ¢, p° =, cp[qi/ql, ceesqn/qn] € T.

By Lemma A4.12, [¢[q7/q1,- -, q;/qn]ﬂMr = [[pﬂ]Mr € Dpr. Hence, Dpr is
strongly closed under @.

To establish that QH +Ex¢ = QH + Elimyg, it suffices to show that Exg is
coderivable with Elimyg. Deriving Exe from Elimyg is straightforward by S5
and Dualy. For the other direction, it follows by induction (or completeness
over the class of all models) that if y is free for p, and (1, ..., 1, are the free
interpretation terms in ¢, thenp = x,p =, X,...,p =, X IF ¢ = ¢[x/p].
Hence:

Vpo,p=x,...,p =1, X IF ¢[x/p] above, Elimy
livpo,li(p=ix& --&p =, x)IFlip[x/p]  Geny,Idle, Dist,
Vpd, li(p=ix& - &p =, x)I-¢ox/p] Vac,
Yp$,3pLip =i x & &p =, X) - $[x/p]  RKs, VDists, Vacs
Vpo, Lidplp =ix&---&p =, X) - Plx/p] BF,
o - dlx/pl  Exe, Gen,.

Dfp:  I'will only prove weak completeness here; it’s easy to check that if @
is finite, then strong completeness can be established via the same method.
Suppose ¢ is (QH + Genyg)-consistent. Enumerate the members of ® as
X1, X2, X3,.... Parallel toI';,I'2,I'3, ..., we construct a new sequence of sets
A1,7p, A3, . ... First, T1 = {¢} u {L;, |ll+|1} and A; = ¢J. Next, define I't 41
as in the proof of Lemma A4.5. Finally, define Ay as follows:

Ao g™ = x 1" =+ x) € A} if (*) holds
Akt1 = Aru{pt =1+ x|I" € INom™ occursin T, 1} if (**) holds
Ag otherwise

(*) ¢k =@ ¢ and I is the witness introduced in Ty 41
(**) ¢k = Ip Y, where p* is the witness introduced in T’y 1 and y is the first
of @ such that Tx,1, Ak, {p™ =+ x| 1T € INom™ occurs in Txy1} t£ L.

Finally, I'" = (J;>; [x. We first show that for each k, Tx U Ag is (QH +
Genyg)-consistent. Clearly this holds for k = 1. And clearly if I'y U Ay is
(QH + Genyg)-consistent, then so is 1";( U Ar and I'r 1 U Ag. So we just need
to show that if I'r 1 U Ag is (QH + Genyg )-consistent, then so is T'x 1 U Ag1.
If px = Ip ¢, thenT'ky1 U Ay is (QH + Genyg )-consistent by construction
of Ak41, assuming it’s defined. Here’s the proof that it is always defined,
i.e., there always is such a x in this case. Suppose otherwise. That means
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for all x € @, where y = ATk, 6 = AAx, and lJr ..., I} are the nominals
occurring in some formula of I'r41, 7,0 - ~(p™ =g XA A pt = X). By
Genyo, ]/,5 [ VP _'(p+ =ll+ PN A p+ =t p) By Elimy, ]/,5 = _‘(P+ =]1+
pt Ao apt =+ p"). Hence by S5, 7,0+ L, ¢.

Now suppose ¢r = ~@, 1 and suppose for reductio that I't11 U Agyq
is (QH + Genyo)-inconsistent. Then for some formula of the form ;" =+
Xi, we have ~@, ¢, 1" € (,7,9, (qfr =1+ X1),--, (@5 =1+ xn) = @+ .
Repeating the reasoning in Lemma A3.7, v, 6, L i.(q] =i x1),..., Li.(q5 =i
Xn) b @ 1. Since I, [l |, € Ty v, 0, (47 =+ x1), ..., (g =i+ Xn) = @Y.
But (9, =+ x1),---,(@n =+ Xn) € Ax. Thus, 7,6 - @ 9. So I} U Ay is
already (QH + Genyg )-inconsistent, 4. Hence, I'r 11 U Ag41 is (QH+Genyog )-
consistent. Therefore, I'" U | J, Ax is (QH + Genyo)-consistent, and so by
maximality, Ay < I'" for all k.

By construction, for each p* € Prop™, there is a y € ® such that (pt =1+
x) € I for all I € INom™. From here, the completeness proof proceeds
as before. To complete the proof, we show Dpr is definable in ®. Where
P = P,+ € Dpr, let x € ® be such that p* =+ x € I'* forall I* € INom™.
Then by Lemma A4.12, P+ (c) = [pT]™ = [x]. Hence, P,+ = [x].

ClpDfgp:  We use the same construction as in Dfp. We need to show (i) that
we can dispense with the Genyg rule in the proof above, and (ii) Dpr is closed
under @. (To establish that QH U Homg U Exe = QH U Homg U Exg,, simply
observe that {Vp((p = x) 2 (p =, X)) |i <n},Ex I+ 3p &i_(p =, X))
For (i), note that Genye was only used to establish that in the Henkin con-
struction, if ¢y = Ip ¢ is added to I', and p* is the witness introduced into
Tk+1, thenthereisa xy € ®suchthatTy 1, A, {p™ =1+ x| [T € INom™ occurs in Ty} t#
1. For all y € @, there is an I such that (p™ =+ x) ¢ ['xy1. Then for all
X € @, there exist some y1,...,Yy € I'ty1, some 61,...,0, € Ag, some
ai,...,ax € Homg, and some By, ..., B; € Exg such that &, E, v, 5,p+ =)+
Xr-oopt = x+ L SinceVp(p = x >p =+ X x) € Homg for each [, we

can assume these are included in a. Hence, by Elimy, &, ﬁ v, 6 pt=x+ L.
So by Lemma A4.3, where r is fresh, a, ﬁ v, 6 r = x i L. By Intros, VDist;
and Vacs, a,ﬁ, v, 6, Ex + L. So, 7, 5 I—HomquXq—) 1, 4. (Notice we did not
rely on I'r 11 being finite, so the same strategy establishes strong complete-
ness.) For (ii), let x € ®. By Exq, (p™ = x) € T for some p™ € Prop™. By
Homg and Elimy, (p™ =, x) e [ forall ¢ € ITerm™. Hence, p™ € [[x]*]« for
all ¢y, i.e., [x] € Dpr.
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Clg Dfep: Similar to ClpDfg, except using Exg as an axiom to show that Dpr
is strongly closed (as in the proof of completeness over CIJ).

Ch: Let X; € Tleg s e - , Xy € T, wWhere ¢y, ..., cy, are distinct. Let
pj,...,p;{ e Prop™ be such that pl.+ € [Xi]x;,. Since cy,,...,Cx, are dis-
tinct, by the same reasoning as in Di, (x; # «;) € I for i # j. By Split and
Bool, 3p Al_1(p =«; p;") € I. By witnessing 3s, thereis a p* € Prop* such
that p* =, p/" e Tfor 1 <i < n. Hence, Py (cy;) = Xi.

To establish that QH + PII* + Split = QH + PHIr + Split, we just need to
show that PII* is (QH + PII;" + Split)-derivable. By PIL}, it suffices to show
that Vp(p' = p*), |t|;, x|y, (t # ) |- |7, is derivable using Split:

Vp(p' =p") Fp' =p"  Elimy
Vp(p' =p*) k1t =71F Elimy

vppt=pt)pt=aLpt =t g =1t S5

Vp(p' =p"),p(p' =q' &p* =r*)IFq" =1 RKj3, VDists, Vacs
Vp(p' = p*) Ity Ixly, (e # %) I-g° =7 Split
Vp(p' =p"), |t Ixl, (0 # ) IF |y RKYy, Vacy, Distg.

CpSi:  We must revise the definition of the canonical model so that Dpr =
Ppy,- The only thing that needs to be redone is the V inductive step of
Lemma A4.12. The argument that if Mr, A, ¢, I Vp ¢, then @, Vp ¢ € Ais
the same. For the other direction, we first need the following intermediate
result:

Claim: For all ¢ and all A € ITerm™ such that [A|; € T, there is a
formula ¢' such that where 7 are the free propositional variables in
¢:

(i) ¢! contains no interpretation binders | i

(i) if t and x occur in ¢! and isn't x, then (1 # x) € T

(iii) forall A e Wr, Mr, A, o I Vp(¢p = ¢T)

(iv) forall Ae Wr, Vp(¢p = ¢') € A.

Proof: First, since I' witnesses = @s, for each free (, there is an IF e
INom™ such that (I;” € () € T. By Sing and Intro_, (I;” = ¢) € T. Let
I} be the first in INom™ with this property. By Subld, we can replace
each ( that occurs free in ¢ with [;". Call the result ¢. Now proceed
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as follows:

(@) If | i does not occur in the scope of any @, or any | j, replace
each free i in its scope with )". Then delete this | i.

(b) Repeat (a) on the result until there are no more | is that do not
occur in the scope of any @ or any | j.

(c) For each subformula of the form @;+ 1 that does not occur in
the scope of any @, operator, repeat (a) and (b) on ¢ except with
I in place of I". Continue until there are no more binders | i
left. Call the result ¢ .

It is now easy to verify that ¢! satisfies (i)—(iv). [

So suppose Mr, A, ¢ I Vp¢. By the claim above, Mr, A, c I+ Vp qu.
Thus, there is a P € Pp,,, such that (MF)Z,A, e - @1 Letl,..., I be
the interpretation terms in ¢'. By ClEx and |- Ep (by Intros), for each [,
there is a p;” such that p;" € [P(c;+)];+, i.e., A € P(c;+) iff @ p;” € A'. Since
(IF # l;r) e I when i # j, it follows by Split that 3p & (p = p;)erl.
By witnessing 3s, there is a p* such that &, (p™ =+ p;) € I. Thus, for
eachiand A": @+ p* € Aiff @+ p;” € A'. Hence, A' € P(c;+) iff @ pt € .
By Lemma A4.1, (Mr)h, A, cc - ¢! iff Mr, A, cc - ¢'[p*/p]. Hence,

Mr, A, e ¥ ¢ pt/p]. By IH, @ ¢'[p*/p] ¢ A. By Elimy, Vp @, ¢' ¢ A. By
the claim above, Vp @, ¢ ¢ A. By CBFg, @ Vp ¢ ¢ A.

B5.4 Theorem B3.10

In each case, it suffices to show that fr satisfies the corresponding constraint
given the axiom. Moreover, fr is already defined to satisfy the relevant
constraint when [A] = . So assume throughout that [A] # .

Suc:  Suppose (A, ) € fr(A,A,c). Let ¢ € [A]. By Lemma B3.6 and
Definition B3.7, if (¢ 0, (A D 1)) € A where ¢ € LI, then @, ¢ € A'. By
Ids, and RK.,, (¢ 0=« (A D ¢)) € A. So @, ¢ € A’. By Definition B3.5,
N, ey € A.

W: Let(A, cc)e Aand ¢ € [A] (s0o @ ¢ € A). Suppose ¢ O (k DY) € A.

By MPg, and Ded, ¢, ¢ 0— (k D ¢), k I ¢. By Geng and Ref, @ ¢, ¢ O
(k 2 ¢) I @ . Hence, @ ¢ € A. By Definition B3.7, (A, ci) € fr(A, A, c).
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C: Suppose (A, ci) € A. Let ¢ € [A]. Thus, @« ¢ € A. Reasoning as above,
wehave @ ¢ |- (¢O—« (kDY))=@ Y. Soif (pO—« (kD)) € A, then@, ) €
A, meaning (A, cx) € fr(A, A, c). Moreover, let (A, ¢)) € fr(A, A, cy). So
for all ¢ € LE'_J(, if (p o> (A2 P)) € A, then @, ¢ € A’. Now, by Cen,
i,¢ |- (¢ o—i). By Gen| and Vac|, ¢ I |i.(¢ 0= i). By Geng and DAg,
||, , @ ¢ |- @c(¢p O k). Since |k|; € A, that means (¢ O—y k) € A. By
RKos,, (¢ 0=« (A2 x)) € A. So @, « € A'. By Rigid and Corollary A3.10,
|k|; € A. By Intro_, (k = A) € A’. By Lemma A3.14, ¢, = ¢;. We now show
A" = A. We'll just show A < A’ to illustrate. Let i € A. By Introg, Elimg,
and Red, @, @, ¢ € A. Thus, ¢ O (k D@, ) € A. So @, @, P € A’ since
(N, cey e fr(A, A, cx). So by Red, Rigid, Introg, and Elimg, ¢ € A'.

Stal: Suppose (A1, c),{N2,cu) € f(A, A, c). Let ¢ € [A]l. Thus, for all
Y e ng:

(@O (AoY))eA = @ypel
(oo (uoY))eA = @iy el

Suppose (¢ O—¢ ~A) € A. Thus, (¢ O—, (A > ~1)) € A by RKg,_, and so,
@.~A€ A1, 4. Hence, (¢ 0> ~h) ¢ A. By CEM, (¢ O—« 1) € A. By RK,,,
(pO—>y (u>N)) € A, and so, @, h € Ay. By Rigid and Intro—, (A = u) € I'since
[Al1, |ul; € T. By Lemma A3.14 then, ¢, = c,,. Further, A = u) e Ay nAn Ay
by Rigid.

We now show that A; < A, (the proof that A, < A; is symmetric).
Suppose ¢ € A1. By Introg and Elimg, @, 7 ¢ ¢ A1. ByRed, @, @, ~ ¢ ¢ A1.
Since (A1, ¢y € fr(A, A, ck), (¢ B- D@, ~¢)) ¢ A. By Subld, since
0= ) € A, (¢ Ty (=@, =) ¢ A By CEM, (¢ O ~(12@;, ~9)) € A
Since (¢ Oy u) € A, we have (¢ 0= (u 2 ~@;, 7)) € Aby RKq,, . Since
(A2, cu) € fr(A, A, ci), we have ~ @), 71 € Ay by Bool. So by Distg, Introg,
and Elimg, ¢ € As.

Vac: Let A(ci) = . Suppose for reductio fr(A, A, ci) # . Let (A, c)) €
fr(A, A, cy) and let ¢ € [A]. By Corollary A3.10 and Distg, @ ~ ® ¢ € A.
By Vac and Geng, ¢ 0« (A 2 L) € A. By Definition B3.7, @, L € A’, 4.

NC, NEC, SIC:  We just do NC, since NEC and SIC are similar. It’s left as an
exercise to the reader to show that the two versions of the relevant axiom
are coderivable. Let ¢ € [A] and let (A’,c)) € fr(A, A, cy). So for all ¢, if
(¢ B>« (A\DY)) € A, then @, ¢ € A'. By Rigid and Bool, @, B« € A. By
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NC and RKg,,, ¢ O— (A D k) € A. Hence, @, x € A’. By Rigid, Introg, and
Elimg, (x = 1) € A’. Thus, ¢) = c.

Ro: We revise the definition of a canonical hyperconvention as we did
for Theorem B2.2 so that ., = {X | [X]« # & }. Given this, let (A’,c)) €
f(A, A, ci) and let a € [A]. Thus, for all x, if a O—y x € A, then @), x € A
We will just show the —-case, i.e., that 7., = 7, , since the others are similar.

First, observe that 7., = 7, since, e.g., if ¢ € [X];, then @), ¢ € [X] by
Red. So let X € m., and let ¢ € [X],. By R, and Geng, @, | 1.0, |j.(—¢p =
@ ~@j¢) e A. ByDAg, @0, |j.(7¢p =@ @ ¢) € A. Hence, @, | j.(— ¢
@@ ) € N. By DAg, @(7¢ = @ ~@. ¢) € A'. By Distg and
Red, (@~ ¢ = @@, ¢) € A'. By Lemma B5.1 (since @, ¢ € [X]y),
e X =7, X

K Oy <>
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