Remarks on Axiomatic Rejection in
PIOTR KULICKI

Aristotle’s Syllogistic

Abstract. In the paper we examine the method of axiomadjiection used to describe the set of non-
valid formulae of Aristotle’s syllogistic. First wehow that the condition which the system of sy#iig has to
fulfil to be completely axiomatised, is identical the condition for any first order theory to bedisas a logic
program. Than we study the connection between rmagsdd for refutation in a first order theory apgbcted
axioms for that theory. We show that any formulayfogistic enriched with classical connectiveslézidable
using models in the domain with two members.
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1. The starting point for our consideration is gnesentation of Aristotle’s syllogistic
given by J. Lukasiewiéz The language of the systems consists of indiVidaaiables
S, M, P,..., two binary predicate symbadsandi with infix notation, standing for positive
categorical predicates of syllogistic (e3aMandSiM are read resgvery S is Mandsome S
are M) and classical propositional connectives{negation),//(conjunction)//(dysjunctior),
— (implication).

The set of theorems of syllogistic is given by tmual rules Modus Ponens and
Substitution for individual variables and the foliog axioms:

(Ax 0) any substitution of a theorem of the clagbpropositional calculus is an axiom

(Ax 1) SasS
(Ax 2) SiS
(Ax 3) MaP [/SaM - SaP
(Ax 4) MaP MiS - SiP

Moreover, tukasiewicz, following suggestions giv®nAristotle, formalises the set of
non-theorems of the system. Initially he used fat tpurpose two rejected axioms and the
rules of Reversed Modus Ponens and Reversed Suiostitfor individual variables of
schemata :

" The content of this paper in a slightly differeatlaction was published in Polish in two paperthefAuthor:
Logika programowania a sylogistyka ArystoteleRaczniki Filozoficzne 1999/2000, aiMbdele dla sylogistyki
Arystotelesa w dziedzinie dwuelementoW®ejczniki Filozoficzne 1999/2000.

1 All the concepts and results of this section cofmas tukasiewicz and Stupecki. They were first [isted in
in [4] and in details in [6]. The same results mmgorted in an easier to access book [5].
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where//| marks a rejected formulg,/ stands for theoremhoag S are formulae andis a
substitution for individual variables. We will calP* and Subst basic rules of rejection.
Because MP and Subst are the only rules of thepsetepart of the system the basic rules
form together the following, intuitively very cleanetalogical transposition rule:
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where|// stands for derivability, and,( are formulae. Furthermore we have

PROPOSITIONL LetT be a theory and a set of rejected formulae @fgiven by the
basic rules of rejection and set of rejected axi@mmsThen for anyr

alJj@ iff there exists a formul#&/ /@, such thajis derivable frono in T.

Such a formalisation of non-theorems was suffictenteject all non-valid syllogisms
considered by Aristotle. However in the contexictzssical propositional calculus there are
infinitely many non-valid formulae which are nofeeted by the basic rules of rejection and
any finite set of rejected axioms. The problem atved by adding a new recursive rule
schema (Rule of Stupecki) to the system:
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where y, }, ...k are atomic formulae or negations of such formuder a, 5 are atomic. In
the presence of RS it is enough to use a singdetes axiom:

(Ax 0| SaM/7PaM [7SiP

to obtain the complete and decidable system oftdttess syllogistic.



2. The Rule of Stupecki, RS, was treated purehnecally and restricted its
application to the system of syllogistic (see [b,dhe rule has, however, a more general
meaning. It is easier to see it in the languagdanfses.

The expression of a form:

X <Y

whereX,Y are finite sets of atoms represents a clausammication, in which the condition
is the conjunction of formulae froiiand the conclusion is the disjunction of formufiaeem
X, 1If [X] < 1, then a clause is a Horn clause. For the sakergdlicity in clauses we will omit
the usual set-theoretical brackétand} and instead of a symbdl of the sum we will put a
comma.

We will call a theoryT a Horn theory if there is an adequate axiomatsawi T in the
language of Horn clauses, i.e. there exists afddbm clauses, from which all valid clauses
are derivable and nothing more is. The significapicelorn theories lies in the fact that they
can be used as logic programs (see for example [3])

The following proposition is well known in the thgoof Horn clauses (see for
instance [1]).

PrROPOSITION2. A theoryT is a Horn theory if and only if it possesses thiéotving
disjunction property:

(DP) XY-ZOT iff XeZOTorY 20T

whereX, Y, Zare finite sets of atoms.

Now we come back to the Rule of Stupecki. In theglsage of clauses it takes an
equivalent form:

OlX,aeY; O XBY
O0000000000000
Ol X, a,B <Y

whereX, Yanda, S are resp. finite sets of atoms and atoms.



It is obvious that it is equivalent to the rule:

O|X «Z;0|Y <2
oo0o0o0ooooonn
OIXY < Z

whereX, Y, Zare finite sets of atoms. By MHt can also be strengthened to the following
property:

(DP*) OJX,Y < Z iff O|X —2Z andJ|Y « Z

The correspondence with the condition DP is selfleav.

The presence of the rule DP* allows us to resttict problem of rejection in
syllogistic to Horn clauses. Moreover the rule R®iot used for the rejection of Horn clauses
due to the following theorem.

THEOREM 1 Let T be a Horn theory@ a set of rejected formulae ®fdefined by the

rules MP", Subst, RS and set of rejected axioms. Let a/7® be a Horn clause. Thencan
be rejected without the use of RS.

PROOF Let us consider the last use of RS in the reyaatif a illustrated by a schema:

O|X «Z:;0|Y <2
oo0o0o00oo0oonn
OIX,Y < Z

whereX,Y,Zare sets of atoms. Since it is the last use otrR3n be rejected using the basic
rules of rejection from’/| X, Y — Z. Thus by Proposition 1 the claugeY ~ Zis derivable
from a in T . SinceT is a Horn theory and a Horn clause, by DR —~ ZorY ~ Zis also
derivable froma in T. Thus in the rejection af we can usé/| X — Zor //| Y « Z instead

of [7] X, Y « Zand the use of RS is superfluous. In the sameangyther use of RS can be
eliminated. O

It is surprising that the postulate of decompositaf a formula to Horn clauses,
known from logic programming, expressed by the R together with the transposition rule
and the single rejected axiom is sufficient for @mgplete characterisation of non-valid
formulae of Aristotle’s syllogistic. Since axiomsA - Ax4 are Horn clauses syllogistic is a
Horn theory and DP also holds. Thus, both acceptand refutation of an arbitrary formula
of the theory can be reduced to acceptance ancticgjeof Horn clauses.



3. The relation between models of the theory dadaxiomatic system rejection is
described by the following theorem:

THEOREM?Z2. LetT be a theory an@ a set of rejected formulae ®fgiven by the basic
rules of rejection and set of rejected axioms Let Mbe a model foil in which all rejected

axioms from@ are false. Then any formula fros can be rejected in model of a size less or
equal tharMm

PROOF It is enough to notice that both basic rules ¢éaon preserve the size of a
rejecting model.

(i) If |7 a-pB holds inT thana - Sis true in any model df. Thusa can be rejected in any
model in whichg is rejected.

(i) If s(a) is rejected in a mod@&| thana is can be rejected in the modiél obtained fromM
by changing the interpretation of terms accordimghe substitutiors. The size of\I’
equals the size ol l

We can apply Theorem 2 to syllogistic. Syllogistas its well known model system in
which terms are represented by non-empty sets egdicatesa andi - respectively by set
inclusion and having a non-empty intersection. ®hey rejected axiom of the theory, Ax
can be rejected in a model in a domain of two membEhus any Horn clause of syllogistic
can be rejected in such a model. The models cgemherated from the following matrices:

a | 01| 10| 11 if 01 10 11
O1| V| F| V o1 V| F| V
10 F| V| V 10 F| V| V
11| F F| V 11 V| V| V

where arguments of the characterised functaoasdi correspond to non-empty sets in a two-
membered domain, and their values are truth vatdegspectively atomic formulae (V -
verum, F - falsum).

Since in classical logic any formula can be redute@d conjunction of clauses (a
conjunctive normal form) and, as we have shown,sitet problem for clauses can be
reduced to Horn clauses we have the following ¢amnpl

CoROLLARY Any formula of Aristotle’s syllogistic enriched/lelassical connectives is
decidable using models in a domain with two members

Similar problem is considered by F. Johnson in 2k shown that for specific type of
formulae, called Aristotelian chains, the domain adfmodel can be restricted to three
members. To adopt matrices analogous to ours iprésentation of that result we should use



three elements generating arguments. In this waght&n eight arguments, from which two
extreme are eliminated. Thus in Johnson’s appragchave six arguments instead of three in
ours.
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