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Abstract

In a recent paper, Pruss (2013) proves the validity of the rule beta-2
relative to Lewis’s semantics for counterfactuals, which is a significant
step forward in the debate about the consequence argument. Yet, we
believe there remain intuitive counter-examples to beta-2 formulated
with the actuality operator and rigidified descriptions. We offer a novel
and two-dimensional formulation of the Lewisian semantics for coun-
terfactuals and prove the validity of a new transfer rule according to
which a new version of the consequence argument can be formulated.
This new transfer rule is immune to the counter-examples involving the
actuality operator and rigidified descriptions. However, we show that
counter-examples to this new rule can also be generated, demanding
that the Lewisian semantics be generalized for higher dimensions where
counter-examples can always be generated.

1 Introduction
Central to van Inwagen’s (1983) Consequence Argument for the incompatibil-
ity of determinism and free will is the much discussed rule beta, a transfer
principle asserting that if ϕ and there is no choice about whether ϕ, ϕ implies
ψ and there is no choice about whether ϕ implies ψ, then ψ and there is no
choice about whether ψ, too. A decisive counter-example to beta was given
by McKay and Johnson (1996), but Widerker (1987) and Finch and Warfield
(1998) suggested a stronger principle deemed beta-2 which is not subject to
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McKay and Johnson’s counter-example, and that allows an even simpler for-
mulation of the consequence argument. Even so, the fact that beta-2 was not
immune to similar counter-examples was not enough to show that there was
no possible counter-example to it. Yet, Pruss (2013) offered a proof of the va-
lidity of a formal rendering of beta-2 against the background of the Lewisian
semantics for counterfactuals and the modal logic T. Thus it might seem that
the discussion surrounding the plausibility of beta-2 is closed once and for all:
the rule is valid with respect to the class of (reflexive and) relational models
with the usual Lewisian ordering of possible worlds for a propositional modal
language containing the counterfactual connective.

In this paper, however, we claim that even though there is nothing wrong
with Pruss’s proof, beta-2 is intuitively invalid: there are counter-examples
to it that cannot be seen, as it were, by the formal apparatus, until the modal
language is extended with an actuality operator—although we also argue that
similar counter-examples can be generated with rigidified descriptions. In the
interest of preserving the consequence argument though, we offer a novel and
two-dimensional formulation of the Lewisian semantics for counterfactuals and
prove the validity of a new transfer rule according to which a new version of the
consequence argument can be formulated. This new transfer rule is immune
to the counter-examples. However, we argue that similar counter-examples
can still be generated, requiring a generalization of the Lewisian semantics to
a higher dimension, which is in turn victimized by similar counter-examples,
and so on, as we suggest, for any (finite) dimension.

In §2 we explain the consequence argument in more detail, including Pruss’s
formal proof of beta-2; in §3 we present counter-examples to beta-2 formu-
lated with the actuality operator as well as with rigidified descriptions; in §4
we revise the Lewisian semantics for counterfactuals in a way that avoids the
counter-examples, formulate a novel “no-choice-about” principle that transfers
across conditionals, and formulate a new consequence argument. Yet, we ar-
gue that counter-examples to this novel principle (and many others) can be
generated in an interesting way.

2 Background

2.1 The Consequence Argument

Van Inwagen’s (1983: 56) informal presentation of the consequence argument
runs as follows:
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If determinism is true, then our acts are the consequences of the laws
of nature and events in the remote past. But it is not up to us what
went on before we were born, and neither it is up to us what the laws of
nature are. Therefore, the consequences of these things (including our
present acts) are not up to us.

The key of the argument is the assumption that “no-choice about” transfers
across conditionals, that is, where ϕ and ψ are any statements1 (possibly about
some human action), if ϕ and no one has or ever had any choice about whether
ϕ, ϕ→ ψ and no one has or ever had any choice about whether ϕ→ ψ, then
ψ and no one has or ever had any choice about whether ψ. This is what the
(in)famous rule beta says in the following standard modal formulation of the
consequence argument.2 Let Nϕ abbreviate the statement that ϕ and no one
has or ever had any choice about whether ϕ (cf. van Inwagen 1983: 93-95).
Then beta can be formulated more precisely as follows:

beta Nϕ, N(ϕ→ ψ) ` Nψ

In addition to beta, the argument assumes another rule of inference involving
N, namely, alpha, that tells us that if a statement is necessarily true, then
no one has or ever had any choice about it. More formally:

alpha �ϕ ` Nϕ

Now, it is a consequence of determinism that any true statement ϕ (say, that
Nina raises her hand) is strictly implied by the laws of nature, Λ, and a state-
ment, Φ, describing the complete state of the world in the remote past, that
is:

�((Λ ∧ Φ)→ ϕ)

Then van Inwagen’s modal formulation of the consequence argument is as
1A statement here is simply a disambiguated declarative sentence.
2Although we follow Pruss (2013) in calling the rules governing N in the consequence

argument alpha and beta, van Inwagen (1983: 94) calls them α and β.
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follows:
1 �((Λ ∧ Φ)→ ϕ)

2 NΛ

3 NΦ

4 �(Λ→ (Φ→ ϕ)) 1

5 N(Λ→ (Φ→ ϕ)) alpha, 4

6 N(Φ→ ϕ) beta, 2, 5

7 Nϕ beta, 3, 6

Line 4 derives from line 1 by replacing (Λ∧Φ)→ ϕ with the truth-functionally
equivalent Λ → (Φ → ϕ) inside the scope of �. So, the argument concludes
that if determinism is true, no one has or ever had a choice about ϕ. McKay
and Johnson (1996) provided a decisive counter-example to beta (which we
will not go through here), but Widerker (1987) and Finch and Warfield (1998)
suggested another rule in its place which is immune to McKay and Johnson’s
counter-example besides providing a more elegant and simpler formulation of
the consequence argument. This rule is the following:

beta-2 Nϕ, �(ϕ→ ψ) ` Nψ

Armed with beta-2 the incompatibilist can then formulate a new consequence
argument:

1 �((Λ ∧ Φ)→ ϕ)

2 N(Λ ∧ Φ)

3 Nϕ beta-2, 1, 2

This new version of the consequence argument has a nice feature: it does
not rely on alpha, but only on beta-2. So whether the new consequence
argument is a valid one turns out to be a question about the validity of beta-
2.

In fact, this is a desideratum in Huemer’s (2000: 529-530) list for a suc-
cessful consequence argument, that is: (i) the premises of the argument ought
to be true, (ii) the claim that Nϕ holds of all truths ϕ about human times is
incompatible with us having free will, and (iii) beta-2 must be valid.
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Now, any claim to validity should be made in the context of a formal
background, for even though beta-2 has the appearance of a reliable and
general rule of inference, there is no way to know whether it holds in every
case without a proof. If we cannot know that, then the new version will not
satisfy (iii), and so the new consequence argument will not be successful.

To this end, Pruss (2013) made a significant contribution to the literature
by providing a formal interpretation of the N operator and a proof of the
validity of beta-2 against the background of a widely accepted modal seman-
tics for counterfactuals, namely, Lewis’s (1973) semantics.3 We now turn to
Pruss’s formal definition of N and his proof of the validity of beta-2.

2.2 Pruss’s proof of beta-2

Pruss shows that given the standard Lewisian semantics for counterfactuals,
Huemer’s condition (iii) is satisfied. He provides the following definition of
N that is intended to capture formally the more intuitive “no-choice-about”
condition according to what Huemer calls the “counterfactual interpretation”
of N :4

Nϕ =df. ϕ ∧ ¬∃x∃α[Can(x, α) ∧ (Does(x, α)�→¬ϕ)]

In the definition above, �→ is the subjunctive conditional or counterfactual,
x is a variable ranging over humans, α is a variable ranging over all possible
action types in the past, present, and future (cf. Pruss (2013: 433)), while
Can(x, α) and Does(x, α) are left unanalysed. This formal definition of N is
indeed appropriate to capture what van Inwagen (1983, especially pp. 66-68)
intended in claiming that no one has a choice about ϕ just in case no one is
able to render it false. It is also widely assumed by participants of the debate.

Now recall that in the standard Lewisian semantics for counterfactuals, a
counterfactual of the form ϕ�→ψ is true (say, at the actual world) if and
only if (i) there is no possible world at which ϕ is true, or (ii) ψ is true at
the closest (or more similar) possible worlds (to the actual world) at which ϕ
is true.5 Then Pruss observes that according to the Lewisian semantics the
following rule of inference, called weakening, is valid:

3Although, as we shall see, Pruss’s proof is syntactic in nature; but the rules used in
the proof can all be shown to be sound according to a (modal) Lewisian semantics for
counterfactuals.

4A small observation: throughout his paper, Pruss uses the letters p, q, r, etc., to stand
in place of arbitrary statements, whereas we use letters from the end of the Greek alphabet.

5What we make, precisely, of the notion of closeness of worlds is orthogonal to the main
issue here, so one may simply take Lewis’s (1973: 48) minimal conditions for comparative
similarity, for example.
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weakening ϕ�→ψ,�(ψ → χ) ` ϕ�→χ

With this rule available, Pruss shows that under the plausible assumption
that metaphysical necessity obeys the modal logic T, beta-2 is valid. The
proof is offered in Fitch-style natural-deduction rather than by model-theoretic
means—this is not an issue, for a model-theoretic proof can be provided within
a two-sorted language with two first-order quantifiers, one ranging over indi-
viduals, and another over action types.

We reproduce Pruss’s proof below for the reader’s convenience:6

6Pruss uses “taut con” (see the justification for lines 7 and 17) as a (convenient) rule for
tautological consequences. We follow him in using this rule in the Fitch-style proof found
in §4.1.
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1 Nϕ

2 �(ϕ→ ψ)

3 ϕ ∧ ¬∃x∃α[Can(x, α) ∧ (Does(x, α)�→¬ϕ)] def, 1

4 ¬∃x∃α[Can(x, α) ∧ (Does(x, α)�→¬ϕ)] ∧-elim, 3

5 ∀x∀α¬[Can(x, α) ∧ (Does(x, α)�→¬ϕ)] De Morgan, 4

6 ba ¬[Can(b, a) ∧ (Does(b, a)�→¬ϕ)] ∀-elim, 5

7 Can(b, a)→ ¬(Does(b, a)�→¬ϕ) taut con, 6

8 �[(ϕ→ ψ)→ (¬ψ → ¬ϕ)] modal contraposition

9 �(ϕ→ ψ)→ �(¬ψ → ¬ϕ) �-distr, 8

10 �(¬ψ → ¬ϕ) →-elim, 2, 9

11 Can(b, a)

12 Does(b, a)�→¬ψ

13 Does(b, a)�→¬ϕ weakening, 10, 12

14 ¬(Does(b, a)�→¬ϕ) →-elim, 7, 11

15 ¬(Does(b, a)�→¬ψ) reductio, 12–14

16 Can(b, a)→ ¬(Does(b, a)�→¬ψ) →-intro, 11–15

17 ¬[Can(b, a) ∧ (Does(b, a)�→¬ψ)] taut con, 16

18 ∀x∀α¬[Can(x, α) ∧ (Does(x, α)�→¬ψ)] ∀-intro, 17

19 ¬∃x∃α[Can(x, α) ∧ (Does(x, α)�→¬ψ)] De Morgan, 18

20 ϕ→ ψ T, 2

21 ϕ ∧-elim, 3

22 ψ →-elim, 20, 21

23 ψ ∧ ¬∃x∃α[Can(x, α) ∧ (Does(x, α)�→¬ψ)] ∧-intro, 19, 22

24 Nψ def, 23

Given his proof, Pruss claims that any counter-example to beta-2 would
also have to be a counter-example to weakening and, therefore, to Lewis’s
semantics for counterfactuals. This seems correct in a sense, for weakening
is indeed essential for Pruss’s proof of the validity of beta-2. The focus of the
debate about the consequence argument, Pruss claims, should then move on
from beta-2 and be about whether N(Λ ∧ Φ) is really true. For even though
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many accept that we have no choices about the laws and the remote past,
Lewis (1981), for instance, offered arguments against it.

However, there is a sense in which one could still be warranted and well-
motivated in rejecting beta-2 even in light of Pruss’s proof. For Pruss shows
that beta-2 holds relative to an intensional semantics for counterfactuals and
the “no-choice-about” operator N. But many have recently turned to a hy-
perintensional semantics for counterfactuals, according to which counterfactu-
als with impossible antecedents fail to be vacuously true as in the orthodox
Lewisian semantics.7 In the case of a hyperintensional semantics, weaken-
ing can indeed fail for some impossible antecedent in the first counterfactual
displayed in the rule above. But, as noted by Pruss, one could still claim that
the regular counterfactual conditional obeys weakening, and that the rule
would only fail in the case of an impossible antecedent ϕ, which is in turn
entirely irrelevant for the validity of beta-2 since Nϕ forces ϕ to be true, and
therefore ψ cannot be false, as the argument assumes that �(ϕ → ψ) also
holds.

We think this is correct. But there is yet another possibility, which does
not involve non-trivial counterfactuals, at least directly. It follows from beta-
2 that if a statement is necessarily true, no one has or ever had a choice about
it. For let ψ be necessary, that is, true at every possible world. Then ψ is
strictly implied by any statement. Thus, in particular, if ϕ is a statement such
that Nϕ is true, ϕ strictly implies ψ, that is, �(ϕ → ψ) is true. And hence
Nψ is true, too, according to beta-2. So the rule excludes the possibility of
us having choices about necessary truths: if a statement is necessarily true, it
just follows from beta-2 that no one has or ever had a choice about it—which
is what is stated by alpha after all.

This is a central tenet of the rules used in the consequence argument and,
furthermore, of the assumption that having a choice about a true statement
is to be able to render it false (where the latter notion is understood counter-
factually). But it is not obvious to us that this is correct. In fact, we believe
there are counter-examples to the claim that no one has or ever had a choice
about a necessary truth. And if this is right, the background semantics for
N should take into account hyperintensional contexts of some kind, for there
would be necessarily equivalent statements ϕ and ψ such that no one has or
ever had a choice about ϕ while the same is not true about ψ.

As the next section makes apparent, these cases are not directly related
to the hyperintensional movement against the orthodox Lewisian semantics.

7See for instance, Nolan (1997, 2013), Brogaard and Salerno (2007, 2013), and Berto et
al. (2018).
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Rather, they involve more traditional pieces of modal apparatus, to wit, the
actuality operator and rigidified descriptions.

3 Reasons for rejecting beta-2

One of the most interesting aspects of van Inwagen’s modal formulation of the
consequence argument is that—witnessed by Pruss’s proof—it has brought the
modal machinery of possible worlds semantics to the center of one of the most
important debates concerning free will. Yet, we believe that an important piece
of modal machinery, namely, the actuality operator, might cause troubles for
the incompatibilist after all.

First recall the truth-conditions for the actuality operator. Relative to a
Kripke model M defined as usual for the basic propositional modal language
with the addition of the actuality operator, @, @ϕ is actually true at a possible
world w if and only if ϕ is true at the actual world of the model, say, w∗. More
formally:

M, w � @ϕ⇐⇒M, w∗ � ϕ

Now let ϕ be the statement, say, that Nina raises her hand. Then someone
has a choice about whether ϕ is true, namely, Nina herself. Moreover, if Nina
actually exists, she has a choice about whether ϕ is true at the actual world.
But from this fact it is reasonable to conclude that she also has a choice about
whether the actualized statement @ϕ is true at the actual world, even though
@ϕ and ϕ have different modal profiles: the former is necessary if true, whereas
the latter is only contingent.

Why do we believe that Nina has a choice regarding the truth of @ϕ at
the actual world? Well, we believe this because the truth of both @ϕ and ϕ
obtain at the actual world for the very same reasons, that is, the very same
facts, grounds, states of affairs, truthmakers or what have you, that make @ϕ
true at the actual world are the ones that make ϕ true at the actual world.
After all, @ϕ is true at the actual world in virtue of Nina’s raising her hand in
the actual world, and the same holds of ϕ. It was Nina’s decision to raise her
hand in the actual world, thereby making both @ϕ and ϕ true. In a nutshell:
the truth of both statements at the actual world is up to her. Of course there
are possible worlds wherein @ϕ is true and ϕ false, namely, any other world
wherein Nina does not raise her hand. If, however, we are concerned about
choices made in the actual world, then we could treat the differing modal
profiles of @ϕ and ϕ as an irrelevant difference.
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But if one thinks, as we do, that Nina has a choice about the truth of @ϕ
in the actual world it is easy to see why one should also reject beta-2. For if
@ϕ is true, it is strictly implied by any statement, since actualized statements
are necessarily true if true at all. So let ψ be any statement such that Nψ
holds. Then even though both Nψ and �(ψ → @ϕ) are true, we think that
N@ϕ can be false, and therefore that beta-2 is invalid.

Note, however, that if @ is added to the language in which Pruss’s proof
was formulated, the proof still goes through. As a matter of fact, it is simple to
see that according to Pruss’s definition of N, for any true statement of the form
@ϕ, N@ϕ is true, too, since for any possible world w, human x, action type α,
if Does(x, α) is true at w, then @ϕ is also true at w, since @ϕ is true at every
possible world. Yet, we have argued that some statements of the form @ϕ
are up to us, and therefore that the counterfactual sufficiency interpretation
of “no-choice-about” get things wrong in the context of actualized statements,
for no one would be able to render these false by acting otherwise according
to the formal interpretation of N. This is why we say that these cases are
intuitive—as opposed to formal—counter-examples to beta-2.8

There are multiple ways one could object to this. One could defend that
the explanation or grounds for the truth of a statement ϕ should be the same
at every possible world wherein it is true. And since there can be worlds where
ϕ is false but @ϕ true, the explanation for the truth of these statements must
vary across worlds. However, the claim that the explanation for the truth of
a statement should be the same at every world where that statement is true
is not plausible. A simple disjunction ϕ ∨ ψ might be true at several possible
worlds, and yet its truth can be grounded in different facts across worlds: at
a world w the disjunction is true in virtue of ϕ being true, and at a world w′

in virtue of ψ being true, for example.9
Another objection involves the fact that we are taking the explanation for

the truth of a statement to be bounded, in a sense, by a possible world. For
we say that the explanation for the truth of both ϕ and @ϕ at the actual
world is the same, rather than the more general claim that the explanation for
the truth of both ϕ and @ϕ is the same. If, however, the explanandum finds

8We should note that Kearns (2011) has independently argued that the actuality operator
creates trouble for the incompatibilist in the context of the direct argument. Of course, we
agree with him, and the present arguments can be seen as a generalization of his case against
the direct argument.

9Note, additionally, that our cases are compatible with—although not dependent upon—
the necessitation of grounding, which is widely held (see Witmer et al. (2005), Rosen (2010),
Trogdon (2013), Dasgupta (2014), and many others). This is the thesis that if the fact [ϕ]
grounds a fact [ψ], then [ψ] is necessitated by [ϕ].
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itself within a modal context, we think our account is exactly as it should be.
For if we are considering modal contexts where statements are true or false at
different possible worlds it makes no sense to say that a statement is simply
true, without reference to the world at which it is true. And so, if we are
considering what explains the truth of a certain statement at some point in
the modal space, we ought also to relativize it to that very point.

Yet another objection would involve rejecting the actuality operator al-
together by claiming, for instance, that it does not correspond to the nat-
ural language usage of “actually”. We think this objection misses the mark
though. Sure, some have argued that @ does not correspond to the way
we use “actually” in English.10 But the main point here has nothing to do
with how and whether @ applies to natural language discourse. For there
is obviously a widespread technical use of @ that serves many philosophi-
cal purposes, including certain developments in epistemic two-dimensionalism
(Chalmers (2004, 2006)) and context dependence more generally (Davies and
Humberstone (1980), Davies (1983, 2004), Percival (1991)), whether coun-
terpart theory provides the best way to understand modal discourse (Fara
and Williamson (2005)), the semantics for indicative conditionals (Weather-
son (2001)), and so on.

Still, the main point against beta-2 can be made even without explicit
reference to the actuality operator, for there is yet another piece of modal ma-
chinery that can be used in order to argue against beta-2, namely, rigidified
descriptions. For suppose that in the early days of The Beatles it was unde-
cided who would be the lead singer, as John and Paul would more often than
not share the burden during rehearsals. At one point John volunteered, decid-
ing it would be best if he was the lead singer; a decision which was promptly
accepted by Paul and the others.11 Then it is true that the lead singer of The
Beatles is John Lennon, even though this is contingent. For there are possible
worlds where, say, the decision to take on the microphone was made by Paul
rather than John. Yet, consider the rigidified description the (actual) lead
singer of The Beatles. This picks out John Lennon at every possible world,
since it picks out John Lennon at the actual world in the first place. And it
does this precisely in virtue of the fact that John Lennon made the decision to
be the lead singer of The Beatles. In this case, the statement that the (actual)
lead singer of The Beatles is John Lennon is necessarily true, even though this
was up to John in the sense just explained. And because this statement is

10See Yalcin (2015). In particular, Yalcin rejects the claim that there are two semantic
roles performed by “actually”, namely, a logical and a rhetorical one.

11Pretend that in this alternate world Paul was having troubles singing and playing the
bass simultaneously.
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necessarily true, it is strictly implied by any statement, including any state-
ment ϕ such that Nϕ is true. Therefore, rigidified descriptions also provide
counter-examples to beta-2.12

4 A two-dimensional semantics for counterfac-
tuals

Since there are some necessary truths that are up to us, the notion of choice
about a true statement cannot involve the ability to render it false, since no
one can render a necessary truth false. But in order to salvage the intuition
that having a choice about a true statement is to be able to render it false in
light of the above cases, one may want to capture formally the intuitive idea
according to which, had the actual world been different, actualized statements
would be false.

For instance, if it is true at the actual world that Nina raises her hand, then
this is actually true, and so it is necessary that Nina actually raises her hand.
Yet, had the actual world itself been different, say, a world in which Nina
refrains from raising her hand, then it would not be true (at any world) that
Nina actually raises her hand after all. Thus, even though when it is true, the
statement that Nina actually raises her hand is a necessary truth, the thought
continues, there remains a sense in which it seems to be contingent: it does not
appear to be inevitable that the actual world turned out in a way that made
it true. The Lewisian semantics (or even modal semantics, more generally) for
subjunctive conditionals is, however, clearly insufficient to offer a formal basis
for this idea.

12We should note that our cases also provide compelling reasons for rejecting the con-
sequence argument formulated with Pruss’s M operator, which in turns corresponds to a
more formal rendering of Huemer’s (2000) NS operator:

Mϕ =df. ϕ ∧ ∀x∀α[Can(x, α) ∧ (Does(x, α)�→ϕ)]

This is supposed to capture the idea that ϕ is true no matter what. Yet, even though
the statements that Nina actually raises her hand and that the (actual) lead singer of The
Beatles is John Lennon are true no matter what in the sense above, they were up to Nina
and John. So, again, even though Pruss’s proof of the validity of gamma-2, that is,

gamma-2 Mϕ,�(ϕ→ ψ) `Mψ

still holds if the formal language is enriched with an actuality operator—or rigidified
descriptions—we think the rule is intuitively invalid, for it validates inferences that we
would otherwise reject.
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But what if a subjunctive conditional were to take into account not only the
closest worlds where its antecedent is true, but the closest worlds considered as
actual where its antecedent is true? That is to say, in evaluating a subjunctive
conditional if ϕ had been the case, then ψ would have been the case, whenever
we consider a possible world that is relevantly similar to the actual world at
which ϕ is true, we take that very world as if it were actual, and so the actual
world also varies in the evaluation of subjunctive conditionals.13 This has the
consequence that even if @ϕ is true at the actual world, there can be a possible
world w such that, if ϕ is false at w, then @ϕ is false at w taken as actual.
This new semantics would provide a way to falsify true statements of the form
@ϕ at different possible worlds, which will in turn be useful as a suggestion of
how one can render false those necessary truths.14

For the purpose of illustration, consider a subjunctive conditional if ϕ had
been the case, then ψ would have been the case that is true in the actual
world. To mark the difference between the proposed semantics for subjunctive
conditionals and the Lewisian semantics, let us use the symbol �→ for the
subjunctive conditional under the proposed semantics, and reserve the symbol
�→ for the subjunctive conditional under the Lewisian semantics.15 Now let
w0 be the actual world, and consider a sequence of possible worlds,

w0, w1, w2, w3, . . .

Let the worlds w1, w2, and w3 be the closest worlds to w0 where ϕ is true.
Then even though ϕ might be true in every other world up to wn, say, in
case the sequence is finite (it does not matter if it is), let these be sufficiently

13A similar idea is defended by Weatherson (2001) and Wehmeier (2013) for indicative
conditionals, where the change of actual world reflected an epistemic feature of indicatives,
instead of the metaphysical feature of subjunctives. Yet, these semantics do not assume
that there is a relation of similarity for indicatives, in which case an indicative conditional
really quantifies over every possible world (in a model) taken as actual.

14Another feature of this semantics is that it provides an account of why—regardless of
their agential powers—agents cannot falsify some contingent a priori truths, i.e. contingent
truths that are true at every possible world w from the perspective of w as the actual
world (in other words, contingent truths that hold at every diagonal point). We should note
that Fusco (2019) explores this topic in her account of some of the puzzles of deontic logic
by making use of a two-dimensional semantics involving a diagonal consequence relation,
which relates to the present project given the strong connection between free will and moral
responsibility.

15More generally, we should speak of the semantics for subjunctive conditionals developed
by Stalnaker (1968), Lewis (1973), and Kratzer (1979). Even though there are differences
amongst these, the general idea is the same. But since Pruss proves the validity of beta-2
in the Lewisian semantics, this is the one we consider here.
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dissimilar to the actual world and therefore ignored by the conditional. Since
we are considering formulas to be true at a world from the perspective of
that world as the actual one, formulas will be evaluated with respect to a
pair of worlds, namely, the usual world of evaluation, and the actual world
in question. Then we can represent how the conditional �→ works with a
matrix where the worlds distributed horizontally are worlds of evaluation and
the worlds distributed vertically are the very same worlds taken as actual. So
�→ considers the closest worlds wi to w0 where ϕ is true with wi taken as
actual, which are the points marked with the black dots in the diagonal of the
matrix below:

w0 w1 w2 w3 . . .

w0 • · · ·

w1 • · · ·

w2 • · · ·

w3 • · · ·

...
...

...
...

... . . .

We call this kind of conditionals counteractuals, to distinguish it from the
orthodox counterfactual conditional interpreted with the Lewisian semantics.16

As will be made clear below, counteractuals are by and large inspired in
the two-dimensional semantics offered in Davies and Humberstone (1980) to
distinguish formally between two notions of necessity, namely, superficial and
deep necessity, which were in turn informally developed by Evans (1979) to
account for Kripke’s (1980) examples of the contingent a priori.17

16It is more proper to use “counterfactuals” for subjunctive conditionals with false an-
tecedents, but we pass over this distinction here since it is not important in what follows.

17Our use of the term “counteractual” is similar—though not quite the same, we think—
to Yablo’s (2002) original use. Rather than considering a world w as counterfactual, Yablo
talks about considering a world w as counteractual, i.e. as a “hypothesis about what this
world is like.” (2002: 449). This is done as a proposal to understand the notion of concep-
tual necessity and its differences with respect to metaphysical necessity: the former would
consider worlds as counteractuals, whereas the latter as counterfactuals. Yet, we are not
trying to draw a distinction between conceptual and metaphysical necessity here, for this
would bring obvious questions about how we should think of the reference of names in coun-
teractual worlds, and the use of language more broadly, all of which is beyond the scope
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In the formalism offered by Davies and Humberstone, superficial necessity
is the notion formalized by �, whereas deep necessity is formalized by ap-
pending the actuality operator to the right of the fixedly operator, F , which
quantifies universally over possible worlds taken as actual. So F@ϕ says that
no matter which world turns out to be actual, ϕ would have been true there.
Although we agree that this is a genuine notion of necessity, we do not need
to commit to Davies and Humberstone’s claim that F@ has something to do
with a priori knowability, although this would be a standard reading of F@ as
a diagonal operator. In addition, note that we cannot formalize counteractuals
as F@(ϕ→ ψ), as this would imply that ϕ→ ψ is true at every world taken
as actual, whereas what we want is just that ψ be true at the closest worlds
to the actual one where ϕ is true.18

To be more precise, we now give a brief outline of the syntax and semantics
of a formal language CAL+�+@ for counteractual conditionals with distinct
modal operators.19 then Let PROP be a denumerably infinite set of sentential
letters p, q, r,..., and let ¬ stand for negation, ∧ for conjunction, �→ for the
counteractual conditional, @ be the actuality operator, � the counterfactual
necessity operator, and � the counteractual necessity operator—the distinc-
tion between � and � will be made clear once the semantics is presented.
Intuitively, @ is read as “it is actually the case that...”, � is read as “it is nec-
essary that...”, and � is read as “no matter which world is actual, it is actually

of this paper. We should also note that Stefánsson (2018) develops a multidimensional
semantics for counterfactuals to avoid what has been called counterfactual skepticism, i.e.
(roughly) the view that all counterfactuals are false. In his framework, however, the word
“counteractual” stands for something else: a possibly counteractual world is a truth-maker
for a counterfactual statement (cf. Stefánsson (2018: 885)).

18One might object that the semantics for �→ has an epistemic feature, since it quan-
tifies over worlds taken as actual. But we do not think this conditional ought to be taken
as epistemic. The notion of necessity formalized by F@, for example, even though it has
epistemic applications, is not epistemic, as Davies and Humberstone are clear about the fact
that they are not offering an epistemic logic. Moreover, we should point out that the fixedly
operator itself appeared earlier in Crossley and Humberstone (1977), with motivations that
are similar to ours. When Crossley and Humberstone axiomatized the modal logic of ac-
tuality they noted that some—although they were not committed with this claim—might
think the axiom schema @ϕ → �@ϕ counter-intuitive for the reason that it might seem
contingent in some sense which world turned out to be actual. Because @ϕ → F@ϕ is
not valid in the modal logic of fixedly actually, the necessity formalized by F@ might then
be taken as the necessity one has in mind in denying that actual facts are all necessarily
actual. The application to a priori knowledge, however, was suggested only later in Davies
and Humberstone (1980) in connection to Evans’s work.

19The language here is propositional and so it does not contain rigidified descriptions.
The main philosophical points we will be making here carry over to the case of rigidified
descriptions since any non-rigid description can be rigidified by using the actuality operator.
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the case that...”. The language CAL+�+ @ is then recursively generated by
the following grammar:

ϕ ::= p | ¬ϕ | (ϕ ∧ ϕ) | (ϕ�→ϕ) | @ϕ | �ϕ | �ϕ

The other Boolean connectives such as disjunction ∨ and the material condi-
tional → are defined as usual.20

A model M for CAL + � + @ is a tuple, M = (W, {Rϕ | ϕ ∈ F}, V ),
where W is a non-empty set of possible worlds, {Rϕ | ϕ ∈ F} is a set of binary
(“accessibility”) relations on W , one for each formula ϕ ∈ F, where F is the
set of formulas of CAL + � + @,21 and V is a function assigning the value 1
or 0 to each p ∈ PROP at a possible world w ∈ W , written Vw(p) = 1 (or 0).

This way of defining models for conditional languages is based on Priest
(2008: ch. 5), although one can find the main ideas much earlier in Chellas
(1975). Lewis (1973), by contrast, makes use of so-called systems of spheres,
where each w ∈ W has its own system of similarity spheres, that is, a set $w of
sets S, S ′, ... of worlds each of which contains worlds that are more similar to
w than any other world outside of that sphere. We choose Priest’s formulation
merely because of its simplicity, but the semantics given here could be defined
by means of Lewis’s systems of spheres, too.22

The relations Rϕ can then be thought of as representing similarity, that
is, where wRϕw

′ is taken intuitively to mean that w′ is a world most similar
to w such that ϕ is true, or what Priest (2008: 84) calls a “ceteris paribus”
condition, where wRϕw

′ in turn means that w′ is ceteris paribus the same as
w, but ϕ is true at w′.

Let us write M, w, v � ϕ for “ϕ is true at world w with respect to v taken
as the actual world in M”. Now the notion of truth at a world with respect
to a world taken as actual is extended to all formulas recursively relative to a

20We drop the outer parentheses of formulas when convenient.
21That is, F = CAL + � + @. The reason why we use F is because there are models

which we define below with a set of accessibility relations, one such relation for each formula,
again, but over a different language. So F makes the notation of these models simpler.

22A third possibility is to use selection functions, as in Chellas (1975) and Priest (2008:
ch. 5).
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model M for CAL + � + @ as follows:

M, w, v � p ⇐⇒ Vw(p) = 1

M, w, v � ¬ϕ ⇐⇒ M, w, v 2 ϕ
M, w, v � (ϕ ∧ ψ) ⇐⇒ M, w, v � ϕ and M, w, v � ψ

M, w, v � (ϕ�→ψ) ⇐⇒ for all w′ ∈ W , if wRϕw
′, then M, w′, w′ � ψ

M, w, v � @ϕ ⇐⇒ M, v, v � ϕ

M, w, v � �ϕ ⇐⇒ for all w′ ∈ W , M, w′, v � ϕ

M, w, v � �ϕ ⇐⇒ for all w′ ∈ W , M, w′, w′ � ϕ

The truth conditions for the Boolean compounds and for @- and�-formulas
are just as usual in two-dimensional modal logics.23 We have not added a
separate accessibility relation for �, but this could be done as usual, with
different constraints such as reflexivity, seriality, transitivity, etc, generating
in turn different modal logics. As it is, the S5 axioms hold for �. The �
operator for counteractual necessity corresponds to Davies and Humberstone’s
F@. The new clause is that of the counteractual conditional �→ . To see
how this differs from the truth conditions for counterfactuals, note that in
the usual, one-dimensional framework, the truth conditions for counterfactual
conditionals would be defined as

M, w � (ϕ�→ψ)⇐⇒ for all w′ ∈ W , if wRϕw
′, then M, w′ � ψ

And in the two-dimensional framework, they would be defined as

M, w, v � (ϕ�→ψ)⇐⇒ for all w′ ∈ W , if wRϕw
′, then M, w′, v � ψ

That is, while the actual world remains fixed in the definition above, the
same is not true for counteractuals where the actual world varies alongside the
counterfactual world.

It is widely known that there are many constraints one can add to the rela-
tions Rϕ to the end of representing similarity between worlds.24 One plausible
constraint is that for any world w′ that is Rϕ-accessible from a world w, ϕ is
true at w′ with respect to w′ taken as actual. That is, all the most similar
worlds to w—where ϕ is true—will be worlds according to which ϕ is true, too.
We can write this first constraint on the relations Rϕ as follows: if wRϕw

′,
then M, w′, w′ � ϕ. Call this condition “antecedent preservation”, or (AP).

Additionally, one may want to add the constraint corresponding to what
Lewis (1973) calls “weak centering”, or (WC): if ϕ holds at a possible world

23For instance, see Davies and Humberstone (1980: 4-5).
24See Lewis (1973: 14) for minimal conditions on systems of spheres.
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w, then w is one of the worlds that are most similar to—or Rϕ-accessible
from—w.25 More formally, the condition is that if M, w, v � ϕ, then wRϕw.
There are many other constraints one could impose on the relations Rϕ, but
this is somewhat orthogonal to our discussion, and so we just assume the min-
imal conditions (AP) and (WC), which are very plausible for the “similarity”
interpretation of the relations Rϕ.

We should now define an appropriate notion of logical consequence for
CAL+�+ @. As per usual with a two-dimensional semantics, there are mul-
tiple options on the table. We prefer the notion of diagonal logical consequence,
which can be defined as follows:

(D-consequence) A formula ϕ is a diagonal logical consequence of a set
of formulas Σ if and only if for every model M and world w in M, if
M, w, w � ψ for all ψ ∈ Σ, then M, w, w � ϕ.

Then we say that a formula is diagonally valid if it is a diagonal consequence
of the empty set. This is the notion of validity (and consequence) one finds in
Kaplan (1989), for instance, whereby the formal rendering of statement such as
“I am here now” are (diagonally) valid—this statement is true in every proper
context of utterance, even though it is also contingent. On the other hand,
one could define what Davies and Humberstone (1980: 1) call general logical
consequence as truth preservation at all points in every model. Clearly, diag-
onal consequence is a special case, and thus entailed by, general consequence.
The main reason to adopt diagonal consequence here is in order to validate
the T axiom schema for �, that is, �ϕ → ϕ, which does not hold if validity
is defined generally, and it might be reasonably seen as a requirement of any
genuine notion of necessity: if it is necessary, in some objective sense, that ϕ,
then ϕ is true.26

4.1 The “Counteractual Sufficiency” Interpretation

Now we can redefine the formal rendering of “no-choice-about” by means of a
counteractual conditional. Inspired by the counterfactual sufficiency interpre-
tation, we call this proposal the “counteractual sufficiency” interpretation. We
use the boldface symbol N for this in contrast to the italicized N that received
the counterfactual sufficiency interpretation:

25This and the previous constraint are added to the (non-vacuist) semantics for subjunc-
tive conditionals in Berto et al. (2018: 697).

26That the T axiom schema is not generally valid in the logic of fixedly actually is pointed
out in Davies and Humberstone (1980: 6). The culprit here is the actuality operator, for
without it T is generally valid in the semantics defined here.
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Nϕ =df. ϕ ∧ ¬∃x∃α[Can(x, α) ∧ (Does(x, α)�→¬ϕ)]

This is compatible with Nina’s ability to act otherwise with respect to actually
raising her hand. Now consider the statement that Nina actually raises her
hand. There is an agent x (Nina) and action α (say, refraining from raising her
hand) such that Can(x, α) and at the closest world w to the actual world, if w
were the actual world and Does(x, α), then it would be false that Nina actually
raises her hand at w. Therefore, N is an appropriate formal rendering of “no-
choice-about” in light of our examples. It is still compatible with us having
choices about some necessary truths, but it is also consistent with the idea
that free will requires the possibility of making a true proposition false.

Can one run a consequence argument with N? Consider the following
version of beta, which we call beta-3:

beta-3 Nϕ,�(ϕ→ ψ) ` Nψ.

Then a consequence argument can be simply formulated as follows:

1 �((Λ ∧ Φ)→ ϕ)

2 N(Λ ∧ Φ)

3 Nϕ beta-3, 1, 2

To satisfy Huemer’s desiderata (i)–(iii), it remains for us to argue that the
premises of this consequence argument are true, and that beta-3 is valid with
respect to this semantics for counteractuals.

Concerning the validity of beta-3, it is simple to generalize Pruss’s cor-
responding proof of beta-2 to the present case. In Pruss’s proof, the only
steps that crucially involve � and �→ concern an application of the T axiom
schema for � and the weakening rule for �→ (that is, the rule of inference
saying that if both ϕ�→ψ and �(ψ → χ) are true, then ϕ�→χ is true).
But, as we have observed already, by assuming diagonal validity, the T axiom
schema for � is valid, and the argument for the validity of weakening for coun-
teractuals (that is, if both ϕ�→ψ and �(ψ → χ) are true, then ϕ�→χ is
true) is similar to the argument for the counterfactual case. In fact, weakening
is generally (and hence, diagonally) valid:

Suppose that M, w, v � ϕ�→ψ and M, w, v � �(ψ → χ). Then
for all w′ ∈ W , if wRϕw

′,M, w′, w′ � ψ. Suppose that z is such that
wRϕz. By the truth conditions for �-formulas, M, z, z � ψ → χ,

19



and so M, z, z � χ by modus ponens. So, for all w′ ∈ W , if
wRϕw

′, M, w′, w′ � χ. Therefore, by the truth conditions for �→ -
formulas, M, w, v � ϕ�→χ.

Therefore, Pruss’s proof can be simply rewritten by replacing � and �→
with � and �→ , respectively, thereby establishing the validity of beta-3
with respect to the class of models for CAL + � + @.

1 Nϕ

2 �(ϕ→ ψ)

3 ϕ ∧ ¬∃x∃α[Can(x, α) ∧ (Does(x, α)�→¬ϕ)] def, 1

4 ¬∃x∃α[Can(x, α) ∧ (Does(x, α)�→¬ϕ)] ∧-elim, 3

5 ∀x∀α¬[Can(x, α) ∧ (Does(x, α)�→¬ϕ)] De Morgan, 4

6 ba ¬[Can(b, a) ∧ (Does(b, a)�→¬ϕ)] ∀-elim, 5

7 Can(b, a)→ ¬(Does(b, a)�→¬ϕ) taut con, 6

8 �[(ϕ→ ψ)→ (¬ψ → ¬ϕ)] modal contraposition

9 �(ϕ→ ψ)→ �(¬ψ → ¬ϕ) �-distr, 8

10 �(¬ψ → ¬ϕ) →-elim, 2, 9

11 Can(b, a)

12 Does(b, a)�→¬ψ

13 Does(b, a)�→¬ϕ weakening, 10, 12

14 ¬(Does(b, a)�→¬ϕ) →-elim, 7, 11

15 ¬(Does(b, a)�→¬ψ) reductio, 12–14

16 Can(b, a)→ ¬(Does(b, a)�→¬ψ) →-intro, 11–15

17 ¬[Can(b, a) ∧ (Does(b, a)�→¬ψ)] taut con, 16

18 ∀x∀α¬[Can(x, α) ∧ (Does(x, α)�→¬ψ)] ∀-intro, 17

19 ¬∃x∃α[Can(x, α) ∧ (Does(x, α)�→¬ψ)] De Morgan, 18

20 ϕ→ ψ T, 2

21 ϕ ∧-elim, 3

22 ψ →-elim, 20, 21

23 ψ ∧ ¬∃x∃α[Can(x, α) ∧ (Does(x, α)�→¬ψ)] ∧-intro, 19, 22

24 Nψ def, 23
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Concerning the premises of the consequence argument itself, we believe
that the same reasons that compel one to accept the premises of the original
consequence argument apply here. Yet, one might think that while premise
1 formulated with � captures an intuitive version of determinism based on a
notion of metaphysical or broadly logical necessity that has intuitive appeal
and is widespread in metaphysics, the notion of necessity captured by � is
not so intuitive. This type of necessity is the usual diagonal necessity of two-
dimensional semantics, which is claimed by Davies and Humberstone (1980)
to be aligned with a priori truths.27

But what matters here is not whether this formulation of determinism is
a priori or not. Rather, it is important that the notion of necessity involved
in the argument is appropriate. To this end we observe that � and � in
fact coincide for every formula except the ones containing some occurrence of
the actuality operator. More formally, for every formula ϕ of CAL + � + @
with no occurrences of the actuality operator @, �ϕ↔ �ϕ is diagonally (and
generally) valid.28 So there is at least a formal sense in which these two oper-
ators are almost equivalent, differing only with respect to formulas containing
occurrences of the actuality operator, which is also in a sense what our ex-
amples are capturing intuitively, namely, that we have a choice about certain
�-truths but not about any �-truth. In this sense, � captures everything
that � does, but it extends it appropriately. The same can be said mutatis
mutandis about �→ and �→ . If we were to add �→ to CAL+�+@, �→
and �→ would only be distinguishable by @-formulas: for all formulas ϕ and
ψ of CAL + � + @ + �→ with no occurrences of the actuality operator @,
(ϕ�→ψ)↔ (ϕ�→ψ) is diagonally (and generally) valid.

In fact, we now prove that there is a sound translation tCAL from the pure
counteractual language CAL—i.e. the language of propositional logic plus �
and �→—onto the pure counterfactual language CFL—i.e. the language of
propositional logic plus � and �→—and a translation tCFL from CFL onto
CAL such that for all CFL-formulas ϕ, models M for CFL, and w, v in M,

M, w, v � ϕ⇐⇒M, w, v � tCAL(tCFL(ϕ))

and for all CAL-formulas ϕ, models M for CAL and w, v in M,

M, w, v � ϕ⇐⇒M, w, v � tCFL(tCAL(ϕ))

First we define a mapping from CAL-formulas onto CFL-formulas:
27The idea that the a priori involves some sort of diagonal necessity is defended by many

others. See Chalmers (2006) for an overview of a number of distinct formulations of this
and other core notions of two-dimensional semantics.

28This corresponds to axiom schema (F6) from Davies and Humberstone (1980: 4).
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Definition 4.1 (CAL-translation) The CAL-translation tCAL fromCAL-formulas
onto CFL-formulas is defined as follows:

tCAL(p) = p

tCAL(¬ϕ) = ¬tCAL(ϕ)

tCAL(ϕ ∧ ψ) = tCAL(ϕ) ∧ tCAL(ψ)

tCAL(ϕ�→ψ) = tCAL(ϕ)�→ tCAL(ψ)

tCAL(�ϕ) = �tCAL(ϕ)

Now the following lemma can be established:
Lemma 4.1 For every CAL-formula ϕ, model M = (W, {Rϕ | ϕ ∈ F}, V ),
and w, v ∈ W ,

M, w, v � ϕ⇐⇒M, w � tCAL(ϕ).

Proof. The proof is by induction on the complexity of ϕ. For the base case, let
ϕ = p, then M, w, v � p iff Vw(p) = 1 iff M, w � p iff M, w � tCAL(p). Assume
the inductive hypothesis, from which the Boolean cases follow straightfor-
wardly. Let ϕ = (ψ�→χ). Then M, w, v � ψ�→χ iff for all w′, if wRψw

′,
then M, w′, w′ � χ iff (by I. H.) for all w′, if wRtCAL(ψ)w

′, then M, w′ � tCAL(χ)
iff M, w � tCAL(ψ)�→ tCAL(χ). Let ϕ = �ψ. Then M, w, v � �ψ iff for all w′,
M, w′, w′ � ψ iff (by I. H.) for all w′, M, w′ � tCAL(ψ) iff M, w � �tCAL(ψ).

For the other direction, consider the following mapping from CFL-formulas
onto CAL-formulas, from which a similar lemma can be established:
Definition 4.2 (CFL-translation) The CFL-translation tCFL fromCFL-formulas
onto CAL-formulas is defined as follows:

tCFL(p) = p

tCFL(¬ϕ) = ¬tCFL(ϕ)

tCFL(ϕ ∧ ψ) = tCFL(ϕ) ∧ tCFL(ψ)

tCFL(ϕ�→ψ) = tCFL(ϕ)�→ tCFL(ψ)

tCFL(�ϕ) = �tCFL(ϕ)

Lemma 4.2 For every CFL-formula ϕ, model M = (W, {Rϕ | ϕ ∈ F}, V ),
and w, v ∈ W ,

M, w � ϕ⇐⇒M, w, v � tCFL(ϕ).

Proof. The proof is by induction on the complexity of ϕ. For the base case,
let ϕ = p, then M, w � p iff Vw(p) = 1 iff M, w, v � p iff M, w, v � tCFL(p).
The rest of the proof is analogous to the proof of Lemma 4.1.
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It is simple to observe that the following corollaries now follow from the
two lemmas above:
Corollary 4.1 For every CAL-formula ϕ, model M = (W, {Rϕ | ϕ ∈ F}, V ),
and w, v ∈ W ,

M, w, v � ϕ⇐⇒M, w, v � tCFL(tCAL(ϕ)).

Corollary 4.2 For every CF-formula ϕ, model M = (W, {Rϕ | ϕ ∈ F}, V ),
and w ∈ W ,

M, w � ϕ⇐⇒M, w � tCAL(tCFL(ϕ)).

Thus there is a strong sense in which both of these languages are expres-
sively equivalent, but are distinguishable if @ is added to them. That is to say,
apart from the formulas containing an actuality operator, one might consider
the counteractual interpretation as just another way of rendering “no-choice-
about” formally that says the same thing by different means as the counter-
factual interpretation. This offers reason to believe that � and �→ are not
at all less intuitive when compared to the orthodox notions taken to be for-
malized by � and �→ . Thus we do not see that there is any disadvantage
in formulating the concept of determinism with �. If one feels compelled to
accept the premises of the consequence argument when formulated with �, we
see no reason for one to reject them when formulated with �.

5 Actuality and two-dimensionalism
In this section we argue that despite the apparent success of the counteractual
sufficiency interpretation in light of our examples of necessary truths that are
up to us, there are reasons to believe that the move to a two-dimensional
semantics might be of no help after all. In a nutshell, new counter-examples
can be generated in the two-dimensional case that are similar in spirit to the
original counter-examples to beta-2.

When the actuality operator is added to the basic modal language consist-
ing only of � and 3 besides the usual stock of Boolean connectives we also
add a distinguished world to the models that is, intuitively, the actual world of
the model. That is, Kripke models in this case are triples,29 M = (W,w∗, V ),
with the truth conditions for @-formulas stated as before. This captures the
sense in which a formula is actually true (in a model) if and only if it is true
at the actual world (of the model). And this is, in fact, the standard semantic

29Or quadruples, if one adds an accessibility relation.
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clause for the actuality operator in this setting.30 This also reflects the fact
that the (world of the) context provided by the model is fixed in the sense that
there is no variation of actual world.31

Yet, it has become standard practice to present the truth conditions for
@-formulas in the two-dimensional setting as we have done it above, that is,

M, w, v � @ϕ⇐⇒M, v, v � ϕ

Such truth conditions, in turn, reflect the fact that in two-dimensional seman-
tics we can vary the (world of the) context in which a sentence is evaluated. In
this case, the actual world is not fixed—recall that models for CAL + � + @
do not contain a fixed actual world. So for a sentence to be actually true is
just for it to be true relative to the actual world under consideration, which
can be any world in the model.32

However, one might just as well bring back a distinguished world that is
fixed in the models even in the presence of � and �→ . That is, by letting
w∗ be, say, the really actual world of the model, the semantic clause for the
actuality operator, which in this case we write as A, would be given as

M, w, v � Aϕ⇐⇒M, w∗, w∗ � ϕ

There is a question whether @ or A (or both) should be the preferred opera-
tor for the philosophical notion of actuality captured in the two-dimensional
framework. The former is what we want whenever we wish to say that a differ-
ent world could have been actual or, for instance, when we want to formalize
epistemic principles such as it is a priori that @ϕ if and only if ϕ. For this
involves conceiving all the ways the actual world could turn out and then ver-
ifying whether ϕ would be true. If the a priori operator receives the semantic
clause given for �, then �(@ϕ↔ ϕ) is easily seen to be valid, both generally
and diagonally, with respect to the models for CAL + � + @. �(Aϕ ↔ ϕ),
on the other hand, is not valid in any sense, as, say, p might hold at w∗ with
respect to w∗ taken as actual, while ¬p holds at a world v with respect to v
taken as actual, in which case Ap ↔ p holds at w∗ with respect to w∗ taken
as actual, but �(Ap↔ p) does not.

30See, for instance, Hazen (1976), Crossley and Humberstone (1977), Davies and Hum-
berstone (1980), Wehmeier (2004, 2013), to name a few.

31We have in mind here Kaplan’s (1989) distinction between context of utterance and
context of evaluation. The former includes things like the speaker, time, place, and world
in which a certain sentence is uttered. The latter provides the circumstances against which
that sentence receives a truth-value.

32Examples of two-dimensional semantics with these truth conditions for @-formulas in-
clude Davies and Humberstone (1980), Restall (2012), Chalmers and Rabern (2014), Fritz
(2014), and many others.
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This situation is perfectly analogous to what happens with �(@ϕ ↔ ϕ)
in the one-dimensional case. For example, while @ϕ ↔ ϕ holds at the actual
world of any model for the basic modal language with @, it fails to hold at
every world in every model. This is an example of what Zalta (1988) called a
contingent logical truth: if logical truth is defined as truth at the actual world
of every model, or truth simpliciter,33 then @ϕ ↔ ϕ is a logical truth that is
also contingent.34

Without taking a stance on the debate about which definition is appro-
priate for the notion of logical truth in these languages, there are reasons to
believe that the notion of actuality captured by the actuality operator in the
one-dimensional case is in turn captured by A, and not @, when transported
into the two-dimensional framework. For the function performed by @ in the
one-dimensional semantics is clearly distinct from the function it performs in
the two-dimensional semantics, but it is the same function as the one per-
formed by A, namely, to point invariably to the distinguished world of the
model. Furthermore, one might just wish to be able to represent different
ways the actual world could turn out while keeping a world to represent the
really actual world in the models. And, as a matter of fact, we can prove
that the translation between CAL and CFL can be extended appropriately to
account for A and @: CAL + A and CFL + @ are also notational variants
after all.

Consider the previous mappings but extended with actuality operators as
follows:
Definition 5.1 (CAL*-translation) The CAL*-translation tCAL∗ from CAL+
A-formulas onto CFL+@-formulas is defined just as the CAL-translation with
the addition of the following clause:

33Corresponding to a generalization of what Crossley and Humberstone (1977) call real-
world validity.

34By transporting this notion of logical truth to the two-dimensional framework, that is,
truth at w∗ with respect to w∗ taken as actual in every model, then (Aϕ↔ ϕ) turns out to
be a logical truth that is also counteractually contingent—or deeply contingent, in Davies
and Humberstone’s sense. Furthermore, if one takes � as an operator for a priori knowledge,
this means that there are logical truths that are not a priori knowable in the sense of being
true along the diagonal. That is, besides being able to distinguish the concept of necessity
from what is a priori knowable by means of Kripke’s (1980) examples, and necessity from
logical truth by means of Zalta’s (1988) examples, the case at hand shows that it is possible
to distinguish logical truth from what is a priori knowable, too. In Lampert (2018), this is
taken as a possible motivation to call into question the usual interpretation of � as an a
priori operator. But, of course, one might simply accept that some logical truths are either
a posteriori or unknowable, or even take this as a reductio against this notion of logical
truth.
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tCAL∗(Aϕ) = @tCAL∗(ϕ)

Then the following lemma can be easily established:
Lemma 5.1 For every CAL + A-formula ϕ, model M = (W,w∗, {Rϕ | ϕ ∈
F}, V ), and w, v ∈ W ,

M, w, v � ϕ⇐⇒M, w � tCAL∗(ϕ).

Proof. The proof is the same as in Lemma 4.1, except for the new case. Let
ϕ = Aψ. Then M, w, v � Aψ iff M, w∗, w∗ � ψ iff (by I. H.) M, w∗ � tCAL∗(ψ)
iff M, w � @tCAL∗(ψ).

Now consider the following extension of the CFL-translation:
Definition 5.2 (CFL*-translation) The CFL*-translation tCFL∗ from CFL+
@-formulas onto CAL+A-formulas is defined just as the CFL-translation with
the addition of the following clause:

tCFL∗(@ϕ) = AtCFL∗(ϕ)

Then, as expected, the following lemma can be established:
Lemma 5.2 For every CFL + @-formula ϕ, model M = (W,w∗, {Rϕ | ϕ ∈
F}, V ), and w, v ∈ W ,

M, w � ϕ⇐⇒M, w, v � tCFL∗(ϕ).

Proof. The proof is the same as in Lemma 4.2, except for the new case. Let
ϕ = @ψ, then M, w � @ψ iff M, w∗ � ψ iff (by I. H.) M, w∗, w∗ � tCF∗(ψ) iff
M, w, v � AtCFL∗(ψ).

Corollaries analogous to 4.1 and 4.2 also follow for the extended languages.
Now, there is strong reason to believe that the explanation for the truth

of ϕ at the really actual world w∗ with respect to w∗ taken as actual is the
same as that for the truth of Aϕ in the same circumstances. For this mimics
what happens in the one-dimensional case with the original actuality operator,
@. Therefore the same reasons to believe that one has a choice about certain
true instances of @ϕ in the one-dimensional framework apply for some true
instances of Aϕ in the two-dimensional framework, which in turn implies that
we have choices about counteractual necessities, as Aϕ→ �Aϕ turns out to be
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valid according to every notion of validity mentioned here (general, diagonal,
and real-world).35

Thus, if truths of the form Aϕ are taken into consideration, and given the
fact that such truths are counteractually necessary, N cannot be adequate
as an account of “no-choice-about” for reasons that are analogous to the ones
undermining N : if Aϕ is true at all, there is no world most similar to the actual
one such that, if taken as actual, Aϕ would be false, because there simply is
no world taken as actual at which Aϕ is false.

This problem could seemingly be avoided though by moving up to a three-
dimensional semantics in which a new necessity operator, say, [3], can be
defined as guaranteeing truth at every triple w′, w′, w′, and a corresponding
subjunctive conditional, say, [3]→ , according to which ϕ [3]→ψ would (non-
vacuously) hold at a triple w, v, z just in case at the closest worlds w′ to w,
both ϕ and ψ hold at w′, w′, w′. More formally:

M, w, v, z � [3]ϕ ⇐⇒ for all w′ ∈ W , M, w′, w′, w′ � ϕ

M, w, v, z � (ϕ [3]→ψ) ⇐⇒ for all w′ ∈ W , if wRϕw
′, then M, w′, w′, w′ � ψ

Then there could be a new operator for “no-choice-about”, which is in turn
defined in terms of [3]→ . Yet, the same issue would still arise, for a new
actuality operator, say, A, defined relative to the triple w∗, w∗, w∗ could be
added to the language, too, for reasons that are similar to the ones motivating
@ and A, and the need for four dimensions, and so on, would be evident. For
this new actuality operator would validate Aϕ→ [3]Aϕ, while we would want
to say that some true instances of Aϕ are up to us.36

35Proof: suppose that M, w, v � Aϕ, in which case M, w∗, w∗ � ϕ, by the truth conditions
for A-formulas. Now assume that M, w, v 2 �Aϕ, to derive a contradiction. Then M, w, v �
¬�Aϕ, and so there is a possible world v in M such that M, v, v � ¬Aϕ. But then M, v, v 2
Aϕ, whence M, w∗, w∗ 2 ϕ, by the truth conditions for A-formulas, which in turn implies
that M, w∗, w∗ � ¬ϕ, contradicting the assumption. Note: because general implies diagonal
and real-world validity, this argument establishes that Aϕ → �Aϕ is valid according to all
three notions of validity mentioned here.

36As an anonymous reviewer suggested, one could also add a set of worlds, say, D, to the
class of models, and an operator [3]D that diagonalizes only over the points in D. Then
we can have sentences that are necessary in the usual sense even though they are choice-
contingent, i.e. contingent relative to the points in D. In this case, there is a sense in which
D could be said to represent the agent’s available (free) options even if they include necessary
truths. Although we do not have the space needed to develop this suggestion further, see,
for example, the (act-conditional) semantics for ‘can’ offered in Mandelkern et al. (2017),
which involves some form of quantification over a contextual set of actions/options. Also,
given a contextually supplied set of options for an agent, see Hedden (2012) for a theory of
options underlying the subjective ought.
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6 Final remarks
The main point of this paper was to raise a problem for the most sophisticated
version of the rule beta-2, formalized by Pruss, and hence to the consequence
argument itself. This objection involved actual truths and rigidified descrip-
tions. We believe the cases considered here provide compelling reasons to hold
that there are at least some necessary truths that are up to us, the possibility
of which is ruled out by beta-2.

We initially tried to solve this problem by offering a two-dimensional for-
mulation of the Lewisian semantics for subjunctive conditionals or counterfac-
tuals, delivering what we called the counteractual interpretation of “no-choice-
about”. Moving to a two-dimensional semantics for counterfactuals seemed, as
least to us, the most promising route to solve the idiosyncratic issues raised by
the actuality operator (and, of course, rigidified descriptions). Even though
the new semantics was successful in dealing with the counter-examples involv-
ing actual truths, we argued that new counter-examples could be generated,
and likewise in higher dimensions.

So is this a defeat for the counteractual sufficiency interpretation? Perhaps.
But perhaps one can find reasons to reject the introduction of A in the first
place, as @ plays an important role in a widespread philosophical literature,
whereas A does not. Still, there would have to be reasons to reject A that
are not also reasons to reject its counterpart @ in the one-dimensional case,
which might be difficult given their structural similarities in their respective
languages. At least for those who think the actuality operator is a coher-
ent and useful tool in philosophical logic, or have no qualms about rigidified
descriptions, the present arguments provide compelling reasons for rejecting
transfer principles like beta-2.
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