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DDL UNLIMITED:
DYNAMIC DOXASTIC LOGIC FOR INTROSPECTIVE AGENTS

Sten Lindstrom and Wlodek Rabinowicz

The theories of belief changgeveloped within théGM-tradition are notlogicsin the proper
sense, but rather infoahaxiomatic theories of bef change. Insted of characterizing the
models of belief antbelief change in a formalized objdahguage, the AGM-approadises a
natural language — ordinary mathematical Englisto characterizéhe matlemati@l structures
that areunder study. Recently, however, variousauthors such as Johaman Benthem and
Maarten de Rijke have suggested representing doxastige within dormal logical language:
a dynamic modal logik. Inspiredby thesesuggestions KristeBegerberg hadeveloped a very
general logical framework for reasoning about doxastic chalggamic doxastic logic (DDL).2
This framework may be seen as an extension of standard Hintikka-style doxastic logic (Hintikka
1962) with dynamic operators representingarious kinds of transformations othe agent's
doxastic state.

Basic DDL describes aagent thahas opinionsabout theexternal worldand an ability to
change these opinions in the light of new information. Such an agemt-istrospective in the
sense that hiacks opinionsabouthis own beliefstates. Here waregoing todiscussvarious
possibilities for developing a dynamic doxastic logicifibrospective agents. full DDL or DDL
unlimited. The project of constructirguch alogic is facedwith difficulties due to thefact that
the agent’sown doxasticstate nowbecomes a part dhe reality that hes trying to explore:
when an introspective agdaairns more about thegorld, thenthe reality heholds belkefs about

DMany of the ideas of this paper hdaen presented atn@us seminarsyorkshopsand con-
ferences in Uppsal&jmed,Lund, Stockholm,Pittsburgh Aix-en-ProvenceWarsaw,Paris and
Konstanz. We argrateful to the participanter their comments anftiendly criticism. This
paper wouldnot have come into existence,however, were it not for the Workshop on
Coherence and Dynamics Bélief — Kanstanz February 5-7, 1998 For this weowe special
thanks to the organizers Wolfgang Spohn, Volker Halbach andC#s#on. Intellectually and
personally, our greatest debt is to Krister Segerberg. We are gratbiol sswell as toJohn
Cantwell, Sven Ove Hansson and Tor Sandduisinspiration ancadvice.  Wealso wish to
thank ananonymougefereefor helpful conmerts. Some ofthe materialpresented here has
appeared earlier in Lindstrom and Rabinowicz (1997).

1 Cf. de Rijke (1994).

2 Cf. Segerberg (1995a), (1995b), (1996a), (1996b) and (1997).



undergoes &hange. But thermis introspective (higher-ordg beliefs have to be adpted
accordingly. In the paper we shall consider various ways of solving this problem.

1. Background: AGM and LR

In a doxasticlogic of Hintikka-type,with a modal operatorB standing for‘the agentbelieves
that”, it is possibleo represent andeasonabout thestatic aspects of an agent’s badfs about
the world. Such a logic studies various constraints that a rational agent or a set of rational agents
should satisfy. A Hintikka-type logic cannot, however, be used to reason about dchxastje,
i.e., various kinds ofloxastic actions that an agent magerform. The agentnay, for instance,
revise his beliefs by adding anew piece ofinformation, while at the same time making
adjustments tdis stock of beliefs in order tpreserveconsistency. Or henay contract his
beliefs by giving up a proposition tha¢ formerly believed. $h operationsf daoxasticchange
arestudied inthe theoies ofrational bdief change that stated with the work of Alchourron,
Géardenforsand Makinson inthe 80’s: the so-calledAGM-approach.3 According toAGM,
there are three basic types of doxastic actions:

Expansion: The agentidds anew belief a to his stock of old bétfs without giving up
any old beliefs. IiG is the set ofold beliefs, then G#& denotesthe set ofbeliefs that
results fromexpanding G witha. To expand is dangerous, sinceoQwight very well be
logically inconsistent; and inconsistency is something thashweaildtry to avoid in our
beliefs.

Contraction: The agent gives up a propositmithat was formerly believed. This requires
that he also gives upother propositionsthat logically imply the propositiona. We use
G-a to denote the result of contractiagrom the old set G of beliefs.

Revison: The revision G of the set Gwith the newinformation a is the result of
addinga to G in such a way that consistency is presemeeheverpossible. The idea is
that Ga should be a set of belieflsat preserves as muas possible ofthe information
thatis contained inG and stillcontainsa. Gld should be aninimal change of Gthat
incorporatesx.

The following is an important guiding principle when revising and contracting belief sets:

The Principle of Conservatism: Try not togive up oradd information toyour orginal
belief set unnecessarily.

3 Cf. Alchourron, Gardenfors, Makinson (1985) and Gardenfors (1988).



Within the AGM approach, the agenbslief state isepresented biis bdlief s, i.e., the set G
of all sentencesx such thatthe agentbelieves thati. An underlying classical consequence
operation Cn is assumed and the operation of expansion + is defined by

G+a = Cn(GO {a}).

By contrast, the operatioref contraction andevision are characterizeshly axiomatically.
Thus, the operation of revision is assumed to satisfy the axioms:

(R1) Cn(G) =G (Logical Closure)
(R2) o O Gl (Success)
(R3) Gada O G+a (Inclusion)
(R4) if ~a O G, then GO Gld (Preservation)
(R5) if 00O Cn({a}), thenO O Gld (Consistency)
(R6) if Cn({a}) = Cn({B}), then =GB (Congruence)

(R7) Ga OPB) 0 (G Oo)+B
(R8) if- B0 G , then (GUo) O Ga OB).

The first four axioms imply:
if ~-a 0G, then @ = G+q, (Expansion)

i.e., if the new information is consistenwith G, then Ga is simply the expansion of Gwith

a. Consistency says thatofis consistent, then(@ is also consistentAccording toCongru-
ence, ifa andp are logically equivalent, then revising G witlyields the same result as revising
G with 3. In view of (R1) and (R2), the last two axioms yield:

- B0OGId, then Gla OB) = (Gld )+p3 (Revision by Conjunction)

i.e., if B is consistent with Gld , then revising Gwith (a [ ) yields the sameesult asfirst
revising G witha and then expanding the result wgh
AGM also contains axiomsor contraction (omitted here) aswell asthe following bridging
principles:
Gla = (G—a)+a (The Levi identity)
G—-a=(Gd) n (GHa ) (The Harper identity)

The Levi identity says thabe result of revisinghe beliefset G by thesentencer equals the
result of firstmaking roomfor a by (if necessaryontracting Gwith ma and then expanding
the result witho. The Harperidentity says thathe result ofcontractinga from G isthe com-
mon part of G revised with and G revised witha .

In his (1988) paper, Grove presents tilasely related possible worlds modellingsAdsM-
type bdief revision,one in terms ofa family of “spheres” aroundthe agent’sbelief set (or



theory) G andthe other interms of anepistemic entrenchmerdrdering of propositions'
Intuitively, a propositior is at least as entrenched in tgent’'sbelief set as anothgeroposi-
tion 3 if and only ifthe following holds: provided the agent wouldave torevisehis belefs so
as to falsify the conjunctiom (13, he should do it in such a way as to allow for the falsify. of

Grove’s spheremay bethought of as possibl&allback” theoriesrelative tothe agent’'s
original theory: theorieshait he may reach by deletipgopositions thaare not‘sufficiently”
entrenched (according to standards of sufficesritenchment of vamg stringency). To put it
differently, fallbacks are theories trae closedupwards undeentrenchment: if T is &allback,
o belongs to T, anfl is at least as entrenchedogghenf3 also belongs to T.The entrenchment
orderingcan be recovereftfom the family of fallbacks bythe definition: a is at least as
entrenched & if and only ifa belongs to every fallback to whighbelongs.

Representing propositions as sets of possilniéds, and also representing theoriessash
sets(rather than asets ofpropositions),the following picture illustratesGrove’s family of
spheres around a given theory G and hisdifn of revision. Notice that tle spheresround a
theoryare“nested”, i.e., linearly ordered.For any two spheres, one is inded in the other.
Grove’'sfamily of spheres closelyesembles Lewissphere semantics faounterfactuals, the
main difference beinghat Lewis’ spheresare“centered” around a singlevorld instead of a
theory (a set of worlds).

4 Actually, Groveworks with anordering ofepistemicplausibility. But asGéardenfors(1988,
sect.4.8) points outthe notions ofplausibility andentrenchment are interdefinable. Thus, a
propositiona is at least as plausible as a proposifioigiven the agent’s baéfs if and only if
non{ is atleast as entrenched asn-a in the agent’sbelief set. The notion of epistemic
entrenchment is primarily defined for theopositions that belonp theagent’sbelief set: one
adoptsthe convention thapropositions thatare notbelieved bythe agent areminimally
entrendhed On the otherhand, the notiorf plausibility primarily ajplies to thepropositions
that are incompatible with the agent’s beli@fe propositions #t are cmpatiblewith what he
believes arall taken to be gually andmaximally plausible). Thus,this is a notion otondi-
tional plausibility. a is atleast as plausible g&in this senseff the followingholds: on the
condition that | would have to revise my beliefs vaithl 3, | should change them in such a way
as to allow for.



The shaded area H represents the revision of G with a propasitidme revision of Gwith a
is defined as the strongesipermitting fallback theory of G expandedith a. In the possible
worlds representatiorthis is the intersection oftx with the smallestsphere around G that is
compatible witha. (Any revision has to contain the proposition neise with. Therefore, ifa
is logically inconsistent, the revision withis taken to be the inconsistent theory.)

In a series of papense have proposea generalizatioh.R of the AGM approach according
to which belief revision was treated asekation GRyH between theories (beliséts) rathethan
asafunction on theories. The ideawas toallow for there beingseveral equallyeasonable
revisions of a theory with given proposition. Thus, GRH means that H is one of thossa-
sonable revisions dhe theory Gwith the newinformationa. AGM, of course assumeshat
belief revision is functional (or deterministic), that is,

if GRyH and GRH’, then H = H".
Given this assumption, one can define:
Gla = the theory H such that GR.

The relational notion of belief revision results from weakening epistemic entrenchment by not
assuming it to beconnected. In other words, we allow that some propositiongnay be
incomparable with respect to epistemic entnement. As a rest, in LR the family of fallbacks
around agiventheory will no longer be nested. It will no longer béamily of spheres but
rather a family of “ellipses”. This change opens up for the possibilisgwéraldifferent ways
of revising a theory with a given proposition.

5 Cf. Lindstrém and Rabinowicz (1989), (1990), (1992) and Rabinowicz and Lindstrom (1994).



In this figure, the two ellipsagpresent two fferent fallback th@riesfor G, each of which is a
strongest-permitting fallback. Consequently, there amo possiblerevisions of Gwith a:
each one of H and K is the intersectiomafith a strongesti-permitting fallback.

2. Hypertheories, topology and the problem of iterated belief change

Above we haveasssumedhat for any consistent proposition, there alway®xists atleast one
strongest-permitting fallback. Without making furthe assumptions, wlave noguarantee,
however, thathis will always be the&ase. Ifa is incompatiblewith G, thenfor every a-per-
mitting fallback, there mayexist astrongera-permittingfallback in the fallback familyfor G.
Normally, this possibility isexcluded byimposing some form of “limitassumption” on
fallback families. We shall, however, deal with this problem in another way.

We are using amodelling inwhich propositionsand theoriesare represented bets of
points (“possible worlds”) in some underlying space U. Th&isa of propositions forms a
Boolean set algebraTheoriesarerepresented by so-calletbsed sets, i.e., arbitrary intersec-
tions of propositions. It is easily showrat any inérsection of damily of closedsets isitself
closed; and that the sarapplies toany finite union of closedsets. Thigneans that th&mily
C of all closedsets deermines aopology T over U thatconsists ofall the open sets,i.e., the
subsets of U thaare complements of theets inC. In this topology,the propositionsare the
clopen sets,i.e., the sets hat areboth closed and operSincepropositionsarethought to cor-
respond tesentences ithe objeclanguage and sindde underlying logic is taken to be com-
pact, we impose the corresponding compactness condition on the topology.

Any family of closedsetswith anempty intersectiorncludes &inite subfamily that also
has an empty intersection. (Compactness)

In the following, werefer tofamilies of fallbacks as‘hypertheories” (aterm introduced by
Segerberg). Formally, we defindngpertheory as any familyH of closedsets suchhat (i) nH



0 H; and (i) U O H. The setnH representghe beliefs of theagent, i.e., he believes a
proposition P if and only ifH O P.

Suppose that the agent wants to retisebelefs with a non-emptyproposition P. Since, U
[0 H, H contains ateast oneP-permittingfallback X. If X includes astrongestP-permitting
fallback Y, then Yn P is a possible result of the revision. But consider the case when there is an
infinitely descendingchain startingwith X of stronger and strongdP-permitting fallbacks.
Such achain can always be extended tonaximal chainK of that kind (bythe so-called
Hausdorff's maximal principle, which is equivalent to the axiom of choice). Itwedlybe the
case that thélimit” for K, i.e., nK, lies outside ofH. Sitill, it can then be showrgiven
Compactness, thdhis limit is itself P-permitting. We now propose to use suclmits of
maximal P-permitting chairfer the purpose ofrevisioneven inthose casewhen they lieout-
side the hypertheory itself.

LetH be a hypertheorywith intersectionX (representing aagent’'s “beliefset” G). Con-
sider any proposition P. We say that Y oasible revision of X with Pif and only if either (i)

P =0 and X=0; or (i) P# [ and there exists a maximal ch&rof P-permittingfallbacks in
HandY=0K)n P

It is easy to verify that anguch possibleevision Y isa closedset. To show that Y is non-
empty if P isnon-empty, we need t&how thatnK in the secondclause ofthe definition is P-
permitting. Suppose that it is nate., that OK) n P =0. Then, byCompactness, there is a
finite subseK’ of K such that(K’) n P =0. Butthen, let Z behe minimal element oK.
SinceK’ is a chain, Z =nK’, so that Zn P =1, contrary to the hypothesis.

This way of constructingrevisionhas anadvantage: we donheed to imposetrong limit
assumptions on hypertheorieblaving such avery general notion of a hypertheory, tisatis-
fies just a few conditions, lselpful when ittcomes to constructingew hypertheories out of old
ones.

A belief state of theagent, as given by aypertheory, specifies bothis beliefsand hisdis-
positions for beliethange. The&onstruction ofrevision that wehave presented yield$or a
given hypertheory and a proposition the new beliefs of the agent,dnéstnotell us anything
about his new dispositions for belief change. We kmat his new theory may look like, but
what about his new hypertheory? Until we have answered this question, we Sarmofthing
interesting about iterated belief change.

Segerberd1997) hasnmadesometentativeproposalsabout hownew hypertheoriexan be
constructed out of oldnes. Weget thefollowing recipesfor contraction aneéxpansion if we
adjust his proposals to our present construction in which we are allowed to move-oiunt thie
search for limits for P-permitting chains:

We define aP-permitting limit with respect to H to be any intersectiolK of a maximal
chainK of P-permitting fallbacks il. As we have seespuch aP-permittinglimit is indeed P-
permitting and is, of course, the greatest lol@und forall the P-permitting fallbacks kK. A



limit of this kind may sometimes be a membeHatself, in which case it is aenuinefallback,
or it may lie outside.

We can now define contraction and expansiba hypertheoryn such away thatthe result
is a new hypertheory:

Contraction of a hypertheoryd with P: If P# U, take any minimal —P-permittinglimit S

with respect tdd and let the new hypertheory consist of S together alitthosefallbacks
in H thatinclude S. If P=U, letthe new hypertheory beH itself (necessarypropositions
cannot be given up).

Expansion of a hypertheoryd with P: Take as the new hypertheory all the old fallbacks in
H together with all their intersections with P.

According to the definitions, expansiorfusictional while contractioms relational. Revision is
definedvia the Levi-identity: arevision ofH with P isany hypertheory obtained by first con-
tractingH with —P and then expanding with P.

3. Dynamic doxastic logic

Up to now wehavebeen concernedith the semantic modelling of befiechange. Let us now
turn ourattention to the objedanguage and its logic. Sedperg’sbasicDDL consists of a
static part — the logitor the bdéief operatorB — and a dynanai part: the logidor the dynamic
doxastic operators. The latter represeamious kinds of transformations tife agent's doxastic
state. Segerbergnrites +a, [d , and -@, respectivelyfor the doxastic actions of expanding,
revising and contracting the agent’s bekfs with the sentencex. To different doxastic actions
correspond different doxastic operators:

[+a]B “If the agent were texpand his beliefs witha, then it would be the cagtbat
B”.

[[@]B “If the agentwere torevise his belefswith a, then it would be the cagtbat
B” .

[—a]p “If the agent were tgontract his beliefs witha, then it wouldoe the cas¢hat
B".

In basicDDL the points inthe space Uepresent different states tife (external) wdd,
where the agent’s befis and doxastidispositionsare notconsidered to belonthe worldthat
he has beliefs about. Consequently, doxastic actiahe @fgent do naffect the world. Thus,
if B expresses worldly proposition, i.e., aproposition that only concerribe (external) wdd,
then a doxastic action does not influence its truth-vdluéasic DDL it isassumed thaatomic
sentences express worldly propositions Consequently, the same apaliésidean formulas



(i.e., formulas that are built upfrom atomic sentences by meard the standard Boolean
connectives). Therefore, we have

[TIB - B,
for every Boolean formulf and every doxastic actian
So the interesting case is the one in wifidontains doxastic operators. In particular, we are
interested in statements of the fornt$Bp.
For example,

[[@]BpB

means: if the agent were to revise his beliefs wjthe would believ@.

DDL allows for the possibility of kelief changebeing nondeterministic: in accordancevith
the LR-approach, there may be many differeays for theagent ofrevising his belefs with o .
Hence, we must distinguish between:

[[@]BB  “If the agent were to revise his beliefs withhewould believe thaf”.
<[d>Bf “If the agent were to revise his beliefs withhemight believe thaf3".

<[d > is definable in terms ofd ] in the standard way:
<la>B=-[d]-B.

In the same way, one can defie> for any doxastic operator][ For theories likethe original
AGM-theory in which belief change is derministic, one wouldhave<[d >3 -~ [[d ]B, and
similarly for contraction. Expansion, is of course always deterministicstezp3 - [+a]p.

The object language for baddDL can bedescribed as followsWe define thesetsTerm,
BForm and Form of terms, Boolean formulas andformulas to be the smallestetssatisfying
the following conditions:

(1) for any n <w, the propositional letterfbelongs tForm
(i) OO BForm

(ii) if a, 3 BForm, then(a - () O BForm

(iv) if a, 3 0 Form, then(a — B) O Form

v) if o 0 BForm, thena 0 Form

(Vi) if a 0 BForm, thenBa [0 Form.

(vii) if a 00 BForm, then &, —a, [@ O Term.

(viii)  if TOTerm anda O Form, then f]a O Form.

The Boolean connectives, (a [1[3), etc. are defined frofd and - in the usual way.

As is easly seenbasicDDL is severely limited inits expressive power. To begwith, the
bdief operatorB only operates on Bdean formulas. Thus introspection isdisallowed,i.e.,
formulassuch asB-Ba or B[[d ] are not well-formed. Secondly, the formwathat we
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contract, revise, or expand with, mabvays be BooleanThus,formulassuch as [ Ba]p3 are
not well-formed either. The reason for théisgtations isobvious. Sincehe agenbnly holds
beliefs about the world that his doxastic state is not aghane has no‘higher order” bekfs.
And since heonly receivesnformationthat @mncernsthe external worldhe cannotrevise his
beliefs with propositions about his own doxastic state.

What happens if weemovetheselimitations? What if welet B and the dynamic doxastic
operators operate on arbitrary formulas, without restriction?

Now our object language can be defined in a much simpler way:

We define the sefBerm andForm of terms andformulasto be the smalleskets satisfying the
conditions:

() For any n <w, the propositional letterbelongs td-orm.
(i) 00 Form.

(iii) If a, B OForm, then(a - ) O Form.

(iv) If a O Form, thenBa O Form.

v) If o OForm, then &, —a, [ O Term.

(Vi) If t 0 Term anda [0 Form, then f]a O Form.

What would the semantics for suchwhimited DDL look like?

4. General semantics for unlimited DDL

When giving a semantic interpretation for unlimited DDL, we distinguish between:

() The total state (a “possible world”) comprehending botthe state of the agent
and the state of the (external) world.

(i) The state of the (external) world. We also use the twond-state for this com-
ponent.

(iir) Thedoxastic state of the agent.

Let U be the set of albtal states. We refer to the elements of U as xzy,. . We letw and

d be two functions that to each state x in U assign a worldveafend a doxastic statx) of
the agent. We let

W = {w(x): x O U}
be the set of allvorld-states and
D = {d(x): x O U}

be the set of all doxastic states. We refer to the elements of W as w, w’,... and to the elements of
Dasd,d,....

We make the following assumptions:
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(1) For all x, yOI U, x =y iff w(x) =w(y) andd(x) = d(y).

(2) For any combination of avorld state wand a doxastistate d, therexists a
(unique) xO U such thatv(x) = w andd(x) = d. We uséhe notation(w, d) for
this total state x.

Even though we use the pair notation (w, d) for total states, the reader should not tiokahtify
states withordered pairs built up fromworld states and doxastic stateSuch andentification
would be inappropriate because in more specialized versions of the selfieariéd., doxastic
states willbe identifiedwith hypertheoriesnterpreted as set-thestic constructsbuilt up from
total states in U. Givesuch aconstruction, reduction aftates to orderepairs ofworld-states
and doxastic statdsecomes impossiblejnless weallow sets to benon-well-founded. The
notation (w, d) is simply a shorthand for “the total sketeing w and d as world stateand its
doxastic state, respectively”.

We say thatwo points x =(w, d) and x’ = (w’, d’) are world-equivalent if their worldly
components w and w’ are identical. They doeastically equivalent if and only if d = d’.

Certainsubsets of Uare calledpropositions. We assume thathe set ofall propositions
forms a Boolean set algebra with domain U. We say that a propositiowdpldy if and only
if it is closed under world-equivalence:

whenever X1 P andw(x) =w(y), then yI P.
Analogously, P isloxastic if and only if it is closed under doxastic equivalence:
whenever X P andd(x) = d(y), then yI P.

The worldly propositionsare theoneswhosetruth-values arendependent of thegent’s
doxastic state. The doxastic propositions are independent of the state of the world.

In addition to the elements thiadvealready beementioned, anodelshould contain special
comporerts tha correspond tahe differentdoxastic operators:either accessibility relations
between (total) stas, or — whaamounts tdhe same thing $unctions from state$o sets of
states. These components should be made dependendeiuticion. Thus, if we leb be the
function that to each state x assigns the set of states that are compatible with what is believed in x
(i.e., if b is to be the component of the model teatresponds tahe operatorB), then we
should impose the following restriction bn

() If d(x) =d(y), thenb(x) = b(y).
For doxastic dyname operators, the dependenedationshipsare somewhat more complex.

Let RT be the accessibility relation on states that corresponds to the opgrafinge we take
to be a doxastic action, that only modifies the doxastic statddasnot "touch” the (external)
world, we must assume that:

(i) If RT(x, y), thenw(x) =w(y).
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Furthermore,

(iii) If d(x) =d(x), d(y) =d(y’), w(x) =w(y) andw(x’) = w(y’), then R(x, y) iff
RU(X", y),
i.e., doxastic actions are dependent only on the doxastic components of the states involved.
The above assumptions seem to be sufficieriiraas a generalemanticdor DDL is con-
cerned. Thus, we definenadel Mt to be a structure <Wrop, w, d, b, R,E>, where Uw, d, b

are as described above.

Prop is a Boolean set-algebra willbbmain U, theelements ofwhich are callegropositions.
In terms ofProp, we define atopology T in which theclosed sets are theintersections of the
subsets oProp. We assume thatis compact.

R is a function that for every ternyields an accessibility relatiofRI U x U. k is arela-
tion between elements of U and formulas that satisfies the conditions:

(i) If o is a formula, then the sgtr] = {x O U: x F a} belongs toProp. Moreover, we
assume that ifi is atomic, theffa] is a worldly propositionlt follows that all

Boolean formulas express worldly propositions.
(i) It is not the case thatk [
(iii) X E (a - P)iffitis either the case that not:Ea or it is the case thatk [3.
(iv) X E Baiff b(x) O [al).
v) If Tis aterm, then

X E [T]a iff for all y such that R(x, y), y F a.

Here we have suppressed the reference to the MbdalVhen weneed to be fullyexplicit, we

write M, x E a instead of ¥ a.

Let X be a class ahodels. Wethen define theotions ofX-consequence ang-validity in
the expected waya is anX-consequence of a set of formulad™ (in symbols,I" Ex a) if and

only if, for any modellt in X and any state x ik, if M, x F (B for everyP in I, thenM;, x E
a. ais X-valid (in symbolsx a) if and only if, foreverymodel Mt in X andeverystate X in

™M, M, xE a.

5. Segerberg-style semantics for unlimited DDL

In a Segerberg-style semantics, we tetastic states be hypeeibries. While Segerberg in his
semantics for basic DDL took hypertes to bedmiliesof sets ofworld-states, we takiéhem
to be families ofsets oftotal statesthat haveboth aworldly and adoxastic component. This
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change is necessary when we provide semanticslionited DDL. To be moreprecise, we let
a hypertheory be any family of closed sets of U that contains U andH.

For each x, we lal(x) be ahypertheory. Wehen identifyb(x) — the set ofstates that are
compatible with what is believed in x — withd(x), the intersection oéll the subsets of Uhat
belong tad(x). That is, we have:

x k Ba iff nd(x) O [a].

In aacordarce with the recipesprovided inSection 2above, wedefine theaccessibilityrela-
tions corresponding tthe operators ofexpansion and contraction ([+a] and [-@], with a
being an arbitrary formula) as follows.

Let us first define two operabins on hypertheories.For any hypertheoryH and any
proposition P, let us define tlegpansion of H with P as:

H+P=HDO{X nP:XOH}.
Therestriction of H to a set Z is defined as:
HZ ={X OH: ZOX}.
A hypertheonH’ is acontraction of H with P if and only if either (i) P = U and’ = H; or

(i) P # U and there is some (U—P)-permittilimit Z with respect taH such thatH’ = {Z} O
HZ.

We can nowdefine thetwo accessibility relationdetween totalstatescorresponding to
expansion and contraction:

R*A(x, y) iff
(i) w(x) =w(y), and
(ii) d(y) =d(x) + [al.
R-A(x, y) iff

(i) w(x) =w(y), and
(i) d(y) is a contraction odi(x) with [a].

Given thesedefinitions, it might seenstraightforward to spefgi the accessibilityrelation
corresponding to the revision operatar |

R (x, y) iff for some zR-(0@)(x, z) and R9(z, y).

Since R8s defined as theelative product of R(-@) and R, the operator [a ] is explicitly
definable as [{a)][+a]. However, as we shall argue, this Levi-style definitioilofight have
to be given up in view of the problem that will be presented next.
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6. Paradoxes

Whether we choose to accept tpaticular Sgerberg-styd modellingfor unlimited DDL or
prefer to workwith the generalmodel, weencounter the following difficulty. Since an intro-
spectiveagent’sown doxasticstate is itself a part dhe reality that hdhas viewsabout, when
such an agent learns more about the world, ttieneality that he confronts undergoes a change.
This feature of introspective reasoning leads to difficulties for the theory of belief revision.

Let us say that revisiadis strongly paradoxical, if for every state x and every formuda the
following formula is true in x:

(Strong Paradox) -B-a 0O0B-Ba - [[d |BO.

The opposite of strong paradoxicality just requires that there should be a state x and aoformula
such that-B-a [0 B-Ba 0O -[ld ]BO holds in x. This seems to bevary reasonable
requirement on any belief revision operation.

Suppose for example that)(it is actually raining in Lund, butdon't believe it & 00 - Ba),
nor do | believe the opposite B-a). As a matter offact, | alsocorrectlybelieve that Idon’t
believe that it is raining in LundB6Ba). Now, someone informs me thais in factraining in
Lund. Surely, we would expect thafld |BLl. It does not seemeasonable to assume tladter
receiving the information, | will acquire inconsistent beliefs. However, it can be shown that the
following holds:

Lemma 1. Suppose thatl satisfies Preservation and Success, while B satisfies Postive

Introspection:
(P) -B-a - (BB - [[d ]BP) (Preservation)
(S) [@ ]Ba (Success)
(PI) Ba - BBa. (Positive I ntrospection)

Then, if the operatoifd ] satisfies closure under logical implication:
if EB - vy, thenk [[@]B —[G]Yy,

and both [d ] andB satisfy closure under conjunctidnis strongly paradoxicél.
Proof: Suppose thaiB-a [JB-Ba holds in x. Then, by (P),

is true in X. But by Success it is also true in x that:

) [@ ] Ba.

6 This lemma is closely related to Fuhrmann’s8@9‘paradox of seriaipossibiliy”. In pre-
sent terms, Fuhrmann prove8-a [0-Ba - [[d ]BL] but herelies onNegativelntrospec-
tion in addition to the positive one. Cf. also Levi (1988).
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If [[a ] is closed under logical implication, (2) and (PI) imply that:
(3) [[@ ] BBa.

If, in addition, [da ] andB are closed under conjunction, (3) and (1) imply:
4) [@ ]B(Ba [+ Ba),

which in turn yields the resultd |BU. Q. E.D.

Note thateven inthe absence dPositive Introspetion, Preservatioplus Success will yield
unacceptable results. Say thas paradoxical if and onlyif, for every xanda, the following
formula is true in x:

(Paradox) -B-a OB-Ba - [[@ ](Ba OB-Ba).

This means, in particular, that if the aghotds noopinion as egardsa and correctlybelieves
that he does not belieeg then, upon revision with, he will believe thatt and, at the santene,
believe that he does not believeBut then he has d&tast ondalse belief, namely that heloes
not believen. The requirement thai should not bgaradoxical irthis sense seems eminently
plausible.

Lemma 2. Suppose that thesatisfiesPreservation and Success. Then if [[d ] is closed under
conjunction,Jis paradoxical.
Proof: Suppose thatB-a [0B-Ba holds in x. Then, by (P) and (S), respectively,

(1) [[@ ]B-Ba

and
2) [@] Ba,

are true in X. But then, ifd ] is closed under conjunction,
(3) [[a ](Ba OB-Ba)

is true in Xx. Q. E.D.

A natural conclusion is that w&hould give up Preservation for [ If | originally neither
believe nor disbelieve and am awaref this factand if | then learn that is true, some of my
original beliefs must be given up. In particular, | have to give up my original belief that | do not
believea.
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As we have seen, it is Preservation that leads to the parades€odb’ This does nomean,
however, that Introspéon, neither Positiveor Negative, is arunproblematic requirement. It
seems to us that Positive and Negative Introspeddion{ BBa and-Ba - B-Ba, respec-
tively) shouldalso begiven up, bufor a different reasonhaving to do withcontraction rather
than with revision. Let us first considehy Negative Introspection isappropriate aa general
requirement. When weoriginally do notbelievea and the& contractwith =Ba (i.e., stop
believing that wedo not believe a), then -Ba should still betrue in the contracted state
(contractingwith - Ba should not make usbelievea) but it won't be believed any longer:
B-Ba will be false. Thus, in this contracted state, Negative Introspection will be violated.

That Positive introspectionwill also sometimebe violated isless obvious, butthink of an
agent who originallybelievesa andbelieves that heloesbelievea. Suppose he is invited to
contract his beliefs witBa (i.e., stop believinghat hebelievesa). In the contractedtate, it is
no longer true thaBa, but we would like to allow that it is still true thAti. This is, however,
impossibleunlesspositive introspection isviolated after the contraction. If wnsisted on
positive introspection beingalid, we would have tostop believing a just because wstop
believing that we believe. This seems wrong.

While Positive and NegativeIntrospectionshould probably begiven up, itseems that we
instead might still insist on their converses: we migstsit that ar{ideal) agent’sbeliefs con-
cerning his own beliefs are never mistaken:

(VPI) BBa - Ba (Veridicality of Positive I ntrospection)
(VNI) -BO - (B-Ba - =Ba). (Veridicality of Negative Introspection)

(The latter requirement is alightly qualiied converse oNegativelntrospectionthe qualifica-
tion in theantecedent imdded inorder toallow states inwhich the agenholds inconsistent
beliefs.) In our general semantiframework,these requirementmre validated bythe following
conditions:

“Lemmas 1 and 2 point to an analdggtweenhigher order bieefs andacceptance a$o-called
Ramsey conditionals, i.e., conditionals > tht satisfythe Ramsey test: -B0 - (B(a > B) -
[[@]BB). Gardenfors’impossibility result (1988),proved for DDL in Lindstréom and
Rabinowicz (1997), shows that one cannot accommodate Ramsey conditionals wilkdiMan
type theory ofbelief revisionwithout giving upPreservation. Thuf}amsey conditionals and
higher-order beliefare alike in that theghould sometimes begjiven up when wedd new
information toour stock ofbeliefs. It is notsurprising tlat Ramseyconditionalsbehave like
beliefs about beliefs in this respect. Afterafhat the Ramsey test sagthat the agerghould
accept the conditional “Ik, thenf3” just in case he is disposed to beli@yaf he were to learn
a. That is,the agent’s bkef in conditionalsshouldreflect his conditional dispositions to
believe. In the light ohewinformation compatiblevith whatthe agentbelieves, itmight very
well be rational to relinquish some of these conditional dispositionsthBuotaccording to the
Ramsey test, the agent should also cease to believe the corresponding conditionals.

In Lindstréom andRabinowicz(1997), Gardenfors’impossibility theorem isdiscussed in the
context of DDL. For a more comprehensive discussidgh@Ramsey test, see Lindstrém and
Rabinowicz (1995).
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If y O b(x), there is some @ b(x) such that y1 b(z).
If b(x) # O, there is some ¥ b(x) such thab(y) O b(x).

Note that both conditions would follow from the following restriction on the model:
If b(x) # O, there is some ¥l b(x) such thab(y) =b(x).

According to this condition, the agent is never mistaken about his beliefs.

For future reference, weay also mention aavenstrongercondition according tevhich an
agent isnever mistakembouthis doxastic state. Thus, hedoes notmake mistakes — neither
about his beliefs nor about his policies for belief chad.mightnot be fully informed about
his doxasticstate (inparticular, hemight violate positive and negativeintrospection) but the
beliefs he holds about it are never false:

Full Veridicality of Introspection
If b(x) # O, there is some ¥ b(x) such thatl(y) = d(x).

Let us now return to our problem with revision. If revision is not tpdmadoxical, ishould
not be fully preservative: in particulacertain bakefs aboutone’s own beliefs need to bgiven
up when one receives newnformation. Inparticular, wherreceiving theinformation a, the
agentshouldgive uphis original beliefthat hedoes notelievea. How can weachievethis
result? Here is a suggestion.

Levi-style revisionwith a consists in twasteps: we firstontractwith -a and then expand
with a. In some cases, the first step is vacueasis not believed to begin thi. Thenrevision
reduces to expansionlheseare preciselfthe cases foiwhich Preervationis meant tohold:
revisionhasbeensupposed to bergservativesimply becausexpansion iscumulative: all the
old beliefs are kpt when weexpandwith a newbelief. Our suggestion is teeplace the
expansion step in the processre¥isionwith whatmight be calledtautious expansion: before
we expand witl, we should first make sure that we givethi belief that we do ndielievea.
Clearly, this belief should notsurvive our coming tobelieve thata. Thus, unlike standard
expansion, cautious expansion is not fulynulative:certain beliefdhave to begiven up when
new beliefs are added. Trssggestghe following definition of thecautious expansion opera-
tor [[d ]:

[[@ ]B =df [-(-Ba)][+a]B.
Thus, cautiousexpansionwith a is itself a two-stepprocess: we firstontractwith -Ba and
only then expand with.

We can then define revision within a newway — ascontractionwith —a followed by cau-
tious expansion with:

[[@ ]B =df [-(=a)][[@ ]P.
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How does this relate to the Segerberg-style semantics for unlimited DDL? The definitions of the
accessibility relations thatorrespond tocontraction andstandard) expansiomay be kept
unchanged. Buhe accessibilityelationthat corresponds toevision will have to be modified.

RIE will now be interpreted as the relative product ofR) and Rd , where RS  will itself be

the relative product of #Ba) and Rq,

One might wonder, however, @iur cautious expansion sufficiently cautious. It is easy to
see that thesuggestedlefinition of cautious expansiowould notbe cautiousnough ifintro-
spection weren’t assumed to be veridic&hen weprepare theground forthe expansionwith
a, we give upthe second-order tief that we do notoelievea. But couldn’t there be some
higher-order beliefs that should also be given up? Suppose that in the original wtaitsh ithe
agentdoes notbelieve that, he is fully reflective, sothat-Ba, B-Ba, BB-Ba, etc., are all
true in that state. If he then contraaith - Ba, asthefirst step incautious expansiowith a,
will then these higher-order beliedsitomaticallydisappear? Thisvould bedesirable, but to
make them disappear we need introspection to be veridical. When the agent contradBowith
then — given the veridicality of introspection —viaél lose not justhis belief in-Ba but also all
his higher-order beliefs: not juBtBa, but alsdBB-Ba, etc., will all be false. Otherwise, if he
kept one of these higher-ordeeliefs,some of higntrospectivebeliefs would not beeridical.

Proof: Supposehat n (n > 1) is the lowestumbersuch thatBN-Ba is still true after

contraction. Then thegant has a falsimtrospective belief tha8"-1-Ba. And he would hold
on to that false belief aftéine second stepf the cautiousexpansion. Thisvould clearly be an
unwanted result.

In fact, it seemsdesirable to accept Fuleridicality of Introspection. Otherwise,when
contracting with-Ba, we might not get rid of sonad the original bkefs concerning outcomes
of potential belieichange — belief that aredependent omur bdief in -Ba and thatwould
becomefalse when belief in-Ba is removed. Adong as wedemand FullVeridicality of
Introspection, this possibility need not worry us.

Still, what is worrying is that theproposal wehavejust sketched is so dependent on the
assumption oferidicality. This gives it an air ofad hocness and suggests thathe cautious
expansion approach does not really go to the heart of the problefact, lmncan beshownthat
imposing veridicality is arather dangerousmedicine: while veridicality solves some of the
problems ofthe cautious aproach, it creates at the satime newproblems, at leasis devas-
tating.

Consider the follwing story:as in ourpreviousexample the agenthas noopinion abouta,
but now we assume thathappens to be true. In particular, then, it is true that

(1) o O0-Ba.

The agent is now informed that (1) holds; he has received true information. Sinceugd,) itsis
clearly a consient proposition. Wevould thereforeexpect that revisiomwith (1) will not lead
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the agent to an inconsesit belief stateThat the revision of a consistedbxasticstatewith a

consistent propositioalwaysleads to a consistent doxassgin fact,one ofthe fundamental
principles of any reasonable thearybelief revision. Inparticular,then, itshould bethe case
that

) [da O-Ba)]-~BL.

By Veridicality of Negative Introspection, (Rhplies that, after revisiowith (1), all theagent’s
beliefs to the effect that he does not believe dmeist be veridical. In particular:

(3) [{a O-Ba)]B-Ba - [Ha O-Ba)]-Ba.

But we also know that revisiomhether cautious or not, is supposed tsatisfy SuccessThus,
upon the revision with (1), the agent must believe that (1) holds:

(4) [a O-Ba)]B(a O-Ba).

Given that * is closed under logical consequenceBadastributesover conjunction,(4) implies
that

(5) [{a O-Ba)]Ba OB-Ba.
(3) and (5), taken together, imply

(6) [{a O-Ba)]Ba [1-Ba,
which implies

(7) [da O-Ba)]C.

Contrary to what wahouldexpect,revisionwith atrue propositionsuch as (1) turns out to
be impossible!

The puzzles that weere disussingearlier (cf. Lemmas land 2) — thathe cautious expan-
sion approach was designed to solve — concehmefdct that irunlimited DDLwe arestudying
agents thahave beliefsabout their own beliefs. The problem was how thiesgner-order
bdiefs should beadjustedwhen anagentreceivesnew information. Tle cautious expansion
approach would then, perhaps, be satisfactory asa®mg were onlgonsidering whahappens
when an agent receives naviormation abouthe world. Butin unlimited DDL,an agent can
revise his belief state not only with worldly propositions, but alitl propositions thatoncern
his own doxastic state. As weaw, the possibility of revising ones beaéfs with doxastic
propositions, for example of the foro (0-Ba, lead to difficulties that theautious expansion
approach is unable to hded In order tofocus onthese problemsore sharply, we state the
following lemma:

Lemma 3. Suppose thd& and [d | are normalmodal operators irunlimited DDL that satisfy
the following principles:
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(S) [[@ ]Ba (Success)
(PR) ~[l@]O (Possibility of Revision)
(©) o - [[d]-BL (Consistency Principle)

Then:
(a) If the operatoB satisfies:

(VPI) BBa - Ba (Veridicality of Positive Introspection)
then all the agent’s beliefs must be true, i.e.,
Ba - a.
(b) If the operatoB satisfies:
(VNI) -BO - (B-Ba - —Ba), (Veridicality of Negative Introspection)
then the agent believes every true proposition, i.e.,
a - Ba,

which inturn implies thatthe agent is either inceistent orcompletelyaccurate inhis beliefs,
i.e.,

-BO - (BG o G).
Proof: We first notice that iB is a normal modal operator satisfying VPI then it satisfies:
(@) B(Ba 0-a) - BL,

i.e., only an inconsistent agent satisfying VPI can belBevé] ~a . Similarly, if B is a normal
modal operator satisfying (VNI), then it satisfies:

(b) B(a O0-Ba) - Bl
Suppose now th& satisfies (VPI). By Success, we have:

(1) [Ba O-a)]B(Ba O-a).

In view of (a), he will then also satisfy:
2) [OQBa O-a)]BO

for everya. Suppose now that for some particwlait is true that:
(3) Ba O-a (i.e.,~(Ba - a))

Then, by the Consistency Principle (C), it is also true that:
(4) [OQBa O-a)]-B0O

From (2) and (4) we get:
(5) [{Ba O-a)]t,
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which contradicts (PR). Hence, by reductio, we get:
(6) Ba - a.

The proof of (b) is parallel:
We first use (VNI) and Success to prove:

(7) [da O-Ba)]BL
But now, ifa (1= Ba, then by the (C),
(8) [a O-Ba)]-BLL

But (7) and (8) together with (PR) yield a contradiction.
Hence, for altx,

(9) a - Ba.
Q.E.D.

(S), (PR) and (C) appear to be valid princiglasany reasonable view bélief revision. The
cautious expansion approach does not touch these principles. Moreover, this approach is based
on VNI. Thus, as long as we do not put any restrictions on the formulas thatiseawith, the
cautious expansion approach also leads to paradoxical results.

Clearly, then, theautious approactioes notsolve allour problems. Weneed a more com-
prehensive soluth. The next sectiomlelineates aatherradical proposal thamight give us a
way out of our difficulties.

7. The two-dimensional approach

When anintrospective agengets new information, his doxastic state undergoes ahange.
Thereby the total statthanges awvell. What are therhis beliefs about? The original state or
the new one? One would like $aythat hehas bakfs about the old state agll asabout the
new one. In general, therefore, we htvdistinguish between tistate inwhich belefs are held
(the point of evaluation) and the state abouthich certainthings are believed (the point of
reference).8 This means that our semantics has to be made much more powerful.

As before we assume that each total stdi@sdoth avorldly componentv(x) and adoxas-
tic conmponentd(x). But now d(x) is afunction that toeachpossiblepoint of reference y

8 The first generaltreatment of tw-dimensional modal logioccurred in Segerber(l973).
Both authorshavepreviously adopted twdimensionhapproacheso epistemic logicin con-
nection with the so-callearadox of Knowability (Cf., Rabinowiczand Segerber994) and
Lindstrom (1997)). The reader who wouldkie to compare these differeapproacheshould
be warned that, apaiiom some differences of substantiee terminologydiffers between our
earlier papers and the present one.
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assigns aloxasticstated(x)(y) that specifiesthe agent’s viewsn the evaluatiorpoint x about
the reference point y.nstead ofd(x)(y), we shallwrite dy(x). We mayspeak of dy(x) the
agent’'sdoxastic statein x about y. In a Segerberg-stylemantics, we caidentify eachsuch
dy(x) with a hypertheory. In the same way, reativizeb(x) to variousreferencepoints y and
write by(x) for each such relativization. Intuitivelyy(x) is the set opoints thatare compatible
with the agent's beliefs in x about y. In a Segerberg-style semantics, weyiteve ndy(x).

In addition, the accessibility relations that correspond to different dynamic doxastic operators
should be made sensitive to different points of reference.id€heis that aloxasticaction in x
is always supposed to consist inansformation of someefinitebelief statedy(x) about some
point of reference y.Hence, weassociate an accessibilitglation R, y) with every doastic
actiont and every point of reference y. Initeely, R(t, y)(x, z) holds ifand only if z is a pos-
sible result of performing on the doxasticstatedy(x) (which inits turn may necessitatsome
adjustments in other partsafx)). One might say that y the point of reference of the acces-
sibility relation R§, y).

Formally, we define a modah to be a structure:

M =<U, W, D,Prop,w,d, b, R, k>

such that:

(1) U,W and Darenon-emptysets oftotal statesyorld-states and doxastic states, respec-
tively.

(2) Propis, as before, a Boolean set algebra with the set U as its domain. In tdPnop,of
we define atopology T in which theclosed sets are theintersections othe subsets ofProp.
We assume that is compact.

(3) wis a function from U onto W.

(4) dis a function from x U onto D. We usuallywrite dy(x) for d(x, y) andlet d(x) be
the function §y 0 U)dy(x).

(5) bis afunction from W« U to 0 (U). Usually wewrite by(x) instead ofb(x, y). Thus,
for all x, y,by(x) O U.

(6) For each doxastic action tetmand every X1 U, R, x) 0 U x U.

(7) w, d, b and R satisfy the conditions:

() x =y iff w(x) =w(y) andd(x) =d(y).

(i) for any w W and any X1 U, there is a Z1 U such thaw(z) = w andd(z) =
d(x). Hence, we can write U on the form {(w, d)IWW and d= d(x), for some
x 00 U}L

(i) 1f dz(x) =dz(y), thenbz(x) = bz(y).

(iv) If R(T, 2)(X, y), thenw(x) =w(y).
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v) If d(x) =d(x), d(y) =d(y’), w(x) =w(y) andw(x’) = w(y’), then R, z)(x, y)
iff R(T, 2)(X', Y).

These conditions shoulok compared tthe correspondingonditionsfor the onedimensional
models that we defined earlier.

(8) Theformulas ofthe language arao longer assignedruth-values at singl@oints but
rather atordered pairsx, y> of points,where x is thepoint of evaluationand y thepoint of
reference. The truth-relatidh satisfiesthe following requirementgwe write x, ykE a for <x,

y>E Q):

(i) If a is aformula, then theset[a]y = {x O U: x, y k a} belongs toProp.
Moreover, weassumethat if a is atomic, thena expresse®ne andthe same
worldly proposition[a]ly relative to every point of reference y.

(i) It is not the case that x, by [

(iii) X, Y E (a - ) iff it is either the case that not: x,)y a or it is the case that x, y
F B.

(iv) X, y F Baiff by(x) O [aly

v) If Tis aterm, then

X, Y E [T]a iff for all z such that R, y)(x, z), z, yF .

We read x, y= a as:a istrue at the point xwith reference to the pointy.

(9) We also extend the language witheav operator T that takéise currenipoint of evalua-
tion and makes it the point of refererice:

(vi) X,y E faiff x, X F a.

We introduce t in order to kable todistinguishbetween aragent’sposterior beliefs about
hisoriginal state (the one he is in before performing a doxastic action):

(1) X, X F [1]Ba

and hisposterior beliefs about the posterior state (the one he is in after the action):
(2) X, XE [T]TBa.

(1) is equivalent to:
(1) for all z such that R( x)(X, z), z, Xk Baq,

while (2) can be written as:

(2) for all z such that R( x)(x, z), z, zZ= Ba.

9 The t-operator is discussed in Lewis (1973), Section 2.8. See also Segerberg (1973).
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We say that a formula is ordinary if its truth or falsity does natepend on th@oint of ref-
erence, i.e., if forall x, y, z:

X, YE aiffx,z F a.

A formula isspecial, if it is not ordinary.
An ordinary fomulaa expresse®ne andhe sameoroposition (written, [a]) with refer-

ence to every point of reference. It is easily seen that:

(@) Boolean formulas are ordinary.
(b) For any formulax, ta is ordinary.

If a is ordinary, then
X, YE taiff x,y F a.
Thus, for ordinang,
[tal =[al.
The proposition
[tal ={x OU: x, xk a},

we call thediagonal proposition corresponding ta.

We say that a formula, when interpreted ifilt, istrue at the point x if and only if X, Xk a.
In other wordsg is true at x if and only if the propositidrm ]x expressed ba with reference
to x is true at the point x itself.

We say that a formula is valid (orweakly valid) in the modeft (in symbols, M E a) if
and only ifa is true at every point iit.

Let us say that a pa#tx, y> of points in U isnormal if x =y. We havedefined truth at a
point x as truth relative to th@rmal pair <xx>, and wehavedefined validity in a modellt as
truth relative to alhormal pairsin k.

There is another notion of validily a model: Wesaythata is strongly valid in the model
M if and only if, for every pair of points <x, y> #it, <x, y> F a. Of course, ifa is strongly
valid in M, then a is vald in M. The conversaloes not hold ingeneral. Consider, for

example,
a ~ ta.

Every instance of this schema is weakly valid in every model. Howewels & speciaformula,
thena « fa is not strongly valid.
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Notice, however, thafor every model Wi, a is weakly valid in Mt if and only if T is

strongly valid inlit.

Let K be a class of models.We say that a is K-valid (strongly K-valid) if o is valid
(strongly valid) in every model iK.

Let us now define a two-dimensional Segerberg-style semantweisich thedoxastic states

are hypertheories. As before, \ee ahypertheory be éamily H of closedsets of U lat con-
tains U anch H.

For each x, y1U, we letdy(x) be a hypertheory. We thégt by(x) = ndy(x). That is, we
have:

X, y k Ba iff ndy(x) O [aly.

This means thaBa is true relative to gpair <x, y>, consisting of goint of evaluation xand a
point of reference vy, iand only ifthe proposition expressed ly with respect to y is true in
every point z that is compatible with everything that the agent believes in x about the point y.

Theaccessbility relatons corresponding tohe operations oéxpansion and contraction are
now characterized in the following way:

If R(+a, z)(x, y), then
(i) w(x) =w(y), and

(i) dz(y) = dz(x) + [a]z.

If R(—a, 2)(X, y), then
(i) w(x) =w(y), and
(i) dz(y) is a contraction afiz(x) with [a ]z,

where the notiorof a contraction of éhypertheorywith a proposition isdefined inexactly the
same way as in Section's.

We then define the accessibility relation that correspondsiton by meanf the follow-
ing Levi-style condition:

R(ld , z)(x, y) iff for some u, R(~{a), z)(x, u) and R(et, z)(u, y).

Let us nowsee howthe two-dimensional semantitendlesthe paradoxes othe previous
section. The two-dimensional Segerberg-style semathtatswe have just outlined, strongly
validates the following conditions:

10 Notice that we no longegarovide full definitions of the accessibility relations thabrrespond
to expansion and contraction. Instehese relabns areconstrained by the aboveSegerberg-
style conditions. By noproviding full definitions, weleaveroom for the possibility of the
agent makingdjustments in othgrarts ofd(x) when heperforms somealoxasticaction on
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(P) -B-a - (BB - [[d ]BP) (Preservation)
(S) [l@ ]Ba (Success)

From these two conditions, we proved, in Section 6 (Lemma 2), the condition:
(1) -B-a O0B-Ba - [d ](Ba OB-Ba),

which we calledParadox. This fanula also follows inthe presenframework. Thatis, it is
strongly valid. So for every x,i U in every model, we have:

X,y}= -B-a OB-Ba - [Ek ](BCX DBﬂBG).

However, the meaning of tfiermula (1) hashanged fronthe old semantic® the new one: it
is no longer paradoxical. To see this, one should compare (1) with:

(2) ~B-a OB-Ba - [@ [t(Ba OB-Bo),

which isindeed paradoxicalHowever,(2) is, of course, noevenweakly valid. While (1) is
about what theagent,after havinglearneda, would believeabout thestateprior to the revision,
(2) is about what he then would believe aboutstiage obtainingafter the revision. There is no
reason to suppose that (2) would hold.

Considernow Lemma 1 ofSection 6. Every two-dmensional modektrongly validating
Preservation, Success and

(P1) Ba - BBa (Positive Introspection)
will indeed also satisfy:
-B-a OB-Ba - [ |BO (Strong Paradox)
But here the way out of the Paradox has to do with the assump#in dthis prirciple is only
plausiblefor normal pairs<x, x>, where thepoint of evaluationand point of reference are the

samel!l Sowe canonly assume this principle to lveeakly valid in a givenmodel. Butweak
validity is not closed under the principle:

if EB - v, thenk [[@ B - [@ ]y.

Hence, we cannot infer from the weak validityBof - BBa in a model, tothe weak validity of
[[@ ]Ba — [la ]BBa in the samamodel. Butthis stepis neededor the proof of Lemma 1 to
go through in the new setting.

Finally, consider the case in which:

dz(x). We return to this possibility of making adjustments when we speak @bosfer prin-
ciples below.

11 Suppose the twpoints aredifferent andthat x, yE Ba. Then, if we intuitivelyassumehat
the agent in x iaware ofhis beliefs,then, in x, he believeabout x that he there believesa
abouty. This is not the same as ¥, BBa, which would mean thate in x believesabout y
that he there believesabout y.
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(1) X, XkE o O0=-Baq,

The agent therlearns(1) and revisg his beliefsabout thepoint x with this information. By
Success:

(2) X, Xk [Qo O-Ba)]B(a U-Ba),

but there isnothing paradoxical abouf2), since the bedifs that arereferred to inthe formula
following the revision operator aadl about theprior state x andot aboutthe oneposterior to
the revision. In contrast to (2), the following situation would be paradoxical:

(3) X, XE [da O=-Ba)]tB(a O-Ba).

But the formula occurring in (3) is of course not (even weakly) valid.
But what about the following formula?

[CH(a O-Ba)]Bt(a O-Ba).

Isn’'t this formula valid, by Success? Yes, indeed itis. What it says, is that if one oaneses
original beliefswith the diagonalproposition ¢ [J -Ba), then, inthe posteriorstate,one will
have the beliehbout theprior state that T [J -Ba) was true then. lour example however,
this posterior belief abouhe prior state is infact true. Hence,there isnothing paradoxical
about it.

The last formula may be contrasted with:

[Of (o O=-Ba)]tB(a O-Ba),

which says thathe agent after revisiowith t(a [0 -Ba) would believea [0 -Ba about his
posterior state. This would indeed be paradoxical. But this formula is notvesakly valid, so
no paradox is forthcoming.

In the two-dimensiocal semantics, we can puse variousntrospectionprinciples, like (PI),
(ND), (VPI), (VNI). These principles do né¢ad totrouble adong as we only assume them to
be weakly, rather than strongly, valid.

Our corclusionis that the two-dimensional seanticsavoids theoriginal paradoxesyithout
— as far as we can see — creating new ones. This senfagiosieseriousdrawbackhowever:
it only determines the agent’s posterior beliefs abouprie state:

(1) [[@ ]BP
What we would like to infer, however, are posterior beliefs about the posterior state:
(2) [l JTBB.

Thus, we would like to have sortransfer principles: at least for althe Balean formulag3, we
would like it to be valid that

3) [@ (BB —~ TBP),
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(4) [@](=BB ~ T-=Bp).

Such principles would allow us to infer from one @f [B3, <ld >Bf, [[d ]-Bp, <d >-Bp, to
the corresponding tatements abouthe posterior state: [d ]TBB, <ld >1BpB, [d ]T-Bp,
<[d >1-Bp, respectively.

In fact, we wansuch trasfer principlesfor posteriorbeliefs in worldly propositions to be
weakly valid not just for all revisiorid but for all doxastic actiorns if 3 is a Booleanformula,
then

(3)  [1U(BB - 1BP),
(4)  [t(-BB - T=Bp).

In order tovalidatetheseprinciples,however, weneed to imposeppropriateconditions on the
accessibility relations. Thus, for all doxastic actioasdall worldly propositions Pwe should
require that

if R(T, X)(X, y), thenbx(y) U P iff by(y) O P.

In fact, even with respect to llefs in doxastic propositionghereshould be darge measure of
agreement between posterior beliefs of this kind regattimgrior andthe posterior state. If |
initially believe that | believe the earth to be round, then after the rewisibrsome information
about, say, the weather in Swedenill keep my beliefsaboutwhat | believe to béhe shape of
the earthboth with regard to my priostate andvith regard tothe posterior state. But transfer
principlesfor posterior beliefs irdoxasticpropositionsare muchmore difficult to formulate:
many posterior beliefs about doxastic propositionsatr&ransferable, as we have seen.

This shows that there is wotlkat remains to be don8till, we have ateast madesome first
stepstowards thadevelopment of a t@+dimensional semans for unlimited DDL. It is to be
hoped that this project can be further developed.
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