Coherent choice functions without
Archimedeanity

Enrique Miranda and Arthur Van Camp

Abstract We study whether it is possible to generalise Seidenfeld et al.’s repre-
sentation result for coherent choice functions in terms of sets of probability/utility
pairs when we let go of Archimedeanity. We show that the convexity property is
necessary but not sufficient for a choice function to be an infimum of a class of lexi-
cographic ones. For the special case of two-dimensional option spaces, we determine
the necessary and sufficient conditions by weakening the Archimedean axiom.

1 Introduction

In a problem of decision making under uncertainty, a subject’s preferences between
a set of alternatives can naturally be modelled by means of a so-called choice
function, that determines those options that are considered admissible to the subject.
The rationality of the subject’s preferences was studied by [2] and [18], and later
axiomatised by [11]. A feature of this axiomatisation is that a rational choice function
always returns a single admissible option, or multiple admissible options that are
indifferent to each other.

Nevertheless, when faced with a set of options a choice function may give more
than one optimal alternative, and this does not necessarily imply that all these chosen
options are indifferent to our subject: they may instead be considered incomparable.
Coherent choice functions were extended to allow for incomparability between the
options by [14]. Under their axiomatisation, they proved a representation theorem
in terms of probability/utility pairs: a choice function C is coherent if and only if
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there is an arbitrary non-empty set S of probability/utility pairs such that f € C(A)
whenever f maximises p-expected u-utility over A for some (p,u) in S.

In [22], we extended the above-mentioned axiomatisation by [14] to choice func-
tions defined on (abstract) options that form a vector space, rather than horse lotteries,
and also let go of two of their axioms: (i) the Archimedean one, because it prevents
choice functions from modelling the typically non-Archimedean preferences cap-
tured by coherent sets of desirable gambles; and (ii) the convexity axiom, because it
turns out to be hard to reconcile with Walley—Sen maximality as a decision rule. By
doing this, we obtained a theory of coherent choice functions that includes coherent
sets of desirable gambles, and therefore most other imprecise probability models,
as particular cases; and that is at the same time more general, because they are not
necessarily completely by pairwise comparisons between the options.

In spite of these advantages, our coherent choice functions also have the drawback
of not leading to a strong belief structure [5]. Such a representation is nevertheless
interesting, because it allows choice functions to be constructed using basic building
blocks. In [22], we did discuss a few interesting examples of special ‘representable’
choice functions, such as the ones from a coherent set of desirable gambles via
maximality, or those determined by a set of probability measures via E-admissibility.

In the present paper, we add more detail to our previous findings by investigating
in more detail the implications of the convexity axiom, while still letting go of
Archimedeanity. We show that, if a representation theorem under convexity were
indeed possible, it would necessarily involve lexicographic probabilities, as studied
by [3], [7] and [13], but that unfortunately such representation is not generally
guaranteed. In order to establish this, we derive some interesting properties of
coherent choice functions in terms of their so-called rejection sets. Our argument
leads us to introduce an additional axiom, which we call weak Archimedeanity, which
guarantees representation, at least in the case of two-dimensional option spaces.

Our paper is organised as follows. In Section 2, we recall the basics of coherent
choice functions on vector spaces of options as introduced in our earlier work [22],
and establish a number of properties that will be useful later on. In Section 3, we
recall our definition of lexicographic choice functions from [21] and the properties
of their associated binary preferences. Then we bring up the representation question
of whether a convex coherent choice function is always the infimum of a family of
lexicographic choice functions. Our motivation for focusing on them is that (i) they
have been connected to a representation of preferences in the context of choices over
horse lotteries in [13]; and (ii) that, as we shall show, the subset of maximal choice
functions, that play a similar role in the case of binary preferences, are not sufficient
in the case of choice functions. In order to present our results, we study in quite
some detail the particular case of coherent choice functions on a binary possibility
space, and show in Section 4 that these can be characterised by means of a so-
called rejection set. Based on our results, we are able to answer the representation
question by showing (i) that convexity is necessary but not sufficient for a coherent
choice function to be the infimum of lexicographic choice functions; and (ii) that
a necessary and sufficient condition can be obtained by adding what we call weak
Archimedeanity. The paper concludes with some additional discussion in Section 6.
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2 Coherent choice functions on vector spaces

Consider a real vector space V provided with the vector addition + and scalar
multiplication. We denote by 0 the additive identity. For any subsets A; and A; of V
andany 1inR,welet1A; == {Au:uecA;}andAj+A; = {u+v:ucAjandv e Ay }.

Given any subset A of an option space V, we define its positive hull posi(A) as
the set of all positive finite linear combinations of elements of A:

n
pOSi(A) = { Arug 2n e N, A € Rog,uy € A} cV,

k=1

and its convex hull CH(A) as the set of convex combinations of elements of A:

n n
CH(A) = {Z arug - n e N,ag € Ry, Z ai = 1,uy € A} c posi(A) cy.
k=1 k=1

A subset A of V is called a convex cone if it is closed under positive finite linear
combinations, i.e. if posi(A) = A. A convex cone K is called proper if Cn—-K = {0}.
With any proper convex cone /C € V, we associate an ordering <x on V, defined for
alluandvin Vbyu=<xvev-uck.

The vector space of options V, ordered by the vector ordering <x, is called an
ordered vector space (V, < ). We will refrain from explicitly mentioning the actual
proper convex cone K we are using, and simply write } to mean the ordered vector
space, and use < as a generic notation for the associated vector ordering. Finally,
with any vector ordering <, we associate the strict partial ordering < as follows:

u<v<e (usvandu#v) < v-ueck {0} forall uvin).

We call u positive if u > 0, and collect all positive options in the convex cone V¢ :=
K\ {0}. From now on, we assume any ordering <, generic but fixed. So we assume
that ) is an ordered vector space, with vector ordering <.

We denote by Q(V) the set of all non-empty finite subsets of ), a strict subset of
the power set of V. When it is clear what option space V we are considering, we will
also use the simpler notation Q. Elements A of Q are the option sets amongst which
a subject can choose his preferred options.

Definition 1 A choice function C on an option space V is a map
C:Q— Qu{@}: A+ C(A) such that C(A) < A.

We collect all the choice functions on V in C(V), often denoted as C when it is clear
from the context what the option space is.

The idea underlying this simple definition is that a choice function C selects the
set C(A) of ‘best’ options in the option set A. Our definition resembles the one
commonly used in the literature [1, 14, 16], except perhaps for an also not entirely
unusual restriction to finite option sets [8, 12, 15].
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Equivalent to a choice function C, we may consider its corresponding rejection
function R, defined by R(A) := AN C(A) forall A in Q. It returns the options R(A)
that are rejected—not selected—by C. We collect all the rejection functions on V in
the set R(V), often denoted as R when it is clear from the context what the option
space is.

We focus on a special class of rejection functions, which we will call coherent.

Definition 2 We call a rejection function R on V coherent if for all A, A| and A; in
Q,alluand v in V, and all A in R.:

R1. R(A) # A;
R2. if u < v thenu € R({u,v});
R3. a.if A; € R(Ay) and A, € A then A; € R(A);
b.if A S R(A;)and A € Aj then A N A C R(A; N A);
R4. a.if Ay € R(A) then 14, € R(1A;);
b.if A; ¢ R(Az) then A; + {M} c R(A2 + {u})

We collect all coherent rejection functions on V in the set R()), often simply
denoted as R when it is clear from the context which vector space we are using.

These axioms are a subset of the ones introduced in [14], which in our previous
work [21] we duly translated from horse lotteries to our abstract options. Our Ax-
iom R2 is slightly more restrictive than its counterpart for horse lotteries considered
by [14], but our other axioms are slightly less restrictive.

One axiom we omit from our coherence definition, is the Archimedean one.
Typically the preference associated with coherent sets of desirable gambles does not
have the Archimedean property, see [22], so letting go of this axiom is necessary if
we want to explore the connection with desirability.

The second axiom that we do not consider as necessary for coherence is what we
will call the convexity axiom:

R5. if Ac A; cCH(A) then R(A;)nA =R(A), forall A and A, in Q;
As shown in [21], this axiom is incompatible with Walley—Sen maximality [17, 24]
as a decision rule, in the manner that will be made explicit later on.

An interesting rescaling property that we shall need further on is the following:

Proposition 1 Let R be a rejection function on Q satisfying axioms R3a, R4a and RS.
Then forallnin N, all uy, uy, ..., u, inV and all i, o, ... puy in Ryp:

0 € R({0,u1,uz,...,un}) < 0€ R({0, uyuy, pout, . . ., ity }). (1

If we replace 0 by any non-zero option u, this result need no longer hold.

We have learned from dire experience that in verifying whether a rejection func-
tion is coherent, Axiom R3b is often hardest to check. But under various additional
conditions, it has a number of equivalent formulations that may simplify this task:

Proposition 2 Let R be any rejection function on Q, and consider the following
statements:
(i) R satisfies Axiom R3b;
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(ii) (VA e Q)(Vue R(A))u e R({u} UA N R(A));

(iii) (VA € Q)(Vv e R(A)~ {0})(0e R(A) = 0e R(A {v}));
Then (i) implies (ii), and the converse holds if R satisfies Axiom R3a. Moreover, if R
satisfies Axiom R4b, then (i) and (iii) are equivalent.

Using Proposition 2, we can find an easy characterisation of Axiom R1.

Corollary 1 Consider any rejection function R that satisfies Axioms R3b and R4b.
Then R satisfies Axiom R1 if and only if 0 ¢ R({0}).

For two choice functions C and C’, we call C not more informative than C'—and
we write C £ C'—if C(A) 2 C'(A) for all A in Q. The idea behind this is that
a more informative choice function selects the admissible options more selectively
from within the option set. The relation c is reflexive, antisymmetric and transitive,
so the set C of all choice functions ordered by C is a partial order. Moreover, it is
actually a complete lattice: given any set C' € C of choice functions, its infimum
inf C’ and supremum sup C’ exist in C, and are given by (infC’')(A) = Ucecr C(A)
and (supC’)(A) = Nceer C(A) for all A in Q. This translates naturally to rejection
functions.

3 The link with desirability

In [22], we have studied in some detail how the coherent choice functions in the sense
of Definition 2 can be related to coherent sets of desirable options (gambles). In the
present section, we investigate what remains of this connection when we require in
addition that our choice functions should satisfy Axiom RS.

We recall that a set of desirable options D is simply a subset of the vector space
V. The underlying idea is that the subject strictly prefers each option u in this set to
the status quo 0. As we did for choice functions, we pay special attention to coherent
sets of desirable options.

Definition 3 A set of desirable options D is called coherent if for all u and v in V,
and all 4 in Ry:

D]. 0 ¢ D;

Dy. Voo € D;

Ds. if u € D then Au € D;

Dy.ifu,ve Dthenu+veD.

We collect all coherent sets of desirable options in the set D.

More details can be found in [24], [25], [10] and the references therein.

Axioms D3 and D4 guarantee that a coherent D is a convex cone. This convex cone
induces a strict partial order <p on V, by lettingu <p v < 0<p v-u<=v-ueD,
soD={ueV:0«p u}[6,10]. D and <p are mathematically equivalent: given
one of D or <p, we can determine the other unequivocally using the formulas above.
When it is clear from the context which set of desirable options D we are working
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with, we often refrain from mentioning the explicit reference to D in <p and then
we simply write <. One of the axioms says that < € «p.

We can associate a set of desirable options Dg with every given rejection function
R by focusing on its binary rejections:

U<p, V< u—-veDg < ueR{uv})forallu,vinV.

For more details, we refer to [22, Section 3]. Dp is a coherent set of desirable options
if R is a coherent rejection function. Conversely, if we start out with a coherent set
of desirable options D then the set {R € R : Dg = D} of all coherent rejection
functions whose binary choices are represented by D, is non-empty, and its smallest,
or least informative, element Rp := inf{R € R : Dg = D} is given by:

Rp(A) ={ueA:(IveA)w-ueD}={ucA:(IveA)u<v}forall Ain Q.
2
It selects all options from A that are dominated under the ordering <p, or in other
words, its corresponding choice function is based on Walley—Sen maximality.

Proposition 3 ([21, Proposition 11]) Given any coherent set of desirable options
D,then0e Rp({0} UA) <> DnNA+@forall Ain Q.

Although Rp is coherent when D is, it does not necessarily satisfy the additional
Axiom R5, as shown in [21, Example 1]; the sets of desirable options D for which
Rp does satisfy the convexity axiom are identified in the next proposition.

Proposition 4 ([21, Proposition 12]) Consider any coherent set of desirable options
D, then the rejection function Rp satisfies Axiom R5 if and only if posi(D€) = D€.

This proposition seems to indicate that there is something special about coherent
sets of desirable options whose complement is a convex cone too. We give them a
special name that will be motivated and explained next.

Definition 4 A coherent set of desirable options D is called lexicographic if
posi(D“) = D¢ or, equivalently, if posi(D) n D = @. We collect all the lexico-
graphic coherent sets of desirable options in Dy .

The set Dy, of lexicographic sets of desirable options is non-empty. It includes,
for instance, the so-called maximal sets of desirable options, see [21], which is the
subclass of those coherent sets of desirable options satisfying

(VueV~{0})(wueDor —ueD). 3)

We collect all the coherent sets of desirable options that satisfy Equation (3) above
in the set D.

The reason why we call the elements of Dy lexicographic lurks behind a close
connection with the well-studied lexicographic probability systems.
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Definition 5 A lexicographic probability system is an ¢-tuple p = (p1,...,p¢) of
probability mass functions on a possibility space X. We associate with this tuple p
an expectation operator £, = (Epl,. . .,Em), and a (strict) preference relation <p
on L(X), defined by: f <, g < E,(f) <. Ep(g) for all f and g in L, where, for
every hin L, E,(h) := (Ep, (h),...,Ep,(h)), is an element of an ¢-dimensional
vector space. We call ¢ the number of /ayers of the lexicographic probability system.

An important property that a lexicographic probability system p may or may not have,
is that of having no non-trivial Savage-null events: p has no non-trivial Savage-null
events if for every x in X, there is at least one & in {1,...,£} for which py(x) > 0.

We have showed in [21, Section 5] that any lexicographic set of desirable options
D defines a lexicographic probability system with no non-trivial Savage-null events,
and vice versa. Lexicographic sets of desirable options are therefore an elegant and
simple representation of lexicographic probability systems.

To get some feeling for what these lexicographic models represent, we first look
at the special case of binary possibility spaces {H, T}, leading to a two-dimensional
option space V = L({H,T}) provided with the point-wise order. It turns out that
lexicographic sets of desirable options (gambles) are easy to characterise there.

Proposition 5 ([21, Proposition 16]) All lexicographic coherent sets of desirable
gambles on the binary possibility space {H, T} are given by:

DL:={D,.D;.D} : pe (0,1)} U{Do, D1} ={D,:pe(0,1)}uD,
where, for all p in (0,1),

Dy = {A(p-Liyy) : A€ R} + Lso = span({p — Iy }) + Lso
Dy =D, u{A(p-Lyy) : A € Reg} = Dy Uposi({Ijy - p})
D} =Dy u{A(p-Tgy) i A€ Rog} = Dy Uposi({p - Ly })
Dy:={feLl:f(T)>0}uLso
Dy={feLl:f(H)>0}uLs.

Definition 6 A coherent rejection function R is called lexicographic if R = Rp for
some D in Dr,. We collect all the lexicographic coherent rejection functions in Ry .

Proposition 6 ([21, Proposition 23]) Consider an arbitrary coherent set of desirable
options D. Then

inf{R € R : R satisfies Axiom RS and Dg = D} = inf{Rp: : D' € Dy and D c D'}.

Therefore, they also represent the least informative coherent choice function that
satisfies Axiom RS, taking into account that Axiom RS is preserved when taking
infima.
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4 No representation of choice functions on a binary space

Lexicographic choice functions seem to fulfil the role of probability mass in our
theory without any Archimedean axiom. This is in contradistinction with the theory
of choice functions on horse lotteries with an Archimedean axiom [14], where the
most informative choice functions are those that are induced by probability mass
functions. [14] show that every coherent choice function on horse lotteries (also
satisfying their Archimedean axiom) is an infimum of such maximally informative
choice functions. This ensures that coherent choice functions with the Archimedean
axiom constitute a so-called strong belief structure [5]. The relevance of such strong
belief structures is that they allow for a simple account of conservative inference.

Since coherent sets of desirable options are represented by their dominating
maximal ones, it is natural to wonder if they fulfil the same representational role for
choice functions.

Example I Consider the binary space {H,T} and let us define the coherent set of
desirable gambles D = {f € L : f(H) + f(T) > 0}. Clearly, D = {f ¢ L :
F(H)+ f(T) <0} is aconvex cone, so D is a lexicographic set of desirable gambles,
and hence, by Proposition 4, Rp is coherent and satisfies Axiom RS.

Is Rp representable by a subset of {Rp : De f)}? To answer this in the negative,
consider the option set A in Qp that consists of the gambles {f,—f,0}, where
f(H) =1, f(T) = —1. Then neither f nor — f belongs to D, whence by Proposition 3,
0 ¢ Rp(A). However, An D # @, for every D in D. To see this, it suffices to take
into account that any maximal set of desirable options shall include either f or —f
because of Equation (3). This means that Rp is not representable by subsets of D,
even though Rp satisfies Axiom RS. O

Thus, a representation in terms of appropriately chosen {Rj, : De 25} is impos-
sible. But since we have seen in Proposition 6 that lexicographic rejection functions
seem to fulfil at least some representing role in our theory without Archimedeanity, it
seems at least possible that there might be a representation result in terms of Ry —in
terms of lexicographic rejection functions. This brings us to the central question of
this section: is, in parallel with the result by Seidenfeld et al. [14], every coherent re-
jection function R that satisfies the Axiom RS an infimum of lexicographic rejection
functions, or in other words, is R = inf{R’ € Ry : R R'}, or equivalently,

R(A)=({R'(A):R' e€Ryand Rc R’} forall A in Q?

We will show in this section that, unfortunately and perhaps somewhat surprisingly,
this is generally not the case, by studying in more detail the special case of coherent
rejection functions on two-dimensional option spaces.

Our counterexample that we will build will be a rejection function on a two-
dimensional option space. Therefore, in the remainder of this section, we concentrate
on the two-dimensional option space V = L£(X’) of gambles on an uncertain variable
that can assume only two possible values X := {H, T}, which is isomorphic to R?.
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4.1 An equivalent characterisation: rejection sets

As we will see shortly, the coherent rejection functions on the option space V = R?
are uniquely determined by what we shall call a rejection set, consisting essentially
of those option sets that allow us to reject O from them. Instead of describing the
gambles that reject O directly, this new characterisation will rather use Axiom R4a
to rescale gambles in the second and fourth quadrants

Vi={fel(X): f(H) <0< f(T)}and Viy == {f € L(X): f(T) <0< f(H)},

obtaining variants that can be described more easily. Indeed, every gamble f; in Vj
can be uniquely described as f; = 41 (k; — 1, k) with 41 in Ry and k; in (0,1), and
similarly, every gamble f> in Viv as f» = Aa(ka,ky — 1) with A in R, and & in
(0,1), as indicated by the figure below.

T

Definition 7 Given any coherent rejection function R, we define its rejection set
Kr €[0,1)%as

Kg = {(ki,k2) €[0,1)*: 0 € R({(k1 — 1,k1),0, (ka,ks — 1)})}.

We will call any subset K ¢ [0,1)? a rejection set. It will be useful to consider a
number of potential properties of rejection sets K:
K1. monotonicity: if (ki,kz) € K, k{ > ky and k) > k», then also (k{,k}) € K, for all
(k1,k2) and (k{,k5) in [0,1)?;
K2. non-triviality: (0,0) ¢ K;
K3. a. for all a, b and ¢ in [0,1) such that ¢ < a, a+ b < 1, (b,a) € K and
(1-a,c)eKk:

(x,c) e K forall xin (b,1) and (b,y) € K forall y in (c,1);
b. for all @ and ¢ in [0, 1) such that ¢ < a, (0,a) € K and (1 —a,c) € K:

(0,¢) € K;
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c. forallaand bin[0,1) suchthatO < a,a+b < 1,(b,a) € K and (1-a,0) € K:
(b,0) e K;

K4. if kl + k2 > 1 then (kl,kz) ek, for all (kl,kz) in [0, 1)2.
Properties K2 and K3 imply the following useful property:

Lemma 1 Consider any rejectionset K < [0,1)2. IfK satisfies Properties K2 and K3,
then for every a € [0,1], either (0,a) ¢ K or (1 —a,0) ¢ K.

The coherence of R—and the extra Axiom R5 and the weaker Condition (1)—implies
a number of corresponding properties of its rejection set Kg:

Proposition 7 Consider any coherent choice function R. Then its rejection set Kg
satisfies Properties K1 and K2. Furthermore, if R satisfies Condition (1), then Kr
also satisfies Property K3. Finally, if R satisfies Axiom R5 then Kg also satisfies
Properties K3 and K4.

Conversely, we now show how to associate a rejection function with any rejection
set K ¢ [0,1)2. Taking into account Property K2, we only consider sets K that do
not contain 0.

Definition 8 Given any subset K ¢ [0,1)2\{0}, we define its corresponding rejection
function Rk as follows. We let

Rk ({0}) = 2. “)

Next, for any A in Qp, we let 0 € Rg(A u {0}) if at least one of the following
conditions holds:

AN £>0 +J ®)]
(3/11 € R>0,(k1,0) € K)/ll(kl - 1,k1) €A (6)
(3/12 € R>(), (0, kz) € K)/lz(kz,kz — 1) €A (7)

(31,43 € Rog, (k1. k2) € K0 (0,1)2){ A (ky = Lkp ), da(knka = 1) S A, (8)

and finally, we allow for R(A) to contain non-zero gambles by imposing the following
condition:

(VA€ Q)(VfeA)feRx(A) < 0eRg(A-{f}). 9)

The intuition behind this is that the elements of K of the type (k1,0) or (0,k;)
determine gambles—(k; — 1,k;) and (kp, ko — 1), respectively—that allow us to
reject O; the other possibility of rejecting O is by means of the combined action of a
gamble in the second quadrant—(k; — 1,k ) for k; in (0, 1)—and one in the fourth
quadrant—(k, kp — 1) for ky in (0,1).

Alternatively, we can summarise Conditions (6)—(8) as

(3/11,/12 € R>0,(k1,k2) € K){/ll(kl - 1,k1),/12(k2,k2 - 1)} CAU {(—1,0),(0,—1)}.
(10)
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Lemma 2 For any K € [0,1)> \ {0} and any A in Q, at least one of the Condi-
tions (6)—(8) holds if and only if Condition (10) holds.

Now that we know how to associate with a rejection set K a rejection function
Rk, let us determine which conditions on K ensure the coherence of Rx. We begin
by showing that a number of coherence axioms follow directly from the definition,
irrespective of the choice of the rejection set K < [0,1)* \ {0}:

Proposition 8 Consider any subset K ¢ [0,1)? \ {0}. Then the rejection function
Rk given by Definition 8 satisfies Axioms R2, R3a, R4a, R4b and Condition (1).

If in addition K satisfies Properties K1-K3, then the rejection function Rg given
by Definition 8 satisfies Axioms R3b and R1.

In other words, given any subset K of [0,1)?~ {0} that satisfies Properties K1-K3,
the rejection function Rg given by Definition 8 is coherent and satisfies Property (1).

We conclude from the preceding discussion that any coherent rejection function
determines a rejection set via Definition 7, which, in turn, can be used to determine
a rejection function via Definition 8. Our next proposition shows that these two
procedures commute, or, in other words, that a coherent rejection function is uniquely
determined by its associated rejection set, and the other way around. In order to get
there, we first establish the following lemma:

Lemma 3 Consider any coherent rejection function R on { H,T} that satisfies Condi-
tion (1). Consider the option sets { fi,. .., fin} S Vi and {g1,...,8n} S Vv, for some

mandn in N. Then the following equivalences hold for any i in arg max{ %

G (H)
ke{l,.. m}} and any j in argmax{% tke {ln}}

(i 0€R({0, fi,.. ., fms81,---.8n}) < 0€ R({0, f1.8});
(i) 0 € R({0,g1,....8n}) < 0€ R({0,gj});
(iii) 0 € R({0, fi,. ... fm}) < 0 € R({0, f; }).
Incidentally, Proposition 1 ensures that this lemma applies in particular to coherent
rejection functions that satisfy Axiom RS.

Proposition 9 For any coherent rejection function R on L({H,T}) that satisfies
Condition (1), R = Rk, . Conversely, for any rejection set K satisfying Properties K1—
K3, K = KRy

To conclude our preliminary discussion of the relation between rejection sets
and rejection functions, we characterise the conditions under which the rejection
function Rk determined by a rejection set K satisfies the ‘convexity’ Axioms RS.
We begin with a lemma that will simplify the argument.

Lemma 4 Consider (ky,k2) in [0,1). Let A := {(ki — 1,k1),0, (ko,ks — 1)}, then

B+£20 l'fk1+k2>1
posi(A) =< B if ki +ko=1
B+Ls ifki+ky<l,

where B := {/l(kl —1L,ky): e Rzg} u {/l(kz,kz -1): ¢ Rzg}.
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In particular, it follows from this result for A = {(k; — 1,k1),0, (ko,ky — 1)} that
posi(A) N Ly = @ < ky + ky < 1, for all (ki,kp) in [0,1)2. (11)

Proposition 10 Consider any rejection set K ¢ [0,1)> \ {0} that satisfies Proper-
ties K1-K3, and the corresponding rejection function Rg on L({H,T}). Then the
following two statements are equivalent:

(i) Rk satisfies Axiom RS,

(ii) K satisfies Property K4.

The results in this section so far can be succinctly summarised as follows:

Theorem 1 Consider a two-dimensional option space V. There is a one-to-one
correspondence between coherent rejection functions on V satisfying Condition (1)
and subsets of [0,1)? satisfying Properties K1-K3.

Moreover, there is a one-to-one correspondence between coherent rejection func-
tions on V satisfying Axiom R5 and subsets of [0, l)2 satisfying Properties K1-K4.

4.2 Counterexample

Let us call lexicographic rejection set a rejection set corresponding to a lexicographic
choice function. In order to find a rejection set that is no infimum of such lexico-
graphic rejection sets, we first need to find out what these lexicographic rejection
sets look like. Recall from Proposition 5 that all the lexicographic coherent sets of
desirable gambles on a binary possibility space {H, T} are given by

DL :={D,.D}.D} : pe (0.1)} U{Do. D1} ={Dy: pe (0,1)} UD,

and the lexicographic rejection functions on £({H,T}) are Ry, = {Rp : D € Dp}.
We determine the corresponding rejection sets. For any D in Dy, we let Kp be the
rejection set that corresponds to the rejection function Rp. For any p in (0,1) and
(k1,ky) € [0,1)2, observe that

(ki,k2) € Kp, < 0€ Rp, ({(k1 = 1,k1),0, (ko,ka = 1)})
< {(ki - Lk),(kn.ky - 1)} n D, # @
< (ki = 1,k1) € Dy or (ka,ky —1) € D,
<=k >porky>1-p, (12)

and similarly,

(k1,k2) eKDg < (k1 - 1,ky) eD)I;I or (ko ky - 1) ED;I <k >porky>1-p,
(13)

and
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(ki k2) € Kpr <> (ki = Lki) € Djor (kpky-1)eD) < k2 porky>1-p.
(14)
Finally, also for Dy and Dy,

(k1,k2) € Kp, < (k1 —1,k1) e Dy or (ka,k —1) e Dy < k1 >0 (15)

and
(kl,kz) €Kp, < (k1 —1,k1) € Dy or (ka,kp — 1) € Dy < kp > 0. (16)

We are now, finally, ready to provide an example of a rejection set that satisfies
Properties K1-K4—or a coherent rejection function that satisfies Axiom R5—but
is no intersection of lexicographic rejection sets.

Example 2 Consider any ¢; and ¢, in (0,1) such that ¢; + £, < 1, and the rejection
set Kz, ¢, € [0,1)? depicted in the figure below, and defined by

Ko, = {(ki.k2) € [0,1)% s ky + ko > Lor (ki,ka) > (61.6) ). 17)

We show that it corresponds to a rejection function that is coherent and satisfies
Property R5. By Theorem 1 it suffices to show that K¢, ¢, satisfies Properties K1-
K4. That it satisfies Properties K1, K2 and K4 is clear from its definition. We show
that it also satisfies Property K3. Note that (0,a) ¢ K¢, ¢, and (1-a,0) ¢ K, ¢, forall
a in [0, 1], so the Properties K3b and K3c are trivially satisfied for K¢, ¢,. It therefore
only remains to prove that Property K3a is satisfied for K, ¢,. Consider any a, b and
cin[0,1) such that ¢ <a,a+b < 1, (b,a) € K¢, ¢, and (1 —a,c) € Ky, ¢,. We need
to show that then

(x,¢) € Kg, ¢, forall x in (b,1) and (b,y) € K¢, ¢, for all y in (¢, 1),

so consider any x in (b,1) and y in (¢, 1). Since (b,a) € Kp ¢, and a + b < 1,
Equation (17) tells us that (b,a) > (€1,62), so x > b > £;. Similarly, since (1 -
a,c) € K¢, ¢, and ¢ < a (or equivalently, 1 — a + ¢ < 1), Equation (17) tells us that
(1 - a,c) > (f],fg), soy > c¢ 2 &. Then (X,C) > (f],fz) and (b,y) > (f],fz),
whence indeed (x,c¢) € Ky, ¢, and (b,y) € K¢, ¢,. So we see that Ky, o, satisfies
Properties K1-K4. It therefore corresponds to a coherent and ‘convex’ rejection
function.

We show that Ky, ¢, is no intersection of lexicographic rejection sets. Assume
ex absurdo that it is an intersection (N Kps of some non-empty collection of lex-
icographic rejection sets Kpr == {Kp : D € D'}, with D’ ¢ Dr. Then, since
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(61,62) ¢ Ky, ¢, there must be some D in D’ such that (£1,¢,) ¢ Kp. There are a
number of possibilities: (i) D = D, for some p in (0,1), (ii) D = DEI for some p
in (0,1), or (iii) D = Dg for some p in (0,1)—D € {Dy, D} is impossible since
(€1,£2) belong to both K, [by Equation (15)] and Kp, [by Equation (16)].

In case (i), since (£1,62) ¢ Kp,, we infer from Equation (12) that £; < p and
¢ < 1 - p, or in other words, that p € [£1,1 — £,]. From ¢; + £, < 1, we infer that
{1 < por{y <1-p. We consider the case that {; < p; if £, < 1 — p, a symmetrical
argument leads to a similar result. From Equation (12) we infer, using £, < 1 — p, that
on the one hand (p,£2) ¢ Kp,. On the other hand, we infer from (p,62) > (¢1,62)
that (p,2) € Ky, ¢,, by Equation (17). This leads us to conclude that Ky, ¢, # Kp,.

In case (ii), then, since (£1,£) ¢ K pi, We infer from Equation (13) that ¢; < p and

{ < 1-p, orin other words, that p € [€},1-¢>). This implies that £, < 1_”72“)2 <l-p:
indeed, # is a convex mixture of £, and 1 — p. From Equation (13), we infer,

using # < 1 - p, that on the one hand (¢, #) ¢ KD?' On the other hand,
we infer from (¢}, #) > (6y,6,) that (¢, #) € K¢, ¢,, by Equation (17). This
leads us to conclude that K¢, ¢, # K| pH-

In case (iii), a completely symmetrical argument leads to the conclusion that
Ke e, # KDS.

This tells us that none of the remaining possibilities can hold, a contradiction. ¢

Thus, the rejection function that corresponds to Ky, ¢, is coherent and satisfies
Property RS by Theorem 1, but it is no infimum of lexicographic rejection functions.
This answers the initial question in this section—is R = inf{R’ e Ry : Rc R’} for
every coherent rejection function R that satisfies Property R5?—in the negative: in
the restrictive case of two possible outcomes, we have found a counterexample.

5 Weak Archimedeanity

In order to find an additional requirement that guarantees representation, at least in
the binary case, let us further analyse the properties of rejection sets.

Definition 9 Consider any K ¢ [0,1)? satisfying Properties K1-K4 We define the
following two maps 7;:[0,1) — [0,1] and 7,:[0,1) — [0, 1]:

m1(z) =inf{aeR:(z,a) € K} and my(z) := inf{a € R : (a,z) € K}

for all z in [0,1). Here, we let inf @ = 1, so that 7 (z) = 1 if (z,€) ¢ K for all € in
[0,1), and mp(z) = 1 if (£,2) ¢ K forall £ in [0,1).

Note that 1(z) € [0,1 — z] and m2(z) € [0,1 — ] for every z in [0, 1), because
{(k1,k2) €[0,1)? : k; + ko > 1} € K. Since K is assumed to be increasing,

(V€ [0.))((Yy € (m(2).1))(z.) € K) and ((¥x € (ma(1-2). 1)) (x.1-2) € K).
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Proposition 11 7; and 7, are non-increasing. Moreover, for any z in [0,1):
olfmi(z)<1l—zthenm (z)=m(t) foralltin(z,1-m(z));
olfmy(z) <1 —zthen my(z) = mp(t) foralltin (z,1 — m2(z2)).

Next we introduce the notion of weak Archimedeanity that, as we shall show, shall
be instrumental in characterising those coherent choice functions that are the infima
of a family of lexicographic choice functions.! We begin by giving the definition in
terms of rejection sets:

Definition 10 A rejection set K is called weakly Archimedean when it satisfies
(V(ki,k2) € (0,1)%, VK| € (k1,1), VK € (k1))
(ki +ky < 1,(k{,k2) € K, (k1,k%) € K = (k1,k2) € K).

Weak Archimedeanity rules out the rejection functions that have the rejection set
Ky, ¢, from the left figure in its basis.

k2 k2

Ky, e

| 1_, 52 L

4 k1 4 ki

Indeed, observe that £; + ¢, < 1, (k{,£2) € K and (¢),k}) € K for every k{ in (£1,1)
and k) in (£, 1), but (£1,£2) ¢ K. Weak Archimedeanity implies that (¢£1,¢,) € K,
as depicted on the right figure. In terms of choice functions, the notion of weak
Archimedeaniticy becomes the following:

Definition 11 A rejection function R on a binary possibility space is called weakly
Archimedean when it satisfies

(Vu e Vi, Vv e Viy)
(posi({u,v}) N Vio = @, (Ve € Ryg) (0 € R({u +€,0,v}) and 0 € R({u,0,v + €}))
=0eR({u,0,v})). (18)
Proposition 12 Consider some two-dimensional vector space V with basis {H,T}.
Consider a coherent rejection function R on V satisfying Condition (1) and its

associated rejection set Kgr. Then Kg is weakly Archimedean if and only if R is
weakly Archimedean.

! We want to caution the reader that there are other non-equivalent definitions of weak Archimedean-
ity: for instance, the one given in [28, Defintion 19] for binary comparison of the options, differs
from ours, even when we restrict our definition to binary option sets.
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Weak Archimedeanity is closed under infima.

Proposition 13 Consider some two-dimensional vector space V with basis {H,T }.
Consider an arbitrary collection R’ of coherent rejection functions onV that satisfy
Condition (1). If every rejection function in R’ is weakly Archimedean, then so is
inf R'. Similarly, given an arbitrary collection of rejection sets {K; : i € 1} satisfying
Properties K1-K3, if every K; is weakly Archimedean, then so is inf{K; :i € I'}.

From this it follows that weak Archimedeanity is necessary for a coherent choice
function to be the infimum of lexicographic ones:

Corollary 2 Consider some two-dimensional vector space V with basis {H,T }. Any
infimum of lexicographic rejection functions on 'V is weakly Archimedean.

Next, we are going to establish that weak Archimedeanity is not only necessary,
but also sufficient, for a coherent choice function to be the infimum of a family
of lexicographic ones. We begin with an auxiliary result. It basically tells us that
whenever k; + kp < 1 and (ky,ky) ¢ K then there is some (z,1 — z) dominating
(k1,ko) such that (z —€,1 —z—€) ¢ K for all € in Ryo.

Proposition 14 Consider any rejection set K that satisfies Properties K1-K3 and
that is weakly Archimedean, and consider any (ki,k>) in [0,1)? such that ki + ka < 1
and (ki,ky) ¢ K. Then i (z) = 1 - z or ma(1 = z) = z for some z in [ki,1 - ka].

Deﬁni_tion 12 Given a rejection set K that satisfies Properties K1-K4, we define
D' cDpasD :=U{D*:x¢€[0,1)}, where, for all x in (0, 1):

{Dy} if (x,1-x)¢K

(D} if (x,1-x)eK,(VeeRyg)(x,1-x—€)¢K
and (Ve eRso)(x—€,1-x) €K

D* ={{DT} if (x,1-x)eK,(VeeRy)(x,1-x—-€)€eK
and (Ve eRso)(x—€6,1-x) ¢K

{DH, DT} if (x,1-x)eK,(VeeRsg)(x,1-x—€)¢K
and (Ve eRso)(x—€6,1-x)¢K

and
{D¥ if (Ve €eR50)(0,1-€) ¢ K and (Je € Ryo)(1 - €,0) €K
Do {DT} if (Ve eR50)(1-€,0) ¢ K and (Fe € Rs0)(0,1 - €) € K
© {DE. DT} if (Ve eR0)(0,1 —€) ¢ K and (1 - €,0) ¢ K
o) if (3e €R50)(0,1-€) e K and (1 -¢,0) € K.

Using this collection of sets of desirable options, we define a coherent rejection
function inf{Rp : D € D'}, whose rejection set we call K’

K = () Kg, = {(ki.k2) €[0,1)*:0¢ () Rp({(ki = 1,k1),0,(ka,ka = 1)})}.
DeD’ DeD’
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Our next theorem shows that every rejection set that is weakly Archimedean,
and therefore every rejection function on a binary possibility space that is weakly
Archimedean, is an infimum of lexicographic choice functions.

Theorem 2 Given a rejection set K that satisfies Properties K1-K4 and that is
weakly Archimedean, we let D' be the collection of lexicographic coherent set of
desirable options as in Definition 12 and K' the rejection set that corresponds to the
rejection function inf{Rp : D € D'}. Then K' = K, and hence K is an infimum of
lexicographic rejection sets.

We see then that it is weak Archimedeanity, and not the stronger condition RS,
that allows us to characterise those coherent choice functions that are the infimum
of lexicographic ones.

6 Discussion

There are several open problems deriving from this work. First and foremost, we
should extend our characterisation of the infimum of lexicographic choice functions
to higher-dimensional option spaces. One difficulty here is that a representation akin
to the one we have given in terms of rejection sets seems hard, because we will not
be able to reduce the choices to option sets of either two or three gambles, as we have
done here: it can be checked that, even in the case of a space of three elements, there
is no upper bound on the cardinality of the option sets characterising our choices
[9]. Another matter is that for general possibility spaces coherent sets of desirable
options may have much more complex structures than the ones in the binary case.
In particular, lexicographic sets of gambles will no longer be either maximal or
strictly desirable; while this provides us with some additional expressive power, it
also complicates the technical developments.

On the other hand, we would also like to combine our results with those in [20,
22, 23], by investigating the notion of indifference and the process of conditioning
with lexicographic choice functions. In particular, this should allow us to link our
work with that on conditioning lexicographic probabilities in [3].

Finally, we should compare our work with the recent axiomatisation proposed in
[4] that, by including one extra rationality axiom, leads to a subfamily of coherent
choice functions that forms a strong belief structure. This approach excludes (renders
incoherent) choice functions such as those in [19, Example 16]. In the binary case,
we can deduce from our results in this paper that the addional rationality axiom in [4]
can be derived from our notion of weak Archimedeanity; the study for more general
spaces remains at the moment an open problem.

Acknowledgements We would like to thank Jasper De Bock, Gert de Cooman and Teddy Seiden-
feld for stimulating discussion. We also acknowledge the financial support of projects PGC2018-
098623-B-100 and GRUPIN/IDI/2018/000176.
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Appendix: Proofs

Proof (of Proposition 1) 1t suffices to prove the direct implication. Let A :=
{0,u,...,u,} and p* := max{uy,...,un} € Rso, and assume that 0 € R(A).
Then Axiom R4a implies that also 0 € R(u*A). Axiom R3a yields that 0 «
R(u*Au{muy,...,uyu,}). Moreover, for every k in {1,...,n}, we find that uyuy €
CH({0, u*ux }) € CH(u*A), so Axiom RS guarantees that indeed 0 € R(u*A). O

Proof (of Proposition 2) That (i) implies (ii), follows from Axiom R3b.
To prove that (ii) implies (i) under Axiom R3a, consider any A, A; and A; in
Q and assume that A € A} € R(A). Then in particular u € R(A;), and therefore,
using (ii), u € R({u} UAz N R(Ay)), forevery u in A; \ A. Applying Axiom R3a, we
infer that u € R(Ay \ A) for every u in A; \ A, whence indeed A| N A C R(Ay \ A).
The last statement is now immediate. ]

Proof (of Corollary 1) That the first statement implies the second is immediate.
To establish the converse, we will prove the contraposition. Assume that R does not
satisfy Axiom R1. Therefore, we have that A = R(A) for some A in Q. Consider any u
in A, then by Proposition 2(ii) we find thatu € R({u}UANR(A)) = R({u}UA~NA) =
R({u}). By Axiom R4b therefore indeed 0 € R({0}). ]

Proof (of Lemma 1) If a = 0 then (0,a) = (0,0) ¢ K by Property K2. Analogously,
ifa = 1then (1-4,0) = (0,0) ¢ K by Property K2. Assume therefore that a € (0,1),
and assume ex absurdo that both (0,a) and (1 - a,0) are elements of K. Use
Property K3b to infer that (0,0) € K, which contradicts Property K2. ]

Proof (of Proposition 7) We first prove that Kg satisfies Property K1. Consider any
(k1,k2) in Kg, and any (k{,k5) in [0,1)? such that k| > k; and k} > ko. Then
(ki,k2) € Kg simply means that 0 € R({(k; — 1,k1),0,(ka, k2 — 1)}), and k| > k;
and k) > ky implies that (k] —1,k{) > (k1 — 1, k1) and (k} — L,k}) > (ko — 1, k). [21,
Proposition 2] tells us that then 0 € R({ (k] — 1,k}),0, (k3, k5 — 1)} ), whence indeed
(k{,ké) € KR.

To prove that Kg satisfies Property K2, assume ex absurdo that 0 ¢ Kg,
or equivalently, that 0 ¢ R({(-1,0),0,(0,—1)}). Since (-1,0) < 0, we infer
from Axiom R2 that (-1,0) € R({(-1,0),0}), and therefore also that (-1,0)
R({(-1,0),0,(0,-1)}), by Axiom R3a. A similar argument leads from (0,—1)
0 to (0,-1) € R({(~1,0),0,(0,~1)}). This implies that {(~1,0),0,(0,~1)}
R({(-1,0),0,(0,-1)}), which contradicts Axiom R1.

Next, assume that R satisfies Condition (1). To prove that Kr then satisfies
Property K3, we first prove that it satisfies Property K3a. Consider any a, b and c in
[0,1) and assume that ¢ < a,a+b < 1, and that (b,a) and (1-a,c) belong to Kg. We
are going to prove that (b, y) € Kg forevery y in (c, 1); the proof that also (x,¢) € Kg
for every x in (b, 1) is similar. Consider any A in R, then Condition (1) guarantees
that 0 € R({(b - 1,5),0,4(a,a - 1)}) and 0 € R({A(-a,1 — a),0,(c,c — 1)}). By
Axiom R4b, we then find that —1(a,a—1) € R({(b-Aa-1,b-Aa+1),-A(a,a-1),0})
and A(a,a-1) € R({0,4(a,a-1),(c+Aa,c+da-A-1)}), and applying Axiom R3a

A m
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then leads to {-A(a,a — 1),A(a,a- 1)} € R({(b-Aa-1,b—- Aa + 2),-A(a,a -
1),0,2(a,a - 1),(c + da,c + la— A —1)}). This, together with Axiom R3a, implies
that {-A(a,a-1),0,4(a,a-1)} c R({(b—-Ada-1,b—Ada+2),-A(a,a-1),0,(c,c -
1),A(a,a-1),(c+Aa,c+da-2-1)}). Applying Axiom R3b implies that —1(a,a-1)
isincluded in R({(b-Aa-1,b-2a+2),-A(a,a-1),(c,c-1),(c+Aa,c+da-1-1)})
and by Axiom R4b this implies that 0 € R({(b - 1,b),0,(c + da,c + da — A —
1),(c +22a,c +22a -21-1)}). Let us call u = (¢ + da,c + da— A — 1) and
v = (¢ +2da,c +2da-22 - 1), and y; = C+1/la and up = ﬁ these real
numbers are both positive since 0 < ¢ < aand 4 > 0. Then 0 € R({(b-1,),0,u,v}),
and 0 € R({(b - 1,b),0, uju, upv}) by Condition (1). But pju < ppv since pju =
(1,%) and ppv = (1,”?&‘/3;‘1 ), and ”ﬁfz’l‘l C+2C’lf2‘2’l‘1 using the
assumptions. Then pju € R({p1u, t2v}) by Axiom R2, whence {0, uju} € R({(b -
1,b),0, pt1u, uav}) by Axiom R3a. Then 0 € R({(b - 1,b),0,u2v}) by Axiom R3b,
and 0 € R({(b - 1,b),0,u3v}) by Condition (1) with u3 = Tlﬂ > 0, whence
(b, Cffz’lf) € Kg. Now, by varying A in Ry the number lez’lf can take any value
in the interval (c,a). We conclude that (b,y) € Kg for every y € (¢, 1), after also
recalling that we have already proved that Ky satisfies Property K1.

To prove that K satisfies Property K3b, assume that0 < ¢ < a < 1, (0,a) € Kg and
(1-a,c) € Kg.Because K already satisfies Property K3a [with in particular b = 0],
we know that (x,c) € Kg forevery xin (0,1) and (0, y) € Kg forevery yin (c,1). We
have to show that (0,¢) € Kg. To this end, consider the gambles u := (PTC - ,I_Tc)

andv = (¢,c—1). Because in particular (x,c) € Kg for x = l%‘ € (0,1), we have that
0 € R({u,0,v}). Similarly, because in particular (0,y) € Kg for y = “T‘ € (¢, 1), we
havethat0 € R({(-1,0),0,-u}). Since also (-1,0) € R({(-1,0),0} )—and therefore
(-1,0) € R({(-1,0),0,-u}) by Axiom R3a—because (-1,0) < 0 and by Axiom R2,
this leads us to conclude that {(-1,0),0} ¢ R({(-1,0),0,-u}), and therefore also
0 € R({0,-u}) by Axiom R3b. Hence, u € R({u,0}), by Axiom R4b, and therefore
u € R({u,0,v}), by Axiom R3a. Hence {0,u} € R({u,0,v}), so Axiom R3b leads to
0 € R({0,v}). Now Axiom R3a implies that indeed (0,c) € Kg, so Property K3b is
satisfied. Property K3c can be shown to hold in a similar way.

To conclude, assume that R satisfies Axiom RS5. Since this implies that Con-
dition (1) holds by Proposition 1, we already know that Property K3 is sat-
isfied, so it only remains to prove that Kgr satisfies Property K4. Consider
any (ki,kz) in [0, 1)2 such that k; + k» > 1. Then (]“*2@, %) > 0,
whence 0 € R({0, (1‘1”2‘72_1, %)}) by Axiom R2. By Axiom R3a, we get
0 € R({(ky = Lk1),0, (ko ko — 1), (Btha=t Jxhomlyry gince (Mtho=l hirhooly ¢
CH({(ky - 1,k1),(ka, k2 — 1)}), Axiom R5 leads us to conclude that 0 € R({(k; -

1,k1),0, (ko ky — 1)}), so indeed (ki,k2) € K. |

Proof (of Lemma 2) If Condition (6) holds, then {2;(k; — 1,k1),(0,-1)} € Au
{(~1,0),(0,-1)}, so Condition (10) holds with A, := 1 and k, := 0. Similarly, if
Condition (7) holds, then {(-1,0), A2 (k2, ko —1)} € Au{(-1,0),(0,-1)}, so Condi-
tion (10) holds with A; := 1 and k; := 0. If Condition (8) holds, then Condition (10)
holds trivially.
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Conversely, assume that Condition (10) holds. If both k; # 0 and k, # 0O, then
Condition (8) holds trivially, so assume that either k; = 0 or k, = O—they cannot
both be zero, because 0 ¢ K. So assume that k; = 0 and k> > O, then we infer from
the assumption that {1; (-1,0), 42 (k2, k2 —1)} € Au{(-1,0),(0,-1)}. Since k > 0
implies that 4> (ko,ky — 1) # (=1,0) and A (kz,k, — 1) = (0,—1) for any choice of
Ay > 0, it must be that A, (ko,ky — 1) € A, so Condition (7) holds. The case k; = 0
and k; > 0 is similar. O

Proof (of Proposition 8) For Axiom R2, consider any f and g in £ such that f < g.
Then 0 < g — f, so we infer from Condition (5) that 0 € Rx ({0,g — f}), and then
from Condition (9) that indeed f € Rx ({f,g})-

For Axiom R3a, assume that A; € Rx(A;) and Ay € A. Then we need to prove
that A; € Rk (A). Consider any f € Aj, then also f € A, and f € A, so we can let
A=Ay —{f}and A" := A-{f}, where A} ¢ A’. We then infer from Condition (9)
that 0 € Rx (A%), which means that at least one of the Conditions (5)—(8) holds. But
any of these conditions implies that also 0 € Rg (A”). Condition (9) then guarantees
that f € Rk (A) and therefore that, indeed, A; € Rx (A).

That Axioms R4a and R4b are satisfied follows from Conditions (5)—(9).

For Condition (1), consider any option set A = {fi,...,f,} € Q, where n is
a natural number, and any positive real numbers yp, ..., y,. Assume that 0 ¢
Rx ({0} U A). First of all, if f; € L. for some i in {1,...,n}, then also y; f; € Lo
since u; > 0, whence indeed 0 € Rk ({0,141 fi,--->tnfn}), by Condition (5). So
assume that f; ¢ L, for all i in {1,...,n}. There are now only three possibilities.
The first is that there are A; in Rso and (k;,0) in K such that A, (k; — 1,k;) =
fi for some i in {1,...,n}. Then (Aju;) (ki — Lky) = pifi € {sifiseestinfn}s
and Condition (6) guarantees that indeed 0 € Rx ({0, 1 f1,- - -, nfn }). The second
possibility is that there are A in Ry and (0,k2) in K such that A>(ko, ko — 1) = f;
for some j in {1,...,n}. Then (Aop;) (ko ko — 1) = pjfi € {u1fis ... pnfn}, and
Condition (7) guarantees that indeed 0 € Rg ({0,441 fi,...,tnfn}). And the final
possibility is that there are A; and A in Rsg and (k;, k) in K n (0,1)? such that
Ai(ky = 1,ky) = f; and Ax(ko, ko — 1) = f; for some i and j in {1,...,n}. Then
(Aipi) (ki =1,k1) = p; fi and (Ao ) (ka, ko —1) = p; fj, and Condition (8) guarantees
that indeed 0 € Rx ({0, tt1 fi,- - - tnfu })-

Assume now that K satisfies in addition Properties K1-K3. We begin by proving
that Rg satisfies Axiom R3b. Assume ex absurdo that it does not, then Proposition 2
guarantees that there are A in Q and g in A \ {0} such that {0,g} € Rx(A) and
0¢ Rk(AN{g}).

Because 0 € Rg(A), we infer from Definition 8 and Lemma 2 that there are
two possibilities: (i) A n Ls9 # @, or (ii) {A1(k; — Lk1),A2(ko, ko — 1)} € AU
{(-1,0),(0,—1)} for some 4; and A, in R, and some (ki,k;) in K.

We first deal with case (i). Here we can assume without loss of generality that
AnLso = {g} because, otherwise A\ {g}n Lo # @ and we could apply Condition (5)
to conclude that 0 € Rx (A \ {g}), a contradiction. We will use the notation g =
(x,y) > 0. Because also g € Rx (A), Condition (9) guarantees that 0 € Rx (A —{g}).
and a similar argument as before shows that there are now two possibilities: (i.a)
(A-{g})nLso # @ and (i.b) {A3(k3 — 1,k3),A4(ks, ks — 1)} € (A-{g})u
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{(-1,0),(0,—1)} for some A3 and 4 in R, and some (k3,k4) in K. But in fact (i.a)
is impossible, because it would contradict our earlier conclusion that An L. = {g}.
So we can restrict our attention to case (i.b) with (A - {g}) n Lo = @. There
are now 3 possibilities: (i.b.1) k3 # 0 # k4 corresponding to Condition (8), (i.b.2)
k3 =0 # k4 corresponding to Condition (7), and (i.b.3) k3 # 0 = k4 corresponding to
Condition (6)—k3 = 0 = k4 is impossible because 0 ¢ K. It is possible to show that
each of these three cases leads eventually to 0 € Rx (A ~ {g}), a contradiction.

We now turn to case (ii), where we assume that A N L.9 = @ and that there
are A; and Ay in Ry and (ky,ky) in K such that {4, (k; — 1,k;), (ko kp — 1)}
A u{(-1,0),(0,-1)}. Here we distinguish between three possibilities: (ii.a) g ¢
{1 (k1 = 1,ky), 2 (ka, kp — 1)}, (ii.b) g = A1 (k1 — 1, k1), and (ii.c) g = (ko ko — 1).

But we see at once that case (ii.a) is impossible, because it implies by Condi-
tion (10) that 0 € Rx(A \ {g}), a contradiction. So we now concentrate on the
cases (ii.b) and (ii.c), where it is by the way obvious that indeed A N L,y = @.

We begin with the discussion of case (ii.b). We first of all claim that now k; > 0.
Indeed, if k1 = O then (k1,k2) = (0,k;) € K, and Property K2 implies that k, > 0.
Since we know that in this case A (ka,k» — 1) € A\ {g} [since g = A1 (k1 — Lky) #
A2( k2, ky — 1)], Condition (7) guarantees that 0 € Rx (A \ {g}), a contradiction.

So we may assume that k; > 0, and the assumption that g € Rx (A), or in other
words, that 0 € Rx (A-{g}), leaves us with two possibilities: that (ii.b.1) (A-{g})n
Lo # @, orthat (ii.b.2) {A3(kz—1,k3), A4 (ka, ka—1)} € (A—{g})u{(-1,0),(0,-1)}
for some A3 and A4 in Ry and (k3,k4) in K.

For case (ii.b.1), there is some & := (x’,y") > 0 such that f := g + h € A. Since
the second component A1k + y’ of f is positive and f ¢ L, we find that f must lie
in the second quadrant, and therefore its first component A1 k; — A; + x” is negative:

Arky < A1 —x" and therefore A} := A, —x"+y’ > 0.If we now let k} = A’f‘_";ij’,,then
f=A5(kj —1,k} ). Moreover, k3 < 1 because this is equivalent to A1k —A; +x" <0,
which we have already found to be true. Similarly, k3 > k1 because this is equivalent
to x'ky +y'(1—k;) > 0. Then (k3, k) € K because (ki, k) € K and K is increasing
[Property K1]. Since we now know that {13 (k3 — 1,k3),A2(ka, ko — 1)} € A~ {g},
Condition (8) guarantees that 0 € Rx (A ~ {g}), a contradiction.

For case (ii.b.2), {g + A3(k3 — 1,k3),g + A4(kg, ks - 1)} € Au{g + (-1,0),g +
(0,-1)}, or in other words, {(A1k; + A3kz — A1 — A3, A k1 + A3k3), (A1ky + Agky —
AL, k) + Adgkga — A4)} c Au{g+ (-1,0),g + (0,—1)} We claim that here k3 < kj.
To prove this, assume ex absurdo that k3 > ki, then also k5 = % >k > 0.
Moreover, k5 < 1 because it is a convex combination of k; < 1 and k3 < 1, and
therefore (k,k2) € [0,1)> ~ {0} and (k3,k2) > (ki,k2). Then (k§,k2) € K because
(k1,k2) € K and K is increasing [Property K1]. Moreover, if we also let A3 =
A1 +A3>0,then A3 (k3 —1,k}) =g+ A3(ks - 1,k3) e Au{g+(-1,0),g + (0,-1)},
and since we know that A3(k3 — 1,k3) ¢ {(-1,0),0,(0,-1)} [because A3 > O and
k3 > ki > 0], this leads us to conclude that {43 (k} — 1,k3), 2 (ka, ko —1)} € AN{g},
so Condition (8) together with (k,k») € K guarantees that 0 € Rx (A \ {g}), a
contradiction.
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Since k3 < k; rules out the possibility that k; = 0, we find that k; > 0 as an
intermediate result. In the remainder of this case (ii.b), note that nothing depends on
whether k> = 0 or k; > 0. We can now distinguish between three distinct possibilities:
(ii.b.2.1) k3 > 0 and k4 > 0, (ii.b.2.2) k3 = 0 and k4 > 0, and (ii.b.2.3) k3 > 0 and
k4 = 0, which correspond to Conditions (8), (7) and (6), respectively—kz = 0 = k4
is impossible because 0 ¢ K.

In case (ii.b.2.1) we see that {A3(k3—1,k3), A4 (k4, kg —1) }n{(-1,0),0,(0,-1)} =
@, and therefore {(/l]kl +A3ks—A1—A3, 41k +/l3k3), (/l]kl +Agkg— A1, A1k + Agkyg—
A1)} € A~ {g}. We distinguish between two possibilities, which will determine in
what quadrants these points lie: 14 < 4] and A4 > 4;.

If A4 < A1, then we establish, reasoning ex absurdo, that k4 < 1 — k;. Once we
have this, because K is increasing [Property K1], we infer from (k3,k4) € K that
(k3,1 - k1) € K. We distinguish between two further possibilities: k1 + k» < 1 and
ki +ky>1.

If k1 + k» < 1 then we can use Property K3a with a = 1 — ky, b = k3 and ¢ = k».
Observe that a + b = 1 — k; + k3 < 1 because k3 < ki, thatc = kp <1 -k; = a
by assumption, that (b,a) = (k3,1 — k1) € K has been proved above, and that
(1 -a,c) = (ki,k2) € K also by assumption, whence (Vkj € (k3,1))(k5,k2) € K.
In particular, let k} = % Then k% > min{ky,k3} = k3 > 0, where the
first inequality follows from A; > 0 and A3 > 0, and the equality from k3 < k.
Moreover, kg < 1 because it is a convex combination of k; < 1 and k3 < 1. Hence
kj € (ks,1) and therefore (k,k2) € K. If we now let 2} = A; + A3 > 0, then we see
that (k5 — 1,k}) = (Aiky + Asks — A1 — A3, A1k + A3k3) € A\ {g}, whence also
{A5(k5 — 1,kS), A2 (ka, ko — 1)} € A \ {g}, and Condition (8) now guarantees that
0€e Rxk(A N {g}), a contradiction.

If ki + kp > 1 then we have that ky > 1 -k > k4. Also k3 = % >
min{ky,k3} = k3 > 0, where the first inequality follows from 4; > 0 and A3 > 0,
and the equality from k; > k3. Moreover, kj < 1 because it is a convex combination
of k; < 1 and k3 < 1. This tells us that (k§,k») € [0,1)> \ {0} and (k}, ko) >
(k3,1 — ki). We then find that (k3j,k») € K because (k3,1 - k) € K and K is
increasing [Property K1]. If we now let A5 := A1 + A3 > 0 then we find that A5 (k3 —
1,k3) = (Aky + A3ks — Ay — A3, A1ky + A3k3) € A~ {0}, and therefore also {13 (k3 —
1,k3),A2(ka, ko — 1)} € A\ {g}, and Condition (8) now guarantees that 0 € Rx (A \
{g}), a contradiction.

If A4 > Ay, then we establish, again reasoning ex absurdo, that k4 < 1—k;. Once we
have this, using that K is increasing, we infer from (k3,k4) € K that (k3,1 —k;) € K.
We now have the same two possibilities k1 + k» < 1 and k; + k > 1 as before, and
for each of them, we can construct a contradiction in exactly the same way as for the
case when A4 < Aj.

This shows that we always arrive at a contradiction in case (ii.b.2.1).

In case (ii.b.2.2) we see that A4(ka, kg — 1) ¢ {(~1,0),0,(0,-1)}, and therefore
(A1ky + Agkg — A, A1k + Agkg — A4) € A\ {g}. We distinguish between two possi-
bilities, which will determine in what quadrant this point lies: 44 < 4; or A4 > 4.

If 44 < A4, then we claim that k4 < 1 — ky. To prove this, assume ex absurdo that
k4 >1- kl, SO kl +k4— 1>0. If/ll = Ay, then (/llkl +/l4k4—/11,/11k1 +/l4k4—/l4) =
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A1 (ky+kg—1,k1+kq—1) > 0,a contradiction, so we may assume that 44 < 1;. We now
wonder in what quadrant the vector (A& + Agka — A1, A1 k1 + Aakg — A4) # 0 lies. We
infer fromk; > 0,2; > A4 > 0and k; +kyq > L that A1k +Agka— A4 > Aa(ky+ka)— A4 >
0. Since A N Ls¢ = @, we find that (A;k; + Agks — A1, 41ky + Agks — A4) must lie
in the second quadrant, and therefore its first component A1 k; + A4k4 — A1 must be

negative: A1ky + A4ks < Ay. This tells us that k; = W < 1. Moreover,

k; > ki because this is equivalent to k4 > 1 — ki. Hence (kj,k>) € [0,1)2 0
and (kj,k2) > (ki,k2). This tells us that (k;,k») € K because (ki,k2) € K and
K is increasing [Property K1]. If we now let 4} := A; — A4 > 0, then we see
that Ay (k; — Lky) = (A1ky + Adaks — A, A1k + Adgks — A1) € A\ {g}. Hence also
{5 (kj — 1,k}),A2(kp, ko — 1)} € A\ {g}, and Condition (8) now guarantees that
0€ Rk(A N {g}), a contradiction.

So we see that 0 < ky < 1 —k; < 1,50 (0,1 - k;) € [0,1)?>~ {0} and (0,1 -
ki) > (0,k4) and hence, because K is increasing [Property K1], we infer from
(0,kq) = (k3,kq) € K that also (0,1 - k1) € K. We distinguish between two further
possibilities: k1 + ky < 1 and ky + ko > 1.

If k1 + k> < 1 then we can use Property K3b with a = 1 — k; and ¢ = k». Observe
that ¢ = ky < 1 — k| = a by assumption, that (0,a) = (0,1 — k1) € K was derived
above, and that (1 —a,c) = (kj,kz) € K also by assumption, and therefore we find
that (0,k;) € K. Since A(ka,k, — 1) € A\ {g}, Condition (7) now guarantees that
0€ Rx(A N {g}), a contradiction.

If ky + ko > 1 then we have that ky > 1 — k; > k4. Then (0,k) € K because
(0,k4) € K and K is increasing [Property K1]. Since A;(ka,kr — 1) € A N {g},
Condition (7) now guarantees that 0 € Rg (A ~ {g}), a contradiction.

If 44 > Ay, then we claim that, here too, k4 < 1 — kj. To prove this, assume
ex absurdo that k4 > 1 — k;. We wonder in what quadrant the vector (11k; +
Aakg — A, A1 ky + Agkg — /14) lies. Infer from 0 < 1 — k; < k4 and 0 < Ay < A4 that
Arky + kg — A3 > A1 (ky + kg) — 21 > 0. Since A N Lo = @, we find that the vector
(A1 k1 + Aaka — A1, A1 k1 + Aaksq — A4) must lie in the fourth quadrant, and therefore its
second component A; k| + A4ks — A4 must be negative: A;1k; + Adaks < A4. This tells
us that kj := % < 1. Moreover, k;j > k4 because this is equivalent to k4 >
1-k;.Hence (0,k}) € [0,1)*~{0} and (0,k}) > (0, k4). This tells us that (0, &} ) € K
because (0, k4) € K and K is increasing [Property K1]. If we now let Ay = A4-41 >0,
then we see that Ay (k;,k; — 1) = (A1ky + Aaks — A, A1ky + Aaka — A4) € AN {g},
and Condition (7) now guarantees that 0 € Rx (A \ {g}), a contradiction.

So we see that 0 < k4 < 1 - k; <0, and hence, because K is increasing, we infer
from (k3,k4) € K that (k3,1 — k1) € K. We now have the same two possibilities
ki +kr, <1 and k; + k» > 1 as before, and for each of them, we can construct a
contradiction in exactly the same way as for the case when A4 < A;.

We conclude that case (ii.b.2.2) always leads to a contradiction.

In case (ii.b.2.3) we see that A3(k3 — 1,k3) ¢ {(-1,0),0,(0,—1)}, and therefore
(A1ky + A3ks — A1 — A3, A1ky + A3k3) € A\ {g}, or if we let /7.; = A1+ 43 > 0 and

kj = % >0, A5 (kj - 1,k3) € A~ {g}. Observe that also k; < 1 because it is

a convex combination of k; < 1 and k3 < 1. This tells us that (k3,0) € [0,1)* \ {0}.
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Moreover, we have that k5 > min{ky, k3} = k3 > 0 [the strict inequality holds because
A1 > 0 and A3 > 0, and the equality holds because ki > k3. Hence (k3,0) > (k3,0)
and therefore (k3,0) € K, because also (k3,0) € K and K is increasing [Property K1].
Since A3 (k5 —1,k5) € A~ {g}, Condition (6) now guarantees that 0 € Rg (A~ {g}),
a contradiction.

We have now found a contradiction in cases (ii.b.2.1)—(ii.b.2.3), which tells us
that case (ii.b.2) always leads to a contradiction. Since case (ii.b.1) also led to a
contradiction, we may conclude that case (ii.b) always leads to a contradiction.

The discussion of the last remaining case (ii.c) is completely similar to that of
case (ii.b): we can distinguish between similar cases, and in each of them we can
construct a contradiction in the same manner, by exchanging the roles of k; and &,
and of k3 and k4.

Since we have now arrived at a contradiction in all possible cases, we conclude
that Rx indeed satisfies Axiom R3b.

We finish the proof by establishing that Rx also satisfies Axiom R1. Since we
have already shown that Rx satisfies Axiom R4b [see Proposition 8] and Axiom R3b
[see the argumentation above], by Corollary 1 it suffices to show that 0 ¢ R ({0}).
By Condition (4), this is indeed the case. m]

Proof (of Lemma 3) We only prove the first equivalence; the proofs for the second
and the third equivalences are analogous. It suffices to establish the direct implication,
since the converse follows from Axiom R3a.

Call 4 = fi(T) - fi(H) > 0 and & = % € [0,1) for every k in
{1,...,m},and A} := gx(H)-gi(T) > Oand ¢} = % € [0,1) forevery k in

{1,...,n}. Then0 € R({0, fi,. .-, fm:81>----8n}) < 0€ R({0, (& = 1,&1), ..., (€ —
L&), (€1,61 - 1),...,(6,, €, — 1) }), using Condition (1). Let Z := {k € {1,...,m}:
fk = f,} andj = {k € {1,. ..,n} : fllc = 5]/} Then (fk - l,fk) = R({(fl - l,fi),(fk -
1,6)}) by Axiom R2, and then also (€ — 1,6) € R({0,(¢1 — 1,61),...,(€m —
L&), (61,6 = 1),...,(€,. ¢, —1)}) by Axiom R3a, forall kin {1,...,m}~Z.Ina
similar way, we find that {0} U{ (6 —1,&) : ke {1,....m}~T}u{(£.. ¢, —1) : k' €
(L. )N TY € RUO. (b = 16y (b = 1, Lw) (€8] = 1), (£, = 1)}).
Then Axiom R3b implies that 0 € R({0} U {(&x — L&) : k e Zy u{({.. €, — 1) :
k" e J}) = R({0,(6 = 1,6:),(¢}.¢; = 1)}), whence indeed 0 € R({0, fi,g;}), by
Condition (1). |

Proof (of Proposition 9) For the first statement, assume that R is coherent and sat-
isfies Condition (1). Then we infer from Proposition 7 that Kg satisfies Proper-
ties K1-K3, and therefore Proposition 8 guarantees that R, is coherent and satisfies
Condition (1) as well. To prove that R = Rk, , we consider any A in Q and f in A,
and show that f € R(A) < f € Rk, (A). Since both R and Rk, satisfy Axiom R4b
[Proposition 8], we can assume without loss of generality that f = 0.

For the direct implication, assume that 0 € R(A). If AnL,o # @then 0 € Rk, (A)
by Condition (5). If An L.y = @then0 € R(A) implies that g(H) > 0 or g(T) > 0 for
some g in A. If we use the notation ViinA = {gi,...,gm} and VivnA = {g{,....g}
with m and n in Zs, this tells us that max{n,m} > 0. Also, we may assume without
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loss of generality that A n Lo = @. By Lemma 3 we infer that there are three
possibilities:

(i) 0€ R({0,8,8'}), and hence 0 € R({0,h,h'});

(ii) 0 € R({0,8}), and hence 0 € R({0,h});

(iii) 0 € R({0,&'}), and hence 0 € R({0,4’});
where we let, to ease the notation, & := Wf?(H) gand b’ = W@(T) g'. For each
of these possible cases, we find respectively:

(i) (h(T),h'(H)) € Kg, which tells us that 0 € R, ({0,8,8'});

(ii) (h(T),0) € Kg, from which we infer that 0 € Rk, ({0,g}) by Condition (7);
(iii) (0,h'(H)) € Kg, from which we infer that 0 € Rk, ({0,8'}) by Condition (6).
In all three cases we can now conclude that, indeed, 0 € Rk, (A), by Axiom R3a.

For the converse implication, assume that 0 € Rk, (A). If An L, # &, then
0 € R(A) by Axioms R2 and R3a, so assume that A n £,y = @. If Condition (6)
holds, then there is some k; in (0,1) and some A; in R, such that (k;,0) € Kg and
A1(ky = 1,k;) € A. The first statement means that 0 € R({(k; — 1,4;),0,(0,-1)}),
whence, after applying a familiar combination of Axioms R2, R3a and R3b, also 0 ¢
R({(k1—1,k1),0}). Applying Condition (1), the second statement, and Axiom R3a
now leads us to deduce that indeed 0 € R(A).

The remaining possibility is that either Condition (7) or Condition (8) holds. The
proof in this case is similar. This concludes the proof of the first statement.

For the second statement, assume that K satisfies Properties K1-K3, then we infer
from Proposition 8 that R is coherent and satisfies Condition (1). Proposition 7
then guarantees that Kg, satisfies Properties K1-K3 as well. To show that K = Kg,,
consider any (£1,£,) in [0,1)2 \ {0}. First assume that (£1,£,) € Kg,, meaning
that 0 € Rx ({(&1 - 1,£,),0,(€2,¢62 — 1)}), by the definition of a rejection set of a
rejection function. We have to prove that this implies that (¢1,£,) € K. The definition
of Rk [Definition 8] now tells us that Condition (5), Condition (6), Condition (7),
or Condition (8) must obtain, with A = {(¢; — 1,4;),(€2,¢» — 1)}. Since (€1,£2) €
[0,1)2 \ {0}, we infer that Condition (5) cannot be fulfilled, and we therefore have
three remaining: (a) Condition (6), (b) Condition (7), or (c) Condition (8) is satisfied.

In case (a) there are 4; in Ry and (k1,0) in K such that A (k; — 1,k;) € A.
But, because A = {(£; — 1,£1), (62,6, — 1)} with (£1,£) € [0,1)? \ {0}, this implies
that A; = 1 and k; = ¢;. This guarantees that (£;,0) € K and, since K is increasing
[Property K1], indeed also that (¢;,£,) € K. The proof in cases (b) and (c) is similar.

Conversely, assume that (£;,£2) € K, then Condition (10) guarantees that in
particular 0 € Rg ({(¢1 — 1,£,),0, (€2, €2 — 1)} ), which implies that (£;,£>) € Kg,..O

Proof (of Lemma 4) Visual proof: see the three possible situations depicted below.
T

/"ng 1

k1+k2>1 k1+k2:1 k1+k2<1
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Proof (of Proposition 10) We first prove that (i)=(ii). Assume that Rk satisfies
Axiom RS5, and consider any (ki,kz) in [0,1)? \ {0} such that k; + ky > 1. It

then follows that (kj,kp) € (0,1)2, and also that (%k‘gﬁ) > 0, whence

0c¢ RK({O,(%,L’?_I)}) by Condition (5). By Proposition 8, Rk satisfies
Axiom R3a, whence 0 € Rx ({(k1 — 1,k1),0, (ko, k2 — 1), (%, %)}) Also,
(%22—1}&2&) € CH({(k1 — 1,k;),(k2,k2 — 1)}). But then Axiom R5 implies
that 0 € Rg ({(k1 — 1,k1),0, (k2, ko — 1) }), whence indeed (k1,k;) € K.

Next, we prove that (ii)=-(i). Consider arbitrary A and A; in Q such that A ¢
A; € CH(A), and let us show that Rx (A1) N A € Rk (A).Let A = {fi,..., fu} and
A1 = AU{fus1,. .., fusk } for some nand k in N. Assume that f; € Rx (A7) for some
iin {1,...,n}. We then have to prove that f; € Rx (A). We can assume without loss
of generality that f; = 0, because also A—{f;} € Ai—{f;} cCH(A)—-{f;} = CH(A-
{fi})- To ease the notation along, let £ = WE)(H) and A; = fi(T) - fi (H)
for every k such that f; € Vy [there might be no such k] and verify that 4; > 0
and fi = 4 (& — 1,4 ) for every gamble fi in A nVyy. Similarly, for every k in
{1,...,n} such that f; € Viv [there might be no such k], let {; = j% and
Ak = fi(H) = fx(T); then A > 0 and fi = Ak (&, & — 1) for every gamble fi in
AN VIV-

First of all, we see that A n L, # @ implies that indeed 0 € Rx(A), by Condi-
tion (5). We may therefore in the remainder of this proof assume that A n L. = @.
Next, we observe that CH(A) n L, # @ also implies that 0 € Rg (A). This can be
proven ex absurdo by observing that it implies that ANV # @ and An Vv # @ and
applying suitably condition (ii).

Now, since we have assumed that f; = 0 € Rx (A ), Definition 8 tells us that there
are four possibilities: one of the four Conditions (5)—(8) must hold for A;.

Condition (5) for A| amounts to A; N L # &, contradicting our assumption that
CH(A)n L, = @, because A| € CH(A).

If Condition (8) holds for A;, then {17 (k{ — L k{),A5(k3, k5 — 1)} € A for
some A} and A5 in Ryg and (k},k3) in K n (0,1)% Let hy == A} (k} - 1,k;) and
hy = A5(k3,k5 —1). Then AnVy # @ and ANV # @, so we may assume

again without loss of generality that f; is a gamble in arg max{h(Th)(% the

An VH} and that f; is a gamble in arg max{% theAn VIV}. Since we
have assumed that CH(A) n Lo = @, we see that CH({%;,0,h2}) n L5¢ = @—and
therefore also posi({%1,0,h2}) N L9 = @—whence, by Equation (11), kj + k5 < 1.
If (k{,k3) = (k. Cm) for some k and m in {1,...,n} such that f; € Vyyand f,, € Vv,
then 0 € R (A) by Condition (8). If this is not the case, then we distinguish between
three possibilities: (i) k; # ¢ forall kin {1,...,n} such that f € Vi and kJ = €, for
some m in {1,...,n} such that f,, € Viv, (ii) k{ = € for some k in {1,...,n} such
that f € Vi and kj # €, for all m in {1,...,n} such that f,, € Viy, and (iii) k{ # €
forall kin {1,...,n} such that f; € Vyy and k5 # &, for all m in {1,...,n} such that
fm € VIV-

In case (i), we already find that A(k},k; — 1) € A for some A in Ryg. If & < ¢4,
then (kj,k} ) € K implies that (£,k;) € K because K is increasing. Since we know



Coherent choice functions without Archimedeanity 27

that f; = 41(€; — 1,4;) € A, this guarantees that 0 € Rx(A), by Condition (8). If
ki > €1, then we claim that necessarily also ¢; + ¢, > 1, and therefore (¢1,62) € K by
Property K4, so indeed 0 € Rk (A) by Condition (8). To see that ¢; + £, > 1, assume
ex absurdo that (a) €1 + £, < 1 or (b) £; + £, = 1; it is not difficult to show that both
these cases lead to a contradiction.

In case (ii), a completely similar argument leads us to conclude that 0 € R (A)
here as well.

In case (iii) there are, again, three possibilities: (@) ki < €; and k] < 2, so
(€1,62) € K because K is increasing, and therefore 0 € Rg(A) by Condition (8);
(B) ki > €1 and kj < &5, and its symmetric counterpart k{ < £; and k > {»; and
(y) k{ > €1 and kJ > €5, and therefore £; + 6, < kf +kj < 1,50 ¢; + £, < 1 and
Lemma 4 guarantees that iy ¢ posi({ 1,0, f>}) = posi(A), and therefore a fortiori
hy ¢ CH(A), a contradiction. It therefore suffices to consider case (8), and show
that ki > ¢; and k; < ¢, implies that 0 € Rx(A), since the case that ki < £; and
k3 >, can be covered by a completely symmetrical argument. So assume that
ki > ¢ and k} < €,. Since h; € CH(A) € posi(A), Lemma 4 and k| > ¢; guarantee
that necessarily €; + £, > 1, so (£1,£2) € K by Property K4, and therefore once again
0 € Rk (A), by Condition (8).

The proof when Conditions (7) or (6) hold is similar to that for Condition (8). O

Proof (of Proposition 11) We will prove that 7| is non-increasing; the proof that 7,
is non-increasing is completely analogous. Assume ex absurdo that 1 (z) > 71 (z)
for some zand z’ in [0, 1) such that z" > z. Then, by the definition of 71, we have (Vy €
(m1(2),1))(2,y) € K. Because K is increasing, we find (Vy € (71(2),1))(z,y) € K,
and hence in particular (Vy € (71 (z),71(z")))(z’,y) € K, a contradiction.
Consider now z € (0,1). Let us prove the first statement; the proof of the second
one is completely analogous. Recall that (z,y) € K for all y in (7;(z),1), by the
definition of 1. Call § := 1 — z — m1(z) > 0. Since K is increasing, we infer that for
all e in (0,6), (z,1 — z—€) € K. On the other hand, by definition of 7 it follows that
(z+¢€y)eKforall ein (0,6) and y’ in (m;(z +€),1). Wecallb=z,a=1-z-¢€
andc=y' . Notethata+b=1-z-€e+z<landc=y ' <1-z-€e=aforanyy’in
(mi(z+€),1-z-€)< (m(z+e€),1). Tosee that m;(z + €) < 1 — z — €, assume ex
absurdo that 1 (z+€) > 1 —z—¢, then 71 (z) > 1 — z— € by the first statement, indeed
a contradiction with the fact that € < §. We use Property K3 to infer that (z,y’) € K
for all y in (mr1(z + €),1) and € in (0,8). Infer that 1 (z) < 71 (z + €), and since m;
is non-increasing by the first part, we conclude that 7y (z) = m;(z + €), for all € in
(0,6). Therefore, 11 (z) = w1 (¢) for all ¢ in (z,1 — 71 (2)). ]

Proof (of Proposition 12) We first prove necessity. Assume that R is such that K is
weakly Archimedean, and consider any  in Vy; and v in Vv such that posi({«,v}) n
V.o =9, and 0 € R({u +¢€,0,v}) and 0 € R({u,0,v + €}) for all € in R,¢. Then,
due to Proposition 1, we find that Ve € R.0,0 € R({(k; — 1,k1) + €0, (ka, ko -

1)}) and 0 € R({(k; = 1,ky),0, (ko,ky — 1) + €}) for k; := %T“)(”) e (0,1) and

ky = % € (0,1). In particular, we find that Vk| € (k;,1),k} € (kz 1),
0€ R({(k{-1,k{),0,(ka,ky—1)} and 0 € R({ (ki —1,k1),0, (k}, k% —1)})), whence
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(k{,k2) € Kg and (ki,k}) € Kg for all k7 in (ky,1) and k5 in (ko, 1), by Definition 7.
Also, it can be checked that k; + k> < 1. The weak Archimedeanity of Kg implies
that (ky,k;) € Kg by Definition 10, whence 0 € R({ (k1 — 1,k1),0, (kz,ka —1)}). In
turn, that implies by Proposition 1 that 0 € R({,0,v}).

We now turn to sufficiency. Assume that R satisfies Equation (18) and consider
any (ki,k2) in (0,1)? such that k; + k» < 1 and (k],k2) € Kg and (ki,k}) € Kg
for all k| in (ky,1) and k) in (kp,1). Then Vk{ € (ki,1),k} € (ka,1),0 € R({(k] -
1,k7),0,(k2, ko — 1)}) and 0 € R({ (ki — 1,k1),0,(k5, k5 — 1)}), whence Ve € Ry,
0e R({(k1 - Lk1) +€0,(ka,ko—1)})and 0 € R({(ky — 1,k;),0, (ko,ko — 1) + €})
by [21, Proposition 2]. Clearly, (k; — 1,k;) € Vi and (ko,ky — 1) € Vy. Due to
Equation (11), posi({(k1—1,k1), (k2,k2—1)})nVso = @. Then, using Equation (18),
we find that 0 € R({(k1—1,k1),0,(kp,ko—1)}), orinother words, that (k1,k,) € Kg.O

Proof (of Proposition 13) From the correspondence between weak Archimedeanity
for rejection functions and rejection sets (Proposition 12) as well as Proposition 9, it
suffices to establish the result for rejection sets. Recalling that in that case the infima
of the rejection sets corresponds to their intersection, we deduce from the definition
that if K; is weakly Archimedean for every i in I, also inf{K; : i € I} is weakly
Archimedean. O

Proof (of Corollary 2) Taking into account Proposition 13, it suffices to show that
any lexicographic rejection function is weakly Archimedean. Assume ex absurdo
that this is not the case for some rejection function R on V. By Proposition 12,
this means that its associated rejection set Kg is not weakly Archimedean. Thus,
there are u in Vyy and v in Vv such that posi({u,v}) N Vso = @ and Ve € Ry, (0 €
R({u+€,0,v})nR({u,0,v+€})) while 0 ¢ R({u,0,v}). Let Dg be the lexicographic
set of desirable options associated with R. It follows that u ¢ Dg and v ¢ Dg, and as
a consequence that u + € € Dgr and v + € € Dg for every € in R,¢. If we denote by
Pp,, the linear prevision induced by Dg, given by Pp, (f) == sup{p: f — € Dgr},
it follows that Pp, («) = Pp, (v) = 0. Since by assumption u € Vj; and v € Vv, it
follows that there must be some « in (0, 1) such that eu+(1-a)v = 0, a contradiction
with the assumption posi({u,v}) N Vs = @. |

Proof (of Proposition 14) Assume ex absurdo that 71(z) + 1 —zand mp(1-z) # z,
and hence 71(z) < 1 — z and m,(1 — z) < z, for all z in [k, 1 — ky]. Then we use
Proposition 11 to infer that in particular 7ty (k;) = 7y (¢) for all # in (ky, 1 — 7y (k1)).
There are two possibilities: (i) (k1) > ky or (i) my (k1) < ka.

If (i) mi(ky) > ko we look at my(1 — m(k1)). By the definition of my,
we find (1 - mr1(k;),y) € K for all y in (m(1 - m1(k1)),1). Moreover, since
m1(k1) € [0,1 — k1] by the definition of 7;, we find that 7 (k1) € (ko,1 — k]
and hence 1 -7y (k) € [k1,1 - k3). By the assumption that 7y (z) < 1 — z for all z in
[k1,1—k;], we find that 1 (1 -7y (k1)) < 71 (k1 ). We also look at 7 (1 (k) ). By the
definition of 7y, we find (x,71 (k1)) € K for all x in (72 (71 (k1),1)). By the assump-
tion that 7o (1 — z) < z for all z in [k, 1 — k2], we find that 5 (7 (k1)) < 1 — 71 (ky).
Calla = w1 (k1),b=xandc = yfor xin (72 (71 (k1)),1) and y in (7 (1-71(k1)), 1).
Use Property K3 to infer that (x,y’) € K and (x',y) € K for all x greater than but
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close enough to m(7;(k1)), y greater than but close enough to (1 — 71 (ky)),
x"in (x,1) and y’ in (y,1). Hence by weak Archimedeanity (x,y) € K for all x
in (m2(m1(k1)),1) and y in (701 (1 = 711 (k1)), 1). Now, take x = Z2nti)slm (k)
7y (1=my (kp)) +71 (k1) to infer that (ﬂz(ﬂl(kl))+1 ﬂl(kl) i (1- ﬂl(’<1))+ﬂ1(k1)) c

and y =
K, and take any ¢ in (M 1 = m(ky)) and infer that m(¢) <

1 (M) < my(ky). That is a contradiction with the assumption that
m(t) = 7T1(k1) for all 7 in (k1,1 -7 (k1)).

So we may assume that (ii) 71 (k1) < ky is the case. Infer that then (ky,y) € K
for all y in (kp,1) by the definition of 7;. Using a similar argument, we can infer
that (x,ky) € K for all x in (kj,1). We use now the assumption that K is weakly
Archimedean (Definition 10) to infer that (k,k;) € K, a contradiction. O

Proof (of Theorem 2) We first show that K ¢ K’. Consider any (ky,k;) in [0,1)?

such that (k1,k;) ¢ K. Then there must be some D’ in D’ such that 0 ¢ Rp/({ (k1 —

1,k1),0, (ko,ky — 1)}). There are a number of possibilities:

- If D' = D, for some x in (0,1), then (x,1 —x) ¢ K, k; < x and k, < 1 - x by
Equation (12), whence also (kj,k;) ¢ K, taking into account that K is increasing.

- If D’ = D for some x in (0,1), then (x,1 - x) € K by Equation (13), (Ve €
Rso)(x,1 —x—€) ¢ K, k1 < x and kp < 1 — x. This means that there is some x
in [ky,1 - k) such that (x,1 —x) € K and (Ve € Ryo)(x,1 — x — €) ¢ K, whence

((Bx e[k, 1 - ko)) ((x 1 —x = 2275) = (1, 1552) ¢ K)) = (k1,k2) £ K.

- If D’ = D, we follow a similar reasoning to conclude that (k1,k;) ¢ K.
- If D' = DY, then k; = 0, and (Ve € Ry)(0,1 - €) ¢ K, and therefore (ki,kz) =

(0’ k2) ¢K.

- Finaly, if D' = DlT, we follow a reasoning similar to that in the previous point and
derive that (k1,k2) = (k1,0) ¢ K.

We now turn to showing K’ ¢ K. Consider any (ky,ky) in [0,1)? such that
(k1,k2) ¢ K. By Proposition 7, k; + ko < 1. There are two possibilities: either (i)
ki +ky =1or(ii) ky + ko < 1. If (i) k1 + k» = 1 then k; in (0, 1) and hence Dy, € D’
because (k1,1-k;) = (k1,k») ¢ K. Then infer O ¢ Rp,, ({(k1-1,k1),0, (ko,kr—1)})
by Equation (12), whence 0 ¢ Npepr Rp ({(k1 — 1,k1),0, (k2,k2 — 1)}) and hence
(k1,k2) ¢ K'. So we may assume that (ii) k; + k, < 1. We now use Proposition 14
to infer that 711 (z) = 1 — z or m(1 — z) = z for some z in [ky, 1 — k3 ]. There are four
possible cases: (a) 1 (ky) = 1 —ky; (b) ma(ka) = 1 - ko; (¢) m1(z) = 1 - z for some z
in (k1,1 —k;); and (d) mp(1 - z) = z for some z in (kj,1 — k7). In any of them it is
not difficult to prove that (ky, k) ¢ K'. O
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