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Abstract: In this paper, we study a new notion of fuzzy subimplicative ideal of a BH-algebra, namely fuzzy subimplicative ideal
with respect to an element in BH-algebra is introduced and some related properties are investigated.
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1. PRELIMINARIES :

In this section, issdevoted to some basic ordinarycconcepts of BH-algebra, fuzzy ideal, sub-implicative ideal in fuzzy and
ordinary, level subset, image and preimage of fuzzy set and homomorphism in BH-algebra, we give some basic concepts about the
image of function, the inverse image of a BH-algebra with some remarks in fuzzy sences.

Definition (1.1): [ 9] A BH-algebra is a nonempty set X with a constant 0 and a binary operation * satisfying the following

conditions:
i X*x=0,Vxe X
ii. x*y=0andy*x=0implyx =y, V X, ye X.
iii. X*0=x, Vxe X.
Remark (1.2): [10] Let X and Y be BH-algebras. A mapping f: X—Y is called a homomorphism if f(x*y) = f(x)*f(y), V X,
yeX. A homomorphism f is called a monomorphism (resp., epimorphism) if it is injective (resp., surjective). A bijective
homomorphism is called an isomorphism. Two BH-algebras X and Y are said to be isomorphic, written X = Y, if there exists an

isomorphism f: X—Y. For any homomorphism f: X —Y, the set {xeX:f(xX)=0} is called the kernel of f, denoted by ker(f), and
the set {f(X):xeX} is called the image of f, denoted by Im(f). Notice that f(0)=0', v homomorphism f.

Definition (1.3): [1] if {A., o € A} is a family of fuzzy sets in X, then :

ﬂAi(X)Zinf{Ai (x),ie I}, VX e X

il

U Ai (x) =sup { A (x), ie I}, V x € X. which are also fuzzy sets in X.
iel
Definition (1.4): [2] Let X and Y be any two sets, A be any fuzzy set in X and f: X—Y be any function. The set f~=1(y) = {x € X|

=1 (y)#0
otherwise

f(x) =y}, Vy € Y. The fuzzy set B in Y defined by B(y) = {;“p{A(X)'XEf_l(Y)}‘;if
under f and is denoted by f(A).

, Vy €Y, is called the image of A
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Definition (1.5): [2] Let X and Y be any two sets, f: X — Y be any function and B be any fuzzy set in f(A). The fuzzy set A in X
defined by: A(x)=B(f(x)), vxeX is called the preimage of B under fand is denoted by f~1(B).

Definition(1.6): [6] A fuzzy subset A of a BH-algebra X is said to be a fuzzy ideal if and only if:
i. A0)>A(®X),V xeX.
ii. AKX =>min{A(X*y), A(Y)}, V X, yeX.
Definition(1.7):[5] A nonempty subset | of a BH-algebra X is called subimplicative ideal of X if:

i.Oel.

i (O *(y*x))*z e land z e 1 imply y*(y*x)e |, VX, y,Z e X.

Definition (1.8): [5] Let X be a BH-algebra and beX, a fuzzy subset A of X is called a sub-implicative ideal with respect to an
element b (or briefly, b-subimplicative ideal) of X if it satisfies:

i.0el.

i ((*F)*(y*x))*2)*b e land z € L imply y*(y*X)e I, VX, y,Z e X.

Definition(1.9): [5] A fuzzy set A of a BH-algebra X is called a fuzzy subimplicative ideal of X if it satisfies:

i. A0)>AX),V xeX.

. A(Y*(y*x)) = min {A(((X *(x*y))*(y*x)) *2), A@)} V X, Y, 2 € X.
Proposition(1.10):[5] Let X be a BH-algebra. Then every fuzzy sub-implicative ideal of X is fuzzy ideal of X.

Definition(1.11): [7] Let p be a fuzzy set in X, V a e [0, 1], the set p,= { X € X, i(x) > a } is called a level subset of A. Note
that, p, is a subset of X in the ordinary sense.

Remark(1.12):[suad] Let A be a fuzzy subset of a BH-algebra X and w € X. The set
{ xeX | A(w) < A(X)} is denoted by TA(W).

2.

3. THE Fuzzy SUBIMPLICATIVE IDEAL WITH RESPECT TO AN ELEMENT OF A BH-ALGEBRA.

We define the concept of a fuzzy sub-implicative ideal with respect to an element of a BH-algebra. We discuss some

properties of this concept and link it with other types of fuzzy ideal of a BH-algebra.

Definition (2.1): Let X be a BH-algebra and beX, a fuzzy subset A of X is called a fuzzy sub-implicative ideal with respect to
an element b (or briefly, fuzzy b-subimplicative ideal) of X if it satisfies:

i. i A(0)=A(X),VxeX

i, i AY*(Y*X)) = min LA((X *OFy))*(y*x)) *2)*b), A(2)}, V X, Y, Z € X.

Example(2.2): Consider the BH-algebra X={0,1,2,3} with the following operation table:
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* 0 1 2
0 0 1 2
1 1 0 2
2 2 2 0

08; x=0,1
05; x=2

Theorem (2.3): Let X be a BH-algebra. Then A is a fuzzy subimplicative ideal of X if and only if A is a fuzzy 0-subimplicative
ideal of X.

Proof :

The fuzzy subset A defined by A(x) = { is a fuzzy O-subimplicative ideal of X.

Let A be a fuzzy subimplicative ideal of X. Then
i. A(O)>A(X), V¥ xeX. [By definition (1.9)(i)]
ii. Let X, y, z eX. Then, we have
Aly*(y*x))= min{A(((x*(x*y))*(y*x)))*2), A(2)}[By definition(1.5)(ii)]
=min{A((((<*(x*y))*(y*x)))*2)*0),A(2)}= min{A(((x*(x*Y))*(y*X)))*2), A2)}
[Since X is a BH-algebra; x*0=x, V xeX.]
= AY*(y*x)) = min{A((((*(x*y))*(y*x))*2)*0).A(2)}
Therefore, A is a fuzzy 0-subimplicative ideal of X.
Conversely,

Let A be a fuzzy 0-subimplicative ideal of X. Then
i. A(0)>A(X), VxeX. [By definition (2.1)(i)]
ii. LetX,y,z eX. Then  A(y*(y*x)) = min{A((((x*(x*y))*(y*x)))*2)*0),A(2)}

[Since A is a fuzzy 0-subimplicative ideal of X. By definition (2.1)(ii)]
= min{A(((x*(x*y))*(y*x))*2)*0), A(z)} = min{A(((x*(x*y))*(y*X))*2), A(2)}
[Since X is a BH-algebra; x*0=x, V xeX]

= AY*(y*x)) = min {A(((*(x*y))*(y*x))*2), A2)}-
Therefore, A is a fuzzy subimplicative ideal of X.m
Proposition (2.4): Let X be a BH-algebra, be X and A be a fuzzy b-subimplicative ideal of X, such that A(b)=A(0). Then A'is a

fuzzy ideal of X.
Proof :
Let A be a fuzzy b-subimplicative ideal of X. To prove A is a fuzzy ideal of X.
i. A(0) > A(x), V xeX. [Since A is a fuzzy b-sub-implicative ideal of X. ]
ii. Let X,y,z eX such that
APD)=A((x*0)*b  [Since X is BH-algebra; x*0=x]
= A((x*0)*0)*0)*b) [Since X is BH-algebra;x*x=0]
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= A(((X*(x*x))*(x*x))*0)*b) [Since X is BH-algebra;x*x=0]
=  AX*x*x)) > min{A(((X*(x*x))*(x*x))*0)*b), A(b)}=A(x*b)
[Since A is a fuzzy b-sub-implicative of X. By definition (2.1)(ii)]
Now, A(x*(x*x)) =A(x*0)=A(x) [Since X is BH-algebra ; x*x=0, x*0=x]
= A(x) > min{A(((x*(x*x))*(x*x))*0)*b) ,A(0)}=min{A(x*b) , A(0)}
= A(x)> min{A(x*b),A(b)}. [Since A(b)=A(0)]
Therefore, A is a fuzzy ideal of X.m
Remark(2.5): The following example shows that converse of proposition (2.4) is not correct, VbheX.
Example (2.6): Consider the BH-algebra X= {0, 1, 2, 3} with the binary operation *' defined by the following table:

* 0 1 2 3
0 0 0 0 0
1 1 0 0 2
2 2 2 0 1
3 3 3 3 0
The fuzzy subset A defined by A(x) = {01.5 X 1?23 is a fuzzy ideal of X, but A is not a fuzzy 0-subimplicative ideal of X.

Since

if x=2,y=1, z=0, then

A(1*(1*2))=A(1*0)=A(1)= 0.5 < min{A((((2*(2*1))*(1*2))*0)*0) ,A(0)}
=min{A((2*2))*(1*2)) ,A(0)}
=min{A(0),A(0)}=A(0)=1.

And A is not a fuzzy 1-subimplicative ideal of X. Since

if x=2,y=1, z=0, then

A(1*(1*2))=A(1*0)=A(1)= 0.5 < min{A((((2*(2*1))*(1*2))*0)*1) ,A(0)}
= min{A(((2¥2))*(1*2))*1) ,A(0)}
=min{A(0*1),A(0)}= min{A(0),A(0)}=A(0)=1.

And A is not a fuzzy 2-subimplicative ideal of X. Since

if x=2,y=1, z=0, then

A(1*(1*2))=A(1*0)=A(1)= 0.5 < min{A((((2*(2*1))*(1*2))*0)*2) ,A(0)}
= min{A(((2*2))*(1*2))*2) .A(0)}
=min{A(0*2),A(0)}= min{A(0),A(0)}=A(0)=1.

And A is not a fuzzy 3-subimplicative ideal of X. Since

if x=2,y=1, z=0, then

A(1*(1*2))=A(1*0)=A(1)= 0.5 < min{A((((2*(2*1))*(1*2))*0)*3) ,A(0)}
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=min{A(((2*2))*(1*2))*3) ,A(0)}
=min{A(0*3),A(0)}= min{A(0),A(0)}=A(0)=1.

Therefore, A is not a fuzzy b-subimplicative ideal. VbeX.

Proposition (2.7): Let X be a BH-algebra. A be a fuzzy subimplicative ideal of X, beX such that A(b)=A(0). Then A is a fuzzy b-

subimplicative ideal of X.
Proof:
Let A be a fuzzy subimplicative ideal of X. Then
i. A(0) > A(x), V xeX  [By definition (1.9)(i)]
ii. Let X, y, z eX. Then
AY*(y*x)) = mi{A((CF(cy)*(y*x))*2).A@)}
= min{min{A((((*(cy))*(y*x))*2)*0). A(0)}.A(2)}
= min{A((((c*(x*y))*(y*x))*2)*b),A(2) }
[Since A is a fuzzy ideal of X. By proposition (1.10) and A(b)=A(0)]
Therefore, A is fuzzy b-subimplicative ideal of X.m
Theorem (2.8): Let X be a BH-algebra. Then a fuzzy ideal A of X satisfying the condition:
VX y €X5 AYR(yX) = A *(x*Y))*(y*x)) (by)
is a fuzzy b-subimplicative ideal of X, where beX and A(b)=A(0).
Proof:
Let A be a fuzzy ideal of X. Then, we have
i. A(0) > A(X), V xeX. [By definition (1.6)(1)]
ii. Let X, y, zeX. Then, we have
A((F(xy))*(y*x)) = min{ A((*(x*y))*(y*x))*2),A(2) }
[Since A is a fuzzy ideal of X. By definition (1.6)(ii)]
> min{min{A(((*(x*y))*(y*x))*z)*b),A(b) },A(z) }[Since A is a fuzzy ideal of X.]
= min {A((((*(*y)*(y*x))*2)*b),A(2) }
[Since A((((x*(x*y))*(y*x))*2)*b)=min{A((((x*(x*y))*(y*x))*z)*b).A(b)}
and A(b)=A(0)]
= AWY*(y*Xx)) = min{A((((x *(x*y))*(y*X)) *2)*b), A(z)} [BY the condition (b1)]
Then A is a fuzzy b-subimplicative ideal of X, A(b)=A(0).m
Theorem (2.9): If X is a BH-algebra of X satisfies the condition:
VX, yeX o yE(yx) = (x*OCY)F(y*x)  (b2),

then every fuzzy ideal of X is a fuzzy b-subimplicative ideal of X, where beX and A(b)=A(0).

Proof:
Let A be a fuzzy ideal of X. Then, we have

i. A(0)> A(X), ¥ xeX. [By definition (1.6)(i)]

ii. Let X, y, zeX. Then A((X*(x*y))*(y*x)) = min {A((X*(x*y))*(y*Xx))*z), A(z)} [Since A is a fuzzy ideal of X. By definition

(1.6)(i]
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Now, A(y*(y*x)=A((x*(x*y))*(y*x)) [By (b2)]
= AY*(y*x)) = min {A(((x *(x*y))*(y*x)) *2), A(2)}
= A is a fuzzy subimplicative ideal of X. [By definition (1.9)]

Therefore, A is a fuzzy b-subimplicative ideal of X. [By proposition (2.7)].m
Theorem (2.10) : Let X be a BH-algebra, b € X and A be a fuzzy b-subimplicative ideal of X. Then the set Xj is a b-

subimplicative ideal of X.

Proof:
Let A be a fuzzy b-subimpZllicative ideal of X. To prove X, is a b-subimplicative ideal of X.
i. A(x) = A(0).
If x=0, then 0 € Xa
ii. Let X, y, z, b € X such that (((x*(x*y))*(y* X))* z)*b € Xa and z €Xp
= A(COcy)*(y* x))* 2)*0)=A(0) and  A(z)= A(0)
= by definition of fuzzy b-subimplicative ideal of X , we have
A(y*(y*x) = min {A (K*(*y)*(y* X)* 2)*b), A@)}
=min {A(0) ,A(0)}=A(0)
=A(y*(y*x)) > A(0). But A(0) > A(x). [Since A is a fuzzy b-subimplicative ideal of X.]
= Ay*(y*x))= A(0)
= y*(y*x) € Xa. Therefore, Xa is a b-subimplicative ideal of X.

Proposition (2.11): Let {A. @A} be a family of fuzzy b-subimplicative ideals of a BH-algebra X. Then ﬂ A « 1S a fuzzy b-
el

subimplicative ideal of X. YbeX

Proof: Let {A«|acA} be a family of fuzzy b-subimplicative ideals of X.

i. LetxeX. Then
ﬂ A O0)=inf{ Az (0) jacA} = inf{Ax(X) lacr }= ﬂ A «(X)
ael ael

[Since A, is a fuzzy b-subimplicative ideals of X, VaeA. By definition (2.1)(i)]

= ﬂAa(O) 2 ﬂAa(X)

ael ael
ii.Let x ﬂ A =i
. .Y, Z eX. Then, we have «Y*(y*X)) = inf {A(y*(y*X))|acA}
ael

> inf {min{Aq (((<*(xX*y))*(y*x))*2)*b),Ax (z) | «cA}} [Since A, is a fuzzy b-subimplicative ideals of X, VaeA. By definition
.10
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= min {inf {A((((x *(x*y))*(y*x))*2)*b). A« (2) | a€A}}

= min {inf {A« (X *(x*y)*(y*x))*2)*b) | aeA} , inf {Aa(z) | acA}} =min { q A (X *(x*Y))*(y*X)) *2)*b) ,
ae

ﬂ A «(2)}

aeld

= ﬂ A oy (y*x)) = min{{ ﬂ A (((C=Oy))*(y*x))*2)*b), ﬂ A «(2)}

aeld aeld ael

Therefore, ﬂ A « 15 a fuzzy b-subimplicative ideal of X. VbeX m
aeld

Proposition (2.12): Let {A. |aeA} be a chain of fuzzy b-subimplicative ideals of a BH-algebra X. Then U Aa is a fuzzy b-

aed

subimplicative ideal of X. YbeX.
Proof. Let {A«|aeA} be a chain of fuzzy b-subimplicative ideal of X.
i. Let X U A 0= = U A
. eX. Then «(0)=sup{ A«(0) |aeA }) > sup{ Au(X) |ael } = « (X)
aeld aeld
[Since A, is a fuzzy b-subimplicative ideal of X, V aeA. By definition(2.1)(i)]

= UAa(O) 2 UAa(X)

aed aed

ii. Let X, y, z eX. Then, we have U Aa (y*(y*x)) = sup {A«(y*(y*X)) lac}

ael
> sup {min{A ((x *(x*y))*(y*X)) *2)*b).Ac(2) | aA}}
[Since A, is a fuzzy b-subimplicative ideals of X, VaeA. By definition (2.1)(ii)]
= min{sup{A«(((x*(x*y))*(y*x))*2)*b), A«(2)| «cA}} [Since A, is a chain]

= min {sup {Aq (x *(Cc*y))*(y*x)) *2)*b) | aea}, sup{A «(2) | @e1}}

= min { U Aa (((x =0y *(y*x)) *2)*b) , U Aa(Z) ¥

ael iel’

= U Aa(Y*(Y*X)) > min {{ U/IA ((((x Oy *(y*x)) *2)*b), U Aa(Z)}

aed aed
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Therefore, U Aa is a fuzzy b-subimplicative ideal of X. VbeX m

aed

Proposition(2.13): Let f: (X,*, 0)—(Y,*, 0) be a BH-epimorphism. If A is a fuzzy b-subimplicative ideal of X, then f(A) is a

fuzzy b-subimplicative ideal of Y. VbeX
Proof: Let A be a fuzzy b-subimplicative ideal of X. Then
i. Lety €Y. Then there exists X € X.
(F(A))(0)=sup {A(x:) | x1 € £ (0"}
=A(0) = sup{A(x) | x € X}= sup {A(x:) | x = f (1) }=(FA)(Y)
[Since A is a fuzzy b-subimplicative ideal of X. By definition (2.1)(i)]]
= (f(A)(0) = (fFA)(Y), VyE€EY.

iii.  Let y;, y, ys € Y. Then there exist

f(x1)= 1, f(%,)= ¥2. f(2)= y3, f(0)= y, such that x,, x,, z,b € X

(FAN (V2™ (Y2*'y1)) =SUp{A (R, *(x2*x1))Ixz * (X2 * %1) € FH((¥2*(y2*'Y2)))}
= min{ sup{ A((((x, * (%, *%2))*( X2*%1))*2)*b), A(Z) (%1 *(x1 %)) (X2 *%1))*2) * b €
POy (Y)Y *ya)} and z€ F(y;3)}}

[Since A is a fuzzy b-subimplicative ideal of X. By definition (2.1)(ii)]
> min {SUp{A (61 "1 )G % )P 2P (k1 % Gty #%,)) (3,5 %,) ) 5 2) x b €
PR Y2 (2> Ya)<ya)* P*ya} , sup{AQ@) 2 € F(y5)}}
= min {((FCA)) (CFUGe1 ™ (xa %)) (x2 %1 ))*2)*b), (F(A))(F(2))}
=min {((FCA((FGeo) ™ (F ()™ f (D)) (fx2)* E x> F(2)b), (F(A))(F(2))}

[Since f is an epimorphism. By remark (1.2)]

= min {(FCAN (Y2 (y1*'Y2)) *'(v2*" yo))™ ¥a) )*<Ya), (F(A))(ya)}
=AY (y2*'y1)) = min{(F(A) (Y2 (yr*'y2)) ™ (v2*'Y1)))*'y3) )<y (F(A)(ys)}
Therefore, f (A) is a fuzzy b-subimplicative ideal of Y.m

Proposition (2.14):
Let X be a BH-algebra and A be a fuzzy subset of X. Then A is a fuzzy b-subimplicative ideal of X if and only if A*(x)=A(x)+1-

A(0) is a fuzzy b-subimplicative ideal of X, where beX.
Proof:
Let A be a fuzzy b-subimplicative ideal of X. Then
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i. A" (0)=A(0)+1-A(0)

= A*(0)=1. Then A*(0) > A*(x), vxeX

ii. Let X, y, z eX and beX. Then

A" (Y*(y*x))=A(y*(y*x))+1-A(0)
> min {A(((x*(x*y))*(y*x))*2)*b),A(2) } +1-A(0)

[Since A is a fuzzy b-subimplicative ideal of X. By definition (2.1)(ii)]

= min{A(((*(x*y))*(y*x))*2)*b)+1-A(0) , A(z) +1-A(0)}
>min {A” (COy)*(y*X))*2)*b)) , A"(2)}

- A (y(y*x)) = min{ A" ((<*y)*(y*x))*2)*b), A (2)}

= A" is a fuzzy b-subimplicative ideal of X.

Conversely,
Let A" be a fuzzy b-subimplicative ideal of X.
i. Let xeX. Then we have
A(0)=A" (0)-1+A(0) > A* (0)-1+A(0)=A(X)
[Since A” be a fuzzy b-subimplicative ideal of X. By definition (2.1)(i)]
= A(0) > A(x), VxeX.
ii. Let X, y, z eX and beX. Then
AWY*(y*x)) =A(y*(y*x))-1+A(0) = min {A" ((0*(x*y))*(y*X))*2)*b), A’(2)}-1+A(0)
[Since A" is a fuzzy b-subimplicative ideal of X. By definition (2.1)(ii)]
= min { A" ((CCy)*(y*X))*2)*b)-1 +A(0) , A" (2) -1+A(0)}
>min { A((X*(x*y)*(y*x))*2)*b)) , A(2)}
= A(y*(y*x)) > min { A (X*(x*y)*(y*x))*2)*b), A (2)}
Then A is a fuzzy b-subimplicative ideal of X.m
Proposition(2.15) Let X be a BH-algebra and let w, b € X. If A is a fuzzy b-sub-implicative ideal of X, then 1A(w) is a b-

subimplicative ideal of X.
Proof:
Let A be a fuzzy b-subimplicative ideal of X. Then
i. A(0) = A(x), V XeX.
[Since A is a fuzzy b-subimplicative ideal of X. By definition (2.1)(i)]
= A@0) = A((w) = 0€TA(wW)
ii. Let X, y, z€ X such that (((x *(x*y)*(y*x))*z)*be 1A(w) and z € tA(W)
= AW) < A((((x *(x*y))*(y*x))*z)*b) and A(w) < A(z)
= AW) < min{A((((x *(x*y))*(y*x))*2)*b) , A2)}
But  A(y*(y*x)) = min {A((x *(x*y))*(y*x))*2)*b) , A(2)}
[Since A is a fuzzy b-subimplicative ideal of X .By definition (2.1)(ii)]
= AW) < A(y*(y*x))
= Y*(y*x) ETA(W).
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Therefore, tA(w) is a b-subimplicative ideal of X . m
Theorem (2.16):

Let X be a BH-algebra, A be a fuzzy ideal of X A(b) =A(0). Then A is a fuzzy b-subimplicative ideal of X if and only if A, is a
b-subimplicative ideal of X, V a<[0, A(0)].

Proof:

Let A be a fuzzy b-subimplicative ideal of X. To prove A, is a b-subimplicative ideal of X.

i. Let xe A,. Then A(X) > a [By definition (1.11) of A,]

But A(0) > A(x). [Since A is a fuzzy b-subimplicative ideal of X. By definition(2.1)(i)]
= A(0) 2 a.

= 0e A,

ii. Letx,y, z, be Xsuch that ((x*(x*y))*(y*x))*z)*be A, and ze A,.
= A0y *(y*x))*2)*b) > o0 and A(z)>a  [By definition(1.11) of A, ]
min { A(((*(*y)*(y*x))*2)*b) . A(2) } = «

But

Aly*(y*x)) = min{ A((((x*(c*y)*(y*x))*2)*b) . A@2) }

[Since A is a fuzzy b-subimplicative ideal of X. By definition (2.1)(ii)]
= A(Y*(Y*X)) = a = y*(y*X) € A, [By definition (1.11) of A,]

Therefore, A, is a b-subimplicative ideal of X, ¥ be A,

Conversely,

To prove A is a fuzzy b-subimplicative ideal of X.

i. 0e A, [By definition (1.8)(i)]. Then A(0) > a=A(x), V xeX.

ii. Let X, y, Z € X such that o =min{ A((((x*(x*y))*(y*x))*z)*b) , A(2)}

= A(((CFCcy)*(yx))*2)*b) 2 e and A(z) 2 a

= ((X*OFY)*(y*xX))*2)*b € A and ze A, .

= y*(y*X)e A, [Since A, is a b-subimplicative ideal of X. By definition (1.8)(ii)]
= A*(y*™x)) 2

= A*(y*x)) = min { A((((<*(x*y))*(y*x))*2)*b) , A(Z) }

Therefore, A is a fuzzy b-subimplicative ideal of X, A(b) =A(0). m
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