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Extensive measurement is the standard measurement-theoretic approach for
constructing a ratio scale. It involves the comparison of objects that can be con-
catenated in an additively representable way. This paper studies the implica-
tions of extensively measurable welfare for social choice theory. We do this in
two frameworks: an Arrovian framework with a fixed population and no interper-
sonal comparisons, and a generalized framework with variable populations and
full interpersonal comparability. In each framework we use extensive measure-
ment to introduce novel domain restrictions, independence conditions, and con-
straints on social evaluation. We prove a welfarism theorem for these domains
and characterize the social welfare functions that satisfy the axioms of extensive
measurement at both the individual and social levels. The main results are sim-
ple axiomatizations of strong dictatorship in the Arrovian framework and classical
utilitarianism in the generalized framework.
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1. INTRODUCTION

Kenneth Arrow once called himself “a kind of utilitarian manqué”:

I'd like to be utilitarian but ... I have nowhere those utilities come from. ...
What are those objects we are adding up? I have no objection to adding them
up if there’s something to add. (Kelly and Arrow, 1987, 59)

The content of Arrow’s complaint is not entirely transparent. In the orthodox economic
sense of “utility,” anyone who takes individuals to have numerically representable pref-
erences certainly has somewhere “those utilities come from”: a person’s utility is just
the numerical value of a function that represents her preferences. There is no mystery
about how such utilities can be added together: theyre just numbers, and we can add
whatever numbers we like.

Arrow’s complaint cannot be that he lacks a foundation for the numerical represen-
tation of preferences. A different complaint, which is at least inspired by Arrow’s re-
marks, is this. A classical utilitarian believes that we should maximize the sum of well-
being, where a person’s well-being is how good things are for her. But what does it mean
to “add up” people’s well-beings? A person’s well-being is not a number, any more than
her height or weight is a number. Some properties can, intuitively, be added together:
we can add together two heights, or two masses. But we cannot add heights to masses.
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And it’s unclear what would be meant by the “sum” of one person’s intelligence and an-
other’s, or of the hardness of two minerals. The complaint is that the classical utilitarian
has not shown well-being to be the kind of thing that, like height or mass, can be added
up, as opposed to the kind of thing, like intelligence or hardness, that cannot.

Extensive measurement offers a way to precisify this contrast. The idea of exten-
sive measurement is to compare objects that can be “concatenated,” or combined, to
yield new objects. If the comparison of concatenated objects satisfies certain axioms
(stated in section 2), it can be represented by a real-valued function with concatenation
represented by the arithmetic operation of addition (Suppes, 1951, Krantz et al., 1971).
A classic example is the measurement of length by stacking together rods from end to
end, or of mass by stacking together objects in a weightpan.

There are various ways of trying to apply extensive measurement to well-being,
which differ based on what kinds of objects are evaluated and how they are concate-
nated (Nebel, 2023c). Each of these methods depends on controversial assumptions
about well-being. It is therefore, in my view, an open question whether or not well-being
is susceptible to extensive measurement. In this paper, I want to assume that it is, and
thus that well-being can be meaningfully “added up,” in order to study the implications
of extensive measurement for social choice and welfare theory. In particular, I want
to understand what further commitments are necessary and sufficient to characterize
classical utilitarianism, once it is granted that well-being is extensively measurable.

We explore the social-choice-theoretic implications of extensive measurement in
two frameworks. In both frameworks, the set of alternatives is equipped with a con-
catenation operation. (When alternatives belong to a vector space, for example, this op-
eration can simply be vector addition.) In section 3, we consider an Arrovian framework
in which each profile is an n-tuple of individual orderings on the set of alternatives. We
restrict the domain to profiles in which each individual’s ordering satisfies the axioms
of extensive measurement. We provide a characterization of welfarism on this domain
(Theorem 1), using Pareto indifference and a suitable weakening of Arrow’s Indepen-
dence of Irrelevant Alternatives (ITA). This ITIA condition allows for nondictatorial social
welfare functions which satisfy the weak and even strong Pareto principles on our do-
main. However, such social welfare functions cannot be anonymous (Theorem 2), and
their social preference relations are not extensively measurable (Theorem 3). These neg-
ative results motivate the use of interpersonal comparisons in our second framework,
based on Hammond (1976), which is explored in section 4.

In Hammond’s framework, each profile is a single relation over alternative-individual
pairs. The pair (z,4) stands in this relation to (y, j) just in case alternative z is at least as
good for person ¢ as y is for person j. Interpersonal comparisons of this form are uti-
lized and defended by Suppes (1966), Sen (1970), Arrow (1977), Harsanyi (1977), Kolm
(1998), and Adler (2014). A generalized social welfare function, as defined by Hammond,
assigns a social ordering of alternatives to each ordering of alternative-individual pairs.

We modify Hammond'’s framework in two ways. First, we don’t assume that the pop-
ulation is fixed. Instead, different alternatives have potentially different populations.
This generalization is crucial for evaluating choices that affect the size or composition
of the population—for example, responses to climate change (Scovronick et al., 2017)
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or allocations of fertility-affecting resources (Pérez-Nievas et al., 2019, C6érdoba and Liu,
2022). Indeed, Parfit (1984, ch. 16) argues that almost all social and economic pol-
icy choices have far-reaching effects on which people will exist in the future. Variable-
population comparisons are also needed to distinguish classical (i.e., total) utilitarian-
ism from other varieties of utilitarianism (e.g., average utilitarianism) that coincide with
it in fixed-population cases. Second, we restrict the domain, as in the Arrovian case, to
orderings of alternative-individual pairs that are extensively measurable. Our character-
ization of welfarism, in terms of Pareto indifference and an appropriate ITA condition,
continues to hold on this domain (Theorem 4).

Our main result is an axiomatization of classical utilitarianism in this generalized
framework. Theorem 5 shows that classical utilitarianism is the only social welfare func-
tion on our domain which satisfies the weak Pareto principle, our IIA condition, a fixed-
population anonymity requirement, and the axioms of extensive measurement imposed
on social preferences.

1.1 Background

Issues of measurement have played a central role in social choice theory since Sen
(1970). In Sen’s framework of social welfare functionals, a social preference ordering of
alternatives is assigned to each profile of real-valued utility functions in some domain.
Different views about the measurability and interpersonal comparability of welfare are
captured by imposing informational invariance conditions on the social welfare func-
tional. These conditions require the social ranking of alternatives to be preserved un-
der certain classes of transformations of utilities—namely, those transformations up to
which the utility representation is assumed to be unique.

The social welfare functional framework is extremely flexible. It has been used to
provide axiomatic characterizations of many important theories of welfare aggregation
(Roemer, 1998, d’Aspremont and Gevers, 2002, Bossert and Weymark, 2004). The infor-
mational invariance conditions lie at the core of these results. These conditions have
recently been criticized, however, on the grounds that they do not really follow from
the underlying measurability and comparability assumptions with which they are asso-
ciated. As Sen (1977a, 1542) observes, the invariance conditions fail to distinguish be-
tween real changes in well-being (e.g., everyone becoming twice as well off) and merely
representational changes in the scale on which well-being is measured (e.g., halving the
unit of measurement). It is not obvious why invariance with respect to to the latter kind
of transformation should require invariance with respect to the former. This criticism
has been further developed by Morreau and Weymark (2016) and Nebel (2021, 2022,
2023a).

Sen’s framework takes numerical scales of welfare for granted but provides no way
of specifying what structures they are supposed to represent—only the class of transfor-
mations up to which they are unique. This makes it difficult to defend the invariance
conditions against the criticism just mentioned. An alternative approach is to formulate
our social choice problem and principles in terms of the relational structure of individ-
ual welfare, rather than (at the outset, at least) a numerical representation thereof. Let
me explain.
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In measurement theory, a qualitative relational structure is a set of objects together
with one or more relations on that set (Heilmann, 2015). An example is a set X of alter-
natives together with an ordering = on that set. Another is an ordered set L of lotteries
closed under an operation ® : [0,1] x L x L — L, which takes any probability A € [0, 1]
and lotteries p, ¢ € L and returns their convex combination Ap + (1 — A)q. The role of this
“natural operation” is explicit in von Neumann and Morgenstern (1953, 24) (see also
Fishburn, 1989, Weymark, 2005).

A central business of measurement theory is to provide conditions under which
qualitative relational structures can be represented by certain numerical relational
structures. There are familiar conditions which are necessary and sufficient for an or-
dered set (X, =) to be be mapped into the numerical structure (R,>), via an order-
preserving function U : X — R. Such a representation is unique up to strictly increas-
ing transformation. And there are familiar conditions which are necessary and suf-
ficient for (L, ’=,®) to be mapped into the numerical structure (R, >, ®*), where ®* :
[0,1] x R x R — R takes any A € [0,1] and a,b € R and returns their convex combination
Aa + (1 — A\)b. Such a representation is unique up to positive affine transformation.

Qualitative relational structures of these kinds are the primitive ingredients of the
Arrow (1951) and Harsanyi (1955) approaches to social choice. This is in contrast
to the later framework of Sen, where the primitive ingredients are numerical utility
functions. Other work in the “relational” tradition includes Hammond (1976), Dhillon
and Mertens (1999), Harvey (1999), Pivato (2015), Marchant (2019), Brandl and Brandt
(2020), Raschka (2023), among others. None of this work, however, considers the social-
choice-theoretic implications of extensive measurement.

Extensive structures are formally quite similar to the examples mentioned above.
The qualitative relational structure is of the form (X, =, o), where o concatenates each
pair of alternatives in X. There are natural axioms which are necessary and sufficient
for this structure to be mapped into (R, >,+), via a function U : X — R which is both
order-preserving and additive, in the sense that U(z o y) = U(z) + U(y) for all =,y € X.
This representation is unique up to similarity transformation—i.e., multiplication by a
positive constant. This is the characteristic uniqueness condition of a ratio scale, such
as the gram scale of mass or the meter scale of length.

Our project is therefore intimately related to the study of social welfare function-
als with ratio-scale measurable welfare, typically spelled out in terms of invariance to
similarity transformations of utilities (Roberts, 1980, Blackorby and Donaldson, 1982,
Tsui and Weymark, 1997, Nebel, 2023b). Many social welfare functionals, especially in
variable-population contexts (Blackorby et al., 1999), appear to require a ratio scale, be-
cause they violate invariance conditions associated with weaker scale types. But no one
in this literature has explained how such a scale can be derived. For that, we need to
identify a relational structure whose numerical representation is unique up to similarity
transformation. Our approach does this without requiring us to assume an invariance
condition to capture the intended scale type. Rather, the desired invariance properties
will be derived from conditions formulated in entirely relational terms.
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1.2 Related Literature

There appears to be no standard axiomatic characterization of classical utilitarianism—
as distinguished from other varieties of utilitarianism—in the literature. This is a striking
gap, given the historical importance of this doctrine in social ethics and welfare eco-
nomics. There are, of course, several axiomatizations of fixed-population utilitarian so-
cial welfare functionals (Maskin, 1978, d’Aspremont and Gevers, 1977, Deschamps and
Gevers, 1978). But these do not discriminate between classical utilitarianism and its
variants. Indeed, they rest on informational invariance conditions that, when extended
to a variable-population setting, rule out classical utilitarianism (Blackorby et al., 1999).
The most systematic treatment of variable-population social choice is Blackorby et al.
(2005). They characterize various kinds of utilitarianism, but none that singles out clas-
sical utilitarianism in particular. Hammond (1988) derives a principle which formally
resembles classical utilitarianism, but in later work he is careful to acknowledge the re-
semblance as “only formal” (Fleurbaey and Hammond, 2004, 1268). Xu (1990) provides
axiomatic characterizations of both classical and average utilitarianism; his article ap-
pears never to have been cited.

Our characterization of classical utilitarianism is in many ways analogous to the
fixed-population aggregation theorem of Harsanyi (1955). Whereas Harsanyi applies ex-
pected utility theory at both the individual and social levels, we appeal to extensive mea-
surement. Harsanyi’s aggregation theorem has been extended to variable-population
cases by Blackorby et al. (1998), Broome (2004), McCarthy et al. (2020). Our contribu-
tion is especially related to that of Mongin (1994), who adapts Harsanyi’s theorem to a
multi-profile setting via a domain restriction and an IIA condition: he requires each in-
dividual to have a mixture-preserving utility function on some convex subset of a vector
space, and requires the social ordering of two alternatives to coincide on profiles which
assign the same utility vectors to those alternatives. He also considers the implications
of informational invariance conditions in this setting and concludes that the interper-
sonal comparability of welfare is a “surprise effect” of Harsanyi’s theorem (Mongin, 1994,
349). The invariance conditions derived in our framework are much weaker than their
counterparts considered by Mongin. In the interpersonally noncomparable case, for ex-
ample, our invariance condition avoids dictatorship where his corresponding condition
implies it. And none of the invariance conditions considered by Mongin is compatible
with classical utilitarianism, when extended to variable-population comparisons.

This paper is also related to the study of Arrovian social welfare functions on re-
stricted domains. Le Breton and Weymark (2011) survey the consistency of Arrow’s ax-
ioms on various domains of economic interest. Our Arrovian domain in section 3 is an
example of what they (following Kalai et al., 1979) call saturating preference domains.
Arrow’s axioms are inconsistent on these domains (Le Breton and Weymark, 2011, The-
orem 6). But our IIA condition is much weaker than Arrow’s, in a way that makes it com-
patible with nondictatorial, Paretian social choice on our domain. Our Arrovian domain
is also quite different than those studied by Brandl and Brandt (2020). They charac-
terize the domains on which Arrow’s axioms are consistent with one another and with
an anonymity requirement; they show that such anonymous Arrovian aggregation must
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take a certain utilitarian form. Their domains require preferences to be continuous and
convex, but not transitive. Our Arrovian domain plainly does not meet their conditions;
nonetheless, our impossibility result involving anonymity (Theorem 2) does not follow
from their characterization of anonymously Arrow-consistent domains, again, because
of our weaker IIA condition.

2. EXTENSIVE MEASUREMENT

An extensive structure has three ingredients. There is a set X of objects to be measured:
for example, rods of differing lengths. There is a binary relation = on that set—e.g., the at
least as long as relation. (As usual, - denotes the asymmetric part of 3=, ~ its symmetric
part.) There is a binary concatenation operation o : X x X — X which, in some sense,
combines the objects together—e.g., by stacking together rods from end to end. Our set
of objects is assumed to be closed under this operation, so that we can concatenate any
two elements of X to form a new element of X. For any object a € X, define 1a := a and,
for any natural number n > 1, let na := (n — 1)a o a, so that na is the concatenation of n
copies of a.

The triple (X, =, 0) is called an extensive structure iff the following five axioms are
satisfied for all a,b,c,d € X.

Transitivity Ifa =band b = ¢, thena = c.

Completeness a :=borb = a.

Weak Associativity ao (boc)~ (aob)oc.

Monotonicity a =biffaoc=bociffcoa=cob.

Archimedean If ¢ - b, then there is some natural number n such that na o ¢ %= nbod.

These conditions are necessary and sufficient for a numerical representation of = that
is additive with respect to concatenation:

PROPOSITION 1 (Krantz et al. 1971, Theorem 3.1). (X, =, 0) is an extensive structure iff
thereis a function U : X — R such that, for alla,b € X,

() a>=0biffU(a) > U(b), and
(i) U(aob)=U(a)+U(b).

Another function U’ satisfies (i) and (ii) iff U’ = kU for some real number k > 0.

We call U an additive representation of i=.!

Here is an example, based on Kahneman et al. (1997), of how extensive measure-
ment might be applied to well-being. Consider a set of hedonic episodes. Each episode
is individuated by its duration and by its felt quality—pleasure or pain—at each moment
(Kahneman et al. call this “instant utility”). The concatenation of two episodes is sim-
ply an episode that starts with the first and ends with the second. These concatenable

IExtensive structures are closely related to ordered semigroups in mathematics, which play a central role
in the proof of Proposition 1 (Krantz et al., 1971, ch. 2). Pivato (2013) considers scoring systems which take
values in any linearly ordered (not necessarily Archimedean) abelian group.
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episodes are ordered by their desirability to some agent. Narens and Skyrms (2020, ch.
12) defend the axioms of extensive measurement for this sort of structure. Other struc-
tures, which carry no commitment to hedonism about well-being, are explored by Nebel
(2023c¢).

3. ARROVIAN SOCIAL WELFARE FUNCTIONS

Let X be a set of alternatives, which is closed under some concatenation operation o :
X x X — X. An alternative a is atomic iff it is not identical to the concatenation of any
alternatives (i.e., there are no x,y € X such that zoy = a). We assume there to be a subset
A C X of at least three atomic alternatives. We assume every nonatomic alternative x €
X \ A to be the concatenation of some number of atomic alternatives—that is, t = a; o
---oaqay forsome ay,...,a;, € A. We also assume that alternatives are not invertible—i.e.,
there are no z,y € X such thatzoyox = 2.2

We assume a fixed population N = {1,2,...,n} of individuals. An Arrovian profile
R =(Ry,...,Ry) is an n-tuple of orderings on X, one for each individual in N. Our
interpretation of these orderings is that xR,y iff (according to profile R) x is at least as
good for i as y. As usual, I; denotes the symmetric part of R;, P; its asymmetric part. R is
the set of all orderings on X. An Arrovian social welfare function (ASWF) is a function f :
D C R™ — R which assigns an overall betterness or social preference ordering to some
set D of Arrovian profiles. For any profile R € D, let = denote the ordering f(R).

We adopt the following domain assumption:

Extensive Domain D ={R < R"| (X, R;,0) is an extensive structure foralli € N }.

By Proposition 1, every profile R in an extensive domain can be represented by a utility
profile U = (Uy,...,Uy), where each U; additively represents R;,—that is, U;(x) > U;(y)
iff xR;y and U;(x o y) = U;(z) + U;(y)—in which case we say that U itself additively rep-
resents R. For any Arrovian profile R, let U/r denote the set of all utility profiles that
additively represent R, and let Up = Jpcp UR.

Here is a simple example. Suppose there are m > 3 public goods. Let A be the set
of standard unit vectors in R’". Each atomic alternative represents an arbitrarily small
increment of a distinct public good. The concatenation operation is vector addition.
Then X =7\ { 0 } represents all possible bundles of those public goods in those incre-
ments, excluding the null bundle.® On this interpretation, Extensive Domain amounts
to the assumption that each individual’s preferences can be additively represented by a
linear utility function (this of course implies nothing about their attitudes towards risk).
Domains like this are considered by Kalai et al. (1979) and Le Breton and Weymark (2011,
Example 9).

2This rules out the existence of an identity element. The framework can be easily generalized to accom-
modate identity elements, as long as atomic alternatives themselves are not invertible; we would simply
require all alternatives to be either concatenations of atomic alternatives or identity elements. The proofs
of Lemmas 1 and 2 would carry through unscathed.

3See footnote 2 on the exclusion of identity elements. The framework can also, I believe, be modified
to accomodate sets of alternatives like R* or R™, or any nonempty cone of a vector space, with atomic
alternatives replaced by basis vectors. The proofs of Lemmas 1 and 2 should still hold.
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Here is another example, based on Weymark (1981). Suppose there are m > 3 sources
of income. Let A be the set of all vectors whose first k¥ components are 1, all others 0,
for all K € {1,...,m}. The unit of income can be as small as we like. The concatena-
tion operation is again vector addition. Then X = {z € Z7'\ {0} |21 > 22> --- > xy, }
represents all income distributions, in the chosen unit, ordered from greatest to least.
Each R;, on this interpretation, represents individual ’s ethical ranking of income dis-
tributions. The Monotonicity axiom of extensive measurement here corresponds to the
“comonotonic independence” axiom for ranking such distributions (Weymark, 1981, Ax-
iom 4). Extensive Domain amounts to the requirement that each individual’s ethical
ranking is of the “generalized Gini” form. An ASWF aggregates these generalized Gini
rankings into a collective ranking.

Here is a third, more abstract example. Social welfare theorists are often interested
in alternatives that are much richer than income distributions or bundles of goods. It is
often supposed that an alternative is a possible history of the world, or of some society,
over some period of time (Gibbard, 1982, 1984, Hylland, 1989, Broome, 2004, Blackorby
et al., 2005, Dasgupta, 1995, 2007, 2009, Adler, 2019). Let A be a set of at least three such
histories. We might imagine that histories can be concatenated into successive epochs
of a single history: things proceed according to the first history, and then according to
the second (much like Kahneman et al.’s concatenation of hedonic episodes). Then X
is simply the closure of A under this concatenation operation. Our domain assump-
tion then requires each individual’s well-being in any history to be representable by the
sum of that person’s well-being across the epochs that make it up (see Nebel (2023c) for
discussion).*

We now turn to the characterization of welfarism on our domain.

3.1 Welfarism
We will be interested in three standard Pareto principles:

Weak Pareto Foranyx,y € X and any R € D, if x P,y for every i € N, then x > y.

Pareto Indifference Foranyz,y € X andany R € D, ifz[;yforeveryi € N,thenz ~p y.

Strong Pareto For any z,y € X and any R € D, if zR;y for every i € N then xRy; if, in
addition, = P;y for some i € N, then z > g v.

For any binary relation R on X and any S C X, let R|s denote the restriction of
R to S. Arrow required, via his IIA condition, that, for any alternatives =,y € X and
profiles R, R’ € D, if R;|(; 1 = Rjl(4,,} foreveryi € N, then z =g y iff = = g/ y. We will
instead use a weaker principle, which allows the social comparison of alternatives to
depend not just on individuals’ rankings of those alternatives, but also on their rankings
of concatenations involving them. For any S C X, let S° denote the closure of S under
o. Our weaker ITA principle is as follows:

4For a model that is even closer to Kahneman et al., we could let the alternatives be n-tuples of hedonic
episodes. This would call for a different and more complicated domain restriction, analogous to those
used when the alternatives are allocations of private goods (Le Breton and Weymark, 2011).
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Ratio IIA For any z,y € X and any Arrovian profiles R, R’ € D, if Ri|; y1o = R}|{zy}
foreveryic N,thenz =y iff x =/ y.

The motivation for weakening Arrow’s condition to Ratio IIA (and for its name) is that
each R;|(, .o fully determines the ratio of U;(z) to U;(y) for any U; that additively rep-
resents R;. In a setting where such information is well-defined, there is no reason to
exclude it as “irrelevant” to the comparison of alternatives.

For any utility profile U € Up and alternative = € X, the utility vector assigned by U
toxis U(x) = (Uy(z),...,Un(x)). A social welfare function is welfarist iff the ordering it
assigns to any profile is determined by a single social welfare ordering (SWO) =* on the
set of attainable utility vectors:

Welfarism There is a unique ordering *=* on R"” such that, for any 2,y € X, R € D, and
UclUp,x=pyiffU(x) =* U(y).

When f and =* are so related, we say that »=* is associated with f.

The standard “welfarism theorem” in the framework of social welfare functionals ap-
peals to Pareto Indifference and an IIA condition formulated in terms of numerical util-
ities (Bossert and Weymark, 2004, Theorem 2.2). We show (Proposition 2 in Appendix A)
that Ratio IIA is equivalent to this utility-theoretic condition, given Extensive Domain.
The standard welfarism theorem, however, assumes an unrestricted domain of utility
profiles; it doesn’t apply to the present setting because we have restricted the domain.
Neither do analogous results for restricted domains due to Mongin (1994) and Weymark
(1998).° Fortunately, we can still characterize Welfarism in terms of Pareto Indifference
and Ratio I1A:

THEOREM 1. Ifan ASWF f satisfies Extensive Domain, then f satisfies Pareto Indifference
and Ratio IIA iff it satisfies Welfarism.

The basic insight behind the proof of Theorem 1 is that the set of utility vectors attain-
able by the atomic alternatives is unrestricted. We are therefore able to define a SWO
using only atomic alternatives, and then show how it determines the social ordering
over all alternatives.

Not just any SWO is compatible with Extensive Domain, however—only those which
are invariant to individual-specific similarity transformations of utilities:

Intrapersonal Ratio-Scale Invariance For any utility vectors u,v,u’,v’ € R™, if for ev-
ery i € N there is some k; > 0 such that v, = k;u; and v] = k;v;, then u =" v iff o’ =* v/,

(See Proposition 3 in Appendix A.) Intrapersonal Ratio-Scale Invariance plays a key role
in the results of section 3.2.

5Mongin is concerned with profiles of mixture-preserving utility functions on a convex subset of a vector
space; Weymark characterizes welfarism on “saturating” and “hypersaturating” utility domains. Our Up is
not saturating because some pairs of nonatomic alternatives are, in Weymark’s terminology, nontrivial but
also not free and, thus, not connected. (This is compatible with D being a saturating preference domain in
the sense of Kalai et al. (1979), Le Breton and Weymark (2011).)
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A SWO :=* is anonymous iff, for every u,v € R", u ~* v whenever there is a permu-
tation o : N — N such that u; = v, ;) for every i € N. Given Welfarism, this condition
is equivalent to the following property of social welfare functions (see Proposition 4 in
Appendix A):

Anonymity For all profiles R, R’ € D, if there is a permutation o : N — N such that
R;= R;(i) foreveryi € N, then f(R) = f(R').

The various Pareto principles have obvious analogues in terms of the SWO as well.
We do not state them separately. When we say that a SWO :=* violates or satisfies one of
the Pareto principles, we mean that it violates or satisfies the obvious translation of that
principle for 3=*.

3.2 Possibilities and Impossibilities

Arrow (1951) showed that if a social welfare function defined on an unrestricted domain
satisfies Weak Pareto and his IIA condition, then it must be dictatorial: there must be
some i € N such that, for any profile R € D and alternatives x,y € X, x« > y whenever
xP;y. If we weaken Arrow’s domain and independence axioms to Extensive Domain and
Ratio IIA, this implication is avoided, and even Strong Pareto can be satisfied. For there
are nondictatorial SWOs on R" which satisfy Intrapersonal Ratio-Scale Invariance and
Strong Pareto. Here is a two-person example, based on a class of SWOs axiomatized by
Naumova and Yanovskaya (2001); it is easily generalized to larger populations:

EXAMPLE 1. Take any u,v € R?. Suppose sgn(u;) = sgn(v;) for both i € {1,2} (where
sgn(0) =0). Then

ws* v iff‘u1|sgn(U1)|u2‘sgn(U2) > |Ul|sgn(v1)‘v2\sgn(”2).

If sgn(u;) # sgn(v;) forsomei € { 1,2}, then v and v are ranked according to the following
linear ordering of the quadrants and their boundaries (plus the origin):

(+,4) > (+,0) = (0,4) = (0,0) = (—,+) > (+,—) = (0,—=) >= (=,0) = (—,—).

This SWO satisfies Intrapersonal Ratio-Scale Invariance and Strong Pareto but is not dic-
tatorial (see Naumova and Yanovskaya, 2001).

Orderings of the kind described in Example 1 satisfy a number of further properties.
They are, within each quadrant or boundary, anonymous and continuous. They are also
representable by a real-valued social utility function (Naumova and Yanovskaya, 2001,
Corollary 4.1). They are not fully anonymous, however. Indeed, the failure of anonymity
applies more generally:

THEOREM 2. There is no ASWF that satisfies Extensive Domain, Anonymity, Ratio IIA,
and Strong Pareto (o1, when n is even, Weak Pareto and Pareto Indifference).
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Theorem 2 may suggest that Anonymity is too much to ask of a social welfare func-
tion in the present environment. However, the Arrovian axioms can be strengthened in
a way that requires the social welfare function to be strongly dictatorial: there must be
some ¢ € N such that, for any R € D and z,y € X, z =g y iff R;y. One way to do this
is to require the SWO to be continuous. Tsui and Weymark (1997) show that a continu-
ous SWO which satisfies Weak Pareto and Intrapersonal Ratio-Scale Invariance must be
strongly dictatorial (see also Nebel, 2023b). In my view, however, the ethical content of
and motivation for continuity is not obvious. It is standardly motivated by considera-
tions regarding slight measurement errors (e.g., by d’Aspremont and Gevers, 2002, 496).
But, while sensitivity to such errors may be unfortunate, it’s far from obvious that the
ethical ordering of utility vectors shouldn’t be sensitive to such errors. In order to figure
out which alternatives are better or worse, why shouldn’t we have to identify the correct
profile (as opposed to one that is merely arbitrarily “close” to the correct profile)? Es-
pecially given the distinguished role of neutral elements in an extensive structure, dis-
continuities when some utilities are zero in particular do not seem unreasonable. We
therefore consider a different requirement which does not, by itself, entail continuity:

Extensive Social Preference For each profile R € D, the triple (X, =, o) is an extensive
structure.

The axioms of extensive measurement may of course be questioned in this context. But
if we take individual welfare to be extensively measurable, we might reasonably take the
social ordering to be extensively measurable as well. For example, on the successive-
epochs interpretation of o, Monotonicity can be motivated by the thought that a choice
between histories c o a and c o b is relevantly like choosing between futures a and b after
a past epoch ¢; what happened in previous epochs, we might think, should not matter
for future evaluation except insofar as it affects people today or in the future, in which
case those effects should be considered in the valuation of a and b. As in the case of
individual welfare, my view is that the applicability of extensive measurement to social
evaluation should be regarded as an open question, which depends on the nature of the
alternatives, the interpretation of o, as well as our general ethical commitments.
Our second negative result for ASWFs is as follows:

THEOREM 3. If a social welfare function f satisfies Extensive Domain, then f satisfies
Ratio IIA, Weak Pareto, and Extensive Social Preference iff it is strongly dictatorial.

The proof goes as follows. First, we show that Extensive Domain, Ratio IIA, Weak Pareto,
and Extensive Social Preference together yield a “semistrong” Pareto principle which
entails Pareto Indifference (Lemma 3). These axioms therefore entail Welfarism, by The-
orem 1. Next, given Welfarism, Extensive Social Preference is equivalent to (R™,=*,+)
being an extensive structure (Lemma 4). Thus, by Proposition 1, >=* must be additively
representable by a social utility function W : R™ — R. Semistrong Pareto forces this func-
tion to be of the weighted utilitarian form—i.e., a linear combination of utilities—with
nonnegative weights (Lemma 5). Finally, Weak Pareto and Intrapersonal Ratio-Scale In-
variance together require exactly one person’s weight to be positive; this proves the the-
orem. An obvious corollary of this result is that there is no ASWF that satisfies Extensive
Domain, Ratio IIA, Strong Pareto, and Extensive Social Preference.
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Sen (1977b, 80) influentially claims that “n-tuples of individual orderings,” as in
Arrow’s framework, “are informationally inadequate for representing conflicts of inter-
ests.” The lesson Iam inclined to draw from Theorems 2 and 3 is that—at least within the
confines of welfarism—Arrow’s framework is still inadequate for this task even when the
individual orderings are supplemented by an extensive concatenation operation. For I
take Anonymity to be a fundamental requirement of impartiality. And it seems reason-
able to want social preferences to have the same structure as individual welfare. We will
see in section 4 that both of these desiderata can be satisfied in an informationally richer
framework that allows for interpersonal comparisons of well-being.

4. GENERALIZED VARIABLE-POPULATION SOCIAL WELFARE FUNCTIONS

We now generalize the framework of section 3 in two ways.

First, in order to distinguish classical utilitarianism from its variants, we need the
population to vary between alternatives. Following Blackorby et al. (2005), let N =
{1,2,...} represent the set of all possible individuals. Let P denote the set of all finite,
nonempty subsets of N. Let X once again denote the set of alternatives. Each alternative
x has a population, N(z) € P, the set of individuals who would exist (or be members of
some particular society) if « obtained. For any individual : € N, X; C X denotes the set
of alternatives in which i exists—i.e., X; .= {z € X :i€ N(z)}. Forany N € P, X" de-
notes the set of alternatives whose populations are N—i.e., XV :== {z € X : N(z) = N }.

We assume, as before, that X is closed under a concatenation operationo: X x X —
X. For each i € N, there is a set AU} ¢ X{i} of at least three atomic alternatives in
which only i exists.® (Recall that an alternative a is atomic iff there are no z,y € X such
that z o y = a.) There may also be atomic alternatives with larger populations, though
we don't need there to be. We assume, as before, that all nonatomic alternatives are
identical to the concatenation of some atomic alternatives, and that there are no invert-
ible alternatives. We also require that, for all z,y € X, N(z oy) = N(z) U N(y). These
assumptions together imply that, for each population N € P, there are infinitely many
alternatives in X7

Some of our examples from section 3 can be easily adapted to this setting. Sup-
pose again, for example, that there are m > 3 public goods. Each alternative is a pair
consisting of a bundle of those goods and a population who can consume them. The
atomic alternatives are the standard unit vectors of R" paired with each singleton indi-
vidual. Alternatives are concatenated by vector addition and union of populations: i.e.,
(z,N)o(y,M)=(x +y, N UDM). For any population N € P, X will contain all bundles
in Z7' \ {0} paired with N, and X = (Jycp X N Or suppose, again, that the alterna-
tives are possible histories of the world over some duration of time. Each history has a
unique population: the set of individuals who exist at some point in that history. The
atomic alternatives are histories in which only a single person exists. We imagine again

6Compare Blackorby et al. (2005), who assume | X™V| > 3 for all N € P. It is unrealistic, of course, to
suppose that any individual could exist without her parents ever existing. Weymark (2019) has raised this
concern for the intertemporal framework of Blackorby et al. (1995). But it also applies to standard variable-
population frameworks which, like ours, lack an explicit time dimension.
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that histories can be concatenated into successive epochs of a single history, with the
population of the larger history being the union of the populations of its subhistories.

Second, in order to avoid the impossibilities which arose in our Arrovian framework,
we include interpersonal comparisons of well-being. Such comparisons are ubiqui-
tous in variable-population frameworks (see, e.g., Blackorby et al., 1995, Broome, 2004,
Asheim and Zuber, 2014, Pivato, 2020). Indeed, such frameworks typically assume not
only that interpersonal comparisons are meaningful, but also that there is a meaningful
“neutral level” of welfare which divides lives that are “worth living” from those that are
not. Unlike these authors, we incorporate interpersonal comparisons in entirely rela-
tional terms, and claims about positive, neutral, or negative well-being will be derived
rather than assumed.

As mentioned in section 1, interpersonal comparisons can be formalized as a rela-
tion over alternative-individual pairs. For any z € X and ¢ € N(«), I call the pair (z,i) a
life. (By a “life,” I just mean a pair of this form; the definition is simply meant to exclude
pairs of the form (y, j) where j ¢ N(y).) Let £L:={(z,i) € X x N|i € N(z) } denote the
set of all lives. An interpersonal profile R is an ordering on £. The intended interpre-
tation is that (x,7)R(y, j) iff « is at least as good for i (according to profile R) as y is for
j—or, equivalently, that i is at least as well off in z as j is in y. Such comparisons are often
understood in terms of the “extended preferences” of a social observer—preferring, for
one’s own sake, to be one person (or to be in their “position” in some sense, having all of
their tastes, values, and so on) in one alternative rather than another person in another
alternative (Suppes, 1966, Sen, 1970, 1997, Arrow, 1977, Harsanyi, 1977, Suzumura, 1996,
Kolm, 1998, Adler, 2014). But I do not insist on this or any other particular way of making
interpersonal comparisons. My own view is that, clearly, some people are better off than
others, and any plausible theory of well-being must be able to accommodate such com-
parisons (Scanlon, 1991, Hausman, 1995, Broome, 1999, Greaves and Lederman, 2018).
(This is not to say, of course, that it is easy to explain what makes such comparisons true,
or to discover which ones are true.)

Let R, denote the set of all orderings on £, and Rx the set of all orderings on
X. Adapting terminology from Hammond (1976), a generalized social welfare function
(GSWF) is a mapping f : D C R — Rx. For any interpersonal profile R € D, we write
=r for f(R). Note that, absent further assumptions, =r can wildly diverge from R. A
social planner might prefer, for example, that she herself have descendants living in the
future rather than someone else having descendants with better lives.

In order for our interpersonal profiles to be extensively measurable, we need a con-
catenation operation on the set of lives. Instead of taking such an operation as primitive,
we define it here in terms of the alternative-concatenation operation o which we already
have, at the cost of two additional assumptions. The first says that for any individuals i
and j and alternatives = and y in which they (respectively) exist, there is an individual &
and alternatives z’ and y’ such that ' and ¢’ are just as good for k as z and y are for i
and j (respectively); and, in the special case where i = j, =’ o 3/ must be just as good for
k as x oy is for i:

Matching For any interpersonal profile R € D C R, and any (z,%), (y,j) € L, there is
some k € N and 2/,y’ € X, such that (2/,k)I(z,i) and (v',k)I(y,j), and, for any such
k.x',y, ifi=jthen (xoy,i)I(z' oy k).
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Matching lets us, for any R € D, define an operation ©% : £ x £ — £ as follows: for
any (z,1), (y,7) € £, let (z,3) ®F (y,5) = (2' o/, k) for some k,z’, 3’ such that (2, k)I(z,7)
and (y',k)I(y,7). (When there are multiple such k,z’,y’, the choice can be arbitrary,
since Matching requires all such choices to be equally good according to R.) Thus, any
number of lives led by distinct individuals can, in any profile, be concatenated into a
single life. This is compatible, however, with a social preference for the existence of the
many rather than the single “utility monster” (Nozick, 1974). Further axioms are needed
to rule out such a preference.”

The axioms of extensive measurement will tell us, for any alternatives = and y and
any individual ¢ who exists in both z and y, how to value ¢’s life in z o y in terms of her life
in  and her life in y: (x 0 y,i)I(x,i) % (y,i). But what if i exists in  but not y2 A natural
hypothesis is that, since : does not even exist in y, concatenating y to « should not affect
i’s well-being. This is our second assumption:

Irrelevance of Nonexistence For any interpersonal profile R € D, z,y € X, and i €
N(z)\ N(y), (xoy,i)I(x,i).

This seems a plausible extension of the orthodox view that nothing can be better or
worse for a person who does not exist (Broome, 2004, Blackorby et al., 2005).
We can now state our domain condition:

Interpersonal Extensive Domain A profile R is in D iff R satisfies Matching and Irrel-
evance of Nonexistence, and (£, R, &%) is an extensive structure.

Given Interpersonal Extensive Domain, each profile R € D can be additively represented
by a real-valued utility function. U : £ — R additively represents a profile R € D iff, for all
(,1),(y.4) € £, U(x,4) 2 Uy, j) iff (z,)) R(y, 5), and U ((w,d) & (y, 7)) = U(z,1) + U (y, 5))-
As before, let U/ denote the set of all utility functions that additively represent R, and
Up = U ReD UR.

4.1 Variable-Population Welfarism

The various Pareto conditions have the same interpretation as in section 3, so we do not
state them separately here; see Appendix C.

The reformulation of Ratio IIA in this framework requires some care because our life-
concatenation operation is profile-dependent. For any subset of alternatives S C X, let
L(S) :=U,eg {7} x N(x) denote the set of all lives led among the alternatives in S. For

any such S and any profile R, let L(S)@R denote the closure of L(S) under &F. Given
any S,T7 C X and any profiles R, R/, a profile isomorphism is a bijection ¢ : L(S)@R —
L(T)®" such that, for all (z,i), (y,j) € L(S):

“Note also that what allows us to concatenate any number of lives is not just Matching, but also the as-
sumption that X is closed under o. Those who wish to avoid this implication might therefore prefer a ver-
sion of extensive measurement in which the concatenation operation is restricted (Krantz et al., 1971, sec.
3.4). Analogous implications also hold in the standard utility-theoretic framework, where for any number
of individuals and any utilities they might attain, there is some individual who can attain, in some outcome
and some profile, the sum of those utilities.
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W) (z,9)R(y,j) iff ¢(z,i) R'¢(y, j), and
(i) o((x,1) & (4.5)) = dlx, ) &% o(y.5).
Our Independence of Irrelevant Alternatives condition will be

Interpersonal Ratio IIA Forall R, R’ € D and z,y € X, if there is a profile isomorphism

61 L({z,y})®" - L({,y)®" such that ¢(z,7) = (z,3) and é(y, j) = (y,5) for all i €
N(z)andje N(y),thenz =gyiffx =g y.

As with Ratio IIA, this principle is equivalent to a more familiar condition formulated in
terms of utility functions (see Proposition 5 in Appendix C).

For any utility profile U : £ — R, let U(z,-) : N(z) — R denote «’s utility distribu-
tion in profile U. For any population N € P, RV denotes the set of all utility distri-
butions with domain N. The set of all utility distributions is Q := Jycp RY. We call
these “distributions” rather than “vectors” because (2 is not a vector space: we cannot
add together utility distributions with different populations. The variable-population
analogue of Welfarism is

Variable-Population Welfarism There is a unique SWO =* on 2 such that, for any R €
D,Uelp,andz,ye X,z =gy iff U(z, ) =* Ul(y,-).

As in section 3, the key to our welfarism theorem in this setting is that the set of at-
tainable utility distributions for the atomic alternatives is unrestricted. We have not as-
sumed the existence of atomic alternatives for each population, however—only for each
singleton population. But, for any population, we can find an atomic alternative for each
member of the population and concatenate them to form an alternative in which all of
those individuals exist. This is the strategy behind the proof of Theorem 4 in Appendix C:

THEOREM 4 (Variable-Population Welfarism Theorem). If a GSWF f satisfies Interper-
sonal Extensive Domain, then f satisfies Pareto Indifference and Interpersonal Ratio IIA
iff it satisfies Variable-Population Welfarism.

As in the fixed-population setting, Interpersonal Extensive Domain requires the SWO
to be invariant to similarity transformations of individual utilities. However, the same
transformation must be applied to all individuals in order to preserve interpersonal
comparisons:

Interpersonal Ratio-Scale Invariance For every u,v € Q) and positive real number k,
w =" v iff ku =* kv.

(See Proposition 6 in Appendix C.) This weaker invariance condition is what allows us
to avoid the negative results of our Arrovian setting.

4.2 A Qualitative Axiomatization of Classical Utilitarianism

In the present framework, classical utilitarianism has a natural qualitative formulation.
For any alternative = € X and profile R € D, let @fe N(z) (z,7) denote the concatenation
of all the individuals’ lives in z in arbitrary order.


https://econtheory.org

16 Submitted to Theoretical Economics

Classical Utilitarianism For anyx,y € X and R€ D, x =g y iff
Dien (@) (@ DRDic ) W:1)-
Given Interpersonal Extensive Domain, Classical Utilitarianism is equivalent to the
claimthat, foranyz,y € X, Re D,andU € Up, x = yiff 3, c Ny Ul@,4) 2 X ieny) U5 9)-
For each U € Ug additively represents R, so U(@ZN(I)(x,i)) = ZieN(z) U(z,i) and
U 1) =Y ien(y UW:i)-

Our axiomatization of Classical Utilitarianism appeals to Weak Pareto, Interpersonal
Ratio IIA, and two further conditions. First, we require the restriction of the social order-
ing to the alternatives facing a fixed population to be invariant to permutations on that
fixed set of individuals:

Fixed-Population Anonymity For any N € P and R, R’ € D, if there is a permutation
o : N — N and a profile isomorphism ¢ : L(X¥)®" — L(XN)®" such that ¢(z,i) =
(z,0(i)) forall (z,i) € L(X"), thenforall z,y € XV, z =p yiff 2 =5 y.

(See Appendix D for the utility-theoretic analogue of this condition.) Our second princi-
ple has much the same interpretation as in subsection 3.2:

Extensive Social Preference For all R € D, (X, =g, o) is an extensive structure.

Analogues of these two principles led to our negative results for ASWFs in section 3.
It is therefore noteworthy that they are not just compatible with our other axioms in
the generalized framework; they lead, in conjunction with the other axioms, to Classical
Utilitarianism:

THEOREM 5. If a GSWF f satisfies Interpersonal Extensive Domain, then f satisfies In-
terpersonal Ratio IIA, Weak Pareto, Fixed-Population Anonymity, and Extensive Social
Preference iff f satisfies Classical Utilitarianism.

The strategy behind the proof is this. We first show that, given our axioms, adding an
individual with “zero” utility to a population is always a matter of indifference (Propo-
sition 8). We are therefore able to strengthen Variable-Population Welfarism by con-
structing an “extended” SWO on the space R of all infinite sequences with finite sup-
port (Lemma 8). Fixed-Population Anonymity then requires this extended SWO to be
fully anonymous (Lemma 9). By Extensive Social Preference and Proposition 1, the ex-
tended ordering can be additively represented by a real-valued social utility function.
The proof of Theorem 5 then amounts to showing that this additive representation is of
the weighted utilitarian form and that all weights must be equal.

The reason why our axioms lead to such a different result in this framework is the
presence of interpersonal comparisons. The richer informational basis provided by
interpersonal comparability leads to a considerably weaker invariance condition, which
avoids the impossibilities that arose in the Arrovian framework.

A great deal of the work in proving Theorem 5 is done by Extensive Social Prefer-
ence. Clearly this is a very strong condition. We might therefore want to know how
Classical Utilitarianism might be derived in this framework without assuming Extensive
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Social Preference. An answer is provided in Appendix E. Theorem 6 there character-
izes Classical Utilitarianism in terms of Interpersonal Extensive Domain, Strong Pareto,
Interpersonal Ratio IIA, and five principles imposed directly on the SWO. This theorem
illustrates how the classical utilitarian is committed to a large number of independent
principles, some of which lack an obvious ethical motivation or qualitative interpreta-
tion. One thing we learn from Theorem 5 is how many of these commitments can be
weakened, unified, and subsumed in a simple way via Extensive Social Preference.

5. CONCLUSION

Extensive measurement gives rise to natural weakenings of Arrow’s conditions which are
jointly consistent even when welfare is not interpersonally comparable. But, while there
are nondictatorial ASWFs which satisfy Extensive Domain, Ratio IIA, and Strong Pareto,
there are none which also satisfy Anonymity or Extensive Social Preference. In the gen-
eralized framework, by contrast, analogues of these conditions are not only consistent;
together, they uniquely characterize Classical Utilitarianism.

Extensive measurement, as we have seen, does much more for the classical utilitar-
ian than just giving “meaning to the utilities to be added” (Arrow, 1973, 255). It is, when
applied at the social level, what distinguishes classical utilitarianism from other anony-
mously welfarist approaches to social choice, including other versions of utilitarianism.

APPENDIX A: PROOFS FOR SECTION 3.1

We first show that Ratio IIA is equivalent, on our domain, to the following familiar con-
dition:

Utility IIA For any z,y € X, R,R' € D, and U € UR, U’ € Ug, if U;(z) = U/(z) and
Ui(y) =U/(y) foreveryie N, thenz =gy iff 2 = v.

PROPOSITION 2. [fan ASWF f satisfies Extensive Domain, then | satisfies Ratio IIA iff it
satisfies Utility 1IA.

PROOF. Suppose that f satisfies Extensive Domain and Ratio IIA. Take some z,y € X,
R,R' € D,and U € Ur,U’ € U such that U;(z) = U/(x) and U;(y) = U/ (y) for every i €
N. For each z € {z,y}°, there must be nonnegative integers n and m such that U;(z) =
nU;(z) +mU;(y) and U/ (z) = nU/(x) + mU/(y) for every i € N. Thus U;(z) = U/() for all
z € {z,y}°. We must therefore have R;[(, ,jo = Rj|(; )0 for everyi € N, so x =g y iff
x =g y by Ratio IIA, and Utility 1A is therefore satisfied.

For the other direction, suppose that f satisfies Extensive Domain and Utility ITA.
Take some z,y € X and R, R’ € D such that R;[(, 30 = R|(, ) for every i € N. Take
some U € Ur and V € Ug/. For any w,z € {z,y}° and i € N, we have wR;z iff wR}z
iff Vi(w) > Vi(z), and Vj(w o z) = V;(w) + V;(z). It follows that each Vi[, ;o addi-
tively represents 1; |, ,, yo. Since U € U, Uil , , 1 also additively represents R;|;, . yo.
Thus, by the uniqueness component of Proposition 1, for each i € N there must be
some k; > 0 such that V; = k;U;. Now let U/ = (1/k;)V; for every i € N, so that U’ =
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(U1,...,U;,) €Upr and Uj|¢ ;o yo = Uilg ;10 We have Us(x) = U/(x) and U;(y) = U] (y)
for every i € N, so z =g y iff = =g/ y by Utility IIA, and Ratio IIA is therefore satis-
fied. (Indeed, since U;|{, 1o = U/ {2,y }°> We also have the stronger consequence that
PR yye = 7R lwyye)

O

The following lemma plays a key role in the proof of Theorem 1; it appeals crucially
to our assumption that there are at least three atomic alternatives:

LEMMA 1. If an ASWF f satisfies Extensive Domain, then for any alternatives x,y € X,
utility profile U € Up, and any utility vector w € R", there is an atomic alternative a €
A C X and some profileV € Up such thatV (z) =U(z), V(y) =U(y), and V (a) = w.

PROOF. Any alternatives x and y are either atomic or concatenations of atomic alter-
natives. Thus there are atomic alternatives a1,...,a; € A and nonnegative integers
mi1,...,my (atleast one of which is positive) and m1, ..., m/, (atleast one of which is pos-
itive), where either m; or m/, is positive for every i € {1,...,k}, such that for any profile
Uelp, Uz) =" miU(a;) and U(y) = S-¥_ m!U(a;), by Extensive Domain.

Fix a particular profile U. If k < 3, the proof is trivial: since there are at least three
atomic alternatives, simplylet V' (a;) = w forsome a; € A\ {a1,a2} and V' (a;) = U(a;) for
all j # i. This obviously preserves V(z) = U(z) and V (y) = U(y). Suppose instead, then,
that £ > 3.

We know that the following system is satisfied:

Ui(ay) Uz(ay) -+ Up(ar)

(ml mk> . . .. . _ (Ul(.’ﬂ) Un(ﬂf)>

m! e m! : : . : U e Uy ’
1 ) \ U (aw) Ulan) - Un(ap) 1(y) (y)

Write the above system as M A = U, and pick any vector w € R".

Since we have M A = U, we know (by the Rouché-Capelli theorem) that rank(M) =
rank(M | U). And since k > 3 > rank(M), there must be some 2 x (k — 1) submatrix M of
M such that rank(M) = rank(M). (Just find some 2 x 2 submatrix of M with rank(M)-
many linearly independent columns—there must be at least one—and delete a column
not in that submatrix.)

Without loss of generality let

NI (™1 -1 gy Ui (z) — mgwy -+ Up(z) — mywn
- ! CREEEY / ’ - —_— / e —_— / '
my e my U1(y) — miw Un(y) — mjwnp
It is not difficult to see that rank(M | U) = rank(M | U), since U = U — (Z;’: Jw and

rank(M | U) = rank(M) = rank(M). Thus, rank(M | U) = rank(M). So (by Rouché-
Capelli again) there is a (k — 1) x n matrix B such that MB = U. If we simply let V(aj)
equal the jthrowof Bforall j € {1,...,k—1},and V(a;) = w, we have V(z) = U(x) and
V(y) =Ul(y), as desired. O
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Next we derive a multi-profile “neutrality” property for the atomic alternatives:

LEMMA 2. If an ASWF f satisfies Extensive Domain, Pareto Indifference, and Utility 1IA,
then for any a,b,a’,t/ € A, R,R' € D, andU € Ur, U’ € Ups, if U'(a’) =U(a) and U’ (V') =
U(b), thena=rbiffa’ =p V.

PROOF. Take any a,b,a’,b' € A, R,R' € D, and U € Ur, U’ € Ur/. Suppose U'(a’) =
Ul(a)=uvand U’ (b)) =U(b) = v.

Given Extensive Domain, the domain of utility profiles is unrestricted with respect to
atomic alternatives. And we have assumed there to be at least three atomic alternatives.
So there must be some c € A\ {b,b'}, R, R?, R3 € D,and U' € Up1,U? € Up2, U3 € Ups
such that

1. U(a) =Ulc)=uand U (b) = v,
2. U%(c)=wand U%(b) = U%(V') =v, and
3. U3(a") =U3(c) =uand U3(V) = v.

These profile assignments are displayed in Table 1.

U u v

Ul w u
U2 voov U
U3 u voou
U’ u v

TABLE 1. a =g biffa’ =5/ V'

Utility IIA and Pareto Indifference (plus transitivity) imply, in alternating order, that
aRb iff aR b iff cR'b iff cR20 iff cR?V iff cR3Y iff o’ R3Y iff o’ R'b. Thus aRb iff o’ R’V
O

PROOF OF THEOREM 1. Suppose that f satisfies Extensive Domain, Pareto Indifference,
and Ratio IIA. By Proposition 2, f also satisfies Utility IIA. Define a SWO »>* on R™ as
follows: for any u,v € R"™, u »=* v iff for some atomic a,b € A, R€ D,and U € Ug, U(a) =
u, U(b) =v,and a =R b.

Foranyu,v € R", therearea,b € A, R€ D,and U € Ur such thatU(a) =uand U(b) =
v. So, by the completeness of =y, either u =* v or v =* w.

Nowtakeanyz,y € X, Re€ D,and U € Ug. We show that z =y y ifand onlyif U (z) »=*
U(y). Suppose without loss of generality that U(z) = u and U(y) = v.

Use Lemma 1 to find an R! € D, U! € Up1, and atomic a € A such that U(a) =
U'(z) =uwand U'(y) = v, and then another R? € D, U? € Uy2, and atomic b € A such that
U?(a) =uand U?%(b) = U%(y) = v. (See Table 2.) Utility IIA and Pareto Indifference (given
transitivity) imply, in alternating order, that z =p y iff  =p1 y iff @ =1 y iff a =2 y iff
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a g2 b. Lemma 2 then implies that for any o’,d’ € A, R’ € D, and U’ € Ugs such that
Ul'y=wand U' (V') = v, a’ =p b iff a 3= b. It follows that z =g y iff U(z) =* U(y), as
desired.

U u

U' v v wu

U? voou v

U’ u v

TABLE2. z =g yiffa=p2 biffa’ =5/ V.

To show that =* is transitive, suppose that v »=* v and v »=* w. There must be some
ReD,U elUgr,and a,b,c € Asuchthat U(a) =u, U(b) = v, and U(c) = w. Given what we
just showed above, we must have a = b = ¢, and thus a = g c by the transitivity of = .
Thus v =* w.

It is easy to see that Welfarism implies Pareto Indifference and Utility IIA and thus,
given Extensive Domain and Proposition 2, Ratio IIA. O

The next two results are used in the proofs of Theorems 2 and 3.

PROPOSITION 3. Ifan ASWF f satisfies Extensive Domain and Welfarism, then the SWO
associated with [ must satisfy Intrapersonal Ratio-Scale Invariance.

PROOF. Suppose that f satisfies Extensive Domain and Welfarism. Take any utility vec-
tors u,v,u’,v" € R™ for which, for every i € N, there is some k; > 0 such that v} = k;u;
and v} = k;v;. Suppose that u »=* v, where »=* is the SWO associated with f. Then for any
ReD,U elp,and z,y € X suchthatU(z) =uwand U(y) =, = =g y. For any such R and
U, the profile U’ = (k1Uq, ..., k,Uy) additively represents R as well, by the uniqueness
component of Proposition 1. So by Welfarism, v’ =* v" as well. O

The following condition is equivalent to Anonymity on our domain:

Utility Anonymity For all R, R’ € D, U € Ug, and U’ € Uy, if there is a permutation
o : N — N such that U; = U(I;(i) foreveryi € N, then f(R) = f(R’).

PROPOSITION 4. If an ASWF [ satisfies Extensive Domain, then f satisfies Anonymity
iff  satisfies Utility Anonymity. If, in addition, f satisfies Welfarism, then f satisfies
Anonymity or Utility Anonymity iff =" is anonymous.

PROOF. Suppose that f satisfies Extensive Domain and Anonymity. Take any R, R’ € D,
U € Ug, and U’ € Ug/, and permutation o : N — N such that U; = U(/;(i) for everyi e N.
Since U; and U/ (i) additively represent R; and R/, ) respectively, this implies R; = R/ )
foralli e N. So f(R)= f(R’) by Anonymity and Utility Anonymity is satisfied.
Suppose next that f satisfies Extensive Domain and Utility Anonymity. Take any
R,R' € Dand o : N — N such that R; = Rfj(i) for every i € N. Fix a profile U € Ug.
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LetU' = (Uy(1),--+,Uq(n)). Clearly U’ € Ugs. So f(R) = f(R') by Utility Anonymity and
Anonymity is satisfied.

Now suppose that f satisfies Extensive Domain, Welfarism, and Anonymity and
therefore Utility Anonymity. The anonymity of >=* follows from the proofs of d’Aspremont
and Gevers (1977, Lemmas 4 and 5). Itis easy to see thatif :=* is anonymous, then f must
satisfy Utility Anonymity and therefore Anonymity. O

APPENDIX B: PROOFS FOR SECTION 3.2

PROOF OF THEOREM 2. Take a social welfare function f that satisfies Extensive Domain,
Ratio IIA, and either Strong Pareto or the conjunction of Pareto Indifference and Weak
Pareto. By Theorem 1 and Proposition 3, f satisfies Welfarism and its associated SWO =*
satisfies Intrapersonal Ratio-Scale Invariance. By Proposition 4, f satisfies Anonymity iff
its associated SWO is anonymous. We show that >* cannot be anonymous given Strong
Pareto or, when n is even, Weak Pareto.

First assume Strong Pareto. Let a > b > 0. By the anonymity of =* and Strong Pareto,
(a,0,...,0) ~ (0,...,0,a) = (0,...,0,b), so (a,0,...,0) = (0,...,0,b). By the same rea-
soning, (0,...,0,a) > (b,0,...,0). But Intrapersonal Ratio-Scale Invariance implies that
(a,0,...,0) = (0,...,0,b) iff (b,0,...,0) > (0,...,0,a), by multiplying person 1’s utilities in
both vectors by b/a and person n’s by a/b.

Next assume Weak Pareto and suppose that n is even. For any z,y € R, let (x,y)
denote the vector in R” the first half of whose components equal = and whose sec-
ond half equals y. As before, assume that ¢ > b > 0. By the anonymity of =* and
Weak Pareto, (a,—b) ~ (—b,a) > (—a,b), so (a,—b) > (—a,b). By the same reasoning,
(b,—a) ~ (—a,b) < (—b,a), so (b,—a) < (—b,a). But these are inconsistent with Intrap-
ersonal Ratio-Scale Invariance, which implies that (a, —b) = (—a, b) iff (b, —a) > (—b, a).

O

We now lay out three results concerning Extensive Social Preference; these lead to
the proof of Theorem 3.

First, we derive the following Pareto condition from Extensive Domain, Ratio IIA,
Weak Pareto, and Extensive Social Preference:

Semistrong Pareto For any z,y € X and any Arrovian profile R € D, if xR;y for every
1€ N,thenz =ry.

Semistrong Pareto is, like Strong Pareto and unlike Weak Pareto, a strengthening of
Pareto Indifference; it was named and distinguished by Weymark (1991, 1993).

LEMMA 3. Ifan ASWF f satisfies Extensive Domain, Ratio IIA, Weak Pareto, and Extensive
Social Preference, then it must also satisfy Semistrong Pareto.

PROOF. Suppose that f satisfies Extensive Domain, Ratio IIA, Weak Pareto, and Exten-
sive Social Preference. Suppose for reductio that, for some z,y € X and R € D, xR;y
for all i € N but y = x. Take some U € Ui and use Lemma 1 to find an R’ € D,
V € Ug, and z € X such that V(z) =U(z),V(y) =U(y),V(z) =U(y) — (1,...,1). By
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Ratio IIA and Proposition 2, y >/ x. This implies, by the Archimedean property, that
for some natural number n, ny o z =g nz o . By Extensive Domain, V(ny o z) =
Ving) +V(z)=nm+1)V(y) —(1,...,1),and V(nz o z) = V(nz) + V(z) = (n + D)V (z).
But since V;(x) > V;(y) foreveryi € N, (n+1)V;(x) > (n+1)V;(y) — 1 for every i € N and
natural number n. Thus we cannot have ny o z = g nx o x by Weak Pareto. O

LEMMA 4. If a social welfare function f satisfies Extensive Domain and Welfarism, then
f satisfies Extensive Social Preference iff its associated SWO =* satisfies Extensive SWO:

Extensive SWO The triple (R™,=*,+) is an extensive structure.

PROOF. Suppose that f satisfies Extensive Domain and Welfarism. Transitivity and
Completeness are built into the definitions of =z and =*. Vector addition is associa-
tive, and Weak Associativity of o with respect to ~ i follows from Extensive Domain and
Pareto Indifference, which is implied by Welfarism. So it remains to show that (X, =g, o)
satisfies Monotonicity and Archimedean iff (R", =*, 4+) does.

For Monotonicity, take any u,v,w € R", and any R € D, U € Ug, and z,y, z € X such
that U(z) = u, U(y) = v, and U(z) = w. Welfarism implies that u >=* v iff + = y, and
roz =pyoziffu+w =* v+ w. Extensive Social Preference implies that x =g yiffxoz =g
y o z; Extensive SWO implies u =* v iff u + w =* v + w. Whichever we assume, the other
follows. The proof for the Archimedean axiom is analogous. O

LEMMA 5. If a SWO :=* satisfies Extensive SWO and Semistrong Pareto, then it is addi-
tively represented by a social utility function W : R™ — R of the following form: for some
Cly-.-,Cn 201

W(u) = Z ciu; forall u e R™. (D
iEN

PROOF. By Extensive SWO and Proposition 1, =* is representable by some W : R” — R
which satisfy’s Cauchy’s functional equation (2):

W(u+v)=W(u)+ W(v) forall u,v e R". )

The general solution to such an equation is of the following form (Aczél and Dhombres,
1989, p. 35):

W(u)=> Wi(u), 3)

where each W, : R — R satisfies equation (4):
Wiz +vy) = W;(x) + W;(y) forall z,y € R. (4)

In order to satisfy Semistrong Pareto, each W; must be nondecreasing. Thus, by Aczél
and Dhombres (1989, Corollary 2.5, p. 15), for each W; there must be a constant ¢; > 0
such that

Wi(x) =c¢;z forall z € R. (5)
Putting equations (3) and (5) together, we get (1). O
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PROOF OF THEOREM 3. Suppose that f satisfies Extensive Domain, Ratio IIA, Weak
Pareto, and Extensive Social Preference. By Lemma 3, f also satisfies Semistrong Pareto
and thus Pareto Indifference. So, by Theorem 1, Proposition 3, and Lemma 4, f satis-
fies Welfarism and the associated SWO >=* satisfies Intrapersonal Ratio-Scale Invariance
and Extensive SWO. Lemma 5 then implies that »=* must be additively representable by
a W :R™ — R which satisfies equation (1) with nonnegative weights.

In order to satisfy Weak Pareto, there must be some i € N such that ¢; > 0. We then
show that, for any j € N \ {i}, ¢; = 0. Suppose for reductio that, for some distinct i, j €
N, ¢; >0 and ¢; > 0. Consider the unit vectors e;,e; € R" with all components equal
to 0 except the ith (resp., jth) which equals 1. We have W (e;) = ¢; and W (e;) = ¢; by
equation (1). If ¢; and ¢; are both positive, then there must be some natural numbers n
and m such that nc; > ¢; and mc; > ¢; by the Archimedean property of the real numbers.
Since W (ne;) = nc; and W (me;) = mc;, this implies that ne; ~* e; and me; ~* e;. But,
by Intrapersonal Ratio-Scale Invariance, ne; -* e; implies e; ~* me;.

We have shown there to be exactly one i € N such that ¢; > 0; for all other j € N,
c; = 0. Thus, W(u) = c;u; for all w € R™, so the social welfare function must be strongly
dictatorial. It is easy to see that if f satisfies Extensive Domain and is strongly dictatorial,
it must also satisfy Ratio IIA, Weak Pareto, and Extensive Social Preference. O

APPENDIX C: PROOFS FOR SECTION 4.1

We first reformulate our Pareto and utility-theoretic IIA conditions in the generalized
framework:

Weak Pareto Forany N € P, z,y € X", and R € D, if (z,i)P(y, i) for every i € N, then
T>RY.

Pareto Indifference Forany N ¢ P, z,y € XV, and R € D, if (x,i)I(y,4) for everyi € N,
then x ~p y.

Semistrong Pareto Forany N € P, z,y € X~ , and R € D, if (x,i)R(y, i) for everyi € N,
thenz =g y.

Strong Pareto Forany N € P, z,y € X"V, and R € D, if (x,i)R(y, ) for everyi € N then
x =g y; if, in addition, (x,i)P(y,i) for some i € N, then = >R y.

Generalized Utility ITA For any R, R’ € D, U € U, U’ € Ur and z,y € X, if for all i €
N(z),j € N(y), U(z,i) =U"(z,i)and U(y,j) =U'(y,j), then x =g y iff z = p/ v.

PROPOSITION 5. If a GSWF f satisfies Interpersonal Extensive Domain, then f satisfies
Interpersonal Ratio IIA iff f satisfies Generalized Utility IIA.

PROOF OF PROPOSITION 5. Suppose first that f satisfies Interpersonal Extensive Do-
main and Interpersonal Ratio IIA, and that for some R, R’ € D, U € Ug, U’ € U and
z,y € X, U(z,i) =U'(x,i) and U(y,j) = U'(y,j) for all i € N(z),j € N(y). Define a
bijection ¢ : L({z,y })®% — L({x,y})@R, as follows. If s € L({z,y}), let ¢(s) =s. If
s€ L({z,y PR\ L({x,y}), there must be some s1,...,s, € L({x,y}) with k > 2 such
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that s = s, ®F .- @ 5;; let ¢(s) = s1 ®F --- @F s;,. Clearly U(s) = U'(¢(s)) for all
s€ L({x,y});andforall s =s1 @ ---of s € L({z,y})®7\ L({x,y}), we have

U(s)=U(s1 &% - af sy
=U(s1)+ -+ U(sk)
=U'(s1) + -+ U'(sx)
=U'(sy % - @F sp)
=U'(¢(s))-

Thus, U(s) = U’(¢(s)) forall s € L({x,y })®%. So for any s,t € L({z,y })®E, U(s) > U(t)
iff U’ (¢(s)) > U'((t)), so sRt iff ¢(s)R'é(); and, by construction, ¢(s &2 t) = ¢(s) &
¢(t). Thus ¢ is a profile isomorphism, so by Interpersonal Ratio IIA, z =r y iff z =/ y
and Generalized Utility IIA is satisfied.

Suppose next that f satisfies Interpersonal Extensive Domain and Generalized Util-
ity IIA, and that for some R,R’ € D and z,y € X, there is a profile isomorphism ¢ :
L{z,y1)®" = L{2,y})®" such that é(z,i) = (x,i) and é(y, j) = (y, ) for all i € N(x)
and j € N(y). Picka U € Ur and U’ € Ug,. For any s,t € L({w,y})@R, we have sRt
iff ¢(s) R'6 (1) ff U (6(5)) > U'((1), and U’ ((s &7 1)) = U'(6(s) &7 (t)) = U"(é(s)) +

U'(¢(t)). Let V: L({my})@R — R denote the composition of U’|L({x e with ¢.

We've just seen that V additively represents R|L({ ey O foranys,t € L({z,y })@R, sRt
iff V(s) > V(1) iff U'(¢(s)) = U'(¢(t)), and V(s &7 ) = V() + V (t) = U'(¢(s)) + U' (6(1)).
Since U € UR, U|L({x7y})$R also additively represents R|L({m7y})@3. Thus, by the
uniqueness component of Proposition 1, there must be some k£ > 0 such that V(s) =
U(s)forallse L({z,y })@R. Nowlet V/ = (1/k)U’,so that V' € Ur, and V' (¢(s)) = U(s)
forall se L({ x, y})@R. Remember that ¢(s) = sforall s € L({z,y}). So V/(z,i) = U(z,1)
and V'(y,j) =U(y,j) forall i € N(z) and j € N(y). Therefore, by Generalized Utility IIA,

x =gy iff = g/ y, and Interpersonal Ratio IIA is satisfied.
O

For any population N € P, let { a; },c v be a set of atomic alternatives with N(a;) =
{i} for each a;. Let O;cna; denote the concatenation of all these alternatives in arbi-
trary order, so that N(QO;cna;) = N. Let AV denote the set of all such concatenations of
one-person alternatives involving the members of N. For any populations M, N € P and
z € AM and y € AN, where 2 = O;cara; and y = Qe nbi, say that z and y are nonover-
lapping iff { a; };c p; N { b };c 5 = 0. We have the following lemma:

LEMMA 6. Ifa GSWF f satisfies Interpersonal Extensive Domain, then for any populations
M, N,O € P, there are nonoverlapping alternatives x € AM,y ¢ AN, and » € A°. And, for
any such x,y, z, and any utility distributions v € RM v € RN ,w € R?, there is a utility
profileU € Up such thatU (z, ) =u,U(y,-) =v,U(z,-) = w.
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PROOF. Recall that we have assumed, for each individual, the existence of at least three
atomic alternatives in which only that individual exists. So we can find disjoint sets of
atomic alternatives {a; };c s {b; }jeN, and {cy }co- Let 2= Oiemai, y = Ojenby,
2= reock, so that z € AM, 3 c AN and » € A° are nonoverlapping concatenations of
single-person atomic alternatives. For any u € R™ v € RN, w € RY, we can find some
U € Up such that U(a;,1) = u;, U(bj,j) = vy, and U(cg, k) =wy forall i e M,j € N,k €
O. By the Irrelevance of Nonexistence condition of Interpersonal Extensive Domain,
(x,9)I(as,1), (y,5)I(bj,7), and (z,k)I(ck, k) forall i € M,j € N,k € O. So U(x,i) = u;,
U(y,j) =vj, and U(z,k) = wy, foreveryie M,j e N,k € O. Thus U(z,-) =u, U(y,-) =,
and U(z,-) = w, as desired. O

Lemma 6 provides us with a set of free triples in the sense of Weymark (1998)—i.e., a
set of three alternatives for which the domain of attainable utility distributions is unre-
stricted. We also have the following analogue of Lemma 1:

LEMMA 7. If f satisfies Interpersonal Extensive Domain, then for any populations
M,N,O € P, alternatives v € XM and y € XN, any utility profile U € Up, and util-
ity distribution w € RO, there is a = € A° and V € Up such that V(z,-) = U(z,),
Viy,")=Uly,"),andV(z,-) = w.

PRrROOF. The proof is analogous to that of Lemma 1, except that we choose an atomic
alternative a; € AU} for each i € O and let z be the concatenation of all these alterna-
tives. This is trivial fori ¢ ON M N N. Fori € ON M N N, we can use the same strategy
as the one used in the proof of Lemma 1 to find an a; € A"} and a V € Up such that
V(as,4) = w; while preserving V(z,i) = U(x,4) and V(y,i) = U(y, 7). We then let z be the
concatenation of all these atomic, one-person alternatives, so that V(z, -) = w; for every
i € O while preserving V(z,-) =U(z,-) and V(y,-) = U(y,-), as desired. O

We can then use Lemmas 6 and 7 to define our SWO on Q:

PROOF OF THEOREM 4. Suppose that f satisfies Interpersonal Extensive Domain, Pareto
Indifference, and Interpersonal Ratio IIA. Define the SWO as follows: for any M, N € P,
ue€RM, and v € RV, u =* v iff, for some nonoverlapping a € AM and b € AV, R € D and
UeclUrsuchthatU(a,)=wvand U(b,") =v,a =R b.

By Lemma 6, for any « € RM, and v € RY, there must be some nonoverlapping
a€ AM andbe AN, R e D,and U € Uy such that u = U(a,-) and v = U (b, ). Since =, is
complete, we have either a 3= b or b =g a, which implies either u =* v or v =* u respec-
tively. Thus =* is complete.

We claim that, for any =,y € X, Re€ D, and U € Ug, z =g y if and only if U(z,-) =*
U(y,-). The proof of this claim is exactly analogous to that of the corresponding claim
on page 19 (including proof of Lemma 2), and is therefore omitted.

To show that =* is transitive, take any M, N,0 € P and v € RM v ¢ RV, w € RO such
that u =* v =* w. By Lemma 6, there must be some nonoverlapping a € AM b€ AV c ¢
A9, ReD,and U € Ug such that U(z,-) = u,U(y, ) = v,U(z,-) = w. We have just shown
above that z =y y =g z and thus z = z by the transitivity of =g, so u =* v, as required.
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It is easy to see that =* is unique and that Variable-Population Welfarism implies
Pareto Indifference and Generalized Utility IIA and therefore Interpersonal Ratio I[TA. [

PROPOSITION 6. If a GSWF f satisfies Interpersonal Extensive Domain and Variable-
Population Welfarism, then the SWO associated with f must satisfy Interpersonal Ratio-
Scale Invariance.

The proof of Proposition 6 is exactly similar to that of Proposition 3 and is therefore
omitted.

APPENDIX D: PROOFS FOR SECTION 4.2
In terms of numerical utilities, Fixed-Population Anonymity amounts to the following:

Fixed-Population Utility Anonymity For any R, R’ € D, U € Ug, U’ € Ur and N € P,
if there is a permutation ¢ : N — N such that U(z,i) = U’(x,0(i)) forall £ € XV x N,
thenforall z,y € XN,z =ryiff x = p v.

PROPOSITION 7. If a GSWF f satisfies Interpersonal Extensive Domain, then f satisfies
Fixed-Population Anonymity iff f satisfies Fixed-Population Utility Anonymity.

PROOF OF PROPOSITION 7. Suppose that f satisfies Interpersonal Extensive Domain
and Fixed-Population Anonymity. Take some R,R' € D, U € Ug, U’ € Ur/, N € P,
and permutation o : N — N such that U(z,i) = U’(z,0(i)) for all £L € XV x N. De-
fine ¢ : L(XM)®" = L(xM)®" as follows. For all (z,7) € L(XN), let ¢(x,i) = (z,0(i));
if s € L(XM)®E\ L(XY), there must be some s1,...,s; € L(X") with k£ > 2 such that
s=s51 0% . ©F s;, s0let p(s) = B(s1) of ...oF ¢(sr). By reasoning analogous to that
in the first paragraph of the proof of Proposition 5, ¢ is a profile isomorphism. Therefore,
forall z,y € X, x =g y iff = 3= 5 v, so Fixed-Population Utility Anonymity is satisfied.
Suppose next that f satisfies Interpersonal Extensive Domain and Fixed-Population
Utility Anonymity. Take some R, R’ € D, N € P, permutation o : N — N, and profile iso-
morphism ¢ : L(XV)®" — L(XN)@R/ such that ¢(z,4) = (z,0(i)) forall (z,i) € XV x N.
By reasoning analogous to that in the second paragraph of the proof of Proposition 5,
there exist U € Ug, U’ € Ug such that U(z,i) = U'(z,0(i)) for all (z,i) € XV x N.
So, by Fixed-Population Utility Anonymity, =g |y~ =g’ | y~, and Fixed-Population
Anonymity is satisfied. O

One especially powerful implication of Extensive Social Preference in the variable-
population setting is that, in the presence of Interpersonal Extensive Domain and Pareto
Indifference, it implies that the addition of “null” lives to a population is always a matter
of social indifference. An alternative z € X is null for individual i € N(z), relative to a
profile R, iff (z,i) @ (2,i)I(z,i). An alternative z is universally null, relative to R, iff =
is null for all : € N(z). In any given profile, there may or may not be universally null
alternatives. Butif there are, the following condition says that their concatenation to an
alternative is always a matter of indifference:
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Null Critical Levels For any R € D and any z € X thatis universallynullin R, xoz ~p z
forallz € X.

PROPOSITION 8. If a GSWF f satisfies Interpersonal Extensive Domain, Pareto Indiffer-
ence, and Extensive Social Preference, then it satisfies Null Critical Levels.

PROOF OF PROPOSITION 8. Take any profile R and z € X such that (z,i) &% (z,4)I(z,1)
for all i € N(z). By the Matching condition of Interpersonal Extensive Domain, (z,i) &%
(2,i)I(z 0 z,%) for all i € N(z). Thus, by Pareto Indifference, z o z ~g z. So, by the Mono-
tonicity condition of Extensive Social Preference, o (z 0 z) ~ g x o z; by Weak Associativ-
ity, zo(z0z) ~p (roz)ozs0 (xoz)oz~pgzozbyTransitivity; by Monotonicity again,
TOZ~RI. O

As mentioned in section 4, the field 2 of the SWO :=* is not a vector space: we can-
not add together utility distributions with different domains. This can be rectified by
strengthening Variable-Population Welfarism in the following way. Let R*® denote the
set of all infinite sequences with finite support—i.e., R := {u: N — R | u; # 0 for finitely many i
Unlike €2, R*° is a vector space: for any u,v € R, (u + v); = u; + v; for every ¢ € N. For
any population N € P, let 1y : RY < R> denote canonical inclusion such that for each
ue RN, in(u); =u; forallie N and tn(u); =0 forall j € N\ N. Let ¢: Q < R* (no
subscript) denote the union of all these inclusions. We call an ordering =°° on R* an
extended SWO.

Extended Welfarism There is a unique SWO =°° on R*° such that, for any profile R €
D, any U € Ug, and any alternatives z,y € X, z =g y iff «(U(x,-)) = «(U(y,-)).

LEMMA 8. Ifa GSWF f satisfies Interpersonal Extensive Domain, then f satisfies Variable-
Population Welfarism and Null Critical Levels iff it satisfies Extended Welfarism.

PROOF. Take any M,N € P, u € RM, and v € RN. Suppose tjs(u) = tx(v). We show
that v ~* v. This is obvious if M = N, since then v = v. So suppose M # N. Letu ~v
denote the utility distribution in RM"“Y such that, foralli € M UN, (u —~v); = u; = v; if
i€ M NN and (u ~v); = 0 otherwise. We show that u ~* (u ~v) ~* v.

By Lemma 6, there must be some z € X 2 ¢ XV, Re D, and U : £ — R which
additively represents R such that U(z,-) = v and U(z,47) =0 for all i € N. It follows from
Proposition 1 that z is universally null. So by Proposition 8, = o z ~ z. Notice, however,
that U(x o z,-) = u —~ v, so by Variable-Population Welfarism v ~* (u —~ v). An exactly
similar argument shows v ~* (u —~ v). Thus u ~* v.

We now define =°° as follows: for all u,v € R, u »=°° v iff, for some M, N € P and
u' € RM o' € RN such that (/) = v and «(v') = v, ' =* v'. For any such u,v € R*, there
exist M, N € P and «’ € R™ v/ € R such that «(v’) = u and ¢(v') = v, so =>° inherits
completeness from =*. And we've just seen that for any M’ , N’ € P,u* € RM/,U* cRY
such that «(u*) = 1(v/) = v and (v*) = +(v/) = v, v ~* v* and v/ ~* v*, so u* =* v* iff
u =% v. It’s easy to see that =°° must also be transitive and is unique.
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For the other direction, suppose that f satisfies Extended Welfarism. Then we define
the SWO :=* as follows: for all u,v € Q, u =* v iff t(u) =°° ¢(v). It’s clear that =* is an
ordering and that, by Extended Welfarism, for any z,y € X, Re D, and U € URr,  =r y
ifft U(x,-) =* U(y,-). Finally, to see that Extended Welfarism implies Null Critical Levels,
suppose that z is universally null in a profile R. Then for any U € Ug, U(z,¢) = 0 for all
1€ N(z). Foranyz € X, t(U(z o0 z,-)) =(U(z,")), so by Extended Welfarism, z o z[z. O

An extended SWO is fully anonymous iff, for any permutation ¢ : N — N and u,v €
R such that u; = v, ;) forevery i € N, u ~> v.

LEMMA9. Ifa GSWF f satisfies Interpersonal Extensive Domain and Extended Welfarism,
then f satisfies Fixed-Population Anonymity iff its associated extended SWO =*°is fully
anonymous.

PROOF. Suppose f satisfies Interpersonal Extensive Domain and Extended Welfarism.
Clearly if »=*° is fully anonymous, then Fixed-Population Anonymity must be satisfied.
For the other direction, suppose that f satisfies Fixed-Population Anonymity and thus
Fixed-Population Utility Anonymity (by Proposition 7). Take any u,v € R* such that, for
some permutation o : N — N, u; = v,(;) foreveryi € N. Let N = {i € N | u; # v; }. Since u
and v have finite support, N must be finite even if ¢ itself has infinite support. Consider
the distributions u*,v* € RY such that «(u*) = v and «(v*) = v. There is a permutation
o*: N — N such that uj =v?. (i) for every i € N. By Fixed-Population Utility Anonymity
and Proposition 7, u* ~* v*. Thus, by Extended Welfarism, u ~°° v, as desired. O

PROOF OF THEOREM 5. Suppose that f satisfies Interpersonal Extensive Domain, Inter-
personal Ratio ITA, Weak Pareto, Fixed-Population Anonymity, and Extensive Social Pref-
erence. By Lemma 3, f must also satisfy Semistrong Pareto and thus Pareto Indiffer-
ence. So by Theorem 4 and Proposition 8, f satisfies Variable-Population Welfarism and
Null Critical Levels and thus, by Lemma 8, Extended Welfarism. By Fixed-Population
Anonymity and Lemma 9, the extended SWO =° is fully anonymous.

The proof of Lemma 4 can be easily adapted to show that (R>°, =°° +) is an extensive
structure. So =° is additively representable by a social utility function W : R* — R
which satisfies Cauchy’s functional equation (6):

W(u+v)=W(u)+W(v) forall u,v € R*. (6)

For eachi € N, define W; : R — R so that W;(x) = W (i1 (i x)) forallz € R.
For any u € R*°, there must be some & € N such that v; =0 for all i > k. (Otherwise u
would have infinite support.) Thus, for any u € R*°, there is a k € N such that

w=(u1,0,0,...) + (0,u2,0,0,...) + -+ (0,...,0,uz,0,0,...) +(0,0,...). @)
This implies, by equation (6),

W(u) =W (u1,0,0,...)+ W(0,u2,0,0,...)+--- + W(0,...,0,u,0,0,...) + W(0,0,...).
8
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Since W(0,0,...) =0, this simplifies to
W (u) = (u1,0,0,...) + (0,u2,0,0,...) 4+ -+ (0,...,0,ug,0,0,...). 9

So, by equation (6) and the definition of W;, we have that for any u € R, thereisak € N
such that

k
W(u)=> Wi(u). (10)
i=1
For each i € N, we must have:
Wi(x +y) =W;(z) + W;(y) forall z,y € R. 11)
Thus W;(0) =0foralli € N, so
W(u)=>_ Wi(u;) forallu € R (12)

i=1

Each W; must be nondecreasing in order to satisfy Semistrong Pareto. So by Aczél and
Dhombres (1989, Corollary 2.5, p. 15), for each W; there must be a constant ¢; > 0 such
that

Wi(z) = ¢z forallz € R. (13)

In order to satisfy Weak Pareto and the full anonymity of =, there must be some ¢ > 0
such that ¢; =cforall: € N. So

W (u) :Zc(ui) ZCZW for all u € R*™. (14)
=1 i=1

For any such ¢, and any z,y € X, R€ D, and U € Ugr, W((U(z,-))) > W((U(y,-))) iff
22ieN(@) U@ 1) 2 3 ien(y) Uy )

It is straightforward to verify that, given Interpersonal Extensive Domain, Clas-
sical Utilitarianism satisfies Interpersonal Ratio IIA, Weak Pareto, Fixed-Population
Anonymity, and Extensive Social Preference. O

APPENDIX E: AN ALTERNATIVE CHARACTERIZATION OF CLASSICAL UTILITARIANISM

Blackorby et al. (2005, Theorem 6.24) characterize the “classical means of order r.” These
are SWOs which compare utility distributions as follows: there exist 5, € R4 such that
forany M, N € P,u € RM,and v € RV, u =* v iff

2. wi=B D (w)z 3 wf=f Y, (w) (9
i€EM:u; >0 i€M:u; <0 i€EN:v;>0 i€ENw; <0
To characterize these orderings we introduce three new conditions:

Variable-Population Continuity Forall N,M € Pandu € RM  thesets {v e RN |v=*u}
and {v € RN |u =* v} are closed in RY.
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Weak Existence of Critical Levels For some N € P, u e RY,i € N\ N, and v € RVU{}
such thatv; = u; forall j € N, u ~* v.

Existence Independence For all u,v,w € Q2 such that u Uw,vUw € Q, v =* viffuUw =*
v U w.

PROPOSITION 9. Ifa GSWF f satisfies Interpersonal Extensive Domain, then f is associ-
ated with a classical mean of order r iff [ satisfies Interpersonal Extensive Domain, In-
terpersonal Ratio IIA, Strong Pareto, and Fixed-Population Anonymity and its associated
SWO satisfies Variable-Population Continuity, Weak Existence of Critical Levels, and Ex-
istence Independence.

PrOOF. Weak Existence of Critical Levels, Existence Independence, and Strong Pareto
together imply that there is a single critical level for all alternatives (Blackorby et al.,
2005, Theorem 6.9). Interpersonal Ratio-Scale Invariance then implies Null Critical Lev-
els (Blackorby et al., 2005, Theorem 6.23), so the social welfare function satisfies Ex-
tended Welfarism (Lemma 8). So, by Fixed-Population Anonymity and Lemma 9, the
SWO must be fully anonymous. The axioms of Blackorby et al. (2005, Theorem 6.24) are
therefore satisfied, so »=* must be a classical mean of order r. O

The classical utilitarian SWO is the classical mean of order r with 5,7 = 1. As Black-
orby and Donaldson (1982, Theorem 4) show, we can force » =1 and 8 > 1 by requiring
the SWO to be weakly averse to inequality, in the following sense. A Pigou-Dalton trans-
fer is a non-leaky, non-rank-switching transfer in utility from a better-off to a worse-off
person, with no one else affected. For any N € P and distributions u,v € RY, uis unam-
biguously at least as equal as v iff either v is a permutation of v or « is obtainable from v
via finitely many Pigou-Dalton utility transfers (Blackorby et al., 2005, 93).

Weak Inequality Aversion For any N € P and u,v € RY, if u is unambiguously at least
as equal as v, then u =* v.

This still leaves the possibility that g > 1, in which case negative utilities are weighted
more heavily than positive ones. This can be ruled out by imposing

Reflection Anti-Invariance For any u,v € Qand k < 0, u =* v iff kv &=* ku.®
Putting all this together, we have:
THEOREM 6. Ifa GSWF f satisfies Interpersonal Extensive Domain, then f satisfies Clas-
sical Utilitarianism iff f satisfies Strong Pareto and Ratio IIA and its associated SWO sat-

isfies Variable-Population Continuity, Weak Existence of Critical Levels, Existence Inde-
pendence, Weak Inequality Aversion, and Reflection Anti-Invariance.

PROOF OF THEOREM 6. Suppose that f satisfies Interpersonal Extensive Domain, Strong
Pareto, and Ratio ITA. By Theorem 4 and Proposition 6, f satisfies Variable-Population
Welfarism and the associated SWO satisfies Interpersonal Ratio-Scale Invariance. Weak

8The decision-theoretic analogue of this principle is introduced and defended by Goodsell (2023).
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Inequality Aversion implies Fixed-Population Anonymity so, by Proposition 9, =* is a
classical mean of order . Weak Inequality Aversion then implies (by Blackorby and Don-
aldson, 1982, Theorem 4) that » = 1. It is easy to see that Reflection Anti-Invariance can
then be satisfied only if 5 = 1 as well. O
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