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Abstract

There is an influential research program in quantum gravity developing the
connection between quantum entanglement and spatiotemporal distance.
Through a series of well-confirmed results, it has been shown how these facts
about the entanglement entropy of component systems may be connected
to facts about spatiotemporal distance. Physicists are seeing these results as
yielding promising methods for better understanding the emergence of (the
dynamical) spacetime from more fundamental quantum theories, and for the
development of a nonperturbative theory of quantum gravity. However, to
what extent does the case for the entanglement entropy-distance link provide
evidence that spacetime structure is nonfundamental and emergent from
nongravitational degrees of freedom? I will show that a closer look at the
results lends support only to a weaker conclusion: that the facts about quantum
entanglement are constrained by facts about spatiotemporal distance, and not
that they are the basis from which facts about spatiotemporal distance emerge.

4,1 Introduction

Within the field of quantum gravity, there is an influential research program
developing the connection between quantum entanglement and spatiotemporal
distance. Quantum information theory gives us highly refined tools for quantify-
ing quantum entanglement. A common measure is the von Neumann entropy S,
which can be seen as a quantum analog of the Shannon entropy (Preskill 1998,
Nielsen and Chuang 2016). For a state with density matrix p,

S(p) = —tr(plog p). (4.1)
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Where the density matrix is diagonalizable, with eigenvalues A;, the von Neumann
entropy may also be expressed as

S(2) = 3 Alog Ai 42)

The von Neumann entropy gives one a measure of how entangled a system is.
So, for example, if we consider a bipartite system o5, we may ask how entangled
are its parts, o, and g. In this case, we can refer to S(p ) and S(p,) as the parts’
entanglement entropies, where p, and p, are the reduced density matrices of the
system’s parts. Suppose p 4B is a pure state. The von Neumann entropy for any pure
state is identically zero. If the joint state of the system is a product state so that
Pap = P, @ py, then the entanglement entropy for either part, S(p,,) or S(p,), will
also be zero. On the other hand, for an entangled system, the entanglement entropy
of the parts will not be zero. Indeed, depending on the degrees of freedom of the
system, there will be a maximum value of the entanglement entropy associated
with the maximally entangled state. Folr a system of qubits, this wlill be the value
associated with the Bell states, v, , = \/—_2.(|01) +[10))and v, = ﬁ(IOO) + |11)).

Through a series of well-confirmed results, it has been shown how these facts
about the entanglement entropy of component systems may be connected to
facts about spatiotemporal distance.’ Physicists are seeing these results as yielding
promising methods for better understanding the emergence of (the dynamical)
spacetime (of general relativity) from more fundamental quantum theories, and
moreover as promising for the development of a nonperturbative theory of quan-
tum gravity. These results appear to be part of a more general convergence forming
from several different approaches to quantum gravity (string theory, spin foams,
causal sets) around the idea that spacetime, dynamical spacetime of the kind
found in general relativity, is an emergent phenomenon, a phenomenon that
arises in some sense or other from a more fundamental, nongravitational descrip-
tion (Carlip 2012, Huggett and Wiithrich 2013, Oriti 2021). However, to what
extent does the case for the entanglement entropy-distance link provide evidence
that spacetime structure is nonfundamental and emergent from nongravitational
degrees of freedom? I will show that a closer look at the results lends support
only to a weaker conclusion: that the facts about quantum entanglement are

' We may note, in anticipation of this fact, that entanglement entropy will be connected with
spatiotemporal distance, and that this quantity has certain features that make it apt to serve as a
distance relation-itself. In particular, it satisfies the triangle inequality: For a jaint state p, 5, S (p, ;) =
1S(p,) — S(p)| (Nielsen and Chuang 2016, 515-518), On the other hand, since, for example, S(g, ;)
can equal zero even when p, # p,, the entanglement entropy has other features that make it seem
unlike a distance relation.
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constrained by facts about spatiotemporal distance, and not that they are the basis
from which facts about spatiotemporal distance emerge.

4.2 Constructing the Metric from Entanglement Entropy
in the AdS/CFT Context

Let’s start by looking at results connecting facts about the spacetime metric with
facts about quantum entanglement that have been motivated from within the
string theory paradigm. These follow first on Maldacena’s (1999) discovery of the
AdS/CFT correspondence. Maldacena shows how one can establish a holographic
correspondence between pairs of theories.” For, example one may consider first
a gravitational theory, a string theory on anti-de Sitter (AdS) spacetime in d +
1 dimensions; and next a theory without gravitational degrees of freedom, a
conformal field theory, a type of quantum field theory with a kind of scaling
symmetry (CFT), defined on a flat spacetime in d dimensions (see Fig, 4.1).

In this model, one may view the AdS description as defining a bulk spacetime for
which the CFT lies on its boundary. Maldacena shows how one can translate back
and forth between the description of the (d+1)-dimensional spacetime in the bulk
and the d-dimensional spacetime on its boundary. This work has been extremely
influential and so it is a good place to start to look for mainstream arguments on
the link between quantum features and spacetime structure. Even though we don't
ourselves inhabit an AdS spacetime, this correspondence shows us how one might,
for at least one case, derive facts about a curved spacetime, and hence gravity, from
a quantum theory without it.

d+1 dimensional anti-de Sitter
spacetime in the bulk

d-dimensional conformal
field theory on the boundary

Fig. 4.1 AdS/CFT correspondence

? The explicit connection with holography was made in Witten (1998).

——
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Iwant tolook at a particular line of research that has started within the AdS/CF1
context, work that aims to derive facts about the AdS metric using particula:
facts about the CFT on the boundary; in particular, facts about the entanglemen
entropy of particular states living on the boundary.® In 2006, Ryu and Takayanag
asked us to consider the following. First, take a CFT boundary and divide it intc
two regions, A and its complement, A (see Fig, 4.2).

We may then consider the reduced density matrices p,, which describes th
state on region A, and p,, which describes the state on the complement region A
Given these density matrices, we can then compute their entanglement entropy
Assuming the total boundary region is in a pure state, S(p,) = S(p;). Now
consider the minimal surface running through the AdS bulk that connects the twrc
edges dividing region A from its complement. Call this surface y, (see Fig. 4.3).

Fig. 4.2 Ryu-Takayanagi cut

Fig. 4.3 Minimal surface

* Rickles (2013), Teh (2013), Dieks et al. (2015), Read (2016), De Haro (2017, 2020), Butterfiek
(2021), and Huggett and Wiithrich (forthcoming) are prior philosophical works on the AdS/CF1
correspondence. Jaksland (2020) discusses the Ryu—Takayanagi conjecture.
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The Ryu-Takayanagi conjecture is that a particular relationship exists between the
area (orin the d = 1 case, length) of y, and the entanglement entropy of the region
on the boundary A:

areaof y,
S(p,) = W’ (4.3)
where foﬂ) is Newtor's constant for the relevant (d + 1)-dimensional space.*
Those familiar with work on black hole thermodynamics will immediately recog-
nize that this relationship has the same form as the Bekenstein-Hawking formula
that relates the entropy of a black hole to the area of its event horizon (Bekenstein
1973, Hawking 1975):

area of the event horizon
Sper= G . : (4.4)

'This is something we will come back to. Ryu and Takayanagi motivate their con-
jecture by appeal to this earlier work on black hole entropy, and in particular the
explanation of why this formula holds developed by Sorkin and his collaborators
(Sorkin 1983, Bombelli et al. 1986).

We will discuss below how Ryu and Takayanagi establish their conjecture. For
now, it is just worth noting how influential this work has been in motivating a
research program in quantum gravity, working within the AdS/CFT context, for
seeing the connection between facts about quantum entanglement (entanglement
entropy) in a quantum field theory without gravitational degrees of freedom, and
facts about the metric in a curved (AdS) spacetime. To begin, Hubeny et al. (2007)
generalized the result from one about a static region of the AdS spacetime to
more general regions, providing a covariant account of AdS distances in quantum
information theoretic terms. Later work asked whether it was possible to recover
more of the AdS metric from the entanglement properties of regions on the
boundary, beyond the area of the minimal surfaces y,. That is, how far can
we succeed in ‘bulk reconstruction) i.e. in gaining an understanding of “how
these degrees of freedom, which are well-understood from the perspective of
nongravitational quantum field theory, reorganize themselves (in an appropriate
limit) into a manifestly local gravitational theory” (Bao et al. 2019, 1)? Indeed, for
a complete reconstruction, we would want not only to extract the metric of the
bulk, but also the dynamics.

The work on ‘hole-ography’ of, for example, Balasubramanian et al. (2014),
Headrick et al. (2014), and Myers et al. (2014) aims to construct the metrical
properties of closed surfaces embedded in the AdS space from entanglement

4 This is expressed using units where s = ¢ = kz = L.
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Fig. 4.4 Closed surface in the AdS bulk

Fig. 4.5 Tangent curve extended to the CFT boundary

entropies on the boundary field theory. The strategy can be (loosely) explicated
as follows. Take a closed surface in the AdS bulk (see Fig. 4.4).

Now find geodesics k that are tangent to each regioh on that closed surface and
extend them out to the CFT boundary to get a boundary region I, (see Fig. 4.5).
The idea then is to argue that one can recover the surface’s area in terms of the
entanglement entropies on the boundary using:

E= > [SU) - ST NIyl (4.5)
k=1

where E is what Myers et al. (2014) refer to as the differential entropy. The area of
the surface is identified with the limit of this quantity as n — .?

* Differential entropy is one of many entanglement measures that may be used to probe the area
of such a bulk surface. Hubeny (2014) argues that it has several limitations. In particular, as Myers
et al. (2014) acknowledge, the original proposal is only well defined for three-dimensional, pure AdS
geometries, and only there where the bulk surface is not too ‘wiggly” Myers et al. modify the proposal
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These developments led Keeler and her collaborators to argue that entanglement
entropies on the boundary are sufficient to uniquely fix the metric (up to dif-
feomorphism) everywhere in the neighborhood of the extremal surfaces (Bao
et al. 2019). Although for the generic case, one will not be able to rule out the
existence of ‘entanglement shadows’ in the AdS bulk, regions where the metric is
left undetermined by the entropy of boundary regions, perhaps because there are
regions which extremal surfaces can’t cross because of singularities (cf. Headrick
et al. 2014, 38), large steps have already been taken to capture a lot of information
about the AdS metric in terms of quantum entanglement on the CFT boundary.
Explicit reconstructions have already been successful for bulk spacetimes with
large-scale symmetries (Rangamani and Takayanagi 2017).

4.3 The Entanglement Entropy-Distance Link Beyond
AdS/CFT: Area Laws

As noted, our universe doesn’t have an AdS geometry, and so one might ask
whether these results are confined to the AdS/CFT context, or whether we may
have justification for seeing a connection between entanglement entropy of the
parts of a system and distance in the more general case. Let us back up and reframe
a bit what we are after. So far, what we are seeing is the establishment of a series of
area laws. Although in classical thermodynamics we are familiar with the idea that
entropy is an extensive quantity, scaling with volume, this is not so for the cases
we have been considering. In the case of black hole thermodynamics and the Ryu-
Takayanagi conjecture, (Bekenstein-Hawking or entanglement) entropies scale
with area. And this is what allows us to relate facts about entanglement entropy
to facts about the metric.

The work we have just discussed argues for a direct correspondence between
the entanglement entropy of a CFT state A on the boundary and the area of
surfaces through the AdS bulk separating A from its complement. We should probe
whether this connection between the entanglement entropy of a region A and the
area of the surface separating it from its complement may be generalized from the
AdS/CFT context to more general quantum systems. Indeed, there are indications
that area laws may hold more generally outside of the AdS/CFT context, and
thus there is a research program devoted to finding the conditions under which
they hold. Again, this is inspired by the Bekenstein-Hawking law for black
hole entropy.

to apply to more generic spacetimes, but Hubeny stresses that even the revised measures are defined
only on static geometries. Her paper (2014) proposes a more robust measure: the covariant residual
entropy. This is inspired by the earlier discussion of residual entropy in Balasubramian et al. (2012).
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Although it is familiar from the consideration of Bell states in quantum
mechanics that quantum entanglement/correlations may persist over indefinitely
long spatial distances, interactions in quantum many body systems are typically
local. That is, subsystems typically interact over short distances with only a finite
number of neighboring subsystems. There is an intuition that interactions are
short-range because these correlations are enacted through the interface surfaces®
between regions. An area law analogous to what we've already seen provides
support for this intuition.

In a survey article, Eisert et al. (2010) develop the case for area laws by
illustration with systems representable as a lattice, in particular one-dimensional
systems where the entire system may be represented as a chain of quantum systems
L, and we focus on the entanglement entropy of a part of this chain, e.g. the block
I consisting of its first n members: {1,...n}. If the entanglement entropy scaled with
volume, then this would mean that the entanglement entropy of 1, S(p,) would
be proportional to the cardinality of the block, i.e. n. However, it may be shown
instead, for a many body quantum system, that S(p,) scales with the area of the
boundary.”

For such a one-dimensional chain, the boundary is very simple. The boundary
is one or two parts of the block, depending on the boundary conditions imposed.
And so, we obtain an area law for the entanglement entropy just in case S(p,) is
independent of the block size and instead is of order 1:

S(p,) = O(1) (4.6)

Eisert et al. emphasize that their claim is not that area laws always hold for
many body quantum systems. Rather, one fact determining whether or not an
area law holds is whether the system is at a quantum critical point or not. For
systems near criticality, the entanglement varies with the length of the chain. And
$0, what we have is not an area law, but a volume law. This is not surprising
given what is known about the breakdown of locality in critical systems in
thermodynamics. In what follows, [ summarize the argument, eliding most of the
technical details.

Consider a bosonic harmonic chain. In this case, the elements of the chain are
modeled as discrete versions of complex Klein-Gordon fields; that is, as spinless

¢ T use ‘interface surface” here to make a distinction with the ‘boundary surface’ in the AdS/CET
context. What we discuss here as the interface surface corresponds to the black hole’s event horizon or
Ryu and Takayanagi’s minimal extremal surface.

7 It is worth noting that the notion of area here is not quite the same as in the case of the Ryu-
Takayanagi area law. The area in question here is that of the boundary between the two subsystems.
In the latter case, it is the area of the dual bulk surface that ends on the boundary between the two
entangled subsystems.
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particles with charge. We write down a Hamiltonian for this system in terms of
the canonical operators x and p, and system operators X and P which describe the
coupling structure. It turns out that even in such one-dimensional systems, simple
though they are, the entanglement entropy is quite difficult to compute. However,
there is another entanglement measure, the logarithmic negativity Ey, that is more
tractable and which provides an upper bound for the entanglement entropy (at
least for pure states).

Following Eisert et al., consider the simplest case where the chain L is bisected
symmetrically into two parts. We will assume the Hamiltonian describes parts
of the system as only able to directly interact with their nearest neighbors, so
interactions are local. Here we have a gapped system, one in which there are
discrete energy gaps above the ground state that depend on the coupling strength.
In this case, Audenaert et al. (2002) proved that:

1 ‘_X" 1/2
S(py) < Exlp, ) = 3 1og(1””j—'m) , (4.7)
£ l'ﬂli:l 'y

where || X]| is the norm of the system operator X. This was the first rigorous area law
for a quantum lattice system. As one can see, the upper bound for entanglement
entropy does not depend on the size of the subsystem I. It is thus independent of the
block size. This result has been extended to simple higher-dimensional systems,
e.g. for quasi-free systems of bosons or fermions arranged on a lattice. For these
systems, unlike for the one-dimensional case, the boundary between subsystems
is nontrivial. Again, one can calculate the logarithmic negativity using system
operators to find that the entanglement entropy scales with the boundary area.
Thus, Eisert et al. draw from this work the conclusion that under the assumption
of local interactions, entanglement tracks the area of the surface separating the two
subsystems. As they put it, describing the import of (4.7):

This result suggested that the locality of the interaction in the gapped model is
inherited by the locality of entanglement, a picture that was also confirmed in
more generality. (2010, 5)

In the case of criticality, just as for thermal systems, we lose the locality of interac-
tions, and so the assumptions used for deriving an area law fail. Entanglement
entropy, in such cases, scales with volume, as we would otherwise expect by
analogy with the thermal entropy.

More recent work by Cao et al. (2017) builds on these proofs of area laws
using them (again, outside of the AdS/CFT context) to argue that we can see the
spacetime metric as emerging from facts about entanglement entropy. Or, more
accurately, Cao et al. (2017) use the quantum analog of the mutual information,
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I(A:B), which is defined in terms of the entanglement entropy, and link this with
facts about spatial distance (Nielsen and Chuang 2016, 514):

KA :B)=S(p,)+S(ps) —S(pap)- (4.8)

The spacetime metric for Cao et al. emerges from relations of mutual information
between parts of the total quantum state in Hilbert space. Eliding the details, we
can just note that again, the inference isn't direct, but mediated by a claim about
local interactions:

The mutual information between regions is a measure of how correlated they
are. It provides a useful way of characterizing the ‘distance’ between such regions
because of its relation to correlation functions between operators. We expect that
in the ground state of a field theory, correlators of field operators will decay as
exponentials (for massive fields) or power laws (for massless ones). The mutual
information may reflect this behavior, as it provides an upper bound on the
correlation function between two operators. (2017, 4, my emphasis)

So again, for Cao etal., it is in the assumption of alocal field theory that the relevant
area laws obtain, We will return to this locality assumption shortly.

4.4 From Correspondence to Emergence?

The work described so far is very suggestive and, even if this is not always
explicit as it is in the work of Cao et al., the establishment of such links between
entanglement measures and metrical features has held out the promise for many
that one can see spacetime as emerging from facts about entanglement entropy.
We certainly have, in these several cases, a bridge that can take us, in certain
well-defined contexts, back and forth between entanglement facts and facts about
spatiotemporal distance or area. But is there reason to see the one set of facts as
emerging from the other?® .

Rickles (2013), Teh (2013), and Crowther (2014), in earlier discussions of the
AdS/CFT correspondence, have warned us to be cautious before moving from

® As is standard in this literature, I will continue to use the language of emergence. But for these
purposes, I could just as easily have framed the discussion in terms of whether we should see there
being a reductive link, whether the facts about spacetime metric are reducible to facts about quantum
entanglement. The central question is whether we should view the spatiotemporal facts not merely
as derivable from facts about quantum entanglement, but as arising from the facts about quantum
entanglement, whether the facts about quantum entanglement provide the explanation of in virtue of
what the spatiotemporal facts obtain.
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the existence of such a duality or bridge to a claim of emergence. And this is
important: although the work we have discussed may enable us to move back and
forth between two theoretical frameworks, this is compatible with the holding of
several possible inter-theoretic relationships:

1. Facts about the metric emerge from fundamental facts about entanglement
entropy.

2. Facts about the entanglement entropy emerge from fundamental facts about
the metric.

3. Facts about the metric and entanglement entropy are equally fundamental.

4. Facts about the metric and entanglement entropy are neither fundamental,
but both emerge from some more fundamental, as yet undiscovered, frame-
work.’

Following Teh, we must recognize that, before we can be justified in adopting a
claim of emergence (of facts in theory B from facts in theory A), we must establish
that the A-facts are more fundamental—that they provide the explanation of in
virtue of what the B-facts arise. Teh (2013) acknowledges that in the AdS/CFT con-
text, often, because it is easier to define the quantum field theory than the gravity
theory, there is reason to view the CFT as more fundamental (cf. Horowitz 2005).
But on the other hand, others are sympathetic to the possibility that the AdS and
CFT theories both emerge from some more fundamental theory (Teh 2013, 309).

Another issue that needs to be considered that is relevant to the question of
emergence concerns whethey it is reasonable to believe the AdS/CFT correspon-
dence, and in particular the connection between entanglement entropies and
spacetime quantities, is exagt. Dieks et al. (2015, 208) note that although the
AdS/CFT duality is often treafed as an exact correspondence, it is not clear whether
this is actually so.*® If it is nat exact, then experiments could, in principle, decide
the question of which of the two theories is the more fundamental and settle a
question of emergence. In the case in which it turns out the correspondence is
exact, Dieks et al. are more skeptical that what we have is a situation in which
either theory is more fundamental:

in this case that the two theories completely agree on everything that is physically
meaningful, the two sides of the duality should be taken as different representa-
tions of one and the same physical theory. (2015, 209)

® ‘This is the alternative both Rickles (2013) and Crowther (2014) express sympathy for when
discussing the AdS/CFT correspondence.

'° Harlow (2020) argues that this is confused, and that the AdS/CFT duality is exact. What is not
exact, Harlow notes, is the relationship between the facts on either side of this duality and facts in some
low-energy effective gravitational field theory.
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Today, there is no established consensus on whether one side of the AdS/CFT
duality is more fundamental, or indeed whether neither is more fundamental than
the other. And so, I argue, we shouldn't be basing a judgment of which of (1)-(4) is
correct on what is the scientific consensus about AdS/CFT. Moreover, some have
argued that even if it is reasonable to think the AdS/CFT correspondence supports
a claim of emergence of spacetime from a more fundamental quantum theory,
it doesn't itself explain how dynamical spacetime might emerge from a quantum
field theory on flat spacetime (cf. Van Raamsdonk 2010). It is precisely here that
concepts from quantum information theory are supposed to come to the rescue.
The connection with quantum information theory may provide insights on which
of (1)—~(4) best describes the metaphysical structure of our world, insights that may
generalize beyond the AdS/CFT context.

4.5 Gluing with Entanglement?

As just mentioned, Van Raamsdonk (2010) notes that just from the AdS/CFT
correspondence alone, we can't see how dynamical spacetime emerges from a
nongravitational quantum field theory. However, he believes that if one appeals
to quantum information theoretic facts about entanglement measures, then it can
be made clear how what we have is a case of emergence. His argument works by
considering two cases. The first involves a set of disconnected AdS spacetimes that
we can then regard as connected by virtue of the entanglement relations in their
dual CFTs. The second case involves a single vacuum CFT in which we gradually
remove the entanglement between its component degrees of freedom. As this hap-
pens, we can see the corresponding regions in the dual AdS spacetime as becoming
pushed away from each other until, when their mutual information goes to zero,
the distance between them becomes infinite, and they effectively pinch apart.

These cases are extremely suggestive of the idea that there is a genuine explana-
tory connection between the metrical features of an AdS spacetime and the
entanglement entropies of its dual quantum field theory. And especially in Van
Raamsdonk’s discussion of the first case, we see a good reason to think that there
isn't merely a correlation between the two theories, but that one set of facts is
arising because of the other. However, as I will explain, it is not clear to me that
these cases are illustrating emergence as in Option (1) of the previous section.

Let’s begin with the second case first, as it’s simpler, consisting of just one CFT
and its dual global AdS spacetime. Here, Van Raamsdonk’s discussion of the case
provides a fascinating picture of how the entanglement of degrees of freedom in a
CFT track distance in its holographic dual (see Fig. 4.6).

Consider a point x4 located on the edge of the bulk near the midpoint of region
A on the boundary, and another point x; located on the other edge of the bulk
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v

S(p,)decreasing

Fig. 4.6 Minimal surface variation

near the midpoint of region A. What we see is that as the entanglement between
region A and its complement is decreased, the area of the region through the bulk
AdS spacetime separating A from A, what we earlier denoted y,, decreases, and
the distance between points x4 and xz increases. Eventually as S(p,,) — 0, x4 and
xz pinch off from one another altogether.

So Van Raamsdonk’s second case illustrates the existence of a correlation
between entanglement entropy and distance. Indeed, this correlation is a natural
one given that as the entanglement entropy decreases, the mutual information
I(A:A) also decreases, and (as Cao et al. 2017 also note) the mutual informa-
tion has several features (positivity, symmetry, the obeying of a triangle inequality)
that make it particularly apt to be tracking distance relations. But what reason is
there to think this correlation is due to the emergence of the facts about distance
from the facts about entanglement? Van Raamsdonk’s case for the correlation
and corresponding images comes simply from an appeal to the Ryu-Takayanagi
conjecture (2010, 3). And so, to evaluate whether this connection comes from
the fact that the spatiotemporal relations are emerging from entanglement on the
boundary (in support of my Option (1)), we must go back to see what justifies the
Ryu-Takayanagi area law in the first place.

We will return to that momentarily, but first let us consider Van Raamsdonk’s
first case in which we see a pair of disconnected AdS spacetimes becoming
spatiotemporally connected, ‘glued, using quantum entanglement. First, Van
Raamsdonk asks us to consider a pair of CFTs, which we may call CFT; and
CFT,, each defined on $* X R. In a product state, their combined quantum state
may be written as a tensor product, p,, = p, ® p,. In this case, there is no
entanglement between the degrees of freedom of the two CFTs. And so their
individual entanglement entropies are identically zero. Here, CFT, and CFT,
describe two separable systems, and so, Van Raamsdonk argues, the dual AdS
spacetimes AdS, and AdS, are disconnected.*!

' One might already question this inference, at least insofar as it is supposed to generalize beyond
the case of AdS/CFT, where we may assume each CFT gives a complete description of an AdS spacetime.
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Fig. 4.7 Eternal AdS black hole spacetime

However, what if we take two such unentangled CFTs and combine them into
a quantum superposition? Van Raamsdonk asks us to consider the following
superposition of product states:

=Y E)®IE). (49)

This state, the Hawking—Hartle state, has been shown by Maldacena (2003) to cor-
respond to a classically connected spacetime, the eternal AdS black hole spacetime,
which can be represented by the above Penrose diagram (Fig. 4.7): Here, diagonal
lines represent the light cone structure. Regions I and II correspond to the duals
of the reduced states for CFT; and CFT,, respectively. Jagged lines represent the
past and future singularities.

Van Raamsdonk concludes how remarkable it is that such a complicated quan-
tum state can give rise to a spacetime with such a simple geometric description in
classical terms:

... we have a remarkable conclusion: the state |y) which clearly represented a
quantum superposition of disconnected spacetimes may also be identified with
a classically connected spacetime. In this example, classical connectivity arises by
entangling the degrees of freedom in the two components. (2010, 2)

But is this the correct order of explanation? In the eternal AdS black hole space-
time, the causal futures of the two asymptotic regions AdS; and AdS, intersect past
the event horizon. This is their joint causal future, Region IV. As Van Raamsdonk
notes, it follows from the AdS/CFT correspondence that if we take a measurement

Outside of the AdS/CFT context, we have no problem conceiving separable states of quantum systems
where the component states p, and p, inhabit a common spacetime.
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on a state described by CFT, the dual of the result of that measurement will
eventually enter region IV. This is the causal future of the dual to CFT,. This
suggests that measurement of CFT) affects the state of CFT,, and supports the
claim that the two are entangled. Thus, it seems it is the spatiotemporal connection
between AdS; and AdS, that partially grounds the entanglement between the
dual CFT, and CFT,. But if this is correct, then Van Raamsdonk’s discussion of
the eternal AdS black hole seems most suggestive of the idea that the order of
explanation goes in the opposite direction than what he wants. It is the spacetime
structure that explains why it is that the measurement in the dual CFT| has an
effect on the measurement in the dual CFT,, and so explains the entanglement of
the two component states, If this is right, then it is not that the geometric facts
emerge from the quantum facts, but rather that the former constrain the latter.
Return to the four metaphysical options presented in Section 4.4.

L. Facts about the metric emerge from fundamental facts about entanglement
entropy.

2. Facts about the entanglement entropy emerge from fundamental facts about
the metric.

3. Facts about the metric and entanglement entropy are equally fundamental.

4. Facts about the metric and entanglement entropy are neither fundamental,
but both emerge from some more fundamental, as yet undiscovered, frame-
work.

My claim is that Van RaamsdonK’s first case does not support Option (1) over its
rivals, even if it does suppogt the existence of an explanatory connection between
facts about entanglement eptropy and facts about the metric. The explanation of
the entanglement relations §n this case presupposes facts about the metric.

4.6 Back to Ryu-Takayanagi and Black Hole Thermodynamics

Let’s try to seek out arguments for the emergence claim that are more promising
by returning to the Ryu-Takayanagi conjecture and seeing in the first place why
this conjecture turns out to work.

Recall again that Ryu and Takayanagi propose the following area law:

area of y,
S(p,) = ——=2, (4.10)
A 46D

where G;jﬂ)

is Newtorr’s constant for the relevant (d + 1)-dimensional space. It's
easiest to understand the case for this area law in the context of a specific physical
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scenario. Let’s consider the simplest case of d = 2. Here we are considering an AdS;
gravity theory that is dual to a (1 + 1)-dimensional CFT. For an AdS; spacetime
with radius of curvature R, the dual CFT has central charge c = 3R/ 26;?).

Now note that the metric of the AdS; spacetime is:

ds* = R? (— cosh p?di? + dp? + sinh pzdez) . (4.11)

The proper distances diverge as p goes to infinity. Although this divergence is not
problematic on its own, for there to be a finite boundary on which the dual CFT
will yield values for physical quantities that do not diverge, we impose a cutoff p;
and restrict the space of interest to p < p,. In the dual CFT, this corresponds to
imposing a UV cutoff where there is a minimal distance between field values of a,
the lattice spacing (cf. Susskind and Witten 1998). We can then think of the CFT as
living on the boundary of AdS; where p = p_. This makes the (1 + 1)-dimensional
spacetime for the CFT a cylinder (1, 8) with radius p,.

Ryu and Takayanagi consider the static case where the CFT lies on a single
time slice ¢ (see Fig. 4.8). As mentioned, Hubeny et al. (2007) later extended this
argument to more general regions to give a covariant result. To give the main idea
of how this is established, I will focus on the static case and closely follow the 2006
discussion. Take a particular time-slice of the cylinder and divide it into a region A
and its complement, such that A corresponds to 0 < 8 < 371[, where [ is the length
of A and L is the length of the total boundary. The minimal surface 7, then will be

the geodesic with fixed f that connects the points 8 = 0 and § = ZTHI This will be a
geodesic running through the AdS; spacetime.
Ryu and Takayangi compute the length of the geodesic from the metric as 1 +

2 7l

2sinh’ p,sin” - And then using this for the area of y,,, they use the proposed area

law (4.10) to get an expression for S(p,, ). The neat thing is that the result given by

Fig. 4.8 Static case



94 FROM QUANTUM ENTANGLEMENT TO SPATIOTEMPORAL DISTANCE

the area law is confirmed by independent work on the entanglement entropy of
many body (1 +1)-dimensional CFTs. As Ryu and Takayanagi note, Calabrese and
Cardy (2004) showed (generalizing results of Holzhey et al. 1994) that for (1 + 1)-
dimensional CFTs, the entanglement entropy of a quantum many-body system
(with periodic boundary conditions) is given by:

S(p,) = glog [-;—a- sin(zg)], (4.12)

where again L is the length of the total system, [ is the length of A, a is the lattice
spacing, and c is the CFT’s central charge. Recalling that our CFT has central charge
¢ = 3R/2Gy;, we then recover:

Sp,) = %log(e”o sin %l), (4.13)

assuming efo >> 1.

The form of argument Ryu and Takayanagi use may be summarized as follows.
Using the AdS; metric, we can compute the area of a minimal surface connecting
the edges of region A through the bulk. If we then assume the area law, this
allows us to calculate a certain formula for the entanglement entropy S(p,) in
the language of conformal field theory. This turns out to be the correct formula
for S(p,,) withina (1 + 1)-dimensional CFT, given independent results. This thus
confirms the area law. Ryu and Takayanagi develop similar arguments for more
complicated setups in higher dimensions (2006a, 2006b).

So we get confirmation of Ryu and Takayanagi’s conjecture of an area law, but
this does raise the question of why such an area law obtains. What grounds the
connection between S(p,, ) and the area of y, ? Discussions of Ryu and Takayanagi’s
paper often take their result to support the emergence of spacetime from an under-
lying quantum theory without gravitational degrees of freedom, but although their
arguments certainly confirm an entanglement-distance link, they dor’t provide
the explanation of why this link should hold, and as such cannot support Option
(1) over its three rivals, Here I would suggest it is helpful if we think about
the Bekenstein-Hawking law, which inspired Ryu and Takayanagi’s conjecture.
Bombelli et al. (1986) develop an illuminating physical argument that provides
an explanation of why the Bekenstein-Hawking relationship holds. As it works by
explicating Bekenstein-Hawking entropy as a form of entanglement entropy, it can
help us to better understand the metaphysical implications of the Ryu-Takayanagi
conjecture, which essentially takes the Bekenstein-Hawking result and generalizes
it outside of the black hole context.'

' It should be noted that arguments based on the claim that black hole entropy is entanglement
entropy do not provide the only path to explaining the Bekenstein-Hawking formula. For example,
one also finds arguments that one can arrive at the relationship just by counting states. To see how
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The core idea introduced in Sorkin (1983) and developed in Bombelli et al.
(1986) is to treat the source of black hole entropy as related to its entanglement
entropy, and find the entanglement entropy of the black hole by considering the
entanglement entropy of the region outside it.'> This is illustrated using a simple
model, where the states of the total region consist of the states of a massless scalar
field in its vacuum state. To calculate the entanglement entropy, we can represent
the field as a lattice of harmonic oscillators with density 1/¢>. This allows us to
represent the entanglement entropy as a sum over eigenvalues A; for an operator
A, using the previously stated relation:

S(p) = 4, log Al (4.14)

This operator A encodes the correlations between points in the lattice and impor-
tantly depends on a division of points in the lattice into those internal and external
to the black hole. See Bombelli et al. (1986) for the details and Sorkin (1983) for an
overview, but the core idea is that assuming a finite number of points in the lattice,
the main contribution to the entanglement entropy will come from the values of
A closer to the horizon (cf. Carlip 2009). And so, given how A is constructed, “the
leading term in S will be proportional to % where A is the area of the surface

(‘horizon’) separating H™ from H®"” (Sorkin 1983, 3).'* The entropy of a black
hole thus scales with the area of its event horizon. This is because the sum in (4.14)
is dominated by terms describing the states of the field near the boundary, and thus
the size of the boundary between the regions inside and outside of the black hole
is imposing a constraint on the leading contribution to S(p, ).

We can see why this is by considering that any physically acceptable state of the
field will be a Hadamard state.'® As noted in Unruh and Wald (2017, 2), the leading
order behavior for Hadamard states ¥ of a free scalar field ¢ at two points x; and
X, is:

U(xy,%,)
@mPa(x, %)

(e (1) ¢ ()| ®) ~ (4.15)

This is the two-point function of the field, where U(x,, x,) is some smooth function
and o{x,, x,) is the squared geodesic distance between the two points. From (4.15),

this is done in the string theory context, see e.g. Strominger and Vafa (1996). However, the form of
argument I will describe and closely related arguments presented e.g. by Srednicki (1993) are the most
salient if one wants an explanation that can be carried over to the Ryu-Takayanagi area law which
concerns entanglement entropy.

** Sorkin introduced the idea of entanglement entropy in this 1983 paper.

** H™ and H™' are the two spacelike hypersurfaces we are considering inside and outside of the black
hole.

'* ‘Wald (1994, chapters 2-3) argues that the requirement that states be Hadamard ensures that the
stress-energy tensor is defined.
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it is easily seen that the two-point function diverges as x, and x, approach one
another. And so, as the operator A encodes the correlations between points inside
and outside of the event horizon, the largest contributions to (4.14) will come from
those right at the event horizon.

Bombelli et al’ s derivation of an area law for the entanglement entropy of a
black hole, at least the contribution to this entropy given by a massless scalar field,
justifies the posited area law of Bekenstein and Hawking,. And so we can use this
justification to ask about the justification for the area law of Ryu and Takayanagi.

4.7 No Support for Emergence

It is clear from the above discussion of black hole entropy that there is no
antecedent reason to view the area of the event horizon as constructed out of or
emerging from the entanglement of the reduced quantum state pp. The most
natural way to interpret the argument is that the horizon area is providing a
constraint on the black hole entropy. It is not emerging from the entropy.'® Insofar
as the Ryu-Takayanagi conjecture is providing a generalization of the black hole
area law, in that case too there doesmt seem to be any reason to view the area
of the minimal surface y, as constructed out of the entanglement entropy. It
is more natural again to view the area of the minimal surface as providing a
constraint on the entanglement entropy. And so, the burden of proof is on one
who wants to interpret the area law of Ryu and Takayanagi in a very different way
metaphysically from the area law it was aimed at generalizing. This point carries
over to the work following Ryu and Takayanagi (e.g. Hubeny et al. 2007, Bao et al.
2019, and so on). It is worth noting that Ryu and Takayanagi do not speculate
about metaphysics in thejr original paper. Moreover, in a longer work (2006b)
that followed it, expanding on its implications, they present their results not as
motivating the emergence of spacetime but rather in an instrumental way: since it
is often mathematically very difficult to compute the entanglement entropy from
the quantum field theory side of things, one can make use of this proposed area
law to get a good approximation of the entanglement entropy (2006b, 2-3).

One might argue that although the Ryu-Takayanagi conjecture was inspired
by the Sorkin-Bombelli explanation of the area law of Bekenstein and Hawking,
and although there are important analogies between black hole entropy and
entanglement entropy on a CFT boundary, this does not entail that there is

16 This is the most natural interpretation of 't Hooft’s (1993) holographic proposal for black hole
entropy as well, as he argues that the black hole entropy is maximal when it reaches 5, = iA. “[The
entropy] is saturated when one black hole has the largest possible size that still fits inside our area” (5).

T
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an absolute alignment between the two cases.’” Although in the case of the
Bekenstein-Hawking law, facts about spatiotemporal distances do explain the
entanglement entropy, one might argue that in the case of the AdS/CFT correspon-
dence, facts about entanglement entropy are fundamental and instead explain the
facts about spatiotemporal distance. This is a coherent possibility. However, what
I am trying to argue is that a more natural attitude is to view the Ryu-Takayanagi
result as supporting the generalization of the Sorkin-Bombelli framework outside
of the context it was initially intended to describe. And thus that in general,
entanglement entropy is constrained by interface (event horizon or minimal
surface) area. Interface area doesn’t emerge from entanglement entropy in either
case.

To make the case for Option (1), one needs to point to arguments in which
entanglement entropies are plausibly being used to explain metrical features, with-
out thereby assuming them. One may immediately think of the influential paper
by Jacobson (1995), which derives the Einstein Field Equation from facts about
entanglement entropy. But Jacobson himself relies on the Bekenstein-Hawking
relationship (and the Sorkin-Bombelli explanation of it) in his argument. So
this doesn’t give us what we are looking for. Work by Padmanabhan (2010a,b)
comes closer, as it attempts to provide an explanation of the spacetime metric
using a more basic statistical mechanical framework for understanding facts about
entanglement entropy. Padmanabhan explicitly frames his work as a part of a
project in emergent gravity: ‘

In this paradigm, one considers spacetime (described by the metric, curvature
etc.) as a physical system analogous to a gas or a fluid (described by density, veloc-
ity etc.). The fact that either physical system (spacetime or gas) exhibits thermal
phenomena shows there must exist microstructure in either system. .. We do not
yet know what are the correct microscopic degrees of freedom of the spacetime,
but the horizon thermodynamics provides a clue... (2010a, 3)

Padmanabhan (2010b) shows how one can use the equipartition law AE =
(1/2)(An)kyT to derive the existence of these fundamental microscopic degree:
of freedom and their relationship to the spacetime metric such that:

¥ There is one clear disanalogy between the cases that is worth mentioning, This is that the area the
appears in the Bekenstein-Hawking relation Is the area of the boundary between the two subsystem
(interior and exterior of the black hole's event horizon), but the area that appears in the Ryu-Takayanag
relation is not the ares of the boundary between the two subsystems (A and its complement). In th
latter case, the area in question is the area of the minimal surface through the bulk that ends on th
boundary between A and its complement. This disanalogy, however, does not undermiine the aboy
argument, as the boundary between A and its complement itself playsa rale in constraining the minim;
surface area.
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An=— (4.16)
P

where Ip is the Planck length. The idea seems to be that the facts about entangle-
ment entropy motivate the postulation of these fundamental degrees of freedom,
which in turn ground the structure of gravity and emergent spacetime. This is an
intriguing possibility, but at this stage, it is worth noting, given we don't have
any idea what these microscopic degrees of freedom are, or a strong motivation
for believing in them, how much more speculative these arguments are than the
arguments we saw above that show how facts about the entanglement between
components of quantum systems are constrained by facts about the interface sur-
face between these components. Then again, as Carlip (private communication)
points out, the latter kind of arguments have had a ‘big head start.

Let’s finally return to the case for area laws outside of the AdS/CFT context, the
argument we find in the results summarized in Eisert et al. (2010) and followed
up on by e.g. Cao et al. (2017). This route into the entanglement-distance link also
fails to provide support for the view that the facts about spatiotemporal distance
emerge from facts about entanglement entropy. As we saw, the way area laws were
derived for quantum many body systems relied on an initial assumption of local
interactions. The idea is that when influences are only able to act locally, then the
limits on correlation and hence entanglement will be restricted by the region’s
surface area. In this case again, there doesn’t seem to be support for the emergence
hypothesis. Again, what seems supported, indeed presupposed, by the whole
discussion is that the area of the boundary is constraining the entanglement of
the two component regians (for Eisert et al., these are [ and its complement), by
constraining the quantity of direct interactions. It is certainly much more exciting
and radical to view the eptanglement-distance link as resulting from a fact about
emergence—that the ;Patiotemporal manifold is not fundamental, but ultimately
results from deeper, quantum information theoretic facts about quantum entan-
glement. But the way these results are motivated does not support this radical
view. In the framework in which the results are articulated, the spatiotemporal
facts are fundamental. They then constrain facts about interactions, which then in
turn constrain the facts about entanglement entropy.

4.8 Conclusion

What I have hoped to show is that there is strong support both from within
and without the AdS/CET context for the existence of an important link between
entanglement entropy and spatiotemporal distance. However, these results do not
lend obvious support for the speculation that the dynamical spacetime of general
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relativity is emergent from facts about quantum entanglement; at least, this is not
supported by work to date. One has to interpret results like those of Ryu and
Takayanagi in a way that departs significantly from the intuitions that make them
comprehensible to have them support the claim that spacetime emerges from the
facts of quantum entanglement.

This isn't to say that one cannot use the results of Ryu and Takayanagi and
others to support the claim that the metric emerges from facts about quantum
entanglement. In a recent book, Carroll suggests we do just that. He says:

... following our reverse-engineering philosophy, we can define the ‘ared’ of a
collection of degrees of freedom to be proportional to its entanglement entropy.
In fact, we can assert this for every possible subset of degrees of freedom,
assigning areas to every surface we can imagine drawing within our network. .. If
the degrees of freedom are highly entangled, we define them to be nearby... A
metric on space has emerged from the entanglement structure of the quantum
state. (2019, 284)

Of course, this is a move one can make, and certainly the attendant emergence
hypothesis is one we should keep on the table, especially as it seems supported
by other routes into developing a quantum theory of gravity (cf. Wiithrich 2017).
However, the goal of this chapter has been to make clear that this is not what area
Jaws most directly support, when we pay attention to how they have typically been
justified in physics."®
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5
Taking Up Superspace
The Spacetime Setting for Supersymmetric Field Theory

Tushar Menon

Abstract

Supersymmetry (SUSY) is a proposed symmetry between bosons and fermions.
The structure of the space of SUSY generators is such that the distinction
between internal and spacetime symmetries is blurred. As a result, there are
two viable candidates for the spacetime setting for a flat supersymmetric field
theory—Minkowski spacetime and superspace, an extension of Minkowski
spacetime to include (at least) four new dimensions, coordinatized by ‘super-
numbers, i.e. numbers with nontrivial commutation properties. This chapter
argues for two theses: first, that one standard set -of arguments, related to
universality of symmetry behaviour, that motivate a particular choice of space-
time structure in familiar spacetime theories motivates the choice of super-
space as the appropriate spacetime for SUSY field theories; and second, that
the metaphysical utility of the concept of spacetime requires more than just
the satisfaction of this universality condition; in supersymmetric theories, the
spacetime concept is not as useful as in special relativity.

5.1 Introduction

Supersymmetry (SUSY) is a proposed symmetry between quantum fields of
integer spin (bosons) and quantum fields of half-integer spin (fermions). SUSY
is a bizarre and brilliant idea, and it deserves to be scrutinized by philosophers. In
this chapter, we will merely dip our toes into its deep waters. The motivation for
the project of looking at SUSY from a philosophical perspective is not as radical
as it might appear at first. Philosophical intuitions are heavily influenced by, and
tied to, particular frameworks of physical theories. Exploring the logical space of
such possibilities has value for the light it sheds on the constraints imposed by our
current theorising. As Friedman (2001) argues, physical theories are embedded
in a package of background formal and conceptual assumptions, which can be



