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Abstract
This essay explores the concept of emergence within the framework of noncommutative systems, challenging
traditional views that tie emergent behaviour to commutative rule sets. Emergence typically refers to the
phenomena where higher-level complexity arises from the interactions of simpler components, often under
deterministic and commutative systems. However, noncommutative systems, where the order of operations
affects the outcome, introduce a unique layer of complexity that complicates this understanding. By
examining the properties of noncommutative systems through formal mathematical analysis and exploring
case studies from quantum mechanics, this essay investigates whether emergence can genuinely arise under
noncommutative conditions. The �ndings suggest that noncommutative rule sets lead to a richer and more
intricate form of emergent behaviour, characterised by path dependence and sequence sensitivity. This
challenges our existing models of complexity and opens up new pathways for understanding emergent
phenomena in both physical and cognitive systems. The implications of this analysis extend beyond
theoretical curiosity, suggesting that emergent properties may exist in unexpected and non-linear domains,
reshaping our perception of order, chaos, and complexity.

Introduction

Emergence, as a concept, has been on my mind for the past few months.
Recently, my work with the Complex Emergent Model of Language
Acquisition (CEMLA) has prompted me to revisit this idea through a
different lens. The question I �nd myself asking is, Can emergent
properties arise from complex systems governed by noncommutative rules?

Emergence seems to go hand in hand with commutative systems. This
assumption holds for many classical systems, from �ocking behaviour in
birds to neural activity in the brain. But what happens when the rules
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aren’t so straightforward? What if the operations don’t commute, i.e.,
the sequence of interactions becomes crucial? Does this undermine
emergence as we understand it, or does it reveal a deeper layer of
complexity? In this essay, I intend to explore and answer this using
QuantumMechanics as the paradigm.

Properties of Emergent Systems
Emergent systems, by their very nature, defy reductionism. The
whole is more than the sum of its parts, and understanding the parts in
isolation does not necessarily allow us to predict the behaviour of the
whole. When we analyse emergence formally, certain properties
consistently appear, each critical to understanding how these systems
evolve and organise themselves. Below, I outlined the core properties of
emergent systems from a mathematical standpoint. This is a bit difficult
to do as there are no set criteria on which there is unanimous agreement.
However, after going through the works of various experts, here’s what I
could gather.

Unpredictability

Despite having deterministic rules governing the interactions at the
micro-level, the macro-level behaviour can be highly unpredictable.
This unpredictability often arises from the sensitivity of these systems to
initial conditions, much like in chaotic systems. Consider a system with

state variables evolving according to a set of differential equations.

Even small variations in the initial state can lead to very different
outcomes. If you’ve ever studied or even keenly observed dynamical
systems, then you know what I am talking about. Emergent behaviour
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does not arise from pure randomness. It arises from a web of
deterministic interactions that are too complex to untangle at the
micro-level.

Non-linearity

Emergent systems are almost always non-linear. The system's output is
not proportional to its input, and the interactions between components

are often multiplicative rather than additive. Consider a function
that is not simply the sum of its parts.

This nonlinearity gives us feedback loops, which then amplify small
effects and the suppression of others, making it impossible to directly
trace the output to a speci�c input. This is why emergent behaviour
tends to surprise us so to speak.

Hierarchical Organisation

As a complex system evolves it tends to self-organise into layers or levels
of behaviour. Each of these layers or levels may have their own set of
rules. The rules governing interactions at higher levels of organisation
cannot be easily reduced to the rules at lower levels, which leads to what
is often called strong emergence.

The state of the system at level can be given as , which evolves

according to its own set of rules .
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Here, is the state of the system at the lower level, showing how
each layer builds upon the previous one without being reducible to it.

Multiple Temporal and Spatial Scales

Not to get all quantum here but emergent systems do tend to operate
across multiple temporal and spatial scales. The interaction of
components at the micro-scale often in�uences behaviour at the
macro-scale. What is important to keep in mind is that these scales are
not independent. They interact dynamically, with small, rapid changes
at the micro-level potentially having slow, large-scale effects. We can use
multi-scale modelling to show this.

Such systems require complex, often iterative, techniques to solve, as
changes at one scale propagate to others in non-trivial ways. This is
basically what makes complex emergent systems adaptable.

Sensitivity to Initial Conditions and Path Dependency

This is a very important trait to keep in mind. Not only is this relevant in
terms of the discussion here, but it is going to matter a lot as we research
these ideas more deeply in the coming weeks. Emergent systems exhibit
sensitivity to initial conditions, similar to chaotic systems. Even
in�nitesimally small differences in the initial state can lead to drastically
different outcomes, making prediction at the macro-level exceedingly
difficult. We can use Lyapunov exponents to show this. measures the
rate of separation of in�nitesimally close trajectories in phase space.
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If , even small initial differences will grow exponentially over
time, leading to vastly different states at later times.

Noncommutative Systems
So we have covered what I think are the major properties of complex
emergent systems. Now let us talk brie�y about noncommutative
systems. For your reference, I published a detailed primer on
noncommutative algebra on my substack Arkinfo Notes. If you’d like to
cover this topic in-depth, I highly recommend checking it out.

In a commutative system, the order in which operations are applied does
not affect the �nal result. This simplicity allows for straightforward
analysis and prediction of emergent phenomena. But noncommutative
systems are the opposite of that.

In mathematics, an operation is said to be commutative if for any two
elements and in the system,

A system is noncommutative if there exists at least one pair of elements
and such that,

If you like to study complex �elds of study like quantummechanics, you
will have to get used to approaching noncommutative systems. Here, the
order of operations fundamentally alters the result.
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Noncommutative Algebra

As I already mentioned, I have discussed noncommutative algebra in
detail over at Arkinfo Notes. So I will very brie�y introduce this �eld here
and move onto noncommutative geometry next.

In the simplest of terms, noncommutative algebra is a branch of
mathematics where multiplication is NOT assumed to be commutative.
The general structure used to model noncommutative systems is an
algebra over a �eld , where multiplication satis�es associativity but
not commutativity.

For example, matrices under multiplication form a noncommutative
algebra, as matrix multiplication depends on the order of the factors.
Remember the noncommutativity property that they taught you in high
school when you studied matrices? Yeah, this is exactly that.

In a more abstract setting, operator algebras, such as those used in
quantum mechanics, further explain how noncommutativity can shape
the structure and behaviour of a system.

Noncommutative Geometry

So, this is basically the same continuation of the algebra that we
discussed earlier, only now we are dealing with spaces. Noncommutative
geometry, pioneered by Alain Connes, extends these ideas to spaces
where the coordinates themselves do not commute. In classical
geometry, the coordinates and in Euclidean space commute.
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However, in noncommutative geometry, we allow the coordinates to
follow noncommutative rules. A key concept in noncommutative

geometry is the spectral triple, de�ned as a set , where,

● is a noncommutative algebra,

● is a Hilbert space on which acts,

● is a Dirac operator that encodes the geometry of the space.

Confused? Don’t worry about all this for now. This is not our core focus
of the essay anyway. Just keep in mind that these spectral triples allow us
to generalise geometric concepts to noncommutative settings.

Emergence in Noncommutative Systems
So, we have covered the properties of emergence and (somewhat
covered) the properties of noncommutative systems as well. Now we
�nally bring this all together and dial down on the primary question of
this essay. If a complex system adheres to noncommutative rules on
the micro-level, will it foster or hinder emergent behaviour in the
system? Let’s take this step by step.

Commutative Systems

First, let’s get the easy stuff out of the way. What happens when a
complex system follows commutative rules at the base? In a commutative
system, the behaviour of components aggregates predictably. Operations
like and yield the same result, allowing for linear and
straightforward emergent behaviour. This predictability simpli�es the
process of understanding how micro-level interactions lead to
macro-level properties. For example, in a classical �ocking model (like
Reynolds' equations for bird �ocking), the overall behaviour is
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predictable based on the alignment, separation, and cohesion rules that
apply uniformly to each agent in the system.

Noncommutative Rule Sets and Emergence

So what happens when the rule sets are noncommutative? One of the key
distinctions is that noncommutative systems are less likely to exhibit
simple emergent phenomena that can be easily reduced to underlying
rules. Instead, they tend to give rise to more complex, context-sensitive
emergent behaviours.

Consider a noncommutative algebra where two operations and
interact under the rule,

This equation describes the noncommutator relationship between and
. Such systems evolve according to rules that are inherently dependent
on the order of operations. The emergent behaviour such a system
must now account for this noncommutativity.

This integral represents the cumulative emergent behaviour over time,
in�uenced by the noncommutative interactions between and . As a
result, the emergent properties are path-dependent, meaning that slight
variations in the sequence of operations can lead to vastly different
outcomes.
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Quantum Mechanics as a Paradigm for
Noncommutative Emergence

Quantum mechanics is the most ideal framework for understanding
noncommutative emergence. In quantum systems, the noncommutative
nature of operator interactions (such as position and momentum) gives
rise to emergent phenomena like quantum entanglement and
superposition. These properties do not exist at the level of individual
particles but arise from the collective behaviour of the system, shaped by
noncommutative interactions.

Consider a system of two quantum particles entangled in such a way that
their combined state is governed by a noncommutative algebra of
operators. The emergent property, i.e., entanglement, arises from the
interactions between the individual particles. This interaction is
noncommutative, i.e., the outcome of measurements on the system
depends on the order in which operations are performed.

To formalise this, let’s use the quantummechanical operators for position

andmomentum , which follows the commutation relation.

The noncommutative nature of this relationship leads directly to the
uncertainty principle, which, by and on itself, is an emergent property of
quantum systems that places fundamental limits on the precision with
which we can simultaneously know a particle’s position and momentum.
The emergent behaviour here, i.e., uncertainty, arises from the

noncommutative interaction between and , which in turn affects the
system’s evolution over time.
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Do we understand the underlying principles at play here? No, we are far
from it. That’s why I said earlier, that noncommutative interactions
introduce a new level of complexity, where emergent properties are not
simply aggregative but instead depend on the complex,
sequence-sensitive interactions between components.

So to answer the question, YES. Complex systems that follow
noncommutative underlying rules can not only foster emergence, but
actually lead to a rich and complex form of emergence, which, not only
might surprise us but also perplex us.
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