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This theory considers every notion or idea <A> together with its opposite or negation
<antiA> and with their spectrum of neutralities <neutA> in between them (i.e. notions
or ideas supporting neither <A> nor <antiA>). The <neutA> and <antiA> ideas
together are referred to as <nonA>.

Neutrosophy is a generalization of Hegel's dialectics (the last one is based on <A> and
<antiA> only).

According to this theory every idea <A> tends to be neutralized and balanced by <antiA>
and <nonA> ideas - as a state of equilibrium.

In a classical way <A>, <neutA>, <antiA> are disjoint two by two. But, since in many
cases the borders between notions are vague, imprecise, Sorites, it is possible that <A>,
<neutA>, <antiA> (and <nonA> of course) have common parts two by two, or even all
three of them as well.

Neutrosophic Set and Neutrosophic 1ogic are generalizations of the fuzzy set and respectively
fuzzy logic (especially of intuitionistic fuzzy set and respectively intuitionistic fuzzy logic).
In neutrosophic logic a proposition has a degree of truth

(1), a degree of indeterminacy (I), and a degree of falsity (I), where T, I, I are standard
or non-standard subsets of /-0, 7+/.

Neutrosophic Probability is a generalization of the classical probability and imprecise
probability.

Neutrosophic Statistics is a generalization of the classical statistics.

What distinguishes the neutrosophics from other fields is the <neutA>, which means
neither <A> nor <antiA>.

<neutA>, which of course depends on <A>, can be indeterminacy, neutrality, tie game,
unknown, contradiction, ignorance, imprecision, etc.

All submissions should be designed in MS Word format using our template file:

http:// fs.unm.edu/NK/Nk-papet-template.doc.

A variety of scientific books in many languages can be downloaded freely from the Digital
Library of Science:

http:// fs.unm.edu/ScienceLibraryhtm.

To submit a paper, mail the file to the Editor-in-Chief. To order printed issues, contact the
Editor-in-Chief. This journal is non-commercial, academic edition. It is printed from
private donations.

Information about the neutrosophics you get from the UNM website:

http:// fs.unm.edu/neutrosophy.htm.. The home page of the journal is accessed on
http://fs.unm.edu/NK.
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Neutrosophic Local Function and Generated Neutrosophic
Topology

A. A. Salama®, Florentin Smarandache”
1 Department of Mathematics and Computer Science, Faculty of Sciences, Port Said University, Egypt; drsalamad4@gmail.com

2 Department of Mathematics, University of New Mexico Gallup, NM, USA; smarand@unm.edu

* Correspondence: drsalama44@gmail.com

Received: 10 September 2020; Awepted: 28 October 2020; Published: date

Abstract: In this paper we introduce the notion of ideals on neutrosophic set which is considered
as a generalization of fuzzy and fuzzy intuitionistic ideals studies in [9,11] , the important topological
neutrosophic ideals has been given in [4]. The concept of neutrosophic local function is also
introduced for a neutrosophic topological space. These concepts are discussed with a view to find
new neutrosophic topology from the original one in [8]. The basic structure, especially a basis for
such generated neutrosophic topologies and several relations between different topological
neutrosophic ideals and neutrosophic topologies are also studied here. Possible application to GIS
topology rules are touched upon.

Keywords: Neutrosophic Set; Intuitionistic Fuzzy Ideal; Fuzzy Ideal; Topological neutrosophic ideal;

and Neutrosophic Topology.

1. Introduction

The neutrosophic set concept was introduced by Smarandache [12, 13]. In 2012 neutrosophic sets
have been investigated by Hanafy and Salama atel [4, 5, 6,7, 8,9, 10 ]. The fuzzy set was introduced
by Zadeh [14] in 1965, where each element had a degree of membership. In 1983 the intuitionstic
fuzzy set was introduced by K. Atanassov [1, 2, 3] as a generalization of fuzzy set, where besides the
degree of membership and the degree of non- membership of each element. Salama at el [9] defined
intuitionistic fuzzy ideal for a set and generalized the concept of fuzzy ideal concepts, first initiated
by Sarker [10]. Neutrosophy has laid the foundation for a whole family of new mathematical theories
generalizing both their classical and fuzzy counterparts. In this paper we will introduce the
definitions of normal neutrosophic set, convex set, the concept of a-cut and topological neutrosophic
ideals, which can be discussed as generalization of fuzzy and fuzzy intuitionistic studies.

2. Terminologies

We recollect some relevant basic preliminaries, and in particular, the work of Smarandache in
[12, 13], Hanafy and Salama atel. [4, 5, 6,7, 8, 9, 10].

3. Topological Neutrosophic Ideals [4].

Definition 3.1: Let X is non-empty set and L a non-empty family of NSs. We will call L is a
topological neutrosophic ideal (NL for short) on X if

A. A. Salama, Florentin Smarandache, Neutrosophic Local Function and Generated Neutrosophic Topology
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e Acl and Bc A= B e L [heredity],
e Acl and BelL = Av B e L [Finite additivity].
A topological neutrosophic ideal L is called a & -topological neutrosophic ideal if

{Aj }j v <L implies ;¥ AjeL (countable additivity).

The smallest and largest topological neutrosophic ideals on a non-empty set X are 0w }and NSs

on X. Also, N-Les Nobe gre denoting the topological neutrosophic ideals (NL for short) of
neutrosophic subsets having finite and countable support of X respectively. Moreover, if A is a

nonempty NS in X, then {BeNS:B A is an NL on X. This is called the principal NL of all NSs of
denoted by NL <A> .

Remark 3.2.

T , then L is called neutrosophic proper ideal.

Ile elL
ON el

, then L is called neutrosophic improper ideal.

Example 3.3.

Any Initiutionistic fuzzy ideal { on X in the sense of Salama is obviously and NL in the form

L={A: A=(x up, 00 va) € £}
Example 3.4.
Lot X =fab.c} A=(x0.2050.6) B= (x,05,0.7,0.8) Cand P =(x,0.5,0.6,0.8) , then the family
L= {ON A B, D} of NSs is an NL on X.
Example.3.5
Let X = {a’ b,C,d,e} and A=<X'ﬂA,GA,VA> gIVen by
X ,uA(X) oalx)  vax)
a 0.6 0.4 0.3
b 0.5 0.3 0.3
C 0.4 0.6 0.4
d 0.3 0.8 0.5
e 0.3 0.7 0.6

Then the family L={On.A} is an NL on X.

Definition.3.3: Let L1 and L2 be two NL on X. Then L2 is said to be finer than L1 or L1 is coarser than

L2if L1 < L2.Ifalso L1 # L2. Then L2 is said to be strictly finer than L1 or L1 is strictly coarser than
L2. Two NL said to be comparable, if one is finer than the other. The set of all NL on X is ordered by
the relation L1 is coarser than L2 this relation is induced the inclusion in NSs. The next Proposition
is considered as one of the useful result in this sequel, whose proof is clear.

A. A. Salama, Florentin Smarandache, Neutrosophic Local Function and Generated Neutrosophic Topology
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Li:jeld

Proposition.3.1: Let { e } be any non - empty family of topological neutrosophic ideals on a
L UL

set X. Then 1€ and 1€ are topological neutrosophic ideal on X, In fact L is the smallest

upper bound of the set of the Lj in the ordered set of all topological neutrosophic ideals on X.

Remark.3.2: The topological neutrosophic ideal by the single neutrosophic set ON s the smallest
element of the ordered set of all topological neutrosophic ideals on X.

Proposition.3.3: A neutrosophic set A in topological neutrosophicideal L on X is a base of L iff every
member of L contained in A.

Proof: (Necessity)Suppose A is a base of L. Then clearly every member of L contained in A.
(Sufficiency) Suppose the necessary condition holds. Then the set of neutrosophic subset in X
contained in A coincides with L by the Definition 4.3.

Proposition.3.4: For a topological neutrosophic ideal L1 with base A, is finer than a fuzzy ideal L2
with base B iff every member of B contained in A.

Proof: Immediate consequence of Definitions

Corollary.3.1: Two topological neutrosophic ideals bases A, B, on X are equivalent iff every member
of A, contained in B and via versa.

={uj,oi7i) jeld
Theorem.3.1: Let77 {<'uj 7] yJ> Ie }
there exists a topological neutrosophic ideal L (1) = {A € NSs: A C V Aj} on X for some finite
collection {Aj:j=1,2, ...... ,nC Mk

be a non empty collection of neutrosophic subsets of X. Then

Proof: Clear.

Remark.3.3: The topological neutrosophic ideal L (1) defined above is said to be generated by 1
and M is called sub base of L(1).

Corollary.3.2: Let L1 be an topological neutrosophic ideal on X and A € NSs, then there is a
topological neutrosophicideal L2 which is finer than L1 and such that A € L2if A VB € L2 foreach
B e L1.

Corollary.3.3: Let A=(Xunonva) cly and B =(%.118,08.v8) < L2 where 4 and 2 are topological

. . A*B= X), o paxg (X), v axg (X
neutrosophic ideals on the set X. then the neutrosophic set <'u aes(Xbonp (e )> chivl o, x

where ﬂA*B(X):V{ﬂA(X)/\ﬂB(X):XeX}rO'A*B(X) may be ZV{O'A(X)/\O'B(X)} or /\{O‘A(X)VO'B(X)}

and vaeg (X)= Alva(x)vvg(x): x e X }

4. Neutrosophic local Functions
Definition.4.1. Let (X, T) be a neutrosophic topological spaces (NTS for short) and L be
neutrsophic ideal (NL, for short) on X. Let A be any NS of X. Then the neutrosophic local function

NA*(L.7) of A is the union of all neutrosophic points( NP, for short) Cla, B.7) such that if
UeNC(@B.7) and NA(L7)=vi{C(a.B.7)e X : AU gL forewery Unbd of C(a, 5, ]/)}, NA"(L,7) s called a

A. A. Salama, Florentin Smarandache, Neutrosophic Local Function and Generated Neutrosophic Topology
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neutrosophic local function of A with respect to 7 and L which it will be denoted by NA'(L, 7) ,

NA*(L)

or simply .
Example .4.1. One may easily verify that.

If LZ{ON}’ then N A"(L,7) = Ncl(A) , for any neutrosophic set AeNSs on x.

¢ L={alINSsonX} then NA*(L,T)=0N,fOrany AeNSs onx.

Theorem.4.1. Let (X : T) be a NTS and Ly, L, be two topological neutrosophic ideals on X. Then for any
neutrosophic sets A, B of X. then the following statements are verified
i) Ac B= NA"(L,7) = NB"(L,7),

i) L cl,=NA"(L,,7)cNA"(L,7).
iii)  NA" = Ncl (A*) < Nl (A).

iv) NA® c NA".

v)  N(AvB) =NA"VvNB*,

vi)  N(AAB)"(L)<NA"(L) ANB*(L).
vii) feL=N(Av/) =NA".

viii) NA"(L,7) is neutrosophic closed set .

Proof.

i) Si]rcme AcB,let p :C(a,ﬂ, 7/)6 NA*(Li) then AAU gL for every U € N(p) . By
hypothesis, we get BAU ¢ L, then p = C(a, S, ]/) € NB*(Ll).

ii) Clearly. Ly < Ly Implies NA*(L,,7) < NA*(L,,7) as there may be other IFSs which belong to
Lo sothat for GIFP p=C(a,/,7)e NA" but C(a, B, ) may not be contained in NA” (L,).

iif) Since {ON }g L for any NL on X, therefore by (ii) and Example 3.1,
NA*(L)Q NA® ({ON })z Ncl (A) for any NS A on X. Suppose p, =C, («, £, 7) e Ncl (NA"(L, ) -
So for every U € N(pl), NA" AU %0y, there exists p, =C,(a, 8)e A" (L )AU) such that
for every V. nbd of p, e N(p,),AAU gL. Since U AV € N(p,) then A/\(U ﬁV)eE L
which leads to AAU &L, for every U € N(C(a,ﬂ)) therefore p, =C(a, ) e (A*(L ))
and so Ncl (NA* )S NA* While, the other inclusion follows directly. Hence
NA* = Ncl (NA*) .But the inequality NA* < Ncl (NA").

iv) The inclusion NA® v NB* < N(Av B)* follows directly by (i). To show the other implication, let
p=C(a,p,7)eN(AvB) then for every U eN(p), (AVB)AU ¢ L,ie,
(A/\U)\/(B /\U)e L. then, we have two cases AAU ¢ L and BAU €L or the converse,
this means that exist U;,U, € N(C(e, 3, 7) such that AAUy gL, BAUp gL, AAUp el

and BAU,gL . Then AA(U;AU,)elL and B/\(Ul/\UZ)EL this  gives

(AvB)A(U; AU,)el, U, AU, e N(C(a, B,7) which contradicts the hypothesis. Hence the
equality holds in various cases.

v) By (iii), we have NA™ = Ncl(NA)" < NcI(NA") = NA let(>< ! T) be a GIFTS and L be GIFL on
X. Let us define the neutrosophic closure operator (A =AUA" g any GIFS A of X. Clearly,

let Nel™(A) is a neutrosophic operator. Let NZ' (L) pent generated by Nel
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Nz*(L)=1{A: Ncl* (A%) = A°}

ie
Now L= {On = Nl (A)= AUNA" = AUNCcl(A) for every neutrosophic set A. So,
Nz"({Oy =7 Again L= {all Nssonx} = Ncl*(A)=A, because VA = Oy for

NZ'(L) is the neutrosophic discrete topology on X. So we can

Nz"({oy ) = N7'(L)

every neutrosophic set A so

conclude by Theorem 4.1.(ii).
ie. Nz Nz~ , for any neutrosophic  ideal Ly on X. In particular, we have for two

topological neutrosophic ideals Liv and 2 on X, el =Nz (L) N7 (L) |

Theorem.4.2. Let 7q, T5 be two neutrosophic topologies on X. Then for any topological neutrosophic
ideal Lon X, 7; <z, implies NA*(L, 7,) < NA* (L, 7,)/ forevery A e L then Nf*l cNz¥,

Proof. Clear.
A basis N ,B(l_, z—) for Nz*(L) can be described as follows:

Nﬁ(L, T) = {A— B:Aer,Be L} Then we have the following theorem
Theorem 4.3. Nﬂ(L,T)= {A— B:Aer,Be L} Forms a basis for the generated NT of the NT

(X ,Z') with topological neutrosophic ideal L on X.

%
Proof. Straight forward. The relationship between 7 and N7 (L) established throughout the
following result which have an immediately proof .

Theorem 4.4. Let 71,72 be two neutrosophic topologies on X. Then for any topological

neutrosophicideal Lon X, 71 C ToimpliesNz", < Nz°*,.

1

Theorem 4.5: Let (X ,Z’) be a NTS and Lj,L, be two neutrosophic ideals on X. Then for any
neutrosophic set A in X, we have

i) NA"(Ly v Ly,7)= NA" (L, N7 (Ly) )a NAT(L,, Nz (L,))

i) No'(Lvi,)= (NT*(Ll)) (L) A N(T*(Lz) (L)

Proof Let p=C(a,fB)e(L vL,,z) this means that there exists U ,eN (P) such that
AAU, E(LCLV |_2) ie. There exists (1 ely and fz IS L2 such that AAU p € (El vfz)
because of the heredity of L1, and assuming /; A, =0y .Thus we have (A/\U p)—fl =¢, and
(AAUp)-¢p=¢y therefore (U, —¢1)aA=rpel, and Up-f2)aA=f1ely . Hence
p=C(a, B, 7) & NA® (Lz, Nr*(Li)) or p=C(a,f,y) & NA" (Li, Nz*(L, )) because P must belong
to either 0, or l, but not to both. This gives
NA*(L, v L,,7)> NA* (Ll, Nz* (L) )/\ NA” (Lz- Nr*(Lz)) .To show the second inclusion, let us
assume p =C(a, £,7) & NA* (Ll, Nz*(L, )) This implies that there exist U e N(P) and 7, €L,
such that (U o — 0> ) A A e L, - By the heredity of L,, if we assume that 14 2 < A and define
flz(Up—fz)/\A . Then we have A/\Upe(élvﬂz)eleL2 . Thus,
NA"(Ly v Ly 2) < NA'(L, 2" (L) )JANA®(L, NZ*(L,))  and  similarly, we can gt
A (L vL,, 7)< A" (|_2 (L) ) This gives the other inclusion, which complete the proof.

Corollary 4.1.Let (X , T) be a NTS with topological neutrosophic ideal L on X. Then

i)  NA"(L,z)=NA"(L,z")and Nz*(L) = N(Nz" (L))" (L) -

i) N£'(LvL) =Nz (L) vINE(L))

Proof. Follows by applying the previous statement.
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Abstract: This paper is devoted for presenting new neutrosophic similarity measures between
neutrosophic graphs. We propose two ways to determine the neutrosophic distance between
neutrosophic vertex graphs. The two neutrosophic distances are based on the Haussdorff distance,
and a robust modified variant of the Haussdorff distance, moreover we show that they both satisfy
the metric distance measure axioms. Furthermore, a similarity measure between neutrosophic edge
graphs, that is based on a probabilistic variant of Haussdorff distance, is introduced. The aim is to
use those measures for the purpose of matching neutrosophic graphs whose structure can be
described in the neutrosophic domain.

Keywords: Neutrosophic Graphs, Haussdorff Distance, Graph Matching.

1. Introduction

Graphs are essential for encoding information, which may serve in several fields ranging from
computational biology to computer vision. The notion of graph theory was first introduced by Euler
in 1736, given a graph where vertices and edges represent pairwise interactions between entities [2,
5]. The past years have witnessed a high development in the areas of the applications of graphs of
pattern recognition and computer vision, where graphs are the most powerful and handy tool used
in representing both objects and concepts. The invariance properties, as well as the fact that graphs
are well suited to model objects in terms of parts and their relations, make them very attractive for
various applications. Hence, the theory of graph became an extremely useful tool for solving
combinatorial problems in different areas such as geometry, algebra, number theory, topology,
operations research, optimization and computer science [1]. In 1975, a fuzzy graph theory as a
generalization of Euler’s graph theory was introduced by Rosenfeld [7], based on the concepts of
fuzzy set theory proposed by Zadeh in 1965 [19].

In a world full of indeterminacy, traditional crisp set with its boundaries of truth and false has
not infused itself with the ability of reflecting the reality. Therefore, neutrosophic found its place into
contemporary research as an alternative representation of the real world. Established by Florentin
Smarandache [16], Neutrosophy was presented as the study of "the origin, nature, and scope of
neutralities, as well as their interactions with different ideational spectra". The main idea was to
consider an entity ”A” in relation to its opposite “Non-A”, and to that which is neither "A” nor”
Non-A”, denoted by "Neut-A”. From then on, Neutrosophy became the basis of Neutrosophic Logic,
Neutrosophic Probability, Neutrosophic Set Theory, and Neutrosophic Statistics. According to this
theory every idea “A” tends to be neutralized and balanced by “neut-A” and “non- A” ideas - as
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a state of equilibrium. In a classical way “A”, “neut-A”, ”anti-A” are disjoint two by two. But, since
in many cases the borders between notions are vague, imprecise or sorties, it is possible that “A”,
“neut-A” and ”anti-A” have common parts two by two, or even all three of them as well. In [16, 17],
Smarandache introduced the fundamental concepts of neutrosophic set, that had led Salama and
Smarandache [15], to provide a mathematical treatment for the neutrosophic phenomena which
already existed in our real world. Moreover the work of Salama and Smarandache[15,16,17] formed
a starting point to construct new branches of neutrosophic mathematics. Hence, Neutrosophic set
theory turned out to be a generalization of both the classical and fuzzy counterparts.

In [6,11,12,13], the authors gave a new dimension for the graph theory using the concept of
neutrosophy, some study for different types of neutrosophic graphs were presented and some of their
properties were investigated. The aim of this paper is to compute the dissimilarity between two
graphs, our methodology is based on the Haussdorff distance, which is invariant to rotation. Whereas
several neutrosophic distances where introduced in [4, 14], the authors constructed the neutrosophic
distance between neutrosophic sets. The remaining of the paper is structured as follows: definitions
of neutrosophic sets and graphs are presented in §2 and §3. Whereas, §4 introduces the idea behind
the Haussdorff distance between two crisp sets. In §5.2 and §5.3, we propose two new neutrosophic
dissimilarity measures between neutrosophic vertex graphs based on the classical and the modified
Haussdorff distances. Furthermore, we investigate the metric axioms for the obtained distances. A
neutrosophic similarity measure between neutrosophic edge graphs, based on a probabilistic variant
of Haussdorff distance, is introduced in §5.3.

2. Neutrosophic Sets

let X be a space of points (objects), with a generic element in X denoted by x, a neutrosophic set
A in X is characterized by a truth-membership function T, a indeterminacy-membership function I
and a falsity-membership function F [15, 18], Thatis: T, I F:x —] -0, 1+[.

Where T (x), I(x) and F (x) are real standard or non-standard subsets of ]-0, 1+][.

In general if there is no restriction on the sum of T (x), I(x) and F (x), so 0" < T(x)+ I(x)+F
(x) £3*. T, F are called neutrosophic components. In this paper we will restrict our work to use
the standard unit interval [0, 1].

3. Neutrosophic Graphs

In [6], the authors defined the neutrosophic graph, to be a graph G <V, E > combined with six
mappings, written in the form Gy =<V, E,T,, 1., F, T;,, I,, F, >, where

T,:V— [01] , I,:V— [0,1], F,:V— [0,1] denoting the degree of membership ,degree of
indeterminacy and non- membership of the element vi €V respectively and 0 < T, (vi)+ I, (vi)+
F, (vij < 3foreveryvi € V,(i=1,2,.....,n), and
T,:-Vx V —=[01], I,: VX V — [0,1] and F,: VX V —[0,1] are such that T, (v;v;)
min( T, (vy), Ty (V) ), e (vi,v;) < min(1,(v), [,(v;)) and F, (v;,v;) < min (F,(vy), F,(v;)) and 0
T (vi, vj)+ I (v, vj)+ Fo(v;, vj) < 3 forevery (v,v;) € E(i,j=1,2,3, ..., n).

The concept of neutrosophic graph was used by several authors; nevertheless they took different
points of view when describing the interpretation of graph neutrosophy. We constructed the
following structure depending on the one given in [6, 12].

<
<

3.1. Neutrosophic Edge Graphs

A neutrosophic graph is defined as a graph combined with three mappings, written as G =
v ,E T, I, ,F, ),where T,:Vx V —[0,1], I,: VX V — [0,1] and F,: VX V —[0,1] are such that
Te(vi, vj)< min (T,(v;), T,(v))), Le(vi, vj) < min (I,(vy), I, (vy)) and F,(v;, v;) < min (F,(v), F,(v;)) and
0 < T, (vy, vj) + (v, vj) + F,(v;, vj) < 3 forevery (v;,v;) € E(i,j=1,2,3,...., n).
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3.2. Neutrosophic Vertex Graphs

The term neutrosophic vertex graph was used to define a graph of the form:

G¢=( ,E T, I, ,F,) combined with three mappings, written as T,,:V— [0,1], I,:V— [0,1],
F,:V— [0,1] denoting the degree of membership, degree of indeterminacy and non- membership of
the element vi € V respectivelyand 0 < T, (vi)+ I, (vi)+ F, (vi <3 forevery vi € V, (i
=1,2,....,n).

4. Haussdorff distance

Since first introduced by Haussdorff in 1914 [8], the Haussdorff distance has been used in several
areas including matching and recognition problems. It provides a means of computing the distance
between sets of unordered observations when the correspondences between the individual items are
unknown. In its most general setting, the Haussdorff distance measures how far two subsets of a
metric space are from each other. It turns the set of non-empty compact subsets of a metric space into
a metric space in its own right. Given two such sets, the closest point in the second set for each point
in the first set is considered. Hence, the Haussdorff distance is the maximum over all these values.
More formally, the classical Haussdorff distance (H D) [4, 10], between two finite point sets A and B
is given by

H(A,B) = max(h(4,B), h(B,A))
Where the directed Haussdorff distance from A to B is defined to be:
h(4,B) = maxmin|| a — b||
a€A beB

And ||| is some underlying norm on the points of A and B (e.g., the L, or Euclidean norm).
Regardless of the norm, the Haussdorff metric captures the notion of the worst match between two
objects. The computed value is the largest distance between a point in one set and a point in the other
one. Several variants of the Haussdorff distance have been proposed as alternatives to the maximum
of the minimum approach in the classical one, like Haussdorff fraction, Haussdorff quintile [10] and
Spatially Coherent Matching [3].

A robust modified Haussdorff distance (MHD) based on the average distance value instead of
the maximum value was proposed by Dubuisson and Jain [7], in this sense they defined the directed
distance of the MHD as:

1
MH(A, B) = N—Z minlla — bl
A

aeA

5. Neutrosophic Graph Similarity Measures

In this section, we introduce neutrosophic graph similarity measures, based on the concept of
Haussdorff distance and some of its variants.

Firstly, we propose two new neutrosophic dissimilarity measures based on the classical and the
modified Haussdorff distances [4, 6, 14]. Basically the neutrosophic dissimilarity measure is a triple:
the first part is a dissimilarity measure of the true value of the neutrosophic object, the second part is
a dissimilarity measure of the indeterminate value of the neutrosophic object, and the third part is a
dissimilarity measure of the false value of the neutrosophic object; that is the opposite of the
neutrosophic object. Secondly, we propose a new neutrosophic similarity measure based on the
probabilistic Haussdorff distance [9]. With a similar structure, the neutrosophic similarity measure is
also a triple as the explained in the neutrosophic dissimilarity measure. Obviously, if the
indeterminate part does not exist (its measure is zero) and if the measure of the opposite object is
ignored the suggested neutrosophic dissimilarity measure is reduced to the concept of Haussdorff
distance in the fuzzy sense.
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5.1 Neutrosophic Haussdorff Distance

To commence, we consider two neutrosophic vertex graphs

Gy =y ,Ey ,Tps, Iy For )and G, = (Vo ,E; ,Tos, Lz ,Fy; ), where V;,i=1, 2 are the sets
of nodes, E;, where i=1, 2 are the sets of edges and T,;, I,;;, F,;, wherei=1,2 are the matrices whose
elements are the true, indeterminate and false values defined for each element of V;, i=1, 2,

respectively. We can now write the distances between the two neutrosophic vertex graphsG;, G, as

follows:

NGD (Gy,G2) = (Tygp (G1, G2), Ingp (G1, G2), Fygp (G1, G2))

Where,

And

Tngp (G1, G2) = max(Tygq(Gy, G2), Tyga (G2, G1))
Ingp (G1,G3) = max(Iygq(Gy, G2), Inga (G2, G1))
Fxop (Gy, G2) = max(Fygq(Gy, G2), Fnga (G2, G1))

Tnga(G1, G2) = maxmaxmin IIE\II?HTW LD - T, Gl

1
Inca (Gy, Gy) = —ZZI L) =1, (i,
NGd( 1 2) rlr&l‘?i(liggi(lvz | X |V2| ” 172( ]) 171(1 ])”
IeV, JeV,

Fnga(G1, G;) = min min max rg;gflvaz AL = Fy, D]

NGd(G,, G;) can be computed in a similar way.

Proposition 1: The Neutrosophic vertex graph distance NGD satisfies the metric distance measure

axioms:

Al) (Symmetry): NGD (G, G;) = NGD (G, G1),

A2) (Non-negativity): NGD (G4, G,) =0,

A3) (Coincidence): if NGD (G;,G,)=0  then G; = G,,

A4) (Triangle Inequality): for any three neutrosophic vertex graphs G;,G, and Gj
wehave:  NGD (G4, G;)< : NGD (G4, G,) + NGD (G, G3).

Poof: Al and A2 can easily be proven.

A3): When NGD(Gy, G3) = (Twep(G1, G2), Ingp (G1, G2), Fnep (G, G2)) = (0,0,0), that is
every component of the triple which is the maximum of two positive values is
zero, the values of Tys4(G;, G]-),INGd(Gi,G}-) and Fygq(G;, Gj) for i, j=1, 2 are all
zeros. Namely the maximum distance among the nearest nodes in both G, G,
is zero. That means that the distance between each element of V; and its nearest
element in the set V, is zero. That is each element in V; coincides with an
element in V, and vice versa; hence V; =V,.

A4): Consider any three neutrosophic graphs G; = (Vy ,E; ,Ty, I ,F ),
G, = (V, ,E;, Ty, I, ,F, )and G3 = (V5 ,E; ,T3, I3 ,F3 ) .Forany
i jr €Vi, k=1,2,3, we can easily see that:
| T3(i3,j3) — Ta(in, ja)ll < IT3(is, ja) — To(iz j2)ll + T2 (iz, j2) — Ta G, )l
where the values Ty (ig,jx), K=1, 2, 3, lye in the interval [0, 1]. Consequently,
one can show that:

max max min min||T5(is, j3) — Ty (iy, j3)ll
i1€V7 j1€Vq i3€V3 j3eV3

< max max min min||7T5(is, j3) — T, (i,, ]
s max iaevstEVBH 33, /3) 2 (2, )

+ max max min min||T, (i3, j) — T1 (iy, j)l
i1€Vy ji€Vy izeV; jaelz

That is: Tyna(Gy, G3) < Tnga (G, G3) + Tna(Gy, Gz) and  similarly  Tyga(Gs, G1) <
Tnga(G3, G2) + Tnga(Ga, G1)

Hence, max (Tygq(Gy, G3), Tnga(Gs, G1)) < max (Tyga(Gz, G3), Tyga(Gs, G2)) + max
(Tnca(G1, G2),Tnga (G2, G1)). Then, Tygp(Gy, G3) < Tygp(Gy, G2) + Tygp (G2, Gs).

The same procedure goes for both Iysp andFysp. That leads to
NGD (Gy, G;) < NGD (G4, G;) + NGD (G5, G3).
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5.2 Modified Neutrosophic Haussdorff Distance

Consider two neutrosophic vertex graphs G, =W, ,E; ,Ty1, 1 ,F) and G, =

(Vo E; Ty, Ly ,Fyy ), where Vi, i=1, 2 are the sets of nodes, E;, where i=1, 2 are the sets of edges
and T, I;, F,; , wherei=1,2 are the matrices whose elements are the true, indeterminate and false
values defined for each element of Vi,i=1, 2, respectively. We can now write the distances
between the two neutrosophic vertex graphs G;, G, as follows:

MNGD (Gy,G;) = (Tunep (G1, G2), Iunep (G, G2), Funep (G1, G2))

Where,

Tunep (G1, G2) = max (Tywea(G1,G2), Tunca(G2,G1))

Iyngp (G1, G2) = max (Iynca(G1,G2) Iunca(G2,G1))

Funep(G1,G2) = max (Fynea(G1,Gz2), Funca(G2,G1))

And,
Tusca(G1,62) = o i T Z gg;]grglr;nnu D =TI
lEU (51728
I G, G Z Z Z Z T, T
MNGd( 1 2) |V1| % |V1| Vz-l % |V2| L L ” 2( ]) 1(" ])”
2
Funnca(Ga, G2) = o Z Z maxmax|F,(1.)) = ()l

Similarly, we can find MNGd (Gz, Gl).

Proposition 2: The Modified Neutrosophic vertex graph distance MNGD satisfies the metric distance

measure axioms:
AA1) (symmetry): MNGD (G,, G,) = MNGD (G,, G,),
AA2) (non-negativity): MNGD (G4, G;) =0,
AA3) (coincidence): if MNGD (G4, G;) =0 then G; = G,
AA4) (triangle inequality): for any three neutrosophic vertex graphs G;,G, and Gj
we have:
MNGD (G;,G3) < MNGD (G4,G,) + M NGD (G,,G5).
Proof: Similar to the procedure used to prove Proposition 1.

5.3 Probabilistic Neutrosophic Haussdorff Distance

To overcome the robustness of both the classical and the modified Haussdorff distance, Hue and
Hancock [9] have developed a probabilistic variant of the Haussdorff distance. This measure the
similarity of the set of attributes rather than using defined set based distance measures. To commence,
we recall two edge graphs G, = (V; ,E; ,T,, lo, ,F, ), G = (Vo,E;,Te,, Ie, , F,, ) as mentioned
before, the set of all nodes connected to the node I € G, by an edge is defined as:

C# ={JI(1,]) € E,}, and the corresponding set of nodes connected to the node i € G; by
anedge C} = {jl(i,j) € E;}. A measure for the match of the graph G, onto G is:
PNGD (Gy,G2) = (Tenep (G, G2), Ipngp (G1, G2), Fpwep (Gy, G2))

where, Tpygp (G1,G2) = max(Tpyga(Gr, G2), Tenga (G2, G1))
Ipngp (G1, G2) = max(Ipnga(Gy, G2, Ipnga (G2, G1))
Fenep (G1,Gp) = maX(FPNGd(Gl' G2), Fenga (G2, G1))

and, Tpnga(Gy, G2) = ———— ey, Zjecl max SnaXP((l ) = (LD Te, (LD, Te, (6,))

V2 |><|V|

Towea(Gy, ;) = |v2|x|v1|22maxma“’(“ P = AD Ve, (D), Ty )

ieVy 1€%2 Jec
Fonga(Gy, Gz) = WE Z mip min P(G) = (1)) |Fey 1)) ey 6 )
LeVy jeC;

In this formula the posteriori probability P((i,j) = (I,]) = (I, DITe,(1,]), T, (i, ))) represents the
true value for the match of the G, edge (I, J) onto the G; edge (i, j) provided by the corresponding
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pair of T, (1,]) and T, (i,j). This similarity measure works as follows, it commence with finding
the maximum probability over the nodes in C? then averaging the edge compatibilities over the
nodes C}. Similarly we consider the maximum probability over the nodes in the graph G, followed
by averaging over the nodes in G;. It worth mentioned here that unlike Neutrosophic Haussdorff
distance this similarity measure does not satisfy the distance axioms. Moreover, while the true
components of the Neutrosophic Haussdorff distance measures the maximum distance between two
sets of observations, our measures here returns the maximum similarity. Back to the rest formulae of
the posteriori probability which represent the indeterminacy value and the false value for the match
of the G, edge (I, ]) onto the G; edge (i, j) using similar procedure to the true value. We still need to
compute the probabilities P((i,j) = (I, )|Te,I,]), Te, (i, j)),
P((i.) > (LD, (1), ey G, D) and P(Gi,j) = (LDIE, (L)), E., (i, ). For that purpose we will
use a robust weighting function:
y . Lo (I7e, 0D, Tey G DD
PG = (DI 0D T (1) = 5— ST
Co(|lle, 1D I, G DD

Zapee: Lo(llle, D, Ly BN
PO = AT, T ) = e WD Fo G
2(1,])€E2 Fa(”Ezz an, Ezl (l;])”)

Where I';(.) is a distance weighting function. There are several alternative robust weighting
functions. For instance, one may consider the Gaussian of the form

P((.)) = (LDHe, (LD, Ie, (0, ) =

- 2
I's(p) = exp (;pj) where p? = (TEZ(I, D —Te,(, j)) according to the true part,
2 2
p= (Iez @y - Iel(i,j)) according to the indeterminacy part and p? = (Fe2 L) - F, (i,j))

according to the false part, where o is the standard deviation. The similarity measure can be viewed
as an average pairwise attribute consistency measure.

6. Conclusion and Future Work

Graphs are the most powerful and handy tool used in representing objects and concepts. This
paper is dedicated for presenting new neutrosophic similarity and dissimilarity measures between
neutrosophic graphs. The proposed distance measures are based on the Haussdorff distance, a
modified and a probabilistic variant of the Haussdorff distance, additionally we proved that the given
Neutrosophic Haussdorff and the Neutrosophic Modified Haussdorff distances satisfy the metric
distance measure axioms. The aim is to use those measures for the purpose of matching graphs whose
structure is described in the neutrosophic domain. In our plan for the future we will consider using
the deduced measurements in image processing applications, such as image clustering and
segmentation.
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Abstract: This paper, is an extension of another paper that was previously published in IJNS entitled
"A study of the integration of neutrosophic thick function". In this paper, the concept of neutrosophic
thick function has been introduced in the definition of other types of differential equations, which are
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factors, Addition to the Ricati. Finally, solutions to this equation will be found.
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1. Introduction

Neutrosophic created by F. Smarandache, is a new logic in the mathematical world, which relies
on the principle of indeterminacy, and this logic is considered as a generalization of fuzzy logic [1],
which differs from classical logic. Also, in 2015, F. Smarandache, has defined the concept of
continuation of a neutrosophic function in [1], and neutrosophic mereo-limit [1], mereo-continuity.
Moreover, in 2014, he has defined the concept of a neutro-oscillator differential in [3], and mereo-
derivative. Finally in 2013 he introduced neutrosophic integration in [2], and mereo-integral, besides
the classical defintions of limit, continuity, deverative, and integral respectively.

Recently, the neutrosophic crisp set theory may have application in image processing [4], [5]
,the neutrosophic sets [6] have application in the medical field [7],[8],[9],[10], the field of
geographic information systems [11] and possible applications to database [12]. Also, neutrosophic
triplet group application to physics [13]. Morever Several researches have made multiple
contributions to neutrosophic topological[14],[15], [16], [17], [18], [19], [20], Also More researches
have made multiple contributions to neutrosophic analysis[21]. Finally the neutrosophic integration
may have application in calculus the areas between tow neutrosophic functions.

2. Preliminaries

In this paper f(x) = [fi(x), f,(x)] is called a Neutrosophic thick function. Now, we recall some
definitions which are useful in this paper.

Defintion 2.1. [22] .Let f(x) = [i(x), ,(x)] bea neutrosophic thick function. Then we define the

integration of this function such as:

[ reax = [1n@ petdr=[[ fdx+ e, | L@ dr+c| = 145

Whel‘e Cl = al + blll ,C2 = a2 + bzlz.
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3. Neutrosophic Bernoulli's equation.

In this section we defined the Neutrosophic bernoulli equation based on the thick function and find
solutions to this equation.

Defintion 3.1.
This equation takes the following form:
Y+ [0, p2(0)]y = qCy™ ... (1)
y+p®)y = [q:(x), 2 (D)]y" ... ... (2)
Y+ [p1(0), p2()]y = [q:(0), ¢z (Y™ ... ... ()
Now I will rely on the first model and the rest of the models in the same way:
Y+ [p1(x), p2(0)y = q(x)y™
Method of solution.
1- We dived the ends of the equation (1) by y™

Yy + [p1 (), po () ]y = q(x) ... ... 4)

2- Now let:
z =yl
Then:
z=(n+1y™"y
. Y
Y= -n+1

3- We substitute into equation (1):

Zy™" + (=n+ Dp1(0), p2(0]z = (=n+ Dq () ... 5)
It's a Neutrosophic non- homogeneous linear differential equation, we studied this equationin [22],
we obtain the solution of this equation:

1

z= @<a + bl + f ,u(x)q(x)dx)

Where u(x) is the complement to the equation (5).
4- We obtain the general solution of the equation (1):
1
y = {Z}—TH—l
Example 3.2. Find the general solution for the following neutrosophic bernoulli equation:
= fezly =
y x'x y=xy
Solution. The equation given from the first form:

Y+ [p1(x), p2 )y = q(x)y™
We dived the ends of the equation by y3:

yy~ - [x, ;] y2=x ... (6)

Now let:
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z=Yy
Then:
Z==-2y3y
. =y7
Y=
Then:

2
Z+ [Zx,—]z = —2x
x

It's a Neutrosophic non- homogeneous linear differential equation, the complement of this equation

as follow:
u(x) = [e**,x?]

We find that the general solution is written as:

z= u(—lac)(a + bl + J- ,u(x)q(x)dx)

1
:m(a+b1+ U —2xex2dx,f—2x3dx D
e*? x

=[ex2—1’xz](a+bI+U—e"2dx,f_Tx4de

We obtain the general solution of the equation:

y= {ﬁ (a + bl + [—exz,_Tx[LD}T

Example 3.3. Find the general solution for the following neutrosophic bernoulli equation:
42 y=[-InGo, ]2
YT V= x|y

Solution. The equation given from the second form:

Y+ 0y = [q:100), g2 0)1y™"
We dived the ends of the equation by y?:

1 1
Jy2 4+ ;y—1 — [_ ln(X),; ...... 7
Now let:
z=y!

Then:

Z=-y7%y

y=-y*
Then:

Z —%Z = [ln(x),_?l]

It's a Neutrosophic non- homogeneous linear differential equation, the complement of this equation

as follow:
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WG =

We find that the general solution is written as:

z= L(a + bl + J- u(x)q(x)dx)

pu(x)
In(x) -1
X dx,dex ])

1
z=7 a+ bl + f
X

z= x(a + bl + [ln(lnx),%])

We obtain the general solution of the equation:

-1

y= {x (a + bl + [ln(ln %) %])}

Example 3.4. Find the general solution for the following neutrosophic bernoulli equation:
y + [tanx, cotx]y = [sinx, cosx]y?
Solution. The equation given from the second form:
Y+ [p1(0), p2()]y = [4:(0), g2 (O Iy™
We dived the ends of the equation by y?:

yy~% + [tanx, cotx]y~! = [sinx, cosx] ... ... (8)
Now let:
z=y?!
Then:
z=-y7?y
y = -y
Then:

Z + [—tanx, —cotx]z = [—sinx, —cosx]

It's a Neutrosophic non- homogeneous linear differential equation, the complement of this equation

as follow:

1
ulx) = [cosx, E]

We find that the general solution is written as:

1
zZ=— a+bI+J. x)q(x dx)
H&x n(@q(0)
1 ' —cosx
z=—1<a+bI+U—Slnxcosxdx,f - dx])
[cosx,-— sinx
sinx
1 1 ,
Z=—7= (a + bl + [Z cos2x ,— ln(smx)])
[cosx,.—
sinx

We obtain the general solution of the equation:
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-1

1
y= (a + bl + [Z cos2x ,— 1n(sinx)])

[cosx, —_
sinx

4. Neutrosophic Exact differential equation.

In this section we defined the Neutrosophic Exact differential equation based on the thick function
and find solutions to this equation.

Defintion 4.1 . Let the differential equation:
[p1 (6, ), 2 Ce, y)]dx + [q1(x, ), g2 (e, ¥)]dy = 0 ... (9)
We say the Neutrosophic differential equation (9), is a Exact differential equation if .... The

conditions:
P _ 04
dy Ox
o, _9p,
dy Ox

We obtain the general solution of this equation:

xg xo Yo Yo
Which x,,y, is arbitrary constants.
Example 4.2. Prove the equation is a exact differential equation, and Find the general solution for
this equation:
[3x% + 6xy%,y — 2x3]dx + [6xy? + 4y3,x]dy = 0
Solution. We note:

apl aql apl aql
—=12xy,— =12 —_—=—
dy Xy 0x = Jdy  0Ox

0p; _ dq; _ 0p; _ 94,
—=1l,—=1=—=—
dy 0x Jdy  0Ox

Then the equation is exact and this solution is:

x x y y
fm(x,y)dx, fpz(x,y)dx + fql(xo.y)dy. fqz(xo,y)dy =a+ bl
x9 X0 Yo Yo

Now let xg = 0,y = 0, then:

y y

+ f4y3dy,f0dy =a+ bl
0 0

X

X
U 3x% + 6xy2dx,jy —2x3dx
0 0
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1
[x3 + 3x%y?, yx — Ex‘*] + [y* a; + bI;] = a+ bl

1
[x3 + 3x2y% + y*  yx —Ex“ +a, +b111] =a+bl

5. Neutrosophic non-Exact differential equation and complement factors.

Defintion 5.1 . Let the differential equation:
[p1(x, ¥), p2(x, Y)]dx + [q1(x,¥), 42 (x, ¥)]dy = O ... (11)

We say the Neutrosophic differential equation(11), is a non-Exact differential equation if:
o _ 94,
dy  0Ox
a a
2, Op2
dy  0x

Method of solution.

1-  We find the complement to the equation (11) as follows:

w(z) = [u(2), uz(2)]

Which
z=12z(x,y)

op: _9qs

dlnul(z)_ dy ox

d - 0z 0z

z Q1a_p1@

9p; _ 09,

dlnu,(z) 9y  ox

dz =~ 0z 9z

‘hﬁ_pz@

2- We multiply the ends of the equation (11) by the complement factor:

(11 (D)1 (x, ¥), u2 (D)2 (x, Y)]dx + [14(2)q1 (%, ¥), p2(2)q2 (x, y)]dy = 0
Then the equation is a exact and obtain this solution by (10).
Example 5.2 Find the general solution for the following equation:
[ny +x%y + 1y3,% - Zx] dx + [xz + yz,%] dy=0

3
Which p(x) = [ (), p2(x)].

solution.

n(x) = [y (), p2 (2]

Ay B R

npx) y x _ x

dx - aZ aZ_l:,ul(x)_e
‘ha‘ﬂ@
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A BT

nMZZ _ y X _ = 2

dZ - aZ aZ —xﬁuz(x) =X
CIzﬁ‘Pz@

Then:
nCx) = e, x?]
We multiply the ends of the equation by the complement factor

1
[ex <2xy + x%y + §y3) Y — 2x3] dx + [e*(x? + y?),x]dy =0

The last equation is a exact, and this siolution obtain as follow:

x x y y
1
fex <2xy + x%y + §y3) dx, J-(y —2x3)dx |+ f e*o(xy% + y3)dy, J-xody =a+ bl
X0 Xo Yo Yo

Now let xo = 0,y, = 0, then:

y y
+ fyzdy,f(O)dy =a+ bl

0 Yo

X X
1
[f e* <2xy + x%y + §y3) dx,f(y —2x%)dx
0

0

2,x 1 3,x x4 1 3
yx‘e +§ye WYX == + §y,a1+b111 =a+bl

1
3

1, x?
=y’ yx——+a, +b;|=a+bl

2,x
[yxe+ 3 7

y3ex +

Example 5.3 Find the general solution for the following equation:
[5x% + 2xy + 3y3,x% — y? + 2x]dx + [3x% + 3xy? + 6y3, x> —y? = 2yldy = 0
Which u(x) = [ (x), 2 (x)]

solution.

RO0) = [pa (), 2 (x)]
dp, _0qq

dinp(x) 3y " ox 2 )
dx - aZ aZ_x+y=>”1(x)_(x+y)

qla—m@
9p, _ 99,
dinp(z) 3y " ox
dz 0z 0z
QZﬁ_Pzﬁ

=1= u,(x) = e

Then:
n(x) = [(x + y)?,e**]
We multiply the ends of the equation by the complement factor
[Ce + y)2(5x2 + 2xy + 3y3), (x? — y? + 2x)e**V]dx
+ [+ y)2(3x2 + 3%y + 6y3), (x2 — y2 — 2y)e*¥]dy = 0

The last equation is a exact, and this solution obtain as follow:
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X X
f(x + y)%(5x2 + 2xy + 3y3)dx, f(x2 —y2 4+ 2x)e*tVdx

Xo X0

y y
+ f(xo + ¥)2(3x02 + 3xy? + 6y3)dy, f(xo2 —y? = 2y)e*tVdy| = a + bl

Yo Yo

Now let xg = 0,y = 0, then:

y y

+ f6y5dy,f(—y2 —2y)e¥dy| =a+ bl
0 0

X X
f(x +y)2(5x% + 2xy + 3y3)dx,f(x2 —y2 4+ 2x)e**Vdx
0 0

[x5 + 3yx* + (2 + 2xy + 3y®)x® + By* + ¥3)x? + 3xy°, (x2 — y?)e**V] + [y®, —y?e¥] = a + bl
[(¥3 + 2xy + 3y3)x® + By* + y3)x? + 3xy° + y°, (x? — y2)e*tY —y2e¥] = a + bl

6. Neutrosophic Recati equation.

In this section we defined the Neutrosophic recati equation based on the thick function and find
solutions to this equation.

Defintion 6.1. We define the Neutrosophic bernoulli equation by a neutrosophic thick function form:

Y+ (P16, p2(0)]y? + [41(%), 42 ()]y + [ (%), 72 ()] = 0. (12)
And takes a particular solution:

y1 = [fi(x), f(x)]

Example 6.2. Find the general solution for the following neutrosophic ricati equation:

- [ cosx 1 ] 5 -1 —x? N [ sinx —2x ] “o (13)
YT 1T =sinx cosx’1-»31” 1—sinxcosx’'1—x3|” T |1 —sinxcosx’1—x3] ~ "™
If a particular solution is:
y1 = [cosx, —x?]
Solution. We let:
y = [cosx + z;, —x? + z,]
v = [—sinx + 7, ,—2x + Z,]
We substitute into equation (13):
[—sinx + Z;, —2x + Z,] cosx ] [z,242cosxz; + cos®x,z,% — 2xz, + 4x*]
L 21 — sinx cosx’1 — x3] ** L 1oz L
-1 —x? [ N SR sinx —2x ] 0
, cosx + z;,—x*+z - , =
1 — sinx cosx' 1 —x3 . 2 1 — sinx cosx’ 1 —x3
. 2cos?x — 1 cosx 2 ;4 3x?2 1 2| _ ¢
Z - zZ, — z,%,7 Zy — z,%| =
1 —sinxcosx™ 1—sinxcosx™ 7 T 1—x3"% 1-—x371
Then:
’ 2cos?x — 1 cosx 5
Z z z,°=0

- N 1= N 1
1 — sinx cosx 1 — sinx cosx
3x?2 1
7 —
1-x3"% 1-—x3

Z’2+ Z12=0
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We obtain:

1 _1
=y bl [
A {1 — sinx cosx (ay +bify + smx)}

1 _1
Z; = {m (az + byl — x)}

Then the general solution for (13) is:

-1

1 _1
(a; + b1 + sinx)} ,—x% + {m (a; + byl, — x)} ]

=|cosx +{j—————
Y [ {1 — Sinx cosx

7. Conclusion

In this paper, a new type of neutrosophic integration has been defined by using the thick function,
Moreover, we studied a bernoulli's differential equation, exact differentiale quation, non-exact
differentiale quation, Addition to the ricati based on the thick function, and found solutions to this
equation. Also solutions of other types of neutrosophic differential equations can be found
depending on the thick function such as lagrange equation, claurout equation, darbowx equation.
We will work on this in the future.
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1. Introduction

The American scientist and philosopher F. Smarandache came to place the neutrosophic logic in
[5 — 6], and this logic is as a generalization of the fuzzy logic [7], conceived by L. Zadeh in 1965.The
neutrosophic logic is of grerat in many areas of them, including applications in image processing
[8 — 9], the field of geographic information systems [10], and possible applications to database
[11 — 12], Neutrosophic logic. Neutrosophy, Neutrosophic set, Neutrosophic probabilityand alike,
are recently creations of F. Smarandache, being characterized by having the indeterminacy as
component of their framework,and a notable feature of neutrosophic logic is that can be considered
a generaliazation of fuzzy logics, encompassing the classical logic as well [1]. Also. Finally F.
Smarandache, presented the definition of the standard form of neutrosophic conditions for the
division of two neutrosophic real numbers to exist, he defined the standard form of neutrosophic
complex number in year 2011 in [2].

Among the recent applications there are: neutrosophic crisp set theory in image processing
[13][14], neutrosophic sets medical field [15][16][17][18][19], in information geographic systems
[20] and possible applications to database [21]. Also, neutrosophic triplet group application to
physics [22]. Morever Several researches have made multiple contributions to neutrosophic
topological [23][24][25][26][27][28][29], Also More researches have made multiple contributions to
neutrosophic analysis [30]. This paper aims to study and define the roots of neutrosophic number,
and a neutrossophic complex functions, conditions Cauchy-Riemann, In addition, and the harmonic
conjugate.

2. Preliminaries

In this paperwe recall some definitions which are useful in this paper.

Definition 2.1. [1] Neutrosophic Real Number: Suppose that w is a neutrosophic number, then it
takes the following standard form: w = a + bl where a, b are real coefficients, and I represent
indeterminacy, such 0.I =0 and I" = I for all positive integers n.
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For example:
w=1+2[,w=3=3+0]
Definition 2.2. [1]
Division of neutrosophic real numbers:
Suppose that w;, w, are two neutrosophic number, where
wy =aq +bil,wy, =a, + byl
Then:
m_athl o ehoab, o

w, B a, + b, - a, a,(a,+by)

Definition 2.3. [2]

Neutrosophic Complex Number:

Suppose that z is a neutrosophic complex number, then it takes the following standard form: z

a+ bl + i(c+dI) where a,b,c,d are real coefficients, and I indeterminacy, such i? = —1 then i =

V-1,

We recall a + bl the real part, then it takes the following standard form Re(z) = a + bl.

We recall ¢ + dI the imagine part, then it takes the following standard form Im(z) = ¢ +dlI.

For example:
z=4+1+i(2+2D)

Note: we can say that any real number can be considered a nutrosophic number.

For example: z=3=34+0./+i(0+0.1)

Definition 2.4. [2]

Conjugate of a neutrosophic complex number:

Suppose that z is a neutrosophic complex number, where z = a + bl + i(c + dI). We demote the

conjugate of a neutrosophic complex number by z and define it by the following form:
Z=a+bl—i(c+dl

Example 2.5.

z=4+1+iQR+2D=>z=4+1—-i(2+2])

Definition 2.6. [3]

The absolute value of a neutrosophic complex number:

Suppose that z =a + bl +i(c+ dl) is a neutrosophic complex number, the absolute value of a

neutrosophic complex number defined by the following form:

|z = /(a + bI)? + (c + dI)?

Remarks 2.7 [3]
D.(2) =z
(2).Zz4+ z = 2Re(2)
3).z—z=2Im(z)
B.zitz,=2+7
6).7% = 7.5

(6).2z.Z = |z|?
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3. The polar form of a neutrosophic complex number

Definition 3.1. [4]

We defined the exponential form of a neutrosophic complex number as follows:

7 = rei@+D
Where:
r =zl =+/(a+bD?+ (c +dI)?
x a+bl
cos(@+1)=-=
T r
c+dl
sin@+0=2=
T T
Then:

z=re!®) =rcos(@ + 1) +irsin(6 +1)
Remarks 3.2 [4]
(1).21.22 = Tlei(91+11).7‘2€i(92+12) = rlrzei(91+92+1) H 11 + 12 =1

Zl rlei(91+11)

@) o
"z, rmpeilftl) o,

ei(91—62+1); 11 _ 12 =]
3).z.z=z|* =712
(4).z = re~H6+D

Example 3.3. Let:

Then:

4. The Power of a neutrosophic complex number.

i(6+D)

Definition 4.1. Suppose that z = re is a neutrosophic complex number, the power of a

neutrosophic complex number defined by the following form:
7N = (rei(eﬂ))n = yNgin(0+) — pngi(6n+ni)
Then:

z" = relMP+D = ¢ co5(n@ + nl) + i r™sin(nd + nl) ... ... 2

Example 4.2. Let z = 1) find 22,28,
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Solution.

2T (TT T T
72 = [2¢¢ +21 i(5+21) _ ° s (T
= J“e ( ) Ie(Z )—Icos(2+21)+1151n(2+21)
(8 )
28 = 18¢1(T+81) = [eitemrsn) — I cos(2m + 81) + i I sin(2m + 81)

5. The Roots of a neutrosophic complex number.

Definition 5.1.

Suppose that z = ret®+D

is a neutrosophic complex number, a a neutrosophic complex number

n

w = #e!@*D = g + BI + i(y + 8I), and it satisfay relation z = w™ is call the root by a neutrosophic
complex number z, we have:
w=14z= Z%
Then:
w = |w|el@*D = |z| = |w|heiM@+D = yri0+D) o2k — |Wn| =1 n(p +1) = (6 + 1) + 2nk

_(0+D+2nk (7(0+1)+2ﬂk)

= |w|="r, = wy, = ¥z = Vrel@*D = e’

Example5.2. Let z=e (5+) find¥z.

Solution.
0+1)+2nk 0+1)+2nk
szwzwm(( ) > (( ) )
i Tn+1+2nk S+ 1+ 2mk
= w, = Vz=cos[ =——— | +isin S
S+ L
k=0= w, = cos +1 sin
- _ (—n+21>+_ ) (—n+21>
Wy = COoS g i sin g
By using (1) we have:
—7T+21_—1T+1I
6 6 3
<_n+11)+‘ i (_n+11)
p—1 = —_— - JR— —
Wo = cos(—+3 i sin{——=+3
i+ 2n i+ 2n
— _ 2 . 2
k=1= w; =cos S + i sin S
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LN, L,

3

3m+ 21 . (3 + 2]
:w1=c05< 5 >+Lsm( 3 )

By using (1) we have:
3m+2] m 1

= w; = cos

6 23
(”+11)+- i (”+11)
—3 = — —_ — —
wy = cos(5+3 Esin(o+3
S+ 4n e
k=2=w, =cos| =———|+isin| =——F—
3 3
Ly, LY,
= i
%) Ccos 3 L SIn 3

7m + 21 o (T + 21
ﬁw2=cos( 3 >+lsm( 3 )

By using (1) we have:

(77r+21)_77r 1
6 3

- Z
v =cos(Za ki)t on(Z 4 L)
w, = cos|——+ 3 Esin(—+2

6. A neutrosophic complex Function.

Definition 6.1

let z=(x+D+i(y+I),w=@+1)+i(v+1I), Then we call the function:
w=f@=w=u+D+iv+D=f((x+D+ily+1D)

Is a neutrosophic complex Function.

Example 6.2. Let w = f(z) = |z|? find the real part and imagine part.

Solution.

Letz=x+D+ily+D,w=@+1)+i(v+1I), then:

2
w=@+D+iw+D)=(Ja+ D2+ G +D?)
Sw=@W@+D+iwv+D=x%+y%+Q2x+2y+1)I

S @u+D=x*+y*+QRx+2y+1DI,v+1)=0+0I

Definition 6. 3. Cauchy-Riemann conditions.
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Cartesian:

Suppose that w = f(z) isa neutrosophic complex Function, where z = (x +I) + i(y + 1),

w=(u+1+i(v+1, Cauchy-Riemann conditions by Cartesian defined by the following

form:

o(u+1) _ dw+1)

ax+I dy+D @
ov+I)  o(u+D™
ax+I) ay+D

And derivate for function w = f(z) defined by the following form:

o(u+l o(w+1 . o(u+l) ow+1D

@ =56+ e+ TP =50+ ao D

Example 6.4. Let f(z) = z?, prove f(z) = 2z.

Solution.

Letz=&+D+ily+D,w=@+1)+i(v+1I), then:
wu+D+iw+D=C*—y* +2x—I+D+i2(x+ Dy +1)
S u+D=0&2-y2+2(x—yI+1)

= w+DH=2x+Dy+1)

Then:
du+1) o(u+1)
_— =2 2], ———— = -2y — 2]
ax+n T ag T Y
ov+1) o(wv+1)

=2 21, =2 21
ax+n YT Tt

(0u+D) ow+D)
ax+0 o(y+D
dw+1)  d(u+I)

ka(x+1)__6(y+1)

Cauchy-Riemann conditions is satisfytion. Then we have:

od(u+l o(w+1I)

f(z) = FTCEY)) ’a(x+1) =f)=2x+2I+iy+21)=2(x+D+i(y+ D) =2z
= f(z) = 2z
Polar:

Suppose that w = f(z) isa neutrosophic complex Function, where z = re!®*D,w = (u + 1) +
iv+D
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Cauchy-Riemann conditions by Polar defined by the following form:

ar+D ra@+1D 6
v+  1o(u+D™™ (6)
La(r+1) T ra@+D

!6(u+1)_16(v+l)

And derivate for function w = f(z) defined by the following form:

du+ AW+ A+ 1)

f(Z) — e—i(9+l)<

Example 6.5. Let f(z) = %, prove f(z) = ;_21

Solution.
Let z =re!®D w=(u+1) +i(v +I), then:

le—i(9+1)

(u+1)+l(v+[)=m=r

1 1
= u+D+iwv+D = ;cos(ﬁ +0)—i ;sin(e +1)

= W+ =%cos(9 +1) =(r+—;)_1cos(6+l)
=W+ = —ﬁsin(@ +1)

Then:

?9?: : g =— i1y cos(6 + 1)

Z?@Lig = _(r+1)—1‘°‘i“(9+1)

g?; : g i sin(0 + 1)

dw+D) cos(6 4D

ae+D G+D-1I

(a(u+1)_16(v+1)
4 ar+0 ra@+0D
La(v+1)__16(u+l)

ar+D ra@+1)

Cauchy-Riemann conditions is satisfytion. Then we have:

du+l) ow+1D)
6(r+1)+l6(r+1))

= f(Z) — e—i(6+1)<

+i or f(z) = L e-itosn -
ar+1n a(r+1) T ae+n

Au+I
.(u+)) @

16(0+I) ......
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f(z) = e71E+D (— cos(@+1)+i sin(6 + I))

1
(+n-1)° (r+D-1)

p 1 .

= f(2) = —me“(e”)(cos(e + 1) —isin(6 + 1))
r _

p 1 ) .

= f(z) = — (( v 1)2 o—i(O+D) p=i(6+1)
r _
— f(Z) - _ 1 - e—2i(9+1)
(G+D-1)
= f(z)=- 1 o—2i(0+D)
G+D2=20r+DI+12
= ’( ) — 1 —2i(6+1)
- 2 2 _ — 772 2

fz "2 x 2rl 412 —2r] — 212+ I2°
— '( ) — 1 —2i(6+1)

@ ==y = =22

, 1 ) 1 1 -1

— =2i(6+1) _ — —

= f(2) = —2€ 1O+ = T r2e2U0+D T T (pei(@4D)2 T z2

. -1
= f(2) = 77

7. A neutrosophic complex Harmonic Function.

Definition 7. 1.

Suppose that h = h(x + I,y + I) isa neutrosophic real Function, wesay h(x+1,y+1) isa

a neutrosophic harmonic Function, if satisfy the Laplas equation:

o2h__oh _
ax+D2 Aay+D?

Definition 7. 2. A harmonic conjugate Cartesian.

Suppose that (u + I), (v + I) is a neutrosophic harmonic Functions, we say (v + I) is a harmonic

conjugate by (u+1),if (u+1I),(v + I) are satisfy Cauchy- Riemann conditions.

Example 7.3. Let f(z) = le

1- Prove (u+I),(v + 1) are a neutrosophic harmonic Functions.

2- Find the harmonic conjugate (v + I).

Solution.

1- Letz=(x+D+ily+D,w=u+1I+i(v+I),then:
wu+D+iw+D=C*—y* +2x—-MI+D+i2(x+ Dy +1)
S u+D=%>—y>+2(x—y)I+1D
= w+Dh=2x+Dy+1)
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Then:
f@(u+1)_2 ey ou+1) S
ax+D _ T+ Y
6(17+I)_2 +21 6(v+1)_2 +21
ax+D YT+ T
(02(u+D) _ 02(u+1) 5
ax+D? AT DE
2w +1) _ 22w +1) _
laGx+D2 " oy +D?
We have:
2(u+1 2u+1
(u+1) (u+l) 220

aGx+D2 Ty T DE
The function (u + I) satisfy Laplac equation, so (u + I) is a neutrosophic harmonic Functions.

Similary we have:

02(v+1) 02w+1)

dx+D%2 ay+1I? =0+0=0

The function (v +I) satisfy Laplac equation, so (v + I) is a neutrosophic harmonic Functions.
2- We have:

(a(u+I)_a(v+I)
4 dax+D dly+D
owv+I)  o(u+D
La(x+1)‘_a(y+1)

Then (u+1), (v +I) are satisfy Cauchy Riemann conditions, forever (v +I) is a harmonic
conjugate by (u +1I).

Example 7.4. Let (u+1) = 2(x +I) — 2(x + I)(y + I). Finde Find the harmonic conjugate (v + I)
and write f(z) by z.

Solution.

1-  We prove the function (u + I) is a neutrosophic harmonic Function.

otu+1) B 02(u+1) B
alx+1D 2-20+D= o(x+1?
du+I) 2u+1)
R AR Toww) i
Then:

2w+D) 2w +1)
+ =0+0=0
d(x+D?  d(y+1)?
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Then (u + I) is a neutrosophic harmonic Function.

2-  We use the first condition of Cauchy Riemann conditions. Then:

du+l) aw+I) adw+1D)
dax+D o(y+D ay+D

=2-2(y+0D) .....(9)

3- Weintegral (9) for (y + 1), we have:

olv+1)
fa(yH)

S w+D=20+D-@G+D*+ypx+1I).... (10)

diy +1) = f(z =2y +D)dy + D +P(x+1)

Where (x + I) is a constant integral.

4- We derivate (10) by (x +I), we have:

awv+1)

3D = P tD

5-  We use the second condition of Cauchy Riemann conditions. Then:

dwv+1) _ d(u+1

a(x_H)_—a(y+l)=>1/3(x+1)=2(x+1)

By integrating the latter, we obtain:
fl[)(x +Dd(x+1) = fZ(x +Dd(x+1)

=yPx+D=Cx+D*+a+bl
6- we obtain:
w+D=2y+D-(@y+D*+(x+D?*+a+bl

Now:

f@O=@+D+i(v+1)
=>f@=2x+D-2x+Dy+D+iRYy+D—-@+D*+ (x+1)?>+a+bl)

= f@=2x+D-2x+Dy+D+i2y+D—ily+D?*+i(x + D?+i(a + bI)
=f@=2(x+D+iy+D)+i(x+D?>—@+D?*+i2x+ Dy + D) +i(a+bI)
= f(2) =2z +iz? +i(a + bI).

Example7.5. Let (u+1) = e®*D cos(y + I). Finde Find the harmonic conjugate (v +I) and write
f(z) byz.

Solution.

1-  We prove the function (u + I) is a neutrosophic harmonic Function.

du+1
dx+1)

022(u+1)
d(x + 12

=e®Dcos(y +1) = =e@*Dcos(y +1)
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du+1 02(u+1)
_ (x+I) o L _px+D
o D) = —e sin(y + 1) = a( DE = —e cos(y +1)

Then:

2w+ 2w+
G+ D2 T oy + D)2

=e@Dcos(y+1) —e®**Dcos(y +1) = 0

Then (u + I) is a neutrosophic harmonic Function.

2-  We use the first condition of Cauchy Riemann conditions. Then:

du+l) ow+I) adw+1)

ax+I) oy+D ay+D) e cos(y + 1) ... (11)

3- Weintegral (11) for (y +I), we have:
ov+1)
oy+1)

= w+D=e*Dsiny +D+yPpx+1) ... (12)

diy+1) = f(e(x“) cos(y +D)dy + D +¢p(x + 1)

Where (x + I) is a constant integral.

4- We derivate (12) by (x +I), we have:

owv+1)
dx+1)

=e®Dsin(ly +I) +P(x + 1)

5-  We use the second condition of Cauchy Riemann conditions. Then:
ow+D)  ou+l)
ax+1) aly+D
= —e@Dsin(y + ) —Pp(x + 1) = —e*Dsin(y + 1)
=SPx+I1)=0

By integrating the latter, we obtain:

f¢(x +Dd(x+1) = f(O)d(x +D

x+D=y¢Y=a+bl
6- we obtain:
w+1I) =e*Dsin(y +I) + a + bl

Now:

f@O=@+DH+ilv+1D)

= f(2) = e"Dcos(y + ) + i(e**Vsin(y + I) + a + bl)
= f(z) =e*Dcos(y + ) + ie**Dsin(y + I) + i(a + bl)
= f(z) = e**D(cos(y + 1) + isin(y + I)) + i(a + bI)
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= f(z) = e*Dei0*D 4 j(a + bI)
= f(z) = e@HDHOD 4 j(a + bI)
= f(2) = e*+i(a+ bl).

Example 7.6. Let (u+ I) = e¥*D cos(x + I). Finde Find the harmonic conjugate (v + I) and write

f(z) by z, and find f(@.

Solution.

1-  We prove the function (u + I) is a neutrosophic harmonic Function.

d(u+1 2(u+1)

— —_p+D) ¢; s L — oD
FICET) e sin(x+1) = FICENE e cos(x+ 1)
d(u+1 2(u+1)
o+ eY*D cos(x + 1) = T eY*D cos(x + I)
Then:

R2w+1) 02(u+1
6(J(c + 1)2) 6(3(/ + 1)2 =—e*Dcos(x+1) +e*Dcos(x +1) = 0

Then (u + I) is a neutrosophic harmonic Function.

2-  We use the first condition of Cauchy Riemann conditions. Then:

d(u+n _ dw+1) dw+1)

ax+D _ay+D ay+D —eO*Dsin(x + 1) .....(13)

3- Weintegral (13) for (y +I), we have:

ov+1)
fa(yﬂ)

=W+ =——eYDsinx+ 0 +yPx+1).... (14)

dy+1) = f(—e(y“) sin(x + D)d(y + 1) + P(x + 1)

Where ¥(x + I) is a constant integral.

4- We derivate (14) by (x + I), we have:

Zg—:g = —eO*Dcos(x + 1) + P(x + 1)

5-  We use the second condition of Cauchy Riemann conditions. Then:
dv+1)  ou+I)
ax+1)  aly+D)
= eW*Dcos(x + 1) —P(x + 1) = e¥*D cos(x + I)
=Px+I1)=0

By integrating the latter, we obtain:

f¢(x +Dd(x+1) = f(O)d(x +1)
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=yYx+I)=a+bl
6- we obtain:
w+D=—-e%Dsin(x+1)+a+ bl

Now:

f@Q=@+D+i(v+1)

= f(2) = eY*Dcos(x + ) + i(—eY*Psin(x + ) + a + bl)
= f(z) = e*Dcos(x + 1) — ie@*Dsin(x + 1) + i(a + bI)
= f(2) = e"*D(cos(x + 1) — ie®*Dsin(x + ) + i(a + bI)
= f(z) = eO*Dei*D 4 j(q + bI)

= f(z) = eVD=IED 4 j(a + bI)

= f(z) = e HC+DHIOD) (g + bI)

= f(z) =e “+i(a+bl).

Now:

ou+l) ow+1)
ax+D Tla+D

= f(z) = —eO*Dsin(x + 1) — ie®*D cos(x + 1)

f@@)=

= f(z) = —ie®*D <cos(x +1)+ %sin(x + I))

= f(2) = —ie®@*D(cos(x +I) — isin(x + I))

N f(z) = —je@+Dp—ilx+D)
N f(Z) — _ie(y+1)e—i(x+1)
N f(Z) — _ie—i((x+1)+i(y+1))
= f(z) = —ie™?

Example 7.7. Find the value of a, 8 for the function:
u+D=ax+D*y+D+By+D*-3(y+D3+2(x+1)?

is a harmonic function. And finde Find the harmonic conjugate (v + I) and write f(z) by z, and

find f(2).

Solution.

The function (u + I) is a harmonic function is it satisfay the Laplac equation.

02(u+1) 62(u+1)_
alx+N% a(y+D?

Now we have:

02(w+1) 02(u+1)
ax+N% a(y+D?
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%=2a(x+l)(y+1)+4(x+l)
giiu—:l)lz)=2a(y+l)+4

Z?;Ig=“(x+’)2+2ﬁ(y+1)_9(y+,)z
%=2ﬂ_18()}+[}

2w+ 2w+
3+ T oy + D)2

= QRa—-18)y+DN+4+28=0=0y+1)+0

=0=2a(y+D)+4+28—-18(y+1) =0

Then, we have:

{20(—18:0 _9.p=—2

4+28=0 "¢
Then:
u+D=9x+D*y+D-2(y+D*-3(y+D3+2(x+1)?

Now a harmonic conjugate:

d I

agizi —18Gc+ D+ 1) + 4 + D)
o(u+1) ) 2
6(y+1)=9(x+1) —4(y+D -9y +1D

1-  We use the first condition of Cauchy Riemann conditions. Then:

ou+l) ow+1) dw+1)
ax+D o(y+D _ay+D

=18(x+D(y+ D +4x+1) .....(15)

2- Weintegral (15) for (y + I), we have:

dwv+1)
oy+1)

> w+D=9@y+D*(x+D+4x+Dy+D+yPx+1).... (16)

diy+1) = J(lS(x +D+D+4E+D)dy+D+px+1D)

Where (x + I) is a constant integral.

3- Wederivate (16) by (x +I), we have:

ow+1)

4- We use the second condition of Cauchy Riemann conditions. Then:

6(v+1)_ d(u+1
ax+D ay+D
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=9x+1D)? -4 +D -9y +D*=-9@+D*—-4(y+ D) —Px+1)
=P +1) =-9(x +1)?
By integrating the latter, we obtain:

f1/’;(x +Dd(x+1) = j —9(x+ D?*d(x+1)
=yPx+D)=-3x+D>+a+bl
5-  we obtain:
@+D=9y+D*x+D+4(x+Dy+D-3(x+0D3+a+bI

Now:

f@=@+DH+i(v+1)

=f(2)=9x+D?*(y+D -2y +D? =3+ D3+ 2(x + I)?
+iOQO@@+D*(x+D+4(x+ Dy +D -3 +D3+a+bl)

=f2)=9x+D*(y+D-2y+D*=3y+D3+2(x+D*+ 9@+ D*(x+D+id(x+ Dy + 1D
—i3(x + D3 +i(a+bI)

=f@=2(x+D*-@+D?>+ix+Dy+D)—B3(x+D*+i83@+1°—i?9(x+D*(y+ 1)
+i9(y+ D?(x+1) +i(a+ bl

=f@)=2(x+D+ily+ 1))2 =3i((x+ D3 =iy + D +3ilx + D2(y + D = 3ily + D*(x + 1))
+i(a + bl)

= f@)=2(x+D+ily+D) =3i(&x+D+i(y+D)’ +i(a+bl)

= f(2) = 2z% - 3iz% +i(a + bI)

Now:

du+l) o(w+1)

a+D e+ D

= f(2)=18x+ DY +D+4x+D+i(Oy+D*+4(y+1)—9(x +1?)
=f@)=18x+Dy+D+4x+D+i9@+D2+i4(y+1)—i9(x +1)?
=Sf@D=4E+D+iy+D)—i9(x+D* =@ +D?*+2ix+ Dy +1)
=f@=4(@+D+iy+D)—i9(x+D+iy+D)

= f(z) = 4z — 9iz?

f@) =

8. Conclusion

In this paper, a new type of complex functions has been defined by using the neutrosophic real
number and neutrosophic complex number, Moreover, we studied a harmonic function, harmonic
conjugate, and Cauchy Riemann conditions. Also solutions of other types of neutrosophic complex
equations can be found depending on the complex numbers. We will work on this in the future.
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Abstract: This paper is specialized with fuzzy random multi-objective unbalanced transportation
data problems by using of fuzzy programming technique when the sources and destination
parameters are fuzzy random variables in inequality type of constraints. In this paper, we focus on
the solution procedure of the specified transportation data problems where the objective functions
are minimization type and supplies and demands are replaced by the fuzzy random variables. We
first convert the fuzzy random multi-objective unbalanced transportation problem into deterministic
problem by using fuzzy random chance constraints approach. By introducing the concept of linear
membership function of fuzzy programming, multi-objective deterministic transportation problem
is converted into single objective deterministic problem and then we solve it and we obtain the
optimal compromise solution. Lastly a numerical example is provided for illustration the
methodology.

Keywords: Fuzzy Programming, Fuzzy Random chance constrained programming, Stochastic
Transportation Data Problems, Multi-objective Decision Making.

1. Introduction

A linear programming problem is said to be probabilistic linear programming (PLP) [23]
problem if one or more of the parameters is known only by its probability distribution. These
problems can be solved by one of the following principal approaches: (i) Expected value model
(EVM), which optimizes expected objective function subject to some expected constraints (see,
Sengpta [24] ; Liu [18]), (ii) Linear programming under uncertainty which, in some special cases, is
called two stages programming under uncertainty. The two-stage approach was inutility presented
Dantizing [10], and (iii) Chance-constrained programming (CCP) developed by Charnce and
Cooper [7, 8, 9], (CCP) offers a powerful means of modeling stochastic decision systems with the
assumption that the stochastic constraints will hold at least the 100(0! )% of time.

Stancu-Minasian and Wets [25] discussed different stochastic multi objective programming
problems; the chebyshev's problem, the stochastic goal programming problem, the fractional
programming problem and the multiple minimum-risk problem. Armstrong and Balintfly [2] studied
the stochastic linear VOP by using the disjoint chance-constrained approach to solve the problem in
case of the left hand side parameters are independent random variables normally distributed. Stancu-
Minasian [26] solved a stochastic linear multi objective programming problem with random
parameters in the objectives. A general review of stochastic multi objective programming problems
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could be found in references [16, 23]. The fuzzy mathematical programming can be classified into
three categories in view of the kinds of uncertainties treated in the method. The fuzzy mathematical
programming in the first category was initially developed by Bellman and zadeh [3]. Tanaka and
Asai [24] and Zimmerman [29, 30]. It treats decision making problem under fuzzy goals and
constraints. The fuzzy goals and constraints represent the flexibility of the target values of objective
functions and the elasticity of constraints.

The second category in fuzzy mathematical programming treats ambiguous coefficients of
objective functions and constraints. Dubois and Prad [11] treated systems of linear equations with
ambiguous coefficients suggesting the possible application to fuzzy mathematical programming for
the first time. This kind of programming is called possibilistic programming that has been
approached by many authors in the literature such as Dubois [11,12, 13], Buckley [6], and others.

The last type of fuzzy mathematical programming treats ambiguous coefficient as well as vague
decision maker's For optimization problems with fuzzy random information, we need fuzzy
random programming to model them. Some fuzzy random linear programming with single objective
has been discussed by several researchers, see, e.g., Wang and Qiao [28]. They incorporated fuzzy
random variable coefficients in linear programming, within the "here and now" and the "wait and
see" philosophies. Luhandjula and Gupta [20] described an approach for solving a linear program
with fuzzy random. Liu [18,19] presented a new concept of chance of fuzzy random events and then
constructs a general framework of fuzzy random chance-constrained program (CCP). Abo El-Kheir
[1] presented a new concept of fuzzy random chance constrained linear programming when fuzzy
number is symmetric and random variables are normal (by using LR fuzzy number).

The transportation problem is an earliest application of linear programming problem. Hitchcock
[15] was first developed the basis concept of transportation problem and later discussed in detailed
by Koopmans [17]. In 1973, Appa [3] considered variants of the transportation in which all constraints
involving the supply and demand are of inequality type. However, he has not considered the supply
and demand constraints are of mixed type. Brigden [5] extended the concept of Appa [3] and
considered the mixed type constraints. Then the original problem is converted into a related
transportation problem with equality type of constraints by augmenting the original problem with
the addition of two sources and two destinations. He obtained the optimal solution of the original
problem from the optimal solution of transformed transportation problem. Mahaptra, Roy and
Biswal [21] considered the fuzzy programming technique to stochastic multi-objective unbalanced
transportation problem when the sources and the destination parameters are random variables.

1.1 Multi-objective Transportation Problem (MOTP).
Consider m origin (or supply) O; (i = 1,2,3,...,m) and n destination (or demand) D;(j =
1,2,3,...,m). The sources may be production facilities and they are characterized by available

supplies @,,a,,a,,..., &, The destination may be public destination center and they are characterized
by demand level B;,b,,b;,...,b, . A penalty C;is transportation cost or time cost, associated from

origin i to the destination j and the variables Xi;,i=1,2,3,...,.m,j=1,2,3,..,n  are represented

ij!
the unknown quantity goods to be transported from origin O; to destination D -
The single objective transportation problem can be extended to multi-
Objective transportation problem by considering the k-th (k=1, 2, 3,...,K) cost coefficients Ciljf

k=1, 2, 3,...,K) in the objective functions. Then the mathematical model of multi-objective
transportation problem can be represented as follows:
m n

Model: minZ, = ZZc.'fx.

ij 7ij
i=L j=1

k=1,2,3,...K 1)
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n

> % =a,i=123..,m @)
j=1
> % =b;,j=123..n 3)
i=1

X;; = 0,i=123,..mj=123,.,n 4)

The balanced transportation problem is defined when the total availability at supply point is
m n
equal to the total requirement at demand point with an equilibrium condition ( z a, = Z b j) for
i=L j=L
the existence of a feasible solution.

2. Mathematical Model Involving Fuzzy Random Multi-Objective Transportation Problem
(FRMOTP).

Here, we have presented the mathematical model of fuzzy random multi-objective
transportation problem (FRMOTP) as follows:

m n
k
Mode2: minZ, =chijxij k=1,2 3,...K )
i=1 j=1
> % =a(@),i=123,...,m 6)
j=t
> % =bj(®),j=123,..,n (7)
i=1
x. ,i=123..m ,j=123..,n (8)

1]

Where: g (a)) is an m- vector of fuzzy random coefficients,
I

b,- (a)) is an n- vector of fuzzy random coefficients.

2.1 LR Fuzzy Random Variables.

b,_R = (m,l, I’,)LR (see [1]) is said to be fuzzy random variables if (m,l, I‘) are random

variables, and this is rather convenient representation to model “numbers approximately to random
variables.

(i) The fuzzy random vector, bj (a)), j=1L1..,n in(7) can be represented as follows:

j=1....n, ©)b,(@)=m, +rb(a)-1,b, (),
where
1
b = , =1..., 10
JL(oz) Lj(a) j n (10)
=1..n ()= o1,
: Rj(“)

The linearity of the expectation leads to
E( b(w)=m+rbg(a)-lb,(a) j=1....n
Ifm,r, | are independent then from theorem 2(see Abo El-Kheir [1]) we have
2 2
V(b (@) =V (m;) +[R[,V (r) =L,V (1))

For a symmetric triangular fuzzy number suppose the following
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, X>0,

X J=1...,n,
—-X, X<0, j=1...,n,
The o -Level set of L i (X) and R i (X) can be written as follows:

0<a <1l 12)L,(x)=R,(x)=1-x =q,
For equation (9) (m il | j) j=1...,m are independent normal distributions, see Abo El-Kheir
[1].

ii) The fuzzy random vector ai (CO), i=1...,Mcanbe represented as follows:

i=1,..,m, (13)a, () = W, + g (@) - say (a),
where
] 1
i=1...,m, (14)aiL(a)—m,
i=1....m agla)=—7—,

For a symmetric triangular fuzzy number suppose the following

x>0, i=1..,m, L(x)=1-x,
X <0, i=1...,m. R(x)=1-x,

The « - Level set of L, (X) and R, (X) can be written as follows:
0<a <l 15 L(x)=R(x)=1-x >a,

For equation(13) (Wi 1 i s Si ), I=1...,Mare independent normal distributions.

In our study we will focus on this case of fuzzy random vectors b, (a)), a; (a)) when (m me ) and

(Wi 1 i S; ) are independent and have normal distributions as follows (see Abo El-Kheir [1]):

@ rj=lj=mj~N(yj,oj2), j=1...n (16)
. 1 1
j=1...n (17)E(bj(a)))=,uj+1_a,uj—1_a,uj = u;,
j=L1...,n (18)V(bj(a)))=0'j2+%0'j2+%0'j2=gO'j2,
_ 1 [ 1 (by(@)- s, )
=1..., Flu)=——— |exp| —-= =" |d b,(®),
J n (J) \/Z%O‘ _J;O p[ 5 s ()
() W, =0 =S ~ N(vi,nf, i=1,...,m (19)
i=1,...,m, 20)E(a,(@))=V,,
i=1...,m. (21)V(ai(a))):%77i2,

3. The Fuzzy Random Chance Constrained Multi-Objective Transportation Problem (FRMOTP).

Liu [7]define problem (5-8) as a fuzzy random chance-constrained Multi-objective transportation
problem (FRMOTP). The fuzzy random chance-constrained MOTP problem (5-8) degenerates to
stochastic chance-constrained MOTP and it can be written as follows:
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m n
k
Model 3: minZ, = chij Xij  k=1,23,...K 22)
i1 j-1
Pr. %, <a)=1-y,i=123..,m (23)
Prd. x; <b;)=1-p,,j=123..,n (24)
”,I—l,23 ,m, ]=123,... (25)
Where 0 < ﬁj <1.j=1...,n,and 0<y, <1 i=1,...,m.The above problem is multi-objective

stochastic transportation problem where &; (i =1,2,3,...,m) and b j (j=123,...,n) are random

variables with known distributions and CIJ , k=1, 2, 3,.... K is deterministic cost coefficients for
i=1...,mand j=1...,n.

Probabilistic chance constraints (23-25) can be written as follows:
n
Prd. x; <a)=p,i=123..,m (26)
j=

@)PrQ. x; =b)=q;,j=123,..,n

X; >0,i=123,...m,j=123..,n (28)
The Probabilistic chance constraints (26-28) canbe 1— 3 i =0; Where 1-7,=p; ,

transformed as follows:

n
Z X — Vi

i=1 a;
)_p,, =123,....m (29)
(@) \/V( a)
&y
Pr(-= qg.,]=123,.. (30)
M) J b))
X;,1=123,...,m, j=123,... (31)

Let ®(.) denote the cumulative density function of the standard normal variate evaluated at z. then

the constraints (29-31) can be stated as

n

> X —v,

1_q)(ai—vi > =L )>p,i=123,..,m (32)
B
377, 377|
b.—/u. Z Xi ~H
Y M AP )>q;,j=123,. (33)
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X; >0,i=123,...m,j=123..,n (34)
The constraints (32-34) can be stated as
m
“u Z Xij —Hj
O ( ’4 1< 7 )>q;,j=123..,n (35)
a5
n
Xij —V;
a —Vv. i=1 .
O(——L<! )>1-p,,i=123,...,m (36)
4 4
3 T gﬂi
X, 1=123,...,m,j=123..,n (37)
Where:
ai _Vi . . . . .
2 is standard normal variate with mean zero and unit variance 1,
2
§T7|
b; — 4
is standard normal variate with mean zero and unit variance 1.
2
3%

The constraints (35-37) can be stated as
n

D> X v,
(38)

@CELZ———)SQG«%)i:LZ&HWm
1/57%
D Xy = 4y)

(39) D (H4— >®(k, ), j=123,..,n
3%

X; 20 ,i=123..,.m ,j=123..,n (40)

Using the cumulative density function of the standard normal varieties the constraints (38-40) can be

simplified as:
n

n X — Vi
1= <k ,i=123..m

377|

(41)
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Z Xij = H;
(42)':14— 2k, , 1=123,...n
2
g
3 J

(43) X; >0,i=123,...,m,j=123..n

The Equivalent Multi-objective Transportation Problem.
The equivalent deterministic multi-objective transportation problem of model 3 can be written as
follows:

m n
k
Model 4: minZ, = chijxij’ k=1,2,3,...K (44)
i=1 =L

4 n
+k, 1/5 7’ <0,i=123,...,m 45) —v, Zl" X;
j=
m 4 , -
Z Xij_luj'kbj Eo-j 20, J=1,2,3,...,n (46)
i=1

X; 20,i=123,...,m,j=123..,n (47)

s.t

4. Fuzzy Programming Technique (Solution Procedure).

To solve the equivalent deterministic multi-objective transportation problem (44-47) we apply fuzzy
Programming technique on consideration of multi-objective vector minimum problem.

Let, Lr = aspiration level of achievement for objective r,
U, =highest acceptable level of achievement for objective r,

d, = U,- L,=the degradation allowance for objective r,

when the aspiration level and the degradation allowance for each objective are specified.

Algorithm

Step 1: Pick the first objective function and solve it as a single objective transportation problem
subject to the constraints (45-47). Continue this process K times for K different objective
functions. If all the solutions are the same, then one of them is the optimal compromise
solution and stop. Otherwise, go to step 2.

Step 2: Evaluate the kth objective function at the K optimal solutions (x =1, 2, ...,k ). For each

objective function, determine its lower and upper bounds (L, and U, ) according to the
set of optimal solution .Let z, = L and U =max[z, z, ,Z,,.., 2, ]. For satisfy,

z, <L,r=1,2,3,... kand constraints (45-47).

r

Step 3: Construct the membership function as:
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1 if z, <L,
-2 =h L <2 <u,
M (Xij) = U -L
0 if z, >L,

if u, (x;)=1; then z_is perfectly achieved,
=0; then z, is nothing achieved,
if 0<u, (X;)<1; then z, is partially achieved,

Let = D

,r=1,2,3,... .k

Step 4: Using max-min/ min-max operator, we have Max[min(4,,4,,4;,..., 4, )],
Then we have, max A

A=A

A=A

A=A

)
where ﬂ:min{yzr(xij)}, X; ,1=123..,m ,j=123..n.

Finally we can obtain the mathematical model through fuzzy programming technique
as follows:

Max: A (48)
s.t
m n K
+ AU, -L)-U, <0, (49)chijxij
i=1 j=1
4 , d
+k, .|=n> <0 BO)—V; > X
"\3 -1
4 , m
-k, 39 >0 Gl = u; D X
i=1
;20 ,i=123..m ,j=123..,n (52)

5. Numerical Example

The Defense Communications Agency is responsible for operating and maintaining
a world-wide communications system. It thinks of costs as being proportional to the
““message units’’ transmitted in one direction over a particular link in the system. Hence,
under normal operating conditions it faces the following minimum-cost flow problem:
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Min z = chijxij
i J

Subject to:
YjXij— XkXki = b, i=12,...n Flow balance

0 <x;; <u;; Flow capacities
cij = cost per message unit over link (i —j ).
bi = message units generated (or received) at station i,
uij = upper bound on number of message units that can be transmitted over link (i —j ).
Lij = lower bound on number of message units that can be transmitted over link (i —j ).
Suppose the three production sources and supply to four destination center in which all
availability and demand (parameters) are fuzzy random with known means and variances
defined in (3.17-3.18)and (3.20-3.21). The decision maker lays emphasis on criteria such as
minimization of transportation cost, transportation time or (delivery time) and loss during
transportation through a given route (i, j) where i =1,2,3 & j =1, 2, 3, 4. Here z,,2,, 2,

represented the total transportation cost with by Rs. Thousand respectively from each
production sources to each destination center along with availability and demand are

represented by the matrices in C*,C?,C*as mentioned below:

8 9 7 2 2 9 81 2 4 7 3
C'=|5 6 4 7|,C?’=|4 3 6 7|,C’=|6 4 8 4
3 7 7 5 5 2 8 2 8 2 51

The decision maker is also minimized cost per message from the i- source to the j-
destination so as to satisfy all the requirement.
min 2, =8 X;; +9 Xy, +7 X342 X1y X34 +5 Xgg +7 Xgp +7 X351 +3 X5 +7 X3 +4 X +6 X, +5

Minz, =2 X;; +9 X, +8 X3+ X;, X34 +2 X33 +8 X3y +2 X515 X, +7 X3 +6 X5, +3 X, +4

MiNZy=2 X, +4 X, +7 X343 Xy, Xgu+ Xg3+5 Xgp +2 X531 +8 X, +4 X535 +8 X, +4 X, +6
s.t

Pr(i X;; <a)21-y,

Pr(Z:: Xy <a,)=21-y,,

Pr(Z:: Xgj <83)21-yps,,

Pr(zn: Xy <b)=21-p
j=1

Pr(Zn: X, <b,)=21-p,
j=1

Pr(zn: Xz <Dby)=21-4,
j=L

Pr}. x, <b,)=1-5,
j=1
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x. ,1=123..,m ,]j=123..,n

ij
Let: v,=13, n,°= 3, predetermined confidence level 7,=.01
v,=15, n,”= 2, predetermined confidence level y,=.02
v, =19, 7732: 7, predetermined confidence level y,=.03
=1, ol =5, predetermined confidence level p,=.04
1,=5, o) =3, predetermined confidence level S,=.05
u,=6, o’ =2, predetermined confidence level S,=.06

w,=4, o =1, predetermined confidence level f,=.07

As described in section 3, we can converted into the deterministic multi objective unbalanced
transportation problem as follows:

mMinZ; =8 X;; +9 X;, +7 X342 X, + 5 X5, +6 Xy +4 X +7 Xy +3 Xgq +7 X35 +7 X353 +5 X4
Minz, =2 X;; +9 X, +8 X3+ Xy + 4 X51 +3 Xy +6 X3 +7 X, +5 X31 +2 X3, +8 X33 +2 X34

Min Z, =2 X, +4 Xy, +7 X33 +3 X1 4 +6 Xy +4 X500 +8 X5 +4 X, +8 X5y +2 X5, +5 Xg5 + X5,
s.t

Zn: X; <834,
j=1

Zn: X,; <11.65,
j=1

Zn: X5 <1225
j=L

Zn: X; =1151
i=1

Zm: X, =8

i1

Zm: X;; =8.53
i1

Zm: X, >5.69

x. >0 ,1=123..m ,]j=123..n

ij —
We have obtained the lower bounds of the above deterministic problem as (L, L, L;)

(141.11,115.94,106.34), and for the  same problem the upper bounds as (U,,U,,U;)

(217.09,217.09,196.89).
Using problem (3.48-3.51), we formulated the following model
Max: A

Il
LN

s.t
+ AS140.11 8%, +9 Xy +7 Xig+2 Xpy +5 Xop +6 Xy +4 X +7 Xy +3 Xy +7 Xgp +7 X5 +5 X3y

2 X3 +9 Xpp +8 Xyg+ Xyy + 4 Xy +3 Xy +6 Xpg +7 X4 +5 X1 +2 X3 +8 X5 +2 X, + 4 <217.09
2 Xy +4 Xy +7 X33 Xy +6 Xy +4 Xy +8 Xy +4 Xo +8 X3y +2 Xy +5 X5 + X5, + 1< 196.89
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> x; <979,
i=1
D x,; <1165
i=1
D> %y <1225
i=1
> x; =1151
j=1
> X, =8
j=1

X3 =8.53
j=1

X, >5.69

[aN

j=

x. >0 ,i=123...m ,j=123..n

ij =
The above problem is solved by the LINGO mathematical package for obtaining the optimal

compromise solution of the deterministic problem. We get A -0 and optimal compromise
solution X1t =0 %i2=0 *8 = 414, Xu= 565 Xa-0 Xw-726 *B= 439 Xu-g Yu-
11.51 X2_ g74 Xmo X342 0 the optimal value of each objective functions i.e.,
Z,,2,,24

are respectively. Also we obtained the non dominated solution for each objective functions

z, =141.11, z,=11599 z,=106.34 i.e, respectively

6. Conclusion

The main objective of this paper is to present a solution procedure for fuzzy random multi-
objective transportation problem (FRMOTP). The transportation problem is an efficient tool to scope
with many real life problems of practical importanc. Multi-objective transportation problem involve
the design, modeling, and planning of many complex resource allocation systems, transportation in
which demand and supply are fuzzy random in nature. After converting fuzzy random chance
constraints into equivalent deterministic constraints using fuzzy random chance constraints theorem,
the fuzzy programming is applied to obtain a compromise solution from the set of non dominated
solution. Our technique is highly fruitful in the sense of real life problems of practical importance. A
practical numerical example to provide to demonstrate the feasibility of all decision variables of the
proposed method.
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Abstract: In this study, we first present the definitions and characteristics presented in the Magee
study [10] in relation to the nitro-Soviet soft groups. Then we offer some notes about his study.
Then, based on Jagman [5], we redefine the concept of the nitro-Soviet soft group and the operations

of the nitrosovian soft group to make them more effective.
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0.001753866
0.001369003
0.002252678
0.00066253
0.000512284
0.001011506
0.000179547
0.000176656

0.000122479

0.000859449

JSTI pus dys
0.979597358
0.99977598
0.987841221
0.988722391
0.999042398
0.996013645
0.993315242
0.999288912
0.997280058
0.997839878
0.999313108
0.998390123
0.998744516
0.996685415
0.999159935
0.999362719
0.998118538
0.999081238
0.998767326
0.996110421
0.996214035
0.997622584
0.997971546
0.996205565
0.99738413
0.99737923
0.99901595
0.998766167
0.999572232
0.99961459
0.9986817
0.998326458
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0.001816107
0.00061872
0.000351979
0.001483264
0.00159055
0.001082864
0.000578931

ST dya
0.999997
0.999997
0.999999
0.999995
0.999998
0.999996
0.999996
1
0.999996
0.999998
0.999996
0.999995
0.999998
1
0.999998
0.999997
0.999996
0.999999
0.999999
0.999997
0.999995
0.999996
0.999999
0.999996
0.999997
0.999999
0.999996
0.999997
0.999998
0.999998
0.999999

0.000195493
0.000356578
0.000346284
0.000578491
0.000915206
E-056.82709
E-052.40589

doobadl dzyd

0.082009247
0.115889838
0.257084767
0.621758253
0.076201426
0.164156164
0.617751444
0.204259438
0.699820332
0.505478373
0.661529417
0.343890575
0.237484401
0.652568428
0.290533576
0.410756192
0.774514091
0.820145666
0.652106193
0.78572329

0.00616466

0.432221744
0.856425275
0.877296364
0.23910337

0.870224499
0.28163822

0.681259318
0.321394509
0.900499579
0.63711782

0.998183893
0.99938128
0.999648021
0.998516736
0.99840945
0.998917136
0.999421069

Bllozr ! ISl A guns Al Il B giae -3

aSTI pus dzmys
2.9828E-06
2.59925E-06
7.22458E-07
4.89659E-06
1.93919E-06
4.12176E-06
4.12347E-06
8.8664E-08
4.25322E-06
1.83943E-06
4.25921E-06
5.19522E-06
2.06605E-06
3.27755E-07
2.43112E-06
3.09077E-06
4.0847E-06
6.24611E-07
1.43181E-06
2.64381E-06
5.0691E-06
4.25019E-06
5.25941E-07
3.70514E-06
3.03675E-06
9.84032E-07
4.01833E-06
3.04888E-06
1.82431E-06
2.30904E-06
6.35984E-07
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0.999997 0.11331522 2.82292E-06
1 0.505099012 2.5321E-07
0.999996 0.57341191 4.17218E-06
0.999997 0.089990208 2.74397E-06
0.999998 0.693394299 2.19161E-06
0.999996 0.687290871 3.74497E-06
0.999996 0.789586885 3.85668E-06
JoAd! WYL Y 9o plox>Y A gung Al Jlgl ddgdiane -4
ST dya Qaleel dys JSTWI pus dzmys
0.999990449 6.76862E-06 9.55067E-06
0.999991364 8.42676E-07 8.63554E-06
0.999996528 3.00602E-06 3.47229E-06
0.999992703 6.90408E-06 7.29738E-06
0.99999841 9.24204E-07 1.59014E-06
0.999993166 6.27432E-06 6.83447E-06
0.999995432 1.2015E-06 4.56764E-06
6.01021E-06 1.36314E-06 0.99999399
3.12095E-07 5.21726E-08 0.999999688
1.96437E-06 1.6064E-06 0.999998036
8.08465E-07 1.96137E-07 0.999999192
4.54836E-07 2.38718E-07 0.999999545
2.9692E-06 1.49704E-06 0.999997031
3.2335E-06 2.44776E-06 0.999996766
5.06735E-06 3.09863E-06 0.999994933
5.53659E-06 5.57467E-07 0.999994463
8.41418E-06 1.12751E-06 0.999991586
6.01763E-06 5.09549E-06 0.999993982
4.43956E-06 3.69143E-06 0.99999556
2.00068E-06 8.72429E-07 0.999997999
6.88974E-07 5.05007E-07 0.999999311
5.23788E-06 4.41675E-06 0.999994762
1.94518E-06 1.61933E-06 0.999998055
1.21248E-05 4.93074E-06 0.999987875
4.04463E-06 2.61748E-06 0.999995955
2.90401E-06 8.24221E-07 0.999997096
6.27348E-06 5.64389E-06 0.999993727
6.26875E-06 3.8116E-06 0.999993731
7.89844E-07 6.40552E-07 0.99999921
2.50562E-06 3.53763E-08 0.999997494
2.07253E-06 1.85696E-06 0.999997927
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0.999997449
0.999997548
0.999991879
0.99999727
0.99999162
0.999996831

ol g5 s Y 905 oY ASDgag Al gl B gae -5

2.55084E-06 1.07403E-06
2.45179E-06 1.00242E-06
8.12128E-06 7.28013E-06
2.72996E-06 1.58792E-06
8.3802E-06 2.40136E-06
3.1691E-06 1.71589E-06
ST dya bl dyd
E-051.91925 E-062.68364
E-052.48487 E-068.10953
E-061.00491 E-074.16959
E-064.27268 E-062.63953
E-052.03821 E-051.46253
E-051.14333 E-077.58596
E-051.58727 E-051.55296
E-051.19978 E-063.75304
E-065.76964 E-072.93423
E-051.75578 E-051.56162
E-071.05778 E-087.69112
E-066.31956 E-064.93127
E-051.07479 E-067.55723
E-066.97259 E-061.09647
E-063.86463 E-062.52924
E-065.66547 E-062.3808
E-063.74972 E-062.07892
E-063.86632 E-063.71619
E-062.10478 E-076.74216
E-051.13533 E-062.45364
E-066.17332 E-062.64785
E-066.09518 E-062.80495
E-062.6023 E-062.14679
E-068.32415 E-062.11799
E-063.63679 E-061.73944
E-075.10254 E-072.87001
E-073.76357 E-071.45097
E-062.62619 E-073.98441
E-067.74082 E-076.33327
E-065.44981 E-075.82952
E-077.28466 E-075.9419

ast pus a0

0.999980808
0.999975151
0.999998995
0.999995727
0.999979618
0.999988567
0.999984127
0.999988002

0.99999423
0.999982442
0.999999894

0.99999368
0.999989252
0.999993027
0.999996135
0.999994335

0.99999625
0.999996134
0.999997895
0.999988647
0.999993827
0.999993905

0.999997398

0.999991676
0.999996363

0.99999949
0.999999624
0.999997374
0.999992259

0.99999455
0.999999272
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E-067.29738
E-071.24589
E-069.81787
E-073.5191
E-066.6212
E-066.4156
E-061.38826

ST dsys
E-069.40827
E-066.76657
E-062.03095
E-063.70197
E-063.87712
E-065.16243
E-064.29796
E-061.10985
E-063.83603
E-064.6451
E-064.11885
E-062.42347
E-072.33325
E-061.88071
E-063.29234
E-063.12526
E-084.21479
E-064.04896
E-065.73726
E-061.33461
E-063.40508
E-061.28056
E-064.04712
E-061.2211
E-074.23945
E-062.9843
E-064.74055
E-073.10824
E-076.38072
E-072.88346
E-061.28386

E-065.71205
E-089.66849
E-064.31384
E-088.96058
E-062.80686
E-065.30479
E-061.25861

0.999992703
0.999999875
0.999990182
0.999999648
0.999993379
0.999993584
0.999998612

Bylall il ploesl Jloz &S gung ! Jlgll Adgian -6

dasbeadl s
0.081595643
0.872542965
0.957965187
0.240681564

0.58812965
0.603066597
0.817902648
0.907832847
0.459277585

0.206840716
0.606598419
0.566837025
0.458398662
0.737134899
0.021642474
0.364123252
0.845535234
0.109050085

0.09590703
0.146926882
0.174293442
0.991957998
0.261600592

0.883490079
0.259355637
0.104312996
0.226220789
0.297662813
0.133707397
0.070726333
0.681388333

USTI pus dmys
0.999990592
0.999993233
0.999997969
0.999996298
0.999996123
0.999994838
0.999995702
0.99999889
0.999996164
0.999995355
0.999995881
0.999997577
0.999999767
0.999998119
0.999996708
0.999996875
0.999999958
0.999995951
0.999994263
0.999998665
0.999996595
0.999998719
0.999995953
0.999998779
0.999999576
0.999997016
0.999995259
0.999999689
0.999999362
0.999999712
0.999998716
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E-076.19429
E-076.80231
E-063.78429
E-062.72295
E-061.80196
E-063.34864
E-073.15575

0.635096147
0.476381568
0.270553455
0.230908485
0.837658751
0.734244669
0.674576687

0.999999381

0.99999932
0.999996216
0.999997277
0.999998198
0.999996651
0.999999684
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Abstract: Fuzzy Logic is one of the forms of logic used in expert systems (ES) and artificial intelligence
(Al) applications. It is one of the most important types of artificial intelligence, called ambiguous logic
or ambiguous. The Fuzzy Logic Theory (FST) and the Fuzzy Logic (FL). Many of the motivations
prompted scientists to use and develop the logic to be used as a better method of processing data and

addressing the most complex and ambiguous problems.

Keywords: Time Series, Fuzzy Logic, Fuzzy Theory, Fuzzy Set, Membership Function, Fuzzy Time

Series, Fuzzy linear Programming, Fuzzy Decision Making.
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