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Abstract
We introduce syntactic aspect of disjunction based on the prime truth assignments of a 3CNF formula. In
this manner, we describe the semantics of the formula syntactically. We use this novel approach to determine
a sufficient condition for unsatisfiability.

A Sufficient Condition for Unsatisfiability

As is well known, a Boolean formula can be converted to an equisatisfiable 3CNF formula via the Tseytin trans-
formation. Let ¢ = A Cj, be a 3CNF formula, Cj, being a disjunction of two or three literals ¢;, where ¢; € {x;,T;}.

Definition (Conventional/semantic aspect of disjunction). Let D = £,V €3V -+ -V £y,. D is true if at least one of
the literals is true.

Definition (Syntactic aspect of disjunction: prime truth assignments). Let Cy = (£1V €3) and Cy, = (¢1V laV l3).
5k’ = (7/1,16/ \% 1/)]2@/ V 1@;,) such that w}v, = (517/\ 522, wi, = (517/\ 62), w;;, = (61 A\ 62) B
O = (’t/)li\/ cee \/’1/1176) such that ’l/),lc: (51/\42A€3)7¢}i= (ﬁl/\fg /\f3),. .. ,’Q/Jz: (61/\62/\63),1/)]7{: (61/\62 /\fg).

Remark. The prime truth assignments 1}, 17, ..., 9} of the clause C}, are denoted by J;, the DNF formula. Then,
Cl is satisfiable iff §y, is reducible to one of its prime truth assignments 7, which leads to the following definition.

Definition (Syntactic definition of the satisfiability of Cy). Cj is satisfiable iff oy, F 95 for some s € {1,2,...,7}.
Definition (Syntactic description of the semantics of ¢). ¥ = Adx, where 0, = (¢ V --- V 4pp¥) for 55, € {3,7}.

Remark. ¥ the syntax describes the semantics of ¢ the formula via 5 the prime truth assignments of every Cj.
Theorem (Unsatisfiability). ¢ is unsatisfiable if ¥ & 1 such that v is inconsistent, viz., ¥ & x; N T; for some i.
Proof. The proof is obvious. It is also obvious that ¢ = U. Note that ¢ = {; AL;A--- ALy, where ¢; € {z;,Z;}. O

A polynomial time decision procedure to decide the unsatisfiability of ¢ is described briefly as follows. Consider
i AW to evaluate the incompatibility of a prime truth assignment ;. If 1} A ¥ I ) such that v is inconsistent,
then )} is incompatible and removed from W. Note that 1] A 0 - +;. Thus, the incompatibility of every prime
truth assignment is evaluated so that each 1} incompatible is removed from W. Also, if any 1}, has been removed,
then the incompatibility of every 1} is re-evaluated over the current V. When the incompatibility evaluations
terminate, it is the case that W F ¢ A U’ such that 1) = w 1/1 1/)‘9’” where ki # ko # -+ # k. If ¢ is
inconsistent, then ¢ is unsatisfiable. The following examples 111ustrate thls decision procedure.

Let ¢ = ($1\/ 1‘2) A (1‘2\/ l‘g) A (l‘g\/fg). Then, ¥ = §; A d3 A 03, in which §; = (331 A .1‘2) V (1‘1/\52) vV (fl A\ l‘g),
= (1‘2 N .733) V (.IQ A 53) V (fg AN .733) and 03 = (IQ A fg) \ (.732 A $3) vV (EQ A 53). We evaluate the incompatibility
of (z1 A To) the prime truth assignment. Consider (z1 A T2) A U. As a result, 61 = (x1 A Ta), 62 = (T2 A x3) and
03 = (T2 A T3). Because da A 03 is inconsistent, (1 A Tz) is incompatible and removed from . Also, (T2 A £3) is
incompatible for each {3 € {x3,T3}. Thus, ¥ ¥’ and ¥’ = §; A d3 A b3, in which §; = (21 A x2) V (T1 A x2) and
0o = 03 = (xg A\ 1‘3) V (.IQ /\f3).

Let ¢ = (1’1\/f2) AN (SL’Q\/fg) AN (.’[3\/T1) AN (1'1\/ ZL’2V£L'3) A (fl\/fz\/f;g). Then, U = (51/\ 52/\ (53/\ 54/\ 55, where
01 = ((,Cl A\ {EQ) V (fl /\fz) V (1‘1 /\fz).
ds= (za A x3) V (T2 AT3) V (22 A T3).
3= (.233/\ 1‘1) vV (fg/\fl) V (1‘3 /\fl).
54: (JrlAngfg)\/(Il/\Ig/\f;;)\/(fl/\.’lfg/\fg)\/(TlAﬂfg/\.’rg)\/(flAfQAl’g)\/(IlATQAmgg)V(l'l/\.CCQ/\SC3).
55: ([L’l/\fg/\fg) \Y (iL‘l/\JL'Q/\Tg) vV (Il/\‘Lz/\If;) V (El/\wz/\l’g) \ (Tl/\fg/\l'g) \Y (Ll/\IQ/\Lg) \Y (Tl/\fg /\fg).
Consider (21 ATa AT3) A W. Then, (1 AT2 AT3) Adz= (1 AT2AT3) A (z3 A T1), which is inconsistent. Hence,
(z1 AT A T3) is removed.

Consider (21 A 22 AT3) AW, Then, (1 Az AT3) Ad3= (1 Axa AT3) A (x5 AT1) and (21 A 29 A T3) is removed.
Consider (Z1 A 22 AT3) AW, Then, (T1 Az AT3) Ady = (Ty Axa AT3) A (21 AT2) and (T A 29 A T3) is removed.
Consider (T3 A 2 Ax3) AW, Then, (T1 A xa Ax3) Ady= (TyAxaAxs) A (21 AT2) and (T4 A z2 A x3) is removed.
Consider (fl ANTo N\ 133) A W. Then, (fl A WAN $3) = (fl N T A Ig) A (172 AN LE3) and (1’1 A WAN Tr;) is removed.
Consider (x1 ATa A xg) AW. Then, (1 ATaAx3) Ada= (1 ATa Ax3) A (22 AT3) and (21 A To A x3) is removed.

Consequently, 4 = (z1 A x2 A x3) and 05 = (T1 A T2 A T3). As a result, ¥ - ¢ such that ¢ = d4 A d5 = ] A YL,

where ¢} = (z1 A z2 A x3) and ¢l = (T1 A T2 A T3). Because 1 is inconsistent, ¢ is unsatisfiable.

See also http://dx.doi.org/10.13140/RG.2.2.32590.78408.
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