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Aims and Scope

Neutrosophic theory and its applications have been expanding in
all directions at an astonishing rate especially after of the introduction the
journal entitled “Neutrosophic Sets and Systems”. New theories, techniques,
algorithms have been rapidly developed. One of the most striking trends in the
neutrosophic theory is the hybridization of neutrosophic set with other
potential sets such as rough set, bipolar set, soft set, hesitant fuzzy set, etc. The
different hybrid structures such as rough neutrosophic set, single valued
neutrosophic rough set, bipolar neutrosophic set, single valued neutrosophic
hesitant fuzzy set, etc. are proposed in the literature in a short period of time.
Neutrosophic set has been an important tool in the application of various areas such
as data mining, decision making, e-learning, engineering, law, medicine, social

science, and some more.

(Editors)
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Preface

Neutrosophy, introduced by Dr. Florentin Smarandache in the early 1990s, extends
classical logic by incorporating indeterminacy and partial truth. This gives rise to
"neutrosophic sets" and "neutrosophic logic," which allow for the modeling of
uncertainty and inconsistency —phenomena often encountered in real-world
systems. These concepts have led to the development of neutrosophic algebraic
structures, which extend traditional algebra to handle issues of ambiguity,

indeterminacy, and vagueness.

This book explores the emerging field of Neutrosophic Algebraic Structures,
focusing on both their theoretical foundations and practical applications. We apply
innovative algorithmic methods to investigate the complex interactions of
neutrosophic elements, such as neutrosophic numbers, sets, and functions, within
algebraic systems. Our goal is to show how neutrosophic structures challenge and
expand traditional algebraic approaches, offering solutions to problems across
diverse fields like computer science, engineering, artificial intelligence, and

decision-making.

A key theme of this work is the integration of mathematical theory with
computational methods. Neutrosophic logic provides more accurate and flexible
models for problems involving uncertainty and imprecision, making it a valuable
tool in areas where classical approaches fall short. The algorithms introduced here
aim to apply neutrosophic theory to solve complex problems that are difficult to

address using traditional techniques.

We invite readers to explore the synergy between abstract mathematical theory and
cutting-edge computational algorithms. Our aim is to inspire further research in this
exciting and rapidly evolving field and demonstrate its relevance in solving real-

world problems that involve ambiguity, uncertainty, and indeterminacy.

We hope this work will serve as a valuable resource for students, researchers, and
practitioners, contributing to the growing body of knowledge at the intersection of

algebraic structures, logic, and modern computational techniques.

http://fs.unm.edu/neutrosophy.htm.
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Chapter 1

Multiple Generalized Set-Valued Neutrosophic

Quintuple Sets

Memet SAHIN', Abdullah KARGIN? and Damla YALVAC?

Department of Mathematics, Gaziantep University, Gaziantep 27310-Turkey;
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ZDepartment of Mathematics, Gaziantep University, Gaziantep 27310-Turkey;
kargin@gantep.edu.tr
SDepartment of Mathematics, Gaziantep University, Gaziantep27310-Turkey;
damlaylvcl453@gmail.com

ABSTRACT

In this chapter, the definition and basic properties of multiple generalized
set-valued neutrosophic quintuple sets are given. Furthermore, some decision
operators (average union, average intersection, optimistic union, optimistic
intersection, pessimistic union, pessimistic intersection) for multiple generalized
set-valued neutrosophic quintuple sets are defined and examples of these operators
are given. Thus, a new structure was obtained by using multiple neutrosophic

theory and neutrosophic quintuple theory together.

Keywords: Multi-valued Neutrosophic Sets, Multiple Generalized Set-Valued
Neutrosophic Quadruple Sets, Multiple Generalized Set-Valued Neutrosophic
Quintuple Sets, Generalized Set-Valued Neutrosophic Quintuple Numbers

1.INTRODUCTION

Classical logic, fuzzy logic [1], intuitionistic logic [2] and neutrosophy [3] are
systems of logic that emerged and developed at different stages of this progression.
Ancient Greek thinkers, especially Aristotle, developed the basic principles of logic
and built classical logic. Aristotle's logic has a mathematical structure based on
precise concepts, truth and falsity. Classical logic is known as bivalent logic because
propositions are only considered true or false. Developed in 1965 by Lotfi Zadeh
[1], fuzzy logic is designed to handle uncertainty and ambiguous information in the

10
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real world. Neutrosophy [3] is a theory of logic proposed by Florentin Smarandache
in the late 20th century. Neutrosophy is a more complex and versatile logic system
that extends fuzzy logic to deal with uncertainty. As a result, neutrosophy is an
important step in the development of these logic systems for dealing with
complexity and uncertainty, because it directly combines fuzzy and intuitionistic
logic systems, offering a more comprehensive perspective. Also, researchers studied
this theory [4-19, 28-63]. In 2016, Chatterjee et al. defined quadripartioned
neutrosophic sets [20]. Unlike neutrosophic sets, it is defined with a contradiction
function and an ambiguity function instead of an uncertainty function. In 2015, Peng
and Wang obtained multiple neutrosophic sets [21] and used them in a multi-
criteria decision-making application. Also, researchers studied based on this set [22,
23]. Smarandache defined the neutrosophic quadruple set (NQS) [24] in 2015. In
general, a neutrosophic quadruple number is of the form (k, IT, mI, nF) (k, L, m,n €
R or C). The components T, I and F in this notation are components in neutrosophic
logic. However, unlike the NS, NQS has a known part (k) and an unknown part ((IT,
ml, nF)). Sahin et al. defined generalized set-valued neutrosophic quadruple
numbers (GSVNQN) [25] in 2020. Thanks to this new structure, the NQS theory has
become available in the field of applications. Also, in 2023, Sahin et al. defined
generalized set-valued neutrosophic quintuple sets (GSVNQS) [26] and some
operations on them were defined. Baser and Ulugay [42] defined energy of a
neutrosophic soft set and applied it to multi-criteria decision-making problems to
show its effectiveness. Baser and Ulugay [46] defined effective q- fuzzy soft expert
sets. The above-mentioned theories have been studied in various fields, such as: [64-
87]. Recently, Kargin et al. obtained multiple generalized set-valued neutrosophic
quintuple sets (MGSVNQS) [27].

The chapter is organized as follows: In The background Section, the basic
definitions, and properties to be used in this chapter are indroduced for SVNS,
SVQNS, MNS, GSVNQS and MGSVNQS. In the research and findings section, we
define the MGSVNQPN and MGSVNQPS and the main features of these new
concepts are given. Thus, we have obtained a new structure for SVQNS, GSVNQPN.
Optimistic union, pessimistic union, average union, pessimistic intersection,
optimistic intersection, average intersection operators were defined for
MGSVNQPS. Sample sets from daily life were created and operations were
performed on the sets for all the for ementioned properties and definitions. In The
Conclusion Section, the results obtained in the study and suggestions for future
studies are presented.

2.BACKGROUND
Definition 1 [18] Let X be a universal set. For V&B €X,

11
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K K K
0< T(&B) + I(&[g) + F(&B) <3
TK:X - [0,1], I¥: X - [0,1] and FX:X - [0,1]
With functions, a K single-valued NS on X; It is defined as
7 _ (5 78 R gk \.3
R = {51 0 15, Fp) 45 € X

K K K . . . 5
T(&B),I(&ﬁ),F(&B) are the degree of truth, indeterminancy and falsity of ds €X,

respectively.

Definition 2 [21] Let E be an universal set, a MVNS K over the set E can be defined
as follows.

For vx; € E;i=1,...,pand § =1,...n;

~

K

- -1 o 2 ~ P 1 5 2 P 1 o 2 ~ P\ -
= Udp. (1) TG Tl ) (e My 1) )2 (e Flagy iy )i
€ E}

> 1 5 2 ~ P
T(’fiﬁ) ,T(gﬁ) ,...,T(’fiﬁ) E - [0,1],
s 1 o 2 - P
I(’fzﬁ) ,1{35) ,...,Iéﬁ) E - [0,1],
5> 1 5 2 = P
F(’fiﬁ) ,F(’fiﬁ) ,...,F('gﬁ) :E = [0,1].
It is also,
0<TE 41k 4w <3
= (dp) T (dg) T T(dp)
() Ty T ) () -1y 1 ) and (R - Foy o Fla) )
The degree of truth, the degree of indeterminacy, the degree of falsity, respectively.

Definition 3. [20] Let X be a universal set. For VaB €X,
K K K K
0 =T(ag) + Uag) + Cag) + Fap) =4
TR:X - [0,1], UK: X - [0,1], CK: X - [0,1] and FX:X - [0,1]

With functions, a K single-valued quadripartitioned NS on X; It is defined as

R = (@ T apy Fag 3 € X}

12
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T(%B),UFHB),CFHB),FFHB) degrees of truth, degrees of uncertainty, degrees of

contradiction and degrees of falsity, respectively of dg € X, respectively.

Definition 4. [26] Let X be a set and let P(X) be the power set of X. K; set of a
GSVNON form

¥_((F. #. 7R % yk % yk % pR).% % B R ® g
K= {(Kﬁli’ K.BZiTﬁZL" K.BsiUﬁsi’ K.le-iUﬁzl-i’ KBSL‘FBSL') ) K.Bli’ K.Bzi’ K.Bsi’ K.B4i’ K.Bsi € P(X)’ 1
=123,...,n

T[,’?Z y UII;; y C[g ,and Féi .are the usual quadripartitioned neutrosophic logic tools. Also,
a GSVNQS is defined such that

RY = (Rg,, Rs, T  Rs, UE  Rg, UE Rg, FE ).
Where, a GSVNQN representing an entity that can be a number, an idea, an object,
etc. For a GSVNQN (kﬁli, KﬁziTtgi' kﬁ3iU[’,?3i, EB4iUgli' kﬁSiFﬁii)
K.,
is called the known part and
(KﬁziTé{;i' Rp..Uf,  Ka, Uss» KﬁsiFLg;)
is called the unknown part.
We can also show that the GSVNQN consisting of GSVNQS
K={k);i=12,..,n}

Definition 5. [27] Let E be universal set and P(E) be power set of E. ¢ MGSVNQS
over the set E is defined as

C =

UMy My My =+ M /
1 2 3 n 1 2 3

(Mz(xi)' Mz(xi)’ MZ(xi)' ’ Z(xi)) (TMz(xi)’ TMZ(xL-)’ TMZ(xL-)’ ) Tﬁz(xi))'

1 2 3 n 1 2 3
(M3(xi)' M3(xi)’ M3(xi)' ’ M3(xi)) (IM3(xL-)' IMs(xi)’ IM3(xL-)’ ) 11‘7’53(;%-)) ’
(Mia Miceiy Mieys -+ Miey)

1 2 3 .
(FM4(xi)’ FM4(xi)’ FM4(xL-)’ B Fﬂr’}4(xi))> : Mil(xi)’ M?(xi)’ M:?(xi)’ M‘Tll(xi) € P(E)}-

Here,

13
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i=1,...j;n=1,....,p
Tit, Tty Ty o Tyt E = [0,1],
Lo I, Iy oo Iy E = [0,1],
Fii Fi Fityr o Flt, 2 E > [0,1]
0 < o, iy + i) + ity <3
and
Tit, (%), T, (), T, (35, - T, (),
FACHRACHNACH A€
F, (%), Fi, (%), Fit, (1) -, Fi, (%))
degrees of truth, degrees of indeterminacy, degrees of falsity, respectively.
3.Research and Findings

Definition 6 Let E be universal set and P(E) be power set of E. ¢ MGSVNQPS
over the set E is defined as

C =
(M, ME ey Mi (s oo Miy)),
1 2 3 1 2 3
(Mz(xi)' Mz(xi)’ MZ(xi)' ’ Mg(xi)) (TMz(xi)’ TMZ(xL-)’ TMZ(xL-)’ ) Tﬁz(xi))'

(M?}(xi)' M32(xi)’ Mg(xi)' ’ Mg(xi) (UI%’Is(xi)’ U1\2’13(xl-)’ U1§/13(xi); ) Uﬁs(xi)) ’
(Ma ey Miey Ma(xp - Miey)
(Cﬁ"r(xa' 61\2/14(’%'), Cﬁ’zr(xp’ " C;V}‘l'(xi)) ’ (Mé(xi)’ MSZ(xi)' Mg(xﬁ’ B Mg(xﬁ) (FI&IS(xi)' Fl\%ls(xi), FIEIS(xi)' v Fﬁsm)»:
16 M2y M3 Maery M3y € P(ED}:
Here,
i=1,...j;n=1,...,p
To T8, T, o, Tt E = [0,1],
Uk, UR, U, ..., Uk :E - [0,1],

Ciry Coyy Cirny e, Cli B > [0,1],

14
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Fiioy PG FSs o il E = [0,1]
0<..Ty, - + Un, - + Ci, - + Fﬁwa <3
and
Tia, (%), Ti, (%), T, (7). .. T, (7).
Ui, (%), Ui, (%), Ui, (%), ., Ui, (7).
Cur, (%7), Cit, (%7), Cir, (37), -, Ci, (35)
Fus, (%), Fii, (%), Fi, (%) -, Fit, (%))

degrees of truth, degrees of uncertainty, degrees of contradiction and degrees of
falsity, respectively.

Also, in the MGSVNQPS, p is the number of elements of the set and n is the
number of components of each element.

Definition 7 Let

C =
(M, ME (e Mi (s oo Miy)),
1 2 3 n 1 2 3
(Mz(xi)' Mz(xi)’ MZ(xi)' B MZ(xi) (TMz(xi)’ TMZ(xL-)’ TMZ(xL-)’ e Tﬁz(xi))'

1 2 3 n 1 2 3 n
(M3(xi)' M3(xi)’ M3(xi)' B M3(xi) (UMs(xi)’ UM3(xl-)’ UM3(xl-)’ e UMs(xi))’

1 2 3 n
(M Miieiy Miys o Miey)

1 2 3 1 2 3 1 2 3 )
(CM4(xl-)' CM4(xL-)’ CM4(xi)' e CITVIL;(xL-)) ' (M5(xi)’ M5(xi)’ M5(xi)’ e Mgl(xi)) (FMS(xl-)’ FMs(xi)’ FMs(xL-)’ B FﬁS(xi)»'

n n n n n
My M2y Maeyy Magey Msxy € P(ED]:

be a MGSVNQPS and let P(E) be the power set of E. A MGSVNQPN (; is defined
as

¢y
= {(M1SX11: M1SX12: ""Mlel”)’ (Mszll’MZlez’ ey Mstln)(Tlel(xl)'Tlez(xl)l ey Tsxln(xﬂ):

(M3Sx11, M3Sx12, ey M35x1n)(U5x11(x1), U5x12(x1), ey stln(xl)),

(Mas, 1 Mag, 2o, Mo, n) (Csxll(xl), Cs, 2(t1), ) Csxln(x1)>

(M55x11, M55x12’ ey M55x1n)(FSx11(x1), st12(xl), ey stln(xl))}.

15
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Where, i=1; n=1,...,p.

As in NQN, an MGSVNQPN representing an entity that can be a number, an idea,
an object, etc. For

¢y
(Myg 1,Myg 2,..,M; =) is called the known part and
X1 X1 X1
(MZlel' M25x12; ey MZlen)(Tlel (x1), Tsxl2 (1)) e Tsxl” (x1)),

(M35x11r M3lezp ey Mgsxln)(Ulel(xl)l st12 (xl), ey stln(xl))’
(M4Sx11r M4‘Sx12’ ey M4-5x1n) <Csx11(x1)r CSx12 (xl), ey Csxln(xl))

(Mss, 1, Msg, 20, Msg_ ) <st11(x1), Fg, 2(x1), . stln(xl))
is called the unknown part.
MGSVNQPS can also be represented in the form of
C={C;i=12,..,j}
Example 8 Let
Cny = {({k, xD), ({t, m})(0.3), ({s, ¥} (0.5), ({z})(0.1), ({y, 1) (0.2)}
Cn, = {({s)), {L,m})(0.2), ({k, x})(0.6), ({t, 21)(0.3), ({k, x})(0.3)}
Cny = {({Im, s3), (ly, m}(0.3), ({1, 21)(0.5), ({t}) (0.1), ({m, x})(0.2)}
Cny = 1), ({1, 21)(0.2), Ly, x1)(0.6), ({t, m})(0.3), ({k, y}) (0.3)}

be four GSVNQPS. Now, if we represent these four sets as a single set, we obtain
C,, MGSVNQPS such that

C,=
{({k, x}, {s}, {m, s}, {t}), ({t, m}, {1, m}, {y, m}, {1, z})(0.3,0.2,0.3,0.2),
({s, vy}, {k x}, {1, z}, {y, x})(0.5,0.6,0.5,0.6), ({z}, {t, z}, {t}, {t, m}) (0.1,0.3,0.1,0.3),
({y, x}, {k,x}, {m, x}, {k, ¥})(0.2,0.3,0.2,0.3)}

Where, thanks to C, MGSVNQPS, the sets Cnl, Cny) Cn3, ¢, , were expressed as a

single set.
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Definition 9 Let

M¢ =

UMy My My 0 M)

(le(xi)' Mzz(xi)’ Mg(xi)' e g(xi)) (TI&IZ(xi)’ Tl\%lz(xi)’ TI‘?’)Iz(xl-)' e Tﬁz(xi))'

1 2 3 n 1 2 3
(M3(xi)' M3(xi)’ M3(xi)' ’ M3(xi)) (UMs(xi)’ UM3(xl-)’ UM3(xl-)’ ) Uﬁs(xi))’
(M Miieiy Mieys -+ Miey)

1 2 3 n 1 2 3 n 1 2 3 n .
(CM4(xi)’ CM4(xL-)’ CM4(xi)’ ) CM4(xi)) ’ (MS(xi)’ M5(xi)’ M5(xi)’ B M5(xi)) (FMs(xi)’ FM5(xL-)’ FMS(xi)’ " FMS(xi))>'

n

1) M2y My My M5y € P(ED}
and

NC¢ =
(Wi Niey Nieyr o0 M)
1 2 3 n 1 2 3
(Nz(xi)’ Nz(xi)’ NZ(XL')’ B NZ(xi)) (TNZ(xi)’ TNz(xL-)’ TNz(xi)’ e TI(/lz(xi))’

1 2 3 n 1 2 3
(N3(xi)’ N3(xi)’ N3(xi)’ B N3(xi)) (UN3(xi)’ UN3(xL-)’ UNs(xi)’ e Uﬁ3(xi)),
(Nagey Niey Nateyys -+ Niep))

1 2 3 n 1 2 3 n 1 2 3 n .
(CN4(xi>’ CN4(xi>’ CN4(xi>’ T CN4(xi)) ’ (NS(XL')’ Ns e Noapyr - N5(xi)) (FNS(XL')' FNs<xi)’ FNs<xi>’ T FNs(xi))>.

1n(xi)’ Zn(xi)' SZl(xi)’ ‘Il(xi)' Ngl(xi) € P(E)}.
be two MGSVNQPSs.

i.  If the following conditions are satisfied, we say that M is a subset of N¢ and
denote M¢ c NE¢,

M7 (x;) © Ni*(x;)
M3 (x;) © N3 (x;)
Mz (x;) © N3 (x;)
MZ (x;) © Ni(x;)
Mg (x;) © Ng'(x;)

17
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and
n n
TMZ(xi) = TNZ(xi)
Uﬁ3(xi) = Uﬁ3(xi)
Cl{'}‘l(xi) = Cﬁ‘l(xi)
FﬁS(xi) = FIGS(XL')
i=1,...,j; n=1,...,p.
ii. If the following conditions are satisfied, M is equal to N¢ and is denoted as
M¢ = N€.
M7 (x;) = Ni*(x;)
M3 (x;) = N3'(x;)
M3 (x;) = N3'(x;)
M (x;) = Ng'(x;)
Mg (x;) = Ng'(x;)
and
Tty = Ty
Ubtagey = UNacey
Chtacep = Cacay
Filyey = Fseey
i=1,...j; n=1,...,p.
Definition 10 Let
M¢ =

{(Migy Micey Miceys - Micey),
1 2 3 n 1 2 3 n
(Mz(xi)’ Mz(xi)’ Mz(xi)’ B Mz(xi) (TMz(xi)’ TMz(xl-)' TMZ(xL-)’ o TMZ(xi))’

1 2 3 n 1 2 3
(M3(xi)’ M3(xi)’ M3(xi)’ " M3(xi) (UMs(xi)’ UM3(xL-)’ UM3(xL-)’ ) UI?Vlls(xi))’
(Miey My Miey - Mie)

18
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1 2 3 1 2 3 1 2 3 .
(CM4(xi)’ CM“("L')' CM‘*(xi)' B Clr\;‘*(xi)) ’ (MS(xl-): MS(xi)' M5(xi)’ B Mg(xi)) (FMs(xi)’ FMS(xi)’ FMs(xi)’ B Flas(xi))>'
My M2xiy M3y Miey Ms ey € P(ED}:
and

N¢ =
(Vi Ni Niyr =+ Nicey),
1 2 3 n 1 2 3
(Nz(xi)’ NZ(xi)' NZ(xi)’ o NZ(xi)) (TNz(xi)' TNZ(xL-)' TNZ(xi)’ ) TI\T’lz(xi))’

1 2 3 n 1 2 3
(N3(xi)’ N3(xi)' N3(xi)’ o N3(xi)) (UNs(xi)’ UN3(xl-)' UNs(xi)’ ) Uﬁs(xi))’
(Nagey Nicey Nigeyy =+ Niep)

(Cb4(xl.), Ry Chiagryy o CK/Z(XL.)) s (N3 Ny N o Ny (F Wt Fliscepy Fsger =1 ﬁsm)»:
1n(xi)' Zn(xi)’ ?tl(xi)' ‘:l(xi)’ N5n(xi) € P(E)}
be two MGSVNQPSs.
i. Average U operation for M¢ and N¢ is defined as
M© Ty N© = {{((M, M)}, G, (M, N2, (), o, (M, ND™ (30),

((Ml N)lz (xl')r (Mr N)Zz (xl')r ey (M, N)nz (xi)) (T(lM,N)Z(xi)' T(ZI\/I,N)Z(xi)/' s

Tt Ny, (i)
(M, N)*, (x), (M, N)? 5 (), e (M, N5 (X)) (Ut iy, iy Uy e+
n
Un,ny, )
((M' N)14(xi)l (M, N)24_(xi), ey (Mr N)n4(xi)) (C(lM,N)z(xi)’ C(ZM,N)Z(xi)/' v
n
Comny, )

((M, N)* (i), (M, N)? (), e, (M, N 5 562D) (Fa iy, e Fétny ey -0 Fb )

(M, N)nl(xl')r (Mr N)nz (xl')r (Mr N)ng (xl')r (Mr N)n4(xi)r (M, N)n5(xi) €
P(E)}.

Where,
(M, N)™, (x;) = M{*(x;) U Ni*(x;)

(M, N)™,(x;) = M3 (x;) U N3 (x;)
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(M, N)™, (x;) = M3 (x;) U N3'(x;)

(M,N)™, (x;) = Mg (x;) U Ng (x;)

(M,N)™,(x;) = Mg (x;) U Ng*(x;)
and

n n
n Ty, e+ Tavy, e
(M,N),(x;) — 2

n n
un Uiy, e+ Uy e
(M,N)3(x;) — 2

n n
cn _ Con e+ Sy
M N4 (e) = >

n n
n _ Fonyseep+ Fnys e
(MN)s(x) = >

i=1,...,j; n=1,...,p.

ii. Average N operation for M¢ and N¢ is obtained by taking the intersection
operation (N) instead of the union operation (V) in the (i).

iii. Optimistic U operation for M¢ and N¢ is defined as
M€ T N = {{((M, ) (x;), (M, N)?, (x2), ..., (M, )™ (x))),

((M' N)lz(xi)l (M, N)Zz (xi)l oy (Mr N)nz(xi)) (T(ll\/I,N)z(xi)’ T(ZIVI,N)Z(JCL')" 4

TG, w20
((M, N)13 (xi)' (M' N)23 (xi)' sy (M, N)n3 (xi)) (U(lM,N)Z(xL-)' U(ZM,N)Z(xL-)/' v
Ut vy, e
((Ml N)14_(xl')r (Mr N)24_(xl')r ey (M, N)n4_(xi)) (C(lM,N)Z(xi)’ C(ZM,N)Z(JCL')" 4
n
Cim,wya (e

((M, Y (), (M, N)? (20D, e, (M, NY™ 5 (0)) (Bt 0y, o Fartys ey 0 Febnys )

(M, N)nl(xl')r (Mr N)nz (xl')r (Mr N)ng (xl')r (Mr N)n4(xi)r (M, N)n5(xi) €
P(E)}.

Where,

(M, N)™, (x;) = M{*(x;) U Ni*(x;)
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(M, N)™,(x;) = M3 (x;) U N3*(x;)
(M, N)™,(x;) = M3 (x;) U N3*(x;)
(M, N)™, (x;) = Mg (x;) U N3 (x;)
(M, N)™(x;) = Mg (x;) U Ng'(x;)
and
Tty Gep=maxr TGy, ey Tz}
Utht w3 ey =min{U Gy Uty e}
Clmwy4 ey =mind Ciayy (i)
Fu w5 cep=mintFans e it e}
i=1,...,j; n=1,...,p.

iv. Optimistic N operation for M¢ ve N is obtained by taking the intersection
operation (N) instead of the union operation (V) in the (iii).
v. Pessimistic U operation for M ¢ and N¢ is defined as

M¢ Tp N€ = {{(M, N)Y, (), (M, N2, (), ..., (M, ND™ (),

(M, N)*, (i), (M, N)?, (i), e, (M ND™, (X)) (Tiaa nyp ey TN Gy

TNy () )
((M, N)13 (xi)r (Mr N)23 (xi)r ey (M, N)n3 (xi)) (U(lM,N)Z(xi)r U(ZM,N)Z(xi)/' ooy
n
Utmny, ()
((M,N)*, (x;), (M, N)?, (1), oo, (M, ND™ 4 (X)) (Cln iy, (i COty )
n
Cl, ()

((M, Y (), (M, N)? (20D, ey (M, NY™ 5 (60)) (Bt 0y, o Farty ey 0 Febnys )

(M, N)nl(xi)' (M, N)nz (xi)l (M, N)n3 (xi)l (M, N)n4(xi)' (M, N)nS(xi) €
P(E)).

Where,
(M, N)™, (x;) = M{*(x;) U Ni*(x;)
(M, N)™,(x;) = M3 (x;) U N3*(x;)

(M, N)™,(x;) = M3 (x;) U N3*(x;)

21



Editors: Florentin Smarandache, Derya Bakbak, Vakkas Ulucay, Abdullah Kargin &N. Merve $Sahin

(M,N)", (x;) = M (x;) U N (x;)
(M, N)™(x;) = Mg (x;) U Ng'(x;)
and
Ty, Gepy=min{T (o ey TNy e
Utmnys ey=max{Umys ey Uty e
Carn ) ey =maxd Clhay, ey Cya e}
F s Gepy=max {F ey ey Finys 0}
i=1,...j; n=1,...,p.

vi.  Pessimistic N operation for M € ve NC is is obtained by taking the intersection
operation (N) instead of the union operation (V) in the (v).

Properties 11 Let
M¢ =

UMl MEey Miceys - Miey)s

1 2 3 n 1 2 3 n
(Mz(xi)’ Mz(xi)’ Mz(xi)’ " Mz(xi)) (TMZ(xi)’ TMz(xL-)’ TMz(xL-)’ e TMz(xi))’

(M?}(xi)' M32(xi)’ Mg(xi)' ’ Mg(xi) (UI%’Is(xi)’ U1\2’13(xl-)’ U1§/13(xi); ) Uﬁs(xi))’
(M Miieyy Miys o Miey)
(Cll"l4(xi)’ CA2/14(xL-)’ CIBW4(xi)' e Cﬁ4(xi)) ’ (M;(xi)’ M52(xi)’ M53(xi)’ e M?(xi)) (F&S(xi)’ Fl‘%ls(xi)' FI?V)’S(xi)’ o Flas(xi))>:
Lo M2y M3y Maey Ms(xy € P(ED}-
NC =
(Wi Niegy Nieyr o0 Nt
(N3 Ny N3y =+ Mx) (T Ty Ty Thecey )
(Ns’l(xi)’ N32(xi)’ N??(xi)’ v N;’l(xi)) (UI%]3(9‘L’)' U1%3(xi)' UI?\}3("L')’ e Uﬁ3(xi))’
(Nagy Nieiy Ny -+ Niery)

1 2 3 n 1 2 3 n 1 2 3 n .
(CN4(xi)' CN4(xL-)’ CN4(xz)’ v CN4(xi)) ’ (NS(xi)' NSy Na gy oo N5(xt)) (FNS(xo’ Fiseey FNs(xz)’ v FNs(xu))'
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1o N2(xy Nateoy Naceoy Nse € PED}-

and
P¢ =
{(Picey Pley Pileyyr ~+ Plep)r
(le(xi)’ Pzz(xi)’ P23(xi), Y P;L(xi)) (T;Z(xi)' TgZ(xi)' ng(xi)' Y T;}Z(xi))’

(P??(xi)' PS’Z(xi)' P33(xi)' " Pg(xi)) (Ug3(xi)' Ugs(xl-)’ Ugsm-)’ U’T;S(xi))’
(Pacery Pilxy Paeyys -+ Paap)

(61%4(%), ngr(xi)' Cg‘l(xl')' " Cg‘l'(xi)) ’ (P51(xi)’ P52(xi)' Ng(xi)’ o Ngl(xi)) (FI%S(XL')' F1\2’5<xi)’ Fﬁs(xa’ o Fﬁs(xo»:
Pl Poegys Paey Pty Poxyy € PED}-

be three MGSVNQPSs. Then, the following properties are provided.
i)y MCU,N¢=NCT, MC

iiy) MC¢U,N¢=NC¢T, M

iii) MC¢U'pNE=NCU,ME

iv) M¢n,N¢=NC¢n, M¢

v) M¢n',N¢=NC¢n',MC¢

vi) M¢n'pN¢=NC¢n'pME
vil)  If

T ey = T Uty = Uk Cliacey = Chugwy Fhtsiey = Fhagayi 151 n=1,...,p.
Then

MC T, (NC U, PE) = (ME T, N€) U, PE

viii) M€ U, (N¢ T, P¢) = (M T, N) U, P¢

ix) MC¢Up (NCUTpPC)=(MEUpN®) Tp PE

x) If

T ey = T Uty = Uk Cliacey = Chawy Fhtsiey = Fhaayi 151 n=1,...,p.
then

M¢ R, (NCA, PCY)=(MC R, NS A, PE
xi) M¢n', (N¢n'pP¢) =M n', NC)n'y PE
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xii) M¢n'p (NCN'pPC) = (MCN'p N N'p PE
xiii) MC A, (N¢ T, P€) = (M€ A, N¢) U, (ME i, PC)
xiv)  MSn'o (N¢Ty PC) = (M 0y N€) T, (ME ' PC)
xv)  MCEn'p (NCUTp PC) = (MEn'p NE)Tp (ME N p PE)
xvi)  MC Uy (N¢ Py PC) = (MCTyNC) Ny (MC T, PC)
xvii) M€ U, (N¢ ', PC) = (MCE T, NN’y (MC T, PE)
xviii)  MC TUp (M n'p PE) = (M€ Tp N 0'p (ME TUp PC)
xix) If M¢ = N¢ then M€ U, N¢ = M¢ T, N¢ = M¢ U’ N¢
xx) If M¢ = N¢then M¢ A, N¢ = M¢ ', N¢ = M¢ ', NC
Abbreviations
NS: Neutrosophic Set
NQN: Neutrosophic Quadruple Number
NQS: Neutrosophic Quadruple Set
MVNS: Multi-Valued Neutrosophic Set
SVNQN: Set Valued Neutrosophic Quadruple Number
SVNQS: Set Valued Neutrosophic Quadruple Set
GSVNQS: Generalized Set Valued Neutrosophic Quintuple Set
MGSVNQS: Multiple Generalized Set Valued Neutrosophic Quadruple Set
MGSVNQPS: Multiple Generalized Set Valued Neutrosophic Quintuple Set

MGSVNQPN: Multiple Generalized Set Valued Neutrosophic Quintuple Number
4.Conclusions

In this chapter, multiple generalized set-valued neutrosophic quintuple sets,
multiple generalized set-valued neutrosophic quintuple numbers, some operators
on them (average union, average intersection, optimistic union, optimistic
intersection, pessimistic union, pessimistic intersection) are defined and their basic
properties are given. This new set fulfills the properties of both quadripartioned
neutrosophic sets, multiple neutrosophic sets and multiple neutrosophic quadruple
sets.
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5.Future Research Directions

Researchers can use these studies to obtain interval multiple generalized set-valued
neutrosophic quintuple sets, bipolar multiple generalized set-valued neutrosophic
quintuple sets. In addition, researchers can use the operators obtained in this study
in multi-criteria decision making applications to find more objective solutions to
real-life problems.
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ABSTRACT

In this study, we define a Hamming similarity measure for interval
generalized set valued neutrosophic quadruple numbers. It is shown that this
Hamming similarity measure satisfies the similarity measure conditions.
Furthermore, an example application was carried out using the Hamming similarity
measure defined for interval generalized set-valued neutrosophic quadruple
numbers. In this application, the similarities of 10 fictitious universities to the ideal
university were analyzed using the factors affecting university choice. In addition,
similarities were also calculated with Hamming measures defined for interval-
valued neutrosophic numbers and generalized set-valued neutrosophic quadruple
numbers and the results were compared. Although this application was made with
fictitious data, researchers can apply this similarity measure with real data to obtain
more objective results. Researchers can obtain new results in real-life problems by
improving this similarity measure or using it in different decision-making

applications.

Keywords: Neutrosophic quadruple sets, Neutrosophic quadruple numbers,
Generalized set valued neutrosophic quadruple sets, Generalized set valued

quadruple numbers, Hamming similarity measure.
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1.INTRODUCTION

In 1998, Florentin Smarandache defined the neutrosophic set theory [1]. In
this theory, the elements in the set are expressed by the values of truth T,
indeterminacy I and falsity F, making the mathematical expression of ambiguous
situations very objective. Also, in 2010, Wang et al. defined SVNSs [2]. In these sets,
the truth, indeterminacy and falsity values of each element are in the range of [0,1].
In 2020, Kargin et al. defined neutrosophic triple m-Banach spaces [3]. In 2020, Sahin
et al. obtained neutrosophic ternary partial bipolar metric spaces [4]. Moreover, it
was shown that neutrosophic ternary partial bipolar metric spaces have different
properties from the classical partial metric space, neutrosophic ternary partial
metric space and neutrosophic ternary metric space structures. Thus, the theory of
neutrosophic metric spaces was shown to be more comprehensive. In 2021, Sahin
defined the notion of homomorphism on the neutrosophic multigroup and the
homomorphism kerlf, automorphism, homomorphic image and homomorphic
preimage of the neutrosophic multigroup, respectively [5]. In 2022, Hawk obtained
neutro-sigma algebras and anti-sigma algebras [6]. In 2024, Ali et al. defined some
mean and geometric operators based on the g-digit orthopair neutrosophic soft set
[7]. In 2024 Kaviyarasu et al. developed circular economy strategies to promote
sustainable development using t-neutrosophic fuzzy graphs [8]. In 2024, Futjita
aimed to extend the study of neutrosophic graphs by defining general-neutrosophic
graphs, anti-neutrosophic graphs, balanced-neutrosophic graphs, and semi-
neutrosophic graphs [9].

In 2005, Wang et al. defined IVNSs as an important stage in the progress of
neutrosophic theory [10]. This new concept is based on expressing truth,
indeterminacy and falsity values as an interval instead of a fixed number. Thus, a
wider range of uncertainties can be taken into account in decision-making
processes, rather than relying only on a single precise value. Baser and Ulucay [29]
defined Effective Q fuzzy soft expert sets its some properties. In 2024, Alqazzazaz
and Sallam in Industry 4.0 used a multi-criteria decision making (MCDM) approach
for supplier selection process in Industry 4.0, using IVNSs to handle uncertainties,
resulting in more flexible and reliable evaluations [11]. Baser and Ulucay [44]
defined energy of a neutrosophic soft set. In 2024, Razak et al. proposed a new
concept based on Interval Valued Pythagorean Neutrosophic Set to deal with
uncertainty and incomplete information [12]. In 2024, Palanikumar et al. presented
a new approach to the (5, ¢) interval-valued neutrosophic set, an extension of
interval-valued neutrosophic sets [13]. In 2024, Saeed et al. extended the interval-
valued neutrosophic fuzzy soft set (IVNFSS) to interval-valued neutrosophic fuzzy
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set (IVNFSS) and developed a hybrid concept that includes complementary,
combinatorial, and integrative operations and a quality assessment distance
measure to improve decision-making truth [14].

In 2015, Smarandache defined neutrosophic quadruple sets and
neutrosophic quadruple numbers for the first time, providing a significant
expansion in the field of neutrosophic logic [15]. Neutrosophic quadruple sets, like
neutrosophic sets, include the parameters truth (T), indeterminacy (I) and falsity (F),
but are structured to include both the known and unknown components of these
parameters. In 2019, Sahin and Kargin defined set-valued neutrosophic quadruple
numbers and neutrosophic triple groups based on neutrosophic quadruple
numbers [16]. New mathematical structures were defined by using set-valued
neutrosophic quadruple numbers and neutrosophic triple groups together. Thus,
new results were obtained in the field of set-valued neutrosophic quadruple
numbers. The above-mentioned theories have been studied in various fields [29-90].
In 2020, Sahin et al. generalized neutrosophic quadruple sets and numbers [17]. In
2022, Kargin and Sahin defined IGSVNQSs [18]. A new structure was developed
based on GSVNQSs and IVNNSs. This structure provides the properties of GSVNQSs
and interval neutrosophic sets. In 2024, Kargmn et al. defined multivalued
generalized set valued neutrosophic quadruples and sets as a generalized form of
multivalued neutrosophic numbers and neutrosophic quadruple sets [19]. This new
set was constructed using GSVNQSs and multiple neutrosophic sets. The resulting
structure contains the properties of both sets. In 2024, Al Tahan et al. defined the
concept of neutrosophic quadruple Hv-modules on neutrosophic quadruple Hv-
rings [20].

In 2014, Ye defined similarity measures for SVNSs for the first time [21]. In
2014, Ye defined the Hamming similarity measure for IVNSs [22]. In 2021, Kargin
et al. developed a Hamming similarity measure for GSVNQNs. They also proved
that this new approach provides more accurate results than previous methods for
decision-making problems in legal science and other fields [23]. In 2021, Sahin et al.
defined Euclidean distance and similarity measures based on GSVNQNs.
Moreover, an algorithm based on the generalized Euclidean similarity measure was
developed and demonstrated that this algorithm can be used in multi-criteria
decision-making processes in the healthcare domain, such as COVID-19 treatment
[24]. In 2021, Sahin et al. defined Hausdorff distance and similarity measures based
on GSVNQNSs and developed a new decision-making algorithm. This algorithm had
an application in evaluating the effects of online learning [25]. In 2024, Mustapha et
al. developed a hybrid weighted similarity measure based on neutrosophic sets,
aiming to improve medical diagnosis processes in analyzing patient symptoms with
indeterminacy [26]. In 2024, Rahman et al. developed a new structure and
algorithms that provide flexibility and reliability in decision support systems by
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combining probabilistic neutrosophic set with hypersoft set to effectively deal with
uncertainties [27].

In 2016, Odabas et al. determined the factors affecting university students'
university preferences by pairwise comparison method. Data of 863 students
studying at Hacettepe, Siirt and Aksaray universities in 2012 were analyzed. The
findings show that, in general, the most important factor affecting university
preference in all student groups is score ranking. Especially for Hacettepe
University students, the quality of education ranked first, while for Siirt and
Aksaray University students, being close to family or friends was the most decisive
reason for preference. In addition, it was concluded that score ranking was the most
important criterion in the groups of students who were satisfied and dissatisfied
with their university choices [28].

The chapter is organized as follows: In the background Section, we present
the basic definitions and properties to be used in this study. In the Research and
Results Section, the Hamming similarity measure for IGSVNQNs numbers is
defined and shown to satisfy the similarity conditions. In the Application section,
we performed a similarity analysis for the factors affecting university selection
using IGSVNQN:Ss. In this application, the similarities of 10 fictitious universities
with an ideal university were calculated using the Hamming similarity measure. In
the comparison section, the results obtained for IVNNs and GSVNQNs are
compared with the IGSVNNs used in the application. This comparison was done in
order to evaluate how consistent and reliable the similarity measures are between
different sets. In the conclusion, the findings of the study are summarized and
suggestions for future research are presented.

2.BACKGROUND
Definition 1: [2] Let D # @. For VK]@C € D. A SVNS U over D with functions; is

defined as
Y= {(yﬁc'T’g%J@ﬁc,F@%) Yy, €D,c = 1,2, a}
such that
0< Ty, +Ig, +Fg, <3,
Tg:D - [0,1], I5:D - [0,1] and Fg: D - [0, 1].

Where Tg_,ly, and Fg_are the degree of thuth, degre of indeterminancy and
degree of falsity of Yz, € D respectively.

Definition 2: [10] Let D # @. For Yz € D. An IVNSs Y over D with functions is
defined as
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9= <G [r, 78, 15,88, ] [R5, 78, ] 2. €D = 12,00
Here,

[Tyé%’ Tg%], [ij%, 15%] and [Fé]%, Fé]ac] are intervals

Tyé: D - [0,1], Tg :D - [0, 1] are truth functions,

Ié: D - [0,1], 15 :D — [0, 1] are indeterminancy functions,

th: D - [0,1], Fg :D — [0, 1] are falsity functions.

Definition 3:[16] Let D # @ and P(D) be the power set of D. An set valued

neutrosophic quadruple numbers

(y~/ y~TT/ y~111y~FF)'

Here, the components T, I and F are respectively the truth, indeterminacy and
falsity functions in the SVNSs. In addition,

y~/ y~T/ y~11 y~F € P(D)

Also, a set valued neutrosophic quadruple set

y~D={(y~/ y~TTr y~111y~FF)r y~ y~T/ y~1/ y~F € P(D)}
is shown in the form. Here it is

e 4

<

is called known part and

“YrT,YiL,YeF”
is called the unknown part.

Definition 4:[18] Let D be a set and P(D) be the power set of D. An IGSVNQS is
represented as

y~ = {< (A'g1)’(A'g1)T[TLrg1’ TU'g1]’ (A'g1)I[IL'g1' IUrg1]’ (A'g1)F[FLrg1’ FU'g1];
(A'gz)’(A'gz)T[TL'gz' TU’gz]' (A'gz)I[IL'gz' IU'gz]’(A'gz)F[Fng’ FU'gz];
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(Aga)’ (Aga)T[TLga' TUga]' (A’ga)I[IL'ga' IUga]’ (Aga)F[FLga’ FUga]>;
(Argc), (A’gC)T/ (A’gc)lr (Argc)p € P(D);c=1,23,...,a}.
Here, the components T'y ,TVq I*g 1Y, F*g_, FVg_are truth, indeterminacy and

falsity functions in the IVNSs. In addition,
(Ag,), (Ag )1, (Ag )1, (Ag)r € P(D).
Also, an IGSVNQNs
(fy~N)1 = {< (A’gl)’(A'g1)T[TLrg1’ TU'g1]’ (A'g1)l [IL'gﬂ IU'g1]’ (A'g1)F[FLrg1’ FU'g1] >}
is shown in the form. Here it is,
'es (A'y~1)ll
is called known part and
”(A'g1)T[TLrg1’ TUrg1]’ (A'g1)1 [IL'gﬂ IU'g1]’ (A'g1)F[FLrg1’ FU'g1]”
is called the unknown part. Also,
Q= {(ﬂN)C;c =1,2,..,a}
is shown in the form.
Definition 5: [18] Let
g ={< (Ag1)’(Ag1)T[TL'g1’ TU?1]’ (Ag1)I[ILg1’ IU'g1]’ (Ag1)F[FL'g1’ FU?1];

(Agz )’(Agz)T [Tng’ TU'gz]’ (Agz)l [Ing’ IU?Z]’(Agz)F[FL'gz’ FU?Z];

(Aga)’ (Aga)T[TLga' TUga]' (A’ga)I[IL'ga' IUga]’ (Aga)F[FLga’ FUga]>;
(Argc), (A’gC)T/ (A’gc)lr (Argc)p € P(D);c=1,23,..,a}

and
L={< @A), A )Dr[TH e, Te, | Aeill e, 1Y, ] (As e[z, FUL 5

(Ar) (A7 T, TVL | Ae i1, 1V, L (AL e[ FEz, UL, );

(A ), (A e Th2, TV, ) CAr il 20 1Y, ) (As e Foz FUL, 1>
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(Ajc); (AfLC)Tr (AEC)I/ (AfLC)F € P(D)/ c= 1,2,3, L Cl}
be IGSVNQSs.
i. Lisaequalto U (Y = L) if and only if
(Ag) (ALC) (Ayc)T (AL )1, (Ayc)l (AL )1s (AyC)F (ALC)F/
TLgc - T L T Ye — T Ler IL’QC - IL[;L" I Ye — I L FLgc - FL[;L" F e = FU[LC'
ii. Lisasubsetof Y (Y c L) if and only if
(Ag) < (Az), (Ag)r < (Az )1, (Ag)r < (Az )1, (Ag)r € (Az)F,
TL«gC < TLﬁC, TU«gC < Tuzc, ILgC = ILﬁC, IU«gC > quc, FLrgC = FLﬁC, FUgC = FUﬁC.
Definition 6: [21] Let
y~1 = <‘y~’l71’ T'y~,l71’ Iy~471’ Fy~471) and y~2 = <‘y‘:ﬁ/Z’ Ty~472’ Iy~472, Fy~472)
be SVNNs, Sy:T; x Y, — [0,1] be a function. The Hamming similarity measure
between U, and Y, denoted by Sy (U, ¥,) such that
SH(yl’yZ HTyv T'g«72| + |I”g471 - 117472| + |F'g471 - Fy~472 ]

Theorem 1: [21] Let U;, U, and U5 three SVNNs, Sy: U; x Y, — [0,1] be a Hamming

similarity measure. S, (U;, U,) satisfies below properties.

L 0<sS;(UnT) <1,
ii. 3';(?]1’@72) =17 =7,
iii. 3';(?]1’@72) = 3;(@2,@71)
iv. If Y, €Y, € Y;,then
54(U1,Us) < 84(TU1,Y) and Sy (U1, Us) < Sp(Yo, Us)-
Definition 7:[22] Let

(gN)l = {< (gl)’[TLg1’TUg1]’ [IL'g1’IU'g1]’ [FLg1’FUg1] >}

and
("), = (< (G [T g, TVq,], [1*g, 1" 4,1 [F g, FUq,] >}

be two IVNNS. 5;: (GV), x (Y"), - [0,1] be a function. The Hamming similarity

measure between (G), and (), denoted by ; ((T"),, (T"),) such that

S (@Y, (TY),)

_IThg, = Thg, | +Ihg, — g, | + [Fhg, — Fhg, | + [TV, =TV, | + 1%, — 1%, [+ [FUg, — Fg, ]
- .
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Definition 8:[23] Let

(GY), = (< (4g,),(Ag)rTy,, (Ag)ilg,, (Ag)rFg, >}
and

(GY), = (< (Ag,),(Ag,)rTg,, (Ag)ilg, (Ag,)rFg, >}

be two IGSVNQNs. S:(GV )1 x (g~ )2 - [0,1] be function. The Hamming
similarity measure between U, and U, denoted by S, (U, Y,) such that

iy g 1[(|Tg, — Tg,| + |Ig, = Ig,| + |Fg, — Fg
53 (9% (9, - 1 - 1[0 =T Vs 1+ 7o, = Fo)

s(tag)n(ag,)) s(tag,)rnag,)r) s((aginag,)) s((ag,)rn(Ag,)r)
4- + +
maks{1.5((Ag,)U(4g,))} * maks{1,5((4g,)ru(ag,)r)} maks{l,S((A.gl),u(A.gz),)} maks{1.5((Ag,)FUAg,)r)}

l
‘* |

+

3.HAMMIING DISTANCE MEASURE FOR INTERVAL
GENERALIZED SET-VALUED NEUTROSOPHIC QUADRUPLE
NUMBERS

Definition 9 Let

(fy~N)1 = {< (A’gl)’(A'g1)T[TLrg1’ TU'g1]’ (A'g1)l [IL'gﬂ IU@1]’ (A'g1)F[FLrg1’ FU'g1] >}
(yN)z = {< (A'gz)’(A'gz)T[TL'gz' Tng]’ (A'gz)I[ILrgz’ IU'gz]’(A'gz)F[Fng’ Fng] >}
be two IGSVNQNS. Sy: (GV )1 x (g~ )2 - [0,1] be a function. Then,

§; ((gN)l’ (gN)z)
=1
1[|Ttg, = Thg, | +11tg, —Itg,| +[Ftg, — Frg,| +1T%, =TV, |+ |1%g, = 1%g,| +[F'g, — F'g,|
6

( s((agnag,)) s((agrntag,)r) s((agintag,)i) s((agrn(4g,)r) )

4 — + + +

maks{1,s((Ay~1)u(Ay~2))} maks{1,s((Ay~1)Tu(Ay~2)T)} maks{1,s((Ay~1),u(Ay~2),)} maks{1,s((Ay~1)Fu(Ag2)F)}
4

+

is called generalized Hamming similarity measure for IGSVNQNSs.
Example 1: Let

(gN)1 = {< {1, 2,14, 5,1}, {2,£4}[0.32,0.5], {#1, £5}[0.1, 0.75], {£°, £5, 4}[0, 0.2]
>}
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and

(yN)2 = {< {1, £5,1°}, {£>,£1}[0,0.25], {£°}[0.55,0.7], {£°}[0.1, 0.8] >}

be two IGSVNQNs and S ((sz ), (GY )2) be generalized Hamming similarity
measure for IGSVNQNSs. Then

§; ((gN)l’ (gN)z)

=1

_1[|TL131 —Thg, | + |1ty —Ihg, | + [Frg, — Flg, [ +]T%g, — TV, [+ 1%, — "g,| +[F'g, — F'g,]
2 6

< S((Ai‘h)n(A"gz)) S((A"g1)Tn(A"gz)T) S((Ai‘h)ln(Aiqz)’) S((A?1)FH(A'£72)F) >
4 — + + +
maks{l,S((Agl)U(Agz))} maks{l,S((Agl)TU(Agz)T)} maks{l,S((Agl)IU(Agz)I)} maks{1,s((A,g1)Fu(A,gz)F)}

+ 4
=1
_1l|o.32 — 0] +]0.1—0.55] + |0 — 0.1] + |0.5 — 0.25| + |0.75 — 0.7| + [0.2 — 0.8]
2 6
_ ( 3 0 0 1 )
n maks{1,6} maks{l,éz maks{1,3} maks{1,3} = 0,373.

Theorem 2: Let

(), = {< (Ag,).(Ag)r[T g, TVq,), Agill*g, 1" g,], (Ag)e[Fg, FUq,] >},
(G"), = {< (Ag,).(Ag,)r[T g, TVq,], (Ag)i[17g,.174,),(Ag,)e[Fhg, FVq,] >}

and

("), = {< (Ag),(Ag)r[T 4, T g, ], Ag )il g, 1V g, ], (Ag)r[Fhg,, FUg,] >}

be three IGSVNQNs and 3‘;:(‘(]”)1 x (g~ )2 - [0,1] be generalized Hamming

similarity measure in Definition 9. Then, §,} satisfies the following conditions.
i) S5 ((97),,(9"),) € [0.]

i) S ((UM),, (GY),) = 1 = (GY), = (§"),

iii) 5 ("), (G"),) = Sa ((TV),, (TY),)

iv) If (J), < ("), < ("), then
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S (U™, (GY),) <5 ((UM),, (§"),) and 55 (T, (F"),) < 5 (T, (GY),)
Proof:

i) Let (‘y”N)l = (gN)Z . Then,

Sa (@), (@"),)

=1

_EIITL@ — Ty, |+ |1tg, = I'g,| +|Ftg, = Frq,| + [TV, =TV, |+ |1%g, = 1%g,| + [FUg, = F'g,]
2 6

< S((Ai‘h)n(A"gz)) S((A"g1)Tn(A"gz)T) S((Ai‘h)ln(Aiqz)’) S((A?1)FH(A'£72)F) >
4 — + + +
maks{l,S((Agl)U(Agz))} maks{l,S((Agl)TU(Agz)T)} maks{l,S((Agl)IU(Agz)I)} maks{1,s((A,g1)Fu(A,gz)F)}

* 4
_ 1[0+0+04+0+0+0 , 4—[1+1+1+1]
=1-3 [ 6 + 4 ]
=1 1)
Thus max{S ((T"),, (G"),)} = 1.
Now, let

(Ag) N (Ag,) =0, (Ag)r N (Ag)r =90, (Ag)i N (Ag)r =9, (Ag)r N (Ag,)Fr =0
and

|TL'g1 - Tngl = 1’

TV, —T'g| =1,

1

|IL'g1 - Ingl =1

g, —1"g,| =1,

1

|FL'g1 - Fngl =1

FU?1 - Fngl =1

Then

S+ ((9),.(7"),)

=1

_EIITL@ — Ty, | +|Itg, —I'g,| +|Frq, — Frg,| +[TVg, =TV, | + 1%, —1Yg,| +|F'g, — F'g,|
2 6

5((agnt4g,)) 5((ag,)rn(ag,)r) S((ag,)intag,)r) s((ag,)rn(ag,)r)
4— + + +
maks{l,S((Ayl)U(Ag 2))} maks{l,S((Agl)—pU(Ag Z)T)} maks{l,S((Ayl)IU(Ag 2),)} maks{l,S((Ayl)FU(Ay Z)F)}
4

_|_
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1[1+1+14+14+1+1 4—[0+0+0+0]]

=1_§[ 6 + 4

=0 (2)
Thus, min {S;; ((9"),,(§"),)} = 0.
Hence, we obtain

Su ("), (9Y),) € 011

ii) Let (ﬂN)l = (‘g”)z . From (1), we obtain Sy ((gN)l, (ﬂ”)z) = 1. We assume
that

Sa (@), (@"),)

=1
_1[|TL171 — Ty, | +|Itg, —I'g,| +|Fhg, — Frg,| +|TVg, — TV, | + 1%, —1Vg,| +|F'g, — F'g,|
2 6

( s((agnt4g,)) 5((ag,)rn(ag,)r) s((ag,)intag,)n) s((ag,)rn(ag,)r) )

4 — + + +

maks{l,S((A,gl)U(A,gz))} maks{l,S((A,gl)TU(A,gz)T)} maks{1,s((Ay;1),u(Ay2),)} maks{1,s((Ay;1)Fu(Ay~2)F)}
4

+

=1

Where, it must be

1[|TL171 — Ty, |+ |1tg, = I'g,| +|Ftg, = Flq,| + [TV, =TV, | +1%g, = 1Yg,[ + [F'g, = F'g,]
2 6

5((agnt4g,)) 5((ag,)rn(ag,)r) s((ag,)intag,)r) s((ag,)rn(ag,)r)
4— + + +
maks{l,S((Ayl)U(Ag 2))} maks{l,S((Agl)—pU(Ag Z)T)} maks{l,S((Ayl)IU(Ag 2),)} maks{l,S((Ayl)FU(Ay Z)F)}
4

|Thg, = Thg,| + |1g, = I'g,| + |Frg, — Frg,| +|TVg, = TVg,| +[1Vg, — 1Vq,
+[FVg, —Flg| =0
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4_( 5(tagy)ntag,)) n 5((ag,)rn(ag,)r) N s((ag,)inCAg,)1)

maks{1,5((4g,)U(4g,))}  maks{1s((4g ruag,)r)}  maks{1s((ag)1u(ag,)1)}
S((Ag,)rntag,)r) ) —0 @

maks{1,5((4g,)ru(ag,)r)} )

From (2), we obtain that

|TL'g1 - Tngl =0,

Iy, —I'g,| = 0, |Ftg, = Fg,[ =0,

1

|TU'g1 - TU'gzl =0,

Vg, —1"g,| =0,

Flg, —Flg|=0

1

and

S((Ag)Nn(Ag))  _ S((Ag)r N (4g,)r)
maks{l,S((Agl) U (Agz))} - maks{l,S((Agl)T U (AgZ)T)}
_ S((Ag)1 N (Ag,)r) _ S((Ag,)r N (Ag,)F) _
 maks{1,5((Ag,)1 Y (4g,))} maks{1,S((Ag)r U (A4g,)r)}

Thus, we have that

L_. _ 7L _ L_. _ gL _ L_. _ L _ Uu. _—_ U ._ Uu. _— gJU _ U. _ U _
Ty1_Ty2’1y1_1'y2’Fy1_F'yz’Ty1_T'yz’l'y1_1y2’F 'y1_Fy2’
(Ag,) = (Ag,) . (Ag)r = (Ag,)r , (Ag)r = (Ag)1 (Ag)r = (Ag,)r

Therefore, from Definition 5; we obtain

("), = (@),

iif)

§I; ((yN)l'(gN)z)

=1

_1[|TL171 — Ty, | +|itg, —I'g,| +|Fhg, — Frg,| +|TVg, — TV, | + 1%, —1Vq,| +|F'q, — F'g,|
2 6

( 5((agn4g,)) 5((ag,)rn(ag,)r) s((ag,)intag,)n) s((ag,)rn(ag,)r) )
4 — + + +
maks{l,s((Agl)u(Agz))} maks{l,S((A,gl)TU(A,gz)T)} maks{1,s((Ay~1),u(Ay2) ,)} maks{1,s((Ay;1)Fu(Ay;2) F)}

+ 4

=1

_1[|TL171 —Thg,| +|1*g, = I"g,| +|Frg, = Frg,| +|T%g, =TV, [+ [IYg, — 1"g,| + |F'g, = F'g,
2 6
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[ sllag)ntag,) 5((42,),0(42,);) 5((43,),(43,), s((43
' <maks{1.s<<Ag2>u<Agl>>}*maks{1,s<(Ay~z>Tu(Ay~l>T)}*maks{l,s<(Ay~z>,u<Ay~l>,)}+maks{1,s<

4

) 45,),)
(Afgz)FU(Afgl)F)})

+

=5 ((9"), (@"),)
iv) Let (GV )1 c (" )2 c (g )3 . From Definition 5, we obtain that

(Ag,) © (Ag,) € (Ag,) , (Ag)r € (Ag)r € (Ag)r , (Ag)r © (Ag)r < (Ag,)r
(Ag,)r © (Ag,)r © (Ag)r;

L _ L _ L U _ U _ U_ . gL _ L _ L _ U _ U _ U._ .
Thg, =T g, =T g, T"g, =T g, =T g,; 'y, sl"g, <"y, g, =1"g,<I"g,;

Ftg <Flg <F'y, Flg <FV5 <FUg
3)
From (3), we have that
5((ag,)n(4g,)) 5((Ag,)rnAg,)7) S(Ag,nAg,)1)
maks{1 S((Ayl)U(Ayz )} maks{1,5((Ay;1)Tu(Ay~2)T)} maks{1,s((Ag1),u(Ay~2),)}

S(( yl)Fn(A’gz)F)
maks{l,S((Agl)FU(A'gz)F)}

s((agn4g,)) s((agrn(ag,)r) s((ag,)intag,)r)
maks{l,S((Agl)U(Ag 3))} maks{l,S((Ayl)TU(Ay 3)T)} maks{l,S((Agl)IU(Ag 3),)}
5((Ag1)Fﬂ(Ag3)F)

(4)

makS{l,S((Agl)FU(AyS)F)}

Also, From (4), we have that

[Ttg, = Thg| +|bg, = g, | + |Flg, = Flg,| +|TVg, = TV, +[1"g, — V)]
g, = Flg,| <

[Ttg, = Thg | +[Itg, = g, | + |Flg, — Flg| +|TVg, = TVq [+ 1%, — g, +

|[FVg, = FUg,] )

Thus, from (4) and (5), we obtain that

1 |TL’g1_

Ty, |+|IL'g1 ~I'g, |+|FL’g1 ~Fly, |+|TU'£71_TU'£72 |+|IU'£71_IU?72 |+|FU'£71_FU'£72
2 6
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( s((ag,nt4g,)) 5((ag,)rn(ag,)r) s((ag,)intag,)n) s((ag,)rn(ag,)r) )

4 — + + +

maks{l,s((Agl)u(Agz))} maks{l,S((A,gl)TU(A,gz)T)} maks{l,S((A,gl)IU(A,gz)l)} maks{1,s((Ay;1)Fu(Ay~2)F)}
4

+

<

1 [[7hg, g, [, ~1hgs PR, g, [T g, TV g [T g, 1V g, [V g, —FV |
6

{1,5((A,g1)U(A,g3))} maks{l,S((A,gl)TU(A,gs)T)} maks{l,S((A,g-l)IU(Ag3)1)} maks{l S((A )FU(Ay3)F>}

4 ( S((A'g1)n(A'g3)) \ S((A'!]1)T0(A'!73)T) \ S((A'g1)ln(Ay~3)1) . ((Ay1)Fn(Ay3)F) )
- maks I I
+ 4

(6)

Hence, from (6), we have that

1 [|7hg, =T, [, g, [ g, —F g, [TV g, T | ]V g, 1V g | HF 9, PV
6

5((agnt4g,)) s((ag,)rneag,)r) s((ag,)inag,)r) s((ag,)rn(ag,)r)
4— + + +
maks{l,S((Ayl)U(Ag 3))} maks{l,S((Agl)—pU(Ag 3)T)} maks{l,S((Ayl)IU(Ag 3),)} maks{l,S((Ayl)FU(Ay 3);)}
4

_|_

1 |TL'£71 _Tng |+ |IL'!71 _IL'gz |+|FL’g1 _Fng |+ |TU’Q1 _TU'gz |+|IUQ1 _IU'gz |+ |FU’g1 _FU'gz |
6

( 5((agnt4g,)) s((ag,)rn(ag,)r) s((ag,)intag,)n) s((ag,)rn(ag,)r) )

4 — + + +

maks{l,s((Agl)u(Agz))} maks{l,S((A,gl)TU(A,gz)T)} maks{l,S((A,gl)IU(A,gz)l)} maks{1,s((Ay;1)Fu(Ay~2)F)}
4

+

Therefore, we obtain Sy ((y"’) (y’V) ) <Su ((gN)l’(gN)z)
Also, Sy ( y”) (g") ) ( yN) (g") ) can be proved similar to
S (@), (@),) =5 (9", (9"),)

4.Application

In this section, we aim to identify the optimal university by considering
various factors affecting university selection. For this purpose, the Hamming
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similarity measure defined for IGSVNQNs in Definition 9 is used. In this
application, fictitious data is used to demonstrate the usability of the Hamming
similarity measure. Researchers can use this application to obtain solutions to their
own problems with real data. The factors used in the application were taken from
Odabas, Yakar and Giindeger's study titled “Scaling the reasons of university
students for choosing university by pairwise comparison method” [28].

Example 2: Using the Hamming similarity measure defined for interval generalized
set-valued neutrosophic quadruple numbers, the factors affecting university
selection and the most ideal university will be determined.

Step 1: The set of factors influencing university choice is defined as
0 = {04,0,,03,0,,0s, 0g, 07}

Here,

0; = Quality of education at the university

0, = Social and physical facilities of the university

03 = Social and physical facilities of the city where the university is located
0, = Place in the standings

0s = Location in the same/close province with family or friends

0¢ = Family request

07 = Guidance from the guidance specialist

7 factors were identified.

Step 2: The set of universities is defined as

C =1{Cy,C,,C3,C4,Cs5,C¢,C7,Cg, Cy, C1p}.

Step 3: Using the factors influencing university choice, each university is
determined as an IGSVNQNSs.

€, = (< {81, 0,,0,, 05,9}, {01, ,, 35 }[0.54, 0.6], {0y, 3,3[0.2, 0.7], {3, 8,}[0.45, 0.65] >}

C, = {< {0y, 05,04, 8¢, 3}, {05, g, 3,3[0.7, 0.85], {9y, 35, 3¢ }[0.32, 0.5], {3, }[0.2, 0.45] >}

Cy = {< {0,, 05, s, D, 0, },{0,053[0.9, 1],{05, 8,}[0.6, 0.7], {03, D5, 9 }[0.15, 0.3] >}

C, = {< {8,,0,, 05, 8,, 85,06 },{0y, 3, 84, 06}[0.75, 0.9],{8,3[0.2, 0.3],{8,, ,, 35 }[0.5, 0.65] >}

Cs = {< {0y, 0,, 05, 0g, 0,},{0,}[0.6, 0.85], {33, 0¢}[0.4,0.52], {d,, 35, 3,}[0.1,0.3] >}

Ce = (< {0y, 05, 0,, 05},{0,, 05}[0.5, 0.6], {95}[0.2,0.35], {d,, 3 }[0, 0.2] >}
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C, = {< {0y, 0,, 05,0y, 0s},{05, 04, 05 }1[0.2, 0.65], {35, 35, 35}[0.55, 0.7], {05, 3,3[0.3,0.5] >}

Co = {< {0,, 03,04, 05, g, 0,},{0,, 03, 04, 35 }[0.8,0.95], {95, g, 3,3[0.5, 0.6], {d,, ds}[0.4, 0.7] >}

Co = {< {8y, 04,35, Bg, D, },{0s, 35, 3 }[0.35,0.4], {3,, 3,}[0.8, 0.85], {3, 3¢, 3,}[0.5,0.7] >}

Cy1o = {< {04, 0, 03,0, 05, 8¢, 0,},{03, 04, 05}[0.65, 0.8], {01, 05, 0, 0,}[0.4, 0.6], {0;, 05}[0.1, 0.3] >}
Step 4: To compare universities, the ideal university is determined as an IGSVNQN
Cy = {< {04,0,, 03,04, 05, 06, 0,3,{01, 03, 03, 04, 05, 06, 3, }[1, 1], ®[0, 0], @[O0, O] >}.

Step 5: The similarity of the universities with the ideal university is calculated using

the Hamming similarity measure in Definition 3.1, which is defined for IGSVNQNSs.

5 ) 3 ) 0 , 0
Se,C) =1 _1[l1—0.54|+|0—0.2|+|0—0.45|+|1—0.6|+|0—0.7|+|0—0.65| +4‘(4 maks{1,7}'maks{1,7}'maks{i,Sz}'maks{l,z})] _
» 1 - -
2

6 4
0.2973.
1 [|1-0.7|+]0-0.32|+|0—0.2|+|1—0.85|+|0—0.5|+|0—0.45| 4—( . t : t . t . )
SH (ci: CZ) =1- ;[ . g g - - . g + maks{1,7} maks{1,7i maks{1,3} maks{1,1} ] = 0.3757.
1 [|11-0.9]+]0—0.6|+|0—0.15|+|1—1|+|0—0.7|+]0—0.3] 4—( - o o o )
SH(Ci. C3) —-1- E[ . . . - . Sl maks{1,7} maks(1,74} maks{1,2} " maks{1,3} ] = 0.3994.
1 [|1-0.75|+]0—0.2|+|0—0.5|+|1—0.9]+|0—0.3|+|0—0.65| 4—( S 0 o )
SH(Ci: C4) —-1- E[ . . . . . . o514 maks{1,7} maks{1,7j maks{1,1} " maks{1,3} ] = 0.3690.

+

5 1 0 0
= 1 [|1-0.6|+|0—0.4|+|0—0.1|+|1-0.85]|+|0-0.52|+|0—0.3] = 4~ t t t
SH (Ci: Cs) =1- E [| [+] [+] | |6 [+] |+] | (maks{1,7} maks{l]i maks{1,2} maks{1,3})] — 04155

4 2 0 0
= 1 [|1-0.5]+]0—0.2|+|0—0]+|1-0.6|+|0—0.35|+]|0—-0.2| = 4~ t t t
SH (Ci: Cs) =1- E [| [+] [+] [+] [+] [+ | + (maks{l]} maks{1,7}  maks{1,1} maks(l,z})] = 0.3982.

6 4

1 [11-0.2|+]0-0.55|+]0—0.3|+|1-0.65|+|0—0.7|+|0—0.5| 4—( T AT sy ks )

SH(Ci. C7) —-1- E[ . . . - . . Sl maks{1,7} maks{1,74} maks(1,3} " maks{1,2} ] = 0.2960.
1 [|1-0.8/+]0—0.5|+|0—0.4|+|1—0.95|+|0—0.6|+|0-0.7| 4—( ORI RRTT A Ey Sy LT )

SH(Ci. Cg) —-1- E[ . . . - . . 74 maks{1,7} maks{1,74} maks(1,3} " maks{1,2} ] = 0.3315.
1 [|1-0.35|+|0—0.8|+|0—0.5|+|1—0.4|+|0—0.85|+]0—0.7| 4—( - o o o )

SH(Ci: Cg) -1- 5[ . . . - . . 74 maks{1,7} maks{1,7j maks{1,2} " maks{1,3} ] = 0.1940.
1 [11-0.65|+|0—0.4|+]0—0.1|+|1-0.8|+]0—0.6]|+|0—0.3| 4—( T ket maksia s )

SH(ci' 610) =1- ;[ . - . . - - - + maks{1,7} maks{1,74} maks{1,4}  maks{1,2} ] = 0.4089.

Step 6: The similarities obtained are given in Table 1.

Table 1: Similarities of universities

Universities | Similarity
Cy 0.2973
C, 0.3757
Cs 0.3994
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Cy 0.3690
Cs 0.4155
Cs 0.3982
c; 0.2960
Ca 0.3315
Co 0.1940
C1o 0.4089

5.Comparison

In this section, we compare the methods in Step 3 of Example 2, in which different
numbers of IGSVNQNs are obtained and their similarities are calculated using the
Hamming similarity measures defined for the obtained numbers.

i. method: Calculated in Step 5 of Example 2 and given in Table 2. The ranking of
the similarities obtained is given in Table 3.

ii. method: One IVNNs was obtained by subtracting the sets from the IGSVNQNs
in Step 3 of Example 2. Using these IVNNs and the Hamming similarity measure in
Definition 6, similarities are calculated and given in Table 2. The ranking of the
similarities obtained is given in Table 3.

iii. method: One GSVNQNs was obtained by taking the upper bounds of the
intervals of the IGSVNQNSs in Step 3 of Example 2. Using these numbers and the
Hamming similarity measure in Definition 7, similarities are calculated and given
in Table 2. The ranking of the similarities obtained is given in Table 3.

iv. method: One GSVNQNSs was obtained by taking the lower bounds of the
intervals of the IGSVNQNs in Step 3 of Example 2. Using these numbers and the
Hamming similarity measure in Definition 7, similarities are calculated and given
in Table 2. The ranking of the similarities obtained is given in Table 3.

v. method: One GSVNQNs was obtained by averaging the lower and upper bounds
of the intervals of the IGSVNQNSs in Step 3 of Example 2. Using these numbers and
the Hamming similarity measure in Definition 7, similarities are calculated and
given in Table 2. The ranking of the similarities obtained is given in Table 3.

Table 2: Comparison of similarities of universities

i. method | ii. method | iii. method | iv. method | v. method
C, 0.2973 0.476 0.3507 0.2440 0.2973
c, 0.3757 0.320 0.3990 0.3523 0.3757
Cs 0.3994 0.4583 04119 0.3869 0.3994
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64 0.3690 0.333 0.3773 0.3607 0.3648
CS 0.4155 0.3116 0.4214 0.4097 0.4155
66 0.3982 0.275 0.4190 0.3773 0.3982
67 0.2960 0.533 0.2607 0.2773 0.2690
68 0.3315 0.4083 0.3523 0.3107 0.3357
69 0.1940 0.683 0.2107 0.1773 0.1774
ClO 0.4089 0.325 0.4297 0.3880 0.4089

When the data in Table 2 are analyzed, it is observed that the similarity of C;
university to the structure defined as “ideal university” varies according to the
methods used. Accordingly, the similarity is calculated as 0.2973 according to i.
method, 0.467 according to method ii, 0.3507 according to method iii, 0.2440
according to iv. method and 0.2973 according to v. method. These values reveal that
the method with the highest fit of C; university to the ideal structure is ii. method
and the method with the lowest fit is method iv. It is also seen that the results
obtained from i. and iv. methods are equal. In this context, the selection of the
method used in similarity analysis in accordance with the structure of the problem
is of great importance in terms of the accuracy and reliability of the results to be
obtained. The fact that each method offers a different perspective enables a more
comprehensive analysis by considering various dimensions in the evaluation of the
results.

Table 3: Similarity rankings

Method | Similarity Rankings of Universities

i Co>Cra>Cs>Co>Cp>C>Ca>C>C > Co
i, Co>Cr>C>Cq>Cq>Cp>Cpp>Cp > Cs > Co
i, Cro>Cs>Ce>C3>Cp>C>Cq>Ch >Cr > Co
v Co>Cra>Cs>Co>Ch>Cr>Ca>Cr>C > Co
v, Co>Cra>Cs>Co>Cp>C>Ca>C>C > Co

As can be seen in Table 3, while the same rankings were obtained in methods i and
v, different results were obtained in other methods. Cy university, which was
determined as the least similar university according to i, iii, iv. and v. methods, was
determined as the most similar university according to ii. method. Similarly, Cs
university, which was one of the first two most similar universities according to i.,
iii., iv. and v. methods, was determined as the second least similar university in ii.
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method. This shows that the methods used can lead to quite different results in the
similarity assessment between universities.

6.Conclusions

In this paper, we define a Hamming similarity measure for IGSVNQN:s. It is proved
mathematically that this similarity measure satisfies the similarity measure criteria.
Furthermore, an example application is realized using this Hamming similarity
measure. In this application, the similarity of 10 fictitious universities to an ideal
university is analyzed by considering the factors that affect university choice.
Moreover, similarity calculations were computed using Hamming similarity
measures defined for both IVNNs and GSVNQNSs and the results were compared.
It is concretely demonstrated that similar or different results can be obtained in
decision-making processes when different numbers are used. Therefore, the
numbers to be used in decision-making applications should be selected by
considering the characteristics and objectives of the problem domain.

7.Future Research Directions
Researchers can use the similarity measure in this study with real data in different
applications. They can also define Euclidean and Hausorff similarity measures for
IGSVNQNSs.
Abbreviations

SVNN: Single valued neutrosophic number

SVNS: Single valued neutrosophic set

IVNN: Interval valued neutrosophic number

IVNS: Interval valued neutrosophic set

GSVNQN: Generalized set valued neutrosophic quadruple number
GSVNQS: Generalized set valued neutrosophic quadruple set

IGSVNQN: Interval Generalized set valued neutrosophic quadruple number
IGSVNQS: Interval Generalized set valued neutrosophic quadruple set
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ABSTRACT

Symbolic n-plithogenic algebraic structures are considered as symmetric
generalizations of classical algebraic structures by wusing n+1 symmetric
components. This paper is dedicated to generalize symbolic 3-plithogenic Vector
Spaces by defining symbolic 4-plithogenic Vector Spaces and 5-plithogenic Vector
Spaces, where these new classes of n-symbolic plithogenic algebraic structures will
be defined for the first time, and it will be studied through its algebraic

substructures.

Keywords: Neutrosophic sets, Symbolic 4-plithogenic Vector Spaces, , Symbolic 4-
plithogenic Vector Spaces homomorphism, Symbolic 5-plithogenic Vector Spaces,

5-plithogenic Vector Spaces homomorphism.
1.INTRODUCTION

The vagueness or uncertainty representation of imperfect knowledge
becomes a crucial issue in the areas of computer science and artificial intelligence.
To deal with the uncertainty, the fuzzy set proposed by Zadeh [29] allows the
uncertainty of a set with a membership degree between 0 and 1. Then, Atanassov

[30] introduced an intuitionistic Fuzzy set (IFS) as a generalization of the Fuzzy set.
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The IFS represents the uncertainty with respect to both membership and non-
membership. However, it can only handle incomplete information but not the
indeterminate and inconsistent information which exists commonly in real
situations. Therefore, Smarandache [31] proposed a neutrosophic set. It can
independently express truth-membership degree, indeterminacy-membership
degree, and false membership degree and deal with incomplete, indeterminate, and

inconsistent information.

During the last two years, the research steps interested in studying symbolic
n-plithogenic algebraic structures. These structures were supposed by
Smarandache in [4]. For n =2, we get the symbolic 2-plithogenic algebraic
structures such as symbolic 2-plithogenic spaces/rings/modules, and integers [1-3,5-
8]. For n =3, we get the symbolic 3- plithogenic algebraic structures such as

symbolic 3-plithogenic spaces/rings/modules, and integers [20-23].

All of the mentioned algebraic structures are characterized by having very
similar algebraic properties to the refined neutrosophic structures [9-18, 24-30,33-
45]. Baser and Ulugay [39] defined effective g- fuzzy soft expert sets. Then, Baser
and Ulucay [68] defined energy of a neutrosophic soft set. Recently, studies on
extensions of fuzzy sets have been continuing very rapidly on applications and

algebraic structures [46-89]

This is what prompted us to follow up the previous scientific efforts and to
study 4-plithogenic Vector Spaces for the first time, by providing basic definitions
and proofs that describe the algebraic behavior of the elements of these Vector
Spaces. It is noteworthy that these new rings will be very useful in more extensive

classes of algebraic modules, and cryptographic algorithms.

2.BACKGROUND

Definition 1. [31]Let U be a universe. A neutrosophic sets A over U is defined by

A = {< u, (uq(u), vﬂ(u),wﬂ(u)) >:u € U}

where, pu,(u) , vge(w) and wy(u) are called truth-membership function,
indeterminacy-membership function and falsity- membership function,

respectively. They are respectively defined by
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Uqg:U—-]70,17], v U-]70,1%[, wgeU-]70,1%]
such that 07 < u (W) +v(W)+w,(uw) < 3.

Definition 2 [32] Let U be a universe. An single valued neutrosophic set (SVN-set)
over U is a neutrosophic set over U, but the truth-membership function,
indeterminacy-membership function and falsity- membership function are

respectively defined by
tq:U - [0,1], vy U-[01], wyg:U-[01]
Such that 0 < u4(w)+v(w)+wy(u) < 3.

In the next section, we will define a new Hybrid Distance-Based Similarity Measures
for Refined Neutrosophic Sets (RNSs).

Definition 3. [3] Let’s consider two plithogenic numbers:
PN, = ay+ a,P, + ayP, + -+ a, P,
PN, = by + byP, + b,P, + -+ + b, P,

1. Addition of Plithogenic Numbers: PN; + PN, = (aq + by) + Xi=1(a; + b;)P;

2. Subtraction of Plithogenic Numbers: PN; — PN, = (ay, — by) + Xiv,(a; —
b;)P;

3. Scalar Multiplication of Plithogenic Numbers: rPN; =raq+ra,P; +
ra,P, + -+ ra,P,

4. Multiplication of Plithogenic Numbers
PNl'PNz = (a0+a1P1+a2P2+"‘+anPn)'(b0+b1P1+b2P2+"‘+bnpn)

And then one multiplies them, term by term a;P; - a;P; = a; * a;Ppax (;,j) Where - is

the classical multiplication as in classical algebra, using the above multiplication of

symbolic plithogenic components.
As particular case:

1. 0.P,=0

2. 1=1+0.P,+0.P,+-+0.P,
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3.Symbolic 4-plithogenic Vector Spaces
Definition 4. Let V be a Vector Spaces, the symbolic 4-plithogenic Vector Spaces is:
4 —SPy ={ag+ a1 Py + ayP; + azPs + a4Py; a; € R, P* = P, Py X P = Py -
Operations on 4 — SPg:
Addition:
lag + a1 Py + a, P, + azP; + a4P,] + [bg + by Py + by P, + b3P3 + byPy] =
(ao + bo) + (ay + by)Py + (az + b2)P, + (a3 + b3)P3 + (ag + by) Py
Multiplication:
lag + a;Py + ayP; + azPs + ayPy). [bg + by Py + by Py + b3P3 + by Py] =
agbo + (agby + ayby + a1b;)Py + (agh, + a;1b, + ayby + ayby + a,b,)P, +
(apbs + a1bs + aybs + azbs + azbg + azb; + azb,)Ps +

(agby + a1by + azby + azby + agbg + asby + agb, + asbs + a,by)Py.
Scalar Multiplication:

r(ag + a1 Py + a,P, + azP; + a,P,) = rag + ra; Py + ra,Py+rasPs + ra,Py
As particular case:

3. 0.P,=0
4. 1:1+0.P1+0.P2+0.P3+0.P4

It is clear that (4 — SPg) is a Vector Spaces.

Example 5. Consider the Vector Spaces R = Z3 = {0,1,2}, the corresponding 4 —
SPR is:

4‘_SPR={a+bP1+CP2+dP3+eP4_;a,b,C,d,6623}.
IfX:2+2P1+1P2+P3+P4,Y:P2+2P3,then:
X+Y:2+2P1+2P2+P4,

X_Y:2+2P1_P3+P4,
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X.Y:2P2 +4’P3+2P2 +4’P3+P2+2P3+P3+2P3 +P4+2P4:5P2+13P3+3P4.

Theorem 6. Let 4 — SP; be a 4-plithogenic symbolic Vector Spaces, Let X = ¢, +

e P; + e, P, + e3P + e, P, be an arbitrary element, then:

1. X isinvertible if and only if ey, eq + e1,e9 + €1 + €3, 69 + €1 + e, + €3, €9 +
e; + e, + e3 + e, are invertible.

2. )(_1 S 60_1 + [(60 + 61)_1 - eo_l]Pl + [(60 + 61 + 62)_1 - (eo +
61)_1]P2+[(60 + 61 + 62 + 63)_1 - (60 + 61 + 62)_1]P3 + [(60 + 91 + ez + 33 +
64)_1 - (60 + 61 + 62 + 63)_1]P4.

Proof.

1. Assume that X is invertible, than there exists Y = ny + n;P; + n,P, + n3P; +
n,P, such that X.Y = 1, hence:

egN3 + e1n3 + e;ng + esng + esng + esn, +e3ny =0 (1)
eoho = 1... (2)
eony +eng +en; =0... (3)
eony + exng + exn, +en, +e,ng = 0. (4),
eoNy + e1ny + eynyg + esny + egng + egng + egng + eyny(5)

From (2), e, is invertible.
By adding (3) to (2), we get (eq + ;) (ny + ny) = 1, thus e, + e, is invertible.

By adding (4) to (3)to (2), (eg + e; +e3)(ng +ny +ny) =1, hence eg + e; + e, is

invertible.

By adding (1) to (2) to (3) to( 4),

(eg +e4+ ey +e3)(ng +ny +n, +n3) =1, hence ey + e; + e, + e5 is invertible.
Adding all equations gives:

(eg+e +e,+es+e)ng+n +n,+n3+n,) =1, henceey+e; +e, +e3+e,is
invertible.
2. From the first part. We have:

no S 60_1,710 + Tll S (60 + 61)_1,710 + Tll + nz = (60 + 61 + 62)_1 ) (60 + 91 + ez +
63)_1 =Tl0 +Tl1+n2+n3,(€0+€1+62+€3+e4)_1 =Tl0 +n1+n2+n3 +Tl4,
then:
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Y=e 4+ [(eg+e) P —eg P+ [(eg+ ey + €)™t — (e + 1) P, +
[(eo +e1+e;+e3)™t —(eg+ e +e) 1P+
[(eo + 61 + ez + e3 + 34)_1 - (eo + 61 + ez + 63)_1]P4 = X_l.

Example 7. Take R = Z3 = {0,1,2}, 4 — SP, is the corresponding symbolic 4-
plithogenic Vector Spaces, consider X = 2 + 2P, + P, € 4 — SP;_, then:

e, = 2 is invertible with e,™! = 2, ¢, + e; = 2 is invertible with (e, + e;)™1 = 2,
ey + e, + e, = lisinvertible with (e + e; +e,)"1 =1,

eote te,+tes=1(e+e +e,+e) =1,
ept+e +e,tes+e,=2,(e+e +e,+e;+e,) ! =2 hence:
X1=24+Q2-2)P,+(1-2)P,+(1-1)P;+(2—-1)P, =2+ 2P, + P,.

Theorem 8. Let 4 — SPg be a symbolic 4-plithogenic Vector Spaces, hence if X =
m + nP; + cP, + qP; + lP,, then:

X"=m"+[(m+n)"—m"]P+[(m+n+c)" —(Mm+n)"|P+[(m+n+c+
Dt —(m+n+o)"|P;+[(m+n+c+q+D"—(m+n+c+q)"]P, foreveryn€
Zt.

Proof.

For n = 1, it holds easily. Assume that it is true for n = k, we prove it forn = k +
1.

X = x. xk =

(m +nP; + cP, + qP; + IP)(mF + [(m + n)*¥ —m¥]P, + [(m + n + c)* —
m+n)kP,+ [(m+n+c+q)f—(m+n+c)1P;+[(m+n+c+q+1DF -
(m+n+c+q)f]P) = mk*t + [(m + )t —m* P, + [(m+n + o)k —
(m + n)<+1]Py+

[(m+n+c+ )t —(m+n+c)tp; +
[(m+n+c+q+ D' —(m+n+c+q*]PR,.

Therefore, that proof is complete by induction.
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Definition 9. Let R, T be two Vector Spaces, 4 — SPg, 4 — SPr are the corresponding
symbolic 4-plithogenic Vector Spaces, let fy, f1, f2, f3, fa: R = T be Vector Spaces
homomorphisms, we define the symbolic 4-plithogenic Vector Spaces

homomorphism:
f:4 —SPgr - 4 — SP; such that:

fm+nP; +cP, + qP; + IPy) = fo(m) + f1(W)Py + fL(c)P+f3(q)Ps + fu ()P,

If fo = fi = f2 = f3 = f4, then f is called symbolic 4-plithogenic Vector Spaces

homomorphism.

Remark 10. If fy, f1, f2, f3, fa is isomorphisms, then f is called symbolic 4-

plithogenic Vector Spaces isomorphism.
Example 11. Take R =Z, T = Z,, fo, f1: R = T such that:
fo(x) = x(mod 4), f,(2) = 2x(mod 4). It is clear that f;, f; are homomorphisms.

We define f:4 — SPr — 4 — SP;, where:

f(m+nPy + cP, + qP3 + 1Py) = fo(m) + fi(W)Py + fo(©)P; + fi(@Ps + fi(DP, =
m(mod 4) + 2n(mod 4)P; + (¢ mod 4)P,+(2q mod 4)P; + (2l mod 4)P,

Which is a symbolic 4-plithogenic Vector Spaces homomorphism.

Theorele.Letf :f0+f1P1 +f2P2 +f3P3 +f4P4:4_SPR _)4_SPTbea
mapping, then:

1. If f is symbolic 4-plithogenic Vector Spaces homomorphism, then f is a
Vector Spaces homomorphism.

2. If f is an symbolic 4-plithogenic Vector Spaces homomorphism, then it is an
isomorphism.

Proof.

1. Assume that f is an symbolic 4-plithogenic Vector Spaces homomorphism,
then:

fo = f1 = f2 = f3 = fo are homomorphisms.

LetX:d0+d1P1+d2P2+d3P3+d4P4,Y:C0+C1P1+C2P2+C3P3+C4P464_

SPg, we have:
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fX+Y)=

fo(do + co) + fo(dy + c1)Py + fo(dy + )Py + fo(ds + ¢c3)Ps + fo(ds + c4) Py
=fX)+ ()
fX.Y) = foldoco) + fo(docy + dico + dicy)Py

+ fo(docy, + dycy + dycy + dycy + dicy)Py
+ fo(docs + dyc3 + dycs + dscs + dgcy + dscy + dscy) Py +

(docy +dqcy +dycy +dscy +dycy +dycy +dycy +dycg +dycy)Py
= fo(do)fo(co) + (fO(dO)fO(Cl) + fo(d1)fo(co) + fo(d1)fo(c1))P1
+ (fo(do)fo(cz) + fo(d2) fo(¥o) + fo(d2)fo(cz) + fo(d2)foler)
+ fo(d1)fo(cz))P2
+ [(fo(do)fo(cs) + fo(d1) fo(es) + fo(dz) fo(es) + fo(ds)folcs)
+ fo(d3)fo(cr) + fo(d3)fo(cy) + fo(d3)fo(co))]P3
+ [(fo(do)fo(c4) + fo(d1) fo(ca) + fo(d2) fo(ca) + fo(ds)fo(cs)
+ fo(da) fo(cr) + fo(da) fo(c2) + fo(da) fo(co) + fo(da) folca)
+ fo(da)fo(c))]Ps =

[fo(do) + fo(d) Py + fo(d2) Py + fo(d3)Ps + fo(da) Pyl fo(co) + fo(c) Py + fo(c) P, +
fo(c3)Ps + fo(ca) Pyl = f(X). f(Y).

This implies the proof.

4. Symbolic 5-plithogenic Vector Spaces

Definition 13. Let R be a Vector Spaces, the symbolic 5-plithogenic Vector Spaces
is:
5—SPg = {ag + a;P; + a,P, + azPs + a,P, + asPs; a; € R, P> = P, P, X P; =
Prnax(i,j}-
Operations on 5 — SPx:
Addition:

lag + a1 Py + a,P, + a3P; + a4 Py + asPs] + [bg + by Py + by P, + b3P3 + by P, + bsPs]

(ag + bo) + (ay + by)Py + (az + b)P, + (ag + b3)P; + (ay + by)Ps + (as + bs)Ps.
Multiplication:
[ag + a;P; + a,P, + azP; + a,P, + asPs]. [by + by P, + b,P, + b3P; + byPy + bsPs] =
aoby + (aghy + a;by + a1by)P, + (agb, + a1b, + ayby + ayby + a,b,)P, +
(aphs + a;bs + a,bs + asbs + asby + asb, + asb,)P; +
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(apgby + a1by + ayby + azby + ayby + ayby + agb, + agb; + ayby)P, +( agbs + a1 bs +
azbs + a3b5 + a4b5 + asbo + a5b1 + a5b2 + a5b3 + a5b4_ + a5b5)P5.
Scalar Multiplication:
r(ag + a;P; + a,P, + asP; + a,P, + asbs)
=rayg+ra, P, + ra,P,+rasP; +ra,P, + rasbg

As particular case:

1. 0.P,=0

2. 1:1+0.P1+0.P2+0.P3+0.P4+0.b5
It is clear that (4 — SPg) is a Vector Spaces.

Example 14. Consider the Vector Spaces R = Z3 = {0,1,2}, the corresponding 5 —
SPy is:
4 —SPy ={a+ bP; +cP, +dP; + eP, + wPs;a,b,c,d,e,w € Z3}.
ItX=2+42P, +P,Y =P, + 2P;, then:
X+Y=2+42P +P,+P, +2P;,
X—Y=2+42P, —P,+P, — 2P,
X.Y = 2P, + 4P, + 2P, + 4P + P, + 2P = 4P, + 4P, + P, + 2Px.
Theorem 15. Let 5 — SPy be a 5-plithogenic symbolic Vector Spaces, with unity (1).
Let X = eq + e, P; + e,P; + e3P; + e,P, + e5Ps be an arbitrary element, then:
3. X is invertible if and only if ey, eq + €1, + €1+ e, €9+ €1 +e; +e3, €5+
e;+e,+es+e,e)+e; +e,+ e+ e, + e are invertible.
4. X t=ey 1+ [(eg+e) t—ey 1P +[(eg+e +e) t—(eg+
e) NP, (eg+e +e;+e)) —(eg+e +e) P+ [(eg+e;+e,+e3+
ey 1—(eg+e +te,+e) P+ [(eg+e +e,+es+e,+es)™t —(ep+
e, +e, +e;+e,) P,
Proof.
3. Assume that X is invertible, than there exists Y = ny + nyP; + n,P, + n3P; +
nyP, + ngPs such that X.Y = 1, hence:
( eon3 + ey n3 + e;ng + esng + esng + esn, +esnyg =0 (1)
eoho = 1... (2)
eony +eng+en; =0... (3)
eony + exng + exn, +en, +eng =0... (4),
eoNy + e1ny + e;ny + esny + e ng + e ng + egns + egny (5)
\eoNs + e1Ms + e,Ng + e3ng + eyns + esng + esny + esn, + esng + esny + esng = 0 (6)

From (2), e, is invertible.

By adding (3) to (2), we get (ey + e;)(ny + ny) = 1, thus ey + e, is invertible.

By adding (4) to (3)to (2), (eq +e; +e;)(ng +ny +ny) =1, hence ey + e; + e, is
invertible.

By adding (1) to (2) to (3) to( 4),
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(eg +e; +e; +e3)(nyg +ny +n, +n3) =1, hence ey + e, + e, + e3 is invertible.
Adding all equations (1),(2),(3),(4),(5) gives:
(eg+e +e,+es+e)ng+n +n,+n3+n,) =1, henceey+e, +e,+e3+e,is
invertible.
Adding all equations (1) to (6) gives:
(eg+e +e,+es+e,+es)(ng+ny+n,+n3+n,+ng) =1,
hence ey + e; + e, + e3 + e, + e5 is invertible.

4. From the first part. We have:
ng=¢ey L,nyg+n, =(eg+e) Lng+n +n,=(eg+e +e) t,(eg+e +e,+
es) l=ng+n +n,+ns(eg+e +e,+es+e) P =ny+n,+n, +ng+
ng,(eg+e +ey+es+e,+e)=ny+n, +n, +n;+n, + ns, then:
Y=ey "+ [(eg+e) —e P+ [(eg + e + €))7t —(eg + )P, +
[(eo+e1+e;+e3) " —(eg+e+e) ']P; +
[(eg+e1+te,+es+e) t—(eg+e +e,+e3) P+

[(eo +este,teste,+e)t—(eg+e +e,+e3+e) 1 Ps=X"1
Example 16. Take R = Z; = {0,1,2}, 5 — SP;, is the corresponding symbolic 5-
plithogenic Vector Spaces, consider X = 2 + 2P, + Ps € 5 — SPz, then:
e, = 2 is invertible with e,™! = 2, ¢, + e; = 2 is invertible with (e, + e;)™1 = 2,
ey + e, + e, = lisinvertible with (e + e; +e,)"1 =1,

eote te,+tes=1(ep+e +e,+e;) =1,

eote te,tes+e,=1(eg+te +tey;tes+te) 1=1e+e +e,+e;+e,+
es =2,(eg+e +e,+e;+e,+es)”! =2hence:
X 1=2+Q-2P,+(1-2)P,+ (1 —1DP;+(1— 1P, + (2—1)Ps =2 + 2P, +
P;.
Definition 17. Let R, T be two Vector Spaces, 5 — SPg, 5 — SPr are the corresponding
symbolic 5-plithogenic Vector Spaces, let f, f1, f2, f3, fa, fs: R = T be symbolic 5-
plithogenic Vector Spaces homomorphisms f:5 — SPr = 5 — SPr such that:
fm+nP +cP,+qPs + 1P+ kPs) = fo(m) + i ()P + f2,(c)P,  +  f3(@)Ps +
fa(DPy + f5(k)Ps
If fo = fi = f2 = f3 = fa = f5, then f is called symbolic 5-plithogenic Vector Spaces
homomorphism.
Remark 18. If fy, f1, f2, f3, fa, f5 are isomorphisms, then f is called symbolic 5-
plithogenic Vector Spaces isomorphism.
Example 19. TakeR = Z, T = Z,, fo, f1: R = T such that:
fo(x) = x(mod 4), f1(2) = 2x(mod 4). It is clear that f;, f; are homomorphisms.

68



Algebraic Structures in the Universe of Neutrosophic: Analysis with Innovative
Algorithmic Approaches

We define f:5—8SPy - 5—SP; , where:
f(m+nPy +cPy + qP; + IP, + kPs) = fo(m) + fi(n)Py + fo(c)P2 + f1(q)Ps +
fi(DP, + fi(k)Ps = m(mod 4) + 2n(mod 4)P; + (c mod 4)P, + (2q mod 4)P; +
(2l mod 4)P, + (2k mod 4)P;
Which is an symbolic 5-plithogenic Vector Spaces homomorphism.
Theorem 20. Let f = fy + fiP1 + foPy + f3P3 + [Py + fsPs:5 —SPR - 5 — SP; be a
mapping, then:
1. If f is an symbolic 5-plithogenic Vector Spaces homomorphism, then f is
a Vector Spaces homomorphism.
2. If f is an symbolic 5-plithogenic Vector Spaces homomorphism, then it is
an isomorphism.
Proof.
1. Assume that f is an symbolic 5-plithogenic Vector Spaces homomorphism,
then fy = f1 = f, = f3 = f4 = fs are homomorphisms.
Let
X=dy+dP; +d,Py +d3P; +dyPy +dsPs,Y =cy+ c Py + 3P, + c3P3 + 4Py +
csPs € 5 — SP,, we have:
fX+Y) =
foldo + co) + fo(dy + c1)Py + fo(dy + ¢2) Py + fo(ds + ¢3)Ps + fo(da + ca)Py + fo(ds
+c5)Ps = f(X) + f(Y)
fX.Y) = foldoco) + fo(docy + dyco + dicy)Py
+ fo(docy, + dycy + dycy +dycy +dicy)Py
+ fo(docs + dic3 + dycs + dscg + dscq + dscy + dscy)Ps +
(docy + dicy +dycy +dscy +dyco + dycy +dycy, +dacs +dycy)Py
+ (doycs + dycs + dycg + dscs + dycs + dscy + dscy + dscy + dscs
+ dscy + dscs)Ps
= fo(do) fo(co) + (fo(do)fo(c1) + fo(d1) fo(co) + fo(d1)f0(c1))P1
+ (fo(do)fo(cz) + fo(d2) fo(yo) + fo(d2)fo(cz) + fold2) folcr)
+ fo(d) fo(c2))P
+ [(fo(do)fo(c3) + fo(d1) fo(c3) + fo(d2) fo(es) + fo(d3) fo(cs)
+ fo(ds) foler) + fo(ds) foler) + folds)folco))]Ps
+ [(fo(do)fo(c4) + fo(d1) fo(ca) + fo(d2) fo(ca) + fo(ds)fo(ca)
+ fo(d) fo(er) + fo(da)folca) + fo(da) fo(co) + fo(da) folca)
+ fo(d4)f0(c3))]P4 + [fo(do) fo(cs) + fo(d1)fo(cs) + fo(d2)fo(cs)
+ fo(ds)fo(es) + fo(da) fo(cs) + fo(ds)fo(co) + fo(ds)foler)
+ fo(ds)fo(c2) + folds)fo(es) + fo(ds) folca) + fo(ds)fo(cs)]Ps =
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[fo(do) + fo(d)Py + fo(d2)P; + fo(d3)Ps + fo(da)Ps + fo(ds)Ps][fo(co) + fol(c) Py +
fo(c2)Py + fo(c3)Ps + fo(ca)Ps + fo(cs)Ps] = f(X). f(Y).
This implies the proof.

5.Conclusions

In this paper, we have defined the symbolic 4-plithogenic Vector Spaces and 5-
plithogenic Vector Spaces, with many algebraic properties. Also, we have shown
some related substructures such as symbolic 4-plithogenic Vector Spaces
homomorphisms and symbolic 5-plithogenic Vector Spaces homomorphisms and

many illustrative examples were presented.
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Abstract

In today's world, where almost all information is stored and processed in the cyber
environment, devices are managed in the cyber environment, and the operational
superiority of the armies is based on tactics such as electronic communication,
image acquisition and remote sensing, attack and defense strategies and tactics are
developed according to the fifth battlefield, the cyber environment. In international
relations, a time has come when cyber armies and attacks are included to resolve
conflicts between countries. Therefore, to facilitate the decision-making process in
complex decision problems, many multi-criteria decision-making methods have
been proposed and developed from past to present. These methods continue to
develop by developing new approaches and methods and use in wide application
areas. Therefore, a new mathematical tool has been proposed to achieve consensus
among the countries here. Our aim of this study was to develop the VIKOR method
on Q-fuzzy sets, which is a new method for multi-criteria decision-making methods.
By applying this method to the real-life problem of cyber warfare, he demonstrated
the flexibility, effectiveness, and feasibility of the proposed VIKOR method.

Keywords: Cyber War, Cyber Law, fuzzy set, Q-fuzzy set, Decision-making.
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1. Introduction

With the revolutionary developments in the last quarter century in the field of
technology, mankind has reached a standard of living and style that he could not
even imagine. The enlargement of the possibilities in the information environment
of the newly developing technology is the biggest problem for the lawyers in
defining the terms. Computers have shrunk, mobile phones have become almost
computers, and the living space where these two devices cannot be taken or used
has almost disappeared. These developments have also caused some important
problems in the field of law, new concepts have emerged, the definitions of these
concepts have begun to be discussed and to have legal consequences. However,
following the developments in this field and putting forth appropriate definitions,
reconciliation in the international arena and regulation in the national field is the
difficulties faced by the lawyers. So, solving fuzzy phenomena and uncertain events
in real life is necessary as science and technology advance. Zadeh [1] first explicitly

and systematically proposed fuzzy sets to solve these problems effectively.

Decision making is the act of identifying and choosing alternatives to find
out the best solution from a pool of options based on different factors and
considering the decision maker’s expectations. Every decision is made within an
environment, which is defined as the collection of information, alternatives, values
and preferences available at the time when the decision must be made. Baser and
Ulucay [35] defined energy of a neutrosophic soft set and its applications to multi-
criteria decision-making problems. Till date, several MCDM methods [17-53] have
been proposed and successfully deployed to solve complex decision-making
problems arising from different corners of engineering and management. Amongst
those techniques, VIKOR (the Serbian name is ‘Vlse Kriterijumska Optimizacija
Kompromisno Resenje” which means multi-criteria optimization and compromise
solution) method has gained much popularity among the decision-making
community due to its simple and easily comprehensible computational steps [2].
Opricovic used the VIKOR model to investigate some MCGDM problems with
conflicting criteria [3,4]. Also, we solve an MCDM problem with cyber wars related
example based on VIKOR strategy in Q- fuzzy sets. Multi Q -fuzzy soft expert set
[9]. Effective Q- fuzzy soft expert sets [31], Q -fuzzy soft sets [10-12], and multi-Q
fuzzy soft sets [13-15] were proposed by Adam and Hassan.
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Recently, it has been used by other researchers [5-8, 54-75]. To fill up this
research gap, we propose a new VIKOR method to deal with MCDM problems in
Q- fuzzy set environment. Since Q-fuzzy sets are developing and novel sets, there
is a scarcity in the number of studies in the literature, which is a contribution of this

study.
2. Preliminaries

Definition 2.1[1] The fuzzy sets defined on a non-empty V as objects having the
form A = {< wv:pu,(v) =, v € V} where the functions u: V— [0, 1] forv e V.

Definition 2.2 [16] Let I be unit interval and k be a positive integer. A multi Q -
fuzzy set A, in ¥ and a non-empty set Q is a set of ordered sequences

frf@ = {(v.q),p;(v.q):v € V,q € @} where
psVxQ—=It, i=1.2..k

The function (u, (v, q).u,(v. q), ..., 1. (v, q)) is called the membership function of
multi Q- fuzzy set j@l and p,(v,q) +p,(v,q) + -+ p,(v.q) = 1,k is called the
dimension of :51'9. The set of all multi Q- fuzzy sets of dimension k in ¥ and Q is

denoted by M*QF(V).
3. A New Method on Q-Fuzzy Sets

To address the uncertainties and conflicts that arise in real-world decision-making,
the VIKOR method is often employed. This method is particularly effective in
solving MCDM problems by incorporating more practical and flexible preference
information provided by decision-makers. In this context, the VIKOR method is
adapted to operate within Q-fuzzy sets, enhancing its ability to manage uncertainty
and imprecision. The method offers a structured, systematic approach to decision-
making, enabling the identification of both the best and a compromise solution,

particularly in settings involving fuzzy logic.

Figure 1 shows the steps followed when the VIKOR method is applied to MCDM
problems using fuzzy sets. It shows how this approach leads to systematic selection
of the best solutions in situations involving uncertainty, using criteria characterized

by the uncertainty.
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Step 1: Criteria are determined and measurement |
| scales are created ) |
Step 2. A directrelationship matrix is created in Q ]
| fuzzy sets ) |
Step 3: The direct relationship matrix is replaced ]
| with grammar in Q fuzzy sets ) |
ep 4. e weignto e decision makers Is
determined ) |
,—[ Step 5: A batch Q fuzzy sets martial is created. } |
,—[ obtained by considering the subjective weight and }
objective-weight: |
,—[ Step 7: PIS and NIS values are calculated. } |
ep o. benetl an oS values are
calculated ) |
,—[ Step 9: The priority value (Q) is calculated. } |
ep o, Ran values are sorted according to
max_criteria ) |
ep . ernatives are listed and a compromise
solution is obtained ) |

Figure 1: VIKOR Method

According to Figure 1, VIKOR consists of 11 steps. There are two types of optimal
criterion weights, which distinguish VIKOR from other methods, these are

subjective and objective weights.

Let D be a set of decision makers where k=1,2,...,p. A; represents alternatives
where i=1,2,...,m and (; represent criteria j=1,2,...,n. The criteria are classified as

cost criteria and benefit criteria.
Step 1: Criteria are defined and measurement scales are created.

Step 2: A Direct Relationship Matrix is established with Q fuzzy sets. We will obtain
the fuzzy Decision matrix [R;;]mxn, (i = 1,2,...,k ve j = 1,2, ..., p) as follows:

c, C, .. Cy
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where Ry; = ((x;;qi;): (i)
Step 3: The Direct Relationship Matrix is replaced with grammatical information.

Step 4: The weights of the decision makers are determined. The weights of the

decision makers can be obtained with the following formula:

p
Wy = pﬂk ) wkZO,Zwk=1
Zkzl.uk

WU:accuracy — represents the membership function

Step 5: Consolidated Q fuzzy sets decision matrix is created NV ®) = (Nl-j-‘)mxn k. Let
the decision maker have a single value decision matrix Q fuzzy sets weight operator

is used to sum all the individual decision matrices V.

N® = (N xn, k=12,..,p,i=12,..,mvej=12,..,n

P
dy = snwA (aP,d?,...a?) = a - | (1=
k=1
The aggregate decision matrix D is defined as follows:
dyy dip.. din
N = d;21 dz? d?n cdip = ((xiqi7): (i)

Admi Admz - dmn

Step 6: The optimal weights of the criterion are obtained.

There are two types of weights in this section that are subjective and need to be

considered.

3.1. Subjective Weight
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The rating of the alternatives according to each criterion is collected by the decision

makers. The importance weights of the criteria corresponding to the alternatives are

determined using the linguistic rating scale as follows.

LANGUAGE TERMS IMPACT SCORE Fuzzy Value
TOO LOW 1 0)

LOW 2 0)
MEDIUM LOW 3 0.1)
MEDIUM 4 (0.3)
MEDIUM HIGH 5 0.5)

HIGH 6 (0.7)

TOO HIGH 7 0.9)

Considering that the criterion weight is obtained using the equation:

l
= QFSWA(le, sz, ( 1_[ ul(Jk) )

j = 1,2, ..,nve W] = (ﬂj)

The subjective weight of each criterion is obtained using the formula below.

1 -]
wi =y + [_(lnm)zlﬂk]
i=

j=12,..,nve ¥i_wi =1,

3.2. Objective Weight

The evaluation criteria are normalized using the following equation.

m
i=1R

Pij =
ij

where P;; is the predicted result of criterion j. Next, the predicted results of the j

criterion entropy set E; are calculated.

1 m
_(ln m ) Z Fij lnPij
i=1

where m is the number of criteria and 0 < E; <1
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After that, to obtain the objective weights of the criteria, the divergence div;, which

is the degree of deviation of the information of the j criterion, must be defined.

The greater the degree of deviation of this criterion, the more important the criterion
is in the decision-making process. Finally, objective weights can be obtained using
the following equation.
dlU]
I TS div.

=g div;

Step 7: Fuzzy values of positive ideal solution (PIS) are calculated f;" =

((%9,): (7)) and fuzzy values of negative ideal solution (NIS) are calculated f;”
((x]q]) (#]_) )/ </j = 1,2, e, N

_ {mlnRU ,
T =

benefit criterion}
max R

ij»cost criterion

+

{max R;j , benefit criterion}
it =

~ | minR ;,cost criterion
j=12,..,n

Step 8: Calculate the utility measure (S;) and regret measure (R;) for the alternative

as follows:

n

. .+— .
Si=zw,i=1,z,...,m
I =17

j=1

. .+ — .
R; = max {M} i=12,..,m
175 = 177l

Here w;, represents the weight of the combination for each criterion.

(R; —R")

" (R~ — R")

i =vw + (1 —v)

Where v, denotes the relative importance between subjective weights and objective

weights. It can be any value from 0 to 1, but is usually set to 0.5.

Step 9: The priority value Q;,i = 1,2, ..., m is applied using the following formulas
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(Si—59 (Ri —R™)
G DI Gy D

Qi =
ST =minS;,S” = maxS;

R* = minR;,R™ = maxR;

v, indicates the weight of the strategy of the constraints of the criteria and is usually

assumed to be 0.5.

Step 10: Sort S;, R; and Q; values by maximum criterion. Sort the sort results by

descending alternatives.
Step 11: List the alternatives and find the compromise solution.

At the minimum value of Q, the best alternative A (top alternative) must satisfy

the following 2 conditions.

Condition 1: Acceptable benefits

Q(A(Z)) — Q(A(l)) >

m-—1
Here A®D and A®, Q; is also the two best alternatives.

Condition 2: Acceptable Status

The best alternatives should be ranked best by S; and R;. If one of the above

conditions is not met, a number of compromise solutions have been proposed:

1. AW and A@ alternatives are also acceptable if only stability requirement is
not achieved;

2. Alternatives AM, A®, .., A® are accepted if the advantage condition is not
met. A® for maxu Q(A™) — Q(4AW) > # It is determined by the formula.

(the positions of these alternatives are close to each other.)
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4. Application of Cyber Wars of VIKOR Method for Decision-
Making Problems

The increase in cyber war threats in the world obliges states to take precautions in
this regard. Although developed countries have come a long way in this regard,
there are still many countries that do not take adequate steps in this regard.
Especially underdeveloped and developing countries, as they are insufficient in
cyber warfare, can be vulnerable and suffer victimization in case of any cyber-
attack. To prevent this situation, a few developing countries that decided to act have
taken the models of the countries that have achieved success in this subject to
examination and have decided to take the model they found suitable for them as an
example. As a result of the examination, the policies that developed countries have
already implemented and are considering implementing soon have been taken into
consideration. Especially developing countries wants to use proposed method
when choosing a model. The models he can take to are Tiirkiye model (A1), England
model (A2), USA model (A3) and Q={q4, q,, q3}. It considers four criteria for three
alternatives: models” price (C1), usability (C2), speed (C3) and security after buy.
While making this choice, he consults 3 different cyber warfare experts (DM1, DM2,
DM3).

Then we can take a model based on their parameters using Q-fuzzy sets, by

applying the following algorithm.

Step 1: Criteria are defined, and measurement scales are created. Compiling the
perspectives of 3 different decision makers (DM1, DM2, DM3), the student, who
met with his family, carefully selected the decision makers by considering the cost
and benefit. Tables 2 and 3 describe the decision makers' perspectives on the weight

of the criteria and the evaluation of alternatives according to the criteria.

Table 2 Impact score of the three decision makers on the importance of the criteria

C1 C2 C3 C4
DM1
DM2
DM3 6 5 6 4

86



Algebraic Structures in the Universe of Neutrosophic: Analysis with Innovative
Algorithmic Approaches

Table 3 Rating of evaluation of alternatives according to criteria

C1 C2 C3 C4
Al(x4,q4) |DM1 6 6 1 3
DM2 3 4 2 2
DM3 5 6 1 3
A2(x4,q,) |DMI1 6 6 7 7
DM2 6 6 5 7
DM3 6 6 6 7
A3(x4,q3) | DM1 3 4 5 4
DM2 3 3 4 6
DM3 3 5 4 4

Step 2 and Step 3: A Direct Relationship Matrix is Constructed in the Q fuzzy set.
The Language Expressions of Q fuzzy Sets are modified in table 3 to create the Q
fuzzy set Direct Relationship Matrix (see Table 4).

Table 4 Q-FS Direct Relationship Matrix

C1 C2 C3 C4

DM1 0.7 0.7 0 0.1

Al(x;q,) | DM2 0.1 0.3 0 0
DM3 0.5 0.7 0 0.1

DM1 0.7 0.7 0.9 0.9
A2(x1q;) | DM2 0.7 0.7 0.5 0.9
DM3 0.7 0.7 0.7 0.9

DM1 0.1 0.3 0.5 0.3
A3(x1q3) | DM2 0.1 0.1 03 0.7
DM3 0.1 0.5 0.3 0.3

Step 4: Determine the weights of the decision makers. The weights of the decision

makers are obtained by the following equation:

DM1 =0.5,DM2 =0.2,DM3 = 0.3
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Step 5: An aggregated QFS decision matrix is generated. The importance weights

of the decision makers are shown in Table 5.

Table 5 Importance weight of decision makers

Linguistic Data Impact Score Weight
DM1 Medium High (0.5) 0.5
DM2 Medium High (0.2) 0.2
DM3 Medium 0.3) 0.3

To aggregate the weights of all decision makers, the QFSWA operator is applied.
fyy =1—((1=0.7)°5 x (1-0.1)°2 x (1 — 0.5)°3) = 0.564

The remaining calculations are calculated in a similar way. The detailed calculation

of the aggregated QFS matrix is shown in Table 6.

Table 6 Aggregate Q-FS matrix

C1 C2 C3 c4
Al (x1q1) 0.564 0.645 0 0.081
A2(x1q5) 0.7 0.7 0.81 0.9
A3(x1q3) 0.1 0.335 0.408 0.409

Step 6: The optimal weight of the criterion is obtained. Linguistic variables are
shown in Table 2. The overall subjective weight of the criterion is calculated as

follows:
w=1—((1-0.5)%5 x (1-0.7)°2 x (1 — 0.7)°3) = 0.613
The result of the collective subjective weight calculation is shown in Table 7.

Table 7 Total subjective weight

u
C1 0.613
C2 0.650
C3 0.613
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C4 0.3
The subjective weight of the criterion is calculated and presented as follows:
Hij
s(xij) = 4
0.613

S(xll) = T = 0153

The aggregated net matrix is given in Table 8.

Table 8 Aggregate net matrix

C1 C2 C3 C4

Al(x1q,) 0.153 0.163 0.153 0.075

A2(x195) 0.2666 0.2666 0.3178 03

A3(x1q3) 0.4333 0.3983 0.3476 0.5147

The criteria evaluation is then normalized as follows.

~ 0.3959
" 0.3959 + 0.2666 + 0.4333

~ 0.2666
" 0.3959 + 0.2666 + 0.4333

P, = 0.3612

= 0.2432

P21

0.4333

P, = = 0.3954
31 70.3959 + 0.2666 + 0.4333

P,, = 0.4528
P,, = 0.2193
P,y = 0.3277
P,5 = 0.4803
P,; = 0.2481
Py; = 0.2714
P,, = 0.4034
P,, = 0.2196
P;, = 0.3768

Next, entropy Ej is calculated.
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InP;;:
InP;; =-1.01832
InP,; = —1.4114
InP;; = —0.9278
InP,, = —0.7923
InP,, = —1.5173
InP,; = —1.1156
InP;; = —0.7333
InP,; = —1.3939
InP;3; = —1.3041
InP;, = —0.9078
InP,, = —1.5159

InP;, = —0.9769
m
Z szleansz =(0.3612 x —1.01832) + (0.2432 x —1.4114) + (0.3954 x —0.9278)
i=1

= —1.07792

1
E,=- (—) (—=1.07792) = 0.9811
In3

~ E, = 0.96218
- E3 = 0.95753
~ E, =097108

After that, the distance value is calculated.
div;, =1-0.9811 =0.0189
div, = 0.0378

divs = 0.0424
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div, = 0.0289

n
Z div; = 0.0189 + 0.0378 + 0.0424 + 0.0289 = 0.128
j=1

Objective weights are calculated.

divl _ 0.0189

WSS div, ~ 0128 e
wg = 0.2953
wg = 0.3312
we = 0.2257

The remaining objective weights are calculated similarly. The calculated objective

weight and subjective weight results are shown in Table 9.

Table 9 Objective weight and subjective weight of the criteria

Subjective weight Objective weight
C1 0.2571 0.1476
C2 0.3644 0.2953
C3 0.3299 0.3312
C4 0.0483 0.2257

According to the result of the subjective weight for each criterion, it is seen that
education (C3) is the most important criterion, and employment opportunity (C4)
is the least important criterion according to the decision makers. According to the
analysis of the objective weights of the criteria, we have seen that education (C3) is
again the most important criterion and transportation (C1) is the least important

criterion.

Step 7: The Q fuzzy value of the Positive Ideal Solution (PIS) and the Negative Ideal

Solution (NIS) is determined. Benefit and Cost criteria are determined.

Benefit criteria: It is determined as Placement (C2), Education (C3) and Employment

opportunity (C4), on the other hand Cost criteria; Available as Transport (C1).

The PIS and NIS in Table 8 are obtained, respectively. PIS and NIS values of all

criteria are given in Table 10.
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Table 10 PIS and NIS of all criteria

PIS NIS
C1 0.2666 0.4333
C2 0.5504 0.2666
C3 0.6152 0.3178
C4 0.5510 0.3
Step 8: The utility measure (S;) and regret measure (R;) are calculated for the
alternative.
v=20.5
wg; = (0.5) x (0.2571) + (1 — 0.5) X 0.1476 = 0.2023
we, = 0.3298
wez = 0.3305
Wy = 0.137
Then,
6 wellfit = fiall _ 110.2023(0.2666 — 0.3959)| 0.1569
1 TAR 10.2666 — 04333 S
S21 =0
S31 =0.2023
S12=10
513 = 0
514 = 0
S,, = 0.3298
524 = 0.137
S3, = 0.1767
S35 =0.0198
523 = 03305
S33 = 0.2973
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From here,

Sy;; =0.1569+0+0+0=0.1519

Sp2 = 0.7973
Sz = 0.6961
And
R. = max {Wclllf1+ - f11||}
l A=A
Table 11 S; and R; values
Ri Ri
C1 0.1569 0.1569
C2 0.7973 0.3305
C3 0.6961 0.2973
C4

Step 9: Calculate the priority value.
Stmin = 0.1569
R min = 0.1569
S; max = 0.7973

R;max = 0.3305

Qa1=0
Qaz=1
Qa3 = 0.8253

Step 10: S;, R; and Q; are sorted by maximum criteria.

Table 12: Calculated of S;, R; and Q;
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S Rank R Rank Q Rank
Al(x1q1) | 0.1569 1 0.1569 1 0 1
A2(x1q2) | 0.7973 3 0.3305 3 1 3
A3(x1q3) | 0.6961 2 0.2973 2 0.8253 2

Step 11: Sort alternatives by rank.

Az(xlth) > A3(x1qz) > Al(x1q3)

5 Conclusions
The primary focus of the paper is on selecting the optimal model for combating
cyber warfare, demonstrating the effectiveness of our proposed method in this
context. The unique advantage of these methods lies in their ability to handle three
aggregated arguments, as opposed to the conventional two or one, making them
more sensitive and adaptable to complex situations. This enhanced sensitivity is
particularly valuable in the dynamic and unpredictable environment of cyber
warfare, where multiple conflicting factors must be considered simultaneously.
This approach offers a more scientific and robust framework for addressing
conflicting attributes, providing a clearer and more reliable decision-making

pI'OCGSS.
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Abstract

It becomes even more complex with complex architectural problems, and decision-
making methods are needed, and it is understood how important decision-making
methods are. While the use of decision-making methods in the field of engineering
is dominant, their use in the field of architecture is becoming more and more
widespread. It can be listed as reaching an optimum solution with the targeted and
designed alternatives with these methods, evolving the design process, allowing
recycling, controlling these processes, and creating data for architecture in the
future Clustering plays an important role in data mining, pattern recognition, and
machine learning. In this section, a new algorithm is proposed based on Effective Q
- Neutrosophic Soft Sets. Finally, we illustrate the feasibility of the new method by
an example in architecture.

Keywords: Neutrosophic sets; Effective Q - Neutrosophic Soft Sets, Architecture.

1. Introduction
Housing has always been more than just a shelter; it serves as a reflection of the
lifestyle, culture, and preferences of the family, group, or community to which it
belongs. Moreover, housing is a mirror of the user's personality and worldview,
evident in its materials, shape, and design. The types of housing, construction
methods, the number of rooms per person, and the functional spaces within a home

all contribute to the complexity and uncertainties faced by its inhabitants. In this
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context, decision-making in architecture becomes a critical process, influencing the
design and usage of living spaces. To properly describe objects in an environment
characterized by uncertainty and ambiguity, it is necessary to handle indeterminate
and incomplete information effectively. In this regard, the concept of intuitionistic
fuzzy sets, introduced by Atanassov [1], followed by Molodtsov’s work on soft sets
[2], and neutrosophic logic [3], as well as neutrosophic sets [4,5] by Smarandache,
has gained significant attention. The term "neutrosophy" refers to the study of
neutral thought, which distinguishes neutrosophic logic from traditional fuzzy and
intuitionistic fuzzy logic by introducing the notion of neutrality. Baser and Ulucay
[56] defined concept of neutrosophic soft energy. Currently, research on soft set
theory is progressing rapidly, with extensive literature on Q-fuzzy sets. For
example, Q-fuzzy soft sets [6-8] and multi Q-fuzzy sets [9-11] have opened up
many applications [12-17], including the development of multi Q-fuzzy soft expert
sets [18]. Sahin et al. [19] introduced neutrosophic soft expert sets, and Hassan et al.
[20] expanded this further with the Q-neutrosophic soft expert set. In 2022,
Alkhazaleh [21] introduced the concept of the Effective Fuzzy Soft Set (EFSS), which
was designed to extend the notion of external effectiveness within the framework
of soft sets. Later, the concept of Effective Fuzzy Soft Expert Sets [22] was proposed,
incorporating expert opinions into a unified model. Bagser and Ulugay [23] further
defined Effective Q-Fuzzy Soft Expert Sets. In 2023, the Effective Neutrosophic Soft
Set [24] was introduced and later extended to the generalized Effective
Neutrosophic Soft Set (ENSS) [25], incorporating the concept of effectiveness across
three independent membership functions: truth (T), indeterminacy (I), and falsity
(F). Furthermore, the concept of the Effective Neutrosophic Soft Expert Set [26] was
introduced, along with associated operations and practical examples. Building on
this, we develop a new mathematical tool by combining the concept of the Effective
Neutrosophic Soft Set with the supply set Q—a mathematical framework designed
to capture the nuances of uncertain information through three distinct membership
functions representing degrees of truth (T), uncertainty (I), and falsity (F). We
introduce the Effective Q-Neutrosophic Soft Set, a new concept that enhances the
framework’s ability to model complex real-world scenarios. This innovative
approach combines the strengths of both the Effective Neutrosophic Soft Set and the
Effective Neutrosophic Soft Expert Set, offering a versatile and comprehensive

representation of uncertainty.
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These advanced set theories have been successfully applied to various decision-
making problems across multiple domains [27-67]. The aim of this chapter, besides
the objective evaluation, a decision-making model that can be effective in expressing
the subjective evaluations within the structure of architecture (mass, spatial,

semantic, form and experience) has been developed.
2. Preliminaries

Definition 1 [4] Let U be a universe of discourse, with a generic element in U
denoted by u then a neutrosophic set (NS) & is an object having the form

N = {< u: 8,(u),q(u),ny(u)ueu}
where the functions 6, Z, n : U — ]0, 1*[ define respectively the degree of

membership (or Truth) , the degree of indeterminacy, and the degree of non-

membership (or Falsehood) of the element u € U to the set N with the condition.

0<8,(w) + gy (0) + ny(w) <3
Definition 2 [5] A neutrosophic set N is contained in another neutrosophic set N,
ie. NCNif Vue U, 8y(u) < 6, (v), Zy(w) <y (), ny(u) = ny, (w.
Definition 3 [14] Let U be an initial universe set and e be a set of parameters.
Consider N Ce. Let P(L) denotes the set of all neutrosophic sets of . The collection

(F,N) is termed to be the neutrosophic soft set over U, where F is a mapping given

by F:N — P(U).
Proposition 1 [14]
For two NSS over the universe U and € be a set of parameters.
1. (N,e)Z(Nye) ifand only if
ey (W =8y oy (W) Tyee) = Ty (W), My (W 2 My oy (W)
Ve,e, Egu ETU.

2. (N,e)=(N,e)ifand only if
B,".“:EI:' [u) == HJ".'--_':EI-_:'[u)" Eﬁjl:g:l = EJ"-'-_':EI-_:' (u)_r rlﬁ.rlzgj(u) = rlﬂ.‘__(g__}(uj
Vee Ec,ucll

3. (Ne)*={u Oyery = Nyvcuy (e = Qwcwy Macwy = By VE E €, EU
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IHM{H}JI:E:I [”jr H,'v'-_ gy} [:IL]}
4. (N,e) D (Nye) =4 max{ {y (W), Cv.ley) (w)}
min{ ;) (W), y, (o) (W)}

min{By., (1), By, (e, (w)}
5. (Ne)A(y,e) =1 min{{y, W),y )W)}
ma:x{ Mar(e) (u), Mo, (e) (“)}

Definition 4 [11] Let | be unit interval and k be a positive integer. A multi Q -fuzzy
set N, in U and a non-empty set Q is a set of ordered sequences

ﬁ@ = {(U,f}l"}g(u;q):u €U, q € @} where
B:UxQ =%, i=12 ..k

The function [Eil(u,qj,El: (u,q),....0, (u,q)) is called the membership function of
multi Q- fuzzy set ﬁf@ and 6,(u,q) + 6,(u,q) +---+6,(uq) < 1,k is called the
dimension of ﬁq. The set of all multi Q- fuzzy sets of dimension k in U and Q is

denoted by M*QF ().

Definition 5 [20] [F@,N ) is a QNSES over U, where Fy is the mapping F: N =
ONSES such that QNSES is the set of all QNSES over L.

Definition 6 [24] A neutrosophic set A in a universe of discourse U,, where A :
U, — [0,1] a function, is an effective set. U, is a set of effective parameters that

can change membership and it’s written in the following way;

A={<a (8 (a).q(a)ny(a)) > a EUJ

Definition 7 [24] Let U be an initial universe, € be a set of all parameters, 1, be a
set of effective parameters, A be a effective set over U, and P(U) represent the
power set of L. In this case (N, 1), is called on effective neutrosophic soft set over

U, where N is mapping represented by N : 1, — P(1) and it may be expressed as

a collection of ordered pairs;

[N, *ul)h = {{(u}-,:‘: u;, B:ﬁ‘[sj-] (1) n E‘.;[EJ__](u}-]h,nl.;‘,-[sjj ()4 }) :u; € Uy e; € E}
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and E[.;,-,:EJ__:I(u}-)J.L,ZJ.;;[EJ__](u}-jﬂ,n‘.;;[aj_](u}-)ﬂ membership values for Va €U, is

calculated as

[l — Batep) [u}.)}z 8, . (@)
E'ﬁ'[ajj(uj]ﬂ = E'ﬁa‘[gj)[u}.] + ( -

. i By () €O

E[.;,:Ejj(u}-], a.w

(e ) () = 1 Al o T (w) € (01)
i I_EIJ-' JAA

(
1 - () (1) ) 28y (@)
z""":E_,-':I(I*"_;fj + (( N _.:l i) ) U;

\ q'll'[ajjl[:u’j:]’ 0.w

i

s ) (W) Z N, (@)
(1_ T‘l;"‘;"l:ﬂj:l[I!’}.jfl.) + ( le jlﬁl - )’

\ T.I;';.I'I:EIJ-':I[IL_;I']! ow

() (17)a = if Ma(e;) () € (0,1)

3. Effective Q- Neutrosophic Soft Sets

We will now propose the definition of Effective Q-Neutrosophic Soft Sets (EQNSS)
and some of their properties. Throughout this discussion, let U be the initial

universe, 4 € e be the set of parameters, Q be a set of supplies, and A be the set of

effective parameters. Let SS ¢ x @ x A.

Definition 8 (N.4) is a QNSS over U, Whel‘erﬂ‘:’é is the mapping Ng:4 — QNSS(U
) such that QNSS(1l) is the set of all QNSS over L.

. (u;.k,.)
N 5 = - s u, E UK,
e L: CHRY (R IO R e ) R R

For all s € § and for all a € A, we have:

B ) (uj : k").'-_

(1 — E",'?.-‘[EJ.-] [u,j : k,,})zk E"_-._xi (a;)
|ﬁ| o Of B (u k) €(0.1)

On(e;) (1K) . O.W

_ Ei‘.;.,-[aj)(uj .k,,) +
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8 (s;) (. k?‘)_-,_

zﬁ-‘[s: [Itj'k:')zk C—"—r- [:ﬂ'kj
= J %) (k) = - i e (k) €00

a4'31"I:El-':|[u’_," k;l) ) ow

(e (K2,

(e (k) Zena, (ay)
= ”"‘*"39;)(”4‘"{{")_ — |A| —— o0 ”a'?f‘liﬂj][”f-kr) €(0,1)

nﬁ"[ﬂjjl(u’_f k;l) ) ow

Example 1 Suppose a customer who wants to build a new house wants to get
feedback from several experts. Let U = {u,.u,} be the set of houses, @ = {k,, k,} be
the set of construction companies, e = {e,,e,} be the set of decision parameters and
the set of effective parameters is represented by A={l,, I,}. Assume that;

I L,

2 I, [, ]
(0.5.0.3,0.6) (0.4,0.6,0.3)

(03.0.5.04) (08.0.3.06))

£y ) = L ww k) =

. A L, ) L L,
N (uz ky) = [{ﬂ.l.ﬂ.?.D.S}' {ﬂ.4.ﬂ.5.D.Ez}}' A (g k2) = [{ﬂ.l.ﬂ.E.DA}' {G.E.ﬂj.ﬂ.?}}

Let N be the Q - neutrosophic soft set (QNSS) defined as follows:

u, .k, u, .k, . ky U, ks,
oo - (k) k) Giky Gk )

0.6,0.8,0.5 0.5,04,0.7 0.4,0.3,0.1°0.2,0.1,0.4

u, . ky .k, u, .k, u, .k
vt - {(k, k) k) (k) )

0.6,0.4,05°0.4,0.2,0.3°0.7,05,04°0.5,0.3,04

Then by applying Definition 8 we get,
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Ng(ey)s
( [:“"_'kij 7
<06+ [[1 _ ﬂ_ﬁjﬂ-fvzﬂ] 08— [u.s 0.3 er n.e] 05— [0_50.3 eru.e] S
(u;. k;)
_] <os+[@a-o5) 222080 04— [0422202] 07— [07 222 > #
(uy.ky)
<04+ [(1 — ﬂ_a_l_j%]} 0.3 — [0_3 0.7 -_lz_ 0.5]’0.1 B [lil.l 0.3 —Ei— 0_5] - ’
(uy. k)
[ <0z2+[1-02)22522] 01 - [01 22209 04— [0422207) > )
(1, ky) (uy . ko) (us. kq) (it . ko)

< 0.8,04,03 >"<0.8,0.2,04 > "< 06,0.1,0.1 > "< 03,0.1,02 >

Similarly, when the calculations are continued, Nj(e;), effective Q-neutrosophic

soft set is found as follows;

Ng (e2)a
( (uy.ky) 3
05+04 0.3 +06 0.3 +06 ’
<06+ [[1 - u.e)T] ,0.4 — [u.sT] ,0.5— [”'E‘T] -
(u;. ky)
03 +08 05+03 0.4+0.6]_°
_ =< 0.4+ [[:1 —0.4) T] 0.2 — [D'ET] 03— [G'ET] = [
(uy.ky)
0.1+04 0.7+ 05 0.3 +06 ’
<07+ [(1 —0.7) T] 0.5 — [0.5 T],n.a: — [0.4 T] >
(uz. k)
| Cos+[0-05)BE02] 03 _[0305503] ) 1,087 07
B (. k) (uy . ko) (uy . ky) (1. k5)
© <08,0203>"<070.102>"<080202>"<060202>
(u;.ky) (u; k) (u; .ky) (uy.k5)

(Ng.4), = ﬂ(eﬂ,

(1. k)

(u,.k,)

< 0.804,03>"<080204>"<06,0.101>"<030102 >

(u,.ky) (u,

|

k)

l[e:]
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Definition 9 For two EQNSS [N@’ﬂ),ﬂl and [N’@,B )ﬂ over U, [N@,ﬂ)ﬂ is called an

effective Q-neutrosophic soft subset of (N "o B)ﬂ if

i. BC 4,
ii. No(T), is effective Q-neutrosophic soft subset N',(T) forall T € B.
Definition 10 Two EQNSS [N@,f-l), and [N“@,ﬂ), over U are equal if [N@,ﬁll is a

EQNSS subset of (N'g,A) and (N'g,A) isa EQNSS subset of (Ng,A) .
Definition 11 The complement of a EQNSS (N@,E) s
£ _ (e
[N@,Z)ﬂ = (N, ,mq)ﬂ
such that N (@) .4 = EQNSS(1) a mapping

(el _ _ —_ 7 _
NQ (Dc)ﬂ - {E'NQ":"I::::}.I - rlj-.;q":"(:::}.l’a ,'-.n'q":'ll::c}.l =1- a,’\l‘q ":'Il::q]l.l’n,'liqlcll::(:'.l - E'J'\I'Q IEI':EKC:'.I}

for each e e. It is clear that ([Nq,ﬂ)_ c)c = [:Nq,fl)' .

Example 2 Using our previous Example 1, the complement of the EQNSS Nj(e;),

denoted by Ng(e;) is given as follows:

N (ey) e {1y, ky) {1y .k0) (g, ky) (147.k7)
| = . ' '
QL= a =0.3,0608> =0200907> =0.20808= =020806=>

Definition 12 The union of two EQNSS (N@,fl)ﬂ and (N “Q,f-l)ﬂ over U, denoted by

(Ng.4), O (N'5.4),

is the EQNSS [Hq,C ) such that € =AUB and the memberships of truth,

indeterminacy, and falsity of (H,.C) are respectively as follows:

E'h"q (e} [u'j g k;) if eeA—F
E'HQ (e) = E'*"-"fq':ﬂl' (”'j'k:") if eEB—A

max {Eiﬁq (e) [muj.k,,), E'mqn:a}[”;-kr)) if eeANB
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( E""'-Q (&) [”}'k:') Ilf ecd—F
EHQ (o) =4 EN,Q.:H} [uj.k,.) if eeB—A

\min (Q.,‘,-Q (&) [u,j- k), Canng (o) [uj : k,,)) if eEANBEB

( Mg Ea}[”;-kr} if eeA—F
Neg () = 4 Mwrgie) (”;-k;u) if eeB—4

\min (ﬂ:-.rg (s) [u;- k), Mg e [uj : k,,)) if eeANB

Example 3 Suppose that [N@,H)ﬂ and (N ’Q,ﬂ)ﬂ are two EQNSS over V, such that

(N,,4) —ﬂ( )( (upky)  (upky)  (ua k)  (uzks) )]
@), T €1 !

0.8,0.2,0.4°0.7,0.3,05 0.3,0.6,0.2°0.3,0.2,0.4

l(e:],( (wy.ky) (uy,ky) (g ky) (ug.ky) )l}

0.4,0.2,0.8°0.3,06,0.2°0.8,0.2,05°0.1,0.2,0.8
, _ (uy,ky) (uy,ks) (uyky) (uzky)
[N Q"q), - (elj ’ » » »
A 0.4,0.6,0.6 0.7,0.3,0.8 0.5,0.3,0.4"0.2,0.6,0.8
Then (Ngy,4) U (N'g,A) = (Hy€) where

[H C) _{l( :]( (uy.ky) (1y,k,) (1,5, k) (1, k) )l
Qr A - €y,

0.8,0.2,04°0.7,0.3,05°0.5,0.3,0.2"0.3,0.2,04

[egj,( (uyky)  (upky)  (uoky)  (ugks) )”

0.4,0.2,0.8"0.3,0.6,0.2°0.8,0.2,0.5°0.1,0.2,0.8

Proposition 2 If [Nq,ﬁl)ﬂ, (N "o A]ﬂ and [H@, C )ﬂ are three EQNSS over U, then
i (Ng4) O (N'g,4) ) O (Hy €)= (Ng.4) O ((W'g,4) O (H,,C) ).
ii. (Ng,4), O (Ng,4) € (N, 4) .

Definition 13 Suppose [NQ,H), and [N’Q,ﬂ), are two EQNSS over the common
universe U . The intersection of [N@,A)' and (N ’Q,fl)_ is [:N@,.él)’ A
(N “@;ﬂ), = [K@,C)_ such that € =4nB and the memberships of truth,

indeterminacy and falsity of (K, g: € ) are:
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Bo ,:H;,f_uj-, k,.) if eEA—B
BK[J (e = H,'q‘.'ql:g} [-_'H-_Ii.- k;p) If eERB —A
min (E'Nq(a} [Zuj,k,.), Bnrgie) [u;-,k,,)) if eEANE

Cl.ﬁ;q,:ﬂ}[uj,k,,) if eEA—B

aqu:g} = C‘.,',-,q,:a} (uj,k,,) if eeB—A4
max (Z,-;Q (s) [uj,k,.), Carg (&) [uj,k,,)) if eEANEB

Mg ,:E}[uj,k,.) if e€EA—B

Mg (e) = T]J-‘,-,Q.:E:.[uj,k,.) if eeB—A

max (ﬂﬁq (o) [:uj-, k,.),’l’lmq.:a;. [u;-, k,,)) if eeAnB

Example 4 Suppose that [N@,ﬂ), and (N JQ,ﬁl),are two EQNSS over U, such that
[:n’lrkl) (u"r kl)
N ;14- = 14 ¥ ~ r
(No.4), ﬂ(elj (0.3,0.4,0.3 0.5,0.2,0.9

-(e:),( (uy.ky) (uz.ky) )-’

0.8,0.2,0.5 0.4,0.2,0.3
-(E‘) (uirkij (uﬂrkij ]
[~ 27"\0.5,04,0.770.8,0.4,04/|)
[N’ ﬂ) =1(ey) (uyky) (uz k)
Qry "1 0.5,0.4,02'0.7,03,0.2

Then [NQ;A)ILI:‘ [:N“Q,A)J_L = [K@,C)ﬂ where

B (upky)  (ug, ky)
(K@rc)ﬂ = ﬂ(elj’(n.z,u.az,u.z’0.5,0.3,0.9)]}'

Proposition 3 If [N@,H)ﬂ, [Nf@fl)ﬂ and [K@,C )ﬂare three EQNSS over U, the

following properties hold true.
i (Vg4) A(N'g,.4) ) A (Kg €)= (Ng,4) A ((N'g4) A (K, ) )

ii. (Ng.4), & (Ng,4) € (Ng,4) .
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Proposition 4 If [NQ,H)&, (N f@,fl)ﬂ and [KQ, C )ﬂare three EQNSS over U, then

1.

((Wg.a) O (W'g,4) ) A (Kg €)= ((Ng,4) A (Kp ) ) O ((W'g,4), A (KpC),)
ii.

[(N@rﬂ)ﬂﬁ (N'g.4), ) O (Kq.C), = ((N@rﬂ)ﬂ s (K@rc)ﬂ) A {(”“@r’q)ﬂ o [K@rc),)

Definition 14 If[:"u’fr-:.,fl):L and (N f@*‘q)ﬂ are two EQNSS over U, then
"(Ng.4) AND (N'g,4) "is

[N@,A)ﬂ A [N’Q,ﬂ)ﬂ = (Hg A X B)ﬂ

such that Hy(a,f) = Ny(a) n N',;(8) and memberships of truth, indeterminacy,

and falsity of of [HQ,:‘-I X B }ﬂ are as follows:
E'HQ (ex.B) [:ILJ,- ) k:,) = min (E"""-Q (el [ILJ,- .k,,), E'*""-"Q':E:' (‘ILJ,-, -IC,,)),
qu (e, B) [”’j 'kn') = max (aﬁq (ad [:”'J' 'kn')’ za"."f.g (8 [“’j ’kn'))f

Neig (ap) (M1, K, ) = max (ﬂmq (% 'ka')’nﬁfq':ﬁ}(.ﬂ’_."’k:l'))
where YV € A,¥f € B.

Example 5 Suppose that [N@,ﬂ)ﬂ and (N "0, B );L are two EQNSS over 1, such that

. (up, by (up ko) (usky)  (usky)
{N@_.A:} = {.El}.l 2 : : 1l
A 0.2,0.5,0.6" 0.4,0.1,0.3°0.6,0.4,0.7'0.3,0.1,0.8

Qr A - eyl i

0.5,0.3,0.6'0.1,09,0.8'0.1,0.4,0.3'0.1,0.2,0.6

(e:):( [:up 'i':lj [:up'i':zj [:uzi'i':lj (uzikzj )l}

0.4,0.1,0.9'0.3,0.1,0.7'0.8,0.4,0.3'0.7,0.3,0.2

Then [N@,ﬁl)ﬂ A [N’Q,A)ﬂ = (Hy, A X B)ﬂ where

(Hg, A x B)ﬂ = {

(‘91191);( (1.k,) (1.k;) (uq.k,) (s, ka) )ll

0.2,0.5,0.6'0.1,0.9,0.8" 0.1,0.4,0.7 ' 0.1,0.2,0.8
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l(ey&':):( (uy, k) (uy,ky) (us, ky) (1 ks) )]

0.2,0.5,0.9'0.3,0.1,0.7 ' 0.6,0.4,0.7 0.3,0.3,0.8

Definition 15 If [N@,ﬂ)ﬂ and (N “Q,ﬂ)ﬂ are two EQNSS over U, then

" (Ng,4) OR (N'g,4) "is
[N@,f-l)ﬂ‘v‘ [:N“Q,A)ﬂ = (Kg. A X B)ﬂ

such that Ky (&, f) = Ny(a)U N'5(B) and the memberships of truth, indeterminacy,

and falsity of [Kq,ﬂ X B )ﬂ are as follows:
Okg (e (1 ke, ) = max {E'n-q (@ (15K, ), By (1, k),
Sxqtap (1K) = min (iﬁq @ (%K, ), g (k).

iy (@f) (u; k) = min {T]NQ (@ (. 4,), ﬂmqn:;?:n[“; 'kn')]
where Ya € A,V € B.

Example 6 Suppose that [N‘?’A)n and (N “Q,f-l)h are two EQNSS over U, such that

(N, 4) —ﬂ( )((“1‘3‘” (upk) _(upky) (upky) )]
g, = €10 I

0.4,0.2,0.6' 0.3,0.2,0.7'0.5,0.8,04'0.3,0.1,0.1

' _ (uiJkij (uii'il':ﬂj (HEJkij (HEJ'E':EJ
(_N Qfﬂ), - (eljr : ’ ’ »
A 0.7,0.4,0.8 0.5,04,0.6 0.6,07,0.1°0.2,0.2,0.8

[e:],( [“11 'i':lj (“1:3"2] (“213‘1] (“213"2] )l}

0.6,0.4,0.3'0.2,05,04"0.3,0.7,08'09,0.1,0.2

Then (Ng.4) Vv (N'g,4) = (Kg A X B) where

(Ko 4 x B) —ﬂ( )( (k) (upky)  (upky)  (upky) )l
e L e I

0.7,0.2,0.6°0.5,0.2,0.6'0.6,0.7,0.1"0.3,0.1,0.1

l(ebe:]’( (upklj (up-f'-'gj (unglj (uEJ,E.:EJ )l’

0.5,0.2,0.3°0.3,0.2,0.4"0.5,0.7,04" 0.9,0.1,0.1
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Proposition 5 If [N‘?’A)n nd (N ’@,fl)ﬂ are EQNSS over U, then
i.((Ng,4) A(N'g4) ) = (Nga) “v(Ng,4) °

i (Ng,4), v [N“@rﬂ)ﬂ] = (Ng.4) “A(N'q,4) °
4. An Application of EQNSS

We will now present an application of EQNSS theory to illustrate that this concept
can be successfully applied to decision-making problems with uncertain
information. The following algorithm is suggested to solve an effective Q-
neutrosophic soft expert-based decision-making problem below. For comparison

purposes in this section, an example is used in [28].

People both in line with their own actions and needs and the conditions of the living
space and the environment; It meets the main act of housing in different types of
housing. The planning and design of the immediate surroundings of the house
depends on what is expected of it, how it will be used and how it will serve the
house in it. Answers to these questions should be sought before starting design. As
everywhere in the world's climate is the main factor that determines the types of
housing conditions in Turkey. In addition, natural natural conditions such as
geological structure and vegetation determine the housing types. Economic and
cultural development in our country reduces the impact of the natural environment
on housing types. Therefore Ezgi Construction Company wants to build housing in
four different regions in the site planning. There are three alternatives
U = {u,u,,u;}, with two types of qualifications Q= {k,,k,} and there are two
parameters € ={e;, e,} with e, (i =1,2) standing for “transportation” and
“location” respectively and the set of effective parameters is represented by 4 ={

l, = “environment”, |, = “price"}.

I I 1. I,
ﬁl _’k_ = { 1 R — }, J"!L: 1 k)= { L » ~ }
(uyska) (0.6,0.3,0.7) (0.3,04,0.7) (i, ko) (0.4,0.2,0,7) (0.9,0.5,04)

l 1, l 1,
A% (uy, k. ={ , - } AT (uy ks ={ 0 p ]
(12, kr) (0.4,0.3,0.5)"(0.8,0.1,0.6) (1 2) (0.2,0.5,0.4) (0.5,06,0.7)

}: ﬁlz(uark:) = { ! L2 ]

I I,
J"Lll} ,-IC- — { 1 = )
(uz.ky) (0.6,0.3,0.5)' (0.8,0.4,0.3)

(0.7,0.2,0.6) ' (0.8,0.4,0.3)
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d {:ul'kl:} {:ul-kz} {:u:.kl} {:u:.k:} {:u;.kl} {:u;.k:}
{N[?.IZ} = {.El}.l 1 ¥ ¥ ¥ L 1
0.3,0.4,05°0.7,0.3,0.7 0.5,0.4,0.6 '0.5,0.3,0.2"0.5,0.8,0.2" 0.6,0.3,0.7

(e)) (uy.ky) (1. k) (u;.k,) (u;.k;) (us. k) (us.k;)
gzl 1 1 1 1 1 1
TS\ 06,07,0.2 09,0305 0.7,04,030.3,03,06 0.7,0.1,05 0.3,05,08

Tables 1 presents the EQNSS.

The following algorithm may be used to choose the most qualified candidate

to fill the vacancy.

1. Input the QNSS [NQ,E).
2. Compute the EQNSS [N@,Z}ﬁ.

[8—T—ml
B4n

3. Compute the EQNSS s;(u,k) =

4. Determine maxs;.

Table 1: EQNSS

U xQ (uy, keq) (g, k4) (g, k) (us,ky) | (g ky) (uz, ko)
N(e,), 0.6,03,02) | (0.9,02,03) | (080303 | (07,01, | (090601 | (0902 04)
' 0.1)
N(e,), (08,05,01) | (1.0,02,02) | (0903,01) | (0501, | (0901,03) | (09 03 05)
- 0.3)
0 < 03 0.5 0.4 0.6 0.5 0.2

As can be seen, the maximum score is maxs; = 0.6. So, the best alternative is u,

and best qualification is k.

5. Conclusion

We have introduced the concept of a effective Q -neutrosophic soft set along with
its operations of equality, union, intersection, OR, and AND. The application of this
novel concept to a decision-making process is illustrated and compared to those in
existing literature. It is shown that this proposed concept is more inclusive by
considering the membership of falsity and indeterminacy, expert, neutrosophy and
Q -fuzzy. Thus, the proposed approach is shown to be useful in handling realistic

uncertain problems.
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6. Future Research Directions

This study can be extended by using other type of neutrosophic decision making
approaches, including interval valued neutrosophic soft sets, bipolar neutrosophic

soft sets.
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ABSTRACT

Modules are one of fundamental and rich algebraic structure with respect to some
binary operations in the study of algebra. In this paper definition of Symbolic n-
Pilthogenic R-modules and Symbolic n- Pilthogenic submodules in algebra are
introduced. Some properties of Symbolic n- Pilthogenic R-modules and Symbolic n-
Pilthogenic submodules are presented. More precisely, classical modules, ring and
Symbolic n- Pilthogenic rings are utilized. Consequently, Symbolic n- Pilthogenic
R- modules which are completely different from the classical modular in the
structural properties are introduced. Also, Symbolic n- Pilthogenic R-module
homomorphism is explained and some definitions and theorems are presented.

Keywords: Neutrosophic sets, Symbolic n- Pilthogenic ring, Symbolic n-
Pilthogenic R-module, weak Symbolic n- Pilthogenic R-module, strong Symbolic n-

Pilthogenic R-module, Symbolic n- Pilthogenic R-module homomorphism.
1.INTRODUCTION

Neutrosophy is a new branch of philosophy which studies the nature, origin and
scope of neutralities as well as their interaction with ideational spectra.
Neutrosophy is the base of neutrosophic logic, which is an extension of fuzzy logic
in which indeterminacy is included.

Florentin Smarandanche introduced the notion of neutrosophy as a new branch
of philosophy in 1980. After that, he introduced the concept of neutrosophic logic
and neutrosophic set where each proposition in neutrosophic logic is approximated
to have the percentage of truth in a subset T the percentage of indeterminacy in a
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subset I and the percentage of falsity in a subset F so that this neutrosophic logic is
called an extension of fuzzy logic as well as an extension of intuitionistic fuzzy logic.

In fact, neutrosophic set is the generalization of classical set, neutrosophic group
and neutrosophic ring the generalization of classical group and ring etc. The same
way neutrosophic R-module is the generalization of classical R-module. By utilizing
the idea of neutrosophic theory, Vasantha Kanadasamy and Florentin
Samarandanche [1-2] studied neutrosophic algebraic structures in by inserting an
indeterminate element I in the algebraic structure and then combining I with
corresponding binary operation.

One of the most attractive concepts for mathematicians is algebraic structures
due to their analog properties and close relationship with other branches of
mathematics, such as geometry and matrix theory [3,4]. During the last two years,
researchers have become interested in studying symbolic n-plithogenic algebraic
structures.

These structures were supposed by Smarandache in [5] as novel generalizations of
classical algebraic structures that have symmetric logical elements combined with
algebraic elements.

Baser and Ulucay [30] defined effective g- fuzzy soft expert sets. Then, Bager and
Ulucay [59] defined energy of a neutrosophic soft set and its applications to multi-
criteria decision-making problems. These algebraic structures [71-80] have been
constructed in a manner similar to their analogues using neutrosophic logic, where
it is possible to clearly see that the method that was used to construct the
neutrosophic structures [6,7], the split-complex numbers [8,9], and the weak fuzzy
numbers [10] was used in the extension of algebraic rings by plithogenic sets.

For the case of n = 2, we find many studies that deal with corresponding
plithogenic structures. In [11], Merkeci et al. defined the symbolic 2-plithogenic ring
and studied its elementary properties and substructures, such as AH-ideals, AH-
homomorphisms, and kernels. Laterally, their results were used by Taffach and
other authors to define and study symbolic 2-plithogenic vector spaces [12],
symbolic 2-plithogenic modules [13], and symbolic 2-plithogenic number theory
[14]. A wide review of symbolic 2-plithogenic algebraic structures is provided in
[15,16]. This is what prompted other researchers to generalize the previous results
to the symbolic n-plithogenic case. In [17,18], symbolic 3-plithogenic, 4-plithogenic,
5-plithogenic rings were handled for the first time by Albasheer and A.Hatip ; then,
symbolic 3-plithogenic vector spaces, modules, and number theoretical concepts
were defined and studied (see [19,20,21,22]). Keskin and Baser [29] presented an
investigation of the Baer-Kaplansky property. These advanced set theories have
been successfully applied to various extension of fuzzy sets across multiple
domains [24-70].
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This is what prompted us to follow up the previous scientific efforts and to study
4-plithogenic rings for the first time by providing basic definitions and proofs that
describe the algebraic behavior of the elements of these rings. It is noteworthy that
these new rings will be very useful in more extensive classes of algebraic modules
and vector spaces, and also cryptographic algorithms.

The present paper is devoted to the study of Symbolic n- Pilthogenic R-module.
More properties of Symbolic n- Pilthogenic R-module will be presented.

2.BACKGROUND
In this section, we will give some definitions, examples and results that will be
useful in other sections of the research.

Definition 1. [2] Let U be a universe. -4 neutrosophic sets -4 over U is defined by
A= {*: u, (Tq(uw), 1,(uw), F, (u,]) =u €U}

where, T,(u) , I,(u) and F,(u) are called truth-membership function,
indeterminacy-membership function and falsity- membership function,
respectively. They are respectively defined by

T.:U 170,17, L,:U-=]"0,1%[, F;:U—]" 0,17
such that 07 < T, (w)+1, (w)+F,(w) < 37.

Definition 2. [23] Let U be a universe. A single valued neutrosophic set (SVN-set)
over U is a neutrosophic set over U, but the truth-membership function T,
indeterminacy-membership function I and falsity- membership function F are
respectively defined by

T.:U=]"0,17[, L;:U-=]"01%[, F;:U—=]"017]

Such that 0 < T, (w)+1,(u)+F,(w) < 3.
Definition 3. [23] The Plithogenic Numbers (PN) of the form
PN =a;+a,P+a,P,+--+a,B,
defined as above are called Plithogenic Numbers.
Definition 4. [23] Let’s consider two plithogenic numbers:

PN, =a, +a,P, +a,P; + - +a,PF,

PN, = by + byP, + b,P, + -+ b,P,

1. Addition of Plithogenic Numbers: PN, + PN, = (a, + by) + X1, (a, + b, )P,
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2. Subtraction of Plithogenic Numbers:
PNy — PN, = (ap — bp) + Zi=y(a; — b;)P,
3. Scalar Multiplication of Plithogenic Numbers:
rPN, = ray +ra,P, + ra,P, +-+ra,P,
4. Multiplication of Plithogenic Numbers
PN,-PN, = (a, + a,P, + a,P, + - +a,P,) - (by + b, P, + b, P, + --+ b, P,)

and then one multiplies them, term by term a,P; - a;P; = a, - a,P,,., (;;, Where - is
the classical multiplication as in classical algebra, using the above multiplication of

symbolic plithogenic components.
As particular case:

1. 0.P,=0
2. 1=1+0.P, +0.P,+~+0.PF,
3.0n Symbolic n- Pilthogenic R — Module and Their Properties

In this section, we define the Symbolic n- Pilthogenic R — Module and Symbolic n-
Pilthogenic R — SupModule. Then, we point out that Symbolic n- Pilthogenic
R — Module has more properties than the classical R — Module.

Definition 5. Let (M, +,) be any R-module over a commutative ring R. The triple
(n —SPM,+,) is called a weak Symbolic n- Pilthogenic R-module over a ring R
generated by M.P,,P,, ..., P,

renc

If (n — SPM, +,) is a Symbolic n- Pilthogenic R-module over a refined neutrosophic
ring (n —SPR, +,7) then (n — SPM, +,)is called a strong Symbolic n- Pilthogenic R-
module.

Theorem 6. Every strong Symbolic n- Pilthogenic neutrosophic R-module is a weak
Symbolic n- Pilthogenic R-module.

Proof: Suppose that (n —SPM,+,)is a strong Symbolic n- Pilthogenic R-module
over a Symbolic n- Pilthogenic ring(n — SPR,+,) . Since R © (n— SPR,+,) for
every ring R, it follows that (n — SPM, +,/)is a weak Symbolic n- Pilthogenic R-
module.

Theorem 7. Every weak Symbolic n- Pilthogenic R-module is an R-module.

Proof: If we have PN,,PN, € (n —5PM,+,") and r,s € R then:
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r(PN, +PN,) =r[(ay + by) + L (a;, + b)P]=r(a; +by) +
| rZiy(a,+b)P,

=ra, + rZ(ai]Pi +rby + rZ[bi]Pi =rPN, + rPN,
i=1 i=1
2. (r+s)PN,=(r+s)ay+ (r+s)a,P,+(r+s)a,P,+-+(r+s)a,P,
rag +ra,P, + ra,P, + -~ +ra,pB, +sa, + sa, P, + sa,P, + -+ sa,pP,
= rPN, + sPN,

(r-s)PN, = (r-s)ag + (r-s)a,P, + (r-s)a,P, + -+ (r-s)a,B, =
r(s-PN;)

4. (1+0.P, +0.P,+ -+ 0.B,)PN, = PN,

Therefore, that (n — SPM, +,) is an R-module.

Definition 8. Let (n — 5PM, +,") be a strong Symbolic n- Pilthogenic R- module over
a Symbolic n- Pilthogenic ring (n — SPR, +,) and let (n — SPN, +,-)be a nonempty
subset of (n —SPM,+,). (n — 5PN, +,) is called a strong Symbolic n- Pilthogenic
submodule of (n—5PM,+,) if (n—5PN,+,) is itself a strong Symbolic n-
Pilthogenic R- module over (n — SPR, +,-). It is essential that (n — SPN, +,) contains
a proper subset which is an R-module.

Definition 9. Let (n — SPM, +,-) be a weak Symbolic n- Pilthogenic R- module over
a Symbolic n- Pilthogenic ring (n — SPR,+,-) and let (n — SPN, +,) be a nonempty
subset of (n —SPM,+,). (n —SPN,+,) is called a weak Symbolic n- Pilthogenic
submodule of (n — SPM, +,-) if (n —SPN,+,) N (|l, I 2) is itself a weak Symbolic n-

Pilthogenic R- module over (n — SPR, +,-). It is essential that (n — SPN, +,) contains
a proper subset which is an R-module.

Theorem 10. If we have (n — SPM, +,) as a Symbolic n- Pilthogenic R-module over
a ring R and if we take (n — 5PN, +,") as a subset of (n — SEM, +,-), (n — SEN, +,-)
is a weak Symbolic n- Pilthogenic submodule of (n — SPM, +,) if and only if the

following conditions hold:

1. PN,,PN, € (n—SPN,+,)= PN, + PN, € (n—5PN,+,)

2. Forallr € R,PN, € (n—SPN,+,-) = rPN, € (n —SPN,+,")
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3. (n—5PN,+,) musthas a proper subset which is a R- module.
Corollary 11. If we have (n — SPM, +,) as a Symbolic n- Pilthogenic R-module over
a ring R and if we take (n —SPN,+,") as a subset of (n — SPM,+,-), (n — SEN, +,-)
is a weak Symbolic n- Pilthogenic submodule of (n — SPM, +,) if and only if the

following conditions hold:

1. For all

r,s ER and PN, PN, € (n — SPN,+,) = rPN, + sPN, € (n —SPN, +,")
2. (n—S5PN,+,) must has a proper subset which is a R- module.
Example 12. Let (n — SPM,+,) be a weak Symbolic n- Pilthogenic R-module.
(n —SPM, +,)is a weak Symbolic n- Pilthogenic submodule called a trivial weak

Symbolic n- Pilthogenic submodule.

Theorem 13. Let (n — SPM, +,-) be a Symbolic n- Pilthogenic R-module over a ring
R and let {n— SP,},.; be a family of Symbolic n- Pilthogenic submodules of
(n —SPM,+,). Then n{n —5P,},.; is a Symbolic n- Pilthogenic submodule of

(n — SPM,+,).

Remark 14. Let (n — SPM, +,/) be a Symbolic n- Pilthogenic R-module over a ring R
and let (n —SPN,,+,) and (n —5PN,,+,") be two distinct Symbolic n- Pilthogenic
submodule of (n —SPM, +,-). Generally, is not a (n —SPN,,+,) N (n —SPN,,+,)

Symbolic n- Pilthogenic submodule of (n — SPM, +,-).

However, if (n —SPN,,+,) € (n— SPN,,+,") or (n —5PN,,+,) 2 (n— SPN,,+,7)

then

(n—5SPN,,+,)U(n—SPN,+,) is a Symbolic n- Pilthogenic submodule of

(n — SPM,+,).
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4.Symbolic n- Pilthogenic R- Modules homomorphism
Definition 15. If we have (n —SPM,+,) and (n —SPN,+,) as two Symbolic n-
Pilthogenic =~ R—-  modules over a ring R , a  mapping
@:(n —5PM,+;) — (n —5PN,+,) is said to be a Symbolic n- Pilthogenic

homomorphism R —module, precisely when:

1. @(rPN, +sPN,)=re(PN,)+ s@(PN,) for all
r,s ER and PN, PN, € (n — SPM,+,)
2. ¢(P)=P, :i=12,..,n
Endomorphism, epimorphism, monomorphism, automorphism, and isomorphism

of @ have the same definitions as those of the classical cases.

Definition 16. Let (n —SPM,+,)and (n — SPN,+,) be Symbolic n- Pilthogenic R-
modules over aring R and let y: (n — SPM, +,-) — (n — 5PN, +,) be a Symbolic n-

Pilthogenic R-module homomorphism then:
(1) The kernel of ¢ denoted by kery is defined by the set
kery = {PN € (n — SPM,+,"): y(PN) =0+ 0.P, + 0.P, + -+ 0.B,}
(2) The image of v denoted by Imy is defined by the set
Imy = {PN, € (n — SPN,+,-),3PN, € (n — SPM,+,") : ¥(PN,) = PN,}

Example 17. Let (n — SPM, +,-)be a Symbolic n- Pilthogenic R-module over a ring R
. The mapping y: (n — SPM, +,) — (n — SPM,+,) defined by y(PN) = PN for all

PN € (n — SPM, +,-) is Symbolic n- Pilthogenic R-module homomorphism and

1. keryp = 0+ 0.P, + 0.P, + -+ 0.P,
2. Imy = (n— SPM,+,")

Example 18. The mapping y: (n — SPM, +,-) — (n — SPM,+,-) defined by
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Ww(PN) =0+ 0.P, + 0.P, + -+ 0.P,
for all PN € (n — 5PM, +,-) is Symbolic n- Pilthogenic R-module homomorphism.

Definition 19. Let (n — SPM, +,-)and (n — SPN, +,) be Symbolic n- Pilthogenic R-
modules over aring R and let y: (n — SPM, +,-) — (n — SPN,+,) be a Symbolic n-

Pilthogenic R-module homomorphism then:

1. kery is not a Symbolic n- Pilthogenic submodule of (n — SPM, +,)but a
submodule of M.
2. Imy is a Symbolic n- Pilthogenic submodule of (n — 5PN, +,-).

Proof:
1. Obviously P, =0+ 1.P, + 0.P, + -+ 0.P, € (n— 5PM,+,) but
Y(P)=P,# 0+ 0.P, +0.P,+ -+ 0.P, . That kery is a submodule of M is clear.
2. Clear.
5. Conclusion

In this paper, we defined the Symbolic n- Pilthogenic R-modules and Symbolic n-
Pilthogenic submodules which are completely different from the classical modules
and submodules in the structural properties. It was shown that every Symbolic n-
Pilthogenic R-module is an R-module. Finally, Symbolic n- Pilthogenic R-module
homomorphism were explained and some definitions and theorems were given and
many illustrative examples were presented.
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ABSTRACT

In regression problems, neutrosophic sets provide a structured way to
address the uncertainty, indeterminacy, and inconsistency often present in complex
or incomplete data. Unlike traditional binary frameworks limited to true/false
values, neutrosophic logic expands the scope of data interpretation by
incorporating three distinct degrees: truth, indeterminacy, and falsity. This
approach allows for a more nuanced representation of information, enabling the
model to better handle ambiguous or conflicting data. By assigning varying degrees
to these three factors, neutrosophic sets enhance regression analysis, making it more
robust in scenarios where traditional regression might struggle with data

imperfections or variability.

Keywords: Neutrosophic sets, Linear regression, Non-linear regression
1 INTRODUCTION
Supervised learning is a machine learning technique that involves mapping
inputs to outputs using sample input-output pairs as a guide. Regression problems

are considered supervised learning problems. They try to predict outcomes within
a continuous output, that is, they try to map variables to some continuous function.
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Given that the world is filled with uncertainties, neutrosophic concepts have been
increasingly adopted in up-to-date investigations in the fields of machine learning.
Smarandache introduced the foundational principles of neutrosophic sets in his
research [1]. Baser and Ulugay [49] defined effective g- fuzzy soft expert sets. Then,
Baser and Ulucay [45] defined the energy of a neutrosophic soft set and applied it
to multi-criteria decision-making problems to show its applicability. As research
increasingly seeks to address the complexities and uncertainties in various fields,
the integration of neutrosophic logic into statistical analyses, particularly
regression, offers a promising approach for enhancing predictive modeling [17-50].
Regression analysis focuses on examining how a dependent variable is influenced
by one or more independent variables to predict its future values. Regression is
commonly applied to continuous numerical data, assessing how independent
variables impact variations in the dependent variable. Regression problems are
frequently used across various fields to make predictions or to understand
relationships between variables. There are two primary types such as Linear
Regression and Non-linear Regression. Linear Regression used when the dependent
variable has a linear relationship with independent variables. Non-linear regression
is used when the connection between dependent and independent variables does
not follow a linear pattern [2]. Regression analysis serves as an effective method for
generating forecasts, creating decision support systems, and testing hypotheses in
scientific research. Neutrosophic statistics, grounded in neutrosophic logic, focus
on quantifying uncertainty [51-67]. They extend intuitionistic fuzzy sets, making
them suitable for handling uncertain environments. In this framework,
neutrosophic statistics facilitate variance and significance testing, even when
observations fall outside traditional fuzzy boundaries, effectively broadening the
scope of both classical and fuzzy statistical methods [3]. In comparison,
neutrosophic regression analysis builds on the same principles of neutrosophic
logic but focuses on modeling the connection between the target variable and
predictor variables under conditions of uncertainty and indeterminacy. Unlike
traditional regression, neutrosophic regression can handle inconsistent or
incomplete data by assigning truth, indeterminacy, and falsity values to each
observation. This allows for a more flexible and robust model that accommodates
ambiguous data, enhancing the predictive accuracy and applicability of regression
in uncertain contexts.

Within machine learning, especially when dealing with regression models,
the precision of data characteristics is crucial. The effectiveness of a regression
model depends on its capacity to detect relationships and trends in the input data
[4]. Therefore, ensuring the accuracy of these characteristics is critical for the overall
prediction process. Additionally, flawed or unreliable data features can severely
hinder the model's ability to make generalizations, leading to noise that
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compromises the integrity of the predictions. Such inaccuracies can result in
unreliable forecasts and diminished model performance. Even minor discrepancies
in the input data can propagate through the modeling process, ultimately distorting
the outcomes and undermining the decision-making process. Thus, meticulous
attention to the quality of data features is essential for developing robust regression
models that can produce reliable and valid predictions in various applications. To
effectively evaluate the performance of these models, it is crucial to rely on
performance measures, or error metrics, which play a vital role in evaluation
frameworks. These metrics are defined as logical and mathematical constructs that
assess the proximity between actual results and predicted outcomes. Among the
most widely used error metrics in regression analysis are mean square error (MSE),
root mean square error (RMSE), mean absolute percentage error (MAPE), and mean
absolute error (MAE) [5]. It has been applied in areas such as neutrosophic simple
linear regression [6], neutrosophic multiple regression [3], neutrosophic non-linear
regression [7], neutrosophic fuzzy regression [8], and interval prediction regression
[9] promising results have been obtained.

In the rest of the article, the application of single-valued neutrosophic (SVN)
sets and interval-valued neutrosophic sets to regression analysis is examined, and
each approaches is examined by dividing them into subheadings.

2 SINGLE-VALUED NEUTROSOPHY FOR REGRESSION MODEL

A regression model is a statistical method employed to analyze the connection
between one or more predictor variables and a dependent variable. The main goal
of regression analysis is to estimate the dependent variable's value using the
independent variables and to evaluate the strength and type of their
interrelationships. Regression models are widely used in various fields, including
economics, biology, engineering, social sciences, and business, for tasks such as
trend analysis, forecasting, and hypothesis testing. Neutrosophic regression
analysis is an effective approach for modeling connections between variables and
for assessing the uncertainty present in the observed data [3]. While determining
the correlation coefficients of correlation and neutrosophic data in probability
spaces, the correlation coefficient plays an important role in measuring the strength

of the linear relationship between two variables.
A SVN set 5 each element x in the universe U is denoted by SVN as follows [10].
S(x) =< T(x)I(x),F(x) =

T(x),I(x),F(x) € [01]
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0=T(x)+1{x)+F(x)< '3

if we have one input independet variable Y- output, X->input, a=> intercept, b=>

slope, and e residual then regression equation like at the below [11].
Y=a+bX+e
if we have more than one input independent variable equation like at the below.
Y=a+bX +bX,++b X +€

For a SVN linear regression model, each observation of the dependent variable ¥,

and the independent variables X, is represented by three components:
Y =< ¥.¥,¥; >
X;=<X . X, X5 =

n
Y =<agr.ay,0pr = +Z < b by byp =< X, Xy, Xip = +<€1, €, 6>
i=1
To estimate the parameters b,;, b,;, b, , we can use modified optimization
techniques (neutrosophic least squares) to minimize the neutrosophic error terms

across truth, indeterminacy, and falsity dimensions.

Error metrics such as MSE evaluate for neutrosophic real value can be defined like
Y.r. Y. Y.r and predicted value can be defined like ¥/}, ¥;}, ¥,z for input value
Xi,l"’ XE,I’ XE'.-F

1 n ¥ 2 F o2 ¥ 2
MSE = a :':1[(1/:',1' - Yi,l") A (Yz',f - F;,I:] )( (Yz',F - :',F) )]
3 THE INTERVAL VALUED NEUTROSOPHY FOR REGRESSION MODEL

In the realm of neutrosophic statistics, the interval prediction model
enhances the effectiveness of regression analysis by incorporating the inherent
uncertainties associated with data and model estimations. Unlike traditional
regression methods that yield point estimates, the interval prediction model
acknowledges that real-world phenomena often exhibit variability and imprecision.
By generating prediction intervals that encompass a range of possible outcomes,
this model provides a probabilistic framework for understanding the uncertainty
surrounding predictions [12]. Specifically, the prediction interval is constructed by
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assessing both the uncertainty in the regression estimates and the variability present
in the observed data. This dual consideration allows practitioners to express their
predictions not just as a single value but as a range within which the true value of
the dependent variable is expected to lie with a specified level of confidence [9].
Consequently, the use of neutrosophic interval predictions empowers decision-
makers with a more nuanced understanding of potential outcomes, enabling them
to account for uncertainties and make more informed choices in various
applications of machine learning.

Interval-Valued Neutrosophic Number (IVNN): IVNN is a structure in
which the truth, uncertainty, and falsity components of an element are each
expressed as intervals [13].

For these three components, each is defined in a specific interval. For an
input variable x; in the dataset, IVNN representation is given by:

xe =< (T T9), (1L, 17), (FLFY) >

TE 1Y, 15 1Y, FF, FY lower and upper bounds for the truth, indeterminacy, and

falsity intervals, respectively.

Assume we are building a linear regression model for each components T, I, and F.
The regression model aims to predict intervals for each component of the output

based on the input intervals. The regression model can be formulated as [14]:
¥, =< (T5L17).(I517). (FLEY) >
Y=a+bX+€

L U LU L
ay ,at , bz, and by

TE=ak + I by, IR IY =af + by blfii Xij

L

Ih = ﬂu{' + E_;:fn:j_ bﬁ_;r Xijr *rz'U = G'IU + Ej'nzl bﬂi" Xij

FriL = ﬂf;- + Z_::fnzl b}Lv':,_;l' Xz',_;l' ’ FriU = a}.’ + E}ﬂzl bFE:r,_:l X:’,_;l'

To evaluate the performance of this interval-valued neutrosophic regression model,

we define an interval-valued Mean Squared Error (MSE) for each component:

1 n ) ] ) ]
MSEr == ) ((F2=TH)* + (B2 - T)?)
i=1
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1 n ) ) ) ]
MSE, =~ ) ((F— 127 + (7 = 1¥)?)
i=1

1 n . ) . )
MSEe =~ ((FE = F)? + (FY = F¥)?)
i=1

MSE = MSE, + MSE, + MSE,

For prediction interval, it is essential to account for the uncertainty in the
regression model's predictions and the inherent variability of the data; the interval
is typically symmetrical, extending a specified amount above and below the
predicted value, and is determined based on the standard error of the prediction
and the residual standard deviation that reflects the spread of the model's errors.
The use of this method is to obtain the result by obtaining a range instead of a
single floating number obtained from the regression analysis. In many real-life
examples, the prediction results often actually contain a distribution of
probabilities within a certain range rather than a single number. Such as the

probability of recovery from diseases.
4. Conclusions

Neutrosophic regression models, both single-valued and interval-valued, offer a
robust framework for handling uncertainty, indeterminacy, and inconsistency in
data. These models are particularly valuable in fields where data imperfections are
prevalent, and more traditional methods struggle to produce accurate predictions.
As machine learning continues to evolve, incorporating neutrosophic logic into
regression analysis will play an essential role in enhancing the reliability and
robustness of predictive models across a variety of industries, from healthcare to
finance and beyond. In summary, neutrosophic regression provides a flexible and
powerful framework for modeling relationships between variables under
uncertainty. By incorporating the three key components of truth, indeterminacy,
and falsity, this approach offers significant advantages over traditional regression
methods, especially when dealing with incomplete, conflicting, or imprecise
interval-valued data. The use of interval-valued neutrosophic sets further enhances
prediction accuracy by providing a range of possible outcomes rather than a single

estimate, which is critical for decision-making in uncertain environments. Future
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research could focus on integrating neutrosophic regression with modern machine
learning techniques, further improving its applicability and performance in

complex, real-world problems.
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Abstract

We introduce the concept of an effective neutrosophic soft set, which aims to
capture the influence on three independent membership functions representing
degrees of truth (T), indeterminacy (I) and falsity (F). We go further by presenting
a generalization of the effective Q- neutrosophic soft expert set, which includes the
incorporation of a degree to signify the potential for an approximate value-set. This
enhancement contributes to improved efficiency and realism in the concept.
Notably, this innovative approach leverages the strengths of both the neutrosophic
soft set and the effective neutrosophic soft expert set. The subsequent sections delve
into fundamental operations on the generalized effective Q-neutrosophic soft expert
set, providing clarity through illustrative examples and propositions.

Keywords: Neutrosophic sets; Effective Q - Neutrosophic Soft expert Sets, Decision-
Making.

1.Introduction

In this regard, the concept of intuitionistic fuzzy sets, introduced by Atanassov [1],
followed by Molodtsov’s work on soft sets [2], and neutrosophic logic [3], as well as
neutrosophic sets [4,5] by Smarandache, has gained significant attention. The term
"neutrosophy" refers to the study of neutral thought, which distinguishes

neutrosophic logic from traditional fuzzy and intuitionistic fuzzy logic by
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introducing the notion of neutrality. Currently, research on soft set theory is
progressing rapidly, with extensive literature on Q-fuzzy sets. For example, Q-
fuzzy soft sets [6-8] and multi-Q-fuzzy sets [9-11] have opened up many
applications [12-17], including the development of multi Q-fuzzy soft expert sets
[18]. Sahin et al. [19] introduced neutrosophic soft expert sets, and Hassan et al. [20]
expanded this further with the Q-neutrosophic soft expert set. In 2022, Alkhazaleh
[21] introduced the concept of the Effective Fuzzy Soft Set (EFSS), which was
designed to extend the notion of external effectiveness within the framework of soft
sets. Later, the concept of Effective Fuzzy Soft Expert Sets [22] was proposed,
incorporating expert opinions into a unified model. Baser and Ulugay [23] further
defined effective Q-fuzzy soft expert sets. In 2023, the Effective Neutrosophic Soft
Set [24] was introduced and later extended to the generalized Effective
Neutrosophic Soft Set (ENSS) [25], incorporating the concept of effectiveness across
three independent membership functions: truth (T), indeterminacy (I), and falsity
(F). Furthermore, the concept of the Effective Neutrosophic Soft Expert Set [26] was
introduced, along with associated operations and practical examples. Building on
this, we develop a new mathematical tool by combining the concept of the Effective
Neutrosophic Soft Set with the supply set Q—a mathematical framework designed
to capture the nuances of uncertain information through three distinct membership
functions representing degrees of truth (T), uncertainty (I), and falsity (F). We
introduce the Effective Q-Neutrosophic Soft Expert Set, a new concept that
enhances the framework’s ability to model complex real-world scenarios. This
innovative approach combines the strengths of both the Effective Neutrosophic Soft
Set and the Effective Neutrosophic Soft Expert Set, offering a versatile and

comprehensive representation of uncertainty.

Baser and Ulucay [27] defined the energy of a neutrosophic soft set and applied it
to multi-criteria decision-making problems to show its applicability. Then, these
advanced set theories have been successfully applied to various decision-making
problems across multiple domains [28-63]. The aim of this chapter, this research
advances mathematical models for managing uncertainty, bridging the gap
between theoretical foundations and practical applications. By introducing a
comprehensive framework that integrates elements of neutrosophic sets and soft

expert sets, the study offers a novel approach to addressing uncertainty and
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ambiguity in decision-making processes, providing valuable insights and practical

solutions.

2. Preliminaries

Definition 1 [4] Let & be a universe of discourse, with a generic element in &
denoted by e then a neutrosophic set (NS) N is an object having the form

N = {<e: Ty(e)Iy(e),Fyle)e €}
where the functions 77, 7, F : £ — ]0, 1*[ define respectively the degree of

membership (or Truth) , the degree of indeterminacy, and the degree of non-

membership (or Falsehood) of the element e € £ to the set N with the condition.
0<Ty(e) +Iy(e) + Fy(e)<3

Definition 2 [14] Let € be an initial universe set and € be a set of parameters.

Consider N Ce. Let P(£) denotes the set of all neutrosophic sets of £. The collection

(@, N) is termed to be the soft neutrosophic set over £, where F is a mapping given

by ¢ : N = P(&).

Definition 3 [5] A neutrosophic set N is contained in another neutrosophic set N,
Le. NEN, if Ve € &; Ty(e) < Ty (e), Iy(e) =Ty (&), Fy(e) = Fyy (e).

Definition 4 [22] £ is an initial universe, € is a set of parameters X is a set of experts
(agents), and O ={agree=1, disagree=0} a set of opinions. Let Z= exXx0O and NS Z. A

pair (¢, N) is called a soft expert set over U, where F is mapping given by
@:N = P(E&)
where P(&) denotes the power set of £.

Definition 5 [19] A pair (¢, N) is called a neutrosophic soft expert set (NSES) over
&, where ¢ is a mapping given by

@:N = P(&)

where P(&) denotes the power neutrosophic set of £.
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Proposition 1[19]
For two NSES

6. (@, N)c(y,N,) ifand only if

Tfpl::l:} [E] ﬁ,']':‘bl:”__} [E], 1I‘-Ir|:|5-|:_':lz:| [E] g:‘-Ira‘f.l (my) [e]-"l}:‘fpl:”:l [E] E‘I‘]':‘z‘f.ll::lz._:l [E]
YneN,n eNj,e€ L

7. (@,N)=(y,N,) if and only if
Tfpl::l:} [E] = Tai.ll::l:._:l [E], jfpl::l::l [E] = jﬁ.ll::l:._:l [e]!‘l}:‘fp(u}(e] = ':F?‘f.ll::l!._:l [E]
YneENn EN,,e€ &

8. (p.N)* =
{e, Tt tn) = Fo(n)s .'I[Pc,:”:,[e) = .'I[P,:u:,[e), Fortm) = Tpm: VREN,e €EE }
9. An agree-NSES,
(. N)* = {g'(a):a € exX={1}}.
10. A disagree-NSES,
(@, N)® = {rp”(a}:a [S EXXX{I]}}.

( Tymla) .  ifnEN-N,
Timla) .  ifneEN, —N,
max (.’]"H,:”:,(aj,.']"ﬁ,:mp:,(a)}, if nE NmN,.
Jaml(a) .  ifnEN-N,,
11. (H,N) S (G, N,) = 4 Jemla) ., ifn€EN —N,
:’t[lnl':ﬁ}‘: Tppmlal , ifnENAN,
.'FH,:”:,(Q) s ifnEN—N,,
Faim(a) ., ifnmEN;—N,
(min ( Fyom (@), Fson(a)), if nENAN,.

min (TH'::':I' (a),Tzrm [ﬂ]),

jﬁlﬂll:ﬂ}-l-jﬁl n II:R:I
»

12. (H,N)A(G.Ny) = -

X ( :F[:[,:”:, [ﬂ], ‘I‘F‘Gfu} [ﬂ]), If neNm Nl'
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Definition 6 [11] Let I be unit interval and k be a positive integer. A multi Q -fuzzy
set ﬁ@ in & and a non-empty set Q is a set of ordered sequences

N, = {(e,q),Ti(e, q): € € £,q € Q} where
T:ExQ—=1I%, i=12, ..,k

The function [:Cr'.l(e,qj,?.}[e,qj,...,?;{(e,qj) is called the membership function of
multi Q- fuzzy set ﬁ@: and T,(e,q) + TL(e.q) + -+ T.(e.q) = 1,k is called the

dimension of ﬁq. The set of all multi Q- fuzzy sets of dimension k in £ and Q is

denoted by M*Qe@(&).

Definition 7 [20] [QD@,N ) is a QNSES over £, where ¢, is the mapping @,: N =
ONSES such that QNSES is the set of all QNSES over £.

Definition 8 [24] A neutrosophic set & in a universe of discourse €,, where §: £, —
[0,1] afunction, is an effective set. &, is a set of effective parameters that can change

membership and it’s written in the following way;
5 ={< a,(% (@).% (a), F5(a)) >: a € &,}

Definition 9 [26] Let £ be an initial universe, € be a set of all parameters, £, be a set

of effective parameters, & be a effective set over £, and P(&) represent the power set
of £. In this case (ﬁ, &€,); is called on effective neutrosophic soft expert set over &,

where N is mapping represented by N: & — P(€) and it may be expressed as a

collection of ordered pairs;
(N’ 51)5 = {([E}-, < E}-, TEI:J) (e}'jﬁ’jﬁ'[:—f] [e}'jﬁ "I'FEI_:(J:I (e}'jﬁ :}) : E}- = E’x}. = E}

and Cr’;:.l.x__)(ejjﬂ, jﬁ'u.-)(ejjﬂ’Fﬁu'x.-j(ei)ﬂ membership values for ¥ a € £is calculated
as
(1 - :TE'I:_::‘-I.-) (ej)}zk T5 .. (a) .
Trgep) (&) = M) () 3 T i) (&) €01
j&'[l‘j:l(&‘}.j’ 0.wW
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7 _ j-ﬂ'[.rj-j [E_,-)Ek 35_1.; (ay) .
¥(s) () H T T () €01

T (&) OW

Ti() (86 =

FE‘[;J.-)(E;) 2 Fs, (a)
Fitep (&) ~ ol T () €01

Faep)(@)  OW

Fii(e) (85 =

3. Effective Q- Neutrosophic Soft Expert Sets

We will now propose the definition of effective Q-neutrosophic soft expert sets

EQNSES, and propose some of its properties. Throughout the discussion, £ is the
initial universe, eis the set of parameters, Q be a set of supply, & is the set of effective
parameters, X is the set of experts, and 0 = {agree = 1,disagree = 0} a set of

suggestions. Let A € Z where Z= exXxO.

Definition 10 (ﬁ@,ﬁ) is a QNSES over £ , where ﬁ@ is the mapping ﬁq : A -

QNSES such that QNSES is the set of all QNSES over £ .

Definition 11 Let £ be an initial universe, (ﬁe,ﬁj is a QNSES over &. € be a set of

all parameters e be a set of all parameters, &, be a set of effective parameters, & be a

effective set over £, and P(&) represent the power set of £, X is the set of experts.
In this case (ﬁ,:ﬁ‘ljﬁ is called on effective g-neutrosophic soft expert set over &,

where N is mapping represented by N: & — P() and it
(ﬁ EL:]G = {{{xjup_Jljl.c: (e, rl‘.j.:lljk:[:xj::(gl.'kj:lﬁ':I‘E:I:I_.::I:EI.' 'I".J":IE'TEEI_{I(E"' r'-.'J.-IIG :=j]: xjEL e Eep; € X
({x_l.-, p .0, = ':E-"I‘._f:"‘l:rﬁl:.r.}{gl"l"j}; "Tﬁ(.l'.:l{gl"l"_f}g 'Fﬁl:.r.:l{gl"l"_f}; ‘:=') vx; EE g Eg P E }."}

and T; )€ k) g s Ty e KiDg » Py ) (60 K1) 5 T embership values for Va € & is

[\'[.r_f

calculated as ;
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(. [H(.'E-’-’ {gl k; })Eh 5'_5.1 (o)
T (k)5 = | Tgtay) (oK) + o O T @) € QD)
(e k5. o.w

[\Q[r

[*-.le :I{g' k}zk 8 {ak}

Tigls) (o ks = Trig(xy) (o) = |D| b If Ty e k) € (01)
“IJ'I ]{9 k} 0. W
, . hguj'[g ki) Ekfa"l (@) |
P (o oK) = Friglx;) (oK) — |0| oI Fig(ey (k) € (0,1)

Figle) k), O.W

Example 1 Suppose a customer who wants to build a new house wants to get

feedback from several experts. Let & = {e,,e,} be the set of houses, @ = {k,, k,} be
the set of construction companies, e = {x,,x,} be the set of decision parameters and
the set of effective parameters is represented by & ={l,, I,}. Let ¥ = {p,,p,} be the

set of experts. Assume that;

8- ey kypy) = {5 =), 8 (ey kppy) = {2 )
(e1,kypy) (03,0.60.2) ' (0.60.801)) (1, k2 py) (0.1,06,0.4) " (0.5,0.8,0.4) )

5 [el,kl, P:) = { _ P 2 }/ 54(911k:r P:) = { - ' 5 };

(0.7.0.1,0.5) " {0.1,0.4,0.7) (0.2,0.9,0.3) ' (0.6,0.3,0.8)

aEEﬂk..={ }aﬁeﬂk.ﬂ={ }
(e2,k1,p1) (0.4,0.6,0.1)" (0.4,05,0.3)) (2, k1, p2) (0.5.0.81.0)" (0.4,05,0.2)

7 — L by g — 1 ta
8" (e2,k2p1) = {':c:-.a,u.s,u.i}"iﬁ-ﬂ,ﬁ.?JD.B}}’ 8% (e, kap2) = {'iD-GJD-LD-'?I"'iﬂ'-?ﬁ-ﬂﬂ-ll'}

Let N be the neutrosophic expert set (QNSES) defined as follows:

ﬁ@[xl,pl,ljz{( (e1.kq) ’ (e1.ks) ’ (e1.ky) ’ (e, k) )}

0.3,0.6,0.3 0.6,0.1,0.9 0.7,02,0.8 0.6,0.5,0.7

ﬁ@[xl,pg,ljz{( (ey.ky) ’ (e, k) ’ (e, ky) ’ (e,,k,) )}

0.8,0.5,03 01,04,0.6 0.6,03,0.7 0.3,0.3,0.3
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_ (elrklj (elrkfj (ef!klj (Efrkfj
@[x"rplr 1)= ' ' '
0.7,0.50.8 0.3,0.1,0.4 0.6,0.6,0.3 0.6,0.4,0.5
= _ (ey. k) (e, k;) (2. ky) (e, k3)
N@[:x:,pn_. - r r B
0.6,0.7,03 0.7,0.5,0.6 0.4,02,08 06,0404
= _ (elrklj (El,k:j (efrkl) (Efrkf)
Ng(xy,py,0) = : ’ '
0.7,0.1,0.4 0.5,03,0.6 0.4,0.3,0.3 0.1,0.6,0.8
= _ (ey.ky) (ey.k5) (e2.ky) (e2.k5)
N@[xj_:p": - ] ] »
0.9,0.105 04,05,0.7 0.7,05,05 0.6,0.7,0.8
(x 0) = [elrklj (eirk:) (e:rkij (E:rk:]
2Pr 0.1,0.2,0.6 0.3,0.6,0.70.3,0.2,0.6"0.2,0.2,0.8
= _ (ey.ky) (e, k;) (e2. ky) (e, k7)
Ng (x2,p05,0) = ' . .
0.7,03,01 0.7,0.1,04 0.8,0.4,09 1.0,0.1,0.2

Then by applying Definition 11 we get,

ﬁ@ (2,0, 1) 5
( (e4.kq) 3
<03+ [[1 —0 EJM] 0.6 — [u.e%] 03— [0.3%] >
(evkz)
) <os+ [(1 —0 ij] 01— [u.lw] ,0.9 — [n.@%] >
- [e::kﬂ
<07+ [(1 —0. ?]M] 02— [n.z%],n.s - [u.su'lzﬂ] >
[e:rk:]
| <06+ [(1— 0 E)M],D.S — [0.5E”5“2L—M],u.? - [n.?ﬂ'lzﬂ] >
(ey.ky) (e, k;) (e2.ky) (e2.k;)

=< 06,02,03 > < 050008 > <0..50107 = < 038,04,06 =

Similarly, when the calculations are continued, the effective Q-neutrosophic soft

exper set is found as follows;
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o _ [:Elrkl) (Ellkjj (E::klj (Ej: k:j
N@ [xj_;}?-.; j—).. - L L !

- & < 090202> <04,01,04 > <0.7,01,04> <050202 =
= _ (ey.ky) (ey.k;) (e5.ky) (e5.k;)
No(xpp,.1) = , J J

“ & < 080206>= <060003= <030302>= =<080304:=
T _ [elrklj [elrkjj [E:, kl] [ej.!kj]
No(xp,,1) = , , ,

=T & <07,0202>= <080203>= <04601,04>= <070202"=
= _ (e4,kq) (ey.ks) (e5.ky) (€2, ks)
No(xp.p,0) = , , ,

L & =< 0.801,02> <0.7,02,02> <050201> <050203 =
= (e4,ky) (ey.k) (e5.k4) (€2, kz)
Ng [xl,p,,,lil), = ’ ; ’

- & =< 090002 <060203>= <050202> <0510304 =
= (ey.ky) (e, k) (e5, k) (e5.k;)
Ng(x5.2,,0)_ = J J J

- & =< 0501,02>= <0602,03>= <050102> =<0480.103=
= _ (ey.ky) (ey.k;) (e5.ky) (e5.k;)
N@[Xﬂ,p‘,‘,ﬂ)_' - I ¥ ¥

= & <090201> <0901,02>= =<090205> =<1.00.1,01=

Definition 12 For two EQNSES [:NQ"q)a and (qu,B) over &, [NQ,H)S is called a
g

effective Q-neutrosophic soft expert subset of (Nl - B) if
&

i.BE A,

ii. N1 ,(b) _ is neutrosophic soft expert subset Ng(<) , for all b € B.

Definition 13 Two EQNSES [N@’A)a and (ng,B) over £ are equal if [N‘?’A)a is
8

a EQNSES subset of (N,,,B) and (N,,B) isa EQNSES subsetof (Ng.A)..
(a]

&
Definition 14 Agree-EQNSES (ﬁq,ﬂja ! over € is a EQNSES subset of (ﬁq,ﬁl}s

defined as
(ﬁ@,ﬂ)a 1= {ﬁqi(ocja: ®E € X X X {1}}.

Example 3 Using our previous Example 1, the agree-EQNSES (ﬁq,ﬁljs Lover € is

(ﬁ@*ﬂ)a =
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(e4.ky) (e1.k3) (e2.k1) (e2.k5)
< 06,02,03> <0.8,0.008> < 08,0.1,0.7 > < 0.8,04,06 >

{(-’-’1;}311 1)5:
[x i l) [:el,klj [el,k:] (e:,klj (e:,k:]
vPr )5 2 09,02,02 > '<04,01,04 > <07,01,04 >"'<050202 >

(x i 1) (el,kij (eirkjj (ejrklj (E:rk:]
2P g2 08,0206 > < 060003>"<08,0302="<080304="

(.'XE_,;}:’ 1}3’ {_EIJI‘CI} {_E_Lr kf::l {_EE, kl} {-EEJ kf] }

<07,02,02>"<0.80203>"<0.60104> "< 07,0202 >

Definition 15 A disagree-EQNSES [N@,fl);over £ is a EQNSES subset of [:NQ,H)E

defined as

(Ng.4),° = {Ng"(e) e x€ € X X x {0}}.

~ o
Example 4 Using our previous Example 1, the disagree- EQNSES (NQ’AJE over £

is
- ]
(Noa), =
(x 1 IZI) (el,kl) (elfkf) (Eifkl) (E:rk:)
1P Ee 0.8,0.1,02>"<07,02,02 > "< 06,02,01>"<050203>"
(e1.ky) G (e2, ky) (e2.k)
(xl’P:’ﬂ)

§'< 09,00,02>"=<060203>"<080202=>"=<080304="

(_‘J'.' s D) (elxklj (ej_rk:j (e:rklj (E:rk:j
2P s 05,01,02 > < 060203>"<06,01,02 > "< 060103 ="

{:El;kl} {:El; kg} {:Eg; kl} {:Eg, kg} }

25k w':' =P 1 1 ¥
'[:x_ P2 }” <0902,01>="<090102=>"<090205> "< 10,0101 =

Definition 16 The complement of a EQNSES (ﬁ@,ﬂ}a is
= c I el
(NQ,A]S = (NQ ,—uﬁl)a
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=~ (e} .
such that N, G oA EQNSE(E) a mapping

= (&) —
NQ (D{)S - {jﬁq I:K:Ilflﬁ - ‘FEQ':K}ﬁ’jE'Q':K}IEIE =1-7 E-Q':x}ﬁrfﬁq'::‘}lflﬁ - ?&Q':m}ﬁ}

Example 5 Using our previous Example 1, the complement of the EQNSES ﬁ@

~= e}
denoted by N, 5 is given as follows:

C

(ﬁ@,Z)E =

. {:E‘l, -i'.'j_} {:Ej_, k:} {:E:J -f'.'l} {:E‘:, -i'-':}
_l{_xj_,uplj l}r}"J

< 0.3,0.8,06 > <0.8,1.0,08 > < 0.7,090.8 > < 0.6,06,08 >’

{ 1} ':E'l, li’l'-l:l ':E'l; Ikg] ':E‘g,-fk'l:] {Eg,kg]
TP Hers 0.2,0809>"<04,0904>"<04,0907 >"'<02,0805=>"

[x , 1) (ej_!kij [elrkj] [ejrkij (ejrkjj
2P g 050808 ="<031006>"<020708="<040708="

[x 1 1) (Eykl) (Erk:) (E:rklj (E:rk:)
2Py Mg 02,0807 > <0.3,0808>"<040906> <020807 >
Definition 17 The union of two EQNSES [N@,ﬂ) 5 and (Nl Q,B) over £ , denoted
]
by
(Ng.4), O (qu,a)a

is the EQNSES (Hy.C ) such that € =4 UB and the memberships of truth,

indeterminacy and falsity of [H@, C ) are respectively as follows: T :I{eﬂpt1 )5

;'vql:lz]l{el-' _,u} if neN-—N,
Iy Al L [ = N —_ N
Trgtn) (e k'),g = ""'-Q‘”:'{E‘ J'} if neN,
max (I‘v’q l::lz]l{eu _,u} (;.;}{EU J.} ) if nENN N,
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j*"*'q (m (80 'E"}'}ﬁ if ne N—N,
‘ —_ :Ir - Il E'_. k I' n E N _ N
JHQ':?E:I (E!ka)ﬁ - J'\'-_IJ._?E}{ i "I}LT f 1
min (jﬁ*‘a (m (80 k) o T, oo (€0 rf'-}-)ﬁ) if nENNN,
‘IF;'\"Q '::'!:l{ei-' 'il':_,l'}ﬂ If nenN— Nl
: = Fumlek if nEN,—N
'FHQ':”:' [E!, k—')ﬁ = """-IJ*”:'( i "I}S f 1

min (F g (my (€0 k) Fagom (& k),) if neNON,

Example 6 Suppose that [Nq,ﬁl)a and (Nl @’ B)s are two EQNSES over &, such that

g), = {|Grr.0) (Gentt o st |
ety TV P

0.8,0.2,0.4°0.7,0.3,0.5°0.3,0.6,0.2° 0.3,0.2,0.4

ek e ks ek, €, k,
(x:’p"}]’((l ) (epky)  (epky) J)”

0.4,0.2,0.8°0.3,0.6,0.2"0.8,0.2,0.5'0.1,0.2,0.8

ey, K. ey, K, €., K. Enykq
(Nl ,B) — (11'1;?3;':') ( 1 1] ) [: 1 _) ) ( 2 1] . ( 2 _] i
e & 0.4,06,06 0.7,03,08 050.3,04 0.2,0.6,0.8

(x:,p,lj,( (enky)  (enky)  (enky)  (enky) )”

0.6,0.8,04°0.7,0.409°0.3,0.2,09°0.5,0.6,0.7

Then [N‘?’H]s O {Nle’ﬁ}a = [H@,C)E where

(H@rc)E; ={

(xi,p,m,( (erky)  (evkd) (epky) (enky) )]

0.8,0.2,04°0.7,0.3,0.5°0.5,0.3,0.2°0.3,0.2,0.4

(xjrpr D]r ¥ 1] »
| 040208 03,0602 08,0205 0.1,02,08

0.6,0.8,0.4°0.7,0.4,0.9°0.3,0.2,0.9°0.5,0.6,0.7

( (ellklj (elrk:j (E:, klj [E:,k:j )-

[ ek, e, ks ey ky €, ks -
(e 1), ( )| ) ) ) )}

Proposition 2 If (N@"q)a’{Niq’B}a and [H@, C}ﬂ are three EQNSES over &, then
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i ((Ng,4), 0 (qu,a)s ) O (He €) = (Ng.4) O ((qu,ﬁ)é O(Hg C) ).
ii.(Ng,4) , (Ng.4) € (Ng,4) .

Definition 18 Suppose [NQ,H)S and {Nl qzl,J‘Ef}ﬁare two EQNSES over the common
universe & . The intersection of (N@,f‘l) 5 and (Nl @,B)S is
[NQ,,H)S s (Nle’ﬁ)a = [Kq,c)' such that € = 4 n B and the memberships of truth,
indeterminacy and falsity of (K, 0: C )ﬂ are:

[ ‘T:'v'q (m.p) {EEJ 'il':_,l'}ﬁ if neEN — Nl

J:HQ-:;-:} [gw ,r{j_)ﬁ = 4 j:'\"-_ql:?!_.p}{eii kf'}ﬁ if neEN;,—N

kmlﬂ ("]T'v'q '::'z,p}{eu _,u} !J:'«T-_Q'::z,p}{eu _,l} ) If neNnMN Ni

[ jﬁfq":z}{eu _,u} If nEN—Nl
(&5 J,} if neN,—N

Il
-

J"l' IJ

‘I‘-Iqu '::'z} [g!’kj)ﬁ
\ max [‘I"TNQ'::':}(EH _.']I h- Q'n}(ew _.']I ) if nENNN,

u

‘IFNQ '::'z]":'giJ 'i':'} if n€EN—N,

;FJ"'-'_Q':?!:'{EL’ _.l} If ne Nl — N

FHQ':rz} [{":* kj)ﬁ =
mﬂ\x( J'.Ilal?z}{el-l lr'tJ.} -Fh, an:l{:ei_l kf}lj" } Ilf nENan-

Example 7 Suppose that [Nq,ﬁl) 5 and (Nl o’ B) are two EQNSES over &, such that
5

[:.‘J'.' l] [elrklj [ejrklj
1P 0.3,0.4,0.3'0.5,0.2,09 /|

[:.'1' lj (elrkl) (efrkl)

2B 2 0.8,0.2,05°0.4,0.2,03 /|
[x D:] (Elrklj (efrklj
2B 0.5,0.4,0.7 "' 0.8,04,04 /||

(ej_r k]_] (e"rkij
N' !B = 1 1 » r -
( ‘e )s ﬂ(xlp )(0.5,0.4,0.2 0.7,0.3,0.2

Then (Ng,4) & (qu,ﬂjs = (Kq,C), where

(vg.4), = |
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(elxklj (eﬂrklj
(x),p. 1), . :
0.3,04,03 05,0309

Proposition 3 If [N@’A)a ,(qu,ﬁja and [Kq,C)ﬂare three EQNSES over &, the

(k) =

following properties hold true.

i ((vg.4), A& (Nie’g)s ) A(kq.C), = (Ng.4), A ((Niq,ﬂja A(K,.C) )

ii. (Ng.4) , A (Ng.A4), € (Ng.4) .

Proposition 4 If If (Ng,4) ,(qu,ﬂ)a and (K,,C) are three EQNSES over & then

i.

((ng.4), O (qu,ﬁ)a) Ak €), = ((Ng,4), A (kg €) ) O ((N1@,3)5 A(Kq.C) )

ii.

((ng.4), A (qu,a)a ) O(kq.€), = ((Ng.4), O (K, C) ) A ((qu,ajs O(Kq.C) )

Definition 19 If [N‘?’A).s and (NlG,B) are two EQNSES over &, then
5

"(Ng,4), AND(NlG,B)E” is

(Ng.4) ANy, ] = (Hg. A X B),

such that Hy(a.f) = Ny(a) n Niq[ﬁ’j and memberships of truth, indeterminacy,

and falsity of of [HQ,:’-I X B ):. are as follows:
Taglap(€npy) = min (33;0 (e (8 k) Ty e (B k) )
Tngtam (€0 P))_ = max (T, o (e k), T, oo (euky),, )
Fﬂqin,m(eu pf}ﬁ =max( Ngla) (euk; } Fu, ug}{ﬁ‘uh } ]

where Va € 4,¥f € B.
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Example 8 Suppose that [N@,A)E and (Nl @’ B)s are two EQNSES over &, such that

(N fl) = {( p.1) ( (e1,ky) (eyk;) (&5, k) (&5, k;) )]}
Q@ 5 AP L y

0.2,05,0.6'0.4,0.1,0.3'0.6,0.4,0.7'0.3,0.1,0.8

(00:8), = {|Com 0 (goian s s o )|
Qr A - XyePe Ly \

0.5,0.3,0.60.1,0.9,0.8°0.1,0.4,0.3°0.1,0.2,0.6

l(x:,q,ﬂj,( (e1.ky) (e, k) (e5.ky) (e5,k2) )l}

0.4,0.1,0.9'0.3,0.1,0.7' 0.8,04,0.3' 0.7,03,0.2

Then (Ng,4) _ A {Nle,ﬁ}a — (Hq, 4 X B) where

(Ho, A X B), = ﬂ(xlrp, 1), (x40 1),( (evky) (enky) (eaki) (eaks) )l

0.2,0.5,0.6'0.1,0.9,0.80.1,04,0.7 0.1,0.2,0.8

E.,.‘T{l €4, K, €,y Ea: iy
(xl,p,u,(x:,q,m,(“ o), St U)”

0.2,0.5,0.9'0.3,0.1,0.7" 0.6,0.4,0.7 ' 0.3,0.3,0.8
Definition 20 If [N@,H)S and (Nl@’gja are two EQNSES over &, then "[Nq,f-l)s OR
(Nie’g)s "is

(Ng.4), v (Nig,ﬂ)a = (Ko AX B),

such that K, (a,f) = Ny(a)UN 10 (8) and the memberships of truth, indeterminacy,

and falsity of [K@,fl X B) 5 are as follows:
Tagam (o k), = max (Fqu (@ € k) T, g (B ky) )
Tngtap (o k), = min (Jn-q (@ (€0 ;)5 T, qom (8 Ky ]

Frgam (), = min (Fug o k) F, o) €k, )
where Va € A,V € B.

Example 9 Suppose that [N@,H) 5 and (Nl @,B) are two EQNSES over &, such that
&
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(ep 'E':l:] (ep 'E':z:] (eziklj (ezikzj )]}

0.4,0.2,0.6 0.3,0.2,07 05,0804 0.3,0.1,0.1

{N B) _ﬂ( P l]( (epky) (eyky) (enky) (enks) )l
1?) TP sd !

0.7,0.4,0.8'0.5,04,0.6'0.6,0.7,0.1'0.2,02,0.8

l(l’g”ﬂ,ﬂj,( (e, ky) (ey,k;) (e5k,) (e5k;) )l}

0.6,0.4,0.3'0.2,05,0.4"0.3,0.7,0.8" 0.9,0.1,0.2

(Ng.4), = { (x0,p) 1J,(

Then [NQ,A)E v (NlQ’B)a = [K@,ﬁl X B)ﬂwhere

(Ko, A X B) = ﬂ[xlxp, 1), (xyp, 1]( (epky) (enky) (epky)  (enky) )l

0.7,0.2,0.60.5,0.2,0.6 0.6,0.7,0.1' 0.3,0.1,0.1

0.6,0.2,0.3'0.3,0.2,04°0.5,0.7,04°0.9,0.1,0.1

l[xl,p, 1:],[:x:’p’ﬂ)’( (elikij (elikg] (Egjkl:] (EEJ 'E':E:] )]}

Proposition 5 If [Nq,f-l)aand (qu,ﬁ)a are EQNSES over &, then
i.((Wg.4), A (Nle,B)ﬁ ) = (Ng.4) v [qu,a‘];

ii.( (Ng,4) , v (qu,ﬂ)a ) = (Ng.4) " A {qu,ﬂ}ﬁ ;
4. An Application of EQNSES

We will now present an application of EQNSES theory to illustrate that this concept
can be successfully applied to decision-making problems with uncertain
information. The following algorithm is suggested to solve a effective Q-

neutrosophic soft expert based decision making problem below.

Assume that a book selection will be made for mathematics students. There are

three alternatives £ = {e,,e,, 25}, with two types of qualifications Q= {k,,k,} and
there are two parameters e = {x,,x,} with x, (i = 1,2) standing for “price range”
and “reviews” respectively and the set of effective parameters is represented by &
={1, = “popularity”, I, = “writing style" }. Suppose X = {P._-Pz} is the set of two
expert faculty members will decide which book to choose. After long discussions,
the experts construct the QNSES below.
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7
Ln

54 (ey kypy) = {—22 =1, 6%(e; kopy) = {2 o
(e, ki) (0.60.7.0.4) " (0.3.0.7.0.51) / (e1,k2.p) (0.4,0.6,0.4) " (0.9,0.3,0.8))

1

5ﬂe.k.ﬂ={ }54e.kﬂﬂ={ 2 }
(e, ks, p;) (0.8,0.3,0.1) " (0.2,0.8,0.5)) (e1, k2, p,) (0.6,0.5.0.1) ' (0.7,0.2,0.4)) /

[

1 7

aﬁeﬂk..={ . }5E~eﬂk.ﬂ={ }
(e2,k1,py) (0.4.0.1,0.7) ' (0.2.0.5.0.3) ) (e2,k1,ps) (0.80.4,0.2)" (0.9.0.2.0.6) )"

1

87 (ez ko py) = {2 5%(es ko py) = [ =]
(e2. k2, p1) (0.2,0.3.0.4) " (0.5.03.0.5) ) (€2, k2, ,) (0.30.40.7) (0.80.7.04))

1

5%(e3 ks, ps) = L2 a1 59(ey,kyp,) = {—L =]
(e3.k2p2) (0.3,0.4,0.7)" (0.2,0.6,0.1) ) 7 (e3,k1,py) (0.7.0.4,0.6) " (0.8.0.4,0.6) )

1
bz

5% (eg, kypz) = {—2 2 5%y, kypy) = {—2
(e3,k1,p2) (0.3.0.503)" (0.L0.5.0.7)) (e3, ks p,) (0.6,0.409) " (0.80.5.0.2)

(No.Z)

v 0.3,0.4,0.5°0.7,0.3,0.7"0.5,0.4,0.6 '0.5,0.3,0.2"0.5,0.2,0.2 " 0.6,0.3,0.7 /

(xlf pzf :]

(e4.ky) (e1.k5) (e2.k1) (e2.k5) (e3.ky) (ea. k)
0.3,0.5,0.1°0.4,0.3,0.7 ' 0.5,0.4,0.4 ' 0.3,0.1,0.4"0.5,0.4,0.2"0.2,0.1,0.8 /|

(e1,kq) (e1.k2) (e2,ky) (€1,k,) (e3.ky) (e3.k>)
0.6,0.7,0.2'0.9,0.3,0.5°0.7,0.4,0.30.3,0.3,0.6 ' 0.7,0.1,0.5°0.3,0.5,0.8 /|

(xwzﬂ 1),

(ey.ky) (e1.k2) (e2. ky) (e2.k2) (e3.k,) (e3.k2) ]
(L:Fzr )

0.3,0.4,0.5°0.9,0.3,0.5°0.7,0.2,0.6 '0.3,0.1,0.9 0.5,0.4,0.3'0.2,0.6,0.6 /

(ey.ky) (e, k) (e5.k,) (e5.k,) (e3.k,) (es,k;)
0.3,0.5,0.8"0.1,0.8,0.4"0.4,0.1,0.7 '0.3,0.5,0.8 0.4,0.5,0.6 0.7,0.4,0.3 /|

(. p,,0),

(xlrpzrﬂ) » » » x r
| 0.1,0.5,05 0.7,03,05 0.7,04,04 03,05,04 05,0.40.2 0.2,0.1,0.5/

(e, ky) (e, k;) (e5,ky) (e5,k;) (€3, k) (3. k)
0.3,0.5,0.6 '0.7,0.5,0.40.5,0.4,0.1°0.5,0.3,04°0.5,0.3,0.2"0.7,0.3,0.3 /

( (ey.ky) (e.k,) (ey.ky) (e5.k;) (ea,ky) (€3,k,) )

(x2,p,,0),

[x l]] [el,kl:] (elrk:j (eﬂfklj (E:rk:) (Earkij (eark:j
2Pz 0.3,0.5,0.6 0.7,0.3,0.7 0.5,0.2,0.6 0.5,0.3,0.2 ' 0.5,04,02"0.2,03,05/|

Tables 1 presents the agree-EQNSES while Table 2 presents the disagree-
EQNSES by using the mean of each EQNSES.
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The following algorithm may be used to choose the most qualified candidate

to fill the vacancy.

5. Input the QNSES (Ng, Z).
6. Compute the EQNSES (Ny.Z)5.
7. Find the agree-EQNSES and disagree EQNSES.

8. Calculate C; =Z;(x,p); =

9. Calculate K; = X(x,p);

10. Determine s; =

7

ik

|J'ul

|-:I"-..'J'

' for agree-EQNSES.

for disagree-EQNSES.

11. Determine r, for which s, = maxs;. If there is has more than a one value of r,

then the college can have alternative choices.
Table 1: Agree- EQNSES

€xQ (e, ky) (e, ks) | (e2ky) (e2.k3) (e3.ky) (e3,k;)
(x,p,,1) ](0.6,0.1,0.3) | (0.8,0.1,0.4) | (0.7,0.1,0.3) | (0.7,0.2,0.1) | (0.7,0.1,0.1) | (0.8,0.2,0.4)
(x1,p,,1) ](0.8,0.3,0.1) | (0.8,0.2,0.4) | (0.8,0.2,0.2) | (0.8,0.1,0.2) | (0.8,0.2,0.1) | (0.7,0.1,0.4)
(x2.p,,1) ](0.8,0.50.1) | (1.0,0.2,0.3) | (0.9,0.3,0.2) | (0.7,0.2,0.3) | (0.9,0.1,0.3) | (0.7,0.3,0.4)
(x2,p,,1) ](0.503,0.2)(0.9,02,0.2) | (0.8,0.1,0.2) | (0.5,0.0,0.3) | (0.7,0.1,0.1) | (0.5,0.2,0.2)
c; = 1.2 c, = 1.4 cg = 1.5 £y = 1.6 cg = 2.2 cg = 0.6
¢ =Tixp)y
Table 2: Disagree-EQNSES
exQ | (enky (enks) |(enky) | (eank) | (eaky) | (eaks)
(x1.p,,1) (0.7,0.2,0.6) | (0.6,0.4,0.3) | (0.7,0.0,0.5) | (0.7,0.4,0.6) | (0.7,0.4,0.4) | (0.9,0.3,0.2)
(x1.p,,1) (0.7,0.3,04) | (0.9,0.2,0.4) | (0.9,0.3,0.3) | (0.8,0.4,0.3) | (0.8,0.3,0.2) | (0.7,0.1,0.4)
(x2,p,,1) (0.9,0.4,0.4) | (1.0,0.4,0.2) | (0.9,0.3,0.1) | (0.9,0.2,0.2) | (0.9,0.2,0.1) | (1.0,0.2,0.2)
(x3,p,,1) (0.7,0.2,0.3) | (0.9,0.1,0.3) | (0.8,0.1,0.3) | (0.8,0.1,0.1) | (0.8,0.2,0.1) | (0.6,0.1,0.2)
k, =05 k,=1.0 ky =14 k,=14 k.= 1.6 k=14

i o= Zi'.r. Plij
-
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Table 3: s; = 5% for X,
j ExQ | g k; c; — k; R k;

I 2

1 (e, ky) 1.2 0.5 0.7 0.4

2 (e, k,) 1.4 1.0 0.4 0.2

3 (e5. k) 1.5 1.4 0.1 0.05

4 (e5.ks) 1.6 1.4 0.2 0.1

5 (es. k) 2.2 1.6 0.6 0.3

6 (e5.k,) 0.6 1.4 -0.8 -0.4

From Tables 1 and 2 we are able to calculate the values of 5; = E%k* as in Table 3.

As can be seen, the maximum score is s, = maxs;=0.4 for (e, p,) .

5. Conclusion

We have introduced the concept of an effective Q -neutrosophic soft expert set along

with its operations of equality, union, intersection, subset, OR, and AND. The

application of this novel concept to a decision-making process is illustrated and

compared to those in existing literature. It is shown that this proposed concept is

more inclusive by considering the membership of falsity and indeterminacy, expert,

neutrosophy and Q -fuzzy. Thus, the proposed approach is shown to be useful in

handling realistic uncertain problems.

6. Future Research Directions

This study can be extended by using other type of neutrosophic decision-making

approaches, including bipolar neutrosophic soft sets, interval valued neutrosophic

soft sets.
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Abstract

In cases where conventional sets are insufficient in use in daily life, we use
trapezoidal fuzzy multi sets to solve decision-making problems in many areas.
Hence, The aim of this paper is to investigate how to solve a model selection
problem with multi-criteria against poverty and hunger by using trapezoidal fuzzy
multi numbers. For this, we introduce two aggregation methods called trapezoidal
fuzzy multi generalized weighted Bonferroni arithmetic mean operator and
trapezoidal fuzzy multi generalized weighted Bonferroni geometric mean operator.
Later, we investigate their properties and some special cases. Moreover, we
introduce a process to solve multi-criteria decision making problems with
trapezoidal fuzzy multi numbers. Then, we apply introduced methods to a model
selection problem against poverty and hunger.

Keywords: fuzzy multi sets, trapezoidal fuzzy number, trapezoidal fuzzy multi numbers,
generalized Bonferroni arithmetic mean, poverty, hunger

1 Introduction

In 1965, fuzzy set theory was proposed by Zadeh [40] as an extension of a classical
concept of a set for ambiguous information. With the introduction of the theory, he
offered a new way which makes decision-making process using fuzzy concepts of
some information more useful. This methodology basically, a fuzzy set is a set that
has no clearly known boundaries and can only contain elements only in some
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degree i.e. elements can have a degree of membership determined by appropriate
functions namely membership functions. These functions are used to determine the
membership degree of each element in a fuzzy set. In time, a kind of fuzzy sets were
introduced by Yager [38] which is called multi-fuzzy sets (fuzzy bags). The notion
presents a new generalization of fuzzy sets. In addition, it gives complete
information for some problems including situations in which each element has
different membership values. Miyamoto [17] and Sebastian and Ramakrishnan [24,
25] expanded and studied detailedly the Yager’s multi-sets and multi-fuzzy sets.
Since some situations have multi possibility of same or different membership
values, Ulucay et al. [29] developed trapezoidal fuzzy multi-numbers on real
number set R . They are expansion of both multi-fuzzy sets and fuzzy numbers
enabling the recurrent occurrences of any element. Later, many studies have been
conducted by many scientists. Readers may find the studies about trapezoidal fuzzy
multi-numbers application of fuzzy logic in different areas and in [1, 4, 8, 10, 11, 15,
16, 18, 19, 20, 21, 22, 23, 28, 30, 42].

The Bonferroni mean (BM), firstly created by Bonferroni [3] is an aggregation
technique which is useful to aggregate the crisp data. It can see the
interrelationships among arguments, which plays an important role in multi-
criteria decision-making problems.This is why Yager [39] presented a elaborated
paper of BM and proposed some generalizations that extend it’s capability. Beliakov
et al.[2] got the BM more enhanced by handling the interrelation of any three
aggregated elements instead of any two. However, Xu and Yager [37] introduced
that the elements are suitable to be aggregated by the BM and generalized BM can
only take the forms of crisp numbers rather than any other kind of numbers, which
limits the potential applications of the BM to more enhanced areas and applied the
BM to intuitionistic fuzzy environment and proposed the intuitionistic fuzzy
Bonferroni mean (IFBM) and the intuitionistic fuzzy weighted Bonferroni mean
(IFWBM). Then, they applied the IFWBM to multi criteria decision making.
Moreover, Xia et al. [34, 35] submitted a generalized weighted Bonferroni mean
(GWBM), generalized intuitionistic fuzzy weighted Bonferroni mean (GIFWBM)
and geometric Bonferroni means and discussed their applications in multi-criteria
decision making. In 2021, Deli [6] extended Bonferroni mean operators to
generalized trapezoidal hesitant fuzzy numbers and gave their application to
decision-making problems. Kesen and Deli [15] introduced weighted Bonferroni
harmonic mean operator on trapezoidal fuzzy multi-numbers in 2022.

This article have six chapters. In second chapter, we give definition of some basic
concepts such as fuzzy multi sets, trapezoidal fuzzy multi numbers, hamming
distance and CRITIC (Criteria Importance Through Intercriteria Correlation)
method etc. Then, we propose some properties and operations of fuzzy multi sets
and trapezoidal fuzzy multi numbers. In third chapter, we introduce two
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aggregation operators which are called trapezoidal fuzzy multi generalized
weighted Bonferroni arithmetic mean and trapezoidal fuzzy multi generalized
weighted Bonferroni geometric mean and we give their some properties. In the
fourth chapter, we give an approach to multi-attribute group decision making
problem and to see application to multi-attribute group decision making problems.
At the end of the chapter a numerical example is given. In fifth chapter, we propose
a comparison table to compare given methods with existing methods.

1.1 Novelty

This paper proposes two main novelties as follows:

1. Mathematically, we developed generalized Bonferroni mean operators. In
normal, Bonferroni mean operators only tackle with the conditions having
correlations between any two aggregated elements, but not the conditions having
connections among any three aggregated elements. This is a drawback of these
operators. In order to solve this issue, generalized Bonferroni mean operators have
been developed. Moreover, generalized Bonferroni mean operators have been
extended to TFM-numbers.

2. Politically, we developed two methods to select best model against poverty
and hunger by considering all policies in the problem. In this aspect, we present a
new perspective to select and build models for fighting against poverty and
hunger. Therefore, these methods can be extended and utilised for more complex
humanitarian problems.

2 Preliminary

In this section, we give some basic concepts of fuzzy set [40], fuzzy number [13]
and fuzzy multi set [24], fuzzy Bonferroni aggregation operators, trapezoidal fuzzy
multi numbers etc. For more, readers may look at Deli and Karaaslan [7], Deli [5],
Torra [26], Torra and Narukawa [27], Wang et al.[31], Wei [32], Xia and Xu [33], Xu
[36].

Definition 2.1 [40] Let X be a non-empty set. A fuzzy set I on X is defined as:

F={( a1, ()1 xe X}
where y, : X —[0,1] for xe X .

Definition 2.2 [41] t-norms are monotonic, commutative and associative functions t with
two valued mapping from [0,1]1x[0,1] into [0,1] and satisfying following conditions:
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L 1(0,0)=0, t(g, (x).1) =t 4, (X)) = . (X)

2. 18w () < gty (X) and pr (X) < gy (%), then t(a, (X), 1) (X)) <t(a X), g1y, (X))
3. tay, (%) 11, (X)) = tpty, (%), 4, (X))

4 t(pt, (0,8 (aty, (), 1, (30)) = 1ty (%), 24, )(X)s 111, (X))

Definition 2.3 [41] S-norm are monotonic, commutative and associative functions t with
two placed mapping from [0,1]x[0,1] into [0,1] and satisfying following conditions:

L s(1,1) =1,5(4, (x),0) = 8(0, g1, (X)) = g4 (X)

2. 4f g (X) <y (X) and gy (X) < gty (X), then s(u, (x), 1, (X)) <8(g,, (X), 1, (X))
3. sy (%), a1y, (X)) = 8ty (X), gty (X))

4. s(uy ()5 (), a1 () = (8 (et (%), 1, )(X), g1y (X))

t-norm and s-norm are related in a sense of logical duality. Typical dual pairs of
non-parameterized t-norm and s-norm are complied below:

1. Drastic product:
mindu, (0.4, 003 max{a,, (9,4, (0} =1
tw(yfl(x), yfz(x)): 0, otherwise

2. Drastic sum:
max{, (x), -, ()}, min{u, (X), 1 (X)}=0
, otherwise

[N

s, (24, (X), 1, () =

3. Bounded product:
(s, (9, 1, (X)) = Max{0, g, (x)+ a1, (x) -1}

4. Bounded sum:
(4, 00,4, () = mingL, g, 00 + g1, ()}

5. Einstein product:
09 41, ()
2=Tst, 00+ 1, (0~ 11, -t (]

s, (%), 41, (X)) =
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6. Einstein sum:
Hy, () + 1, (X)
L+ py ()47, (X)

S5 (4, (9, 4y, (X)) =

7. Algebraic product:
G (et (), 11y, (X)) =ty (X)-, (X)

8. Algebraic sum:
Sy (e, () 1 (X)) = 1 (X)+ 1 (X) = 1 (%) (X)

9. Hamacher product:
4, (9.4, ()
/’l[»l (X) + /J'LZ (X) - ﬂ'Ll (X)'/’ll»z (X)

t2.5 (/u,rl (X)! ;u,rz (X)) =

10. Hamacher sum:
,ufl (X) + ,ufz (X) - 2'/“,L1 (X)'/u,Lz (X)
1- :url (X)'/urz (X)

S5 41y, (%), 41, (X)) =

11. Minumum:
t (et (%), 4 (X)) = mindze,. (X), 44, (X)}

12. Maximum:
S, (a1, (9, 1, (X)) = max{as, (9, 1, (X0}
Definition 2.4 [24] Let X be a non-empty set. A multi-fuzzy set G on X is defined as;
G = {(X, ptg (X), 14 (X), ooes s (X)) 1 X € X}
where g : X —-[0,1] forall ie{1,2,...,p} and xe X .

I, and I, will be used instead of {1,2,..,m}, {1,2,...,n} and
{1,2,...,P} respectively.

In the paper, |

m 7’

Definition 2.5 [29] Let n, €[0,1] and ¢,¢,,6,¢, € R such that ¢ <¢,<e, <¢,. Then, a

generalized trapezoidal fuzzy number (GTF-number) T ={(¢,¢,,6,¢,);1n) is a special
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fuzzy set on the real number set R. Its membership functions are defined as follows:

X=a)m I(6,—q) 6<Xx<g

: 6 <X<¢q

pr (X) =
(6 =X (6, —6) & <X<¢
0 otherwise

Definition 2.6 [29] Let n; €[0,1] (i€ l,) and ¢,¢,,6,¢, €R such that g <¢, <¢,<¢,.
Then, a trapezoidal fuzzy multi-number (TEM-number) T ={(6,6,,6,6,)i75 112,77 ) 18

a special fuzzy multi-set on the real number set R . Its membership functions are defined as
follows:

(x—g)m l(-6) q<x<g

i _ n & <X<e
i (X) - iT 2 3
(& =X (6 -6) 6<x<g

0 otherwise

Note that the set of all TFM-number on R" will be denoted by G(R").

Definition 2.7 [29] Let T, ={(6.,6,,6,,6,): 1 715, - 70y, ) and

T, = ((,ol,pz,,og',p“);n%2 ,77T22,...,77TP2> be two TEM-numbers and y # 0 be any real number.
Then,

L T,@T, = (5(6,2),5(62, 20,565, £3), S(6a 22): 7 7, ) SO 112 ) S 1))
(6P o) M) P VR ) G 1)t ) (6> 0., >0)

((tapa) tleps) tep) e ))itln, 1, ) tre 11 oot 1)) (6<0, 4> 0)
((t(epa) Ueps) tep,). Uap))itCn, i) ) 1 (e 717, oot 128))) - (6, <0, <0)

T,®T, =

3.y =(ra.v6 v re)il-A-m ) 1-A-n ) ,..1=(1=ng) )y 2 0)
4. T =((¢ ¢ €5 €));(m) () s (71) ) (7 2 0)
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Definition 2.8 [15] Let T, = <(€1,62,€3,€4);77%1,77$l,...,77-|Z> ,
T, ={(0,) Py Pss ,04);77T12 ’77T22""’77TZ> be two TFM-numbers. The followings hold:

LItag<p, <p, &<p; &<p,and 77%1 <77%2r 77T21 <77T22/ s UTZ <77‘||':;/ then T, <T,
2. 18 6>p, 6> p, 6> p;, 6> py, and 77%1 >77%2r 77T21 >77T22/ s 77‘:’1 >77‘||':;/ then T, >T,

3.Ifg=p, 6=p,, &=p, € =p,, and 77%1 = 77%2, 77T21 :77T22, s nTFi :nTF;, then T, =T,

Definition 2.9 [29] Let T, = <(€1,62,€3,€4);7711-l,77T21,...,771z> ,
T, = ((pl,pz,p3,p4);7ﬁ2,77T22,...,77TP2) be two TFM-numbers. Then, the Hamming distance
between T, and T, is defined as follows:

13 i i i i
d(T,T,) = _Z(l A+ )a A+ ) o |+ 1A+ ), = (X+7; ) o, | +
8p 1 2 1 2

i=1

|(L+m5)e =t ) oy |+ (L 173 )e, = (A1), )

Definition 2.10 [9] Let T ={(g,6,,6,6,):1m 72 it ) be a TEM-number. Value of T
based on centroid point denoted by Val(T) is computed as:

Zpldeff (T)
VaI(T) = I_T
where
I (x= 1)77T dx+jxn dx+Ix =), dx
5 \& 6—6) ! (6 —6) .
deff (T,) =2 ” (iel)
J. (?52 ilz? dx+;|;77TdX+_|-((€4 _23 dx

2.1 TFM Bonferroni Means

Here, we give two definitions called trapezoidal fuzzy multi Bonferroni arithmetic
mean and trapezoidal fuzzy multi Bonferroni geometric mean which will be base of
rest of the paper.

Definition 2.11 [14] Let T, ={(6, 21, &, 7. )i77r » 105 o7 ) (i€ 1,) be a collection of TFM-
numbers. For any p,q>0, if
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1 n 1
TP ®T4))P+d
n.(n-1) i%( ' )

i#]

TFMBAM (T, T,,...,T.) = (

then TFMBAM *? is called trapezoidal fuzzy multi Bonferroni arithmetic mean.

Definition 2.12 [14] Let T, ={(6, 1, &, )77, 105 o7 ) (i€ 1,) be a collection of TFM-

numbers, v = (ul,uz,...,z)n)T their weight vector, where v, indicates the importance degree

of T,, satisfying v, >0 (iel ), and Y v, =1. Forany p,q>0, If

i=1
1 n 1
v.TP)® (v, TY))P
D, @ @TNOG T
then TFMBAM, is called trapezoidal fuzzy multi weighted Bonferroni mean.

TFMBAM *9(T,,T,,....T.)= (

Definition 2.13 [14] Let T, ={(6, £, 6, 71117 .71z 711 ) (i €1,) be a collection of TFM-
numbers. For any p,q>0. If

n 1
TFMBGM ®(T,,T,,...,T,) = . RU(pT, ©qT,) " (1)
p+qij=
i%]
then, TFMBGM *? is called trapezoidal fuzzy multi Bonferroni geometric mean
operator.
Considering the weight vector of the aggregated arguments, the weighted form is

also proposed:

Definition 2.14 [14] Let Let T, =((6,£,,6,,7)i1h 715 vty ) (i €1,) be a collection of

TFM-numbers, v = (v,,0,,...,0, ' their weight vector, where v, indicates the importance

degree of T,, satisfying v, >0 (iel ), and Y v, =1. Forany p,q>0, If

i=1

n 2
TEMBGM P9 (T, T,....T,) =——( @ (pF" @qF)" "

i, j=Li%]

then, TFMBGM *® is called trapezoidal fuzzy weighted Bonferroni geometric

mean.

2.2 CRITIC method for determining of weight of criteria

CRITIC method which was firstly introduced by Diakoulaki et al. [12] helps to
decision makers to determine the weight of each criteria by means of values in the
decision matrix.
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Let M ={M,,M,,...,M_} be set of alternatives, C ={c,,c,,...,C,} be set of attributes
and x; be a values of M; alternative based on c; attribute. Then, algorithm of

CRITIC method is given as;

Algorithm:
Step 1 Construct the decision matrix (X;),,, according to decision makers’

preferences as;

X X Xix

Xa Xy Xox
(Xij )mxn = :

X Xz Xinn

where x; (i€l and jel, ) represents the real numbers.

Step 2 Find normalized decision matrix (X;j),,, of the decision matrix (X ) @S;

711 Xp o 71
721 X, 72

|

_ X22 X
(XIJ )mxn =
le 7m2 ot Ymn
where
Xj — rkniln{xik}
€ - -
n for benefit attribute

max{¥; }— min{¥; }
kEln keln

! TPEIIX{Xik}_ X;j
~n _ ,  for cost attribute
T?X{Xik}_ rkn||n{xik}
€'n

€ln

such that and jel,.

Step 3. Construct the relation-coefficient matrix (r;),,, of the normalized decision

matrix (X)) as;
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y N, - I
By T o Iy
(G = 1 1 00
rnl rn2 ces rnn

where

ZT:(YIJ - )’ZJ)(YII( _Xk)
\/2(7., - ij)z-i(xk - )~(k)2

such that j, kel .Here, X; and X, are arithmetic means of X; and X, , respectively.

My =

Step 4. Find c; to get information from contrast and conflicts in jth criterion as;

¢, =0, 2 (1-1)
k=1

where

and X; is arithmetic mean of X, for jel .

Step 5. Compute weights, denoted by w; (jel,) , of jth criterion c; as;

w =, (jel,)

2.3 Generalized Bonferroni Means
By taking the correlations of any three aggregated elements instead of any two,
Beliakov et al. [2] defined the Bonferroni means.

Definition 2.15 [2] Let p,q,r >0 and F, (i€ l,) be a collection of nonnegative

numbers. If
1

1 n
GBM **(F,F,,..,F,) = FPEIR )P 2
( 107 2 n) (n.(n—l).(n—Z)i,jZk::L i ] k) ( )
i# j=k

then GBM ("*" is called a generalized Bonferroni mean (GBM).
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Definition 2.16 [35] Let p,q,r >0, F (i< l,) be a collection of nonnegative numbers,

v =(0,,0y,...,0,)" be the weight vector of F, such that v, >0 (iel,) and Zui =1.If
i=1
n 1
GWBM *(F, F,y . F) = (Y w0y, (FPFTR )P o)

i,j.k=1

then GWBM " is called a generalized weighed Bonferroni mean (GWBM).

Note 2.17 [35] if v=(1/n,1/n,...,1/n)", then the GWBM converted into the following:

1

‘ 1< £\ prge
RBM 47 (F,F, .., F) = (5 D0 RPFIR)™ )

i,jk=1
which is called the revised Bonferroni mean (RBM).
Theorem 2.18 [35] Let p,q,r >0 and F, and G, (i< 1,) be two collections of nonnegative

numbers. GWBM has some properties as follows:

1. GWBM ®%"(0,0,...,0) =0

2. GWBMP*(F F,.,F)=F if F =F foralli.

3. GWBM **(F,F,,...,F,) > GWBM **)(G,,G,,...,G,) i.e., GWBM "*" is

monotonic if
F >G, foralli.

4. min{F}<GWBM **"(F,F,,..,.F)<max{F}.
Remark 2.19 [35] We can get some special cases as the change of the parameters:

1. If r =0, then the GWBM ®*" converted into the following:

1

GWBM P"*O(F,,F,,..., )—(Z vV (RPE)) P

i,j,k=1

= (iUin(Fiijq)i_Uk)M )

= (o, (FPF)

which we call a weighted Bonferroni mean (WBM).

2. Ifq=0and r=0, then

181



Editors: Florentin Smarandache, Derya Bakbak, Vakkas Ulucay, Abdullah Kargin &N. Merve $Sahin

GWBM **?(F,F,....F,) =( Zu,u U, p)p
= QuF" Y0, 30’ ©
= (Zr_]:ui Fip)B

which is the generalized weighted averaging operator ([39]).

Definition 2.20 [35] Let p,q,r >0, K (i<l,) be a collection of nonnegative numbers,

0= (0y,05,..,0,)" be the weight vector of ¥ such that v, >0 (iel) and Y v, =1.1If

i=1

GWBGM **(F, F,....F,) =—— @ (pF, ®aF, ®1F)"™  (7)
p + q +r i,j,k=1
then GWBGM **"” is called a generalized weighted Bonferroni Geometric mean

(GWBGM).

Theorem 2.21[35] Let p,q,r 20 and F, and G, (ie1,) be two collections of nonnegative
numbers. GWBGM %" has some properties as follows:

1. GWBGM ?*"(0,0,...,0)=0

2. GWBGM®*(F,F,.,F)=F if F =F foralli.

3. GWBGM **(F,F,,...,F,) > GWBGM **(G,,G,,...,G,) i.e., GWBGM ®*" ig
monotonicif F, >G, for all i.

4. min{F}<GWBGM ®*"(F,F,,...,F)<max{F}.

In addition, we can get some special cases as the change of the parameters:

1. If r=0 then GWBGM """ converted into:
GWBGM %9 (F, F,,...,F.)

Fa@qgF,) i
p+q”6<k)l(p aF)
iVi £k
F®gF,) 8
p+q|§>?1(p OI) (8)

= @(pF, ®qF)"™
P+qg<=>1 :

which is called a weighted Bonferroni geometric mean (WBGM).

-

2. If g=r=0, then
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n

GWBGM P*O(F, F,,..F) =+ & (pF)"™
Pi k=1
1 n uiZujZUk
== ® (pF) ™ 9)
Pi,jk=1
= F_Ui

[y

which is the usual geometric mean.

The aggregation methods given above can only cope with the situations in which
the elements are given as nonnegative numbers. If the arguments given in other
forms such as the trapezoidal fuzzy multi numbers, the methods will be formed as
follows:

3 Generalized Weighted Bonferroni Mean of TFM-

Numbers
Both the TFMBAM (® and the TFMBGM (*¥ which are given in Definitions 2.12

and 2.14 only tackle with the conditions in which there are correlations between any
two aggregated elements, but not the conditions where there are connections among
any three aggregated elements. In order to get rid of this drawback, motivated by
Definition 2.16, we extended the generalized Bonferroni mean to trapezoidal fuzzy
multi environment and proposed the following definition:

Definition 3.1 Let F ={((¢,p,,5,7,); 77§i ,nﬁi — 77;’i ) be a collection of TEM-numbers,

v= (ul,uz,...,z)n)T their weight vector, where v, indicates the importance degree of F,,
satisfying v, >0, (iel )and Y v, =1. Forany p,q,r >0, If
i=1
1

TFMGBAM P*(F,,F,,....F) = ( @ vou (FP®FI®F)) ™ (10)

ijk=1

then TFMGBAM ("*" is called trapezoidal fuzzy multi generalized weighted

Bonferroni arithmetic mean.

Remark 3.2 Let F ={(¢, p,, 5, ;/i);n,l:i ,néi n,fi> (iel,) beacollection of TEM-numbers,

v= (ul,uz,...,z)n)T their weight vector, where v, indicates the importance degree of F,,
satisfying v, >0, (iel, ) and Zui =1. By considering different values of p, q and r,

i=1

several specific cases of the TFMGBAM ("% are obtained as follows:
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1. Especially, if r — 0, then the TFMGBAM {"*" converted into:

1

imTFMGBAM "7 (F,, F,,....F,) = ( @ vo,u,(F" ® F%))*?

=0 ivjk=1
1

= (QpI@ury(FPOF)™ (1)
= (éUin (F°® qu))m

i,j=1
which is called an trapezoidal fuzzy multi weighted Bonferroni mean (TFMBAM )

which is given in Definition 2.12.

2. Especially, if @ —>0 and r — 0 then the TFMGBAM {"%" converted into:

1

lim(limTFMGBAM 47 (F,, F,,...,F.)) = lim(( @ vv,0, (FF ® F1))P*)

q—>0 r—0 q—>0 i,j,k:l

n 1
:(@UinUkFip)p

i,jk=1

1 (12)
= (ZUJ' ZUK C__Bui FP )B

= (@uF)"

which is the generalized trapezoidal fuzzy weighted mean.

Based on the operational laws of TFM-numbers given in Definition 2.7, we can give
the following theorem:

In the following theorem, algebraic product and algebraic sum are used in
computations.

Theorem 3.3 Let F =((6,p,,6,.7): 1.7t ) (i€l,) be a collection of TFM-

numbers and p,q,r >0, then the aggregated value by using the TFMGBAM **" is also a
TFM-number and computed as follows:

184



Algebraic Structures in the Universe of Neutrosophic: Analysis with Innovative
Algorithmic Approaches
1

TFMGBAM "7 (F,F,,...,F,) _(@U O (FPOFI®F))P

i,j,k=1

1

={((1- f[ (1- (qpqufkr))UinUk )m’

ijk=1

N 1
A-TT A=’ pip) )P,
ij k=1
1

(- [T @-(Pspo)™ iy,

(- TTa- G ™)
(1- H (1- (77F) (77|: )q(an) ) vV )W’

a- [ a-2) e, DT )N

i,j,k=1
1

(1 H (1 (77F) (77|: )q(T]Fk) )U'UJUk)p+q+r

i,j,k=1

(13)

Proof: To proof the Equation (13), we need to use mathematical induction on n.
Firstly, by the operational rules given in Definition 2.7, we get that:
LU (FPOF ®F) = ((1-1-¢’ele) ™, A~ (1- p’ o7 o) "
O O (A
1= (1= (75 )" (7 ) (7))
1= (- (2 022 )" )

1-(1-(78)* (i )q(mk))"”k

UJUk

1. When n= 2 we can get:

@U O (FPOF'®FR)=vuu (R OF ®F')

i,jk=1
@, (FPRF'®F,))
Buo,u (FPOF'®F")
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@v,uu (FFOF'®F")
du,0,(FF®F'®F))
@u,uu,(FS ®F'®F,))
@u,u,0,(F ®F'®F')
®u,0,0,(F ®F'®F,))
= (- (-6t 1, (L= (- pl Al ) 2,
(L (L= GPS30]) 1, (- (1= 27y 1 1);
1= (1= ()" (2)* (7)) ™,
1-(1-(me)" () (7 ) )™
1-(1- ()" (1) (7e)))*™)
((1-(1-¢76'¢) "2, (1-(1- o o p;) 112,
(1-(1-67676;) "2, (1= (1= 1 73) ")
1= (- 07 )7 0 ) )2,
1-(1-(e) " (7)) () ) ™2,
1- (1= () (7 )* (0 )')2)
O((1-(1- el )7, (- (L= pl Pl )2,
(1-(1-67676)) " (1= (A= r3 r) 1)
1= (1= (e,)" (r,)° () ") 2,
1-(1-(e) " (7)) () ) ¥
1- (- (7)) (o, ) () ) %)
S((1-(1-fe'q ) (-1~ piplp]) ™,
(L- (L= 8P5057) 21, (L (L= y 1) 212,
1= (1= (7¢,)® () () ") 21,
1= (1= (e))° (re)* (7)) ™.
1- (- ()P (rF ) () ) 4%
A((1-(1-6"¢'6) "2, (1-(1- p Py p;) 77,
(1-(1-87676,)%2, (1= (1~ 17 r3) %),
1= (1= ()" (7)) (7)) 2,
1-(1-(e) " (7)) (7)) ) 722,
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1-(1- ()" ()" (me,))" ) *%2)
((1-(1-&'a') "2, (1-(1- p} pi p;) **7,
(1-(1-60616;) 272, (1= (1- 10 yiy;) 242);
1= (1= (7e,) " (re)* (7)) 272,
1-(1-(e,))° ()" (26)) ) 272,
1-(1-(5))* (7)) (ne,))") *2)
S((1-(1-€Pe)e )21 (1-(1- p psl p) ) 2721,
(1-(1-67676)) %%, (1= (1= rim )22
1= (1= (7e,) " (re))* () ") 22,
1-(1-(e))° (re ) (2)") 22
B((1—(1-efele))222  (1- (1- pf P2 pl) 222,
(1-(1-60676,) 222, (1-(1- 173 7;) 2%2);
1= (1= (e,) " (2,)* (7)) 222,
1-(1-(2))" (7)) (7)) 22,
1-(1-(5)" (e,)* (7e,)") #%%)

2 1

= (@ [T a-(ea)™ ),

k

1
1-(p’ i) TH )y e,

—~
H
*:l“’

—
=

1l
i

1
(1 (5p5q5 ) Yi J”k))p+q+r,

A

1

(1 (P ye) Ry e

A
Z Z
= D N
|| ||

1- (1 (76,)" (2, ) (7, )' )"

i,jk=1

7\—

1= [ Q-6re)" or, DM
- ﬁ(l () )" (g Y)™™)

So, when n = 2, the Equation (13) is right.
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2. Suppose when n =t, the Equation (13) is right, i.e

1

t p+q+r
TFMGBAM " (F,,F,,...,F,) = [ @ ooy (FPOF ® ka)j

ij.k=1

1

1 (fipqufkr ))UiUJ-Uk ) p+g+r ,

:,.

1

(1 (PP plipe)) k)P

::lﬁ_

fu—
E
II

1
a-T1a- (3P8%57)) P,

k=1

t

Q- TT =GP ™™y, (14)

1

P
1

(1~ (1 ()P (7, ) () )P

1

(1- (1 (2P (2 ) (2, ")) e

1

(1- (1 (72 Y (7)) )P

then, when n=t+1, we have

1 1
t+1 p+g+r t p+Q+r
( D Uiujvk(Fip ® qu ® Fkr)j = ( @ uiujuk(Fip ® qu ® Fkr)j
i,j k=L i,j k=L

1
p+g+r

@ C—DU t+l t+1(F P ® Ft?—l ® Ft:—l)

t p+q+r
® @Unlujutﬂ(l:tfl ® qu ® Ft:l)

=1

p+Q+r

t
® @Ut+1ut+1uk (R ®FL®F) (15)
k=1

1

t p+q+r
(—B(@Uiujuwl(ﬁp ® qu ® Ftil)]

ij=1

1

p+q+r
((‘BU v (FPOFRL ® Fkr)j

ik=1
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1
p+q+r
[(—B +lka t+1®Fq®F)j

j,k=1

p+Q-+r
[ @ Via Va0, (RH®FRL® F+1)j

j.k=1

by Definition 3.1 and operational laws in Definition 2.7 we get following equalities;

1
1
[@U +1Ut+1(F P ® Ftil ® I:+l)j - <((1 H(l (6 t+1 t+1))UIUt+lUt+1) p+q+r

1

t
(1- H(l_ (pipp&lptrﬂ))“i“t+1”t+1) pra+r
i=1

1

t
(l_ H(l (é‘pé}ilé‘ll))u'utﬂutﬂ) brair ,

t 1
A-T[A- Pttty ey, (16)
i=1
! 1\p/..1 q/.1 A e PN ] ﬁ
@-TT(a- ) o )0, )7 ) e,
i=1

1

(1- H(l ) rE ) e ) ) e

(1- H(1 ) (f ) (o, )))>

1

1

t
[@ Ueal30 +1(thl®Fq®F+1)] = (A-TJA- (&) 7y e,
=z

1

(1- H(l (Plup} pLa)) Iy e,

j=1
1

t
(1_1_[(1 (é‘tgléqé‘rﬂ))“prl“ “t+l) prasr

(1- H(l (r2.y Oyl ) iy prary, (17)
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| it o
(l_H(l_(n'l:m)p(nll:j)q(ném) ) )Pt
i=1
| R RN v
- (1—(77§t+1)p(,7§j )q(77§t+1) ) )P
=1
| P \P(,P Ya(,P yr | LI ﬁ
(1- (1— (UFH]_) (nFj ) (nFt+1) ) ) )
=1
1 1
t p+a+r t Ur 10 10k \ DIGAT
[@Utﬂutﬂvk (RL®FL® Fkr)j = <((1—H(1_ (66 6n)) iy prasr
=1 []
t o
(l_ H(l— (ptalpﬂrlp; )) t+1%+1% ) p+Q+r ,

k=1
1

t —
(1_ H(l_ (é‘tﬁlé‘ﬂrlé‘kr ))Ut+lut+1“k ) Pra+
k=1
1

t -
(B [ (R CAAT ) ) LBt (18)
k=1
(1_ ! l—( 1 )p( 1 )q( 1 v\ ﬁ
g( nFtJrl ﬂF’Hl an) ) ) !
t

a-TT(a-0m2 )7 ) )|

k=1

1
Ut1%+1% )m
’e

.oy
t

1
A-TT(2-0E )P (g g ) ) )P

k=1

1

t p+g+r t S 1
(eauiv,-um(ﬁp ®F ® Ftil)j = (AT A= (g el ) 1y e,
=t ij=1
t - _r
(1_H(1_(pipp?ptr+1)) Py e
i,j=1
t .
(1-TTa- (88780, P, (19)
ij=1
t [2R VR V) [ —
- S ) ) ) yeraer
1 H(l CNCANCA N D R
t 2NP /2 \G 7.2 r“i“j”t+1ﬁ
a-TT(-@d)ret e ).
ij=1
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t \Glit ﬁ
(1—irj:[l(1—<n;)p(n;)‘*(n.i;ﬂ)) )P
7 l 1
[@Uut+luk(|:p® t+1®F )j _<((1 H(l (6 t+15k ))U|Ut+10k)p+q+r
ik=1 ik=1
t 1
A-TTA-(p plip) etk ) P,
i,k=1
t 1
(1_H(1 (5')5&15 ))“i“t+1”k)p+q+r'
ik=1
t 1
A-TTA-GPri o)) reny;
i,k=1
! 1\p 1 q 1 \r Uit +1% ﬁ
@-TT (LGP ) ) ) ),
ik=1
E 2\p 2 q 2 N1 Yibt+1% ﬁ
@-TT(- 2 e ) 2 ) ) )P,
ik=1
t Pyp p q P \r UiUt+lUk ﬁ
@-TT(2-@) e ) mE ) ) ™)
ik=1
1

[@ v a0 (R ®F ®F >j = (@ [T (et ) e,

jk=1 jk=1
t 1
(S [ OS2 30721729) Inkid Lanl
ik=1
(1 H(l ( t+15q5 ))“’H—l“ i% ) p+q+r
j.k=1
t 1
(R [ (ERCA5770) i Lanp
k=1

-1 (-0t ) e sy ) o

j.k=1

t

a-TT(2-k) @k )y @k, ) ))

j.k=1

! r\% ﬁ
[ OMEUSUTS Y TP

jk=1

and

191

(20)

(21)



Editors: Florentin Smarandache, Derya Bakbak, Vakkas Ulucay, Abdullah Kargin &N. Merve $Sahin

t D+:+I’ t 1
r —_ U, 4 U, + L, + o+
ViVl (RH ® R ®FL) =(((1- H (I (ghahial,)) ot P,
i,j.k=1 s
‘ 1
(1— H (1— (pt‘llpilpt:l)) 1%+ t+1) pra+r
ihjk=1
! 1
(- TT @-(@haior ey,
i)jk=1
: 1
(l— H (1— (7t217t117t:1)) t+10t+1 t+1) p++r ); (22)
i)jk=1
t Ut 1Ut lut 1 #
- — 1 P (5,1 q 1 T R S e N
¢ fylxl (nﬁﬂ)(nﬁu)(nﬁﬂ)) )
(1— t (1_( 2 )p( 2 )q( 2 )r ”t+1“t+1“t+1)ﬁ
i,jk=1 UFHJ- 77Ft+1 nFt+1 ) yoooy
t Ut ll)t lUt 1 #
(1_ (1_ (UEHI ) i (77'24-1 )q (77:[+1)r ) ) pra=t >

ijk=1

by using Equations (14), (15), (16), (17), (18), (19), (20), (21) and (22), we have

t+1 ﬁ t+1 - 1
( @ UinUk(Fip ® qu ® ka)] =(((1- H (1_(qp€jq€kr)) iV] k)p+q+r,
hkEL ij k=1
t+1 001 1
(A= T @ pfp)™ ™)™,
i,j,k=1
t+1 - 1
(- [T a-@raian ™)==,
i,j,k=1
t+1 b0, 1
A= [T A-G i )P, (23)
i,j,k=1
t+1 1 1 1w UinUk %
a-T1 (@ yary |,
t+1 ) , . ”i“j“k
(1—4:[:1(1—(175)p<nFj>Q(an>) e
t+1 b b P \r YL %
O ) (AR I B
i,j,k=1

Thus, when n=t+1, Equation (23) is right. So, the Equation (13) is right for all n.
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By operational laws in Definition 2.7 and the Equations (14), (15), (16), (17), (18),
(19), (20), (21), (22) and (23), we get finally that:

n p+q+r
TFMGBAM "7 (F,F,,...,F,) = [ @ v (R OF'® Fk’)j
ijk=1
1

={(1- ﬁ (1- (fipqufkr ))UinUk )m,

i,jk=1
n .
@- TT @2 pfon™ ™y,
i,j,k=1
n 1
(- [T @-(8P5087)) 1% ypra,
i,j,k=1
n o1
A- T A-GPrimn )Py,
i,j,k=1
n L; L D #
r) IR g
ORI I
n VLU, 1
r|’ k +Q+r
(1—ig1(1—(n§i)p(ﬂﬁj)q(nik)) Mywer
n L; VD #
r) IR prger
-1 (t-@0r el yasy)
i,jk=1

and proof is completed.

In the following proposition, algebraic product and algebraic sum are used in
computations.
Proposition 34 Let F =& 0.,5,7)m 0t onf) and

G =((&.$1.0, 61 16 -5y (i€l,) be two collections of TFM-numbers.

TFMGBAM "% also has the following properties:
1. Ifall F=F (iel,) foralli, then

TFMGBAM "*"(F,,F,,...,F,) = TFMGBAM {**"(F,F,..,F) = F
2. if F, >G, for all i, then TFMGBAM {**" is monotonic that is,

TFMGBAM "7 (F,F,,...,F,) > TFMGBAM {**" (G ,G,,...,G,)
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3. Let (Fl,FZ,...,Fn) be any permutation of (F,F,,...,F,) and (v,,0,,...,0,) be
weight vector of (Fl, FZ,..., Fn) . Then,
TFMGBAM ("7 (F,,F,,...,F,) = TFMGBAM {**"(F,,F,,...,F.)

4.
F~ <TFMGBAM "*"(F,F,,..,F,)<F"*
where
F* = ((max{&}, max{p.}, max{6.}, max{:}); max{7 }, max{n¢ }..... max{nc

{Ieln} {Ieln} {leln} {Ieln} {Ieln} ! {Ieln} ! {Isln} !

and
F~ = {(minf{e} minde.} min{8.} mindr: D) min{me 3 min{m Yo min{nl P

{iel } {iel } {iel } {iel } {iel } ! {iel } ! {iel } !

Proof

1. Let F=F (iel,) foralliandlet F ={((¢, 0,8,7);nm:,n¢,...,nF) . That is, ,
p=p, =06, ,=yand g =mp, Mg =R S0
TFMGBAM "7 (F,F,,...,F,) = TFMGBAM **"(F ,F,...,F)

n PO+
=[ @ v (FPOF'® Fr)j

= (- T @ efer )™ e,
(1—41(1—(pfp;*po)“i”"“k o
(1—_fk[_l<1—(5ﬁ’5§5:))”‘“i“k)p+lw,
(1—ifk[:l<1—(mpy;*y; Yy,
(l—iill(l—(né)"(né)q(né)r)U‘”"“k)‘”:”,
(1—ifk[=l(1—(f7§)"(ﬂ§)q(n§)')Uiujuk)’”:”,...,
(1—iﬁ[:l(1—(nﬁ)p<nﬁ)qw£)f)”‘“"“k ey
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= (A= [ @erory i yoer,

i)jk=1
n 1
(1- (1- pp*q”)uiuivk )PeaT
n 1
(1_ (1— 5p+q+r)uiujuk ) p+q+r 1
n 1
(1- H (1_7/P+q+r)viujuk)p+q+r);
injk=1
L VD) L
(- T () ) vyeer,
i)j.k=1
n o
(A= I (1@ ey iyeer, .,
inj k=1
n 1
(1= [T (@-@g)reer )iy
e
i)jk=1

: 1
= (- (1-e"), jZkZIUin“k yorart

I"I
1

(1 1- pp+q+r )| o 1 ik ) p+g+r ,

n 1

(1-(1- 5P+q+r) Wit yprart

i,j,k=1

n
1

(
(
(L (1) 2 ey,
({1 ) ey
(e (1 o) e
(1) ey
! 1

=(((1- ( ehrart )) prasr (1_(1_pp+q+r))m'

1

(1_( — §hra+r )) P+O+r (1 ( P )) p+q+r);
(A== @) P,

(L= (1= G )P

195



Editors: Florentin Smarandache, Derya Bakbak, Vakkas Ulucay, Abdullah Kargin &N. Merve $Sahin

1

(L= (1= (mE)Pre )Peaer)
=6, p. 0, Y)imE MR )
=F

2. Since F, >G,, it is obvious that
G260 261026,72¢ (24)
= a’ele 28’ ele . p pip 2 CPEIE00610 2 6P0700. 7Py in = 6P 6jsk

il_(l_ﬁpgqukr)UinUk <1- (1—8ipg?g£)vi0j"k ,1_ (1_,0ip,0?,0£)0i0j0k S1_(1_é,ipé/?é,kr)Uiujuk '

1-(1-6°5967) "1™ <1-(1-6P070)) "™ 1— (1P oy0) "1™ <1-(1-gPgigr) ™1™

n # n 1
= (1- H (1_€ip€jq6kl’)ui0juk)p+q+r > (1- H (1_gipg?gkr) iV k)p+q+r,
i k=1 k=1
n # n 1
(1- H (1_pipp?pkr) i k)p+q+r > (1- H (1_4!34’](14/':) iV k)p+q+r’
k=1 ijk=1
n ; n 1
(1- H (1_5ip§;15kr)uivjvk)p+q+r > (1- H (1_9|P91q€kr) iV k)p+q+r’
k=1 k=1
n ; n 1
=TT @=rfrir) )P 2 (- [T @-gfsfsr) )P
i k=1 k=1

On the other hand similarly we can write that
Me, 27160705, 26, 7Tr, 271G,

By using operational laws of TFM-numbers:
(2)" 2 ), )" > (18)° (nE )", )

= (L-(70)" (7 )* (7)) < (1= g ) (o ) (6 )) ™™
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1

~ -1 (A=) ()l )Y )P = (1 11 -8 (rE )l )) )

ijk=1 i)j k=1
(25)
If we consider Equations (24) and (25), we get that and complete the proof:

TFMGBAM ("7 (F,,F,,...,F.) > TFMGBAM **"(G,,G,,...,G,)

3. Let (F,F,,...,F,) be any permutation of (F,F,,...,F,) and (¢;,0,,..,0,) be
weight vector of (Fl, FZ,..., Fn) . Then,

1

n p+q+r
TFMGBAM (P (F,,F,,...,.F) = ( v, (FPOF® F{)J
ij.k=1

1
n . . . p+q+r
:( @ 6,,0, (Fip QF'® F;)J

ijk=1

= TFMGBAM "7 (F,,F,,...,F.)

4. From Proposition (3.4),

TFMGBAM P (F~ F~,...,F)=F~

and
and from Proposition (3.4) and Definition 2.8,

TFMGBAM P*"(F~ F~,...,F") <TFMGBAM **"(F,,F,,...,F,)

and
TFMGBAM ("*"(F | F,,...,F,) <TFMGBAM **"(F*,F* ..., F")

Therefore,
F~ <TFMGBAM "*"(F,F,,..,F,)<F"*

3.1 Generalized Weighted Bonferroni Geometric Mean of
Trapezoidal Fuzzy Multi Numbers

In this section, we introduce the generalized weighted Bonferroni geometric mean
and based on that, we give the trapezoidal fuzzy multi generalized weighted
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Bonferroni geometric mean.

Definition 3.5 Let F, :((q,pi,é‘i,yi);n:;i,77,%,...,17,2} (iel,) be a collection of TFM-

numbers, v = (v,,0,,...,0,)" their weight vector, where v, indicates the importance degree
of R, satisfying v, >0 (iel ), and > v =1. Forany p,q,r >0, If

i=1

TFMGBGM P (F,,F,,...,F,) = ! (® (pF @gF, ®rF,) ") (26)
p+q+r ijk=1

then TFMGBGM [P%" is called a trapezoidal fuzzy multi weighted Bonferroni

geometric mean operator.

In the following theorem, algebraic product and algebraic sum are used in
computations.

Theorem 3.6 Let F =((6,0,,6,.7 )0 1 ,-.mt ) (i€l,) be a collection of TFM-
numbers and p,q,r >0, then agqregated value by using the TFMGBGM (%" is also an

TFM-number and computed as follows:

TEMGBGM " (F,,F,... F,) =———( ® (pF, ®F, ®rF)"")
P+a+T k=
n _r
=(1-@- [ [1-(-6)" A=) @-g) T )™,
ijk=1
n ot
1-(1- [][1-(1-p) (1= p))"(@-p) T) 7,
i,jk=1
n _r
1-(1- [T [1-(-8)"(@-5))" (= 5)T™) ™,
i,jk=1
n o
1-(1- [T [1-(-7)"@=7)"@=n)T7) ™),
ijk=1
n ot
1= (L= T =@ )" (e ) (g )T oo,
i,jk=1
n o
1- (- T -7 )" (@0 ) (= )TV L,
i,jk=1
n o
1_(1_ H [1_(1_77'2)’)(1_77'5])q(l_n'fk)r] iV k)p+q+r>
ijk=1

(27)
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Proof: The theorem can be easily done similar to Theorem 3.3.

Proposition 3.7 Let F={e,p,0, yi);néi ,nﬁi ,...,nE) and
G, = ((gi,gi,ﬁi,gi);néi ,néi ,...,ngi) (iel,) be two collections of TFM-numbers.
TFMGBGM {*%" also has the following properties:

1. Ifall F =F (iel,) foralli then
TFMGBGM "*"(F,,F,,...,F,)=F
2. if £ >G, for alli, then
TFMGBGM ("7 (F,,F,,...,F,) > TFMGBGM {**"(G,,G,,...,G,)

3. Let (F,F,,...,F,) be any permutation of (F,F,,...,F,) and (¢;,0,,..,0,) be
weight vector of (Fl, FZ,..., Fn) . Then,

TFMGBGM """ (F,,F,,...,F,) = TFMGBGM "*"(F,,F,,...,F,)

[EETR Y

4.
F~ <TFMGBGM "*"(F,F,,...F)<F"*
where
F* = ((max{&}, max{p.}, max{6.}, max{:}); max{7 }, max{n¢ }..... max{7c
{iel,} gl fiel)} 7 {iel )} giel,y 17 fiel)y Giel )}
and

F~ ={(minf{e} minde.}, min{8.} mindr D) min{me 3 min{m2 Yo min{nl P
{Ieln} {Ieln} {Ieln} {Ieln} {Ieln} ! {Ieln} ! {Ieln} !
Proof Items can be proven similar to Proposition 3.4.

4 Application

In this section, we give process to solve decision-making problems given under
trapezoidal fuzzy-multi environment. Then, we give an application to show
running of the process.

Decision Making Process
Step 1 Present a TFM decision matrix ((L;),,,) for each group of the criteria,

ij /mxn
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showing results of evaluation based upon the characteristic of the alternative
M ={M,,M,,...,M_} satistying the attribute C ={c,,c,,...,C,} based on linguistic

terms Table 2 as follows:

L, L, - L

L, L, - L,
(La =| © &

Ly Lo o L

Step 2 Find a weight vector for each group of the criteria as follows:

Substep 1 For each TFM decision matrix, construct a matrix ((x;)) consisting of real

numbers by value of TFM-numbers obtain from defuzzification of each element of

the decision matrix (L),,, by using Definition 2.10 as follows:
X X o Xy
Xa Xy 0 Xy
(Xij)mxn =
Xml Xm2 o an

Substep 2 Find the weights of criteria according to criteria in the decision-making
problem and values in (D, ),,, matrix by using CRITIC method given in Subsection

ij /mxn
2.2
v=(v,0,,..,0,)
where Y v, =1.
i=1
Step 3 For all i (iel,), find the aggregation values by using Equation (13) (or

Equation (27)) according to first group of criteria, to get the performance value
corresponding to the alternative M;, denoted by ,L;, (i€1,) as follows:

L =TFMGBAM P (L, L,,,...L, )i el,)
Step 4 For all i (iel,), find the aggregation values by using Equation (13) (or

Equation (27)) according to second group of criteria, to get the performance value
corresponding to the alternative M;, denoted by ,L,, (i€l,) as follows:

,L, =TFMGBAM (" (L, Li,..... L) € 1,,)

Step 5 Compute the Hamming distance given in Definition 2.9 between ,L; and
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iel,)
Step 6 Rank the results. The smaller result, the better alternative.

4.1 Numerical Example

The thread of increasing in poverty and hunger in the world obliges states to take precautions in this
regard. Although developed countries have come a long way in this regard, even this is no longer a
problem for them, there are still many countries that do not take adequate steps in this issue.
Especially underdeveloped countries, as they are insufficient economically, are vulnerable and suffer
victimization in poverty and hunger. In order to prevent this situation, some countries that decided
to take action have taken the models of the countries that have achieved success in this subject to
examination and have decided to take the model they found suitable for them as an example. As a
result of the examination, the policies that developed countries have already implemented and are
considering to implement in the near future have been taken into consideration. Countries will
decide on the choice of model by looking at how well the currently implemented policies lead to the
policies that are planned to be implemented as next step of precautions against poverty and hunger.
Models which can be choosen are as follows:

Model of Country 1 (M
Model of Country 2 (M
Model of Country 3 (M
Model of Country 4 (M
Model of Country 5 (M
Model of Country 6 (M

SN S

1)
2)
3)
4)
5)
6)

Group of policies, according to United Nations, given as follows:
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Table 1: Groups of Policies

. Merve Sahin

Already Implemented Policies (First Group of Targeted Policies (Second Group of
Criteria)(eq,ca,...,0 Criteria)(éy,c Zo)
¢y | To eradieate extreme poverty for all people ¢ | Ensuring universal access to reliable and
everywhere, defined as living on less than nutritious food
1.25 per day
ca | To reduce at least by half the proportion of & | Eliminating all forms of malnutrition for
men, women, and children of all ages living in BVEryOone
poverty in all its dimensions according to
national definitions
cg | To implement nationally appropriate social &z | Inereasing the produetivity and incomes of
protection systems and measures, ineluding small-scale food producers
minimum safeguards, to ensure coverage for
all and achieve substantial coverage of the
poor and vulnerable
cq | To ensure that all men and women, ¢y | Ensuring sustainable food production systems
particularly the poor and vulnerable, have and implementing resilient agricultural
equal rights to economie resources, as well as practices
access to basie serviees, ownership, and
control over land and other forms of property,
inheritance, natural resources, appropriate
new technology, and financial services,
including microfinance
cs | To build the resilience of the poor and those &5 | Preserving genetic diversity in food
in vulnerable situations and reduce their production
exposure and vulnerability to climate-related
extreme events and other economie, social,
and environmental shocks and disasters
cg | To ensure significant mohilization of &g | Enhanecing investments in rural
resources from a variety of sources, including infrastructure, agricultural research and
through enhanced development cooperation, extension services, technology development,
in order to provide adequate and predictable and plant and animal gene banks in
means for developing countries, in particular developing countries through improved
the least developed countries, to implement international cooperation to increase
programs and policies to end poverty in all its agricultural production capacity
dimensions
oy | To create sound policy frameworks, at the &7 | Preventing agricultural trade restrictions,
national, regional, and international levels, market distortions, and export subsidies
based on pro-poor and gender-sensitive
development strategies, to support
accelerated investment in poverty eradication
actions
&g | Ensuring stability and timely aceess to
information in food commodity markets
¢g | Enhaneing investments in rural
infrastructure, agricultural research and
extension services, technology development,
and plant and animal gene banks in
developing countries, particularly the least
developed countries, through improved
international cooperation to increase
agricultural produection capacity

Table 2: TEM-numbers of linguistic terms

Linguistic terms

TFM-numbers

Definitely-low(DL)

((0.01,0.05,0.10,0.15);0.1,0.2,0.3,0.4)

Too-Low(TL)

((0.05,0.10,0.15,0.20);0.2,0.3,0.4,0.1)

Very-Low(VL)

((0.10,0.15,0.15,0.20);0.2,0.4,0.5,0.3)

Low(L) ((0.10,0.20,0.20,0.30);0.3,0.4,0.8,0.1)
Fairly-low(FL) ((0.15,0.20,0.25,0.30);0.4,0.6,0.2,0.5)
Medium(M) ((0.25,0.30,0.35,0.40);0.4,0.5,0.6,0.8)
Fairly-high(FH) | ((0.30,0.35,0.40,0.45):0.6,0.1,0.8,0.4)
High(H) ((0.40,0.45,0.50,0.55);0.8,0.9,0.3,0.6)

Very-High(VH)

((0.45,0.55,0.65,0.75);0.7,0.8,0.6,0.3)
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((0.50,0.60,0.70,0.80);0.1,0.7,0.8,0.9)

((0.70,0.80,0.90,1.00);0.7,0.8,0.9,0.2)

Too-High(TH)
Definitely-high(DH)

Step 1 Present two TFM decision matrices since there are two groups of the criteria:

Decision Matrix-1 according to first group of the criteria (¢, C,,...,C,):

)
)
)
)
)
)

((0.15,0.20,0.25,0.30): 0.4,0.6,0.2, 0.5
((0.25,0.30,0.35,0.40): 0.4,0.5,0.6, 0.8
((0.01,0.05,0.10,0.15):0.1,0.2,0.3,0.4
((0.40,0.45,0.50, 0.55); 0.8,0.9,0.3,0.6
((0.45,0.55,0.65,0.75); 0.7,0.8,0.6,0.3
((0.15,0.20,0.25,0.30); 0.4,0.6,0.2, 0.5

0.70,0.80,0.90, 1.00); 0.7,0.8,0.9, 0.2)
0.50,0.60,0.70, 0.80); 0.1,0.7,0.8, 0.9)
0.70,0.80,0.90, 1.00); 0.7,0.8,0.9, 0.2)
0.50,0.60,0.70, 0.80); 0.1,0.7,0.8, 0.9)
0.01,0.05,0.10, 0.15); 0.1,0.2,0.3, 0.4)
0.10,0.20,0.20, 0.30); 0.3,0.4,0.8,0.1)
0.05,0.10,0.15,0.20); 0.2,0.3,0.4,0.1)
0.40,0.45,0.50, 0.55); 0.8,0.9,0.3, 0.6)
0.05,0.10,0.15,0.20); 0.2,0.3,0.4,0.1)

0.25,0.30,0.35,0.40); 0.4,0.5,0.6, 0.8)

((
((
{(
((
((
((

M,
M,
M3
M,
M
Mg

)
)
)
)
)
)

((0.10,0.20,0.20,0.30):0.3,0.4,0.8, 0.1
((0.50,0.60,0.70,0.80):0.1,0.7,0.8, 0.9
((0.10,0.20,0.20,0.30); 0.3,0.4,0.8, 0.1
((0.10,0.20,0.20,0.30); 0.3,0.4,0.8, 0.1
((0.45,0.55,0.65,0.75); 0.7,0.8,0.6, 0.3
((0.25,0.30,0.35,0.40); 0.4,0.5,0.6, 0.8

0.01,0.05,0.10, 0.15); 0.1,0.2,0.3, 0.4)
0.70,0.80,0.90, 1.00); 0.7,0.8,0.9, 0.2)
0.05,0.10,0.15,0.20); 0.2,0.3,0.4,0.1)
0.10,0.15,0.15,0.20); 0.2,0.4,0.5, 0.3)

0.30,0.35,0.40, 0.45); 0.6,0.1,0.8, 0.4)

{(
((
((
((
((
((

)
)
)
)
)
)

((0.40,0.45,0.50, 0.55): 0.8,0.9, 0.3, 0.6
((0.01,0.05,0.10,0.15):0.1,0.2,0.3, 0.4
((0.70,0.80,0.90,1.00); 0.7,0.8,0.9, 0.2
((0.70,0.80,0.90, 1.00); 0.7,0.8,0.9, 0.2
((0.45,0.55,0.65,0.75); 0.7,0.8,0.6, 0.3
((0.05,0.10,0.15,0.20); 0.2,0.3,0.4,0.1

0.05,0.10,0.15,0.20); 0.2,0.3,0.4,0.1)
0.15,0.20,0.25,0.30); 0.4, 0.6, 0.2, 0.5)
0.05,0.10,0.15,0.20); 0.2,0.3,0.4,0.1)

{(
((
((
((
{(
{(

)
)
)
)
)
)

£0.6,0.1,0.8,0.4

)
)

(0.25,0.30,0.35,0.40);0.4,0.5,0.6,0.8
(0.30, 0.35,0.40, 0.45);0.6,0.1,0.8, 0.4
(0.45,0.55,0.65,0.75);0.7,0.8,0.6,0.3
(0.30,0.35,0.40,0.45);0.6,0.1,0.8,0.4
(0.01,0.05,0.10,0.15);0.1,0.2,0.3,0.4

(0.30,0.35,0.40, 0.45

{
{
{
{
{
{

Decision Matrix-2 according to second group of the criteria (¢,,C,,...,¢y):

e e e o e e s o e e e,

Sccocds Sooooo e NG
SdrNedn oidadd SSS5SS

—=momen T AT T eSS s

Sodoos Sooc oS MIA ARG
Woogowy wogo gy —S2°9000
SADAST NSA=AN S sS SE S

f b b bl
e o e e e ot

T e T T o o o, e,

Ooddoo ocoddodo oooodao
Sourcy Mowing So oy
FRAmMAN mFAmlm ERSANN

TS Do Do

T o o T o, P o |, o, P,

S QW an
EASSSS) ARY03IF IS I~ 3
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Step 2 Find two weight vectors since we have two decision matrices:

Substep 1 For each decision matrix, construct a matrix consisting of real numbers
by value of TFM-numbers obtain from defuzzification of each element of the
decision matrices given above by using Definition 2.10 as follows:

Decision matrix for first group of criteria is built as follows:

] Co Ca €y c
0.2000 0.2250 0.1250 0.2000 0.475( 2
0.6500 0.3250 04750 0.6500 0.0779 0.3
1y _ 0.8500 0.0779 0.1250 0.2000 0.1250 0.8500 0.3
(i3 Jmizn = 0.6500 0.4750 0.3250 0.2000 0.1250 0.8500 0.37
0.0779 0.6000 0.0779 0.6000 0.2250 0.6000 0.0779
0.2000 0.2250 0.85p0 0.3250 0.1250 0.1250 0.3750

=
=] =1 =

f—
—
]

O
-
[

=t

and decision matrix for second group of criteria is built as follows:

t:."l ('.'g f..’.g {..‘.4 s 5 {':!U f!; fla ('.'f_;
0.6000 0.3750 0.2000 0.1230 0.1500 0.3750 0.1230 0.6500 0.4750
0.2000 0.6500 0.2250 0.6500 0.3750 0.1230 0.8500 0.2000 0.3750
2y | 0.1230 0.1230 0.8500 0.3750 0.1230 0.3250 0.6000 0.2000 0.1230
i) man = 0.2250 04750 0.2000 0.6500 0.1230 0.1230 0.3750 0.3250 0.6500
0.8500 0.3250 0.2000 0.3250 0.2250 0.3250 0.2000 0.2250 0.6000
0.2000 0.2250 04750 03250 0.2000 0.3750 0.3250 0.2250 0.1230

Substep 2 Find two weight vectors of criteria according to matrices given above:

Weight vector of first group of criteria is taken as follows:
=(0.1524,0.1467,0.0966,0.1513,0.1380,0.1153,0.1993)

Weight vector of second group of criteria is taken as follows:
=(0.1294,0.09084,0.1249,0.0924,0.0896,0.1162,0.1343,0.0923,0.1296)

Step 3 Find the aggregation values according to first group of criteria:

Aggregation results of TFMGBAM "7 (L ,L,,,...L )iel,)

L, =TFMGBAM (L, Ly, .., L)
=(0.1210,0.1350,0.1462,0.1784;0.1960,0.2560, 0.2450,0.1510)
Similarly,
,L, =(0.1135,0.1350,0.1680,0.2080;0.1370,0.2190,0.2930, 0.2950)
,L, =(0.1290,0.1450,0.1560, 0.1870;0.2210,0.2260,0.3320,0.1120)
,L, =(0.1380,0.1660,0.1870,0.2040;0.1990, 0.2330, 0.3230, 0.1920)
,Ls =(0.1350,0.1550, 0.1550,0.1910; 0.1990,0.2330,0.3230, 0.1920)
. L, =(0.1020,0.1144,0.1450,0.1468;0.1830,0.1840,0.2780, 0.1380)
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Step 4 Find the aggregation values according to second group of criteria:
Aggregation results of TFMGBAM "7 (L,L,,,..., L, )

L =TFMGBAM 9 (L, L., L)
=(0.1240,0.1370,0.1570,0.1740);0.1880,0.2020,0.2620,0.1780)

Similarly,

,L, =(0.1370,0.1540,0.1740,0.1870;0.1660, 0.2040,0.3220,0.1990)

,L; =(0.0910,0.1340,0.1470,0.1740;0.1790,0.2000,0.2670,0.1280)

,L, =(0.1240,0.1450,0.1680,0.2740;0.1600,0.2370,0.2860, 0.2320)

, L5 =¢0.1170,0.1470,0.1570,0.1600;0.1880, 0.2530,0.2360,0.2470)

,Ls =(0.0680,0.1240,0.1290,0.1380;0.1780,0.2050,0.2020,0.2410)

Step 5 Compute the Hamming distance between , L, and ,L; (i€l,) as follows:

For TFMGBAM "*" (L, L,,,... L, ):
d(,L,., L) =0.0034
d(,L,,,L,)=0.0108
d(,L,,, L,) =0.0128
d(L,,, L,)=0.0193
d(,Ls,, L) =0.0100
d(,L,., L) =0.0102

Step 6 Rank the results and determine the best alternative:

For TFMGBAM {»%":

M, <M, <M, <M, <M, <M,

As seen, the best alternative is M,.

5 Comparison Table

Table 3: Some rankings in terms of other methods and proposed methods

\

Methods Operator  Ranking
Proposed Method 1 TFMGBAM **P 1M, > M, >M,>M, >M, > M,
Proposed Method 2 TFMGBGM Y IM; > M, > M, > M >M, > M,
Method of Kesen and Deli [15] | TFMBHM®Y M, >M,>M;>M, >M,
Method of Deli and Keles [8] S'(M,) M, >M,>M,>M,>M,
Method of Ulucay et al. [29] TEMG, M;>M;>M,>M, > M,
Method of Sahin et al. [21] D, M;>M,>M, >M, > M,
Method of Ulucay [28] S M,>M,>M,>M;>M,
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In Table 3, we gave a brief comparison of introduced operators with some existing
operators such as weighted Bonferroni harmonic mean operator given by Kesen and
Deli [15], distance measure operator proposed by Deli and Keles [8], TFM weighted
geometric operator introduced by Ulucay et al. [29], weighted dice vector similarity
operator submitted by Sahin et al. [21] and vector similarity operator given by
Ulucay [28]. Poverty and hunger has been still drawing attention all around the
world. This is the main reason why we chose the selection of a model against
poverty and hunger. As for operators we introduced, we used them efficiently on
the problem. If the comparison table is analyzed, results of the proposed
aggregation methods presents a new perspective to decision making process and
generally compatible with the existing methods. Therefore, decision makers can
easily use proposed methods to solve decision-making problems with multiple
criteria.

6 Conclusion

In the paper we introduced two new aggregation methods in TFM-numbers which
are called trapezoidal fuzzy multi generalized weighted Bonferroni arithmetic
mean operator and trapezoidal fuzzy multi generalized weighted Bonferroni
geometric mean operator. Then, we analyze their properties and special cases by
changing p,q and r values. At the end, firstly we gave a solution process.
Secondly, we gave numerical example to see application of the operators.

The paper mainly deals the methods to select the best model for fighting against
poverty and hunger. These methods can efficiently used for such situations. The
specific characteristic of these methods is that they deal with the three aggregated
arguments instead of two or one. This makes these methods more sensitive. This is
why the application of these methods in fighting against poverty and hunger
performs well. In the future, new mathematical modelling will be proposed for
selection problems in many areas which draw attention such as zero waste, artificial
intelligence, machine learning, deep learning, big data etc.
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ABSTRACT

With the increasing collection of data in areas such as healthcare, finance, social
media, and scientific research, significant challenges arise in machine learning
applications due to data issues such as noise, missing labels, and inconsistencies.
This chapter examines neutrosophic theory, which includes truth, uncertainty, and
falsity, as a framework to effectively manage these challenges. It presents studies
that demonstrate improved robustness to clustering and classification tasks
involving uncertain or missing data by integrating neutrosophic principles into
machine learning models such as Neutrosophic K-Means. The study highlights the
potential of neutrosophic to significantly advance data preprocessing and
predictive performance in complex, uncertain environments by demonstrating how
neutrosophic distance metrics can increase model accuracy compared to traditional

approaches.

Keywords: Neutrosophic sets, Dataset, Prediction, Neutrosophic K-Means,
1 INTRODUCTION

With the rapid advances in technology, an enormous amount of data is being
collected and accumulated across various fields such as healthcare, finance, social
media, and scientific research. This real-world data, while highly valuable, often
comes with a variety of challenges when it comes to utilization in machine learning
or artificial intelligence models. Common issues include incomplete or missing
labels, noisy data, inconsistencies, and gaps in the dataset. These challenges make it
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difficult to derive accurate insights or predictions without appropriate
preprocessing or handling techniques. In particular, deep learning algorithms—
despite their powerful capacity to model complex patterns in data—can face
significant issues when learning from noisy or imperfect datasets. These algorithms
are known to have a strong tendency to memorize the data they are trained on,
which can lead to overfitting. Overfitting occurs when a model becomes so tailored
to the training data, including noise and irrelevant patterns, that it fails to generalize
well to unseen data. Studies exploring deep learning’s response to noisy data have
found that, even when using advanced techniques such as normalization (which
scales the data to a consistent range) and dropout (which randomly disables
neurons during training to prevent co-adaptation), there can still be a significant
degradation in performance. Despite these regularization techniques, the presence
of noise in the data continues to hinder the model's ability to effectively generalize,
leading to substantial loss in performance when applied to real-world tasks. These
findings highlight the ongoing challenge of developing robust deep learning
models capable of learning from noisy and imperfect data without overfitting.

Neutrosophy, a theory developed by Florentin Smarandache to handle
uncertainty, inconsistency, and incomplete information, introduces three essential
components: truth (T), indeterminacy (I), and falsehood (F) [1]. Unlike binary logic,
which assigns values of either true or false, or fuzzy logic, which assigns degrees of
truth, neutrosophic logic allows for the representation of all three components
simultaneously, offering a more detailed and flexible attempt to managing real-
world data, which often contains noise, missing values, and contradictions [17-40].

The ability to work with uncertain, imprecise, and incomplete data makes
neutrosophy particularly valuable in various domains. [2] For instance, in datasets
with high levels of uncertainty, such as those in medical diagnostics, financial
market analysis, and climate studies, traditional logic systems often fall short due
to their rigid structure. Neutrosophic logic [41-50], however, provides a more
versatile framework, which is especially useful when dealing with datasets where
uncertainty and inconsistency cannot be eliminated but must instead be accounted
for and managed. Recently, many researchers continued to work rapidly in this
field. [51-67].

In data preprocessing for machine learning applications, the entity of noisy,
missing, or contradictory information in datasets can reduce the error performance
of models. To address this, before applying machine learning algorithms, it is
essential to either cleanse the dataset of errors, inconsistencies, and missing
information, or mark the uncertain data points, thus preserving the integrity of the
dataset If deleting uncertain data points leads to the loss of valuable information,
neutrosophic approaches allow for the retention of these data points by assigning
them a degree of indeterminacy, rather than excluding them outright.

211



Editors: Florentin Smarandache, Derya Bakbak, Vakkas Ulucay, Abdullah Kargin &N. Merve $Sahin

There are several machine learning algorithms that have been adapted to
work with neutrosophic data, enhancing their ability to handle uncertainty.
Algorithms such as Neutrosophic K-Means, Neutrosophic K-Nearest Neighbors (N-
KNN), Neutrosophic Decision Trees (N-DT), and Neutrosophic Support Vector
Machines (N-SVM) extend their traditional counterparts by integrating
neutrosophic principles. These adaptations allow the algorithms to better classify,
cluster, and predict outcomes from data with incomplete or contradictory
information.

In addition, deep learning models, like Neutrosophic Neural Networks (N-
NN) and Neutrosophic Deep Learning (N-DL), are gaining traction. These models
can process data where the truth, falsehood, and indeterminacy of information are
all simultaneously considered, making them more robust for tasks like image
recognition, signal processing, and natural language processing, especially in
environments where data is noisy or incomplete. For instance, in healthcare, where
data can be imprecise or contain contradictory diagnoses, neutrosophic models can
improve the accuracy of predictions and diagnoses by better handling uncertainty.

The main goal of applying neutrosophic approaches in machine learning and
data mining is to extract meaningful patterns, clusters, and relationships from large
datasets. In this context, clustering algorithms, which fall under the umbrella of
unsupervised learning, are highly effective. Unlike supervised learning, where data
is labeled, unsupervised learning algorithms, like neutrosophic clustering, must
automatically detect the underlying structure in the data. This makes neutrosophic
clustering especially useful in fields like social media analysis, where user behaviors
and interactions are dynamic, or in earthquake prediction [3], where sensor data
may be incomplete or contain noise. For instance, they transformed the error and
missing data in the occupancy status information for various sectors, including data
from cameras and other sensors, into neutrosphic sets (NS) in two ways. The first
method is T(i), F(i), and I(i) for the data representing the i. sample in the dataset,
while the second method is based on the principle that the i. and j. samples affect
each other, expressed as T(i,j), F(i,j), and I(i,j). They concluded that using NS is more
efficient than the other methods they examined [4]. Baser and Ulugay [31] defined
the energy of a neutrosophic soft set and applied it to multi-criteria decision-making
problems to show its applicability and effectiveness. And then, Baser and Ulugay
[35] defined effective q- fuzzy soft expert sets.

Although neutrosophic approaches offer significant theoretical potential,
their application remains relatively limited, primarily due to the complexity of
integrating neutrosophic principles into existing machine learning frameworks.
However, as interest in managing uncertain and imprecise data grows, particularly
in domains where traditional methods struggle, it is likely that neutrosophic
methods will see broader adoption. Future research could focus on developing
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more accessible tools and frameworks for applying neutrosophy in a variety of
practical applications, and on creating benchmark datasets that highlight the
advantages of neutrosophic approaches over more traditional methods. This would
include healthcare, finance, social media, climate studies, earthquake prediction,
image and signal processing, and uncertainties for many scenarios, as more datasets
emerge where neutrosophic approaches could be effective in practice. Single-valued
neutrosophic numbers are used to deal with noisy data in the data preprocessing
step as they provide a powerful capacity for modeling complex information [5].

2 Neutrosophic K-Means

The K-Means technique can be considered as a data mining and machine
learning algorithm used to process large amounts of data by clustering or grouping.
It lies at the intersection between these two fields because it serves the purposes of
both fields. Neutrosophic K-Nearest Neighbor (KNN) is a version of the K-Nearest
Neighbor (KNN) algorithm adapted to Neutrosophic logic. While KNN classifies
by looking at the neighbors of each data point, Neutrosophic KNN makes decisions
by taking into account the accuracy, uncertainty and error components of each data
point.

Truth (T): Represents the degree of truth or certainty about an object.
Indeterminacy (I): Represents the degree of uncertainty or indeterminacy.
Falsehood (F): Represents the degree of falsehood or contradiction

Figure 1: K-Means Algorithm for Neutrosophic Explanation of Components
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It is used in classification problems and provides more reliable results especially in
noisy, missing or contradictory data. K-means clustering algorithm is one of the
widely used algorithms considering its easy-to-understand structure, fast
convergence and ease of application to ML algorithms [6]. However, since the
number K must be given as input to the algorithm and the correct choice of K
directly affects the result, the choice of the K value is very important [7].

Neutrosophic Distance: Neutrosophic distance is used instead of the classical
Euclidean distance in KNN. This metric is an effective way to handle and interpret
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uncertain, imprecise, or contradictory information in various machine learning and
data analysis applications, especially in fields like medical diagnosis, environmental
studies, and social sciences, where data uncertainty is common

Neighbor Selection: The distance between each data point and its neighbors is
determined according to the accuracy, uncertainty and error components.

Neutrosophic distance is calculated with a formula based on accuracy, uncertainty
and error weights. The weights of the components W truth, W, uncertainty and W;
inaccuracy. These weights are usually chosen so that their sum is 1.

Wy + W, +W, =1

Data points are positioned in three dimensions as accuracy, uncertainty and
inaccuracy axes. Using Euclidean distance, the weights of the contribution of each
axis to the distance are calculated and adjusted. This distance determines the
similarity or difference between two Neutrosophic data points.

Neutrosophic Distance Formula; Let there be two data points 4 and B.
T, I,.F, — are the neutrosophic components of data point 4

Ty, I5, F; — are the components of the cluster center B

-5

d}.,,-[}l,Bj = "v"fWr [TA - Taj: + M{'(IA - Iaj: + WF(F.:I - FBJ_

The weights of Wy, W, W can be adjusted according to the importance of the
application, for example, in scenarios where uncertainty is critical, such as spam
filters [8], the uncertainty coefficient can be increased. Thus helping machine
learning algorithms work more effectively with uncertain and incomplete data.

The K-Means algorithm is one of the unsupervised learning methods and is usually
used to separate similar data in a dataset into groups (clustering) [9].

Table 1: K-Means algorithm

Here is the pseudo code of the K-Means algorithm [10].
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1. K=number_of_clusters (Determine the number of clusters K)
2. centroids = randomly select K data_points (Randomly select K cluster centers)
3. for each data_point: (Assign each data point to the nearest cluster center)

find the nearest centroid

assign data_point to this cluster
4. for each cluster: (Calculate new cluster centers for each cluster)

calculate the mean of all data_points in the cluster

update the centroid
5. new_assignment = False (Reassign data points to the new cluster centers)

for each data_point:
find the nearest new centroid
if the cluster changed:
assign data_point to the new cluster
new_assignment = True

6. if new_assignment is True: (Repeat iterations until cluster centers do not
change)

go back to step 4
7. results = final cluster assignment for each data_point (Once clustering is
complete, obtain the results)

3 Conclusions

Deep learning algorithms are prone to memorization and suffer from overfitting,
especially when learning from noisy data. Research has shown a significant loss in
performance, despite the use of normalization and dropout techniques [11].
Another study [12] examined the problem of noisy label data negatively impacting
classification performance, concluding that traditional machine learning algorithms
also struggle with label noise, and dropout alone is insufficient to prevent
overfitting. Detecting and cleaning erroneous data with various heuristics has been
proposed as an alternative solution. However, as these existing methods have
limitations, this remains an open area for further research. Interestingly, many
studies analyzing machine learning algorithms do not consider neutrosophy as a
potential solution to these challenges. Nonetheless, there are examples of leveraging
uncertainty in classification problems. For instance, a study that applied Rough
Neutrosophic Sets (RNS) in the tourism sector with k-means clustering found that
identifying essential and non-essential attributes using RNS (though
computationally intensive) led to improved classification performance [13].
Monitoring seismic data and denoising the obtained data is a challenging task. In
the study where they combined the K-Means method with neutrosophic, they
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applied it to earthquake datasets in Ecuador. They concluded that it is more
effective in determining patterns in the data in the presence of data that partially
belong to more than one cluster and the results are improved [14]. Image data
consists of pixels, if we think of pixels as a two-dimensional array, we add the values
of accuracy, inaccuracy and uncertainty to this array for each pixel, thus converting
the image into a neutrosophic cluster. Clusters are performed iteratively for
segmentation of the image, and the image is segmented at the point where the
number of clusters stops increasing. With this method, they achieved better results
than the traditional K-means [15]. They proposed an optimized NS K-mean to
increase the performance of the Automatic Vehicle License Plate Recognition
System. When there are distortions in the acquired image data, traditional license
plate recognition methods achieved 79% accuracy, while their proposed method
achieved 92.5% [16]. These examples illustrate how neutrosophy can achieve
remarkable success in clustering, capturing attention as a valuable addition to
traditional methods.
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