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In this paper, I motivate the addition of an actuality operator to relevant logics.
Straightforward ways of doing this are in tension with standard motivations for
relevant logics, but I show how to add the operator in a way that permits one to
maintain the intuitions behind relevant logics. I close by exploring some of the
philosophical consequences of the addition.

IT is common enough in work on relevant logics using Routley-Meyer frames to

talk about a real world. This is naturally construed as the formal representative
of the actual world. It is a natural step, though so far untaken, to add an actuality
operator, A, to provide a way to incorporate this idea into the object language
for relevant logics. Some straightforward ways of doing this are, surprisingly,
incompatible with the guiding intuitions behind relevant logics. In this paper, I
will explore options for adding an actuality operator to relevant logics and some
of the consequences of doing so.

In addition to the inherent logical interest of adding an actuality operator to
relevant logics, there are some philosophical consequences of this work that are
worth noting. There is much work on two-dimensional semantics and metaphysics
developed against the background of classical modal logic. If one wants to explore
the idea that a relevant logic can be one’s general purpose logic, then there is a
natural opening for developing non-classical semantic and metaphysical theories.
Yet, without the groundwork developed here, one cannot begin to pursue two-
dimensional semantics and metaphysics against a relevant logical background.
As we will see in the final section of this paper, there are substantive questions
about how to develop such theories. Even if one is not a proponent of relevant
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logics, one might be interested in the development of non-classical metaphysics
for the distinctions that it draws, which may pass unnoticed in the more familiar
classical setting.

The picture of actuality that results in the context of relevant logics differs
from the more familiar, classical two-dimensional picture in a number of ways.
First, while in the classical setting of S5 there is a natural candidate for the logic of
actuality, no similarly overwhelmingly natural candidate emerges in the relevant
setting. There are some plausible candidate logics, but choosing among them
requires further work. Second, it will emerge that the natural view of actuality
for the relevant logician, and the relevance-inclined metaphysician, does not fit
neatly with either an indexical or an absolute view of actuality. Finally, it raises
some issues for actualism in ontology, as it complicates the notion of being an
actual object.

The paper will begin with a brief introduction to relevant logics (§1). In §2, I
will motivate the addition of an actuality operator, A, to relevant logics. In §3, I
will argue against defining an actuality operator out of the resources available in
standard relevant logics. Then I will examine two natural ways of interpreting
actuality on Routley-Meyer frames and argue that they are not satisfactory (84).
In §5, I will propose a new way to interpret the actuality operator that fits with
relevant logics and discuss options for strengthening the basic logic. Following
that, I will discuss some of the philosophical issues that arise from my proposal
(86). Finally, in the Appendix I will prove some of the technical results that arise
in the course of the discussion.

1. Introduction to Relevant Logics

In this section, I will provide the basic background on relevant logics, their frame
semantics, and axiom systems. Relevant logics are non-classical logics requiring a
strong connection between the antecedent and consequent of valid conditionals.
Part of the guiding intuition of relevant logics, at least in the early development
by Anderson and Belnap (1975), was that the antecedent and consequent of a
valid conditional had to be relevant to each other, in the sense that one had to
really use the antecedent in obtaining consequent.? While the exact demarcation of
the connection was left somewhat open, a necessary condition on the connection

1. See Dunn and Restall (2002) or Bimb6 (2006) for reader-friendly overviews of relevant
logics.

2. How to understand the connection at issue is a delicate matter. Anderson and Belnap
(1975) suggest a kind of connection based on use. An alternative conception is the sufficiency
view of Routley (1977: 895ff.). A different approach to relevance is offered by Tennant (2017).
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Actual Issues for Relevant Logics * 243

is that the two formulas share a propositional variable.3 Both p — (q — p) and
p — (q — q) exemplify the sort of irrelevance rejected by relevant logics; in the
former, q appears to be idle and in the latter, p has nothing much to do with q — q.
Relatedly, implications in relevant logics are stricter than the material conditional,
defined out of negation and disjunction, and so principles that are “too material”
will also be rejected, such as (p/\q) — (p — q).# The fact that p and q are true
together, accidentally as it were, falls short of establishing that p implies q, in the
sense of p — . These guiding intuitions will play a role in the later sections of
this paper.

One of the main features of relevant logics is that they reject the axiom of
Weakening, A — (B — A), and its kin.> For the purposes of this paper, a relevant
logic is a logic between the logics B and R, which will be defined shortly. Much
of the focus of the paper will be on the Routley-Meyer frame semantics for
relevant logics, although I will provide axioms for some logics under consideration
below.® The basic logics will be in the vocabulary {—, A, ~, t}, with formulas built
out of these connectives and a countable set of atoms, At. I will adopt the
usual definitions for disjunction, AV B =p¢~(~A A~B), and the biconditional,
A~ B=ps(A—=B)A(B—A). To cut down on parentheses, unary connectives
will bind tightest, followed by conjunction and disjunction, which bind more
tightly than the conditional and biconditional. The language will be extended
with a unary operator, A, later.

1.1. Frames

In this subsection, I will present Routley-Meyer frames for a range of relevant
logics before providing axioms for them. The frames have a non-empty set of
points, K, and a distinguished subset N C K. The points are not best viewed
as worlds, which settle too much.” Rather, it is good to view them as restricted

3. This holds at least when sentential constants aren’t in the language. When sentential
constants, such as t below, are around then caveats are needed, but I will leave those on the
sidelines for this paper.

4. Some work in the area draws a distinction between ‘implication” and ‘conditional’, but I
will use the terms interchangeably.

5. I will leave somewhat open the extent of the kindred axioms and rules. The particular
demarcation adopted here excludes, e.g., R-Mingle, which is sometimes classed as a relevant
logic. R-Mingle is obtained by adding the mingle axiom A — (A — A) to R. Its status as a relevant
logic is disputed on the grounds that it has theorems violating the variable sharing condition,
such as ~(A — A) — (B — B). See Avron (1992) for a discussion of R-Mingle and a defense of its
intensional fragment.

6. Routley-Meyer frames were introduced by Routley and Meyer (1972a; 1972b; 1973). See
Restall (2000: 235-274) for more recent developments in frame semantics. Routley changed his
name to Sylvan later in life. I will cite his work by the published name.

7. This is notwithstanding the quotations to follow, which refer to some of the points as
worlds. I will note that Mares and Meyer (1993) and Sedlar (2015) provide ways to define
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situations, which can be partial or contradictory. The normal points, N, are the
ones in which the logical truths hold, and the non-normal points, K\N, are ones
in which even logical truths can fail. Further discussion of the interpretation of
the frames will be left till §6. The frames also have a ternary relation, R, that will
be used to interpret the conditional and an operation, the Routley star, that will
be used to interpret negation.®

The heredity ordering, <, is defined as a < b=p¢ 3Ix € N, Rxab, and it will
be important below. One can think of it as a containment relation. On the
interpretation taking points to be situations, it would be the relation of one
situation being contained in a bigger situation.

Definition 1. A Routley-Meyer frame, F is a quadruple (K,N,*,R), where K # @,
N C K, * : K — K such that a** = a, and R C K3, satisfying the following conditions.

e aceNANa<b=beN.

o < is reflexive and transitive.
e a<b=b*<a"

¢ d < a/ARabc= Rdbc.

One can narrow the class of frames by imposing frame conditions. Some
standard ones are provided below, all of which should be read as their universal
closures. Some of these conditions appeal to the standard definitions, Rabcd =p+
Ix(Rabx A Rxed) and Ra(bc)d =p¢ Ix(Raxd /A Rbex).

(F1) Rabc = Ra(ab)c (F5) Rabc = Rbac
(F2) Rabcd= Rb(ac)d (F6) Raaa

(F3) Rabcd= Ra(bc)d (F7) Rabc = Rac*b*
(F4) Rabc = Rabbce (F8) Raa*a

A Routley-Meyer model M is a pair (F, V), where F is a Routley-Meyer frame
and V : At — p(K) is a valuation function on atoms such thatif a < band a € V(p),
then b € V(p), for all p € At. The valuation is extended to the whole language in
the following way.

e alFpiffae V(p)

e alFtiffae N

worlds as distinguished points.
8. See Beall et al. (2012) for a discussion of the interpretation of the ternary relation. See
Restall (1999) for a discussion of the interpretation of the Routley star.
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alF ~Aiff a* £ A

alFAABiffalFAand alF B

alFAVBiffalF A or alF B9

alF A — Biff Vyz(RayzAy lF A=zI- B)

A model M is built on the frame F iff M = (F, V), for some V. A formula A is true
in a model M iff for all a € N, a I- A. A formula A is valid in a frame F, iff A is true
in all models M built on F. A formula is valid in a class of frames C iff for all F € C,
A is valid on F. A set X of formulas is valid in a class of frames C iff for all A € X,
A is valid in the class. Where a formula A is valid in a class of frames C, I will
write ¢ A.

An important, standard lemma is that preservation along the heredity ordering
holds for all formulas, not just atoms.

Lemma 1 (Heredity Lemma). If a < band alF A, then b IF A.

Proof. The proof is by induction on the complexity of the formula A. See Read
(1988: Ch. 5, §4) for an example of the argument. O

The Heredity Lemma has the following consequence, which simplifies some later
proofs.

Lemma 2 (Verification Lemma). Given a Routley-Meyer model M, A — B is true in
M iff Vx € K(x IF A= x |- B).

Proof. (=). Suppose A — B is true in M and for some a € K, a |- A but a | B. As
a < a, for some b € N, Rbaa, but then b I} A — B, contradicting the assumption.

(&). Suppose Vx € K(x IF A= x IF B) but A — B is not true in M. Then there
are a € N and b, ¢ € K such that Rabc, b IF A, and c I B. By the Heredity Lemma,
c I A, but this contradicts the assumption. O

Appeal to these two lemmas will be left implicit throughout. Let us now turn
briefly to axioms.

1.2. Axiom Systems

In this subsection, I will present some Hilbert-style axiom systems for some
common relevant logics. While the axiomatics are important for the technical re-
sults, the philosophical issues focus mostly on the frames, so the reader primarily
concerned with the philosophical issues should feel free to skip this subsection.

9. Disjunction is defined, so this clause is, technically, a lemma rather than a stipulation.
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As is common for the area, the focus will be on logics as sets of theorems
obtained by specification of axioms and rules.*® The basic relevant logic B has the
following axioms and rules.”* Put more carefully, B is the least set of formulas
containing all instances of the following axioms and closed under the following
rules.

Al) A=A (A8) t

A2) AAB—A,AAB—B R1) AJA—B=B

A3) (A—=BJAA—=C)—=(A—=BACQC) R2) A,B=AAB

R3) A-=B=(B—C)—=(A—C)

Ab

(A1)

(A2) (R1)

(A3) ( (R2)

(A4) A-AVB,B—AVB (R3)

(A5) (A—-C)A(B—-C)—=(AVB)—=C (R4) A-B=(C—A)—(C—B)
(A6) AAN(BVC)—(AAB)V(AAC) (R5) A—=B=~B—~A"?
(A7) (R6)

A7) ~A A R6) A=t— A

Stronger logics can be obtained with the addition of axioms. The frame conditions
of the previous section correspond to the following axioms, where axiom (Bi) is
valid in the class of frames obeying condition (Fi).*3

(B1) (A—B)A(B—C)—(A—=C) (B5) A— ((A—B)—B)
(B2) (A—B)=((B—C)—=(A—=C))  (B6) (AA(A—B))—B
(B3) (A—B) > ((C—A)—(C—B))  (B7) (A—=B)— (~B—o~A)
(B4) (A—(A—B))—(A—B) (B8) (A—~A)—~A

The following well known logics can be obtained by the addition of the indicated
axioms, with B being (A1)-(A8) + (R1)-(R6).*4

10. The logical framework adopted here is FMLA, rather than one of the more general
consequence relation frameworks, e.g., SET-FMLA. See Humberstone (2011: 103ff.).

11. The symbol ‘=’ does double duty as the metatheoretic material conditional and the
separator between premises and conclusion of the rules of the object logic.

12. The rule A — ~B = B — ~A is commonly used instead of (R5). This rule can be
obtained from (R5), and vice versa, given the other rules and axioms.

13. For the correspondence results, which are standard, see Routley, Plumwood, Meyer,
and Brady (1982: Ch. 4).

14. These are somewhat redundant axiomatizations. For example, (R5) is redundant once
(B7) is added, and (B6) follows from (B4). See Brady (1984), on which this presentation is
based, for non-redundant axiomatizations.
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e DW =B + (B7) e T=TW+ (B4) + (B6) + (B8)
e« DJ=DW + (B1) e RW=TW + (B5)
e TW =DW + (B2) + (B3) e R=RW + (B4) + (B6) + (BS8)

The results in this paper are largely independent of the particular base logic,
provided the logic falls between B and R.

A formula A is provable in the axiomatic system for the logic L, - A, iff
there is a finite sequence of formulas, each of which is either an axiom or is the
conclusion of a rule whose premises are earlier members of the sequence, ending
in A. Such a formula is a theorem of L. The logic L is the set of formulas A such
that FL A.

Say that F(L) is the class of frames satisfying the frame conditions for the
axioms of L. A logic L is sound with respect to a class of frames C iff for all
formulas A, - A only if =¢ A. A logic L is complete with respect to a class of
frames C iff for all formulas A, =¢ A only if - A.

Theorem 1. The logic B is sound and complete with respect to the class of all Routley-
Meyer frames, F(B). The logic L obtained by adding axioms from (B1)—(B8) is sound and
complete with respect to the class of frames obeying the corresponding frame conditions.

Proof. See Restall (2000: Ch. 11) for an example of the Henkin-style canonical
model proof technique. O

Let us proceed to motivations for adding an actuality operator to relevant
logics.

2. Actuality

As mentioned at the outset, it is not hard to find examples, in the relevant logic
literature, of people talking about the real, or actual, world in Routley-Meyer
frames.’> This is particularly the case in early work on Routley-Meyer frame
semantics, where the frames were slightly different. An RMg-frame is a tuple
(K,N, g,,R) where (K,N,*,R) is a Routley-Meyer frame and g € N.1 Let us
look at some quotations, in which emphasis has been added. We begin at the
beginning, with the early work of Routley and Meyer.

15. There has been comparatively little written on actuality in non-classical logics. A near
relative is the work on intuitionistic hybrid logic of Bratiner and de Paiva (2006) and Bratiner
(2006; 2007; 2011), as well as the work on paraconsistent hybrid logic of Costa and Martins
(2017).

16. In the early work, such as Routley and Meyer (1973), there was no set N. Instead, g
did the work of defining the heredity ordering and being used to define truth in a model. The
distinguished world, g, was sometimes denoted by ‘o’
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The real world [g] plays a distinguished role in our semantical postulates.
(Routley & Meyer 1973: 202)

A final word concerns the role of [g] in the semantics of this paper as
contrasted with its predecessors and successor. [The set-up ¢] is a pre-
ferred set-up in which all logical truths hold, according to [Routley and
Meyer (1973)]. This remains true. But in [Routley and Meyer (1973)] and
[Routley and Meyer (1972a)], [g] could also be thought of as a normal
set-up —a candidate, so to speak, to be the ‘real” world, in that each sentence
or its negation could be made to turn out true in [g] without ever making
both true; logical truth then turns out to be truth in all ‘real” worlds. Thus
[g] has a regulative role — the logical truths are true there — and a normal
one. (Routley & Meyer 1972b: 197)

Since the introduction of Routley-Meyer models, there have been questions about
the philosophical interpretation of the models. As indicated by the preceding quo-
tations, in their early papers, Routley and Meyer talked about the distinguished
world as the real world. This is naturally taken to be a candidate for representing
the actual world, although they do not put it in quite those terms, and they did
not add an operator to refer to that world in the object language. In slightly
later work with Plumwood and Brady, they call the distinguished world “factual”,
again suggesting it be taken to represent the actual world."”

The only world that determines truth is the factual one, [g]. Other worlds
need not resemble the factual world in any way, and what holds in them
does not provide some simulacrum of truth, nor, in terms of what these
are about, of existence. (Routley et al. 1982: 294)

It was not just Routley and Meyer who talked about the real world of the models.
Other authors, such as Slaney and Giambrone, did as well. Slaney and Giambrone
are discussing reduced models, which require a bit of explanation. In this paper,
I have adopted a form of Routley-Meyer model that has became standard, one
that has a set of normal worlds, N, rather than just a single normal world, g.
Reduced models are those which adhere more closely to the original presentation
of Routley-Meyer models, using singleton sets of normal worlds rather than a
potentially larger set of normal worlds. Truth in a model is defined with respect to
the single normal world of the model. These models have some technical niceties.
As indicated by the following quotations, there is also a philosophical viewpoint
that seems allied to the reduced models. On this view, the single normal world
of each model represents the real world, with the rest of the worlds doing the
semantic work of ensuring that the conditionals are properly relevant.

17. The “factual world” terminology is also used by Routley (1984: 149).

Ergo « vol. 7, no. 8 « 2020



Actual Issues for Relevant Logics + 249

It is splendid that the main contractionless relevant systems allow the
possibility of models in which there are no contingent truths, for logic
is in a way impure when it claims there are truths about matters which
are not its business; but it is also desirable that there be models looking
like reality, in which there are many truths beyond what is given by Pure
Reason. (Slaney 1987: 406)

Giambrone (1992) responds to Slaney (1987), but there is no disavowal of the idea
that the distinguished world is the real one. Indeed, Giambrone reiterates the
point.

Slaney has provided reduced models (ones in which there is but one “real”
world) ... (Giambrone 1992: 442)

In particular, the real worlds of our “real” models are large in that appropri-
ate if somewhat obscure sense of [Slaney (1987)]: there really are “models
looking like reality, in which there are many truths beyond what is given
by Pure reason”. (Giambrone 1992: 442-447)

The final quotation, from Fuhrmann, is particularly of interest because he had, at
the time of publication, recently finished his PhD thesis at ANU, which was then
a hotbed of relevant logic activity.'® I take it that the intuition he describes is one
that was in the air at the time.

The models introduced in Section II are not the, in a sense, preferred
models for relevant logics. It is sometimes thought to be intuitively more
satisfactory, if the set [N] of “distinguished worlds” could be reduced to a
singleton set containing just the “real world”, [g]. In such a reduced model
a sentence is true (in a model) just in case it is true in the real world (of that
model). (Fuhrmann 1990: 510)

These quotations, taken together, give an indication that the idea that the
distinguished world does, or at least can, represent the actual world was relatively
common in work on relevant logics.” The idea that a model can contain a distin-
guished world that represents the actual world has been studied in the context of

18. Sylvan, Meyer, and Slaney were working at ANU, and Slaney, Giambrone, and
Fuhrmann were all doctoral students there. In addition, there were regular visits by other
logicians from around Australasia working in the relevant logic tradition.

19. While these quotations call the points ‘worlds’, they are often not regarded as such in
the literature on relevant logics, as worlds settle too much. I will come back to the interpretation
of the points in §6.
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classical modal logic.?® There are no formal problems with talking about actuality,
via a unary operator, A, in classical modal logic.?* The logic for actuality, S5A, of
Crossley and Humberstone (1977) adds the following axioms and rule to classical
S5, with the rule (Nec), from A to infer [JA.

e A(AADA)*?

e A(ADB)D(AADAB)
e AA =~A~A

e [IJADAA

e AADUOAA

The frames for this logic add a distinguished world, g, to a Kripke frame with a
universal accessibility relation. The axioms for A are enough to ensure that the
operator commutes with the truth-functional connectives. This can be reproduced
in the relevant logical context, although there appear to be some options as to
what the logic should be, which I will explore in §5 and §6.2.

In addition to there being no formal barrier to studying actuality in classical
modal logic, there are many benefits from having such an operator.?3 The addition
of actuality to classical modal logics connects to the rich field of two-dimensional
semantics.”* Apart from the attempt to formalize some of the ideas from the
motivating quotations above, there would be value in taking steps towards non-
classical, and specifically relevant, theories of actuality and two-dimensional
semantics.?>

20. Kripke (1963: 69) calls the distinguished world of the models the “real world”. This
usage is not restricted to classical modal logic or Routley-Meyer frames. See, e.g., Priest
(2006: 85-87), where the distinguished world of the model is described as “the ‘real world” or
assignment which is in accord with the actual” and this idea is used to argue in favor of certain
properties of the distinguished world.

21. See, e.g., Crossley and Humberstone (1977), Hazen, Rin, and Wehmeier (2013), Gilbert
and Mares (2012), or Fritz (2013; 2014). For proof-theoretic approaches to actuality, see Restall
(2012), Gilbert (2016), and Lampert (2018a).

22. Davies and Humberstone (1980) note that this axiom is redundant, given the rest of
the axioms and rules. It does not, however, follow from the other actuality axioms with the
addition of a (Nec) rule for actuality. As it is somewhat distinctive for actuality, I include it
here. I thank Fabio Lampert for drawing my attention to the redundancy.

23. See, e.g., Davies and Humberstone (1980), Humberstone (2004), and Lampert (2018b).

24. See Schroeter (2017) for an overview.

25. There are further related topics in the area that would be worth exploring. Wehmeier
(2004) shows an equivalence between classical S5 with actuality and a modal language with
subjunctive predicates in addition to regular predicates. Would such an equivalence hold in the
relevant logical context or would there be some expressive difference between languages with
subjunctive atoms and those without subjunctive atoms but with an actuality operator? French
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The question I will explore for the remainder of the paper is how one can
make good on the idea of talking about actuality, formally, through the addition
of an actuality operator to relevant logics while maintaining something of the
relevance intuitions that many find attractive about relevant logics. I will consider
three options before settling on the preferred approach of this paper. For the
remainder of the paper, the language will include a unary operator, A.

3. Why Not the Ackermann Constant?

The first option eschews the addition of anything new to the familiar frames in
favor of trying to define actuality in terms of the Ackermann constant, t. The
intuitive interpretation of t is the conjunction of all logical truths (Anderson &
Belnap 1975: 342). The interpretation of t in a model is the set N of normal worlds,
worlds at which the truths of logic hold. Plausibly, the actual world is normal
in that sense, so one might think that there could be a connection between an
actuality operator and t. This approach would offer one main benefit over the
other approaches to be considered. That benefit is that it does not require the
addition of new logical machinery, instead using the rich resources of relevant
logics to define the new operator. One would simply adopt an axiom, AA < $(A),
where ¢ is some propositional context involving t. At least, that would be the
benefit, were this approach to work out.

There are two natural candidates for defining A: t/A_and t— _. I will
take these in turn. The conjunctive version has some apparently unpalatable
consequences. For example, it has the consequence that Ap — (q — q) is valid
in the class of all RM-frames. It is perfectly understandable and welcome that
tAp—(q—q)isvalid, ast/Ap—tandt— (q— q) are both theorems of B. It is,
however, intuitively wrong that it actually being the case that p should imply, in
the strong sense of the relevant conditional, any old logical truth, such as q — q.
This greatly strains—if not outright violates—relevance intuitions. After all, p
does not imply q — q, and the addition of “actually” does not seem to establish
the appropriate sort of connection between p and q — q. I will, then, set the
conjunctive option aside.

The conditional form, taking AA to be t — A, does better on the relevance
intuitions front, but the philosophical interpretation is off. The Ackermann
constant, t, is the minimal logical truth, the conjunction of all logical truths for the
particular logic under consideration. As a definition of actuality, being implied
by pure logic seems dubious. Indeed, this just seems to be the wrong approach
to contingent actual facts. Such contingencies might true along with, but not be

(2015) shows that a difference emerges in between the languages when a classical modal logic
weaker than Sb is used, so it seems likely that differences will emerge against a relevant logical
background. I thank Fabio Lampert for this suggestion and Rohan French for discussion.
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implied by the truths of logic, as the negations of those contingencies should
also, at least potentially, be true along with the truths of logic, without being
implied by them. Adapting a phrase from Slaney, such contingencies seem not to
be logic’s business.

These points remain at the level of intuition, but the intuitions against the
conditional definition of actuality can be strengthened. There are several prin-
ciples that one may want to adopt to strengthen the logic of actuality, such as
~AA — A~A or A(AV B) < AAV AB. When unpacked using the definition of
‘A’, we get~(t—A)= (t—=~A)and (t—= (AVB))« (t—A)V (t— B), respectively.
The latter will be in inappropriate in any logic, such as T, in which excluded mid-
dle is a theorem but (t — A) < A is not, on pain of (t = B) V (t = ~B) being valid
for every formula, where t need not imply either B or ~B, for contingent B. Even
in weaker logics, these principles are, at best, unusual for the operator “implied
by logic” whereas they are fine for the logic of actuality. The interpretation of t is
tied to the overall logic, while there are additional axioms that are plausible for
governing just actuality.

When (t = A) <> A is a theorem of the logic, as is the case with R, the distinction
between AA and A collapses, as a matter of logic. Yet, it seems plausible to
maintain that logic should not collapse that distinction, that logic should deal
with what is sometimes called general validity, as opposed to real-world validity.?
At the very least, which of the two forms of validity we opt for should be a
choice. So, I conclude that the proposed conditional definition, t — _, is out as a
definition of “actually”.?”

The objections to both options share a common core: The options are both
bad things to mean by “actually”. Both options define operators that may be
interesting in their own right. For example, the implicational definition provides
a kind of logical necessity, along the lines discussed by Anderson and Belnap
(1975: Ch.1). Neither option, however, provides a plausible, attractive thing to

26. See Davies and Humberstone (1980), Zalta (1988), Humberstone (2004), Hanson (2006),
Nelson and Zalta (2012), and French (2012) for discussion.

27. There is a third option for defining actuality that was not included above, since it
involves a connective that is not primitive in the language, namely fusion, o. If we add
fusion to the language, then we also need to add the rules A— (B— C)= (AoB)— C and
(AoB)—= C=A— (B—C). A natural way to attempt to define an actuality operator using
fusion is as to . The problem with this is that it makes A < (t o A) valid, even in B. To see
this, note that t — (A — A) is a theorem of B, which by one fusion rule yields (to A) — A. For
the other direction, we have t — (A — (to A)) by (Al) and a fusion rule. From (A8) and (R1),
we then have A — (to A). As with the implicational definition of actuality, whether AA < A is
valid is not something that the underlying logic should settle.

In weaker logics, t o A is not equivalent to A o t, suggesting a potential option for defining
actuality as _ ot. This option is a non-starter, as it would result in AA A AB — A(A /\B) being
invalid in T and weaker logics. I would like to thank an anonymous referee for asking about
these potential definitions of the actuality operator.
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mean by “actually”, although their faults are different. Let us then continue to
the next candidate.

4. Distinguished World

The second approach to adding actuality is to straightforwardly adapt the double
indexing approach to actuality in classical modal logic as found in the RMg-
frames. Evaluation of a formula will be done at a pair of points, (g, a), where g
is the distinguished world of the frame, which I will assume is in N. The truth
conditions for actuality on this approach are as follows.

e g alFAAiffg,glF A

Double indexing is adopted here to facilitate some later discussion and connec-
tions to other work in two-dimensional semantics. For the point of the present
section, one could keep single indexing, with the actual point g distinguished by
the frame, and adapt the truth condition to use only the righthand point.

One needs to check that the Heredity Lemma holds in the extended language.
In particular, let us check the new case, for formulas of the form AB.

Proof. Suppose a < b and g,alF AB. So, g, g I B. Therefore, g,b I- AB. O

The lemma, then, holds for the extended language, but the short proof above
should raise a red flag: The heredity assumption was not needed. This suggests
that irrelevancy is afoot. Let us make good on that suggestion.

Lemma 3 (Ubiquity Lemma). For all RMg-models, for all a,b € K, if g, a I- AA, then
g bl AA.

Proof. Let M be a RMg-model and suppose g, a I- AA. This is the case iff g, g IF A,
which is the case iff g, b IF AA, as desired. O

The red flags have now been joined by warning klaxons. This leads, as one might
expect, to many disastrous consequences, of which I will highlight four.

Proposition 1. In the class of all RMg-frames, the following are valid.
* g Alp—p)
o Ap— (q— Ap)

* Alp/Aq)— (Ap« Aq)

Ap N~Ap—q
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Proof. Let us begin with the first. Take a model on an arbitrary frame and suppose
g allkgq. AsgeN,g,gl-p—p,sog,al-A(p—p). Therefore, q— A(p—p) is
valid.

For the second, take a model on an arbitrary frame, and suppose g, a I- Ap.
We want to show g, a I ¢ = Ap. Suppose b and c are such that Rabc and g, b I q.
By lemma 3, g, c IF Ap. Therefore, g, a lF ¢ — Ap, which suffices for the claim.

For the third, suppose g, a I- A(p /A q). By simple argument, g,a |- Ap and
g,a lF Aq. Suppose b and c are such that Rabc and g,b I Ap. By lemma 3,
g, c IF Aq, which suffices for g, a - Ap — Aq. The converse conditional is similar.

For the fourth, suppose it is not valid. Then there is a counterexample model
with a point a such that g, a |- Ap A~Ap but g, a Iff q. It follows that g, a IF Ap,
so by lemma 3, g,b |- Ap, for all b € K. It also follows from the assumption
that g,a IF ~Ap, so g,a" If Ap, which is a contradiction. Thus, there is no
counterexample. O

It is clear, then, that the simple double indexing approach flagrantly violates
relevance intuitions. Simple double indexing does not provide the sort of semantic
wiggle room needed for models to falsify irrelevant conditionals. Indeed, this
sort of problem may arise when new logical vocabulary is added to the basic
relevant logical language. For example, suppose an identity predicate were in the
language, interpreted at each point as the set of pairs (o, 0) for each object o in
the domain. Then, i =i would be valid, but so would p — i =i, despite the lack of
connection between the antecedent and consequent. Some wiggle room is needed
in order to falsify logical truths using the new vocabulary so that no irrelevancy
is introduced. Fuhrmann (1990: 509) calls a formula A true at all points of M
ubiquitous in M, following a suggestion of Humberstone. With the introduction of
new vocabulary, one needs to avoid thereby generating ubiquitous truths.?® Simple
double indexing introduces ubiquitous truths with abandon.

While a single point won't cut it to interpret actuality, one might think that
several points would. For a given frame, a set of points X is hereditarily closed iff if
a € Xand a < b, then b € X. Sets that are hereditarily closed are propositions.*d
Rather than a single point representing the actual world, perhaps one should
instead take a proposition to represent how things actually are, with the actuality
operator acting as a universal quantifier over that proposition. This move does
not, in the end, make a great difference, as many of the problems highlighted
above for a distinguished point can be reproduced. Yet more flexibility is required
to prevent formulas of the form AB from being ubiquitous, if true.

28. Mares (1992) provides a way to model identity that does not generate ubiquitous truth
and irrelevancy. The extension of the identity predicate is required to be reflexive over N, but
not elsewhere. Hence, i = i will turn out valid while p — 1 =i can be invalidated.

29. In the Kripke frames for classical modal logic, arbitrary sets of points can be proposi-
tions. In the present setting, arbitrary sets of points will not do.
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5. Differing Views on Actuality

While the distinguished subset approach does not deliver an advance on the
problems with the RMg-frames, it does provide a nice stepping stone to the
solution adopted in this paper. The previous two options took the interpretation
of actuality to be globally constant. It is that requirement that is too rigid. Rather
than having a distinguished world or proposition, instead, I will opt for using a
binary accessibility relation, S, to pick out what each point takes to be actual.3®
The relation Sab holds iff a takes all actual truths to hold in b.

The interpretation of S fits with an epistemic interpretation on the RM-frames,
on which each point represents a body of information. The information may be
incomplete and it may be inconsistent. Some, though perhaps not all, bodies of
information talk about what is actually the case. Some of these points may be
deeply, deeply confused about what is actual, but they can still take things to
be actual, however wrong they turn out to be. It is this possibility, that different
points can differ on what they take to be actual, that will provide the flexibility
needed to break the disastrous ubiquity of actuality formulas of the previous
section. In §6.1, I will return to the interpretation of the frames.

Where S C K x K, I will use the following defined notation, following Meyer
and Mares (1993).

e Sa=ps{b € K:Sab}
® R(Sa)(Sb)c =p¢ Judv(Ruvec A Sau/\ Sbv)
e S(Rab)c =p¢ Ix(Rabx A Sxc)

Let us call an RM-frame augmented with a relation S C K x K an RMS-frame,
provided it obeys the following constraint.

e a<b=SbC Sa

This constraint makes sense on the gloss given above for S, understanding < to
be a kind of containment relation. It says that as the points say more, they may
rule out options for actuality, which seems plausible.3’

The truth condition for actuality appropriate for RMS-frames is the following.

30. A similar idea was explored, in the classical modal setting, by Gregory (2001), with
Blackburn and Marx (2002) providing further discussion and technical development. I thank
Rohan French for pointing out Gregory’s paper to me and Fabio Lampert for pointing out
Blackburn and Marx’s.

31. There is a second condition that is worth highlighting: Sab/Ab < c = Sac. This
condition is optional, unlike the previous constraint, and its addition does not affect the logic.
Informally, it says that if a takes all actual truths to hold in b, which is contained in ¢, then a
takes all the actual truths to hold in c.
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o alF AAiff Vy(Say =y IF A)

Let us return again to the AB case of the proof of the Heredity Lemma.

Proof. Suppose a IF AB and a < b. Suppose b I/ AB. So, there is some c such
that Sbc and c I B. As a <b, Sb C Sa, so Sac. But then, a I/ AB, contradicting
the assumption. O

This time, the heredity assumption was used in a substantive way. This suggests
that the blatant irrelevancies of the earlier sections will be avoided in the present
setting. This idea will be borne out at the end of the Appendix.

The class of RMS-frames validates the following principles concerning actual-
ity, in addition to the principles of the underlying logic.

o (AA) AAAAB— A(ANAB)

* (RM)A—-B=AA—AB

All the logics under consideration entail the converse of (AA), (A/\c), via (RM),
(A2), and (R2). I will use the convention that L.M will be the logic of actuality
that adds to the axioms and rules of the underlying logic L both (AA) and (RM),
and L.MX will be L.M with the addition of the principles in X.3? Table 1 lists some
of the better studied principles that may be appropriate for actuality with their
frame conditions.33

(D) A~A —~AA (FD) Vx3y(Sxy* A Sx*y)

(4) AA — AAA (F4) ¥xVyVz(Sxy A Syz = Sxz)

(K) A(A—B)— (AA— AB) (FK) ¥xVyVz(S(Rxy)z = R(Sx)(Sy)z)
(N ec)AéAA (FNec) Vx(x € N=Sx C N)

Table 1. Familiar axioms and their frame conditions

There are some additional principles one might want to adopt whose frame
conditions for RMS-frames are not well studied. To make negation fully commute
with the actuality operator, we need (Dc) ~AA — A~A, whose frame condition is

(FDc) VxVyVz(Sx* y A Sxz=y* < z).34

The adoption of (D) and (Dc) is sufficient to ensure both that actuality commutes
with disjunction and that negations flanking an actuality operator cancel out, as
recorded in lemma 4 in the Appendix.

32. As an example, DW.MD is the logic obtained by adding to the axioms and rules of DW,
i.e., (A1)-(A8), (R1)-(R6), and (B7), (AAN), (RM), and (D).

33. These are from Fuhrmann (1990: 507-508). I will adopt the convention that for a modal
axiom or rule (A), the corresponding frame condition is (FA).

34. I will leave proofs of soundness results to §7.
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Next, I will turn to the axiom (U) A(AA — A).35 This corresponds to the
frame condition

(FU) ¥x € N, Vy(Sxy = VzVu(Ryzu = Szu)).

In the context of the classical modal logic of Crossley and Humberstone (1977), the
embedded converse, (Uc) A(A — AA), is a consequence of the other axioms and
rules, replacing the relevant implication with the classical material conditional.
Provided the contraposition axiom, (B7), (U), and (Dc) are in the logic, then
the embedded converse follows from the other principles, for which proof see
the Appendix. If the logic is lacking these principles, then one can validate (Uc)
manually, with the following frame condition.

(FUc) ¥x € N, Vy(Sxy = YuVv(Ryuv = Vz(Svz = u < z)))

There are further principles that one could add, following Crossley and Hum-
berstone (1977). Although many of these principles follow from the other axioms
in the classical modal context, they may be independent in the relevant context.
Rather than attempt an exhaustive catalog of axioms, I will turn to discussion of
some philosophical issues. In the Appendix, I address some metatheoretic issues.

6. Discussion

In this section, I will discuss some of the philosophical issues arising from the
preceding work. After a brief summary, which will diagnose the problem with
ubiquity, I will begin by discussing the interpretation of the frames (§6.1) and
then highlight some natural candidates for a preferred logic of actuality (§6.2).
Following this, I will look at how the view presented here fits into two debates
in metaphysics, namely the debate between indexical and absolute theories of
actuality and the debate between actualism and possibilism in ontology (8§6.3). I
will then discuss issues arising in the interplay between actuality and necessity,
in particular concerns about the fixedly operator of Crossley and Humberstone
(86.4), before closing by briefly mentioning directions for future work (§6.5).

One might have thought that it would be no problem to add an actuality
operator to relevant logics. Natural ways of extending the Routley-Meyer frames
to accommodate the actuality operator lead to direct conflicts with relevance
intuitions that motivate work in the area. As indicated in §4, the problems stem
from the interpretation of actuality. In an RMg-model, the interpretation of
actuality is constant across the model. This leads to true actuality formulas being
ubiquitous in the models.

35. The name is taken from Humberstone (2016: 33).
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The problems with the RMg-frames were solved by moving to RMS-frames.
The cost of RMS-frames is that one adopts a somewhat removed view of the
actual world in the sense that the points need not all agree on which world, or
proposition, is actual. The Ubiquity Lemma suggests why global agreement on
what is actual will be difficult to maintain together with the relevance intuitions.
Maintaining the relevance intuitions seems to require that the models allow for
the possibility that somewhere, things can, in a sense, “go awry”. We can see this
playing out in the basic Routley-Meyer models. In Routley-Meyer models, there
can be points at which logical truths fail. Putting the point in terms of ubiquity,
there must, in general, be points witnessing a failure of ubiquity for logical truths.
Were there not such points, then A — (B — B) and its kin exemplifying irrelevance
would be valid. Similarly, there have to be points that, in a sense, get things wrong
with respect to what actually is the case. That is the diagnosis of the problem
with ubiquity. I will now turn to the issue of interpreting the RMS-frames.

6.1. Interpreting the Frames

The picture of actuality presented by these frames departs from the more familiar
classical two-dimensional picture according to which one of the worlds in the
model is picked out as the actual one. In contrast, in the RMS-frames, different
points have candidates, potentially many candidates, they take to be actual, and,
in general, there is no distinguished actual point in a frame. Sense can be made
of this idea by appealing to a standard interpretation of points in Routley-Meyer
frames: points as situations.3°

The standard interpretation of Routley-Meyer frames takes the points to be
situations.37 On this interpretation, the points are, or can be, partial and relatively
localized things.3® It makes sense that there would be a range of options, as
situations carry information about what is actual, which can fall short of pinning
down a unique situation as the actual world.39 It would be surprising if a restricted,
partial situation carried information sufficient to pin down a situation uniquely
as the actual one. That one situation is actual does not rule out another situation,

36. One might also take the points to be bodies of information, as is done Urquhart (1972)
or by some work on channel theory, e.g., Mares (1996). Urquhart (1972) deals with operational
models, rather than Routley-Meyer models, but the interpretation offered there is natural in
the context of Routley-Meyer models. The discussion below carries over fairly readily to this
interpretation.

37. See Mares (1996; 2004; 2008; 2017) for more on the interpretation of Routley-Meyer
frames in terms of situations.

38. They can be inconsistent as well, although that will not feature in the discussion here.

39. That points can fail to be fully determinate is one of the motivations of possibility
semantics. In possibility semantics, the points can be partial, but are consistent, and there
is a refinement relation on them. See Humberstone (1981), Holliday (2014), and Benthem,
Bezhanishvili, and Holliday (2017) for more on possibility semantics.
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dealing with other matters, from also being actual. Situations can, and often are,
parts of a world with other, distinct situations. The situation containing only my
office and the situation containing only my apartment are distinct and both are
parts of the same world. There is a common situation that contains them both, but
there need not be a single situation that contains everything that is, intuitively, in
the same world.

Different situations can contain different putative facts about necessity, and
they can also contain different putative facts about what is actual. Modal facts in
a situation are, perhaps, less concrete than other sorts of facts, such as the weather
in Melbourne, but they do not appear to pose any greater philosophical hurdles
than contradictory and impossible situations. There are no great difficulties
making philosophical sense of RMS-frames, so I will now canvas some options
for logics of actuality.

6.2. Logics of Actuality

A natural question is what the logic of actuality is, in the context of relevant
logics. Nothing said so far pins down a particular logic as the obvious best
choice, and there appears to be room for reasonable disagreement. There are,
however, a few natural candidates, given a base relevant logic L. One logic is
L.MDDc, which adds to the base logic L the axioms (AA) AANAB— A(AAB),
(D) A~A —~AA, (Dc) ~AA — A~A, and the rule (RM) A —-B= AA — AB. In
this logic, the actuality operator commutes with the truth-functional connectives,
counting negation as such for the moment, just as it does in the classical S5A.

A second candidate logic is L.MDDcU, the result of adding (U), A(AA — A),
to L.MDDc. This logic adds the analog of the remaining axiom for actuality from
the presentation of Crossley and Humberstone’s axiomatization of S5A. This
captures the axioms that are arguably distinctive of the actuality operator there.
It is, however, not clear that recapturing Crossley and Humberstone’s axioms is a
desirable target for the relevant logician, as will be considered next. Because of
this, I will not consider further extensions of L.MDDcU here.

There is one other natural candidate logic of actuality. Part of the reason
for adopting (D) and (Dc) is to recover some of the classical behavior of the
actuality operator. It appears to be open to the relevant logician to reject any
such recovery as a requirement on the logic, and so to reject any of the additional
axioms for the actuality operator, including (D) and (Dc). The interpretation of
the frames permits the situations to be so confused as to force an even starker
departure from the classical logical behavior of actuality, such as negation no
longer commuting with the actuality operator. After all, the frame conditions
for the axioms, especially (FDc), (FU), and (FK), are not particularly intuitive
or compelling. The idea being that if the situations are permitted to disagree
about what is actual, there is not much motivation for requiring the sort of
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coordination needed to validate, say, (Dc). The resulting logic of actuality would
be the comparatively weak L.M, which adds only (A/\) and (RM) to L.

To summarize, three options stand out as natural candidates for logics of
actuality. The first is L.MDDc, matching the classical behavior of actuality in the
sense of commuting with the truth-functional connectives. The second option
is L.MDDcU, which contains axioms that are arguably distinctive of an actuality
operator. The third is L.M, motivated by rejecting the logical behavior of actuality
in classical modal logic as a guide for the logical behavior of actuality in the
present setting and so dropping the additional frame conditions. There is room
for disagreement, but the matter will not be settled here. Instead, I will consider
using RMS-frames for metaphysical theorizing to explore the consequences for
two debates, to which I now turn.

6.3. Issues in Metaphysics

In this subsection, I will explore some of the potential consequences of this work
for two areas in metaphysics: the indexical-absolute debate in theories of actuality,
and the actualism-possibilism debate in ontology.

The Lewisian indexical view of actuality says that “actually” is indexical.4°
Each world is actual relative to itself. In contrast to this view, there is the absolute
view of actuality, according to which there is only one actual world, which has
the distinguishing property of being actual.4* From the argument of §4, it appears
that the relevant logician cannot hold an absolute view of actuality, at least if the
metaphysics is to have a straightforward connection to the semantics.

We appear to have reached a metaphysical conclusion, that the absolute
conception of actuality is untenable for the relevant logician, based only on
logical considerations. One might think that a position on the metaphysics of
actuality is not something that is logic’s business, to adapt the earlier quotation
from Slaney. There are, I think, two ways the proponent of absolute actuality
and relevant logic may respond. The first is to decouple the truth condition for
the “actually” operator from the metaphysics of actuality, and so adopt a truth
condition different from that of §4. In §6.4, I will introduce some machinery that
may be in harmony with this idea. The second, following Girard and Weber (2015),
is perhaps more radical. This response rejects the Routley-Meyer frames presented
here on the grounds that they present a distorted picture of the non-classical
reality. The alleged problem for the absolutist conception of actuality would, on
this view, be diagnosed as an artifact of the Routley-Meyer frames being developed
against the background of classical logic. The response proposes that a thoroughly
relevant, or more generally non-classical, semantics and metaphysics of actuality

40. See Lewis (1970) and Lewis (1986: 92-96). For discussion, see Adams (1974), Gale
(1989), Stephanou (2010), and Davis (2013).
41. This is the simple property view of Adams (1974).
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be developed in a non-classical metatheory, permitting one to adopt the double
indexing truth conditions of §4 for “actually” without the subsequent irrelevancies
arising.4* The success of that response will have to await the development of the
suggested thoroughgoing non-classical model theory that makes good on the
suggestion.

The frames have an affinity with the indexical view that is worth comment. As
with the indexical view, in the RMS-frames there is no absolute property of being
the actual world. Indeed, each point can take itself to be actual. The indexical
view is not, however, a perfect fit for these frames. While it is open for each point
to take itself to be actual, the frames do not require that each point does take
itself to be actual. Additionally, the indexical view brings with it a uniqueness
claim: Relative to a world, there is exactly one actual world. This does not hold
in the RMS-frames, as the S relation need not be functional.43 This need not
interfere with the validity of A(AA < A), which is a plausible formal gloss on the
idea that at the actual world, truth and actual truth coincide. This axiom can be
taken on board if desired. While there is an initial affinity between the indexical
view of actuality and the RMS-frames, there appears to be room for a distinctive
non-classical view of actuality for the relevance-inclined metaphysician.

There may be a lingering sense that the RMS-frames depart too much from
familiar conceptions of actuality, that admitting multiple candidates for actuality
is a bridge too far, giving up on actuality altogether. One might try to bring
the frames closer to the indexical conception of actuality by requiring that S be
functional, so that each point has a unique point it takes to be actual. Such frames
would obey the condition

(SFun) VxVyVz(Sxy ASxz=y = z).44

This condition can be expressed in the object language, provided boolean negation,
—, is in the language. Boolean negation has the following truth condition.

e alF-Aiffalf A

For many relevant logics, one can add boolean negation conservatively, meaning
that the addition of boolean negation brings with it no new theorems that lack

42. See Weber, Badia, and Girard (2016) for the development of a related idea with respect
to truth tables.

43. Sylvan (1988) denies the uniqueness of the actual world, which he views as an unstated,
and false, presupposition. Thanks to an anonymous referee for drawing my attention to this
article.

44. (SFun) does not on its own require that every point have an S-successor, just that there
is at most one such successor. Every point having an S-successor, or seriality, can be had by
adopting (FD).
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that connective.4> Boolean negation does not cohere well with the philosophical
motivations for relevant logics, since it generates ubiquitous truths, such as
p VvV —p, which lead to irrelevancies like q — (p V —p), as well as other examplars of
irrelevance, such as (p /A\—p) — g. It would be unfortunate if the relevant logician,
in order to talk about the actual, were forced to adopt boolean negation.4® For
this reason, it seems best to reject (SFun) as a requirement on frames for actuality.
There may be other ways of capturing something of the spirit, if not the letter, of
(SFun) that are more palatable to the relevant logician, although there is a further
question of whether they mesh with an indexical view of actuality.

Another issue in metaphysics for which there appears to be a distinctively
relevant approach is actualism, the view according to which, roughly, everything
that exists is actual.4” The opposing view, possibilism, says that not everything
that exists is actual. Leaving aside alethic modals for a moment, a question can
arise for actualism in the present setting: What is an actual object?4 T will briefly
look at how this question arises and how the present setting allows for some
distinctively non-classical responses.

To address the question, we will suppose that the RMS-frames have a domain
Dq of objects for each point a, which are not required to all be identical but
are such that if a < b then Dy € Dy. To make things a bit more concrete, let
us suppose that we have a point, a, with the domain Dy = {07, 0,}. Let us also
suppose that the only option for actuality at a is b, so Sab and a bears S to nothing
else, and that the domain Dy, = {01, 02,03}. There is a divergence between the
objects at actuality, namely b, and the objects existing here at a. The object 03 is
plausibly actual, albeit located modally elsewhere.

The question can be sharpened a bit. Let us alter the scenario by adding two
additional points, c and d, whose domains are D ={07,02,04} and D4 ={07, 02},
and assuming additionally that Sac and Sad.#® The status of o3, and also o4, as

45. See Restall (2000: 306-307). Conservative extension with boolean negation is subtle
when there are modal operators in the language, although it can be obtained, as shown by, e.g.,
Meyer and Mares (1993) and Mares and Tanaka (2010). See Mares (2000) for an example of the
addition of boolean negation not yielding a conservative extension.

46. For a similar sentiment regarding boolean negation, albeit in the context of quantifica-
tion, see Mares and Goldblatt (2006: 183).

47. This formulation is from Menzel (2018), and for references in this active area, see the
citations therein. I would like to thank an anonymous referee for suggesting this idea.

48. There are subtleties about quantification in relevant logics that I will bracket here. See
Fine (1988), Mares and Goldblatt (2006), Priest (2008: Ch. 24), and Logan (2019) for more on
quantification in relevant logics. As far as I am aware, there has not been any investigation of
quantified modal relevant logics, at least not in the sense of quantified relevant logics with
primitive alethic modal operators. One can treat implications with a fixed antecedent, A — _,
as a kind of modal operator, [A]_, which is sufficient to generate many of the salient issues.

49. An example of the desired set up is a B.MDDc frame that has 8 points, K =
{a,b,c,d,a*,b%,c*,d*}, N={a}, d <c,d <b,c* < d*b* <d* the required reflexive pairs for
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actual or merely possible is murky. One tempting response is to say that the
actual objects are just those that exist in all candidates for actuality, which are
just o1 and o, here, with everything else non-actual. Things may not coincide
so neatly with the domain at the home point a of this scenario. Let us instead
suppose D4 = {01}, leaving the rest as is. The tempting response then leads to
the conclusion that only o7 is an actual object, leaving 0, out in the cold of the
non-actual, despite it being in the domain D, of the home point, a, and leaving
03 and o4 as non-actual, even though they are both in domains of candidates for
actuality. The latter consequence makes the initially tempting response slightly
less tempting.

To motivate an alternative response, note that the points are generally partial.
They need not settle everything, and they can permit much indeterminacy. It is
natural, then, to permit being an actual object to be indeterminate, for something
to be neither actual nor non-actual. In the second scenario above, it may be better
to say that it is indeterminate whether o3 and o4 are actual objects, while o7 and
oy are actual objects. On this response, being actual, at a point, is being in the
domains of all candidates for actuality at that point, and being non-actual is being
excluded from all such domains, with it being indeterminate whether an object is
actual if it is in some but not all such domains.

Considerations dual to those of the indeterminacy approach lead to an overde-
termination approach. One could offer a theory that takes some objects to be both
actual and non-actual. Such a view would say that to be actual is to be in the
domain of some candidate for actuality, and to be non-actual is to fail to be in the
domain of some actual candidate. On this proposal, in the second scenario above,
01,02,03, and o4 are all actual with o3 and o4 being non-actual as well.

What is an actual object? In the classical setting, the answer to the question
is, plausibly, whatever exists at the actual world. On the relevant logical view
of actuality developed here, it is not correct, in general, to take there to be a
unique actual point. The potential for there to be multiple candidates for actuality
then has ramifications for what counts as an actual object. The candidates for
actuality may have different domains, which opens up the option that some
objects are neither actual nor non-actual, and that some objects are both actual
and non-actual.

There are complications that arise for actualism on the present view. What
about for possibilism? Since possibilism is not as restrictive as actualism, it is
not clear that there are distinctive problems for possibilism that arise on the
present approach. However, to the extent that there are issues arising for the
notion of being an actual object, there will be a blurring of the notion of a
merely possible object, which opens up space for other sorts of ontological views.
Further development of these ideas will require bringing in quantifiers and alethic

<, Sad, Sac, Sab, Sdd, Sdc, Sdb, Scd, Scc, Sbd, Sbb, Sa*d*, Sd*d*, Sc*d*, and Sb*d*.
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modalities, as well as a thorough reckoning with more precise formulations of
actualism and possibilism, which are beyond the scope of this paper. I will now
make some connections to other work in two-dimensional logic.

6.4. Further Two-Dimensional Connections

The RMS-frames considered in this paper have one binary accessibility relation,
S, for interpreting actuality. The conditional is an intensional operator, so there
are ways to shift points enough to give the actuality operator something to do.
Yet, part of the point of introducing actuality, at least in the work of Crossley
and Humberstone (1977), is to be able to express claims involving alethic modals,
such as possibility and necessity, that interact with actuality. Indeed, they provide
some natural language sentences whose proper formalization appears to require
alethic modals and an actuality operator.

Suppose we follow suit and add a necessity operator, [J, to the language,
interpreted in the frames by a new binary relation, T, with conditions in place to
ensure the Heredity Lemma can be proven. Let us call such frames RMST-frames.
The basic logic of O on RMST-frames will obey (HA) and (CORM), analogs for
necessity of the similarly named principles for A.

Without further conditions imposed on the RMST-frames, there will be few
substantive, valid interaction principles between A and [J. There will, in fact,
be a fair bit of latitude with respect to interaction principles, because the two
operators are interpreted by distinct accessibility relations. It is possible to have
LA — AA valid without also having AA — [JAA, for example in B.MDDc frames
augmented with another binary accessibility relation.>°

Crossley and Humberstone say that AA — [JAA may strike some readers as
counter-intuitive, and they go on to point out that its validity “arises from the fact
that it is one and the same world that counts as the actual world, for every world
in the model.”>" A similar fact in the relevant analog of their models, RMg-models,
underpinned the Ubiquity Lemma. Crossley and Humberstone use the validity of
the axiom to motivate the fixedly operator, IF, an operator that shifts the model
by changing what the actual world is. They define the relation ‘being a variant
of’, ~, on pairs of Kripke models M and M’ with distinguished worlds, so that
M ~ M’ iff M and M’ differ at most by what world is distinguished as actual.
The truth condition is

e M,g,wlFA iff forall M’ ~ M, M/, g’,w I A.

While the particular motivation for such an addition, namely the counterintuitive
axiom, is absent in the relevant logical setting, I will note that it is not clear how

50. Finding a countermodel is left to the reader.
51. Crossley and Humberstone (1977: 17)
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one would incorporate IF in the RMS-frames. The fixedly operator is important in
discussions of two-dimensional semantics. Davies and Humberstone (1980) gloss
the compound operator IFA as expressing the deep necessity of Evans (1979).5>
That operator expresses truth at all the pairs (w, w), which is sometimes known as
the diagonal proposition and is connected to a priori truth.53 Given the importance
of these notions in contemporary metaphysics, it would be good for the relevant
logician, or the metaphysician sympathetic to some of the guiding ideas behind
relevant logics, to have something to say on this front.

Considerations of “fixedly” prompt an idea for potentially salvaging the
double indexing approach found wanting in §4. Rather than use the simple RMg-
frames, we will instead equip RM-frames with an additional ternary relation,
U, where Uabc is interpreted as saying: given that a is actual, b takes c to be
actual.>4 Call these RMU-frames.

RMU-frames provide two perspectives on actuality. Under the supposition
that Uabc, a is considered to be actual, which one can take as stipulating that
a is part of how things actually are. This is a global perspective on actuality.
Given that a is actual, or is considered as actual, the situation c is actual from
the perspective of b. This is a local perspective on actuality, from the point of
view of the situation b. The global perspective, a’s being actual, has a bearing
on the local perspective, what information the situation b supports, namely that
it supports, perhaps erroneously, c¢’s being actual. Were some other situation
considered actual, such as d, b may not take c to be actual. This might be the case,
for example, if the a and d have different laws of nature or one contains XYZ and
the other HO. If certain features of situations considered as actual settle the way
laws work or settle certain matters of meaning, then this will, plausibly, affect
what situations b takes as candidates for being actual.

Formulas are evaluated in RMU-models relative to pairs of points, a point of
evaluation and a distinguished actual point. We can give the following truth con-
ditions for A and F, with the other connectives carrying over straightforwardly.

e a,blF AAiff forallc € K, Uabc=qa,cIF A.
e a,blFFAiff forallce K, c,bl- A55

Additional conditions need to be imposed on the U relation to ensure that the
Heredity Lemma holds. It is plausible that RMU-frames could avoid the problems

52. See Davies (2004) and Chalmers (2004) for discussion.

53. For the philosophical importance of the diagonal proposition, see Stalnaker (1999),
among others. For application of this idea in natural language semantics, see Fusco (2015). See
Restall (2012) for development of related two-dimensional ideas in a proof-theoretic setting.

54. I would like to thank Greg Restall for the initial suggestion of using an additional
ternary relation.

55. It seems plausible that quantification over N, or perhaps a different set of points, rather
than K, may be more appropriate for the truth condition for .
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with double indexing canvassed in §4, as what a point takes to be actual will
depend on an additional parameter, namely the point distinguished as actual,
while also providing a way to define an analog of diagonal propositions. Indeed,
we can take the RMS-frames to be defined from RMU-frames, by taking Sab to be
defined as Ucab, for some distinguished c¢ € K. Exploration of RMU-frames and
their adequacy will, however, be left to future work.

6.5. Future Directions

I will close by suggesting two additional directions for future work. One direction
is towards hybrid logic.5® In hybrid logic, there are devices for talking about
particular worlds, the nominals, as well as ways of binding nominals to particular
worlds, the binders. These devices allow one to simulate quantification over
worlds and obtain a kind of identity predicate on worlds. This specificity is the
sort that generated the problems with ubiquity indicated above, which suggests
that a relevant logical approach to hybrid logic will require a large departure
from the familiar classical theory. The second direction goes to work on temporal
logic, such as Kamp (1971). The operator “actually” of modal logic bears many
similarities to “now” of temporal logic. This suggests that many of the issues
canvassed here will reappear in relevant temporal logics and related views in the
philosophy of time. Whether the same sort of responses will be plausible will
have to await the development of the relevant theories.

7. Appendix: Derivability, Soundness, and Completeness

In earlier sections, several axioms and frame conditions were considered. In this
section, I will prove some of the results claimed, including derivability, soundness,
and completeness. I will begin with some basic facts about derivability.

7.1. Derivability

Fact 1. Let L be a logic extending B with additional axioms or rules. Then the following
hold.

IftL A= Band B — C, then - A — C.

IftFL A= (B—C)and . C—D, then - A — (B— D).

Ifrif A= (B—=C)and . D —B, thent A — (D — C).

Proof. For the first, we argue as follows. Assume the derivability of A — B and
B — C. From (R3), (B— C) — (A — C), and then from (R1) A — C.

56. For more on hybrid logic, see Bratiner (2017) for an excellent overview of the area, the
citations therein, and the earlier citations of work on non-classical hybrid logic. I would like to
thank an anonymous referee for making this suggestion.
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For the second, we argue as follows. Assume the derivability of A — (B — C)
and C — D. From (R4), we have (B — C) — (B — D), from which A — (B — D)
follows using the previous proof.

For the third, the argument is largely the same as the preceding, using (R3)
rather than (R4).

O

With these basic facts in place, I will prove two lemmas about actuality logics.
Lemma 4. L.MDDc has as theorems ~A~A < AA and A(AV B) - AAV AB.

Proof. For the first claim, we argue as follows for one direction. By (D), A~A —
~AA. Then, ~~AA — ~A~A, from (R5), and so AA — ~A~A, from (A9) and fact
1.

For the other direction, we have ~AA — A~A from (Dc). As before, we have
~A~A — ~~AA from (R5), whence ~A~A — AA from (A9) and the previous
lemma.

The second claim unpacks to A~(~A A~B) & ~(~AA A~AB). This can be
obtained using (RM), (AA), (R5) and the preceding equivalence from (~A A\
~B) & (~A A~B). O

Lemma 5. If (B7), (Dc), and (U) are theorems of L.MX, then so is A(A — AA).

Proof. By (B7), we have (A~A — ~A) — (~~A — ~A~A), as well as ~A~A — AA,
by lemma 4. We then have (A~A — ~A) — (A — AA), from fact 1. From axiom
(RM), we obtain A(A~A —~A) — A(A — AA), and A(A~A — ~A) from (U), so
A(A — AA), by (R1).

O

7.2. Soundness

In this subsection, I will prove some lemmas leading to a proof of soundness for a
range of logics. I will show that for each axiom, that axiom is valid in a class of
frames if all the frames in the class obey the condition corresponding to the axiom.
From this, it follows that a particular logic of actuality is sound with respect to
the associated class of frames.

Lemma 6. The axiom (Dc) ~AA — A~A is valid in a class of RMS-frames if that class
obeys the condition (FDc) VxVyVz(Sx*y ASxz=y* < z).

Proof. Suppose the class of frames obeys the condition (FDc). Let M be a model
on a frame in the class and a € K. Suppose a |- ~AA but a If A~A. Then it
follows that for some ¢, Sac and c I ~A. So, c¢* I A. By assumption,a* If AA, so
for some b, Sa*b and b ¥ A. The condition implies that b* < ¢, so ¢* <b, whence
b I- A, contradicting the earlier conclusion. O
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Lemma 7. The axiom (U) A(AA — A) is valid in a class of RMS-frames if that class
obeys the condition (FU) Vx € N, Vy(Sxy = VzVu(Ryzu = Szu)).

Proof. Suppose a class of frames obeys the condition (FU) but (U) is not valid.
Then there is a model on a frame in the class with a point a € N such that
alf A(AA — A). So for some b, Sab and b | AA — A. Therefore, there are c, d
such that Rbcd, ¢ IF AA, and d If A. The frame condition implies Scd, whence
d IF A, which is a contradiction.

O

Lemma 8. The axiom (Uc) A(A — AA) is valid in a class of RMS-frames if the class
obeys the condition (FUc) ¥x € N, Vy(Sxy = Yu¥v(Ryuv = Vz(Svz=u < z))).

Proof. Suppose the class obeys the condition (FUc) but A(A — AA) is not valid.
Then there is a model M and a point a € N such that a If A(A — AA). So, there
is a b such that Sab and b If A — AA. Then there are d and e such that Rbde,
d - A, but e I AA. This implies there is a ¢, Sec and c I/ A. The frame condition
then implies that d < ¢, which by the Heredity Lemma yields c I A. O

The preceding lemmas suffice for the following soundness claim. The no-
tation F(L.MX) will be adapted to RMS-frames satisfying the frame conditions
associated with the axioms and rules of L.MX.

Theorem 2 (Soundness). Let the logic L extend B with any of the axioms from (B1)—
(B8), and suppose X C {(Nec), (U), (Uc), (D), (Dc), (K), (4)}. Then, b mx A only if
Frimx) A

7.3. Completeness

With soundness in hand, I will now turn to completeness. The approach of this
section is to use the Henkin-style canonical model construction familiar from
work in the area, leaning on the particular developments of Fuhrmann (1990)
and Restall (2000). For a given logic, one defines a frame and then shows that it
satisfies all the conditions needed to be a frame for the logic. Then, one shows
that the evaluation clauses work as expected, and so one can define a model on
the frame to refute the target non-theorem. At the end of this subsection, I will
sketch a proof demonstrating that the logics of actuality from RMS-frames respect
a necessary condition on relevance, Belnap’s variable sharing constraint.

It follows from the work of Fuhrmann (1990) that, for a logic L extending
B with axioms from (B1)-(B8), L.MX is sound and complete with respect to
F(L.MX), where X C {(Nec), (4), (D), (K)}. I will, then, focus on axioms not
already covered. In the interest of making this paper more self-contained, I will
reproduce some of the standard definitions.
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Definition 2. A set X of formulas is an L-theory iff
e if A€ Xand - A— B, then B € X, and
e ifAcXandB € X, then AANB € X.

A theory X is prime iff AV B € X implies A € X or B € X.
A theory X is L-regular iff L C X.

For all the defined concepts, when L is clear from context, it will be dropped.
The canonical model M for the logic L.MX will be defined as follows, where
for sets of formulas X, X 2 ={A: AA € X

* Km is the set of prime L.MX-theories.

N is the set of L.MX-regular, prime L.MX-theories.

Rmabce iff VAVB(A —-B € a/NA €b=B € c¢).

aMm ={A:~A ¢ a}.

Smab iff a=® C b.

* Vm(p) ={aeKpm:pe€ak

In what follows, the subscript ‘M’ will be omitted to avoid clutter.
The canonical frame obeys the required frame condition for RMS-frames,

e a<b=Sb C Sa.57

Further, by standard arguments one can show that it satisfies the conditions
required by the base logic L.5® We need to show that the frame underlying the
canonical model for the logic L.MX satisfies the frame conditions (FA), for each
axiom (A) € X. I will provide proofs for the axioms (Dc), (U), and (Uc).

Lemma 9. If the logic L.MX contains (Dc), then the canonical frame obeys the condition
(FDc).

Proof. Suppose L.MX contains (Dc). Further, suppose Sa*b, Sac, but not b* < c.
Then there is some B € b* such that B € c. Therefore, AB ¢ a, so ~AB € a*.
Since a* is a theory and | yx ~AB — A~B, A~B € a*. Thus, ~B € b, so B ¢ b*,
contradicting the assumption. O

Lemma 10. If the logic L.MX contains (U), then the canonical frame obeys the condition
(FU).
57. The canonical frame also obeys the optional condition flagged earlier: SabAb <

¢ = Sac.
58. See Routley et al. (1982: Ch. 4).
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Proof. Suppose L.MX contains (U). Suppose a € N, Sab, Rbcd, but not Scd. Then
there is some B such that AB € c and B ¢ d. By definition, AB—B ¢ b, so
A(AB —B) € a. But,as a € N, A(AB — B) € a, which is a contradiction. O

Lemma 11. If the logic L.MX contains (Uc), then the canonical frame obeys the condition
(FUc).

Proof. Suppose L.MX contains (Uc). Suppose a € N, Sab, Rbed, Sde, but notc < e.
Then there is some B, B € ¢ but B ¢ e. By definition, AB ¢ d, so B— AB ¢ b.
Therefore, A(B— AB) ¢ a. But,ast_ yx A(B— AB)and a e N, A(B— AB) € q,
which is a contradiction. O

The frame underlying the canonical model for a logic containing any of the
preceding actuality axioms obeys the frame condition for that axiom. It is fairly
routine to establish the following.

Lemma 12 (Truth Lemma). In the canonical model for the logic L.MX, for all formulas
A, AcaiffalFA.

Proof. See Fuhrmann (1990) or Restall (2000: Ch. 11). O

When the preceding is combined with the results from Fuhrmann (1990), we
have the following completeness result.

Theorem 3 (Completeness). Let the logic L extend B with any of the axioms from
(B1)—(B8), and suppose X C {(Nec), (U), (Uc), (D), (Dc), (K), (4)}. Then, = r(Lmx) A
only if Fmx A.

With the completeness results in hand, I can now argue that the RMS-frames
preserve relevance intuitions in the sense that they have the variable sharing
property, just as the underlying relevant logics do.

Theorem 4 (Variable sharing). For any of the logics L.MX proved complete above, for
all formulas A and B not containing t, if = mx A — B, then A and B share a propositional
variable.

Proof. (Sketch) The proof is adapted from proofs that R has the variable sharing
property, as described by Dunn and Restall (2002: §1.6), using the algebraic
method of Anderson and Belnap (1975: 252-254), whose Hasse diagram and
matrices are in Table 2.5 The designated values are marked + and t is always
assigned the value +-0. For the present context, interpret A as the identity operator.
All actuality axioms considered in this paper are designated on all valuations on
these matrices, (Nec) preserves the property of being designated, and similarly
for all axioms and rules of R.

59. See also theorem 8.54 of Restall (2000: 184) and Priest (2008: 205-206).
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-3 -2 -1 -0 +0 +1 +2 +3| ~

3|+ +3 +3 +3 +3 +3 +3 +3 | +3
—-2|-3 +2 -3 42 -3 -3 +2 +3 |42
-1/-3 -3 41 +1 =3 +1 =3 +3 ]| +1
-0/-3 -3 -3 40 -3 -3 -3 +3 |40
+|-3 -2 -1 -0 40 +1 +2 +3| -0
+1/-3 -3 -1 -1 -3 +1 =3 +3 | -1
+2|-3 -2 -3 =2 -3 -3 42 3|2
3|3 -3 -3 -3 -3 -3 -3 +3|-3

Table 2. Hasse diagram and matrices for the variable sharing property

Suppose that | yx A — B for some t-free formulas A and B but A and B do
not share a propositional variable. Let A’ and B’ be A and B, respectively, with all
instances of the actuality operator removed. Then A’ and B’ take the same values
as A and B, respectively. Since A and B do not share a propositional variable,
neither do A’ and B/, so there is a valuation on the matrix such that A’ — B’ is
not designated, which implies that A — B is undesignated. Therefore, A — B is
not provable, contradicting the assumption. As all the relevant logics considered
in this paper are sublogics of R, the argument works for all of them. O

Thus, we see that the logic of the actuality operator, as delivered by the RMS-
frames, maintains the necessary condition on relevance, an indication that they at
least modestly respect the relevance intuitions with which we started.
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