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Abstract

In order to reason in a non-trivializing way with contradictions, para-
consistent logics reject some classically valid inferences. As a way of re-
covering some of these inferences, Graham Priest ([Priest, 1991]) proposed
to nonmonotonically strengthen the Logic of Paradox by allowing the se-
lection of “less inconsistent” models via a comparison of their respective
inconsistent parts. This move recaptures a good portion of classical logic
in that it does not block, e.g., disjunctive syllogism, unless it is applied to
contradictory assumptions. In Priest’s approach the inconsistent parts of
models are compared in an extensional way by considering their inconsis-
tent objects. This distinguishes his system from the standard format of
(inconsistency-)adaptive logics pioneered by Diderik Batens, according to
which (atomic) contradictions validated in models form the basis of their
comparison. A well-known problem for Priest’s extensional approach is
its lack of the Strong Reassurance property, i.e., for specific settings there
may be infinitely descending chains of less and less inconsistent models,
thus never reaching a minimally inconsistent model.

In this paper, we demonstrate that Strong Reassurance holds for the
extensional approach under a cardinality-based comparison of the incon-
sistent parts of models. Furthermore, we introduce and investigate the
metatheory of the class of first-order nonmonotonic inconsistency-tolerant
construct over the extensional or quantitative comparisons of their respec-
tive models. Core model-theoretic properties for these logics, such as the
Lowenheim-Skolem theorems, along with other nonmonotonic properties,
are further studied.

1 Introduction and outline of the paper

In this paper, we investigate a specific family of nonmonotonic logics that in-
terpret a given set of premises as consistently as possible. While these logics,

*christian.strasser@rub.de



unlike classical logic, tolerate inconsistencies, they re-capture a good portion
of the inferential power of classical logic. The basic idea is the following. We
start with a fixed monotonic paraconsistent logic PL. Given a possibly inconsis-
tent premise set 3, PL offers a class of possible interpretations or models of X:
Mp(2). Some of these interpretations will be less inconsistent, while others
will be more so. The meaning of interpreting the premises “as consistently as
possible” can be disambiguated in several ways. Throughout the paper we fol-
low quantitative or qualitative considerations, coupled with considerations over
linguistic or extensional aspects. Further details about these approaches will be
provided in Section 2. What is common to both is that they equip us with an
ordering < on Mp (X), where M < M’ if M offers a less inconsistent interpre-
tation of ¥ than M’. Then, one can choose the minimally inconsistent models
in min< (MpL (X)) to define a consequence relation Fpnpr: X EpmpL A iff for all
M € min,(Mp (X)), A holds in M.

In a nutshell, the linguistic approach considers (formulas expressing) contra-
dictions validated in a model to measure how inconsistent is the interpretation
offered by the model. On the other hand, the extensional approach considers
inconsistent extensions of predicates in a model. When comparing different
models M and M’ through the ordering < with respect to their inconsistent in-
terpretations, be it linguistically or extensionally, one can either consider subset
relations by demanding that every contradiction in M is also in M’, or one can
compare the cardinality of their respective set of contradictions.

The linguistic approach in both its qualitative and quantitative flavour, in
the form of adaptive logics ([Batens, 2007, Straler, 2014]), has been shown to
be based on a robust meta-theory with many properties that are deemed to be
at the core of defeasible inference (such as cumulativity [Gabbay, 1985, Kraus
et al., 1990]). The situation for the extensional approach, on the other hand,
is unflattering. Omne of the main reasons is that its qualitative version lacks
the property of strong reassurance ([Batens, 2000]), and therefore also lacks
central properties of nonmonotonic inference, such as cautious monotony and
cumulativity. Strong reassurance states that for any model M € Mp|(2) either
M is <-minimal or we can find a minimally inconsistent M’ € min(Mp| (X))
that is less inconsistent than M (so, M’ < M).

As a central result, we show that if one adopts a quantitative extensional
approach, strong reassurance and the core properties of nonmonotonic inference
hold. Furthermore, we investigate under what circumstances classical logic (or
another Tarskian deductive standard) is recaptured by the nonmonotonic logic,
whether it makes a difference for the nonmonotonic entailment relation to in-
terpret the equality symbol as identity or merely as a congruence relation, and
whether the nonmonotonic logic also satisfies the Lowenheim-Skolem theorems.

We proceed as follows. In Section 2 we motivate the move from mono-
tonic paraconsistent logics to nonmonotonic inconsistency-tolerant logics. We
introduce the linguistic and the extensional approaches, as well as the qualita-
tive and the quantitative model comparisons. After having demonstrated that
the qualitative extensional approach does not satisfy strong reassurance and
related properties, we move our focus in Section 3 to the quantitative exten-



sional approach. There we introduce different ways to disambiguate the phrase
“interpreting the premises as consistently as possible”. In Section 4 we show
that the latter approach is based on a robust meta-theory which satisfies strong
reassurance and the core properties of nonmonotonic inference. In Section 5
we discuss whether classical logic or another deductive standard is recaptured
when the nonmonotonic logic takes as an input a premise set that can be inter-
preted consistently. In Section 6 we recall and enhance some of the discussion
concerning philosophical problems underlying the extensional or the linguistic
approaches. Section 7 is concerned with the interpretation of the equality sym-
bol as either identity or congruence. Finally, we investigate nonmonotonic and
abnormality-aware versions of the Léwenheim-Skolem theorems in Section 8. In
Section 9 we conclude our paper.

2 Reasoning with contradictions: from mono-
tonic to nonmonotonic logics

It has been argued that, in specific reasoning tasks, humans and artificial agents
benefit from adopting a tolerant attitude towards contradictions. For instance,
scientific theories (especially in their earlier stages) have been argued to be in-
consistent!, semantic paradoxes such as the liar paradox give rise to contradic-
tions, databases may contain contradictions, and some philosophical traditions
embrace conceptual contradictions (see e.g., [Priest, 2002]). Classical logic’s
attitude towards contradictions is inconsistency-intolerant, as it does not allow
for models in which contradictions are true and therefore validates the explosion
principle, according to which anything follows from a contradiction.

As a remedy, several families of paraconsistent logics have been proposed in
the literature (see [Priest et al., 2018] for an overview). A common feature of
these logics is that they make use of a negation (—) which is inferentially weaker
than its classical counterpart (~), thus allowing for both A and —A to be true.
The price to pay for inconsistency-tolerance is that some classical inferences
such as disjunctive syllogism (if A and ~A V B, then B) fail in paraconsistent
logics. To address this issue, nonmonotonic systems , have been proposed that
allow to interpret a given premise set as consistently as possible, and thereby
to validate some instances of disjunctive syllogism.

2.1 Paraconsistent logics considered in this contribution

Before we equip paraconsistent logics with more strength, let us shortly shed
some light on what kind of paraconsistent logics we consider in this paper.
Since our results apply to a whole class of logics, we decided to keep most of
the informal discussion on an abstract level. Nevertheless, some constraints are
in place.

1Such as Bohr’s atomic theory and Newton’s cosmology. See [Vickers, 2013, Seselja and
StraBler, 2014].



Firstly, our perspective is a semantic one. We consider any Tarskian logic?
PL in a first order language £ with a countable set of predicate symbols {P; |
i € I} (with I being an initial subset of N) with corresponding arities denoted
simply in typewriter font by i (so i =4 arity(P;)), countably many sentential
letters p; and a set of countably many constants denoted by Const,. We denote
the set of L-sentences [resp. wils] by sent, [resp. by wffsz]. We only consider
logics with finitely many truth-values collected in V and truth-functional (deter-
ministic) matrices. We assume there to be a non-empty, finite and strict subset
D of V of designated truth-values, and a non-empty set of designated values
A C D that are considered “abnormal”. Typically, these will be truth-values
tracking inconsistencies. E.g., in three-valued logics with values V = {0,i,1}
and D = {i,1}, A will typically be the singleton {i}. In what follows, we intro-
duce nonmonotonic logics that “avoid” interpreting formulas with values in A
as much as possible.3

As usual, we consider models of PL to be structures M = (D, v), where D is
a non-empty discourse domain and v interprets each constant, each sentential
letter, and each predicate symbol. For this, each constant is associated with
a member of D and each sentential letter is associated with a truth-value in
V. Furthermore, for each predicate symbol P; and each tuple (di,...,d;) €
D, v maps (P, (dy,...,d;)) to V. Similarly for identity =, non-identity #
and congruence symbols ~.* In that case v additionally satisfies the following
constraints:®

Eq For all d,d' € D, v(=,(d,d')) e Dif d=d'.
InEq For all d,d’ € D, v(#,(d,d")) e Diff d # d'.
Cong For all d,d’,d" € D,

(Ref) v(=, (d,d)) € D, and

(Str) For all P, for all (di,...,di—1) € D71, and for all 1 < j < i, if

v(=, (d,d')) € D then
’U(Pi, (dl7 ey djfl, d, dj+1, e 7di,1)) =
o(Pi, (dy, ... dj_1,d  djya, ..o di 1))

The reader may note that from (Ref) and (Str) follow, e.g., symmetry (if
v(=, (d,d')) € Dthenv(=, (d',d)) € D) and transitivity (if v(=, (d,d’)), v(=, (d',d")) €
D then also v(=, (d,d"”)) € D).

2A logic PL is Tarskian if its consequence relation Fp| is reflexive (X Fp| A for all A € %),
transitive (if ¥ Fp. A for all A € A and ¥ U A Fp_ B then ¥ Fp_ B) and monotonic (if
) ':PL A then UA ':PL A)

3In order to reduce clutter —especially in the already spacious meta-theoretic proofs— we
will not consider functional symbols in the first-order languages studied in this paper.

40f course, whether a symbol o € {=,#,~} is interpreted as identity, non-identity or
a congruence depends on constraints imposed on the given models. In this paper we will

conventionally use the symbol “=" [resp. “#”, “~”] only in the context of models that satisfy
Eq [resp. InEq, Cong].
5We use lazy notation here by using also in the meta-language the symbols =" and “#£”.

Also, all expressions in the meta-language have their usual classical interpretation.
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Table 1: The schematic truth-tables for negation (left, row 1), conjunction (left,
row 2) express our requirements (Neg) and (Con). E.g., the first line of the
left table for negation reads: f.[V\ D] C V\ A. These schemes are not to
be misunderstood as a nondeterministic truth-tables (as in [Avron, 2005]). We
also list the truth-tables for the paraconsistent negation and conjunction of LP
(center) and of the four-valued characterization of FDE (where A = {b} and
D = {t,b}, see [Omori and Wansing, 2017] for an introduction to FDE). We
highlight the correspondences between the schemes on the left and the truth-
tables of LP and FDE.

Formulas are associated with truth-values by means of a valuation function
vps which proceeds in a bottom-up way:

e for atomic formulas A = P;(cy,...,ci) we let
opm (Piler, ... e1)) = v(Pyy (v(er), ... v(e)))

e for atomic formulas A = p; we let var(p;) = v(p;)-

For complex formulas we assume each n-ary connective in the language to
be truth-functional. That means, for each connective o of arity n there is a
function fo : V* — V such that vpr(o(Ay,..., Ap)) = folvar(A41), ..., o (An)).

A typical paraconsistent logic has a unary connective — that allows for truth-
value gluts, i.e., for which f.[D]ND # @ (see Fig. 2.1 (left) for the schematic
truth-table).5 In what follows, let (Neg) and (Con) be the respective truth-
conditions based on the truth-tables for negation and conjunction (Fig. 2.1).

Fact 2.1. For any valuation function vy that satisfies (Neg) for = and (Con)
for A (see Fig. 2.1)7, we have: vy (A) € A iff vpr(AA—=A) € A.

8For functions f : X — ) and a non-empty X C X we will use the notation f[X] for the
set {f(z) |z € X}.

"If fa is a min-operator, this means that A respects the ordering V\ A < A <D\ A (in
lazy notation, more precisely: for all v € V\ A, for all v/ € A and for all v/ € D\ A we have
v<v <V




Proof. Suppose vpr(A) € A. By (Neg), var(—A) € A and by (Con), var(A A
-A) € A.

Suppose vy (A A —A) € A. By (Con), we have the following cases: (1)
vpm(A) € A and vy (—A) € A, (2) vy (A) € A and vy (—A4) € D\ A, and (3)
vpm(A) € D\ A and vy (—A) € A. For cases (1) and (2), we're done. For case
(3), by (Neg), var(A) € A follows. O

The fact shows that in a typical paraconsistent logic, in order to interpret
a premise set “as consistently as possible”, sentences need to be interpreted in
V\ A as much as possible.

For technical reasons we will consider the following (rather harmless) con-
straints on quantifiers and the presence of an existential quantifier throughout
the paper. Namely, for each quantifier p we assume there to be a function
fu (V) \ {0} — V such that®

Q0. vy (pxA(x)) = viff f,({vm(A(d)) | d € D}) =v,
and for all V, V' € p(V)\ {0},
QL f.(V) eV, Q2. if f,(VUV) €V then fu(V) = fu(VU V).

Finally, we assume the presence of an existential quantifier, i.e., a quantifier
3 that fulfills (for all V € p(V) \ {0}):

Ql. (V) eDiFVND£D.

Fact 2.2. Whenever V is totally ordered by some [, the requirements QO,
Q1, and Q2 are fulfilled for the standard definitions of 3 and V in terms of

f3 = maxc and fy = min-.”

As usual, we define M | A iff vy (A) € D, else M = A. We shall write
Mp_ for the class of all PL-models and Mp(X) for the class of PL-models of a
given set of L-sentences X.

Example 2.1 (The logic of paradox, LP.). The logic of paradox LP ([Asenjo
et al., 1966, Priest, 1979]) is one of the best-known and most simple paracon-
sistent logics. In the rest of the paper we will use it in our examples. It comes
with three truth-values: V = {0,i,1}, where D = {i,1} and A = {i}. The values
0 and 1 behave as their classical counter-parts, while i allows for negation-gluts.
This is captured by the truth-table for negation in Table 2.1 (right). Disjunction
and conjunction behave in the usual way in that fo = min- and fy, = max-
where 0 C i C 1. In this way, both (Neg) and (Con) are satisfied in LP and so

8Where d is an element of the given domain D, we denote by d the pseudo/auxiliary-
constant whose interpretation is d. Moreover, we use the notation A(z1,...,xy) to indicate
that all free variables in A are among z1,...,2n. In particular, A(x) denotes that the only
free variable in A is z or A is a sentence. Furthermore, A(c) denotes the result of the uniform
substitution of all free variables in A by c.

9Recall that V is finite. For infinite V with f3 = sup or fy = inf Fact 2.2 does not in
general hold.



Fact 2.1 applies. Similarly, the quantifiers 3 and ¥V are defined by fv = max-
and f3 = ming. Identity ‘=" fulfills our requirement and identity-gluts of the
type (¢ = ¢) A —(c = ¢) are allowed for the case in which v(=, (v(c),v(c))) =1i.

Example 2.2. Other paraconsistent logics that fall in our class are, e.g., CLuNs,
FDE, J3 and RM3

2.2 Inconsistency-tolerant nonmonotonic logics

The central question is how to tolerate contradictions without paying the full
price in inferential power. The solution adopted here is to sacrifice another totem
of classical logic: monotonicity ([Priest, 1991, Batens, 2000]). Inconsistency-
tolerant nonmonotonic logics (in short, ITNMLs) interpret a given set of premises
“as consistently as possible”.!® In other words, we take a given paraconsistent
logic PL — let us call it the base logic—, but instead of considering all its mod-
els/interpretations, we only select those which are most consistent, i.e., the “less
inconsistent” ones.

Example 2.3. Suppose our premise set is {—p,pVq}. An ITNML, let us call it
nmPL, will consider models of its base logic PL (e.g., LP from Ez. 2.1) in which
—p is true, p is false, and therefore q is true. This means, disjunctive syllogism
will be validated: {—p,pV q} FampL q. Nonmonotonicity strikes again if we add
more information to our premises in the form of p: {-p,p,pV q}. In this case,
nmPL will only consider models in which both p and —p are true. And since p
is true, p vV q will also be true.'' Thus, there are models of {—p,p,pV q} where
q is false. Hence, {—p,p,pV q} EnmpL . This is nonmonotonicity on the level
of the entailment relation of an ITNML: adding new information may cause the
loss of consequences.

The underlying rationale of ITNMLs is the following assumption:

Consistency by Default (CbD) It is plausible to assume that (our descrip-
tion of ) the world is consistent in a given aspect X unless we have reasons
to believe the opposite.

There are several ways to interpret a set of premises “as consistently as
possible”, each of which we discuss in more detail below:

1. quantitative vs. qualitative 2. extensional vs. linguistic

Example 2.4. We start off with an example in the propositional version of LP
with the premises

Y= {—|p,—|q,—|s,p\/q,p\/s,p\/t,q\/t,s\/t}.

10 As a clarification: one can, of course, turn any nonmonnotonic logic into a paraconsistent
logic by merely changing its base logic. ITNMLs cover specifically those logics whose purpose
is to interpret a possibly (classically) inconsistent set of premises “as consistently as possible”.

11We suppose the disjunction V behaves as expected. The reader may assume LP to be the
underlying logic.



We distinguish the following models of our premises relative to the literals that
are true in them:

model literal contradictions

M,y D, 7P, g, 78, t pATp

M2 P, q,q, S, S, qN\—g,s\—s

M; P, 7P, q, g, s, t PATDP, N g

My p, P, q, S, s, t pA—p,sA\ s

My p, P, q,q, S, s, "t pPA—p,gN\—g,8 N\ S
M} P, P, q,q, S, 8, t PA-D,gA g, 8N S

Mﬁ D, 7D, ¢, g, S, 7S, t, Tt PATDP,qN g, s NS, TAE

In order to select those models of ¥ in which the given information is in-
terpreted as consistently as possible, it is useful to define the inconsistent or
abnormal part of a model. In this section we let (see Section 3 for a more
detailed discussion):

Ab(M) =df {A € Atoms | ’UM(A) € A}

In view of Fact 2.1, this can equivalently be expressed by Ab(M) = {A € Atoms |
M = AA-A}. We can then compare models in terms of their respective
abnormal parts.

According to the qualitative comparison, a model M of ¥ is more consistent
than another model M’ of 3 iff Ab(M) C Ab(M’). The most consistent models
of 3 according to this approach are My and M. In Figure 1 (right) we illustrate
how the given models compare.

According to the quantitative comparison, My is better than all other models
since it validates the least number of contradictions (in atoms). According to
this approach, a model M of ¥ is more consistent than another model M’ of
Y iff card(Ab(M)) < card(Ab(M’)).*? In Figure 1 (left) we illustrate how the
given models compare.

In order to discuss the last distinction, extensional vs. linguistic, we better
move to the more expressive language of predicate logic. Suppose we have a
unary predicate symbol P in our language. The extensional approach to the
abnormal part of a model M = (D, v) is defined by considering the inconsistent
extension of P, i.e., all objects d € D for which v(P,d) € A.'®> For instance,
in the case of LP, all objects d € D for which v(P,d) = i. So the abnormal
part consists of inconsistent objects relative to P. The linguistic approach, on
the other hand, only considers those inconsistencies in atomic formulas such as
Px and Pc that are expressible as sentences in the object language, such as
Jx(Pxz A —Pzx) or Pc A —Pc, for a constant c.

12The quantitative comparison was first mentioned in [Priest, 1988] for propositional LP.
It was not further studied in view of the fact that minimal and LP-models collapse in the
context of premise sets that give rise to infinitely many contradictions in atoms, i.e., in case
the inconsistent part of a model is taken to be the set of all contradictory atoms. See also
Remark 3.1. In the present paper, we take a more general perspective in that we consider
various ways of comparing models quantitatively and in that we consider a more expressive
1st order language.

131n [Batens, 1999] the extensional approach is called ontological.
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Figure 1: Orderings of models based on the quantitative [qualitative] (left)
[right] approach.

Example 2.5. To illustrate the difference between the two approaches consider
the premise set

Y= {(01 =ca ANPcy AN=Pcy)V (Pey AN—Pcy ANeg =c3 Neg = 05)}.
We consider two types of models:

1. M; for which the left disjunct of our premise holds and M, W~ Pc; A —Pc;
for any 3 <i <5.

2. My for which the right disjunct of our premise holds and My [~ Pc; A—Pc;
for any 2 <i <5.

In the linguistic approach there is no need to further consider the extensions
of our predicates to determine the abnormal parts of our models. We have:
Ab(M,) = {Fz(Px A ~Px), Pcy A =Pcy, Pca A = Pca} and Ab(Ms) = {3z(Px A
—Pz), Pcy A—Pc;}. Hence, M, fares better in our comparison and models such
as My will be selected. Thus, for instance, ¢4 = c5 is entailed. Notice that in
M, despite the fact that M7 = ¢; = co, we have two linguistic entities Pcy A
—Pc; and Pcy A —~Pcy that count as different abnormalities. In the extensional
approach, with its focus on extensions, this linguistic difference will not matter
and both models will turn out equally inconsistent.

To see this, we first have to consider the structures of our models in more
detail. For simplicity, suppose that both models have the same domain consist-
ing of the individuals di,ds and d3. The following table gives an overview of
the underlying interpretations.

M = (D,v) D Abp (M) v(er) v(ea) v(es) v(eq) v(es)
M, {di,d2,ds}  {di} dy dy do do ds3
M, {dy,d2,ds}  {di} dy do do ds ds

In both models only object d; falls both in the extension and the “anti-
extension” of P and therefore both models have the same abnormal parts. In
this case, ¢4 = c5 is not derivable.



Let us sum up:

1. An ITNML is based on a paraconsistent base logic PL whose class of
interpretations for a given premise set is further refined by implementing
the rule of Consistency by Default.

2. For this purpose, models of PL are subjected to an ordering < where
M < M’ if the abnormal part Ab(M’) of M’ is to be considered less
inconsistent than Ab(M).

3. The qualitative and the quantitative approach compare these abnormal
parts according to different considerations: either by cardinality or via
set-inclusion.

4. Given the resulting ordering <, models which are deemed sufficiently con-
sistent are selected. In this paper we focus on the selection of <-minimal
models, which means that the set of selected models is min(Mp(X)).14

5. The induced nonmonotonic entailment relation of nmPL is defined by:
Y FompL A iff for all M € ming (Mp (X)), M = A.

In view of this we can consider an ITNML a pair (PL, <) consisting of a
paraconsistent (monotonic) base logic and a relation that compares models rel-

ative to their consistency (by taking into account the set of abnormalities Ab in

2.3 (Strong) reassurance

An important meta-theoretic desideratum for a given ITNML nmPL = (PL, <)
is that it does not trivialize premise sets which are not already trivialized by its
corresponding paraconsistent base logic PL. So,

Reassurance. For all sets of L-sentences 3, min (Mp (X)) # 0 if Mp(Z) #
0.

In case the trivial model either doesn’t exist or is always strictly worse
than any non-trivial model, we can characterize reassurance also in view of
the following consequence relation: if there is a L-sentence A for which X Ep A
then there is an L-sentence B for which X ¥,.pL B.

A similar property is strong reassurance.

Strong Reassurance. For all sets of L-sentences ¥ and all M in Mp(Z) \
min (Mpy (X)), there is an M’ € min,(Mp (X)) for which M’ < M.15

141 the context of adaptive logics many other types of selections were already presented
(see [StraBer, 2014, Ch. 5]).

15This property is also known under the name smoothness ([Kraus et al., 1990]) or stop-
peredness ([Makinson, 2005]): an ordered structure (X, <) is smooth iff for every z € X, either
z € min(X) or there is an 2’ € min(X) for which 2’ < z. So, strong reassurance means
that for any premise set X, the structure (Mp(X), <) is smooth.

10



Strong reassurance has important merits when it comes to properties of
nonmonotonic entailment. E.g., Cautious Monotony, which is considered one of
the core properties of defeasible inference, is a corollary of strong reassurance
and the monotonicity of the core logic PL.

Cautious Monotony For all sets of L-sentences XU{A, B}, if ¥ E,pL A then

1. ming(MpL(ZU{A})) C ming(Mp(X)) and
2. if ¥ FympL B then X U {A} EnmpL B.

Theorem 2.1. If nmPL = (PL, <) satisfies Strong Reassurance, it also satisfies
Cautious Monotony.

Proof. Suppose ¥ FnmpL A. We show that min (MpL(ZU{A})) C min (MpL(E)).
From this it immediately follows that if ¥ F,np. B then also X U {A} FompL B.
Suppose M € min. (MpL (S U {A4})). Since M € Mp.(E), by Strong Re-
assurance, either M € min,(Mp (X)) or there is a M’ € min,(Mp (X)) for
which M’ < M. Assume the latter. Since X FpnmpL 4, M’ € Mp (X U{A}), in
contradiction to the fact that M is <-minimal in Mp (X U{A}). So we are left
with the former case which is what had to be shown. O

In view of these considerations we have good reasons to grant strong reas-
surance a special status in obtaining a well-behaved formal model of defeasible
reasoning. Accordingly, we have good reasons to worry about violations of
strong reassurance. The danger of violations of strong reassurance looms since
it is by no means clear why the structure (MpL(X), <) should not give rise to
infinitely <-descending chains of better and better models without ever reach-
ing a best model in min(Mp(X)). And indeed, the extensional qualitative
approach doesn’t have the property of (strong) reassurance as the following
example by Batens ([Batens, 2000]) shows!6:

Example 2.6. We consider the base logic LP. Let ¥ = {A,, | n > 2}, where

Ap=3wy -3y | N(PzsA-Pri)n N\ (2 =)

i=1 1<i<j<n
We consider the model My = (N, vg) for which vo(P,n) =i for alln € N and

!
(= (1) = {0 e
1 else.
We now show that there is an infinitely descending chain of <-better and better
models in the extensional qualitative approach. For this let N; =4 {0,...,i} and
M; = (N,v;) be just like My except that the inconsistent extension of P is given
by v;(P,n) = 0 for all n € N; and v;(P,n) =i for all n € N\ N;. Note that

16This is a slightly simplified version of his example. Other examples can be found in
[Crabbé, 2011].

11



M1 < M; in the extensional qualitative approach since Ab(M; 1) C Ab(M;).
Therefore we have

...<MZ‘+1<MZ'<...<M1<MO

and, moreover, there is no <-minimal model M, of ¥ for which M, < M; for
all i > 0.

The good news is that strong reassurance has been established for the lin-
guistic approach: for the qualitative comparison in [Batens, 2000] and for the
quantitative comparison in [Strafler, 2014].

It is an open question whether the quantitative extensional approach is sim-
ilarly doomed as its qualitative counterpart. In fact, the question has not been
considered in the literature. In the remainder of the paper we will fill this lacuna
by

1. proposing ways of comparing models under the extensional and the quan-
titative approach (Section 3),

2. demonstrating that strong reassurance holds for all of them (Section 4)
and give some more meta-theoretic insights into them (Sections 5, 7 and
8).

3. Additionally, we introduce some linguistic properties as a way to highlight
some differences between the linguistic and the extensional approaches
(Section 6).

3 Counting inconsistencies

Having adopted an extensional and quantitative approach in the context of
ITNMLs still allows for several different ways of comparing models relative to
how inconsistent their underlying interpretations are. In this section, we present
several such variants. We will proceed in increasing degrees of fine-grainedness
for each comparison.

While in our examples, so far, we have considered only minimizing abnormal-
ities in predicates, we now generalize this to an ordered set of arbitrary formulas
® = (;(z1,...,%q,))iep, where P is a initial subset of N. We then let the ab-
normal part of some model M in an a;(x1,...,2,,) be Abai(%_”,wai)(M) =df

{(d1,...,d,) € D" | var(¢(dy,...,d,)) € A}, for which we shall simply write
Ab;(M).1" Examples for a choice of ® are ® = Pred, where Pred =g4¢ (P;(z1,...,71))ier
is the set of all predicates. Another possibility is to consider gluts or abnormal
behavior in other connectives, say some o by letting «;(xz1,22) = Pz o Qxo,
etc. In the remainder of this section, we distinguish several ways of determining
and comparing the abnormal parts of models relative to ®: globally by simply

17In order to reduce clutter from hereafter we shall neglect abnormalities in sentential
letters. To consider them, all we need to do is to add the set of abnormal sentential letters
{p| v(p) € A} to the set of abnormalities considered.
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considering | J;cp Ab; (M), by means of the product order, and by means of the
lexicographic order. After that, we refine each ordering by taking into account
the distinct comparison types.

3.1 Comparing abnormalities

The most coarse-grained comparison is to consider the contradictory extension
of all formulas a; in ® at once by letting Abg (M) = |J;cp Abi(M). Proceeding
quantitatively, we let:

Definition 1 (Global order). M <% M’ iff card(Abg(M)) < card(Abg (M')).18

As the reader may note, this global type of comparison may lead to undesired
outcomes in specific scenarios.

Example 3.1. Let X = {Vx(Plx/\ﬁPla:)\/Vx(ng/\ﬁng), Psc,~PscV Pye, Pic,

~Pid V Py} and @ = (Py(x), Py(x), Ps(z), Py(x)). Consider the following
models M; = (N,v;) of X:

M, N 0 0 0 N v
M, 0 N 0 0 N v v
M3 N @ ’U3(C) @ N

According to <%, My and My are not strictly better than Ms, as may be expected.
In a sense, the contradictions in Py resp. P» contaminate the global abnormal
part so that we are not anymore able to take into consideration that My and Mo
fares better than Ms relative to the predicate Ps.

Motivated by the previous example, we now consider abnormalities for each
formula in ® separately'®. For this we use the product order relative to ®:

Definition 2 (Product order). M <4 M’ iff
1. for alli € P, card(Ab;(M)) < card(Ab;(M")), and
2. there is an i € P for which card(Ab;(M)) < card(Ab;(M")).

Example 3.2 (Ex. 3.1 cont.). In our Ezample 3.1 we now get My <% M,
and so Pyc will be nonmonotonically entailed since it is true in all <§,—minimal
models.

In some scenarios it may be intuitive to order the members of ® according
to how important it is to avoid inconsistencies in them. Suppose contradictions
in o; are worse than contradictions in «; for any %, j € P for which ¢ < j. For
this we use the lexicographic order relative to ®:

18The ordered nature of ® plays no role for this type of comparison of models, but will
be relevant for the lexicographic comparison below. We chose ® for the sake of a unified
parametrized notation.

19This corresponds to the way models are compared in, e.g., [Crabbé, 2011], except for the
fact that the qualitative approach is explored by the author.
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Definition 3 (Lexicographic comparison). M <£1> M’ iff there is an i € P such
that

1. for all 1 < j < i, card(Ab;(M)) = card(Ab;(M")) and
2. card(Ab;(M)) < card(Ab;(M")).

Example 3.3 (Ex. 3.2 cont.). Now, we have also My <% M since abnormal-
ities in Py are considered more severe than those in Py. Now, also Pyc’ will be
nonmonontonically entailed since it is true in all -<£I>—minimal models of 3.

Remark 3.1. To keep things streamlined, we focused in this section on ab-
normal parts relative to the extension of predicates. Concerning propositional
letters, similar distinctions can be made, of course. Take, e.g., the premise set

€

Y={lpViq,!pVig}, where!A “r A —A, and consider the following models:

model M ME!p ME!g ME!gq
M, v
M, v v

If we consider Prop = (p,q1, q2), then M <gmp My. If we compare them by
<P

Prop’ the two models are incomparable. Note also that in a purely propositional
logic the quantitative approach in which propositional letters are compared by
<€mp coincides with the qualitative approach.

Example 3.4 (Ex. 3.3 cont.). Taking a closer look at Example 3.1, we can
identify another possibly strange property of our comparisons. Consider for this
an LP-model My = ({d},vo) of ¥ with only one element in its domain and for
which Ab.:p(Mo) = AbQ(M()) = {d}, while Abl(Mo) = Abg(Mo) = Ab4(M0) =
0. We can observe that any model with at least two elements in the domain
will be strictly worse for any comparison <% where x € {g,l}. For instance,
My <% My, My <% Ms, and My <% Ms. (Of course, a similar problem can
be identified for x = p.) One may, of course, critically ask whether we should
derive anything about the size of the domain based on the premises in X.

3.2 Additionally comparing the domains of models

The situation critically analyzed in Example 3.4 can be improved by imposing a
necessary condition for M < M’ to hold in terms of the domains Djy; and Dy
of M and M’: they have to be in some sense comparable. Options are:

[Cf] no requirement (free) [CD] Dy 2Dy,

[C:] DM = DM/, [CZ] card(DM) Z card(DM/).

[C=.] card(Dys) = card(Dypy),

Definition 4. Where w € {f,=,=.,2,>} and t € {g,p,1}, we define M <"
M’ iff [Cr] holds and M <, M’
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Remark 3.2. The [C=] restriction for the <% , ordering appears in Priest’s
original proposal ([Priest, 1991]). However, due to some shortcomings pointed
out by [Batens, 1999, Batens, 2000], Priest decided to drop the conditon and
accept [CE] [Priest, 2017]. Some of these problems, as shown in [Crabbé, 2011],
can be avoided by adopting [CD]. The choice of [Cr] is also consequential for
properties such as Recapture (see Section 5).

It is not our task in this paper to ultimately pick one comparison type over
the others (this may very well depend on the given application context), but
rather to study their meta-theoretic properties and in this way to provide further
evidence and criteria for such a comparison.

Example 3.5 (Ex. 3.4 cont.). We have My <fb’l My while form € {=,=¢,2,>}
the models My and Ms are incomparable (given their different “sized” domains)
and only Mo <g’l M and Mo <$l Ms. So, both My and My are selected and
we can conclude Pyc and Pyc’, but nothing concerning the size of the discourse
domain. This may be considered the intuitive outcome.

Fact 3.1. Where x € {g,p,l} and m € {f,=,=.,2,>}, <3~ is transitive and
irreflexive.

Proof. Irreflexivity follows directly from the definition of <3*. We paradig-
matically give a proof of transitivity for < = <§’p . Assume M; < M> and
Ms < Ms. By definition of <, it follows that (1) for all ¢ € I, card(Ab;(M;)) <
card(Ab;(M3)) and (2) thereis ai € I for which card(Ab;(M;)) < card(Ab;(Mz)).
Similarly, (1) for all ¢ € I, card(Ab;(Mz)) < card(Ab;(M3)) and (2') there
is a i € I for which card(Ab;(M3)) < card(Ab;(M3)). Moreover, card(D;) <
card(D3) < card(Dj3). Clearly, (1”) for all ¢ € I, card(Ab;(M7)) < card(Ab;(Ms))
and (2') there is a ¢ € I for which card(Ab;(M7)) < card(Ab;(M3)). Hence,
My < Ms. O

4 Nonmonotonic Reasoning Properties

In this section we demonstrate that the quantitative extensional approach has
a robust underlying metatheory. In particular, it is not haunted by the lack
of strong reassurance (and therefore the lack of cumulativity) as its qualitative
extensional relative. In the following, < is any of the paradigmatic comparison
types defined in the previous section, i.e., < = <3, where 7 € {f,=,=.,2,>},
*€{g,p, 1}, ® ={ai(z1,...,24,) | i € P} and PP is an initial subset of N.

As pointed out in the introduction, strong reassurance is (a) a necessary
requirement for core properties of nonmonotonic inference, such as cumulativity,
and (b) it doesn’t hold for the qualitative extensional approach. Hence, our
first result is a key contribution of the paper paper since it shows that the
meta-theory of the quantitative extensional approach can be built on a firm
foundation.
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Theorem 4.1 (Strong Reassurance). nmPL satisfies Strong Reassurance.?’
Cautious monotony states that if we add a nonmonotonic consequence of X
to X, our nonmonotonic consequence set does not decrease.?!

Theorem 4.2 (Cautious Monotony). nmPL satisfies Cautious Monotony.??

Cautious transitivity (or cautious cut) is the inverse of cautious monotony:
if we add nonmonotonic consequences of ¥ to ¥, our nonmonotonic consequence
set does not increase. Its proof does not rely on strong reassurance.

Theorem 4.3 (Cautious Transitivity). nmPL satisfies Cautious Transitivity.
That is, for any set of L-sentences 3 and any L-sentences A and B, if X FympL A
then

1. ming(MpL(2)) C ming (Mp(ZU{A})), and
2. if EU{A} EqmpL B then also ¥ EpmpL B.

Proof. Suppose ¥ FnmpL A. We show Item 1 from which Item 2 follows im-
mediately. If mini(Mp (X)) = 0, the claim follows trivially. Otherwise,
suppose M € min(Mp(X)). Since ¥ Fpp A, M € Mp (X U {A}). As-
sume for a contradiction that there is an M’ € Mp (X U {A}) for which
M’ < M. Since M' € Mp(X), this contradicts M € min(Mp(X)). Thus,
M € ming (MpL(X U {A})). O

As a corollary we get one of the core properties of nonmonotonic inference.

Corollary 1 (Cumulativity). nmPL satisfies Cumulativity. That is, for any
set of L-sentences ¥ and any L-sentences A and B, if ¥ FompL A then

1. ming (Mp (X)) = ming(Mp (X2 U {4})), and
2. XU {A} EompL B iff ¥ FnmpL B.

Another property often considered in the context of nonmonotonic inference
is rational monotony. Similar to cautious monotony, it concerns the robustness
of consequences under the addition of information to a given premise set 3. In
particular, it concerns the addition of information that is consistent with the
nonmonotonic consequences of 3.

Rational Monotony For all sets of L-sentences X, if 3 FynpL A and X H mpL
=B then Y U {B} EnmpL A.

20Gince the proof of this result is technically involved, we present it in the technical Appendix
9.

210Often nonmonotonic reasoning properties are only presented in terms of their characteri-
zation via the consequence relation. Due to its informativeness, we will in the following also
list the semantic characterization in terms of set-theoretic relations among classes of models.

22The proof was presented in the introduction (see Theorem 2.1).
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In the following example we show that Rational Monotony does not hold
in general for nmPL. In that respect, the quantitative approach follows the
footsteps of many central nonmonotonic logics, such as Default Logic ([Reiter,
1980]) and, in particular, of the qualitative approach to measuring inconsistency,
for which Rational Monotony also fails ([Strafler, 2014]).

Example 4.1. Let £ be a language with four unary predicates P, S,Q, R, and
a constant c. Let

Y ={1QcVv!Sc, =PcV!Sec, |PcV Rc }

We consider < = <%, for any m € {=,=.,2,>,f}. We have four types of
models, My, Ms, and M} in minL(M(X)), listed in the following table.?

M #(Abp(M)) #(Abg(M)) #(Abs(M)) M = Pc M = -Pc M | Re

M 0 1 0 v v
M, 0 0 1 v v
M} 0 0 1 v v
Ms 1 1 0 v v

Note that ¥ HompL —Pc (in view of model Ms ), while ¥ EqmpL Re. Consider-
ing XU{Pc}, model My and MY} are not in M(EU{Pc}), but we have minimal
models of the type My and Ms. In view of M3, however, ¥ U {Pc} FympL Re,
the opposite to what rational monotony requires.>*

A similar property to Rational Monotony is that of Disjunctive Rationality.

Disjunctive Rationality For all sets of L-sentences Y and all L-sentences
A, B and C:
if YU {A V B} EompL C then (E U {A} FampL C or X U {B} FEamPL C)

We also have to report negative results for this property in the general case.

Example 4.2. Let L be a language with the unary predicates P, P',Q,Q’, and
S. Let

S ={(QcA'Qc)V (IPcAIP'c), \PcV Sec, 1QcV Sc}.
We distinguish the models in the following table under the quantitative ordering

< = <pby, where m € {=,=.,2,>}.

M #(Abg(M)) #(Abg(M)) #(Abp(M)) #(Abp/(M)) M | Sc

M, 1 1 0 0 v
M| 1 1 1 0
M, 0 0 1 1 v
M}, 1 0 1 1

23In this and the following tables we often write # instead of card to save space.
24The example also shows that rational monotony does not hold for the qualitative com-

; P
parison under <p’i,.
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All models in min (M(ZEU{IPcV!Qc})) are of the types My and My relative
to their abnormal parts. Models in min (M(X U {!Pc})) are of types My and
M, and models in min(M(Z U {!Qc})) are of types My and M}. We observe
that SU{!PcV!Qc} EnmpL Sc, while XU{!Pc} HampL Sc and SU{!Qc} HampL Sc.
This shows that Disjunctive Rationality does not hold in general for comparisons
based on the product order.

A slightly more complicated example demonstrates that also the global and
lexicographic orderings do not satisfy Disjunctive Rationality, if not combined
with f (see Ex. H.1 in Appendix 9). For orderings <&* with « € {g,1}, we can
report positive results.

Lemma 4.1. Where x € {g,1} and ¥ C sent., (M(X), <f1;*> is modular.?®

Proof. Let < = -<EI;*. We consider x = [, the other case is similar and left to
the reader. Suppose M, My, M3 € M(X) and M; < My while M3z A M. We
have to show that M; < Ms. As M; < M, there is a minimal £ > 1 such
that for all 1 < j < k, card(Ab;(M;)) = card(Ab;(Ms)) and card(Aby(M;)) <
card(Aby (Ms)). If for all j > 1, card(Ab,;(M7)) = card(Ab,;(Ms)) then Mz < Mo
which contradicts our assumption. So, there is a minimal ¢ > 1 such that
for all 1 < j < i, card(Ab;(M;)) = card(Ab;(Ms)) and card(Ab;(My)) #
Cal’d(Abl(Mg)) If Cal’d(Abl(Mg)) < Cal’d(Abi(Z\41))7 then M3 < M; and by tran-
sitivity (Fact 3.1) M3 < M which contradicts our assumption. So, card(Ab;(M;)) <
card(Ab;(M3)) and thus, M; < Ms. O

As in [Lehmann and Magidor, 1992], the proofs of the following two theorems
make essential use of the modularity of our order (Lemma 4.1).26

Theorem 4.4. Where < = -<EI;*, * € {g,1}, nmPL = (PL, <) satisfies Disjunc-
tive Rationality if fy[(V\D) x (V\D)] CV\D.?"

Proof. Suppose ¥ U {AV B} FympL C. Assume for a contradiction that ¥ U
{A} HompL C and ¥ U {B} HympL C. Thus, there are M4 € mins(M(Z U
{4})) and Mp € ming(M(X U {B})) for which M4 = C and Mp [~ C.
Since ¥ U {AV B} EqmpL C, by Strong Reassurance (Theorem 4.1), there are
My, M)y € ming(M(ZU{AV B})) for which Mz < M4 and M/, < Mp. Since
Ms € min ,(M(ZU{A})), My ¢ M(ZU{A}). Since My € M(EU{AV B})
and since fy[(V\ D) x (V\D)] C V\D, My € M(ZU{B}). Similarly,
M, € M(XU{A}). By the modularity of (M, <) (Lemma 4.1), M, < My
or Mp < M/,. The former is impossible since M4 € min,(M(Z U {A})). The
second is impossible since M/, € min (M (ZU{AV B})). Altogether this shows
that our assumption is false and so ¥ U {A} Eqmp C or U {B} Eqmp C. O

25 An order (X, <) is modular if for all z,y,z € X, x < y implies z < 2 or z < y [Lehmann
and Magidor, 1992].

26Gince unlike [Lehmann and Magidor, 1992] our systems are not necessarily based on
classical logic and since we don’t operate with single-premise consequence relations we state
the short proof.

27The requirement on the disjunction is fulfilled for instance in LP and FDE.
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Theorem 4.5. Where < = <EI;*, * € {g,1}, nmPL = (PL, <) satisfies Rational
Monotony if f-[V\D] CD.

Proof. Suppose ¥ EpmpL A and ¥ HmpL = B. Thus, there isa Mp € mins (M (X))
for which Mp = -B. Since f.[V\D] C D, Mp = B. Suppose M €
ming (M(X U {B})). Assume for a contradiction that M [~ A. Hence, M ¢
min. (M(X)). Thus, by Strong Reassurance (Theorem 4.1) there is a M’ €
min (M (X)) such that M’ < M. By the modularity of (M, <) (Lemma 4.1),
Mp < M or M’ < Mg. The latter is impossible since Mp € min_ (M (X)) and
the former is impossible since Mp € M(XU{B}) and M € min,(M(EZU{B})).
Hence, our assumption is false and so ¥ U {B} EnmpL 4. O

5 Recapture

In [Crabbé, 2011], Marcel Crabbé shows that for some choices of 7 under the
extensional qualitative approach, the logic at hand is not able to agree with
classical logic in consistent situations.

Example 5.1. Consider the premise set {3z Pxz,3x—Px} in a logic PL with
an existential quantifier (satisfying Q0-Q2 and Q3). Note that there are no
consistent PL-models with cardinality 1, however for each higher cardinality there
are consistent models. Thus, where < = <p~,, ™ € {=¢,=}, and x € {g,p,},
min (M(X)) contains models of size 1 that have an P-inconsistent element. In
contrast, where m € {2, >,f}, min,(M(X)) only contains models all of whose
individuals are P-consistent.

This gives rise to the following simple observation.

Definition 5. We callnmPL = (PL, <) [upwards/downwards] cardinality-sensitive,
iff there is a cardinality kK > 0 for which there is a set of sentences ¥ such that
MpL(E) contains models M of some cardinality k and there are no models
M’ € ming(MpL(X)) of cardinality k [but there are models of higher/of lower
cardinality in min (Mp(2))]. nmPL is fully cardinality-sensitive iff there is a
cardinality k such that there are models in Mp(2) with cardinalities smaller
and larger than k, but min(Mp (X)) only contains models of cardinality .

Fact 5.1. Where < = <p2,, * € {g,p,l}, 7 € {f,D,>}, the approach is
linguistic or extensional, (i) nmPL = (PL, <) is cardinality-sensitive. (ii) Where
m € {2,>}, nmPL is upwards cardinality-sensitive. (iii) Where m = f and L
contains an identity, nmPL is fully cardinality-sensitive.

Proof. Ttems (i) and (ii) are shown in Example 5.1. For (iii) consider ¥ =
{Vz(c=2x Vv =2 VIPzx),~(c=c)}. The only models without inconsistencies
are those of cardinality 2. O

Crabbé shows that, in the context of LP, one can also recover classical logic
for premise sets that have a classical model for orderings based on m = D and * =
p. The rationale is the following. Consider we have LP with A = {i}. Suppose
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we are dealing with a premise set that does not give rise to contradictions, such
as {VzPz}. In that case we may expect that nmLP interpret the given premises
only in terms of the classical truth-values 0 and 1, and so “recaptures” classical
logic. Indeed, the result of restricting the truth-tables of LP to {0, 1} is exactly
the truth-tables of the classical connectives.

In our more abstract setting the desideratum can be informally phrased as
follows. For a given logic PL, based on the truth-values V, and given a set
of abnormal truth-values A C V, let PLY\* be the result of restricting PL-
truth-assignments to V\ A (we make this more precise below). Then, recapture
expresses that if a premise set ¥ has PL-models with assignments only based on
the truth-values V\ A, then nmPL interprets ¥ just like PLY\A,

Clearly, not every PL truth-assignment can be restricted to V'\ A in such a
way that every formula obtains a value in V\ A. E.g., suppose there is a unary
connective o such that f, maps a value v € V\ A to a value v, € A. Then
in some model M, even if vy (A) = v, vy (cA) ¢ V\ A. Thus, we need our
truth-tables to separate abnormal truth-values from “normal” truth-values.

Definition 6. Where PL is a logic based on the language L and L' is a sub-
language of L, PL is A-separable (on L) iff

1. for all n-ary connectives w (in L'), fz[(V\A)"] € VNA and 2
D\ A#0.

Definition 7. Where PL is A-separable, let PLV\ be the logic which is defined
Just like PL, but the set of truth-values is restricted to V '\ A.

Let us come back to our previous example.
Fact 5.2. LP is {i}-separable and LP112} = CL.
We are now able to phrase our desideratum in a formally precise way:

Definition 8. Where PL is a logic based on the language L and L' is a sub-
language of L, nmPL = (PL, <) satisfies semantic recapture (for L'), iff,

1. PL is A-separable (on L') and

2. for all ¥ C sentys that are PLV\A-satisﬁable, M € MumpL(Z) iff M €
MPL‘V\/\\(Z).28

We additionally define:

28We slightly abuse notation here since PLY\A_models are not, strictly speaking, PL-models,
since their assignment functions have restricted domains. More precisely one can phrase
item 2 as follows. We say that a PL-model M = (D, v) has corresponding PLY\A_model iff
vpr(A) € VNA for all A € sentz[p). In that case the corresponding PLY\A model is (D,v")
where v’ assigns the same values as v (since M has a corresponding PLY\A_model this doesn’t
violate the domain restrictions underlying v'). Given a PLY\*-model M = (D,v) we let its
corresponding PL-model be (D, v’) where v’ assigns identical values to v. We can now rephrase
item 2 as follows: for each M € MpmpL(X) there is a corresponding PLY\A_model and for each
M € Mp w\a(E) there is a corresponding PL-model in MuympL ().
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e nmPL satisfies entailment recapture (for £') iff for all ¥ C senty/ that are
PLV\A-satisﬁable and all A € sentpr, ¥ Fpvaa A iff X FompL A.

e nmPL satisfies recapture (for L) iff it satisfies semantic and entailment
recapture (for L').

e nmPL satisfies classical recapture iff PLY\ = CL and nmPL satisfies re-
capture.

In the following, we will focus on semantic recapture which implies recapture.

Fact 5.3. If nmPL satisfies semantic recapture it satisfies entailment recapture
and therefore also recapture.

Fact 5.4. Where nmPL = (PL, <), if PL is A-separable, then Mpna(2) C
min (Mp (X)) for any set of sentences 3.

This holds since for any M = (D,v) € Mp wa(X), Ab;(M) = 0 for every P;.

As a first positive result we notice that for any ordering without restrictions
on the size of the domains of models we get recapture for A-separable base
logics.

Theorem 5.1. Where x € {g,p,1}, < = <5* nmPL = (PL, <), if PL is A-
separable then nmPL satisfies recapture.

Proof. Let ¥ be PLY A satisfiable. Suppose M € min<(Mp()). Assume for
a contradiction that Ab;(M) # 0 for some i € P. Let M’ € Mp n+(X). Thus,
Ab;(M) = 0 for every j € P. Thus, M’ < M which is a contradiction. The
other direction is due to Fact 5.4. O

However, in the presence of an identity = or a non-identity #, recapture
does not hold for typical core logics for any ordering <I}j* where t € {=,2,>}.
We illustrate this point with LP.

Fact 5.5. Where t € {=,2,>} and x € {g,p,}, nmLP = (LP, —<};’;d> does not
satisfy recapture.

Proof. Take as an example ¥ = {JaVy(y = = V !Py)}. It is easy to see that
there is a normal model of cardinality 1 and every model of higher cardinality
has abnormalities in P and is therefore not a PLY\*-model. In view of the
selection type T these models of higher cardinality are selected.

For a counterexample with #, consider ¥ = {JaVy(-(y # x)VIPy)}. Every
model of cardinality 1 is consistent, but models of higher cardinality have ab-
normalities relative to either # or P. O

The situation improves for logics without (non-)identity. Such a logic may
still feature a congruence relation ~. In fact, we show something stronger: given
any A-separable base logic PL and a premise set 3 without occurrences of (non-
)identities, nmPL satisfies recapture for any ordering of the type <3* where
7€ {>D2}and x € {g,l,p}.?

29The proof can be found in Appendix 9.

21



Theorem 5.2. Where PL is A-separable and based on L and L' is a sub-
language of L without identity and non-identity (but possibly with a congruence
~), x € {g,p, 1}, and + € {>, D}, nmPL = (PL, <%*) satisfies recapture for L.

6 The Linguistic (In)Dependence of the Linguis-
tic and the Extensional Approach

In this section we highlight two ways in which the extensional approach is less
dependent on linguistic subtleties than the linguistic approach. We first consider
the following example.

Example 6.1. Let X = {3z!Px}. We first consider a language Lo without
constants and only one unary predicate symbol P and then move to a language
L. that adds a constant ¢ to Lg. In the linguistic approach the minimal Lg-
models of ¥ will be identical to the PL-models of ¥ since all these models have
the abnormal part {3z!Px}. The situation changes in the context of L.. All
models of cardinality 1 will have the abnormal part {3xz!Px,!Pc} while minimal
models of higher cardinalities will have the smaller abnormal part {3x'Pz} and
be therefore preferable (if we compare with <59, where 7 € {f,2,>}). In
terms of nonmonotonic entailment, in the context of the language L. we get the
nonmonotonic consequence IxIy—(x = y) which is not entailed in the context
of the language Ly. In contrast, when considering the extensional approach,
the class of minimal Ly models is identical to the class of minimal L. models
according to any comparison type <. In the context of both languages we have
the same nonmonotonic entailments.

We now show that the extensional approach (unlike the linguistic approach)
is robust under extending the (non-logical) signature of the language. In the fol-
lowing we denote by Lp| the class of languages that contain the logical symbols
of PL but vary in their non-logical symbols.

Definition 9. Where L, L' € Lp., let L' be an extension of L by non-logical
symbols (i.e., predicate symbols and constants). Where M = (D,v) € M5, let
ML =4 (D,v|L) where v|L is the result of restricting v to the language L.
Moreover, where M C MBE, is a set of L' -models, we let MVE =g {ML| M €
Definition 10. Where £,£' € Lp, nmPL = (PL, <) is linguistically robust
relative to L if for any set of L-sentences ¥ and any extension L' of L by
non-logical symbols, min(ME (X)) = ming(ME ()F). We say nmPL is
linguistically robust if for any £ € LpL, nmPL is linguistically robust relative to

L.

As shown in Example 6.1, the linguistic approach is not linguistically robust.
As the next proposition shows, the extensional approach is.

Proposition 6.1. Where < = <3, x € {g,1,p}, 7 € {f,=,=,,2,>}, nmPL =
(PL, <) is linguistically robust.

22



Proof. Let £’ be an extension of £ by non-logical symbols.

(C) Suppose M = (D,v) € ming(ME (). We let M' = (D,v') € ME, be
such that v’ extends v to £’ in the following way: 1. for each constant ¢ in L,
v'(c) = v(c); 2. for each predicate P; in £ and each tuple dy,...,d; € D* we let
V(P (dy,...,di)) =v(P;, (d1,...,ds)); 3. for each constant ¢ in £’ that is not
in £, we let v'(c) = d for an arbitrary d € D; 4. for each predicate P; in £’ that
is not in £ and each tuple (dy,...,d;) € D* we let v'(P;, (dy,...,d;)) = v for
an arbitrary v € V\ A.

It is casy to see that (a) M’ € ME/ (X) since ¥ is a st of sentences of £ and
(b) Ab;(M) = Ab;(M") for all predicates ¢ € P (note that o; € wiffsz). Assume
for a contradiction that there is a M” € ME () for which M” < M’. In view
of (b), also M”|L£ < M. This is not possible since M € min (M5 (¥)) and
M"|L e ME ().

(D) Suppose now that M” € minL (M5, (2)). Assume for a contradiction
that there is a M € M& () for which M < M"|L. By the (C)-direction, there
isa M’ € ME (%) for which items (a) and (b) hold. Thus, also M’ < M" which
is a contradiction. 0

Another type of linguistic dependency has to do with naming conventions
and the cardinality of the selected models. We take a look at another example.

Example 6.2. Consider the premise set
Y= {(cl =cy ANPey A—p) V (cg = c3 AN Pey /\p)}

and the following models of ¥ (where v[P,i] denotes the set {d € D | v(P,d) =

M= (D,v) D v[P,i] wv(c1) w(ea) v(ezs) MEp ME-p
M, {di} {di} v dy dy v
My A{d}  {d} b d D
ME Adi,dy} {di} dy dy v

MZ {dy,dy} {d} & dy  dy

While for M. (where i € {1,2}) we have M} |= ¢ = ca A Pcy A —p, for M}
we have le E co = c3 AlPcy Ap. Now, according to the linguistic approach we
have:

Abp(M?) = {3x!Pz,! Py} C Abp(M?2) = {32! Px,!Pcy, 'Pcy} C
Abp(M}) = Abp(M}) = {3z!Px,!Pcy, ! Pcy, | Pes}

Where < = <?1’:} and 7 € {f,>, D}, x € {g,p, 1} we have therefore M? < M2 <
M}, Mb1 in the linguistic approach and we can conclude p. We note that

1. the linguistic approach is sensitive to naming conventions: for instance,
the main difference between M? and M2 is that in the situation depicted
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by M?2 two names are used for the inconsistent object di (namely, ¢ and
c2) while in M{ only one name is used namely, c;.°

2. observation 1 also has repercussions on the cardinality of the selected mod-
els (for m € {£,>,2}): models M} and M} are not selected since (due to
the size of their respective domains) there are more names for inconsistent
objects than in their larger counterparts M? and ME.

The situation is different in the extensional approach, where all four models
are on a par since P has in all of them the same abnormal extension. All
depicted models will be selected and therefore p is not nonmonotonically entailed.

Altogether, we observe that the linguistic approach interprets the premise
sets also by adhering to pragmatic considerations according to which naming
conventions are such that they minimize the number of names for inconsistent
objects. Let us make this more precise.

Definition 11. We say that nmPL = (PL, <) is non-pragmatic iff for every
M = (D,v) € MpL and every M' = (D,v") for which v' agrees with v on all
predicates (but differs possibly in the interpretation of the constants), M’ A M
and M 4 M'. We say nmPL is pragmatic if it is not non-pragmatic.

As we have seen in Example 6.2, the linguistic approach is pragmatic since
M? and M? agree on all predicates and still M7 < MZ2.3! The extensional
approach, in contrast, is non-pragmatic:

Fact 6.1. Where < = <3, x € {g,p, 1}, 7 € {f,=,=¢, D, >}, nmPL = (PL, <)
18 non-pragmatic.

In sum, we present an overview of our results in Table 2. We have shown that
the linguistic and extensional perspectives are based on different intuitions as
to what should count as an “abnormality” when measuring and comparing the
inconsistency of two given models. Moreover, in the linguistic approach prag-
matic considerations are taken into account, while the extensional approach is
linguistically more robust. Depending on whether one leans more toward one or
the other side, one will find certain logical behavior of the respective accounts

30In the context of some applications, a reader may critically ask as to why interpreting
a premise set as consistent as possible should tell us anything about naming conventions.
E.g., our model M2 may depict a situation in which two groups of scientists discover an
element di which behaves abnormal w.r.t. property P. Each group gives d; a different name,
say “strangelet” (c1) and “weirdlet” (c2). Why should interpreting the world as consistently
as possible exclude such a scenario? Of course, in some situations there may be pragmatic
arguments in favor of not multiplying names for the same object (e.g., to reduce linguistic
“clutter” and this may be modeled by a nonmonotonic logic), but these considerations seem
to be independent of an object’s status of being inconsistent or abnormal. Similar critical
thoughts can be raised in the context of observation 2. For a relevant defense of this behavior
see [Batens, 2000].

31In a presentation of this paper it has been suggested to us that the linguistic approach can
easily be adjusted to obtain a non-pragmatic variant. This seems not be the case, however.
In Appendix 9, we demonstrate that some intuitive suggestions along these lines do not work
as intended.
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approach T recapture  card.-sensitive = pragmatic ling. robust

extensional € {=,=.} v
linguistic 7 € {=,=,} v
extensional w € {>,D} v (upwards) v
linguistic 7€ {>,D} v (upwards) v

extensional m=f v v (fully with =) v
linguistic m=f v v (fully with =) v

Table 2: Overview results

more or less compelling. The fact that logical principles are connected to differ-
ent styles of reasoning is well known in the context of nonmonotonic logic: see,
for instance, the discussion on the so-called floating conclusions ([Horty, 1994]),
on the credulous vs. the skeptical reasoning style ([Meheus et al., 2013]), and
disagreements on the status of Rational Monotony ([Rott, 2017]).3?

7 Identity, Congruence and their (Ir)Reducibility

In this section we investigate whether it matters how the equality symbol = is
interpreted in models for the resulting nonmonotonic entailment relation. More
precisely, the question is whether we get different consequences if we select only
minimal models that interpret &~ as an identity (so satisfying the constraint Eq)
or if we consider the class of minimal models that interpret ~ as a congruence
(so, satisfying the weaker constraint Cong).

In the following we consider a language £ with a symbol ~ and we suppose
that all models Mp_ satisfy the constraint Cong for it. We call these models
general models. We suppose the logic PL to be fixed in the background and will
from now on skip the subscript. Let M¥ be the subclass of id-normal models
that satisfy Eq for ~. Similarly, where > C sent., we write M (X) resp. M (X))
for the class of models of ¥ in M resp. in M™. Let in the following ) denote
EampL where nmPL = (PL, <). We define two variants " and %2 of pv as
follows:

Definition 12. Where ¥ U {A} C sent,,
1. S Y A iff for all M € ming (M()) N M9, M = A.
2. S Y2 A iff for all M € minL (M9(X)), M E A.

Our initial question can then be phrased by: Do (x1) resp. (*2) hold?, where

321t is not our intention to give ultimate arguments in favor of one account (linguistic vs.
extensional) over the other, especially since we consider this an issue depending on the context
of application and so an issue which cannot be decided from the abstract meta-theoretical
perspective of this paper. Rather, our aim is to provide precise formal criteria/properties that
may assist a formal modeler in choosing an adequate formal system (besides issues concerning
the content of the to be formalized reasoning).
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property qualitative quantitative
(x1,=) Fact 7.1  Fact 7.1

(*x1,«<) Cor. 2 Ex. 7.2
(%2,=) Ex. 7.1 Ex. 7.1
(x2,«) Cor. 3 Ex. 7.2

Table 3: Comparison of quantitative and qualitative approaches. The results
apply to any ordering < considered in this paper. The gray background indicates
that the property does not hold and a reference to a counter-example is given.

(x1) SRAIf TR A (x2) SRAiIf S R? A

Crabbé in [Crabbé, 2011, Remark 7.2] observed that (*;) holds for (LP, %,%51)
for qualitative comparisons. In the following we will give some more positive as
well as negative results. We provide an overview in Table 3. By the definition
of }v'i’l we immediately get:

Fact 7.1. If S|~ A then & V! A.
Furthermore, we have:

Fact 7.2. min(M(X)) N M C min (MY(X)).
We now consider the (=)-direction of (x3).

Example 7.1. We consider the base logic LP and < = <|T,’rzd where t €

{2,=,>,=.} and * € {g,p,l}. For the example it will not matter whether we
compare the abnormal parts of our models qualitatively or quantitatively. For
simplicity we consider the language L consisting of only one unary predicate
symbol, P. Let our premise set 3 be:

Y = {Vz(z =~ c) V!Pc}

We consider the model M = (D,v) where D = {dy,dz2}, v(c) = di, [di]~ =
{d1,ds} (where [d]~ = {d' € D | v(=,(d,d")) € D}) and the extensions of our
predicate as follows (where the v[P,v] denotes the set {d € D | v(P,d) = v}):

v[P,1]  w[P,0] v[P,i]
{d1,d2} 0 [

This model is minimal, i.e., M € min(M(X)). However, it is not id-normal,
i.e., M ¢ M. Consider now M’ = (D,v') where v(c) = dy, v[P,i] = dy, and ~
is interpreted as identity. Note that M' = Pc since vy (Vz(x = ¢)) = 0 (in view
of Eq and since v'(=, (d1,d2)) ¢ D = {1,i}). Clearly, M’ ¢ min,(M(X)) since
M < M'. Nevertheless, M’ € ming(M4(X)). In fact, we have ¥ V(e = x)
while X béid’Q Va(c = x). This illustrates that for all our orders < the left-to-
right direction of (*2) does not hold. As we have seen (Fact 7.1), the situation
is different for (%1).
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(D,v) D Abg (M) ld~ €]~ [¢'l~ M [EVzlR(x,2) M E B
My {1y AL D)) {1 {1y {1y v v
My {1,2,3} {(1,2), (1,3)} {1} {2} {3} v

My {L2.3) {Gar., {1} {2} {3}

My N {(L)}ize {1} {2} Ny v

ME N (@Y {1} {2 Ny v

Table 4: Models for Example 7.2, where B = Va3y(!R(z,y) V !R(y,z)) and
N;={jeN|j=i}

We now show that for quantitative comparisons also the (<)-direction of
(1) and (%2) fail.

Example 7.2. Let < = -<JFr,’r’;d where T € {=,=.,>,2} and 7 € {g,p,l} under
the quantitative comparison. Let

L={Va(zmeVard V"), Vo!R(x,z)V B}.

and
B =Va3y((IR(z,y) A (z =) V ({R(y,z) A (y = ¢))).

We consider the models in M(X) presented in Table 4. We also assume
that My and M3 are in M'4(X). Clearly, M} and M?2 are not id-normal since
Va(z = cVa =) holds in them while their domains are infinite. In fact, there
are no id-normal models of ¥ with domains of cardinality greater than 3. Note
that ML, M2 € ming(M(X)). We also observe that Ms < M3 and ¥ r9r B
for k € {1,2}, while S}t B in view of models like M?2. Thus, the right-to-left
directions of (*1) and (x2) fail for quantitative comparisons. We also notice
that M3 is a quotient model of M2 (see Def. 13 below) and, while the latter is
<-minimal, the former is not.

Interestingly, the (<)-direction of (x2) and both directions of (1) hold for
the qualitative comparison. The reason is the following observation by Crabbé,
here slightly generalized for different qualitative comparison types and different
base logics. We first define quotient models.

Definition 13. Where M = (D,v) € M and = satisfies Cong, we define the
quotient model My, = (Dx,vx) as follows:

1. D~ = {[d]~ | d € D}, where [d]~ =g {d' € D | v(=, (d,d') € D)},
- 0m(P, ([di)s - - - [dn]n)) = 0(P, (dy, - ., dn))
[d]~)) =v(~ (d,d))

> L
<
Q
R
=
R
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Lemma 7.1. Let the underlying comparison be qualitative, < = <:r1;*, T e
{=,2,>,=.,1}, andx € {g,p,1}: if M € miny(M(X)) then M~ € min(M(3))N
Mid.33

As we have seen in Example 7.2, this fails for quantitative comparisons.

Corollary 2. Where < = <3*, m € {=,2,>,=.f}, x € {g,p,1} and the
underlying comparison is qualitative, if ¥ }v'd’l A then Y~ A.

Proof. Suppose X }Nid’l A and suppose M € minL (M (X)). Thus, by Lemma 7.1,
My, € ming (M(Z))NMY. By the first supposition, M, |= A and hence M |= A.
Thus, X |~ A. O

Corollary 3. Where < = <3*, 7 € {=2,2,=cf}, x € {g,p,1} and the
underlying comparison is qualitative, if 3 de A then X A.

Proof. Suppose ¥ |~id’2 A. Thus, for all M € ming(M¥4(%)), M = A. Suppose
M € ming(M(X)). By Lemma 7.1, My € ming(M(X)) N MY and thus by
Fact 7.2, M~ € ming (M'(X)). Hence, M~ = A and so M |= A. O

8 Lowenheim-Skolem

The Lowenheim-Skolem theorems tell us, for instance, that for any model of a
countable language £ with an infinitely large domain, we find a model with the
same theory whose domain has cardinality x, where  is an arbitrary infinite
cardinal.®* It is not obvious that this property also holds when considering
semantic selections. The reason is that abnormal parts may grow in models
with larger cardinality. While we expect this not to affect orderings <g* where
T e€{=,=¢2,>}and x € {g,p,l}, for 7 = f one can easily show that for specific
premise sets, even if infinitely large models exist, the only selected ones have
countable cardinality.

Example 8.1. Consider ¥ = {Vz!Pz} U{=(¢; = ¢;) | i # j andi,j > 1}.
Models M without abnormalities in = will have an infinitely large domain D
for which Abp(M) = D. Two such models are M,, and M, in Table 5 (where
Kk > Ng). Some of these will be minimal according to <fF;id, namely models M =
(D,v) for which card(D) = Xg. E.g., M, is minimal. Models with uncountable
domains, such as M, may have the same theory as M, but are not selected,
since for these models Abp(M,) > 8.3

In view of this example we observe, that the upwards version of Lowenheim-
Skolem does not hold for orderings <5, where x € {p,1}.

33We prove this Lemma in Appendix G and refer the reader interested in the intricacies of
quotient models in the context of many-valued logic to [Ferguson, 2020].

341n this section we focus on countable languages £. The generalization to the uncountable
case works as expected.

35A similar reasoning applies to <1|;’rled where abnormalities in = are prioritized to abnor-
malities in P.
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M = (D,v) card(D) card(Abp(M)) card(Ab=(M))

M, 1 1 1
M, Ng No 0
M, K K 0

Table 5: Models of Example 8.1. We have: M, —<;’de M, while M, and M,
(vesp. and M,,) are <;’id-incomparable.

In the remainder of this section we give more results. We start with the
monotonic base logic, for which we state “abnormality-aware” versions of the
two Lowenheim-Skolem theorems. They illustrate that, given a model M with
infinite domain, for all predicates whose abnormal parts do not have the same
cardinality as M’s domain, we find a just as good model with the same theory
but arbitrarily larger domain. In fact, for all such predicates, the abnormal part
will maximally be countable. We paradigmatically show this for orderings {g*
where x € {p, !} and any {. We first define:

Definition 14. Where M = (D,v) € M is a model, let
1. Peoinf(M) be the set of all i € P for which Yo < card(Ab,;(M)) < card(D);
2. Pun(M) be the set of all (i,1) for which i € P and card(Ab;(M)) =1 € N;
3. Pfin/coinf (M) be the set of all i € P for which card(Ab;(M)) < card(D).

Definition 15. For a logic L, a cardinal k and a set of L-sentences % let
MER(D) [fresp. MER(S), MEF(E), MTH(E), MZ"(2)] be the sub-class of mod-
els in M (X) with cardinality equal to [resp. smaller than, smaller or equal
to, greater than, greater or equal to] k. We abbreviate MI((Z]) by MI for
T € {=k, <k, <k, >k, >k}. Similarly, we define ¥ H—I A iff for all M € MI(E),
M E A.

In addition to the property of preservation of validity (Item 4 in the fol-
lowing definition) that is expressed in the Lowenheim-Skolem theorems, we will
also consider properties concerning preservation relative to the cardinality of
abnormal parts (Items 1-3):

Definition 16 (LS-Ab). Where Xg < k < A (upwards version) resp. Ry <
A < K (downwards version), for all ¥ C senty and for all M, € M"(X),
there is a My € M{(X) for which3®

1. Pin(My) = Phin(My) (and so, for all (i,1) € Pun(M,;), card(Ab;(My)) =
I = card(Ab;(My)));

36In the context of a monotonic logic L and in virtue of Item 4, stating “for all & C sent,
and for all Mx € M*(X) there is a My € MZ(S)” is equivalent to “for all M, € M
there is a M) € MLzM. Since we below also consider nonmonotonic logics we state it more
generally.
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2. for all i € Peoinf(M,;), card(Ab;(My)) = Vg < card(Ab;(M,,));
3. if ki, A > Ro, Peginf (M) C Peoinf(M);
4. for all A € sentg, var, (A) = var, (A).
In the following we write My & M, in case Items 1—4 hold for M, and M.

Lemma 8.1. Let M,, € M5/ and My € Mg} such that My T M,. Then for
all i € Phin/coinf(My), card(Ab;(My)) < card(Ab;(My)). If K > X, then for all
i € P, card(Ab;(M))) < card(Ab;(My)).

Proof. Let i € P. 1If there is an [ for which (¢,1) € Pg,(M,) then (i,1) €
Psin (M) and therefore card(Ab;(M,)) = card(Ab;(My)). If i € Peofin(M,;) then
card(Ab;(My)) > Ng = card(Ab;(My)). If i € P\ Phiy/coins(M) and £ > A, then
card(Ab;(M,)) = k > XA > card(Ab;(M,)). O

We now state the abnormality-sensitive versions of the Lowenheim-Skolem
theorems for the monotonic base logic.?”

Theorem 8.1. LS-Ab (upwards) holds for every logic PL.
Theorem 8.2. LS-Ab (downwards) holds for every logic PL.
Corollary 4. For all sets of L-sentences XU {A}, X lkp. A iff & IFEEQO A.

The next question is whether we get LS-Ab also for our nonmonotonic
logics nmPL = (PL, <). Our previous theorem should make us optimistic since
it shows that for many predicates the size of the abnormal part is robust under
changes of the size of the domains of our models (given they are infinitely large).
Nevertheless, our hopes are only partially fulfilled.

Example 8.2. Let ¥ = {(Va!Pox APyc;) VVz!IPiz | i > 1} and k > Rg. Let,
moreover, < = %;&’;d where T € {=,=¢,>,2} and x € {p,l}. Consider the

models in the following table.

(D, v) #(D) #(Abp, (M)) #(Abp, (M)) M |= Va!Pox APye; M =Vl Pia

Mn K NO K v
M, K K 0 v
M, Ny Ng No v
M N Ng 0 v

Note that M,, € min(M(X)). However, there is no minimal model with
the same theory as M, with cardinality Ro. Note for this that M/ < M,,. This
shows that Theorem 8.2 and Corollary 4 do not generalize to the nonmonotonic
setting.

Example 8.3. Let ¥ = {Vz!PxV ptU{!P¢; |i > 1} U{=(c; =¢;) | i # j} and

<= _<;r3,;d (where Pred includes =), where T € {=,=.,>,2} and x € {g,p,(}.
Consider the models in the following table, where k > Ng.

37Proofs are provided in Appendix C.
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M = (D,v) #(D) #(Abp(M)) #(Ab_(M)) M |=ValPz M = p

M, K K 0 v
]\4,,/Q KR NO 0 v
M, Ng No 0 v
M/ Ng No 0 v

Although M,, € min(M(X)), there is no model in ming(M (X)) with the
theory of M,, and cardinality k. Note for this that M| < M,,.

Despite these examples one can establish two weaker results for nmPL.

Definition 17 (LS-Ab->w). We define LS-Ab->w just as LS-Ab, except that
K, A > Ng.

Lemma 8.2. Let x € {g,p,l}, T € {=,=.,>,2}, < = %TI,’*. Moreover, let
My, My € MG, My € M5, My € Mg where ks, A\, X' > Ro. Then, My C Ms
and Ms < M3 and Ms C My implies My < My.

Proof. We first prove the case for x = p. Since My < Ms, for all ¢ € P,
card(Ab,;(M3)) < card(Ab;(Ms)) and there is a k € P for which card(Aby(Mz)) <
card(Abk(Md))

We show (1) that for all i € P, card(Ab;(M7)) < card(Ab;(My)) and (2)
card(Abg(M7)) < card(Aby(My)). This suffices for My < Mjy.

Let ¢ € P. Assume first that (i,1) € Psn(My) for some ! > 0. Since M3 C My,
(i,1) € Pgn(Ms3). Since My < Mg, (i,1') € Pgn(Ms) for some I! < I. If i = k,
I < 1. Since M, C MQ, (ZJI) € ]Pﬁn(Ml). SO, card(Abl(Ml)) < card(/—\bl(M4))
and, if ¢ = k, card(Ab;(M;)) < card(Ab;(My)).

Assume now that i € Peofin(My). Since M3z T My, card(Ab;(Ms)) = No.
Since My < Mj, card(Ab;(M3)) < Ry and if ¢ = k, there is an [ > 0 for
which (Z,l) S ]P)ﬁn(Mg). Since X' > No, 1 € ]P)ﬁn/coinf(MQ). Since M, C MQ,
i € Pfin/coinf(M1) and card(Ab;(M;)) < Ng. So, card(Ab;(M;)) < card(Ab;(My)).
Moreover, if i = k, (i,1) € Pgin(M7) and therefore card(Ab;(M;)) < card(Ab;(My)).

If i € P\ Phin/coinf(Ma), card(Ab;(My)) = x and trivially card(Ab;(M1)) <
card(Ab;(My)), since My € Mg. Suppose i = k. Since M3z C My, i € P\ Pgp.
We have two cases, (i) card(Abg(M3)) = A or (i) Ng < card(Abg(M;3)) < A
Moreover, since My < Ms, A’ > A. So, in both cases, card(Abg(Mz2)) < A
and therefore i € Py /coinf(Mz). Since M1 & My, i € Pfipjcoinf(M1). Thus,
card(Aby (M) < card(Abg(My)).

Let now x = [. Since My < Mj there is a k such that for all i < k,
card(Ab;(M3)) = card(Ab;(Ms)) and card(Aby(Ms3)) < card(Ab;(Ma)).

We show (1) that for all ¢ < k, card(Ab;(M;)) < card(Ab;(M4)) and (2)
card(Aby (M7)) < card(Aby(My)). This suffices to show that M; < My.

Let ¢ < k. We can prove (1) and (2) analogously to how we proceeded for
* = p. The case x = ¢ is similar and left to the reader. O

Theorem 8.3 (Lowenheim-Skolem, uncountable, nonmonotonic). Where x €
{9,p,1}, 1 € {=,=¢,2,2}, < = %1},’*, LS-Ab->w (both upwards and down-
wards) hold for nmPL = (PL, <).
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Proof. Suppose Rg < A < kresp. Ng < k£ < A and M, € min(Mp(Z)NMGF).
Let My C M, in ./\/llfl_)‘ as in Theorem 8.1 resp. 8.2. Assume for a contradiction
that there is an M}, € M5 (2) such that M}, < My (therefore X' > \).
Then let M] C M, in Mg/ as in Theorem 8.1 resp. 8.2. By Lemma 8.2 (with
My = M., My = M},, Ms = My and M4 = M,) we have M/ < M, which
contradicts the <-minimality of M. Thus, My € MpmpL(Z). O

Although we have no equivalent result to Corollary 4 for the nonmonotonic
setting, we have the following weakened version:

Corollary 5. Where x € {g,p,l}, T € {=, =, >, 2}, <= —<JII>’*, and nmPL =
(PL, <), for all sets of L-sentences ¥ U {A},

S lrnmpr A iff 2 IFSN A

Finally, for the global (Thm. 8.4) or f-based orderings (Thm. 8.5), Léwenheim-
Skolem downwards holds for the standard version:

Theorem 8.4 (Léwenheim-Skolem, downwards, nonmonotonic, global). Where
te{=,=c> 2}, <=<k9 LS-Ab (downwards) holds for nmPL = (PL, <).

Proof. Let M,, € M5, (£) and Xg < A < k. By Theorem 8.2, there is an
M, € M5 ) that satisfies Items 1-4 of Definition 16.

Consider first the case card(Abg(M,)) < k. Then, P\ P /coinf(Mx) = 0.
Also, by Items 1-3 of Definition 16, card(Abg (M) )) = card(U; cp,, (a1,.) APi (M) +
card(Peoinf (M) X RNg). Hence, card(Abg(M)y)) < Ry and card(Abg(My)) <
card(Abg(M,;)). Assume for a contradiction that M) ¢ MpmpL(X). Thus,
there is a M’ € M} () for which card(Abg(M’)) < card(Abg(My)) and
N > X. Therefore, card(Abg(M')) = n for some n € N. Note that X\ # &
since n < card(Abg (M, )) and by the <-minimality of M,. By Theorem 8.1 (if
N < k) resp. Theorem 8.1 (if X > k), there is a model M/, € Mz/*(X) for which
M’ T M'. Thus, card(Abs(M)) = n < card(Abg(My)) < card(Abg(M,)).
This contradicts the <-minimality of M. So, My € M (2).

Consider now the case in which card(Abg(My)) = k. Assume first for
a contradiction that P\ Pfy/coinf(M,) = 0. Then, by Items 1-3 of Defini-
tion 16, card(Abg (M))) = card(UiePﬁn(MN) Ab;(M,,)) + card(Peoinf (M) X Ng) =
card(UiePﬁ"(MA) Ab;(My)) + card(Peoinf (M) X Xg). Note that card(Abg(My)) <
No. By Theorem 8.1, there is a model M, € Mg/*(X) for which M, T M,.
Hence, card(Abg (M) = card(U,cp,, (nr,) APi(M1)) + card(Peoinf (M) X No) =
card(Abg (My)) < Ng. But then, card(Abg(M],)) < card(Abg(M,,)), which con-
tradicts the <-minimality of M.

Thus, P\Pfincoinf (M) # 0. Assume for a contradiction that My ¢ MpmpL(2).
Thus, there is a \' > X and a M}, € My (¥) for which M}, < M. So,
card(Abg (M3,)) < A.

In case A = o, card(Abg(MS,)) < Ng and therefore P\ Pn(M5,) = 0.
By Theorem 8.2 resp. 8.1 there is a M/ € Mg/ (X) for which M, T M,.
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logic L LS L = IF2"
PL LS-Ab Rg
(PL,<E*)  LS-Ab->w N,
(PL,<%9) LS-Ab (down) No
(PL,<%*) LS-Ab (down) N

Table 6: Results related to the Léwenheim-Skolem Theorems, where x €
{g7p7 l}? T S {:7 =c» 27 2} and i € {f7 = =c» 27 Z}

So, P\ Psn(M)) = () and card(Abg(M))) < Ny. But then M < M, which
contradicts the <-minimality of M.

Suppose then that A > ®y. By Theorem 8.2 resp. 8.1 there is a M/ €
MG (E) for which M| C M,,. By Lemma 8.2, M} < M,. O

Corollary 6. Where t € {=,=.,>,2}, < = %:&;g, and ¥ U {A} C sentg,
S lrnmpr A iff S IFSNS A

Theorem 8.5 (Lowenheim-Skolem, downwards, nonmonotonic, f). Where x €
{9,p,1} and < = -<EI;*, LS-Ab (downwards) holds for nmPL = (PL, <).

Proof. Where M (£) = mins (M(X))NM=", suppose M,, € M=r, () and
Ny < A < k. By Theorem 8.2, there is a M), € /\/l,?,_)‘(Z) for which M) C M,..
By Lemma 8.1, for all i € P, card(Ab;(M))) < card(Ab;(M,)). Assume for a
contradiction that there is a M’ € Mz} (E) such that M’ < M,. Clearly then
also M’ < M,,. This contradicts the minimality of M,. So, M, € Mn:ni‘PL(Z).

O

Corollary 7. Where x € {g,p,l}, < = -<fI;*, and XU {A} Csentz, ¥ IFompL A
ISR A

9 Conclusion

In this paper we have presented a study of a class of nonmonotonic inconsistency-
tolerant logics. The underlying rationale is to interpret a premise set as consis-
tently as possible. For this we only considered models of the premise set in a
given paraconsistent base logic PL that give rise to minimally many contradic-
tions. Given a model M, we count for each of the given predicates how many
inconsistent individuals they give rise to and prefer those models that give rise
to less. Thus, we follow an extensional approach in that we count inconsistent
individuals in the extension of predicates as opposed to linguistic representa-
tions of contradictions. Also, the approach is quantitative in that we consider
the cardinality of the inconsistent extension of predicates. In contrast, in the
qualitative approach that was originally proposed by Priest (following the ex-
tensional approach) and Batens (following the linguistic approach) a model is
better than another one if its set of contradictions is a subset of the other sets
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of contradictions. By turning quantitative we solved the problem of a lack of
strong reassurance that underlies the extensional approach and demonstrated
that our approach is based on a robust meta-theory by, for instance, validating
the cumulativity property and specific versions of the Léwenheim-Skolem theo-
rems. Our approach is highly modular in that the resulting nonmonotonic logics
can be based on any paraconsistent and finitely-valued Tarskian base logic with
truth-functional connectives.

Some paths for future exploration are left open, such as to extend our study
to infinitely-valued, non-deterministic, and non-truth-functional paraconsistent
logics,3® or, as suggested in [Priest, 2014], to a second-order language.
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APPENDIX

A Outline of the proof of strong reassurance

Before we jump into the rather technical proofs (see Sections B-E of this Ap-
pendix), let us outline the basic underlying ideas. For this outline we con-
sider the logic nmPL = (PL, <) where < = <;C’l for some set of L-formulas
O = (oi(z1,...,24,) | © € P) and PL satisfies the requirements from Section
2.1. We discuss other cases <3* where x € {g,p,l} and 7 € {f,=,=.,2,>}
in Section E. Without loss of generality we will assume that P = N, but the

proof generalizes to P being any initial sequence of N. We write a; (1, ..., %q,)
to signify that the (only) free variables in «; are x1,...,x,,. We will also write
a;(x) for a;(z1,...,%,,) where x = z1,...,2q,.

Given a model Mt = (D1, v7) € Mp(X)\min, (Mp (X)), we have to show
that there is a M| € min (Mp (X)) for which M| < M. Let x = card(D).
We will address the case where x > RNy. The other case k < Ry will be treated
in similar but simpler ways (see Remark D.1).

The following definitions will be useful for this.

Definition 18. M =4 {M € MpL(X) | M < MT}.

We have to show that min (M) # 0. We first select models in M, that
minimize abnormalities in «ay, then out of these those that minimize abnormal-
ities in ap, and so on. Some definitions will help to make the idea precise.

Definition 19. For any i € P we define <; C M| x M| and <; T M| x M,
where

M <; M" iff card(Ab;(M)) < card(Ab;(M")),

M =; M' iff card(Ab;(M)) < card(Ab;(M")).

Furthermore, let Mo =¢f M, My =¢f min, (My), and M1 =gf ming, , (M;).

Three key insights will be used in our proof:

1. M; # 0 for each i € P (Lemma D.1),

2. Ni>y Mi € ming (M) (Lemma D.2), and

3. Nis1 Mi # 0 (Corollary 10).

From this follows that min. (M) # ), what is to be shown.

Step 3 will be the most demanding. We will construct a model M €
Ni>1 M;. For this we will enhance the premise set ¥ to gain more control in
the construction of M. In order to explain the nature of this extended premise
set we first define:
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Definition 20. Let o; be I-finitary in M| iff for any/alPP® M’ € M;, card(Ab;(M")) =
l. We let
Psin =df {(i,l) € (P xN) | a; is l-finitary in M¢}~

Let a; be co-infinitary relative to M iff for any/all M’ € M;, Ry < card(Ab;(M")) <
k. Let

Peoinf =df {Z € P | «; is co-infinitary in ./\/li}, and
Pfin/coinf =df Peoinf U {7 € P | 31((i,1) € Pgin) }.

In view of our abnormality-sensitive version of Léwenheim-Skolem (LS-Ab,
Theorems 8.1 and 8.2) we will observe in Lemma D.4 that

o for all i € Pegns and all M € M, card(Ab;(M)) = Xo.

Clearly, for all (i,1) € Pg, and all M’ € M;, card(Ab;(M')) = I. That means that
the model M, we are searching for has to satisfy the following three demands:

1. for all (i,1) € P, card(Ab;(My)) =1,
2. for all i € Peoins, card(Ab; (M, )) = Rg, and
3. forallieP \ ]Pﬁn/coinf, card(/—\bz(ML)) = K.

Enhancing our premise ¥ to a set 7, will help us expressing some of these
conditions formally. We will proceed in a similar way as in the proof of the
upwards version of the Lowenheim-Skolem Theorem. We enhance our language
L with k£ many new constants k;, resulting in £, for which we require that they
refer to different entities and that they are “normal” relative to all i € Py /coin-
That is, the formula ;(k1,. .., kq;) has to have a truth-value in V' \ A.

In many paraconsistent logics this is not expressible since the available nega-
tion is not sufficiently expressive (LP is a case in point). Similarly, the non-
identity of new constants may be inexpressible in our given language. In order
to prove the satisfiability of 7 in the enriched language we will utilize a “Henkin-
extended” language in which witnesses are provided for quantified formulas. For
this we need to express that, in every model, A(c4) (where ¢4 is our “Henkin-
witness” for dxA(z)) has the same truth-value as JxA(z). Again, a strong
bi-conditional that can express such dependencies is typically not available in
a given paraconsistent logic with no detachable conditional. It will be our task
to conservatively extend our given language adequately, i.e., in such a way that
the generality of our results remains unrestricted.*°

In sum, our first sub-task in Section B will be to develop a meta-theory in
the conservatively extended language, including a proof of compactness which

391n view of the iterative construction of (M;);>1 it is easy to see that for all M, M’ € M,
and any i > 1, card(Ab;(M)) = card(Ab;(M’)).

40We will also add a conjunction and disjunction to the language in case they are not already
available and an operator @ which expresses that a formula has an abnormal truth-value. We
show that the extension of the language is conservative.

38



will help us (a) to express all necessary requirements in 7, and (b) to prove the
satisfiability of 7.

Having a model M, of 7, is not the end of the story, however. Even if we
can ensure that the domain of M, has the size x, and all newly added x many
constants are normal relative to all i € P coinf and refer to different x many
entities, there may still be some i € Peoins for which card(Ab;(M,)) > Rg. The
reason is that having x many “normal” counter-instances does not warrant that
there are not also more than Ry (possibly even k many) abnormal elements in
the domain of M,. How do we get rid of them? This is where things get a
bit tricky. One idea could be to build a term-model for the theory of M,. But
the problem is that with the Henkin enrichment of £, we introduce x many
new constants which can serve as witnesses for formulas such as 3z A(z) € L.
So, whenever for a i € Peins, Ab;(M,) > Rg, we will get more than Ny many
witnesses to this effect. Clearly, we would introduce too many witnesses were
we to Henkin-enhance L.

To avoid this problem, we will only introduce Henkin-witnesses for our base
language £ (resulting in £p,): this will result in Xy many new constants in L,
to serve as witnesses of quantified formulas in L£j, but not for the full £, U L.
Clearly, for all i € Pgins, there will be Ry many Henkin-witnesses which will be
abnormal relative to i. The idea is then to build a term-model based on (the
theory of) M, and on the constants in £, and L. Since all constants in £, \ Ly,
are normal relative to all ¢ € Py coinf, the only candidates to be abnormal are
constants in £, which —and this is the important bit— are “only” Xy many. This
is exactly what we need to satisfy our requirement 2.

The resulting model M, will satisfy requirements 1-3 which suffices to show
that M, € ();»; M; (and so [);»; M; # 0).

In the remainder of the appendix we will present the proof in all its de-
tails. In Appendix B we enrich the language of PL and prove compactness.
In Appendix C we prove abnormality-aware versions of the Léwenheim-Skolem
theorems. Appendix D provides the core of our proof of Strong Reassurance.
We focus there on orderings of the type <$‘”l. Finally, in Appendix E we
show Strong Reassurance for the remaining other ordering types from Section 3.
Given the results established before this will not require much labor anymore.
Finally, in Appendix G we prove a technical lemma of Section 7.

B Compactness for an enriched language

For the proof of the strong reassurance of nmPL in Section D it is key to show
that PL is compact.*! There it will be most useful to employ a more expressive
object language. Note that we do not require that the base logic PL comes

4lIn [Ferguson, 2014] the reader finds compactness results for finitely valued non-
deterministic logics. However, the proof there is (a) based on a different Fregean semantics
(based on a set-theory without function extensionality) and (b) on a construction based on
the ultraproduct. For what follows (such as the Lowenheim-Skolem theorems) it will be useful
to construct a Henkin model as part of the compactness proof.
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readily equipped with the demanded expressive power. If it is not, we can
simply superimpose the needed connectives on the language £ underlying PL,
resulting in a richer language £’. Super-imposing them is easy from a technical
point of view. We will comment more on this after introducing the necessary
ingredients. We will show compactness for this enriched language, but the result
of course also applies to PL in its original form based on £. L’ is supposed to
include the following ingredients:*?

e an inequality relation # for which InEq holds;
e an existential quantifier 3 for which Q0-Q2 andQ3 hold;
e a conjunction A for which (Con) holds; and

e a unary connective @ which tracks abnormalities and respects the follow-
ing schematic truth-table:

Furthermore, we require that all connectives are truth-functional, and that
all quantifiers satisfy Q0-Q2.

We will use these ingredients, e.g., to express that there are at least n many
elements (1) resp. abnormalities (2) for a given formula «;(x). To avoid clutter,
when using the notation “Ix;...3x,...q;(x1)...a;(x,)” below we suppose
that each x; has the form x; = z;,, ... 1 Lj,, where for all 1 < j < k < n and all
1<y <k <a, zj,, # Tk, Also, 3x; abbreviates 3z, ---Jx;, . Finally, we
abbreviate \/| ;<. j, # Tk, by X; # Xx.

Jxq ... 3z, /\ Ti F T (1)
1<j<i<n
Ixq ... 3xp, /\@ai(xl)/\ /\ Xj 7 X;r (2)
I=1 1<<j’<n

The reader may wonder why we require a primitive inequality symbol instead
of an equality symbol = that satisfies (Eq) and instead of expressing (1) simply
by

dzy .- 3Jx, /\ —(x; = ) (3)

1<j<i<n

The reason is that in paraconsistent logics such as LP (3) may be true in models
which have less than n elements simply because the value of both z; = x; and

425ee Section 2.1 for the definitions of the constraints.
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=(z; = ;) may be i where z; and x; refer to the same entity. In contrast, this
is not possible with an inequality symbol that satisfies (InEq).

As mentioned above, if (some of) these ingredients are not part of PL already,
we superimpose them on the language £. Superimposing a set of connectives
T1,..., 7y, of arities (1, ..., (, on a language £ (supposing no 7; is already in the
logical signature of £) is to close the set of well-formed formulas of £ under these
connectives. As a result, no m; will occur in the scope of one of the connectives
of L.

By superimposing them we don’t disturb the inner workings of PL and ob-
tain, without much ado, a conservative extension PL’ of PL. Given our finite set
of truth-values V such connectives and quantifiers can easily be characterized.
E.g., where vi € D\ A and vo € V\ D are fixed, let

vi ifd#d
vog else.

v(#, (d,d')) =g { (4)

Similarly, if there is no conjunction in the language that satisfies (Con), one
may define A by imposing a total order = on V that separates V\ D from D
such that for all ve V\ D and all v/ € D, v C v'. From that just define

Falv, V') =¢f ming (v, V). (5)
The exact nature of  does not matter for our purposes.

Most probably there will be no operator @ which satisfies (T@) in our lan-
guage. In that case we define it by

vi VvEA
vg else.

fa(v) =af { (6)
Finally, if there is no existential quantifier in the language that fulfills Q0—
Q2 and Q3 we may define 3 via

f3(V) =ar maxc (V). (7)

Let the enriched language be £’ and the enriched logic based on £’ be PL’.
This enrichment of PL leads to a conservative extension.

Proposition B.1.

1. For every M = (D,v) € Mpy there is an M' = (D,v") € Mprs such that
(a) for all A € sentzp), var(A) = var (A) (where L[D] is the language L
enriched with pseudo-constants d for every d € D which are interpreted by
v(d) = v'(d) = d), (b) for all predicates P; (incl. identities, non-identities
and congruences), v(P;, (d1,...,d;)) = v'(P;, (dy,...,di)) and (c) for all

2. For every M' € Mpys there is an M € MpL such that (a) for all A €
sentzip), var(A) = v (A) and (b) for all predicates P; (incl. identities,
non-identities and congruences), v(P;, (dy,...,d;)) = v' (P, (d1,...,d;))
and (c) for all i € P, Ab;(M) = Ab,;(M’).
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Proof. Given M = (D,v) € Mp_ welet M’ = (D,v’), where v’ is defined just as
v on the language £ and atomic formulas that are inequalities are characterized
as in (4). The claim that vy (A) = vpr (A) is then shown inductively over the
length of A. The proof is trivial in view of v’ being identical to v on L.

Given M’ = (D,v") € Mp we let M = (D,v), where v is the restriction of
v' to L. Again, vy (A) = var(A) is then shown inductively over the length of
A. The proof is trivial in view of v' being identical to v on L. O

Corollary 8. PL’ conservatively extends PL, i.e., for all set of L-sentences ¥
and every L-sentence A, ¥ FpL A iff ¥ Fpp A.

In view of the conservativity of PL" relative to PL, we will henceforth show
Strong Reassurance for the richer language £’. The result then immediately
applies to PL as well. To avoid clutter in the notation we will henceforth skip
the prime notation for £’ and PL'.

To express that, for instance, there are maximally n many abnormalities for
a formula «, or to express that our Henkin witnesses have in every interpretation
the same truth-value as the quantified formula for which they are witnesses, we
go one step further in generalizing the underlying language £ of PL by working
with io-formulas (“io” for “input/output”).*?
Definition 21. Where L is a Ist-order language, an io-formula [io-sentence]
in L is of the form (A,B) or (0,B) or (A,0) where A and B are formulas
[sentences] in L. An io-theory is a set of io-sentences, which will be denoted
by calligraphic letters S, T, etc. We write sent’? resp. wffsg for the set of io-
sentences resp. well-formed io-formulas in L.

The interpretation of (A, B) is that B holds or A doesn’t hold. The inter-
pretation of (@), B) is that B holds, and that of (A, () is that A doesn’t hold.
We define a generalized validity relation to capture this intuition:

Definition 22. Where M is a PL-model, M =° (A, B) iff M = B or M [~ A.
And similarly, M ="° (0, B) iff M = B, and M =° (A,0) iff M = A.

For a given io-theory T we write Mp(T) for the class of models M for
which M =° (A, B) for all (A,B) € T.

This way we can express that there are maximally n many abnormalities for
a;(x) (where i € P) by (recall the notation introduced in the context of Eq. (2)):

n+1
M 'ZIO E|X1 ce 3X7L+1 /\ @ Oéi(Xj) A /\ X 75 X ,@
j=1

1<j<g’ <n+1

430ne finds these kind of syntactic units with the same interpretation in Input/Output
logics [Makinson and Van Der Torre, 2000]. One can also think of io-formulas as expressing a
superimposed and detachable implication that cannot be nested. Note that some paraconsis-
tent logics do not have a detachable implication (e.g., standard LP).
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Indeed this expresses that

n+1
M |7$3X1~-~3Xn+1 /\ @ai(xj)/\ /\ X #Xj/
j=1

1<j<j'<n+1

and therefore there can be maximally n different abnormal entities in the ex-
tension of a;(x).

Remark B.1. We proceed by utilizing io-formulas because —in the general case—
connectives such as a classical negation, a detachable implication, etc., that
could be used to express the same, may not be available in the language L of
the underlying PL. We found working with io-formulas as less intrusive and
more elegant to work with than super-imposing a classical negation, a classical
co-implication, etc., on L (e.g., we don’t need to bother with truth-tables over V,
questions of nesting, etc.). Since this choice has no impact on the studied system
and its language L, it is inconsequential for the main results of this paper. Note
also that the presence of an inequality symbol that satisfies (InEq) is in general
not sufficient to define a classical negation.

For technical reasons that have to do with the construction of a term-model
for the compactness proof (see, e.g., Definition 27), we will work with sentences
that are annotated with truth-values.

Definition 23. A V-annotated io-formula [resp. sentence/ (in L) is given by
(A,B,V), where A,B € wffs; [resp. A,B € sentg] and V C V is non-empty.
Where V is a singleton {v} we write (A, B,v). We write sent}. [resp. wffs;.] for
the set of V-annotated io-sentences [resp. formulas/.

Fact B.1. The set sentX is countable.

This follows by basic cardinality calculations in view of the fact that £ is
countable and V is finite.
We generalize = and [=° for PL-models M as expected:

Definition 24. Where (A, B,V) is an V-annotated io-formula, we define:
MEY (A,B,V) iff vm(A) ¢V orvy(B)eV.

A V-annotated theory is a set of V-annotated io-sentences. We again use cal-
ligraphic letter to denote such theories. For a given V-annotated theory T we
write Mp(T) for the class of models M for which M =¥ (A, B,V) for all
(A,B,V)eT.

Fact B.2. We have: M |=° (A, B) iff M =" (A, B,D).
Satisfiability and consistency are then defined in the standard way:
Definition 25. A set of sentences ¥ [fio-theory T, V-annotated theory T ] is
1. satisfiable iff Mp(2) # 0 [Mp (T) # 0],
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2. consistent iff every finite subset of it is satisfiable.

Below we show the following generalized version of compactness for V-
annotated theories, namely:

Proposition B.2 (V-Compactness). Where T is a V-annotated theory, T is
satisfiable iff it is consistent.

Before proving it, we point out that in view of it we immediately get com-
pactness for io-theories (Proposition B.3) and for PL (Corollary 9):

Proposition B.3 (io-Compactness). Where T is an io-theory, T is satisfiable
iff it is consistent.

For the proof of Proposition B.2 we utilize the following lemma.

Lemma B.1. Where T is an io-theory and T = {(A,B,D) | (A,B) € T}: T
is satisfiable iff TV is satisfiable.

Proof. Suppose T is satisfiable. Let M be a model of 7. For every (A,B) € T,
M = Bor M [~ A. Thus, vy (B) € D or va(A) ¢ D. Thus, M is a model of
T". The other direction is analogous. O

Proof of Proposition B.3. Suppose the io-theory 7 is not satisfiable. Let 7" =
{(A,B,D) | (A,B) € T}. By Lemma B.1, TV is not satisfiable. By V-
compactness (Proposition B.2), there is a finite 7 C T that is not satisfiable.
By Lemma B.1, also 7y = {(4, B) | (4, B,D) € 7/} is not satisfiable.

If the io-theory T is satisfiable then it trivially is consistent as well. O

Since any set of L-sentences ¥ can be expressed by {((Z), A)|Ace E} as an
io-theory, we immediately get compactness for PL.

Corollary 9 (Compactness). Where & is a set of L-sentences, & is satisfiable
iff it is consistent.

For proving the right-to-left direction of Proposition B.2, we proceed as usual
by building a term-model based on the Henkin-enrichment of our language £. In
particular, given a consistent V-annotated theory 7, we show that its Henkin
extension 7Tp, (Definitions 26 and 27) is consistent as well (Lemma B.4). We
then build a maximal consistent extension 7, of 7, by the usual Lindenbaum
construction (Lemma B.5). The purpose of Ty, is to build a term-model M of
T to demonstrate its satisfiability. For this we first show that 7,, is complete in
several meanings of the term (Definition 28 and Lemmas B.6, B.7, B.8, B.10).
This allows us to “read off” the term-model: vy (A4) = v iff (0, A,v) € Tp,.

Definition 26. We define the Henkin extension of a language L in the usual
way inductively, where Ly, o =q4¢ L:

1. where A(z) € wffsz, | and p is a quantifier, we add a new constants ¢y to
the language Ly, ;. Let the resulting language be Ly, ;4.
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2. Ly, is L enriched with all new constants ¢y and wffsg, = J;5owffsg, ;.
Fact B.3. The set of sentences sentz, in the enriched language is countable.

This fact follows in the usual way by basic cardinality calculus in view of
the fact that £ is a countable language.

Definition 27. Given a Henkin-enriched language Ly, we define H as the C-
smallest set containing for each quantifier p, each truth-value v € V and each
uxA(z) € Sent(Ly,) both

1. (pzA(z), A(cy),v) and 2. (A(c}), prA(z),v).
Given a V-annotated theory T in L, we define its Henkin-extension Ty, by TUH,

Lemma B.2. Where M = (D,v) € MpL and u is a quantifier, there is a
d € D for which vy(pxA) = vp(A(d)) (where d is the pseudo-constant for
which v(d) = d).

Proof. By QO, vy (pxA) = fu({vm(A(d)) | d € D}). By QL, fu({vm(A(d)) |
d € D}) € {vm(A(d)) | d € D} and so there is a d € D for which f,,({var(A(d)) |

d € D}) = vy (A(d)). O

Lemma B.3. If the V-annotated L-theory T is satisfiable (by an L-model M =
(D,v)), then also T UH is satisfiable (by an Ly-model M" = (D,v") such that
oM conservatively extends v).

Proof. Suppose T is satisfiable and let M = (D, v) be a model of T. We now
conservatively extend the L-assignment v to v defined over the language £j,
to obtain M" = (D,v"). Since we let v" be identical to v on £ we only need
to interpret each new constant ¢/; in £, (where p is a quantifier and A(z) is in
Ly,). We do so inductively starting with the constants in £y, 1 (recall Def. 26).

e Let ¢/ in Lp,1. Then prA(z) € sent(L). By Lemma B.2 there is a d € D
for which vy (prA(z)) = var(A(d)). Let v"*(cy) = d.

o Let ¢4 € Lyiy1. Then prA(x) € sent(L;). By Lemma B.2 there is a
d € D for which vy (uzrA(z)) = var(A(d)). Let v"(c!y) = d.

We note that for all new constants ¢’y we have: (1) vy (pzA(z)) = vam (A(y)).
We also note that (1) M" is a model of T since the interpretation of all formu-
las in 7T is identical to M (since these formulas do not contain any of the new
constants). We need to still show that M" € M*»V(H). All elements in H
have the form: (uzA(x), A(cfy),v) or (A(cy), uzA(z),v).

Consider the former. We have to show that vy (uzA(z)) # v or vy (A(dy)) =
v. Suppose vy (prA(z)) = v. By (1), van (A(cly)) = v. The other case is anal-
ogous. Thus, M" is a model of H and in view of (}) also of Tj,. O

Let in the following 7 be a V-annotated theory in £. We now show that
moving from 7T to Ty preserves consistency.
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Lemma B.4. If T is consistent, so is Tp,.

Proof. Suppose T is consistent and let 7; be a finite subset of 7. By the
consistency of 7 there is a L-model M = (D,v) of T; NT. By Lemma B.3, also
(Ty N'T) UH is satisfiable and so trivially also Ty since Ty C (T; NT)UH. O

As usual, we build a maximal consistent extension of 7 by the Lindenbaum
construction.

Lemma B.5. If a set of sentences S in Ly, is consistent, there is a C-maximal
consistent extension Sy, of S.

Proof. We first note that sent%h’ is countable (see Facts B.1 and B.3). Let now
Ay, A, ... be alist of sentXh. We build S,,, in the usual way, where 75 = S and

TiU{A;11} if T; U{A;41} is consistent
Tir =
T: else.

we define S,,, = J;5o 7:- It is easy to show that each 7; is consistent, and that
S, is C-maximal consistent. ]

Definition 28. A V-annotated theory S in Ly, is

1. V-classical, iff, for every sentence A there is a v € V such that
b (®7 Aa V) € 87
o (A,0,v) ¢S, and
o for allv' € V\ {v} we have (A,0,v') € S and (0, A,V') & S.
2. Q-prime, iff, (A, B,v) €S iff (A4,0,v) € S or (0, B,v) € S,
3. w-complete (relative to Ly, see Definition 26) iff, for all v € V and

all quantifiers p there is a constant ¢y such that, (0, pxA(z),v) € S iff
(0,A(cy),v) €S,

4. closed under connectives, iff, for every n-ary connective m and all L-
sentences A1, ..., A, we have:

(a) forallv eV, if (0,m(A1,..., An),v) € S then there arevy, ..., v, €V
for which fr(vi,...,vy) =v and (0, A;,v;) € S for every 1 < i < n;
and

(b) for allvy,...,v, €V, if (0, A;,v;) €S for every 1 < i <n then also
(q)’ﬂ-(Al)"'aAn)vfw(V17--~7Vn)) S

5. closed under substitution, iff, whenever (0,¢; # c;,v;) and v; € V\'D for
each 1 <i < n, then for all sentences A and B and everyv € V,

(AaBaV) €S Zﬁ (A[Cl/c/l,...,Cn/C;J,B[Cl/ca,...,cn/C;LV) €S,
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where Alei/c),...,cn/ch] and Blei/c), ... cn/ch] are the results of sub-
stituting each ¢; for c}.

Lemma B.6. A mazximal consistent V-annotated theory S in Ly, is V-classical.

Proof. Suppose V = {wy,...,w,}. Assume for a contradiction that (0, A, w;) ¢
S for all 1 <4 < n. Thus, SU{(d, A, w;)} is inconsistent for each 1 < ¢ < n and
so there is a finite S; C S such that S;U{(0, A, w;)} is not satisfiable. Note that
Sr = U?Zl S; is a finite subset of S and as such satisfiable by the consistency
of S. Let M be a model of it. Trivially vas(A) € V and so M =¥ (0, A, w;) for
some 1 < ¢ < n. This is a contradiction. So, there is a 1 < ¢ < n for which
(0, A,w;) € S. Without loss of generality suppose i = 1.

For classicality we have to show two additional things: (1) (A4,0,w1) ¢ S
and for all 2 < j <mn, (2) (0,4,w;) ¢ S and (3) (A,0,w;) € S.

1. Assume for a contradiction that (A,0,w;) € S. By the consistency of S,
{(0, A, wy), (A, 0,w;)} is satisfiable which is impossible.

2. Let 2 < j < n. Assume for a contradiction that (#, A,w;) € S. By the
consistency of S, {(0, A, w1), (0, A,w,)} is satisfiable which is impossible.

3. Similar and left to the reader. O
Lemma B.7. A maximally consistent V-annotated theory S is (-prime.

Proof. Suppose (A, B,v) € S. Assume for a contradiction that (¢, B,v) ¢ S and
(A,0,v) ¢ S. So, SU{(#, B,v)} and SU{(A, D, v)} are inconsistent. Thus, there
are finite $; € S and Sy C S for which (1) S; U {(0, B,v)} and S; U {(A4,0,v)}
are not satisfiable. By the consistency of S, the finite Sy = S1US; U{(4, B,v)}
is satisfiable. So there is a model M of Sy for which vy (B) = v or var(A) # v.
This is a contradiction to (). O

Lemma B.8. A mazimally consistent V-annotated theory S is closed under
connectives.

Proof. Let w be an n-ary connective. Suppose (0, 7(A1,...,A,),v) €S. By the
V-classicality of S (Lemma B.6), for each 1 < i < n there is a v; € V for which
(@, A;,v;) € S. Assume for a contradiction that fr(vi,...,v,) # v. Since § is
consistent,

{(@71417\/1)7 R ((2)7 Anavn)v ((2)77(-("417 ey An)vv)}
is satisfiable by some model M. However, since
opm(m(Ar, .. AR)) = falom (A1), .., om(An)) # v,
this is a contradiction. The other direction is similar and left to the reader. O

Lemma B.9. Any mazimal consistent V-annotated theory S is closed under
substitution.
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Proof. Suppose (0, ¢1 # cj,v1), ..., (0,¢n # ), vn) €S where vy, ... v, € V\D.
And suppose that (A, B,v) € S§. Assume for a contradiction that

(A[Cl/cll’ e wcn/ciz]?B[Cl/Cllv e wcn/C;L]aV) ¢ S.

Thus, S U {(Ale1/d),...,cn/c)], Blen/chs ... en/cl],v)} is not consistent.
Hence, there is a finite Sy C & such that

S U{(Aler/ch, ... en/ch], Bler/cy, ... en/c] v)}
is not satisfiable. Since S is consistent,
Sy =Sy U{(A,B,v),(0,c1 # h,vi), s (0,0 # €hyyvn) }

is satisfiable. Let M be a model of S’. Since, for all 1 < i < n, vp(c; # ) =
v; € V\D, by InEq, v(¢;) = v(c}). Thus, vapr(B) = vp(Blei/ch, .- en/ch)
and vp(A) = vy (Aler /ey, - .. en/ch]). Thus,

MEY (Aler /ey yen/ch], Blen /ey ..o yen/cn),v)

since M =" (A, B,v), which is a contradiction.
The other direction is similar and left to the reader. O

Lemma B.10. Any maximal consistent V-annotated theory S that contains its
Henkin-extension Sy, is w-complete (relative to the Henkin enhancement Lp,).

Proof. Suppose (0, A(c!y),v) € S. Assume for a contradiction that (0, pxA(z),v) ¢
S. Thus, SU{(0, pzA(z),v)} is inconsistent. Thus, there is a finite S’ C S for
which &' U {(0, pzA(x),v)} is not satisfiable. By the consistency of S, and
since (0, A(ch),v), (A(ch), uzA(2),v) € S, S'U{(0, A(c"),v), (A(ch), prA(z), )}
is satisfiable. Let M be a model of S"U{(0, A(c}),v), (A(cy), peA(x),v)}. Thus,
v (A(c)) = vand since M =Y (A(c), prA(x),v), var(urA(z)) = v. But then
M e Mp (8" U{(, uxA(zx),v)}) which is a contradiction.

The other direction is similar and left to the reader. O

Lemma B.11. Any maximal consistent V-annotated theory S that contains its
Henkin-extension Sy, is satisfiable.

Proof. We define a model M = (D,v) based on S. Let for this ¢ ~ ¢ iff
(@,c # ',v) € S for some v € V\D, and [c] = {¢' € Constg, | ¢ ~ '}. Let
D = Const,. = {[c] | c € Const, }. The interpretation v is defined as follows:

e We let v(c) = [¢] for all ¢ € Const, .

e For all predicates P; and all ¢y, ...,c; € Constg, , we let

v(P;, ([e1)s -+, [e1]) = v il (0, Pi(ea, ... e1),v) €S.

e For all ¢,c’ € Constg, we let v(#, ([, [c'])) = v iff (,c#,v) €S.
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e If there is an identity = in the language L, for all ¢,¢’ € Const,, we let
v(=, ([0]7 [Cl])) = v iff (@, c=c,v)eS.

e If there is a congruence = in the language L, for all ¢, ¢’ € Const,, we let
v(=, ([c,[¢])) = viff (,c~c,v)€S.

We have to show that v is well-defined. Note for this that with Lemma
B.6, for any sentence A, there is a unique v € V for which (§, 4,v) € S. We
also have to show that the definitions are independent of the representatives
of the equivalence classes ~. This is a direct consequence of the closure under
substitution (Lemma B.9).

Finally, we have to verify that our requirements (Eq) resp. (InEq) resp.
(Cong) for = (if there is an identity in L) resp. for # resp. for & (if there is a
congruence in £) are met. We first discuss (Eq) (assuming there is a = in our

language).
Suppose v € D and v(=, ([c],[])) = v. Thus, (0,c = ¢/,v) € S. We have
to show that [c] = [¢/] and thus that ¢ ~ ¢/. For this we have to show that

(@,c # c',v') € S for some v € V\ D. Assume for a contradiction that there
is no v € V\ D for which (§,c # ¢/,v') € S. By Lemma B.6, there is a v/ € D
for which (@,¢ # ¢/,v') € S. By the consistency of S, {(0,c = ¢,v),(0,¢c #
c,v')} is satisfiable by some model M’ = (D', v’). Thus, vpp(c = ¢') = v and
vy (c# ) =v. By Eq, v'(c) =v'(¢) and by InEq, v'(c) # v'(¢/). This is a
contradiction. Thus, there is a v/ € V\ D for which (§,¢ # ¢/,v') € S and so
¢ ~ . The other direction is analogous and left to the reader.

We now discuss (Cong).

(Ref) Let ¢ € Constg,, . By the V-classicality of S (Lemma B.6) thereisav € V
for which (0,c = ¢,v) € S. Assume v ¢ D. By the consistency of S,
{(@,c =~ c,v)} is satisfiable by a model M’ = (D’,v'). However, by (Cong
(Ref)), v'(=, (v(c),v(c))) € D which is a contradiction since v ¢ D. So

veD.

(Str) Suppose v(=,(|c],[¢'])) = v € D and thus ¢g = (0, c =~ /,v) € S. Assume
for a contradiction that v(P, ([c1],...,[ci=1], [c], [ci+1],- -, [en])) = v1 #
Ve = ’U(P, [Cl]a tey [Cifl]v [Cl]v [CiJrl]a cey [Cn]) SO’

o1 =0, P(c1,...1Ci1,¢,Cix1,---,Cn),V1) €S,
and ¢2 = (@,P(Cl, .. .,Cifl,C/,CZ;Fl, .. .,Cn),VQ) €S.

By the consistency of S there is a model M’ = (D', v') of {¢o, d1, P2}
However, v’ violates (Cong) (Str) and so we reached a contradiction.

The case for # and (InEq) is analogous and left to the reader.

We now show that vy (A) = v iff (0, A,v) € S inductively over the length of
A.

For the base case this follows right from our definition.
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. gM(H(cl7...7ci)) =viffv(P;, ([e1],--.,[ci])) = viff (0, Pi(er,...,¢i),v) €

o If there is an identity in £, vy (c = ¢) = v iff v(=,([c],[]) = v iff
(@,c=c,v)eS.

o vy (c# ) =viff v(#, ([d],[¢]) =viff (B,c#c,v)€ES.

o If there is a congruence in £, vy (c =~ ) = v iff v(=, ([c],[])) = v iff
(d,c~c',v)eS.

We now move to the inductive step.
e We first look at connectives. Let m be an n-ary connective.

— Suppose vy (m(Ay,...,A,)) = v. Therefore, fr(vi,...,vn) = v,
where vpr(4;) = v; for each 1 < i < n. By the inductive hypothesis,
(0, A;,v;) € S. By Lemma B.8, (0, 7(Ay,...,A,),v) €S.

— Let now (@, w(Ay,...,A),v) € S. By Lemma B.8, there are vy, ..., v, €
V for which fr(vi,...,vn) = v and (0, 4;,v;) € S. By the in-
ductive hypothesis, vy(A4;) = v;. Therefore vy (m(As,..., A,)) =

f‘/r(V17~-~,Vn) = V.

e We consider quantifiers u. Suppose vy (pxzA(xz)) = v. Thus, by QO,
fu{A(c) | [] € D}) = v. Where {var(A(c)) | [c] € D} = {wiq,...,wp,} let
€1, -, Cm be such that vy (A(c;)) = w;. By Lemma B.6, there is a unique
v/ for which (0, uzA(z),v') € S. We have to show that v =v'. By Lemma
B.10, (0, A(¢y),Vv') € S. By the inductive hypothesis, var(A(c)) = V/
and (0, A(c;),w;) € S (for each 1 < i < m). As S is consistent there is a
model M’ = (D',v') of

{((Z)’ A(Cl)vwl)’ ceey (07 A(cm)7 Wm)’ (07 A(Cl;])’ Vl)a
(nzA(z), A(c), V'), (A(h), prA(z),v') }.

Note that in M’ we have vy (pzA(x)) = v/ since var (A(cly)) = v'. Note
also that {var (A(d)) | d € D'} 2 {vm(A(c)) | [c] € D}. Thus, by Q2,
fu{oar (A(d)) | d € Dr}) = V' = fu({vm (A(c)) | [c] € D}) = v.

For the other direction suppose (0, uzA(z),v) € S. Let {vp(A(c)) |
[c] € D} = {wi,...,wn}. Let c1,...,¢n be such that vy (A(er)) =
Wi, ..., vp(A(cm)) = Wy, By the inductive hypothesis, (0, A(c),w;) € S.
By the consistency of S there is a model M’ of {(, uz A(x),v), (0, A(er),wr),
oo (0, Alem), wim) . So, fu({w | 3d € D'(var(A(d)) = w)}) = v. Note
that {w | 3d € D' (var (A(d)) =w)} D {wy,...,wy,}and v € {wy,..., Wy }.
So, by Q2, f,({wi,...,wn}) =v. Thus, vy (pzA(z)) = fu({wi,...,wn}) =

V.
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We finally show that M € Mp(S). Let for this (4, B,v) € S. By Lemma
B.7, (0, B,v) € S or (A,0,v) € S. In the former case, as shown above vy (B) =
v, and so M =V (A,B,v). Assume the latter. By Lemma B.6, there is a
v/ € V\ {v} such that (0, A4,v') € S. As shown, vp(4) = v'. Therefore
var(A) #vand so M =Y (4, B,v). O

We are now ready to prove Proposition B.2 and the model existence lemma.

Lemma B.12 (Model Existence). Any consistent V-theory T in a language L
has a L-model with maximal cardinality card(L).

Proof. Suppose the V-theory 7 in L is consistent. By Lemma B.4, also its
Henkin-extension 7j is consistent. Let 7,, be a maximal consistent extension
of Tp in L, (which exists with Lemma B.5). By Lemma B.11, 7, is satisfiable
in L5, by a model M = (D, v). Note that card(D) = card({[c] | ¢ € Const, }) <
card(Ly) = card(L). Clearly, then also T is satisfiable in £ (e.g., just restrict
the assignment v of M to £). O

Proof of Proposition B.2. This follows directly from Lemma B.12. O

C Abnormality-aware versions of the Lowenheim-
Skolem Theorems
We now prove Theorems 8.1 and 8.2 from Section 8. Recall for this
o Definition 14 of Py(-) where x € {fin, coinf, fin/coinf},

e Definition 16 of our abnormality-aware versions of the Lowenheim-Skolem
Theorems, and

e Definition 15 of M=%(-) and IF=".
For the proof we need some more definitions first.

Definition 29. Wherei € P andl > 1, we introduce the following abbreviations:

l
3 = [0,3x 3 | A@aix)A N\ x#x|,D
j=1

1<j<y' <l
1+1
<l
3 = [ Fxa I | N Qaix)n N\ x#x|L0,D
j=1 1<) <)/ <I+1

Lemma C.1. Where M = (D,v) € Mpy, card(Ab;(M)) = 1 iff (M =¥ 37
and M =V 351).
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Proof. Let M = (D,v). Suppose that card(Ab;(M)) = I. Thus, Ab;(M) =
{d1,...,d;} € D%. Where d = (dy,...,d,,) we write d for (dq,...,ds,). So,
M E Ny @ai(d)) and M = d; # dj forall 1 < j < j' < [ (compare

the notation in the context of Eq. 2). Thus, M " Z-zl. Assume now for a
contradiction that M =¥ 3=, Thus,
I+1
M |:E|X1"'3Xl+1 /\ @Oéi(Xj)/\ /\ X %Xj/
j=1 1< <)/ <i+1
Thus, we have:
e There are dy,...,d;11 € D% for which
I+1 o
Mg | A\ @ai(d;) | A N\ d#dy
j=1 1<5<j'<I+1

e Thus, (a) for each 1 <j <I+1, M |= @a;(d;) and (b) for each 1 < j <
J<i+1, ME=d; #d;.

e By (InEq) and (b), d; #d; forall 1 <j <j <l+1.
e By (a), {dy,...,di+1} € Ab;(M) and so card(Ab;(M)) > 1 + 1.
The other direction is similar and left to the reader. O

Definition 30. As before, let Ly, be the language L enriched by Henkin-constants
(see Definition 26). Let L, be the language L enhanced with k-many constants
{ki|i€T}.

Finally, let Ly, , = L, UL, where we suppose that Const(Ly) N Const(L,) =
Const(L) (so, the new k-many constants in L, do not occur as Henkin-constants

Of Eh)
We denote L [Lp, Ly, Lp .]-models of PL by M* [MEr MEx MFEnrx].

Definition 31. Where M = (D,v) € MF* let Ty be the L. -V-annotated
theory built step-wise as follows:

1. We start with T = {(0, A,v) | A € sent(L),vpr(A) = v}.

2. We then let Ty, be the Henkin-extension of T in Ly as defined in Defini-
tion 27. We then extend Tp, in Ly, ,; by:

3. (0, k; # k;,D) where i # j and k;, k; € Const(L,) \ Const(L)

4. Norm;(k) for all i € Pin /coinf(M) and all k € (Const(Ly, ) \ Const(Ly))®,
where Norm; (k) =g (Qoy;(k),0,D);

5. and both 32 and 3= for every (i,1) € Phn(M).
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6. 3Z" for all (i,1) such that i € P\ Pgo(M) and 1> 1.
Fact C.1. Where card(D) = k > X¢ and card(D') < k, card(D\ D) =
Proof. Note that (given the axiom of choice):
card(D) = card(D \ D’) + card(D’) = max(card(D \ D’),card(D’)) = &.
So card(D \ D’) = & since card(D’) < k. O
Lemma C.2. Where M = (D,v) € M* and card(D) > Ry, M= (Tyr) # 0.

Proof. Let M" = (D,v") be the £j,-model of T;, from Lemma B.3. By compact-
ness (Proposition B.2), we have to show that any finite 7; C Ty is satisfiable.
We conservatively extend the Lj-assignment v" of M” to an Ly, -assignment
v/ and show that the resulting model M/ = (D, vf) is a model of T;. Let i € P
be the maximal index for which some Norm;(k) or EI?Z or Elizl occurs in Ty. We
define the assignment v/ as follows:

e v/ (c) =q4¢ v"(c) for all ¢ € Const(Ly,).

o v/ (P, (dy,...,ds)) =g V"(P;,(dy,...,d;)) foralli € ZTandalldy,...,d; €
D

e and analogous for =, ~ and #.

We still have to fix the reference of the new constants in £,. Where Ab%(M},)
contains all individuals d; contained in some (di, ...,dq,) € Ab;(Mp), let .A =df
U{Ab} (My) | j < i and j € Phin)coinf (M)}

Suppose first that card(D) = No. In that case Peinf(M) = (. Thus,
card(A) < Xy = card(D).

Suppose now that card(D) > X,. In that case card(A) = max({card(Ab;(M)) |
J € Pinjcoinf(M), j < i}) < card(D). In any case, by Fact C.1, there is a bijective
function y from Constz, to D\ A. We let: v (k;) = pu(k;) for each 1 <i < m'.

We now show that M7 is a model of T;. Clearly, M/ is a model of T, N T;
since v/ is a conservative extension of v and 7, only contains elements of the
language Ly,.

. Suppose( ki # k;,D) € T;. Since v/ (k;) # v/ (kj), v/ (#, (vf (k:), v/ (v)))) =
" (#,(v/ (ki), v’ (k;))) € D by InEq.

e Suppose Norm; (k) € Ty, where k = (k;,, ... ,k,;(ﬁ). Since v/ (k;,) € D\ A,
o (o (vf (kiy), ... 7’Uf(/€iaj ))) ¢ A. Therefore, vyss (ki .. ki, ) & A
and so vy (Norm;(k)) € D.

e The cases for EI?Z and Eiizl are shown analogously. O

Definition 32. Where M, = (D,,v,) € M¥*r~(H) (recall Definition 27), we
define M. = (D’,v.) € M¥ = as follows:
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1. Where ¢,c’ € Const(Ly, ), let ¢ ~ ¢ iff vi(c) = vi(c'). Let [ = {c €
Const(Ly, k) | ¢ ~ '} be the ~-equivalence class of c.

Let D, = {[c] | ¢ € Const(Lpx)}

Let v (c) = [c] for all ¢ € Const(Lp, ).
If “="is part of L, let v} (=, ([c], [¢'])
If “=7 is part of L, let v} (~, (Ic], [¢])
Let v (#,([c], [¢'])) = vi(#, (v+(c), va(C))).

Let v, (P, ([ea]s - - [es]) = 0u(Bis (vs(en), - 0a(4))-

The next two lemmas are relative to Definition 32
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Lemma C.3. v} is well-defined and M is a model.

Proof. We first show that v/ is well-defined in the sense that its interpretation
is independent of the choice of representatives of the equivalence classes of con-
stant. Le., if v (=, ([c], [¢'])) = v (resp. v, (#, ([c], ['])) = vresp. V. (=, ([, [])) =
v) then for all ¢; € [c] and all o € [¢] also v, (=, ([e1],[c2])) = v (resp.
vl (#, ([e1]s [e2])) = v resp. vi (=, [e1], [e2]) = V).

So, assume ¢; ~ ¢ and ¢o ~ ¢’. Thus, by Item 1 (in Definition 32), (})
ve(c1) = vie(c) and vy (c2) = v (). Let o € {=, #,~}. Suppose v, (o, ([c],[c'])) =
v. Therefore, by Items 4-6, 11*( (vs(€),v5(c))) = v. By (1), vu(o, (vx(c1),v4(c2))) =
v and thus, by Items 4-6, v} (o, ([cl] [c2])) = v.

Slmllarly, suppose v (P, ([cl] S lei])) = v and ¢ € [¢;] (where 1 < < i).
Then v, (P;, (ve(c1),...,v4(c1))) = v by Item 7. Slnce by Item 1, v*(cz) =
0y (c}), also v (P, (vx(c)), - .., vk (c}))) = v and so by Item 7, v}, (P;, ([¢] ] S lei])) =

V.
We now show that Eq (if there is an identity), InEq, and Cong (if there is
a congruence) are fulfilled in M.
Concerning Eq suppose v, (=, ([c], [¢])) = v € D.
Therefore, by Item 4, v, (=, (v«(c),v+(c'))) = v and by Eq, v.(c) = v.(c¢’). By
Item 1, [¢] = [¢].
Concerning InEq suppose that v/ (#, ([c],[c])) =v € V\ D.
Therefore, v, (#, (vi(c),v4(c’))) = v and by InEq, v,(c) # vi(c’). By Item 1,
[e] # [¢].
Cong is shown in a similar straight-forward way. This is left to the reader.
O

Lemma C.4. For every A € L, ., v (A) = v, (A).

Proof. We show this inductively over the length of A € sent(Lp, ).
Base. (We refer to justifications of the items in the Definition 32 of v}.)

o Let ¢, € Const(Ly,;) and let o € {=,#,~}. In view of Items 4-6 we
have: vy (coc) = viff v (o, ([c], ['])) = v iff vi(o, (vi(c),vi(c))) = v iff
vp, (cod) =v.
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e Let c1,...,c, € Const(Ly ). In view of Ttem 7 we have: vpp (Pi(cq, ...,
¢i)) = v iff [by Item 3] v, (P, ([c1],-.-,[ci])) = v iff v (P, (ve(c1),.. .,
ve(c1))) = v iff vy, (Pi(er, ... c1)) = v.

Inductive step.

e Consider an n-ary connective m. We have:

oy (m(Ars oy An)) = fr(var (A1), .. omg (An)) and
onm, (T(A1, oo, An)) = falom, (A1), .- o, (An)).

By the inductive hypothesis, v (A;) = var, (Ai) for each 1 < i < n.
Thus, vy (7(Ax, ..., An)) = vn, (T(AL, ..o Ay)).

e Consider the quantifier 4. We have, by Items 2 and 3,

vary (neA(z)) = fu({var (A(d)) | d € Di}) = fu({var; (A(e)) | ¢ € Const(Ly,x)})

and vy, (nzA(z)) = vn, (A(ch)) since M, € M(H). By the induc-
tive hypothesis, {UML(‘{(C)) | ¢ € Const(Lnk)} = {vm, (Ae)) | ¢ €
Const(Lp,x)} € {vnr, (A(d)) | d € Dy} and vy, (A(c;‘)) = UM*(A(Cﬁ>). By

Q2, f.({vm; (A(d)) | d € D,}) = var, (A(c})) and therefore, vy (uzA(x)) =

onr, (nzA(z)). O

Lemma C.5. Where M € M* and M, € M*"~(Ty) (see Lemma C.2) and
M! € M¥*rr is as defined in Definition 32,

1. Pin(M) = Pgn(M]);

2. for alli € Peoinf(M), card(Ab;(M)) > card(Ab;(M])) = Ny;
8. Peoinf (M) C Peoinf (M) in case k > Ry,

4. card(D) = k.

Proof. Ad 1. Let (i,1) € Ps,(M). By Lemma C.1, M =V 32" and M =V 3=
Since M. € M(Tar), also M. =¥ 32" and M! =¥ 3=, Again by Lemma C.1,
card(Ab;(M))) = | = card(Ab;(M)). Thus, (i,1) € P, (M]).

For the other direction suppose (i,1) € Pgn(M?). By Lemma C.1, M =¥ 37
and M/ Y 351 In case there is a k for which (i, k) € Pgo(M), then (i,k) €
Psin(M]) (as established in the previous paragraph). Again, by Lemma C.1,
M. =Y Hizk and M, =V H?k. But then it is easy to see that [ = k. Suppose,
then, that there is no k € N for which (i, k) € Px,(M). Thus, Elizk € Ty for
every k > 1. In particular, EIZ»ZH'1 which contradicts the fact that M, = EIZSZ.

Ad 2. Let ¢ € Peins(M). So, card(Ab;(M)) > No. Since for all k in
(Const(Lp) \ Const(Ly))%, M. EY Norm;(k) and since Const(Ly) is count-
able, card(Ab;(M!)) = Ro < card(Ab, (M)).
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Ad 3. This follows immediately with Item 2.

Ad 4. Note that card(Const(Ly, ) = + which implies card(D}) < k. Also,
for each 4, j € T (see Definition 30), if ¢ # j then (0, k; # k;,D) € T,. By InEq,
Ui (€) # vi(c’) and so [c] # [¢] (see Definition 32). Thus, card(D)) = &. O

We are now in a position to prove Theorems 8.1 and 8.2.
Theorem C.1. LS-Ab (upwards) holds for every logic PL.
Proof. We proceed in the following steps:

1. first we enrich the language £ with x many new constants obtaining £, ,;
(Definition 30);

2. then we enrich the premise set, to encode that the new constants refer
to different entities and that they are, whenever possible, non-abnormal,
obtaining 7as (Definition 31);

3. we show that the enriched premise set 7js is satisfiable by an £}, ,-model
M, = (D,,v.) of cardinality x that has the desired properties (Lemma C.5).

4. Finally, we let v/ be the restriction of v; to £ to obtain the L-model
M’ = (D), v') that has all the desired properties. O

Theorem C.2. LS-Ab (downwards) holds for every logic PL.

Proof. Suppose M = (D,v) € M and card(D) = A > Ng. Let A > k > Ny, We
define Tps as in Def. 31 and M as in Def. 32. In view of Lemma C.5, M, has
all the desired properties. O

D Strong Reassurance for <gc’l.

In the following we show that nmPL = (PL,<) has the property of Strong
Reassurance for < = <$C’l following the path outlined in Section A. In Section
E we discuss how the proof can be adjusted for other orderings.

Given a Mt = (Dt,v7) € Mp(X) \ ming (MPL(E)), we have to show that
there is a M* € min(MpL (X)) for which M* < M. As in Section A we will
first work under the assumption that, where k = card(Dt) > Rg and address
the other simpler case in the end of this section (Remark D.1). Following the
strategy outlined in Section A we show that

1. 01121 M; # 0 and that 2. ﬂQl M; € min(M,).
For what follows recall Definition 19.
Lemma D.1. For eachi > 0, (M;, <;11) is well-founded and therefore M; # ().

Proof. We show this by induction. Let i = 0. Assume for a contradiction that
there is an infinitely <;-descending sequence of models M+ = My, ..., M,,...in
M, (so M;yq1 <1 M; for all 4 > 1). Hence, card(Aby(M;41)) < card(Aby (M;)).
But (given the axiom of choice) there is no infinitely decreasing sequence of
cardinals. The inductive step is analogous and left to the reader. O
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Lemma D.2. ;5; M; C min<(M,).

Proof. Assume for a contradiction that there are models M € Mp (X) and
M* € ;51 M; for which M < M*. Thus, there is a j € P such that (1) for all
i € P smaller than j, card(Ab;(M)) = card(Ab;(M*)) while (2) card(Ab;(M)) <
card(Ab;(M*)). Note that since M* € M, it follows that M* < M+. And
since M < M*, by the transitivity of < (Fact 3.1), we have M < M+, and
so M € M. Moreover, by (1), M € M; for all i smaller than j. But then
M* ¢ M since M <; M*. This is a contradiction with M* € (5, M;. O

In order to establish that (,~; M; # 0 we will construct a model Mg in
N;>1 M. Let, in the following, 7 =4 {(0, A, D) | A € £}.

As in Definition 30, we enrich our language £ to a language £, with x many
new constants k;. We also define the Henkin enrichment £}, of the base language
L as in Definition 26. The joint language of L; and L, is denoted by Lp ..
We denote sets of £ [Ly, Ly, Lp ]-models of PL by M¥* [M~Er M¥Ex MFEnx].
Similarly, we denote the set of constants by Const(L) [Const(L},), Const(Ly),
Const(Lp )]

Definition 33. We now enrich T to T, in two steps (recall the Definition 20
of Phin, Peoing and Pﬁn/coinf, and Definition 29 of E;l and EIZ-SZ):
1. First we build its Henkin extension Ty, in Ly as defined in Definition 27.
2. Then we enhance Ty, to a set of Ly, ,-V-annotated sentences T, by adding:

o (0,k; # k;,D) where i # j and k; and k; are newly added constants
in Const(Ly);

e Norm;(k) for all i € Pty coint and all k = (kj,, ..., kj, ) € Constg,, *,
where Norm; (k) =g (Q i (k), 0, D);

o and both Elizl and Eligl for every (i,1) € Pgy,.

Definition 34. Given a model M = (D,v) in a language L, we let in the
following L|D] be the language L enriched by pseudo-constants d for everyd € D.

Lemma D.3. For every model M = (D,v) € M*(T), there is a M; =
(D, vy,) € M for which:

1. vpr(A) = vpg, (A) for every wff A in L]D],

My, =Y (A(cf}),,uxA(a:),v) for every A(x) in Ly, and everyv € V,

8. My =Y (pzA(z), A(ci),v) for every A(z) in Ly, and every v €'V,
4. My € M*n(Ty), and
5. for every i € P, Ab;(M) = Ab;(My,).

Proof. Where M = (D, v) € M¥* is amodel of T, let the £j,-model M;, = (D,vy,)
be defined as follows:
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e Let vp(c) = v(e) for all ¢ € Const(L).

e For cl‘? we proceed in the usual iterative way over the inductive structure

of Ly =51 Ln,i (see Definition 26).

— Consider L, 1. In view of Q0 and Q1 we know that for each A(x) € £
there is a dﬁ € D for which UM(A(@)) = vy (pxA(x)). Let vh(cf) =
dzt.

— Consider L, ;+1. Again, for each A(z) € Ly, ; there is a dﬁ € D such
that var(A'(d2)) = vy (urA’(z)) where A’ is the result of substitut-
ing each cf € Ly, in A for dff. Let Uh(c;‘) = d;‘.

e Forall P,and alldy,...,d; € D,let vp(P;, (dy,...,d;)) = v(P;, (d1,...,di)).

e For all d,d’ € D, (if there is an identity) let v, (=, (d,d’)) = v(=, (d,d")),
vp(#, (d,d")) = v(#,(d,d")), and (if there is a congruence) let vy (=, (d,d’)) =
v(~, (d, d')).

By the definition of vy, var(A) = wvar, (A) for all A € L[D] (Item 1) and
Ab;(M) = Ab;(My) for all ¢ € P (Item 5). Ttems 2 and 3 follows immedi-
ately since by the definition of vy, UM(A(@)) = vy (pzA(z)) = v, (A(E)) =
var, (A(ci) = var, (pxA(x)). Ttem 4 follows from Items 1-3 and the fact that

M e M-(T). O
The following fact is a direct consequence of the definition of Pg,.

Fact D.1. Where (i,1) € Pgy, for all M € M, card(Ab;(M)) = 1.

Lemma D.4. Where i € Peoing, for all M € M;, card(Ab;(M)) = No.

Proof. Let M € M;. By Theorems 8.1 and 8.2 there is a M’ that satisfies
items 1—4 of Definition 16 relative to M whose domain has the same size as the
domain of M. Thus, M’ € M(X) (by Item 4) and M’ € M, by Items 1-3.
Since card(Ab;(M')) = Nq also card(Ab;(M)) = Ro. O

Lemma D.5. 7, is satisfiable. (See Definition 33)

Proof. Consider a finite 7y C 7,. We show that 7Ty is satisfiable and so, by
compactness (Proposition B.2), is 7.

Let i € P be the maximal index such that some Norm,(k) or 37" or 3=/
is contained in 7y. Consider an M = (D,v) € M, (recall that by Lemma
D.1, M; # 0). Thus, card(D) = k. Let M, = (D,vy) be the w-complete
enhancement of M based on the new constants in £; as in Lemma D.3. We
define M’ = (D,v') € M¥n~ as follows:

1. v'(¢) = vp(c) for all ¢ € Const(Ly,).

2. Where Ab;(Mh) contains all individuals d; contained in some (dy, ..., dq;) €
Abj(Mh)a let A =df U{Ab;<Mh) | .] < i,j € Pfin/coinf(M)}'
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3. Note that card(A) < Yy in case k > Ry and card(A) < Ng in case k =
Ng. The reason is that with Lemma D.3, Lemma D.4 and Fact D.1, for
every j € P ¢ we have card(Ab;(M)) = card(Ab;(My)) < Ry and so

fin/coin
also card(Ab}(M)) = card(Abj(M},)) < Ro. In case k = No, Pegint = 0
and so card(Ab;(M)) = card(Ab;(My)) < Ro whence card(Ab}(M)) =

Cal’d(Ab;(Mh)) < Ng.

4. By Fact C.1, there is a bijection n : Const(Lp, ) \ Const(Lp) — D\ A. Let
v'(e) = n(e) for all ¢ € Const(Ly, ) \ Const(Ly,).

5. Let v'(P;, (d1,...,d;)) = vp(Pi, (dy,...,d;)) for all dy,...,d; € D and all
predicate symbols P;.

6. Let v'(#, (d,d")) = vp(#,(d,d")) for all d,d’ € D.

7. If there is an identity “=” in £, let v'(=, (d,d")) = vp(=, (d,d')) for all
d,d €D.

8. If there is a congruence “x” in L, let v'(=2, (d,d")) = vi(=, (d,d’)) for all
d,d €D.

Note that:

(1) varr(A) = vag, (A) for every A € L), since v’ conservatively extends vj, on
Ly, in view of Items 1, 5-9. Thus, since M;, € M(Ty), also M' € M(Ty).

(1) For the same reason, card(Ab;(M')) = card(Ab;(M},)) = card(Ab;(M)) for
every j € P.

We still have to show that M’ verifies all members of Ty N (7 \ Ta).

e Consider (0,k; # k;j,D), where ¢ # j and k;, k; € Const(L,). We have
v (ki # kj) = v (for some v € D), iff, v'(#, (v'(k;),v'(k;))) = v, iff, [by
Item 7] v (#, (V' (ks),v'(kj)) = v, iff, [by InEq] v'(k;) # v'(k;). Note that
v'(k;i) = n(ki), v'(k;) = n(k;), and since 7 is injective [by Item 5] and
i # J, n(ks) # n(k;).

e Consider Norm;(k), where k = (kll,...,klaj> € Const(L,;)% and j < i.
This holds in M’ since v'(ky,), ... ,v’(klaj) € D\ A by Items 2-5.

e Since M € M;, card(Ab;(M)) = [ for all (j,1) € Pg, for which j < 1.
Thus, by Item (1) also card(Ab;(M’)) = I. By Lemma C.1, M’ szl
and M’ =" ngl.

This concludes our proof. O

Lemma D.6. Let M. = (D,,v.) € M~ be the term-model based on M,
defined in Definition 32 and M, = (D.,v,) € M¥ where v, is the restriction
of v}, to L.
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1. M, € M(Ty) and so M, € M(X) and M, € M(%),
2. card(D}) = &,

3. Phin(M;) = Ppin(M1) = Pfin,

4 Peoinf (M) = Peoinf (ML) = Peoinf, and

5. My €5, Mi.

Proof. Ad 1. Since M, € M(T,) it is sufficient to show vy (A) = vy, (A), for
all A € Ly, ;. This is Lemma C.4.

Ad 2. Since card(Constr, ) = &, card(D,) < k. Also, card(D}) > &
M = (0,k; # k;,D) for all k;, k; € Const(L,) \ Const(Ly,) and by (InEq).

Ad 3. This follows by Item 1 and Lemma C.1.

We show Items 4 and 5 together. By Item 1, M, = Norm;(k) for all i € Peging
and all k € Constg, “. Thus, Ab;(M]) C Constz, , *. Since Ly, is countable,
Constgh/wa’i is countable as well and so card(Ab;(M])) < Rg. Thus, (1), Peoinf C
Pinjcoinf(M). Thus, (1), for any ¢ € P and any M; € M;, card(Ab;(M;)) >
card(Ab;(M})). To see this we distinguish the three cases (a) (¢,1) € Py, for some
1 >0, (b) i€ Peins and (c) i € P\ Pgip/coinf- In case (a), card(Ab;(M;)) =1 =
card(Ab;(M])) by Item 3 and Lemma C.1. In case (b), card(Ab;(M;)) > Ry and
by (1), card(Ab;(M])) < Vy. In case (c¢), card(Ab;(M;)) = k > card(Ab;(MY))).
This is ().

Now assume for a contradiction that there is an ¢ € P and an M; € M;
for which card(Ab;(M;)) > card(Ab;(M))). Let ¢ be minimal with this property
and therefore for all j < i and all M; € M, card(Ab;(M;)) = card(Ab;(M])) =
card(Ab;(M)) and so M| € M. But then also card(Ab;(M;)) > card(Ab; (M ))
and so M, € M, and therefore M; ¢ M; which is a contradiction. Hence, (1),
for all 7 € Pand all M; € M;, card(Abl(Ml)) = card(Abl(Mi)) = card(Abi(ML)).
Thus, Items 4 and 5 hold. O

Corollary 10. (5, M; # 0.

since

This concludes our proof, we only have to put together the pieces as explained
in Section A (see Proposition D.1 below). Recall, however, that our initial
assumption was that £ > Ry (where x = card(D7)). We will therefore now
briefly discuss the remaining simpler case: k < Ng.

Remark D.1. We proceed analogous to the proof above but we also encode in
Ty that the size of our domain is k by adding

A< k) =ar (o1 Fap Ni<icj<n®i 7 z;,0,D) and
A(> k) =g ((/), Jzq - -3z /\1Si<]§ﬁxi + a:j,]D))

to T.. In order to show that T, is satisfiable, we again have to find a model of
a finite Ty C T, which can be established just like in Lemma D.5. Finally, any
model M, of T, will be in ﬂi>0/\/l1+i and M, < M+ (this time there is no
need to construct a term model as in Lemma D.6 because any model of T, has
the right size since the size of the domain is encoded in Ty ).
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TE ... *x € ... Str. Reas. for <$’*

{=c} {l} Prop. D.1

{>} {1} Prop. E.1
{fa:7:C72,2} {g} Prop. E.2
{=e, >} {p} Prop. E.3
{2} {p,1} Prop. E.4

{=} {p,1} Prop. E.5

{f} {p,1} Prop. E.6

Table 7: Overview: Results concerning Strong Reassurance

Proposition D.1. nmPL = <PL, <gc’l> satisfies Strong Reassurance.

Proof. Suppose Mt = (Dt,v7) € M(X) \ miny(M(X)), where < = %;“’l.
We consider the case that card(Dt) > Ng. By Corollary 10, there is a M| €
Ni>1 M; and by Lemma D.2, M| € mins(M,). Hence it follows that M, €
min4 (M(X)). And since M, € M|, we have M, < M, what completes our
proof. For the case in which card(Dt) < R we use the simplified proofs outlined
in Remark D.1. O

E Strong Reassurance for other orderings

So far we have discussed strong reassurance for the order —<q:>“’l for some ¢ =
{ai(x1,...,24;) | i € P}. We will now consider the other cases. In Table 7 we
give an overview of the results. We first consider the case of <§l.

Lemma E.1. Let M € My}, M,,, M’ € Mg/ and \ > . Then M' C M and
M < M, implies M' < M,.

Proof. Since M’ © M and A > k, by Lemma 8.1, for all i € P, card(Ab;(M")) <
card(Ab;(M)).

Let first = p. Since M < M,,, for all i € P, card(Ab;(M)) < card(Ab,;(M,,))
and there is a k € P for which card(Aby(M)) < card(Abg(My)). So, for all
i € P, card(Ab;(M")) < card(Ab;(M,)) and where i = k, card(Ab;(M’)) <
card(Ab;(M,)). This suffices to show that M’ < M,. The proof for = [ is
analogous.

Let 1 = g. Then, card(Abg(M)) < card(Abg(M,;)) since M < M,. Also,
card(Abg(M')) < card(Abg(M)) and so card(Abg(M')) < card(Abpp;(My))
which suffices to show that M’ < M,. O

Proposition E.1. nmPL = (PL, <§’l> satisfies Strong Reassurance.

Proof. Let < = <2, Suppose Mt = (Dt,v7) € M(E) \ mins(M(X)). We
consider the case where k = card(D1) > Ng. The case k = card(D7) < Ng is a
simple variation of the proof below (see also Remark D.1). Where <’ = 450’1,
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by Proposition D.1, thereisa M, = (D, ,v ) € mins/ (M (X)) for which M, <’
M.

Assume for a contradiction that there is an M’ € M(X) for which M’ <
M, . Thus, card(D’) > card(D1). By Theorem 8.3 there is a M"” = (D" v")
with card(D") = card(D,) for which M"” C M'. By Lemma E.1, M' <" M,
which is a contradiction since M"” € M(X) and M, € min (M(X)). Thus,
M, € ming(%). O

We now consider the case of <3¥ where m € {f,=,=.,>,2}.

Proposition E.2. Where 7 € {f,=,=,,>,2}, nmPL = (PL,<37) satisfies
Strong Reassurance.

Proof. Let < = <37 and M7 € Mp(¥) \ ming (MpL(X)). Assume for a
contradiction that there is no model M| € min. (Mp (X)) for which M, <
M. Thus, there is an infinitely descending chain M+ = My = My = ... >
M, ~ ... of better and better models (so: M;11 < M; for all ¢ > 1). Thus,
card(Ab(M;41)) < card(Ab(M;)). But then we get an infinitely descending se-
quence of smaller and smaller cardinals which is impossible (given the Axiom
of Choice). O

We now consider <7'* where 7 € {=¢,>}. The following lemma will be
useful for several results below.

Lemma E.2. Wherer € {f,=,=¢,>, 2}, min_~.(Mp.(2)) C min_=»(MpL(X)).
x ;

Proof. Suppose M € min_x. (Mp(X)). Assume for a contradiction that there
P

is a M’ € Mp(Z) for which M" <3* M. Thus, for all i € P, card(Ab;(M")) <
card(Ab;(M)) and there is a j € P for which card(Ab;(M’)) < card(Ab;(M)).
Thus, there is a minimal ¢ € P for which card(Ab; (M’)) = card(Ab; (M)) for
all i' < i and card(Ab;(M’)) < card(Ab;(M)). Thus, M’ <3 M which is a
contradiction. O

Proposition E.3. Where 7 € {=.,>}, nmPL = (PL,<3") satisfies Strong
Reassurance.

Proof. This follows in view of Propositions D.1, E.1, and Lemma E.2. O

We now move to the case < = <£’* where x € {p,[}.

Proposition E.4. Where x € {p,l}, < = <§’*, nmPL = (PL, <) satisfies
Strong Reassurance.

Proof. Suppose (1) Mt = (Dt,v) € Mp(2) \ ming (Mp(X)). Assume for
a contradiction that (2) Mt € min_>.(MpL(X)). By (1) there is a M’ =
P

(D',v') € Mp(X) for which M’ < M+. Thus, D' O Dy. Without loss of
generality we assume D' N D+ = 0. By (2), card(D’) < card(D+) which is a
contradiction.
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So, Mt ¢ min_>(Mp((X)). By Proposition E.1, there is an M’ = (D', ') €
min_> (MpL (X)) for which M’ <% M+ and so card(D’) > card(Dv). That
means there is an injective function g : Dt — D’. Let n : D' — D+ U(D’'\Im(g))
be defined by

d deD\I
i [t demin)
g H(d) else.
Note that 7 is bijective. Let M"" = (Dt U (D’ \ Im(g)),v"") where v” is defined
as follows:

o v(c) = n(v/(c)) and

° ’l}//(Pi, (dl, . ,di)) = ’Ul(Pi, (nil(dl), C ,nil(di))).
Clearly, vas(A) = vpr(A) for all sentences A in £. Thus, M" € Mp(X) and
M" < M~ since D” D D. Since for all i € P, card(Ab;(M")) = card(Ab;(M"))
and card(D") = card(D’), M" € min_> .. (MpL(2)).

D

We now show that M" € min(Mp(X)). Assume for a contradiction that
there is a M* = (D*,v*) € Mp () for which M* < M" and thus D* D D”. So,
card(D*) > card(D") = card(D’) and so M* <3™* M" which is a contradiction.
This completes our proof. O

Proposition E.5. Where x € {p,l}, < = <3, nmPL = (PL,<) satisfies
Strong Reassurance.

Proof. Suppose M1 = (Dt,v1) € MpL(X) \ ming(MpL(¥)). Thus, there is a
M' = (D,v") € Mp(X) such that M’ < M~. Clearly, M’ <3°* Mt and so
Mt € MpL(2) \ min_ =~ (MpL(X)). By Proposition D.1, there is an M" €
min_=c.+ (Mp (X)) for which M" = (D", v") <3 Mrt. Hence, card(D") =
card(DT). Thus, there is a bijective function g : Dt — D”. Let M* = (D~,v*)
where v* is defined as follows:

e v*(c) =g *(v"(c)) and

b ’U*<Piv (dla s ’di)) = ’UH(-Pia (g(dl)v s ag(di)))'

So, for each i € P, card(Ab;(M™*)) = card(Ab;(M"")) and hence M* < M.

To show that M* € min_(Mp (X)) assume for a contradiction that there is
an MT = (D,v") € Mp(E) for which MT < M*. But then also MT <3°* M*
which is a contradiction. This concludes our proof. O

Proposition E.6. Wherex € {p,l}, < = —<g*, nmPL = (PL, <) satisfies Strong
Reassurance.

Proof. We consider the case x = [. The case x = p then again follows in view of
Lemma E.2.

We proceed in a similar way as in Remark D.1. Where 7 = {(0, A,D) | A €
%} we let T; be T enriched by 3=" and 32 for all (4,1) € Py, (see Def. 29). We
show that 7, is satisfiable, and build a term-model M, of 7, in L;. For this
model we have:
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e for all (i,1) € P, card(Ab;(M)) =1, and

e for all i € P for which there is no { such that (i,1) € Psn, card(Ab;(M)) =
Rg.

As such we can show that M, € M, for each i > 0 (similar as in Lemma
D.6) and so M, € ();»; M;. By Lemma D.2, M, € min,(M,) and so M, €
min (M(X)). Since M| < M+ this concludes our proof. O

F  Proof of Theorem 5.2

Theorem 5.2. Where PL is A-separable and based on L and L' is a sub-
language of L without identity and non-identity (but possibly with a congruence

~), * €{g,p, 1}, and € {>, D}, nmPL = (PL, <L) satisfies recapture for L'.

Proof. In the following we suppose that PL is A-separable and £’ is a fragment
of £ without identity and without non-identity. Let ¥ be a set of £’-sentences
that is PL"\*_satisfiable. We have to show that MiampL(E) = Mpaa(X). We
show the theorem for ¥ = >. The proof for D is very similar and left to the
reader.

(D) This is Fact 5.4. (C) Suppose M"” = (D" v") € MumpL(Z). Assume for
a contradiction that M" ¢ Mp w4 (X). Let M = (D,v) € Mpwa(X). Since
M" ¢ Mpna, Aby(M") # @ for some i € P. So, card(D) < card(D") since
otherwise M < M" which is impossible since M" € Mump(X).

Let A be a set of points for which 'ND = ) and card(D UN) = card(D”).
We now define a model M’ = (D UN,v') as follows: First we fix an arbitrary
d € D. We also fix an arbitrary vy € D\ A and v_ € V\ D.

1. for all constants ¢ we let v'(c) = v(c);

2. for all P = P; we let v'(P, (dy,...,d;i)) = v(P,(dy,...,d;)|N/d]),
where (dy, . .., d;)[N/d] denotes the result of replacing all elements dj, € N
by d;

3. if there is a non-identity # in L, we let

o (dr. ) dydy €D
V' () = | v it d; # dy and {di, d} £ D
v_, it d = dy and {dy,ds} € D

4. if there is an identity = in £, we let

'U(:7 (dl, d2)) dl, dy € D
V' (=, (di,dg)) = { vy, if di = dy and {dy,ds} ¢ D
, if dy # dy and {dy,d2} € D

V_
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5. if there is a congruence ~ in £, we let v’ (=2, (dy,dz)) = v(=, (d1, d2)[N/d]).
We now show the following:

Lemma F.1. For all A € L'[DUN], vy (A) = vp (AN /d]) where AN /d] is
the result of replacing for all d € N each d occurring in A with d.

Proof. We show this by induction over the length of A.

Base. This follows directly by Items 1, 2 and 5 of the definition of v'. (Note
that = and # are not part of £’.)

Inductive Step.

e Let 7 be an n-ary connective. vy (w(A1, ..., An)) = frlvar (A1), ..., v (4n))
and var(m(Ay, ..., AN /d]) = fr(om (A1 [N/d]), ..., o (AN /d])). By
the inductive hypothesis, for each 1 < i < n, vap (4;) = var(4;[N/d]).
Thus, va (m(A1, ..., An)) = vy (w(Ay, ..., Ap)[N/d]).

e Let 41 be a quantifier. We have: vy (uzAd) = f,({fvam (A(d)) | d € DU
N}) and va(pzA) = fu({va(A(d) | d € D}). Since by the inductive
hypothesis, if d € N, vap (A(d)) = var(A(d)), {var (A(d)) |d e DUN} =

{var(A(d)) | d € D} and so vap (pzA) = vy (pzA). O
By Lemma F.1, M’ € Mp v\ (2). But then M’ < M" since for all P;, which
is a contradiction. O

G Proof of Lemma 7.1

We start with a fact about quotient models.
Fact G.1. Where M = (D,v) € M,
1. My is id-normal, i.e., M~ € M9,

2. vy (A(dy, ... dyn)) = var (A([di]x), - - -, [dn]) for all A(dy, ..., d,) € L[D],
3. vp(A) =vp (A) forall Ae L.

Proof. Ad 1. Suppose v~ (=, ([d]~, [d']~)) € D. Thus, v(~, (d,d’)) € D. Thus,
[d]~ = [d']~. The other direction of Eq follows with (Ref).

Ad 2. This is shown inductively. For atomic formulas the claim follows in
view of Def. 13. Note that v (P, ([di]x; - -, [dn]x)) = (P, (d1, ..., dy)) is well-
defined: it is independent of the representative of the respective [-]-class due
to requirement (Str) in (Cong). Similar for the other cases. Consider, for the
inductive step, an n-ary connective o. Then, in view of the inductive hypothesis,
UM (0(Ar, .oy AR)) = folvme (A1), ome (An)) = fo(lomr (A1), ..o (Ay)) =
UM(O(AM RS An))

Consider now a quantifier g. Then, in view of the inductive hypothesis,

v (peA(@)) = fu{vao (A(ld]) | d € D}) = fu{vm(A(d)) | d € D}) =
vnr (prA(z)).
Ad 3. This follows directly with Item 2. O
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Lemma 7.1. Where the underlying comparison is qualitative, < = <II;W,
t e {=22=uf}, and 7 € {g,p,1}, if M € ming(M(T')) then My €
min (M(T)) N min'd (M(I)).

Proof. We paradigmatically give the proof for t = D and = € {p,1}.

Suppose M = (D,v) € ming(M(X)). Let My = (Dx,va) be the quotient
model of M. Assume for a contradiction that there is a M’ = (D', v") € M(X)
for which M’ < M~ (and so D' O D). We define a new model M* = (D*,v*)
where

o D* = (D'\ Dx)UD,M
e v*(c) =(v'(c)) for all constants ¢ € Const(L), where

d deD\Du
d" d=[d]~ € Dy and d" € [d']~ arbitrary.

~

7:D'%D*,dr—>{

o v*(P;,(dy,...,di)) =V (P, ((dr),...,pu(di))) where

d deD'\Dy
[d deD

)

M:D*%D’,dw{

o V¥ (=, (d, d)) = v'(=, (u(d), p(d)))-

We now show inductively that for all (dy,...,d,) € D*", and all A(x1,...,z,)
in L,

UM+ (A(dila cee 7%)) = UM'(A(/"(dl)v <o 7u(dn)))

In view of this, M* € M(X).
The base step follows directly with the definition of v*. For the inductive

step we consider a quantifier 6 and a formula sz A(z,dy,...,d,). We have:
Un~ ((5$A($,d71, R ;In)) = fé({vl\/[* (A(87d71a s 7%)) | de D*})

and

v 0z Az, p(dy), ... pu(dy)))
f&({vM/(Av (Enu'(dl)’ s 7M(dn))) | de D,}) =
fs({oar (A(d, u(dr), - .., pu(dn))) | d € D'\ D=} U

{oamr (A([d]x, p(dr), - - p(dn))) | [dl~ € Dx}).

By the inductive hypothesis,

{oa (A, (d, p(dy), ..., p(dn))) | d € D'\ D=} =
{oam+(A(d,dy,...,d,)) | d € D'\ D}

44We assume for simplicity that D' 0D = §.
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and (since for all d € D, u(d) = [d]~)

{oar (A(ld]x, p(da), - - p(dn))) | [dl~ € Dx} = {vnr (A(d.dy, ... dn)) | d € D}

Since
{oar (A@, @, .., d)) | d € D'\ D} Ufons- (A@, i, ..., dn)) | d € D} =
{vp+ (A (E T)) | d € D'},
and
{onr (A(d, dy, ) | d € D'\ D} U{oar (A([d]~, dy, - ., dy)) | d € D} =
{UM' (A(aaih di)) | de 24 }
we have

fﬁ({UM*(A(a7d717~-wa)) | de D*}) =
fé({vM’(A7 (Evmv>m» | de D,})

and so v+ (6xA(z,dy, ..., dp)) = var (6x Az, u(dy), - . ., u(dy))). For our truth-
functional connectives the case is shown similar and left to the reader.

We now show that M* < M which is a contradiction to our main supposition.
Since M’ < My, there is an i € P for which

1. Ab;(M') C Ab;(My) and

2. for all j > 1, Ab;(M’) C Ab;(Mx) (for m = p), resp., for all i/ < 1,
Aby, (M') = Ab (My) (for m = l)

We will now show that M* < M by showing that:
1. AbZ(M*) C Abl(M) and

2. for all j > 1, Ab;(M*) C Ab;(M) (for m = p), resp., for all i’ < 1,
Ab; (M*) = Aby (M) (for m =1).

Let # = p. (The case for m = [ is analogous.) For Item 2, consider some

J = 1. Suppose var+(a;(d, ..., da;)) € A So, vy (ay(pu(dr), ..., p(da,))) € A

Since M’ < My, var (o (pe(di), . .. ,u(d ;))) € A and therefore pu(dy), . .., u(da,)

Dx. So, for each 1 <k < aj, dy € ,u(dk) So, var(a(dy, ..., dq;)) € A. Thus,
item 2 holds.

For Item 1 suppose that vpp (o ([di]~, - - -, [da;]~)) € A, while vy (e ([dh]~,

.y |da;]~)) € A. By the latter vpr(a;(dy,...,dn)) € A. By the former and

since for each 1 < k < a; we have u(dy) = [di]~, va=(i(dy, ... ,dy)) ¢ A. This

suffices to establish Item 1. O
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Figure 2: Orderings of models in Example H.1. To the left: <79 -ordering
(where 7 € {=,=,,D,>}), to the right: —<F2,r’eld—ordering.

H Counterexample to Disjunctive Rationality for
<3 x€{g, 1}, m#f

Example H.1. We consider a language with two unary predicate symbols @
and S, a binary predicate symbol P, a congruence =~ and two constants ¢ and
c. Let

S ={(Vz(cm 2) AlP(c,c)) V (m(c = ) AQe AIQC), IP(c,c) V Se, 1QcV Sc}

We consider the models in the following table.

M = (D,v) #(Abp(M)) #(Abg(M)) #(Abs(M)) #(D) M | Se
M} 1 0 0 1 v
M3 1 1 0 1
M} 0 1 1 1 v
M} 1 0 1 1 v
M; 0 2 0 2 v
M3 1 2 0 2
M3 0 1 1 2 v
M3 1 1 1 2

We discuss the quantitative approach. Given the order < = <g;§du{z} where
m € {=,=¢,2, >}, we have the relations between the models depicted in Figure 2
(left). Similarly, for < = <§r’éd we have the ordering depicted in Figure 2 (right).
(where == is listed before QQ which is listed before P.).

Let us first consider <59, Note that models in min (M(ZU{!P(c, c)V!Qc}))
with domains of sizes 1 and 2 are of the type M}, M} and M3. We have ¥ U
{IP(c,c)V!Qc} Famip Sc. The models in min (M (XU{!P(c,c)})) with domains
of sizes 1 and 2 are of the type M}, M3 and M3. Thus, SU{!P(c,c)} HnmLp Sc.
Similarly, the models in min (M (XU{!Qc})) are of the type MZ, M3, M3, and
M3. Again, LU {!Qc} FamLp Sc.

The situation is similar for —<g;led, While M{ and M} are minimal models in
MumpL(ZU{IP(c,e)V!Qc}), My and M3 are minimal in MumpL(XU{!P(c,c)}),
and M? and M3 are minimal in MumpL (2 U {!Qc}). Again, we have ¥ U
{!P(e,c)V!Qc} EnmpL Sc while SU{!P(c,c)} EnmpL Sc and ZU{!Qc} FampL Sc.
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I Difficulties in turning the linguistic approach
non-pragmatic

When pointing out the linguistic non-robustness and pragmatic nature of the
linguistic approach in Section 6, we have only considered the standard way of
defining abnormalities in the linguistic approach. An open question is whether
some of these potentially counter-intuitive results can be avoided by defining
the abnormal parts of models differently. In the following we shortly focus on
two such variants:4°

Abi (M) =S N1Pe;in N\ cite | MiE NPan N\ e
=1 =1

1<i<j<n 1<i<j<n
and Abﬁng(M) ={[\Pc|~,, | M =1Pc}, where |Pc; ~p Pe; it M = ¢; = ¢j.
We illustrate the basic idea behind approach 1 with the following example.
Let M %ﬂing M’ iff Abﬁng(M) - Abﬁng(M’). Now consider 31 = {!Pc;,!Pca}

and the models M7 = (D,v1) and My = (D, vs) with the following abnormal
parts:

1. Abji, (M) = {!Pcy,!Pcy} and
2. Abjg (Ms) = {!Pcy,!Pey,!Pey APy A et # ).

According to approach 1 model M; is better than model Ms, as expected,
since it identifies ¢; and ¢ (i.e., v1(c1) = vi(ce) while va(c1) # va(cg)). In this
example, approach 1 thus mirrors the extensional approach in that it considers
models worse with more (extensionally) different abnormalities.

According to approach 2 we get:
1. Abﬁng(Ml) = {lc1]~p, } and

2. Abﬁng(MQ) = {[CI}NJVI27 [CZ]NM2 }

Note, however, that the two models are still incomparable if we naively
compare them according to subset-comparisons, for [ci].,, = {c1,c2} and
[c1]~n, = {e1}. We can refine the comparison by defining M %ﬁng M’ iff

1. for all A € Abj (M) there is a A’ € Abj, ,(M’) such that A’ C A, and

2. thereisa A’ € Abﬁng(M’) for which there is no A € /—\bﬁng(M) such that
ACA.

Now we have: M; <ﬁng My, as expected.

45We simplify things slightly by supposing (i) that all predicates are unary and (ii) that in
case of Ablling a non-identy # is available. An analogous treatment can be achieved by using
a classical negation and an identity.
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However, both approaches are neither linguistically robust nor non-pragmatic.
First, both approaches are not linguistically robust, as our Example 6.1 shows.
Second, if we complicate the picture slightly we can also see that the two pro-
posals don’t deliver expected outcomes. For this we consider again our Exam-
ple 6.2. According to the first approach we have /—\bﬁng(Mg) = {!Pc;,!Pcy},
while Abj,,(M2) = {!Pc1}, and so still MZ <} M2 Similarly, according to
the second approach, we have Abj, (M2) = {{c1, c2}} and Abj,, (M?) = {{c1}},
thus sz -<ﬁng M?2. Both approaches are thus pragmatic according to Def. 11.
Altogether our discussion shows that it is difficult to alter the linguistic ap-
proach so that it doesn’t run into the pragmatic oddities pointed out in our

examples above.
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