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Abstract

We review two strands of conceptual approaches to the fampagsentation of a decision maker’s non-
knowledge at the initial stage of a static one-person, ¢tn¢-decision problem in economic theory. One
focuses on representations of non-knowledge in terms difgtitity measures over sets of mutually exclu-
sive and exhaustive consequence-relevant states of N#terether deals with unawareness of potentially
important events by means of sets of states that are lessletentipan the full set of consequence-relevant
states of Nature. We supplement our review with a brief disimn of unresolved matters in both approaches.

To appear irRoutledge International Handbook of Ignorance Studéekted by Matthias GroR and Linsey
McGoey (London: Routledge), due to be published in Febraatb.

1 Introduction

The aim of this contribution is to provide an overview of ceptual approaches to incorporating a decision
maker’'s non-knowledge into economic theory. We will focesehon the particular kind of non-knowledge

which we consider to be one of the most important for econadiscussions: non-knowledge of possible
conseqguence-relevant uncertain events which a decisi@armapuld have to take into account when selecting
between different strategies.

It should be noted that — especially after the recent wordidwéconomic crisis — economics has been fre-
quently blamed for neglecting this kind of non-knowledgdlededly it failed to incorporate unexpected events
into its theoretical framework, which resulted in severgaiwe consequences for economies and societies.
(For example, the subprime mortgage crisis or the LehmanhBre bankruptcy of 2008 can be viewed as
“Black Swan events” in the sense of Taleb (2007]]. We argue, however, that such blatant accusations are
not entirely justified. When one looks back at the long histifrthe debate on uncertainty and non-knowledge
in economics, one will identify ongoing efforts to formadizhese conceptually difficult issues by means of
the mathematical language on the one hand, and tirelegsseris of this formal approach on the other. The
first movement is often interpreted as essentially excldion-knowledge from economic theory, while the
second is considered as a heroic effort to re-establishsbu® in the scientific discourse (Frydman and Gold-
berg 2007 18]; Akerlof und Shiller 2009 {])). However, we would like to stress and demonstrate th#t bo
developments are deeply interwoven and, rather, mutuafipert and complement each other.
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In the course of the debate, the theoretical represensatibnon-knowledge have taken some specific tech-
nical forms. In this paper, we review the historical devehl@nt of two basic approaches to formalizing non-
knowledge in economic theory, in the context of static omet€hoice situations for decision makers. These
are

1. representations of non-knowledge of a decision makeelimg of probability measures, or related
non-probabilistic measurewver sets of mutually exclusive and exhaustive conseceuegievant (past,
present or, in most applications, future) states of Nature;

2. modelling unawareness of a decision maker of potenti@portant events by means of sets of states that
areless complet¢han the full set of consequence-relevant states of Nature.

As is well known, the most popular method to deal with nonwiealge in economic theory has been to formal-
ize it by means of probability measures; this approach a&tbguantifying the matter and, thus, to rationalize
and to “cultivate” it (Smithson 19824/, p 43]). Introduced into economic theory by Edgeworth, devand
Menger during the so called “marginal revolution” in theeldt@h century, probability measures, especially
frequentist probability measures as probabilities lediufinem the past, were celebrated as instruments that al-
lowed quantifying and measuring manifestations of unaastacf. Bernstein 19964, p 190ff]). However,

the euphoria was halted by the critiques of Knight (1923),[Keynes (1921, 1937)3[), 31], Shackle (1949,
1959) (4, 45] and Hayek (1945)45] who argued that application of frequentist probability aseres pre-
cludes systematic analysis of the principal non-knowleafggme consequence-relevant events. They initiated
the first line of discussion on non-knowledge in economiad @ecision-making theory; namely, they raised
the question as to what extent non-knowledge can be refiegsby means of measurable or immeasurable
probability concepts, or if other, non-probabilistic me@s are necessary. Knight's (1922)] solution, for
example, was the famous distinction betweek as situations where probabilities of uncertain events can
be unambiguously and objectively determined, andertaintyas situations where they cannot be accurately
measured and, therefore, should rather be treated as atsfiraf the estimates,” or subjective probabilities.

This critique gave rise to an axiomatic approach to the defmbf subjective probability measures by Ramsey
(1931) p0] and de Finetti (1937)17] who demonstrated that such measures can always be derbvadlie
observed betting behaviour of a decision maker (namely thidlingness to bet), and that they can be power-
fully used to formalize a decision maker’s proclaimed tytilnaximization. Both authors helped to establish
the concept oprobabilistic sophisticatiorwhich posits that — even if objective probability measurasrmt

be determined — the decision maker's behaviour can alwaystémreted in a waws if they have a subjec-
tive probability measure which they employ in their perdarsdculations of expected utility. In this approach,
individual imprecise knowledge on consequence-relevant events weegialized to form a basis for the
introduction of an adequate probability measure to repiteibgs status, and this method rendered the whole
discussion about measurability and objectivity of proligbmeasures obsolete for the coming years. Sav-
age (1954) 41] famously combined probabilistic sophistication with #agected utility theory as conceived
originally by Bernoulli (1738) ] and von Neumann and Morgenstern (1944J][to arrive at a subjective
expected utility theory. Savage’s axiomatization of diecisnaking under conditions of uncertainty thus led to
the formalization of non-knowledge of the likelihood of @n@in events in terms ofanique (finitely additive)
Bayes—Laplace prior probability measuvger a complete space of consequence-relevant statesureNahe
latter is assumed to be known to a decision maker before ctimgiio a certain action.

Yet, this theoretical move to “absorb” non-knowledge by nmeeaf probability distributions obviously precludes
the consideration of “unknown unknowns” (e.g. Li 200%[p 977]), as, by assumption, this space of states of
Nature is common knowledge for all decision makers. Thergmiobability measures employed just formalize
non-knowledge ofvhich uncertain event from a given list of possibilities will oecuThe incorporation of
surprisesinto a theoretical framework, however, necessitates anati incomplete sets of uncertain events on
the decision maker’s part. Surprising events, by definjtamnot be known at the instant of choice and, thus,
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cannot be part of the set of events possible known to a deaisaker. However, many accounts which aspire to
introduce true non-knowledge and uncertainty into ecoadheory primarily criticize the use of a unique and
additive prior probability measure over a given set of staféeNature, but maintain the assumption that the latter
set is finite and exhaustive, and that the states are musedlysive. These works thus pursue the first line of
research mentioned above. In their attempt to formally dethl true uncertainty of some events, and so to re-
establish this issue in economic theory, they replace tiguenadditive prior probability measure by entiets

of additive prior probability measures (e.g. Gilboa andr8eldler 1989 P1], Bewley 1986, 20024, €]), by
non-additive prior probability measures (e.g. Schmeiti#89 (23], Mukerji 1997 [38], Ghirardato 200119)),

or they introduce some alternative non-probabilistic emtcsuch as fuzzy logic, possibility measures, and
weights (Zadeh 1965, 1978(, 51]; Dubois and Prade 2011 {]; Kahneman and Tversky 19799]).

We interpret all of these works as attempts to conceptuliightian uncertainty in mathematical terms. In all
of these cases, non-knowledge is generally captured ljpmown probability measuréHowever, we would
like to stress that theorizing about the principal non-kiealge of some events necessitates the aforementioned
representation of thimcompleteness of a decision maker’s subjective spacenstegoience-relevant states of
Nature because only then the failure of probability theory to eseint non-knowledge and surprises adequately
can be overcome. This state of affairs motivates the dismuss$ the second line of research on non-knowledge
in the list above. Here, we are dealing with attempts to fdimaahoice situations where decision makers are
aware of the fact that they dwt possess the full list of consequence-relevant states afrdldue to unforeseen
contingencies. In our view, the development of this secoradhifts emphasis from the issue of the importance
of prior probability measures in dealing with non-knowledg the more fundamental question as to what extent
the full space of consequence-relevant states of Naturacaally be known to a decision maker in the first
place.

In what follows, we first present in Secti@the standard mathematical framework in terms of which discu
sions on the formal representation of non-knowledge anditmiaty in economic theory are usually conducted.
Subsequently, we describe developments of the inclusicliigon movements of non-knowledge along the
two lines mentioned above. In Secti@rnwe address the representation of non-knowledge based arsdge

of (various kinds of) probability measures, while in Sectiowe discuss the representation of non-knowledge
based on particular formal descriptions of the state spatesection5 we conclude with a discussion and
provide a brief outlook.

2 Thebasic mathematical framework

In economic theory, non-knowledge of the likelihood of utaim events at the initial decision stage of a static
one-person, one-shot decision problem is the crucial feattormulated within the set-theoretic descriptive be-
havioural framework developed by Savage (1984] ind Anscombe and Aumann (1963},[a decision maker
chooses from a sdf of alternative acts. The se&X(X) of consequences of their choice (i.e., von Neumann—
Morgenstern (1944)39 lotteries over setsX of outcomes) depends on which relevant state of Nature out of
an exclusive and exhaustive $@twill occur following a decision (the state-contingencyusture). In this
framework, acts are perceived as mappings of states of &atiar consequences, = {f : 2 — A(X)}. An
ordinal binary preference relation is defined over the sdf’, which in turn induces an analogous preference
relation on the sefA (X)) via the mapping. The actual state of Nature= €2 thatwill be realized is usually
understood as a move by the exogenous world which resolves@rtainty (Nature “chooses” the state of
the world; Debreu 19597], Hirshleifer and Riley 199248, p 7]). The decision makeatoes not knowvhich
conseguence-relevant state of Nature will occur, but ¢lleemodeller) has complete knowledge of all possibil-
ities. In the subjective expected utility context of Savét@s4) [11] and Anscombe and Aumann (1963),[
this kind of non-knowledge is formalized by means of a unifjnigely additive prior probability measure over
the set of states of Naturg, € A(€2), which expresses the decision maker’'s assessment of gliadikd of

all uncertain events possible. Existence of such a pridoasiity measure (usually interpreted as representing
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a decision maker’s beliefs) is ensured provided the praéereelation= on F' satisfies the five behavioural
axioms of weak order, continuity, independence, monottynand non-triviality (see Anscombe and Aumann
1963 |2, p 203f], Gilboa 200970, p 143f]). As is well known, this axiomatization gives rised subjective
expected utility representation of the preference rataticon F' in terms of a real-valued preference function
V . F — R, where for every acf € F one defines

V(f)= /ﬂ (EpnU) p(dw) .

HereU : X — R constitutes a decision maker’s real-valued personatyfilinction of an outcome: € X,
and itis unique up to positive linear transformatioh%;,, U denotes the expectation valuelofvith respect to
the von Neumann—Morgenstern lottefyw) € A(X). The decision maker weakly prefers an ict F' to an
actg € F, namelyf > g, whenevel/(f) > V(g). Itis presupposed here that the prior probability measure i
used to express the non-knowledge of the decision maket akaatlywhich state (from the given exhaustive
list) will occur. Figurel outlines the structure of the decision matrix for a statie-person, one-shot choice
problem in the subjective expected utility framework due&savage (1954)41] and Anscombe and Aumann
(21963) [2]. We remark in passing that the exposition by the latter twihars in particular provided the formal
basis for more recent decision-theoretical developmentSdihmeidler (1989)43], Gilboa and Schmeidler
(1989) |21] and Schipper (2013Y[].

prior probability measurg € A(2) | p(w1) plwe) ... plwy) neN
actsF' \ states? w1 Wy ... Wy
fi pi1 P12 ... Dpin | consequences; € A(X)
f2 po1 P22 ... po, | (lotteries over outcomeX)

Figure 1: One-person, one-shot decision matrix of statiisiten problems in subjective expected utility theory.

The decision matrix suggests that, besides coding unagrtabout the likelihood of events via a unique prior
probability measure, there are at least two further waystorporate aspects of a decision maker’s non-
knowledge:eitherto suppose that the particular kind of prior probability @@ is unknown (while the set of
consequence-relevant states of Nature is completd} accept that the set of consequence-relevant states of
Nature can be known only incompletely. In the second caseknowledge of events is directly captured by
means ohon-knowledge of the full state space, allowing hereby hexpected eventtn what follows, we will
discuss these two general possibilities to formally de#hwbn-knowledge in more detail — the application
of various probability measures on the one hand, and theseptation of incomplete state spaces on the other.

3 First way of formalization: probabilistic and non-probabilistic approaches

As already mentioned, application of additive prior prabigbmeasures to capture non-knowledge about the
likelihood of uncertain events has been the silver bullet@inomic theory in dealing with this problem. In

terms of elements of the decision matrix in Figréoththe modeller and the decision maker have complete
knowledge of all consequence-relevant states of Natukpfall possible outcomes/lotteries over outcomes
contingent on these states. In this respect, both subjeetsto be perceived as omniscient. However, through-
out the entire history of applications of probability thean various manifestations in the economic science,
discussions have revolved around the question whetherelift kinds of definitions of probability measures are
measurable at all in economic settings, and thus suitabéptesent non-knowledge of some events. According
to Knight (1921) B7], the conceptual basis for such an operationalizationirejmally absent from economic
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life in most cases. Thus, mathematical and statistical givitiies are — though basically measurable — not
applicable in an economic context.

The concerns as formulated in the works of Knight (192%]),[Keynes (1921)30], and also Shackle (1949}4],
however, were played down for a while by the opposing movérnéstrong formalization and specific ex-
clusion of non-knowledge of the probability measurem the theoretical economic framework: Ramsey
(1931) 0], de Finetti (1937) 17] and Savage (1954)] demonstrated that subjective probabilities can be
measured in principle when taking a behavioural approadilow-up research, however, drew attention to
cases in which non-knowledge of the probability measuressemtial for decision-making. Especially after
Ellsberg’s (1961) 13] paper, a new branch of research appeared that endeavauredntroduce absence of
perfect knowledge of relevant probability measures intonemic theory. Ellsberg (1961).f] had demon-
strated empirically that many people tend to prefer situntiwith known probability measures over situations
with unknown ones, thus violating Savage’s (1954)] behavioural “sure thing principle” axiom in particular.
He explicitly referred to situations with unknown probélyilmeasures as “ambiguous” and named the phe-
nomenon of avoiding such situations “ambiguity aversidghis(corresponds to the term “uncertainty aversion”
coined by Knight 192132)).

Subsequently, efforts to formalizénightian uncertaintywere resumed. Relevant work has been developing in
two directions (cf. Mukerji 199738, p 24]). First, it was stressed that, in Savage’s (1984) $tatic choice
framework, the decision maker ‘mechanically’ assigns philities without differentiating between those cases
in which they have some knowledge and, thus, can reason #imlikelihood of future events, and those cases
in which they are completely ignorant about what might happ&econdly, Savage’s (1954)1] framework
precludes from modelling the decision maker “...who dodiigsown ability to imagine and think through an
exhaustive list of possible states of the world” (MukerjPI938, p 24]). Savage’s (1954)!]] axiomatization
assumes that the decision maker is completely unaware difithiations of their knowledge about the future.
However, as surprises are a part of real life, this assumjgitoo strong and cuts back the power of the theory.

Both lines of research represent the efforts to include ithédtions of a decision maker's knowledge into
economic theory. In the remaining parts of this section, viefly discuss the development of the first line of
research mentioned in the introduction which employs @édtéve concepts of probability measures, and then,
in the next section, we turn to review representations ofkrowledge by means of various formalizations of
the state space.

Knight's (1921) 32] work, and later Ellsberg’s (1961) F] paradox, gave way to the intuition that there are dif-
ferences in how people assign and treat probability messanel that those differences are related to the quality
of the decision maker’'s knowledge. Some probability messare based on more or less reliable information
(evidence, or knowledge), and some result from a defaudtbaked on ignorance. For example, there should
be a difference between probability as formed by an experbgra layman. The intuition behind Schmeidler’s
(1989) 23] non-additive prior probability measures framewaskexactly this: there is a difference between

“...bets on two coins, one which was extensively tested aas found to be fair, and another
about which nothing is known. The outcome of a toss of the ¢t will be assigned a 50-50
distribution due to ‘hard’ evidence. The outcome of a tosshef second coin will be assigned
the same distribution in accord with Laplace’s principlerafifference. But as Schmeidler (1989)
argues, the two distributions feel different, and, as altesur willingness to bet on them need not
to be the same” (Gilboat al2008 22, p 179]).

The failure of Savage’s (1954} [] model to account for differences in the knowledge qualitioth cases was
called by Gilboaet al (2008) 22, p 181] “an agnostic position.” Ellsberg (1961)3 underlined this issue em-
pirically and demonstrated that the preference of a detisiaker for “known” probabilities violates the “sure
thing principle” in Savage’s axiomatization: people do netessarily behave as though they were subjective
expected utility maximizers. To model a decision makegsesof imperfect knowledge in such situations more
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accurately, there were suggestions to replace the uniqaepyobability measure with an entiset of prior
probability measure¢Gilboa and Schmeidler 1989 1], Bewley 1986, 20024, 6]): non-knowledge regarding
the likelihood of uncertain states of Nature here is linkedhte number of elements contained in a decision
maker’s set of prior probability measures used in calonfetiof expected utility of acts and consequences, and
S0 is represented in a more comprehensive fashion than eg8av(1954) 41] framework. For example, to
account for their ignorance, the decision maker assigng noiique prior probability to an event but rather a
certainrangeof values. In the case of the untested coin (when knowleddleeotoin’s properties is vague or
non-existent) this range for head/tail could be “betweerad® 55 percent.” We note that Epstein and Wang
(1994) [L4] later extended Gilboa and Schmeidler's (1989)][multiple-priors approach to intertemporal set-
tings.

A different way to account for the limitations of a decisioraker’s knowledge of future contingencies was
the development aofion-probabilistic conceptdor example, fuzzy logic and possibility theory (Zadeh 396
1978 B0, 51]; Dubois and Prade 2011L.]]). Interestingly, the economist Shackle (1964}%]] whose work
was ignored for decades, was one of the founders of thiscpatiline of research. For Shacklegssibil-

ity in particular expresses the incompleteness of a decisidkerseknowledge about the future, and hereby
allows representing thedégree of potential surpriSef an event. Possibility as a measure of subjective non-
knowledge is less precise (“fuzzier”) than probability asthased either on a numerical (quantitative) or on a
gualitative scaling of events from “totally possible” tarfpossible.” Those measures must not be additive. It
means that two or more events can be simultaneously coadider absolutely possible (or impossible, "sur-
prising”). The modern formalized version of this idea swgjgehat there is a finite set of states to which a
possibility distribution is assigned (Dubois and Pradel2[i1l, p 3)):

“A possibility distribution is a mappingr from S to a totally ordered scalé, with top 1 and
bottom 0, such as the unit interval. The functiomepresents thetate of knowledge of an agent
(about the actual state of affairs) distinguishing whataipible from what is less plausible, what
is the normal course of things from what is not, what is sgipg from what is expected.”

Despite this seemingly radical innovation, and some primmiapplications in the economic science (e.g., Dow
and Ghosh 20091[]]), the possibility theory could not “revolutionize” dems theory. Zadeh (1978)1,

p 7], the founder of fuzzy logic, famously hinted that “outuition concerning the behaviour of possibilities
is not very reliable” and required the axiomatization of gibgities “in the spirit of axiomatic approaches to
the definition of subjective probabilities,” i.e., in lineittv Savage’s (1954)/[1] axiomatization. To make the
connection with decision theory, such a theoretical fraor&wvas successfully developed by Dubeisal
(2001) [L7]. Also, more generally, various probability—possibiltiyansformations were discussed, i.e., how
to translate for example quantitative possibilities intohabilities and vice versa. In the end, as Halpern
(2005) 23, p 40] states, “possibility measures are yet another apprtwaassigning numbers to sets,” implying
all benefits and limits of alternative probability theories

Finally, — and this is very crucial for our discussion — ndtattthe set of possible consequence-relevant states
of Nature in all cases discussed in this section, i.e., incds® of a unique prior probability measure, in the
case of a set of prior probability measures, for non-adsligivior probability measures, and in the possibility
framework, is assumed to be finite, so that a real surpriser(@letely unexpected event) cannot be incorpo-
rated. However, to properly account for surprising evethis, list should not be modelled as exhaustive. It is
crucial to emphasise in this context that assigning sulggrobability zero does not help to represent true
unawareness of particular events because

“[s]tatements like ‘I am assigning probability zero to theeet £ because | am unaware of it" are
nonsensical, since the very statement implies that | thbduathe event” (Schipper 201342,
p 739]; cf. also Dekeét al 1998 [(]).
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By definition, a decision maker should be perfectly unaw@sigorising events before committing to a specific
action, and it lies in this very nature that this issue carreotaptured solely by means of more or less well-
defined probability measures.

4 Second way of formalization: genuine non-knowledge of the state space and
the possibility of true surprises

The second line of thought of incorporating non-knowledgeaalecision maker’s part into economic theory
likewise has its history and tradition. It was recognizedabyumber of authors that in order to include true
non-knowledge concerning future contingencies and singrievents into the framework of decision theory, it
is necessary to shift research efforts from the issue ofmh@tation of adequate (prior) probability measures
(i.e., risk and uncertainty in the modern economic parlatwéne issue of representation of a decision maker’s
unawarenessvith respect to possible states of Nature beyond their in@igin which could also affect the
consequences of their choice behaviour. This unawarenagdbeinterpreted as a manifestation of a decision
maker’s natural bounded rationality. Their non-knowledfeuld not be limited to just a lack of knowledge as
to which state from the exhaustive list of states of Natudématerialize (“uncertainty about the true state”),
but rather non-knowledge about the full state space it$eltilsl be a part of decision theory. This challenge
was met in the economics literature in particular by Kre@v@) [33], Fagin and Halpern (1988) ], Dekelet

al (1998, 2001) 8, 9], and Modica and Rustichini (1999} 7]. Their proposals presuppose a coarse (imperfect)
subjective knowledge of all consequence-relevant stdtBature possible, and so criticize a central assump-
tion in Savage’s (1954)4[l] and Anscombe and Aumann’s (1963)] pxiomatizations of a decision maker’s
choice behaviour, suggesting a radical departure from fiteeneworks. First of all, proving two famous impos-
sibility results, Dekel, Lipman and Rustichini (1998] flemonstrated that the standard partitional information
structures of economic theory (i.e., the set-theoretie Space models discussed earlier in Se@jgoreclude
unawareness. Specifically, in such settings, only two veieme situations can be captured: either a decision
maker hasomplete knowledgef the full space of consequence-relevant states of Na&srbds the modeller),
or they haveno knowledgeof this state space whatsoever. In addition, Dektehl (1998) B] made explicit
crucial epistemic properties of true unawareness: e.gt tls necessarily impossible for a decision maker to
be aware of their own unawareness (technically termed Atdspection); cf. also Heifetet al (2006) [26].

Following this discussion, new accounts were developeathvhiuggested different ways to depart from the
set-theoretic state space concepts of Savage (1¢54and of Anscombe and Aumann (1963);[ foremost
from their assumption on the existence of an exhaustivefigtutually exclusive consequence-relevant states
of Nature which is available to both the modeller and the glenimaker alike. These new accounts formalize
a principally different kind of non-knowledge compared lte non-knowledge of (prior) probability measures
over a complete state spaamawarenessf potentially ensuing important events, or of additiongufe sub-
jective contingencies. In terms of elements of the decisi@irix in Figurel, only the modeller now has
complete knowledge of all consequence-relevant statesatirll, and of all possible outcomes/lotteries over
outcomes contingent on these states. The decision maker es¢ricted perception of matters depending on
the awareness level they managed to attain.

Three ways to overcome Deket als (1998) [B] impossibility results concerning standard partitionafior-
mation structures can be identified in the economics litleeattwo of which maintain the status of a (now
enriched) state space concept as a primitive of the frameproposed. These are

1. the two-stage choice approach
2. the epistemic approach, and

3. the set-theoretic approach.
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We now briefly review these in turn.

One solution is to formalize an endogenous subjective sfaee of a decision maker aslerived conceptas
was initially suggested by Kreps (1979, 19923,[34], and then further developed by Delel al (2001) ]

and Epsteiret al (2007) [L5]. These researchers proposed a decision maker who is umaiveertain future
subjective contingencies, and a modeller who can infer sidgcmaker’s subjective state space regarding these
contingencies from observing the decision maker’s choa®abiour. (To a certain extent this strategy can be
viewed as analogous to Savage’s (1954)] feconstruction of a decision maker’s beliefs from theireaed
preferences.) Kreps (1979} developed d@wo-stage modeh which a decision maker first chooses from a
set of finite action menus. Subsequently, a particular stidature is realized. The decision maker chooses
a specific action from the selected menu only afterwards. CEéral idea is that although the decision maker
does not know all the states that are possible, they knowshbjective subset of possibilities, and this subset is
not exogenous. The decision maker anticipates future gosnahich affect their expected later choices from
the action menus and their ex ante utility evaluation ofé¢hm&nus. Thus, these scenarios (or the subjective
state space) form the basis for ordinal binary preferene¢éioas with respect to the menus and can be revealed
through observation of those preferences.

The more unaware a decision maker is regarding consequelesant states of Nature, the more flexibility
they prefer by choosing the menus during the first phase. iftugion was more rigorously formalized by
Dekel et al (2001) P], who provided conditions required to determine the endoge subjective state space
uniquely. For example, they replaced the action menus byumehlotteries over finite sets of actions, in the
spirit of Anscombe and Aumann (1963)][ Epsteinet al (2007) [L5] proposed ways for the two-stage choice
approach to account for a decision maker’s manifested taiogr aversion according to Ellsberg’s (1961 )]
empirical result. The pioneers of the unawareness conegptrtifrom Savage’s (19544 7] and Anscombe and
Aumann’s (1963) 7] axiomatizations by replacing the state space in the ligriofitives by a set of menus over
actions which are the objects of choice. This theoreticalaradlows for dealing with unforeseen contingencies
due to a decision maker’s natural bounded rationality, dtted of which is manifested by their inability to list
all the states of the exogenous world that could be relevamt.further details on this approach refer also to
Svetlova and van Elst (2012} .

In the epistemic approacho formalizing a decision maker’'s unawareness, initiatgd=bgin and Halpern
(1988) [L€], and subsequently pursued by Modica and Rustichini (199Y9) Heifetz, Meier and Schipper
(2008) [27], and Halpern and Régo (2008)], a modal logic syntax is employed to elucidate the fineestne

of the (consequence-relevant) states of Nature. Suclssiedehere perceived as maximally consistent sets of
propositions which are constructed from a set of countaldynyrprimitive propositions, their binary truth val-
ues, and a set of related inference rules defined on the sebpdgitions. The propositional logic models so
obtained extend the standard Kripke (1963j][information structures of mathematics. The concrete awar
ness level attributed to a decision maker is associatedangfiecific subset of consistent propositions and their
corresponding binary truth values; the awareness levidsaiith the number of elements in these subsets. De-
pending on the approach taken, the awareness level of aaenisiker in a given state of Nature is expressed
in terms of an explicit awareness modal operator defined pragositions (Fagin and Halpern 1988)), or
indirectly in terms of a knowledge modal operator (Modica &ustichini 1999 37], and Heifetz, Meier and
Schipper 200847)).

While Fagin and Halpern (1988} §] in their multi-person awareness structure deal with alsistpte space
and propose two kinds of knowledge (implicit and explicitflecision maker may have depending in their
awareness level, Modica and Rustichini (1999)][in their one-person generalized partitional information
structure distinguish between the full state space agsaolorth the modeller on the one hand, and the (typically
lower-dimensional) subjective state space of the decisiaker on the other. A projection operator between
these two kinds of spaces is defined. A consequence of th&raction is that a 2-valued propositional logic
obtains in the full state space, while a 3-valued propasitidogic applies in the decision maker’s subjective
state space: a proposition of which they are not aware atengitate can be neither true nor false. Thus,
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unawareness of a decision maker of a particular event imgiteen this event cannot be described in terms of
states in their subjective state space. According to Halpad Régo (2008)2¢], an advantage of addressing
the issue of the fine-structure of the states of Nature ighigobffers a language of concepts for decision makers
at a given state, as well as flexibility for covering differemtions of awareness. Furthermore, these authors
demonstrated that all of the propositional logic modelshef épistemic approach to unawareness referred to
above are largely equivalent. So far, propositional logmdeis have not been tied to any specific decision-
theoretic framework.

The set-theoretic approagHfinally, can be viewed as a less refined subcase of the ptapsilogic mod-

els of the epistemic approach in that it discards the fingetire of the states of Nature, thus leading to a
syntax-free formalization of unawareness. The key ret@iaehere is that in order to overcome Deletlal's
(1998) [] troubling impossibility results regarding a non-trivigpresentation of unawareness in standard par-
titional information structures, an entire hierarchy ddjdint state spaces of differing dimensionality should
be introduced amongst the primitives of a decision-théofeamework to describe decision makers that have
attained different levels of awareness.

Heifetz, Meier and Schipper (2006} 6] deal with this insight by devising in a multi-person coritexfinite
lattice of disjoint finite state spaces which encode degisi@mkers’ different strengths of expressive power
through the cardinality of these spaces. Hence, these statees share a natural partial rank order between
them; every one of them is associated with a specific awaseegsl of a decision maker. The uppermost
state space in the hierarchy of this unawareness structuresponds to a full description of consequence-
relevant states of Nature and may be identified either witbraniscient decision maker or with a modeller.
The different state spaces are linked by projection opesditom higher ranked spaces to lower ranked spaces.
These projection operators are invertible and filter outkedge existing at a higher level of awareness that
cannot be expressed at a lower level. In this way, it is ptesstbformulate events at a given state of which a
decision maker of a certain awareness level has no conoegitadl. A 3-valued logic applies in each state space,
with the exception of the uppermost one where the standaadu&d logic obtains. Unawareness respectively
awareness of a decision maker of a particular event are flyridefined indirectly in terms of a knowledge
operator, which satisfies all the properties demanded df ancoperator in standard partitional information
structures; cf. Dekedt al (1998) [, 164f]. We remark that the Heifett al (2006) [26] proposal may have the
potential to provide a framework for capturing Taleb’s (2P{19] “black swan events” in a decision-theoretic
context. For this purpose a scenario is required where nigideanaker’s awareness level corresponds to the
uppermost state space in the hierarchy.

A related set-theoretic framework was suggested by Li (20€9. In her “product model of unawareness,” she
distinguishes factual information on the (consequent®+aat) states of Nature from awareness information
characterizing a decision maker, and so provides a formsikar, again, differentiating between the full
space of states of Nature and a decision maker’s (gengriosler-dimensional) subjective state space. With
a projection operator between these two spaces definedsesewhich a decision maker is unaware can be
made explicit.

In contrast to the epistemic approach, direct contact wéttigion theory was recently established by Schip-
per (2013) {12] for the set-theoretic unawareness structure of Heiétal (2006) [26]. He puts forward an
awareness-dependent subjective expected utility propode tradition of Anscombe and Aumann (1963), [
where a set of awareness-dependent ordinal binary prefemefations for a collection of decision makers is
defined over a set of acts on the union of all state spaces iattiee. Acts map consequence-relevant states
of Nature in this union to von Neumann—Morgenstern (1944) [otteries over outcomes contingent on these
states. That is, preferences for acts can now depend on tHrersess-level of a decision maker, and thus may
change upon receiving new consequence-relevant infasmatihis is clearly a major conceptual step forward
concerning representations of non-knowledge in econoneiort, especially since it focuses on the important
multi-person case. However, also Schipper’s (2023) proposal is likely to suffer from Elisberg’s (1961) 3]
paradox, as decision makers’ experimentally manifestegmainty aversion has not been formally addressed
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in his framework. In this respect, one expects that Schipgg013) [12] work could be combined with the
multiple-priors methodology of Gilboa and Schmeidler (QPR1] in order to settle this matter, in analogy to
Epsteinet als (2007) [L5] extension of the work by Dekedt al (2001) ] in the context of the two-stage choice
approach.

5 Discussion

Having reviewed the major approaches to non-knowledgetitsiecision-making frameworks, we would now
like to address some open questions. We discussed conbaepisvestigated two key elements of the decision
matrix in Figurel: the space of consequence-relevant states of Nature, @ardppobability measures over
this space. Until recently, both approaches have beenameldetached from one another: the respective
papers have been concerned wétther the determination of adequate probability measuvesyith handling
imperfect knowledge of the state space. However, the pap&chipper (2013)47] makes an important
attempt to connect both of these issues. In our view, fustloek should be done in this direction.

Moreover, other elements of the decision matrix, partityltne set of available actiorendthe set of possible
consequence$iave been widely excluded from the discussion about nawvlatge in economics to date. We
suggest that more conceptual work should be done to cldrifyis justified to presuppose that actions and
their consequences are perfectly known to decision mafenisas been the case in economic decision-making
theory so far. Another important open question is how thenelgs of the decision matrix — probability
measure, state space, actions and consequences — are telaseh other. For example, recent research on
performativity, reflexivity and non-linearity (cf. see thecent special issue on reflexivity and economics of the
Journal of Economic Methodoloyyguggests that actions chosen could causally influencesstatNature; cf.
also Gilboa (2009)40].

These considerations raise the issue of the very naturesgfectively, the states possible, the actions available,
and their resultant consequences. It is important to plppeiderstand what it mears knowstates, actions
and consequencds, be aware or unawaref them. For example, obviously it makes a difference to eomcof
possible states as “states of nature” or as “states of thielin(&chipper 201342, p 741]). Both types of states
differ concerning the role of the decision maker. In a “saténature” approach, the decision maker, i.e., their
beliefs and actions, is irrelevant for the constructionhef $tate space: only Nature plays against them. Thus,
the elimination of non-knowledgof the future?)would depend on the improvement of our understanding of
the physical world. If, however, we conceive of the state’stes of the world,” the decision maker’s beliefs
and actions are a part of the world description, with the ssitgto consider the interrelation of all elements of
the decision matrix, as well as the interconnections beatvilee decision matrices of different decision makers
as a consequence. For the conception of non-knowledge,nul@rstanding of the social world would be as
relevant as our views about the physical world. We thinkehasights, which relate to epistemic game theory,
should be further developed, though the complexity of altasutheoretical framework might become its own
constraint.

Finally, we would like to ask if the assumption of omniscieran the part of thenodellerin the unawareness
concepts reviewed is justified. Is it warranted to presuejbloat there is an institution that possesses a complete
view of all states of Nature possible, while an ordindecision makehas only imperfect knowledge of them?
Heifetz et al (2006) 26, p 90] stress that “...unawareness ... has to do with thedacknception.” For us,
this conception includes knowledge of the interrelatigostbetween all elements of the decision matrix. But
who possesses this knowledge? And, given the complexithasfe interrelations;an anybody possess this
knowledge at all? To date, present-day economic modeltars hot settled this issue.
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