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Continuity for the Maximal Bochner-Riesz operators

on the weighted Weak Hardy spaces
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Abstact: In this papers ,we generalize some results of other authors to weighted spaces
and gain the boundedness of maximal Bochner-Riesz operator on weighted Herz-Hardy
spaces,weighted Hardy spaces and weighted weak Hardy spaces ,where w € A;.
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1 Introduction

Jiang Yinsheng and other authors 2 discuss the boundednes of maximal Bochner-Riesz
and it's commutator .Recentily ,Tongseng Quek Plproved some C-Z type operators are bounded
on weighted Hardy spaces and weighted weak Hary spaces . Inspiring by the above and the
paper(¥ we will prove the boundedness of the maximal Bochner-Riesz operator on these spaces.

Let maximal Bochner-Riesz operator B5 be

Ty f(z) = sup 1 B5(f)(z)],

whereBL(z) = t7"Bs(x/t) is the kernel of T¢, and satisfies |%Bg($)| < C(1 + |o|) 0+ (+1/2)
for any x € R" and multi-index 3 € Z'}.
Suppose 0 < p < oo, we denote the weak LL(R™) by W LE(R™) and set

1Flw ey = sup Alw({z € R : |£(2)] > AN]VP,
A>0

where, and in what follows, w(E) = [, w(z)dx.
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2 [KoP(wi,ws),HKSP(wy,ws)]-Type Continuity.

Let us first recall the definition of Herz spaces .For k € Z, let By = {x € R" : |z| <
2’“},Ck = Bk \ Bk_land)(k = Xck.
Definition 1 Let 0 < o < 00,1 < ¢ < 00,0 < p < 00, and w1,ws be non-negative weight

function. The homogeneous weighted Herz spaces K; P(wy,ws) are defined by

KyP(wr,w2) = {f € L (R" \{0},w2) : [fll grop (oo, ) < 20
where

o
ap
i = 3 (BT fxallZy 17
k=—o00
Definition 2¥ Let « € R", 1 < ¢ < 00,0 < p < o0 and wy,wy be non-negative weight
function. The homogeneous weighted Herz-Hardy spaces are defined by H Kf; Plwi,wo) = {f €
S G(f) € KgP(wy,ws)} and

1 b hco? o n) = G op (o1 o)

where G(f) is usually called the grand maximal function of f.

Definition 3" Let wi,ws € A1, n(1— %) <a<ooands > [oH—n(% —1)] be non-negative
integral. The function a(x) is called a center atom of (v, q,w1,ws) — type,if a(x) satisfies
(1) supp aj, C By = B(0,2Fr),
(2) llaglge, <wi(By) =, (3)f a(z)z’de =0,|] < s.

Theorem 1 Let 6 > "T_l, O<p<oo,1<qg<oo, andn(l—%)§a<n(1—%)+s,
e = min{l, (6§ — %51}, wi,ws € Ay ,Then T} is a bounded operator from HEK{P (w1, ws) to
KqP (w1, ws).

Proof of Theorem 1 Since wi,ws € A1(R") , a temperate distribution of f can be
written as f =Y. _Aja; and (3.7 |\, ]7’)% < Ol g wor )
of (a,q,wi,ws)—type. Let n(1— %) <a<n(l- %) +eand f € HK;"?(w1,w2). Then we have

, where a; is the central atom

o0

o 1
ITE A prrco(on o) = { D wl(Bk)T?”Tg(f)Xklegz}p

k=—00

00 k-3
ap 1
<CL Y @B (Y INIIT(ag)xwllzg, )P}
k=—00 j=—00
00 op 00 i
+O{ Y wiB) () NIITE(a)xkllzg, )P} ? = D1+ Da.
k=—00 j=k—2



Zhu Shihong :

Continuity for the Maximal Bochner-Riesz operators on the weighted Weak Hardy spaces 3

For Dy, when 0 < p < 1. We notice wib) C(|E|

boundedness of

o) < ﬁ)g as £ C B and 0 < { < 1. By the

operator T on L,(R™)P! | we have

1
Dy <{ Z wi(Bi) ™ ( NPT (ag)xnllfa D3P
k=—o00 j=k—2 ?
0o J—1
w1 (By) | e» wi(Bj11) er | wi(Bj42) ep, 1
SC )\'p 7L—|—1+77L+77L 4
{j;oo' P Gy o
- = ‘Bk’ oY 2ap7y L
<c{ ) P (B—) f 414297 4 22} s < {ZIAI”}P
j=—00 k=00 ’ ]‘ j=—00
When p > 1, by H slder’ s inequality , we have
Dr< {3 wBIFLY (B FP)r
k=—o00 j=k—2

l

> 2
<{ Z ( Z AP (By) 2w (Bi) 2 ) ( D wi(By) 2 wi(By) 2") T

k=—o00 j=k—

2 j=k—2

’

a (k—j)a a ’ﬂ,,
253105 I >>Tfé[§j RN S iraT

k=—o0 j=k—2 (Bj) j=k+1
sy ( J) 23
<{Z!M”Z 1 (B; }P<{Z\Mpz2 }P<C{Z\Mp}f’
j=—00 k=—00

Now,let us turn to the estimate for Dy
Jlet B; = B(0,27r) =

.We will consider two cases for D;.

case 1t <nry

j=—00 k=—00 j=—00

. For any j respect to a fixed k satisfied j < k — 3

= B(0,71) , By = B(0,2*7ry). As 2 € By,y € Bj, we know |z —y| ~ |z —0|

. By Hélder's inequality and the condition of core B!, we have

{/Bkr

/ | Bj(z — y)aj(y)dy’qw2(w)dw}%

<of[ 1 [ o B0 gy anta)dat
By B;
< Ct5—*(2(k J)rl)—(6+"2)|Bj|(w2(Bk));(/ |aj(y)|qu(y)dy)%
wa(Bj)" " JB;
< 02U MO =D 1010 < 02U RO =0, (B~ %
= JILE, = 125
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When 0 < p <1 ,we gain

k_—oo j=—00

n

< i A 1P( i pURIPCHEE =Gl < oy Z AP}

j=—00 k=743 j=—00

When p > 1 .By Holder's inequality , we have

A
7

"—H—ﬁ—a Z 2] kp (5+n+1 7El—oz)) }%

D1<C{Z Z by ’PQJ k)% (o+
kj+3

j=—00 k=j+3

<Cf S P Y 2UTRECEE s < of Z A P)e.

j=—00 k=j+3 j=—00

case 2 t > ri. By the mean value theorem and the vanishing moment condition of atom

a; , we have

Q|

( /B | /B Bl — el

1
— ([ 1] 183~ ) - Bifw - 0)a;()dyln(a)do)’
B, /B
(n z—0 n 1
<of [ 1re [ s B0y tan(a)n)
By B;

(1) When § < 2.

( /B | /B B = )y )yl
WQ(Bk) 1

1|a;|ra
WQ(B])] ” ]”LW2

Q=

< C(%)%—ég(j—k)(ﬂ%l)[

o

< 2ROy, (B

When 0 < p < 1,we obtain

e’} e’} . n_ﬂ_ﬁ_a
Dy <CL Y (S 2Uhrer N < cf Z AjP}5.

Jj=—00 k=j+3 j=—00
When p > 1. By Hélder's inequality , we also have

[e9) k—3
DisCl 3 (T WP POE DI cor S
j=—00

k=—00 j=—o00
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(2) When 0 > "TH By the mean value theorem and the vanishing moment condition of

atom a; , we have

/ / Bl(x — y)a; (y)dy| ws(z)dz) s < C2U N0y, (B =5
By

As the above, we consider D under the condition of 0 < p <1 at first. We obtian

Dy < Cf Z A1 Z 2U—Rpn =500y < of Z AP}

j=—o0 k=j+3 j=—o0
Also, we secondly consider Dy under the condition of p > 1.By H lder's inequality , we
have

D1<C{Z Z I\ ‘pQ(J )B(nt1-2—a) %S {Z I\ ‘p}p

k=—o00 j=—00 j=—o00
Thus,we have
ITE) o on iy < CITE 00
We take the supreme of the left side respect to the inequality above for any ¢t > 0, and

obtain desirable result.

3 [LP(R™) ,HE(R™)]-Type Continuity

Definition 4 Let wo(R™) and p € (0,1]. The weighted Hardy spaces HE(R") is defined
by
HE(R") = {f € S'(R") : ¢y * (f)(w) = sup g+ f(z)] € LER™)}

where ¢ € S(R") is a fixed function with [;, ¢(z)dz # 0 and ¢ =t "¢(y/t) for any t > 0.
Moreover ,we define|| f|| gr@n) = 16 * (f)l 17, ®n)-

Definition 5 Let w € Ay, p € (0, 1]. A p-atom with respect to w is a function a supported
in a ball B such that

lall Lo (rny < w(B) 7

Jgn a(z)x®dx = 0 for every multi-index « with |a| < [n(g./p—1)], where ,and in what follows,
[s] denotes the greatest integer less than or equal to s.

Theorem 2 Let w € Ay, § > ”T_l, min{m, HLH} < p <1, Then T¥ is a bounded
map from HE(R™) into LE(R™).

Proof of Theorem 2 We only need to show that for any p-atom a with respect to w,
|75 (a)]| L2, rny < C with C independent of a .Suppose supp a C B(zo,7).Let w € A4 (R") with
. We choose pg > 1, and write

T4 ey < | @@+ / T4(@)(@)Pw(e)ds = Ly + Lo.

R7\B(zo,47)
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[5]

By the boundedness of operator T on L™, we then have

p

el /B ( 4)!T§<a><x>|ﬂ°w<w>dx>%< / w(z)dz) s

B(xo,4r)

< C(/ ja(@)Pw(@)dz) P w(B(zo, ) " < C,
B(zo,r)

where C is independent of a.

Noticing y € B(xo,r) and z € R™ \ B(xg,4r), we gain |z — zo| ~ |z — y|.

case 1 ¢ < r By the vanishing moments of a-atom,we gain

Ty <o [ @+ BT eemEh 00 ay
t

B(zo,r)
< O "2 |1 — wo| ") ||a]|oo| B < CHO 2 | — xo\_(Hn;l)w(B)_%\B]
Ly < CPO=250) (B) 1| BJP / 2 — 2| PO+ gy ()
R7\ B(zo,4r)
1|B|p2/ 5 — x| p(6+n+1)w(a£)d:z:
k+1 k
(5 nfl) > W(Bk+1) _ e 5+n+1 TL]

<o Y e <03 o <c

case 2 t > r.By the vanishing moments of a-atom and the mean value theorem ,we have

r— X _ n
Tiae) < ) [ ( )<1+7‘ 20l — g a(y)lay
B(zg,r

When 6 < "TH, we obtain

T ntl n+1yw(Bgi1) _ ntly
< (T (22 -0) —kp(o+2L) @ (Bry1) < klp(6+252)—n] < ¢,
Ly < C(3)P ;:22 =B _02222 > <C

When § > "TH, we obtain

Ti(a)(x) < |z — ao|~ D™+ a| o
Ly < Tp(n—i—l Z/ |l‘ _ :L,0|—p(n+1 d:L‘ < 022 p(n+1)—n] <C.
By 1+1\Bg

Thus,we have
IT5 ()]}, < C

For any t > 0,we take the supreme of the left side and can gain the desire result.
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4 [WLP(R™), WHE(R")]-Type Continuity .

Lemma 1 Let p € (0,1] and w € A (R"). For f € WHE(R™), there exists a sequence

{fe}?2_, of bounded measurable functions such that

f=> fr inS®R". (1)

k=—00

Each f;, can be further decomposed into fi =), byi, where the sequence {by;}; satisfies
suppby; C QriandQr;isacube, (2)

> w(@ki) < 127, ZXQk ) <ci,

7

XE being the characteristic function of the set E, ¢; a constant and ¢; < CHfH’V)VHp(Rn);

[bri| ooy < C2F and | bri(@)ztdz =0, forlal < [n(q./p = 1))

Conversely, if f € S'(R") has a decomposition satisfying (1) and (2) ,then f € W HE(R™) and
||f||WHp(Rn < Cecq, where C is a constant.

Theorem 3 Let § > "T_l, max{m,niﬂ} <p<l,we A, ,gq>1, Then T5 is a
bounded operator from W HE(R™) to W LE (R™).

Proof of Theorem 3 For any A > 0, let ko € Z such that 20 < \ < 2F0~1 Tet w € A,(R™)

and f € WHE(R™). Then by Lemma 1,we write

oo oo ko 00
F=>0 =D D b= > > bt Y, > bu=F+F,

k=—00 k=—oc0 1t k=—oc0 1 k=ko+1 1

where b;m-s are as in Lemma 1. Suppose Ay = suppfi,then Ay = U;Qp; and w(Ag) <
> w(Qri) < C27R| f|IP 1 Since BY is bounded on L spaces, we have

w({z € R™:|TH(F1)(2)] > A}) < CO|T5(F1)|7 /A2

ko
<ClmZ /<l S Izl (3 / bialPe(a)d) B2/ 02
k=—00 k=—o00 1
1 ko
< Z ka (B2 /N <L Y X PRRY IR /NP < CUFIRy e /AP
k=—o00 k=—o0

Now set Qf; = Q(zri, (5v/n)ri) and Ay, = Up_y, 11 U; Qi where Qy; is the cube with
the same xzj;-center as Qp; and side length 5y/n times the side length of Qx;. We get

@) S Se@ s S Sw@as S 2P < 11D/

k=ko+1 1 k=ko+1 1 k=ko+1
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To finish the proof, we still need to estimate
w({z € A7, T3 (F2)(2)] > N)}) < CIIT5(F)IIp /N7

For z € (A}, )y € Qki, we know |z — y[ ~ |2 — @]
case 1t < ry; ,We then obtain

/ 1T (o) (@) Peo() e = / Ay, O ‘x%y')—(‘”"?l>\bm<y>1dy>}%<x>daz

Ako

n—1 n+1
< CE:/J+1 O ]w — | PO 2R Qs |Pw () da

< (;v§:2—jp(5—|-"T+1 t ) (6—7 2k;pw(Qj+1 < sz ][p(5+n+1)—n QkPW(Qk ) < C2kpw(Qk )
- Tkz =2
where Qii is the cube with the same xj;-center as Qp; and side length 27 times the side
length-rg; of Qp;.
case 2t > ry;.

n+1

we consider § < at first. By the vanishing moments of by; and the mean value theorem,

we have

N

s + n+1
g022 / a, PO~ (2 ) POET )P ok | QP () da
p

|75 (bri) () P () dow = / | 0 [Bs(z —y) = By(w — zxa) bri(y)dy [P (z) da

n+1

< O3 (DU =gibor T rlgtry (Qy) < C27w(Qu)

Jj=2

n+1

Secondly,we consider § > ,
| T5 (b ) () [Pw()dz = / | / [Bs(z —y) — Bi(x — x)]bri(y)dy|Pw(z)dzx

/Aio ko ¥ Qki
e |m(AD) 0 P
< CZ/JH\Q (/B _|1‘ Tl ki |bri(y)|dy)Pw(x)dx
j=2 ki

<03 b9 < O Q)
j=2

These yields the desired results .
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