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Continuity of higher order commutators generated by

maximal Bochner-Riesz operator on Morrey space

Shihong Zhu

(College of Mathematics and Computer Technology, Tongling University ,Tongling 24400,China )

Abstact: In this papers ,we use the control method of the maximal fractional integral and
obtain the boundedness of higher order commutator generated by maximal Bochner-Riesz

operator on Morrey space. Moreover , we get it’s continuty from Morrey space to Lipschtz

space and from Morrey space to BMO space.
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1 Introduction And Main Results

Let maximal Bochner-Riesz operator B} 1 be

Bjf(z) = sup |1 B5(f)(z)],

whereBL(z) = 7" Bs(z/t) is the kernel of B, which satisfies ]%B(;(x)\ < C(1+]z])~@+0+1)/2)
for any € R" and multi-index 8 € Z}.

For 0 < 8 < 1 ,let the homogeneous Besov-Lipschitz space Ag 2l be the space of the
functions satisfying

[f(z) = f(y)]
HfHA'B = sup g
z,yER" xy ‘x y|

Suppose b € Ag. For suitable function f, define the high order commutator B;’lﬂ generated

by Bj and b as follows
By f ) =sup [ Bi(o— )lb(e) — )" F()dy.

t>0
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For 1 < p < 0o, A > 0, the classic Morrey space Mp”\(R")[g} is the space of function
fe Lfoc such that

\ = L P ,\1/p
s = s (s [ @ < oo

z€R™, r>0

Let 1 < p < co. Denote the generalized Morrey spacel! as

MP? ={f € L, (R") : [|f[sre < o0},

loc

where

1
fllaree = sup
” H xER",r>O(90(x7r)

/ | (y)[Pdy)*/P,
Q

¢ is a integer increasing function on R x RT satisfying

(10($7 QT) é D@QD(CU, T)a

andD,is a constant ,independent of 7.

For 1 <[ < oo and 8 > 0, we call that

1 1/1
1)) = s (1ot [ WI'Y)

is the maximal fractional integrall® where | < p < n/Band 1/q¢ =1/p — B/n.
Let A < 1/nand 1 < ¢ < oco. We define f € L] (R™) is belong to BMOM? space if f

satisfies

1
flawors = sw_ (o [ 1) = foltdy)e < o.
H HBMO mER”,r>O(|Q(IE7T)|1+)\q Q(w,r)’ ( ) Q‘ )
Also,we have
1
flvore s sw (s [ 17(0) ~ faldy) 11,
£l Barora xeRn,mo(lQ(l‘,r)ll“ Q(x’r)l (v) — foldy) = [|fl4,

where fo = |T12| fQ fy)dy, A = 3/n.

In this paper, x( is the center of cube ) with the side length r. @ is the cube with the
same center as @ and side length 2* times the side length of Q.

Theorem 1.1 Suppose A >0, § > (n—1)/2, 0<mfB<n, 0<f<1,1<p<n/(mp),
1/p —mpB/n =1/q and b € Az. We have

b
15" (Dllagar < ClFllarpra-smp/m-

Corollary 1.2 Let ga}/pl (r)= gaé/m (r). Under conditions of theorem 1.1 , we get

b7
1Bsy" (P)llmpzez < Ol f || ameer
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Theorem 1.3 Let 6 > (n—1)/2, b € Ag, 0<B<1,0<mB<n,1/p—mB/n=1/q
Jd<p<n/(mB),( =min{l,d — (n —1)/2}, and —1/q < A < ¢ .We have

b7
1Bs" IBarosr < Cllfllagpatoir-mom .-

Theorem 1.4 Suppose § > (n—1)/2, 1/p—mfB/n =1/gandb € Ag, 0 <3< 1,0 <mf <
n, 1 <p<n/(mB). Let ( = min{l,d — (n —1)/2} and 1 — (mpB)/n <A <14 ({ —mpB)p/n .
We get

1B < Ol lager-

”Ammu Dn/p —

2 [Mp,A(l—ﬁmp/n) (R™), M‘I’A(R”)]-Type Continuity.

Lemma 2.1 Let § > (n—1)/2,b€ Ag, 0 <mB <n,1<p<n/(mB)and 1/p—mB/n =
1/q ,Then there is a constant C' > 0 ,independent of f ,such that

b7
175" Flla < Cll£llp-

Proof of lemma 2.1 For £ € R"™ and € > 0 with 0 < mf — e < mf+ ¢ < n, we choose a
& > 0 such that

§2E = Mmﬁ—ef(x)/Mmﬁ—i-ef(w)‘
Write
TV f(x) = /| B =) o) F )y
r—y|<

+ [ Bl - y)ble) ~ b f(5)dy = Dy + Dz
|z—y|>¢

By the inequalityl! |B(z —y)| < |z —y|™ and b € Ag, we have

- f ()
\D\gc e

9-i-lg<|pmy|<2-ig [279EP7MP
o0

(279¢)
C d
< Z e /x_ydjg\f(y)l y

< CZ 2775 Mg f () < CE Mpp o f ().

J=0



4 Journal name

Similarly,we get

oo i ¢
ey [ 2 )y
7j=1

9i-1g<|a—y|<2ig |27 71E["
o
2J§ /
<C |f(y)ldy
Z |27¢n=mB=e J o _yi<oic

chﬂas—a mpref (x) < CE Mg f ().
§=0

Thus,by the above selection of & we get

T07" ()] < C(E Mng—c f (%) + & Mippre (7)) = C[Mgie f ()] [Minpoe f (2)] 2
Noting 1 < p < n/(mf), there is an ¢ > 0, such that 1 < p < n/(mB +¢). Let 1/¢q1 =

1/p—(mB—e)/n, 1/qgs =1/p— (mB+e)/n, | =2q1/q, | = 2¢2/q, then q1,q2 > 0,l' > 1 and
1/1+1/I' = 1. Thus ,by inequality (1) ,we have

TSI < C [ Mo e @M f (@)

<C([ Mo @2 [ Mg f@ )
R™ R™

<O M @A)V ([ (Mo (o))
R R

<c([ If@pdnn [ |p@ranr = cjfl,

Lemma 2.2[6 Let le be the maximal fractional operator , A >0, 1 <1< p<n/S and
1/p— B/n =1/q, we have

l
I (llazer < ClLFagpra=sorm-

Proof of Theorem 1.1 Let f = fxa2g + fx2q) = f1 + f2. Write
B B f2 o dy
m 1 m m
<ot / B AWy + O [ B4 olw) — B fa(woldy
QlJg * QI Jg % ’

= F1 + Es.

We choose [ satisfying 1 <1 < p < n/(mf3). Take a s such that 1/s = 1/l — m{3/n. By the

lemma 2.1 and Hélder inequality, we have

b,m l/s l/l
B < Ol [ I nwran'’ < ot | 156

< Cligmmrs | MO < 0T ).
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We turn to Es. Noticing z € (2Q)%y € Q and |y — z| ~ |zo — z|,we have

case 1t <r

bm — By (x 3 Ly —=z —b(2)|"f(2)dz
|Bs, fa(y) — Bsy fa(@o)| < C};l/@ﬂﬂ@g Bs(y — 2)[b(y) — b(2)]™ f(2)dz|

ceype [ s 2 = 2l o2 12 e
=1 Qr+1\Qk t

o0

_ —(n— 1 m
<) 27H( 1)/2](W/Q f(2)|'d2) " < OT™ f ().
k=1 k+1

case 2t >r

(1)We conside 6 < (n+ 1)/2. By the mean value theorem, we obtain
T3 foy) — T3} falao)|

<O k) By — )f(2)dz - / Bi(zo — 2)f(2)d]
k=1

Qr+1\Qx Qr11\Qx
sy bt [ a EEheey i)
k=1 Qr+1\Qk ¢
o= T L5 ks (n1/2] 1 1y N1/l mpl
<oy (L) (e [ U@ < T f ).
=1 t |Qk+1] Qk+1

(2)When ¢ > (n+ 1)/2, we also obtain

b b
IT5" F2(y) = T5" fa(ao)]

coyppnte [y [0 = 2|y 640 () az
k=1 Qr+1\Qk t

<Cy 27t (@) < 0T f ().
k=1

Then,by the lemma 2.2,we gain

1B ()llarar < CUMBLYF)llarar < CIHBE () (@)l pran
< ONT (D)l agar < ClF N prora—msprn-

Taking the supreme of the left side about £y and FEs for any ¢ > 0 , this complets the

proof of theorem 1.1.



6 Journal name

Proof of Corollary 1.2

Aa
|‘1d ) — |Ci2/|q |Q|)\/’ ’qu)l/q
|Q|)\/q901( )1/p _ 1/p
o2 (r) /A QMr~ o o) /\f )P —C(%(T)/Q!f(x)!pdx)

3 [Mp,1+p(>\—mﬁ/n) (R™),BMO*(R")]-Type Continuity .

Proof of Theorem 1.3 Write f = fx2q + fXx(2g)c = f1 + f2, then
1 / bm bm 1/ 1 bm 1/
—_ By f(x) — By, fa(xo)|?dx) ! < O By fi(x)|9dx) 1
(|Q|1+q)\ Q| ot () ot (o) ) (|Q|1+q)\ Q| ot ()| )

1 " -
+C(W /Q |B§ft fa(x) — Bg’:t Fa(z0)|%dz) 1 = Fy + Py,
By the lemma 2.1,we have
1
P < CW(/Q | f1(2)[Pdz) P < C|| || aposrrmsym) -

Now,we consider F». Noticing x € @, we have y € (2Q)°.
case 1t < r .We then obtain

b b
|B(5:an2($) - Bajtmf2(l‘0)|

| (y)|Pdy)
Q1 [FTPA=mB/) Jo

<C Z ‘2k+1Q’1+)\t6—(n—1)/2‘2k74’—[6+(n+1)/2](
k=1

t S (n1)/2 = k[6—(n1) /2
< C(;)5 (n=0)/2N " o= KO= (= D2=mAl ) £y apnmmarm) < CT™M | Fllpgpttp-ms/m -
k=1

case 2t >r.

(1)When § < (n+ 1)/2, by the mean value theorem, we have

b b
T57" fa(x) — Ty fa(wo)

oo
<cy it | o — ol (14 Z Iy gy
=2 Big+i+1\Brg+j
CZ 2" (n=1)/2-nA n)\HfHMp 1+p(A—mpB/n) < Crn HfHMp 1+p(A—mB/n) .

(2)When § > (n + 1)/2, we similarly gain

o0
b b k(11—
ITgy" fa(w) = Ty falwo)l < C Y 27HE N £l tsmnmam)
k=1

< C"“n)\HfHMp,Hp(A*mﬂ/n) .
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So,we get estimation for Fy which is

F < C| fllprpoi+pr—ma/m) -

These yields the desired result.

4 [MPMR™),Apmpsn/pir-1)/m(R")]-Type Continuity .
Proof of Theorem 1.4 We write
[kt =1 e < © [ 5 s

+ /Q ’Tg’%mfg(x) - Tg’%mfg(xo)’d.r = Gl + Gg.
By the Hélder inequality and the theorem 1.1 ,we get
1 - m —1)n n
G < C(/Q T3y fir(@)dz) o | Q' < ClQ PO/ [y 5.

Now,we estimate G. Noting z € @, y € (2Q)¢, we know |z — y| ~ |zo — y|.
case 2t <r. We get

b b
T3 f2(z) = Ty fo (o)

<C Z 9~ kl0=(n=1)/2=mB+(1=N)n/p] | |mB/n=1/p+M/P| £|I, 0 x
k=1

< ORI £ .

case 2t >r.
(1)When 6 < (n+1)/2,we have

|T§,}mf2(33) - T;}mf2($o)|
T\(n — > —k[6—(n— —m, —-A)n mB/n—
Sc(g)( +1)/2 522 ko= (n=1)/2=mB+(=Nn/pl| Q|mB/m=1/PENP || £]| 10
k=1
< C|QI™mHPEMP| £y
(2)When 6 > (n + 1)/2,we have
|T§’tmf2(33) - T(g’tmfz(l"oﬂ

< 'S o HI=mB+A=Nn/r) | mB/n=1 /oM | £
k=1

< ClQI™M=HPEAR| £y gy
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We gain
Gy < C|Q|"HImArA=n/el/m £y n
Together with G; and G9, we have

1 m m
‘Q’1+[m5+()\_1)n/p]/n /Q ’Bg:t f(w) - Tgt f2(x0)‘dx < CHfHMP’A’

Taking the supreme of the left side for any ¢t > 0 ,we get the ideal result.This finishes the

proof of theorem 1.4.
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