Wittgenstein’s analysis on Cantor’s diagonal argument
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Abstract: This paper first introduces Cantor’s diagonal argument. Then, the paper criticizes the proof of Cantor’s diagonal argument based on Brouwer’s remarks and Wittgenstein’s remarks. Furthermore, the paper introduces Wittgenstein’s modified version of Cantor’s diagonal argument. In fact, the contradiction in Cantor’s proof originates from the hidden presumption that the definition of Cantor’s number is complete. Therefore, the contradiction shows that the definition of Cantor’s number is incomplete. According to Wittgenstein’s analysis, Cantor’s diagonal argument is invalid. 
Key Words: Cantor’s diagonal argument, Constructivism, Wittgenstein

1 Cantor’s diagonal argument
The diagonal argument was published in 1891 by Georg Cantor as a proof that there are uncountable infinite sets [1]. The diagonal argument is regarded as a powerful and general technique, which has been reused in a wide range of proofs, such as in the proof of Cantor’s Theorem, The Halting Problem etc.. Nowadays, Cantor’s diagonal argument is widely accepted by mathematicians and philosophers. 
We will introduce Cantor’s diagonal argument briefly.
Let M be a set of elements of the form (x1, x2, x3, x4……) where each xi is either 0 or 1. 
Suppose M is countable. For example, the elements of M could be listed as follows.
E1=(0,
0, 
0,
0,
……)
E2=(1,
1,
1,
1,
……)
E3=(0,
1,
0,
1,
……)
……

For the convenience of proof, the elements can be represented as follows.
E1 = (a1.1, a1.2, a1.3, ……)

E2 = (a2.1, a2.2, a2.3, ……)

E3 = (a3.1, a3.2, a3.3, ……)

……
Eu=(au.1, au.2, au.3, ……, au.u, ……)

……

An element E0 = (b1, b2, b3, ……bu,……) of M can be defined in such a way that b1 is different from a1.1, b2 is different from a2.2, and, in general, bn is different from an.n for all the natural number n. (E0 will be called Cantor’s number in this paper sometimes)
In the above example, E0 will be 

E0=(1,
0,
1,
……).
Obviously, E0 is an element of M, there exists a natural number u that E0=Eu. Thus bu=auu. But bu
[image: image1.wmf]¹

auu from the definition of E0. So E0 cannot be put into the sequence: E1, E2, ……, Eu, … otherwise we would have the contradiction.
Therefore M is uncountable. The uncountability of the real numbers follows from this result, because there is a bijection between the set M with the set of real numbers.
2 Brouwer’s remarks and Wittgenstein’s remarks
After the invention of the diagonal argument, the method received criticisms from mathematicians and philosophers such as Kronecker, Poincaré, Brouwer and Wittgenstein. 

As an Intuitionist, Brouwer said: “The … point of view that there are no non-experienced truths and that logic is not an absolutely reliable instrument to discover truths, has found acceptance with regard to mathematics much later than with regard to practical life and to science. Mathematics rigorously treated from this point of view, and deducing theorems exclusively by means of introspective construction, is called intuitionistic mathematics. ”([2]P78)
From his point of view, Brouwer made the remark on the diagonal argument: “the formalist concludes:’ the power of the continuum, i.e., the power of the set of real numbers between 0 and 1, is greater than aleph-null,’ a proposition which is without meaning for the intuitionist.” ([2]P74)

In Cantor’s proof, Cantor’s number is defined based on the set M in a sense of actual and complete infinity. The notion of actual, completed infinities is fully accepted in Cantor’s set theory. However, some philosophers of mathematics and constructivists object to the notion. Brouwer is one of them. For constructivists, the set M can not be regarded as a complete one. Given Cantor’s number itself is also an element in M, it is suspicious whether Cantor’s number is well defined. 
Brouwer provided a perspective of Constructivism. Furthermore, Wittgenstein showed the internal relation between the vertical sequence and the diagonal sequence in the Cantor’s proof. 
Wittgenstein said: “How would it be with the following method of construction?  The diagonal number is produced by addition or subtraction of 1, but whether to add or subtract is only found out by continuing the original series to several places.  Suppose it were now said: the development of the diagonal series never catches up with the development of the other series:-- certainly the diagonal series avoids each of those series when it encounters it, but that is no help to it, as the development of the other series is again ahead of it.  Here I can surely say: There is always one of the series for which it is not determined whether or not it is different from the diagonal series.  It may be said: they run after one another to infinity, but the original series is always ahead. ”([3] Part II 9)
Toward the proofs based on diagonal argument, Wittgenstein said: “Our suspicion ought always to be aroused when a proof proves more than its means allow it.  Something of this sort might be called 'a puffed-up proof'. ” ([3] Part II 21)
3 A modified version of Cantor’s diagonal argument

In Zettel, Wittgenstein considered a modified version of Cantor’s diagonal argument:

“A variant of Cantor’s diagonal proof: 

Let N=F(k, n) be the form of a law for the development of decimal fractions. N is the nth decimal position of the kth development. The law of the diagonal is then: N=F(n, n)=Def. F’(n). 

To prove: that F’(n) cannot be one of the rules F’(k, n). Assume it is the 100th. Then the rule for the construction 

of F’(1) runs F(1, 1)

of F’(2)    F(2, 2) etc.

but the rule for the construction of the 100th position of F’(n) becomes F(100, 100) i.e. it shows only that the 100th place is supposed to be the same as itself, and so for n=100 it is not a rule.

The rule of the game runs ‘Do the same as …’—and in the special case it becomes ‘Do the same as what you do’. ”([4] Part 694) 

Wittgenstein’s variant of Cantor’s diagonal proof can be represented as follows.

Let M be a set of elements of the form (x1, x2, x3, x4……) where each xi is either 0 or 1. 

Suppose M is countable. For example, the elements of M could be listed as follows.

E1=(0,
0, 
0,
0,
……)
E2=(1,
1,
1,
1,
……)
E3=(0,
1,
0,
1,
……)
……

For the convenience of proof, the elements can be represented as follows.

E1 = (a1.1, a1.2, a1.3, ……)

E2 = (a2.1, a2.2, a2.3, ……)

E3 = (a3.1, a3.2, a3.3, ……)

……

Eu=(au.1, au.2, au.3, ……, au.u, ……)

……

An element E0 = (b1, b2, b3, ……bu,……) of M can be defined in such a way that b1 = a1.1, b2 = a2.2, and, in general, bn = an.n for all the natural number n. 

In the above example, E0 will be 

E0=(0,
1,
0,
……).

Obviously, E0 is an element of M. There have to exist a natural number u that E0=Eu. 
Consider the u-th digit of E0. According to the definition of E0, au.u =au.u. Can we decide au.u =0 or au.u =1? The answer is not. In fact, there is no definition in the u-th digit of E0. Therefore, the definition of E0 is incomplete.
The similar thing occurs in Cantor’s diagonal argument. In that case, au.u=1-au.u. Can we decide au.u =0 or au.u=1? The answer is also not. In fact, there is also no definition in the u-th digit of Cantor’s number. Different with other numbers, Cantor’s number is defined based on a countable set. If Cantor’s number belongs to the countable set, the definition of Cantor’s number is incomplete. Therefore, Cantor’s number is not a number at all. We can see some examples. Example 1, the definition f(a)=f(a) does not decide anything about the value of f(a). Example 2, the definition f(a)=1-f(a) does not decide anything about the value of f(a) too.

In Cantor’s diagonal argument, the contradiction originates from the hidden presumption that the definition of Cantor’s number is complete. The contradiction shows that the definition of Cantor’s number is incomplete. Thus Cantor’s diagonal argument is invalid.
4 Further remarks
According to Wittgenstein’s analysis, Cantor’s diagonal argument is invalid. But different with Intuitionistic analysis, Wittgenstein did not reject other parts of classical mathematics. Wittgenstein did not object definitions using self-reference, but showed that this kind of definitions is incomplete.
Based on Thomson’s diagonal lemma, there is a close relation between a majority of paradoxes and Cantor’s diagonal argument.([5]) Therefore, Wittgenstein’s analysis on Cantor’s diagonal argument can be applied to provide a unified solution to paradoxes.
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