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oner’s Dilemma, for example, where cooperation and defection seem to
have equal force, the pattern turns out to be unstable similar to the match-
ing pennies game. The pattern reflects the fact that on the assumption that
the opponent cooperates, it is rational to take advantage and defect, but
on the assumption that both defect, it is rational to jointly cooperate.

A plausible definition sheuld produces patterns that respect all assess-
ments of the undisputed cases, i.e., it should yield the correct categorical
verdicts. But it should equaily answer to our intuitive assessments even
in the pathological cases, such as the one in Figure 2 where despite the
pathologicality we can make some categorical assessments.

That the Nash equilibrium does not produce satisfactory answers in
cases like the one just mentioned was noted by Luce and Raiffa already.®
They concluded that a unified theory of the non-cooperative games was
not possible without complicating the problem with more contextual in-
formation:

It is unfortunate (or fortunate, depending upon your viewpoint)
that a unified theory for all non-cooperative games does not seem
possible. The only alternative seems to be to complicate the prob-
lem by introducing more initiat information in the form of bound-
ary and initial conditions—information referring to personality
traits, psychologies of the players, etc. [LucRais7, p. 104]

I like to think that by viewing the concept of rational decision as
being governed by a circular definition, we both unify and simplify the
theory of non-cooperative games. It is unified by relying exclusively on
payoff maximization, no extraneous information needs to be introduced.
It is simplified by providing the most natural and direct method to model
the circularity inherent in these situations. Both of these advantages are
afforded by the revision theoretic semantics which atlows us te use circu-
lar definitions without inviting the inconsistencies they are traditionally
associated with.,

® The same goes, I claim. for the solutions based on restricting idealizations addressed here. I do
oot claim that only the vevision approach avoids this preblem. There may be other approaches
that provide satistactory unswers. However, the restrictive approaches do currently seem to be
dominating the field to a point that makes my claim reasonably strong even without going into
the other approaches.
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Abstract. Two-dimensionalism is 2 formal framework wsed in formal semantics,
epistemology and the phitosophy of mind. The technical background dates back
1o the early seventies, i particular to Krister Segerbery’s paper “Two-Dimensional
Modal Logic”. The mathematical tools developed in that tradition can be nsed to
mode] the relations between two semantical properties of concepts or expressions,
which, according to two-dimensionalism, can be conceived to be two kinds of in-
tensions. [ shall present the general ideas of two-dimensionalism, and give a brief
reconstruction and discussion of one application in the philosophy of mind.

1 Introduction

In this paper, I shall give a brief presentation of the tool “two-dimensional
modal logic”. I shall leave out the more technical aspects, but 1 shall
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explain the main idea behind it and look at one famous application in the
philosophy of mind.

I think there are at least three good reasons to become more fa-
miliar with two-dimensional modal logic. One is that it seems to be a
promising tool for dealing with various perennial semantical problems.
The semantics of belief ascription, the problem of the essential indexical,
and Frege’s puzzle about non-trivial identities allegedly are alf solvable
within the two-dimensional framework.! A second reason is that David
Chalmers tries to use two-dimensional modal logic as a backup for his
modal epistemology, in particular in order to distinguish two different
notions of conceivability. A third reason for having another look at two-
dimensional modal logic is that David Chalmers used this framework to
explicate his arguments against physicalism. I shall reconstruct the use
made of two-dimensional modal logic in the latter debate, drawing on
a paper by Alex Byme.* Finally 1 shall briefly sketch how to evade the
dualist conclusion by a move which does not exclude a two-dimensional
semantics. This move is motivated by some ideas of John Perry. bul, as
far as 1 can see, it is used for the first time as a direct attack on the two-
dimensional version of the argument.

2 A word on the technical background

The formalization of two dimensional modal logic usually referred to
as the first is Krister Segerberg’s in the paper “Two-dimensional Modal
Logic™ of 1973. Segerberg himself refers to Hans Kamp and Arthur N.
Prior, noting that an anonymous referee of his own paper suggested that
Frank Vlach was the inventor of two-dimensional modal logic.
However, in the paper “Two notions of necessity” (1980), Martin
Davies and Lloyd Humberstone seem to have constructed a language of
modal logic which comes closest to the one T shall address here. In “Two
notions of necessity” they basically enriched the conventional language
of modal logic with the operators "actually’ and *fixedly’ and extended
S5 by adding appropriate axioms. The resulting system S5AF is proven
to be complete in in appendix {0 of Martin Davies’ book “Meaning,

_] Cf [Cha02b] .
* To get a complete reconstruction of the use of two-dimensionalism in Chalmers’ argument. cf.
[Byr(G01 or [BloSta, 99].
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Quantification, Necessity"> Anybody interested in the technical back-
ground of two-dimensionalism might wish to have a lock there.

3 Chalmers’ two-dimensional argument against
physicalism

The doctrine of physicalism is usually put either as an identity or a super-
venience® thesis according to which everything (mental) supervenes on
the physical (all mental states are physical states). Since identity claims
are necessarily true (it they are true), it follows that if someone is in
patn at 7, then there is a true sentence ¢, drawn from some appropriate
physical vocabulary —of so called “completed physics”— such that "¢ O
someone is in pain at ¢~ is necessarily true.’

It seems rather obvious that the identity of physical and mental states
is not a truth we discovered by a priori reasoning. In order to prove the
aposterioricity of this identity 1t 1s usnally claimed that zombies are log-
ically possible, t. e. creatures which are physically indiscernible from
us, but lack all conscious states.® Thus, supposing that someone is in
pain at £, many physicalists hold that there is a true physical senfence ¢
such that "¢ O someone i8S in pain at 17 is not just necessary, but alse
a posteriori. Now, David Chalmers argues that this kind of “a posteri-
ori” physicalism is false. His argument takes the semantic framework of
“two-dimensionalism™ as its starting point.

3.1 Two-dimensionalism

In this section I draw on the presentation in [Byr00, p. 1-8] and [Cha96,
p. 131-136]). The matrix-idea is taken from Byrne’s paper.

As it is usually undersicod, the intension of a singular term 7 is a
function that takes each possible world w to the referent of the extension
of 7 in w, if it has one. Thus, the intension of ‘the chancellor of Germany

' Cf [Dava81, p. 263-267).

* 1 will concentrate o identity only. Chalmers takes it that physicalism is best understood as
a supervenience thesis, and hence argues against this supervenience, [ think that physicalism
should be formulaied as an identity claim. Arguments in favor of my position can be found in
[Per;{H ] For the purpose of the present paper the difference doesa’t matter.

Y of {Kri 72].

®For problems concerning the conceivability of zombies in this sense of
[Per{{)1.Pol; 00.Coh; ~c].
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in 2000° is a function that takes the actual world to Gerhard Schroder,
and a possible world in which Helmut Kohl is still chancellor to Helmui
Kohl. The intension of ‘Gerhard Schrider’, as Kripke argued, takes every
world in which Schréder exists to Schroder. The intension of a senience
& is a function that takes each possible world w to the truth value that
{the proposition expressed by) ¢ has at w.

When we evaluate some singular term —say ‘Gerhard Schroder’— at
a world w, we are asking what the referent of ‘Gerhard Schroder’, used
with the actual meaning, is at w, we are considering w as counre:facruaﬂ

Now consider the familiar example of ‘water’ and suppose for sim-
plicity that in addition to the actual world @, there are exactly three pos-
sible worlds: ). a twin earth where Putnam’s potable fluid XYZ is found
in the lakes and oceans, etc.; wq, a world where the fluid in the lakes and
oceans is a mixture of 95% H-O and 5% XY7Z; and w,, a world where
H>O is found in the lakes and XYZ in the oceans. Then the intension of
‘water” (again, if Kripke and Putnam are right) can be displayed in the
following one-dimensional matnx:

Intension of 'water’
\l@ i Wy Uty
IHgO H;O HyO H:0

According to Chalmers, a word like ‘water” in fact has two intensions as-
sociated with it—the primary intension and the secondary intension. The
secondary intension is what we have been simply calling ‘the intension’.

The so called primary intension of a singular term is again a function
from worlds to extensions, but this time it picks out what the referent of
the singular term would be if that world turned out to be actual. Hence we
fix the reference of a singular term in the possible world under consider-
ation. In the case of ‘water” we can say (in a rough approximation} that
the primary intension of ‘water” picks out the dominant clear, drinkable
liquid in the oceans and lakes, it picks out the warery stuff in a world.

To display both intensions, the intension-matrix tor *water’ should be
extended into two dimensions as follows:

* This terminology appeurs nonsensical to some. Within this framework we are considering b
sometimes as counterfuctual and sometimes some world ' # €0 as actual. | Kiediy ask the
reader to swallow this for the purpose of the present paper.
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Intension of ‘water’
Counterfactual — £ W g Wa
L Actual

€ H-0O H,O H-O H,O

thy XYZ XYZ XYZ XYZ

Wa HQO HQO Hgo HQO

e HzO-0r-XYZ|Ho O-0r-XYZH; 0-0or-XYZiH-O-0r-XYZ

Here the rows represent what the secondary intension of ‘water” would
be if the row-world turned out to be actual, or were considered as ac-
tual. If =, turned out to be actual, then ‘water’ would refer to XY7Z in
every world. If we turned out to be actual —the world where the clear
potable fluid is a 95/5 H,O/XYZ mix~ "we would probably have said
that [H,O) but not [XYZ] was water™®—at least that's the way Chalmers
thinks about it. In w3, we probably would have said that both were water,
if that world would be the one in which we fixed the reference. (Note
that I dropped intra-world variation for simplicity. In a full-fledged two-
dimensional framework such vartations could be represented by replac-
ing the world considered as actual with so called centered-worlds: an
ordered pair of a world and at least a marked individual and time.)

The primary intension of "water’ is represented in this matrix by the
diagonal from top left to bottom right. It is that function that assigns
H;O to @ and ws, XYZ to wq, and HO-or-XYZ to w;. So, our original
intension is now extended into a function F from W x W to referents,
where W is the space of possible worlds. The secondary intension of
‘water’ is the Function (@, z), and the primary intension is the function
F(r. x). (If we were to consider intra-world variation in this framework,
we would have a space of centered possible worlds 117" and the intension
would be a function F' from W x W* to referents.)

Since the primary intension regards questions about what our terms
would refer to if the actual world turned out in different ways it is de-
termined a priori. Simply understanding ‘water’ already allows one to
recover the two-dimensional matrix. Since the secondary intension is not
determined a priori, as it depends on how things turn out to be in the ac-
tual world, we can recover the matrix a priori, but cannot know a priori
what row we are on. This is supposed to hold for all rigid designators.

* CF. |Cha96]; compare [Byr00].
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(For non-rigid singular terms the secondary intension is a simple copy of
the primary intension and so is determined a prion.)

But let’s now turn to the intension of sentences, of “Water is HyO’
in particular. What are the possible-worlds truth-conditions of the propo-
sition expressed by this sentence? Following Kripke and Putnam again,
it is the function that assigns The True to every world. More generally,
what are the truth-conditions of the proposition that would be expressed
by this sentence if world w turned out to be actual? In Chalmers’ two-
dimensionalism the secondary intension and primary intension are ob-
tained by, respectively interpreting the sentence in accordance with the
secondary and primary infensions of its terms. Thus “Water is HyO’ is
supposed to have the same secondary intension as ‘H,O is H,O" and
the same primary intension as ‘The watery stuff 1s H,O'. Again in a
metaphorical way, the matrix can be recovered a priort, whereas we won’t
know a priori which row we are on.

As we all know, “Water is H;O’ is one of Kripke’s examples of a nec-
essary a posteriori sentence, Chalmers thinks the two-dimensional appa-
ratus can explain why this is so:

The primary intensions of "water’ and "HoO" differ, so that we cannot Know a prior that
water is H20. the associated primary iniension ot the sentence is not necessary (it holds in
those worlds in which the watery stoff has a certain molecular structure), Nevertheless, the
secondary intensions ceincide, so that “Walter is H:0O" is true in all possible worlds when
evaluated according 1o the secondary intensions — that is, the associated secondary intension
of the sentence is necessary. Kripkean a posteriori necessity arises just when the secondary
intensions in a statement back 2 necessary intension, but the primary intensions do not.’

Modeling a posterioricity and necessity in this way, Chalmers can extract
his crucial premise:

(2D)  Forany sentence S. 5 is a priori iff 5 has a necessary primary
intension.

3.2 The argument

Now the argument against physicalism runs as follows:

Some notation: for all sentences «, "a”” is a sentence whose secondary iniension is the
same as «'s primary intension. Let @ be a physical sentence that expresses a proposition
true at exactly those worlds that are physical duplicates of the actual world. Let & express
some mental fact that is not an a prion consequence of the physical facts. So™® 2 %7 isa
postenion and. if physicaiism is true, also necessary, According to (2D, then, if physicalism

¥ Cf [ChaY6].
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is true the primary intension of ©® O U7 is contingent {the secondary intension is of course
NECessary).

Now, either the primary intension of & is the same as its secondary intension, or not.
Suppose first, that they are the same. Then the primary intension of "$ 2 ¥7. that 15, the
secondary intension of T®F O ¥P s the secondary intension of TP O ¥P7, So the sec-
ondary intension of "® O FP7 is contingent, so the proposition it expresses is contingent,
and "7 is of course true (the secondary and primary intensions of a sentence coincide
at the actual world). But, according to physicalism, for any true sentence a, "® O a7 is
necessary. Hence physicalism is false.

Suppose. on the other hand, that the primary intension of ¢ differs from its secondary
intension.[...]'"

The last alternative, that the primary intension of ® differs from its sec-
ondary intension, is excluded by Chalmers as a loophole for the physical-
ist. It could be one, since the contingency of " &7 o ¥ does not imply
that "® O UP7 is not necessary. The cost of taking this horm would be
not to know anymore “what the physical really is”.!"! This doesn't seem
to be a very convenient position, because it would make physicalism an
empty claim.

4 No zombies in a non-empty physicalism

Nevertheless, I would recommend every physicalist to bite this bullet. Al-
though there is not enough space available to expand the argument and
discuss this move in detail, I shall briefly sketch in what way we indeed
do not know what we want to mean with “physical”. Consider again the
zombie world: we admit to finding a world conceivable which is physi-
cally indiscernible from ours, but lacks all mental states. What about the
physical changes in our world that are according to physicalism caused
by mental states? How are they caused in Chalmers’ zombie world which
is supposed to be physically indiscernible from ours?

The answer is that conceiving a world “physically indiscernible” from
ours and at the same time sticking to the physicalist's understanding of
‘physical’ doesn’t go with the conceivability of the absence of gualia.
Arguments that can be used for this strategy can be found in John Perry’s
Knowledge, Possibility and Consciousness. The physicalist might know
“what the physical really is”, but in order to explain the aposterioricity
of this knowledge he suppresses parts of this knowledge to the effect that
it allows for the possibility of zombies. Note that this suppressed part of

" This neal reconstruction is taken from [Byr{0. 9].
" CF (Byr00, 10].
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the physicalist’s knowledge is not knowledge about inaccessible essential
properties.'? This knowledge is about physical processes which are ac-
cessible (like our knowledge of the causal efficacy of mental states), but
accessible a posteriori. What this move requires though, is a different par-
tition of primary and secondary intensions than the one Chalmers offers.
But I think it would be compatible with {2D) and everything else we said
so far. Making this physical knowledge “availabie information™!’ again
will exclude the possibility of a world physically indiscemible from ours
but without qualia, and all zombies disappear.

5 Conclusions

1 have shown how the tool of two-dimensional modal logic is applied in
contemporary metaphysics. The tool seems to have its virtues as an in-
strument to clarity our arguments in this rather complicated field.'* At the
same time the ool is sufficiently neutral, I tried to show that the dualist’s
argument built on two-dimensionalism appears to have a loophole for the
physicalist. Although prima facie it seems too much to swallow that the
physicalist doesn’t know what he is in fact talking about, this strategy
easily looses its problematic character if we remind ourselves how we
were dragged into detecting a contingency in the first place. We were
already suppressing our knowledge about the physical when we found
zombies which are physically indiscernible from us conceivabie.

I* This move was considered in |Cha%6. p 134—136].
" I'r using “avaitable information™ in the technical sense introduced by {Bari97].
" For 2 more critical evaluation of this framework see [Byr(0].
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Abstract. This paper suggests motivations and goals of the program known as
Reverse Mathematics. providing some illustrative examples of the many tech-
niques and problems involved in working within subsystems of second order
arithmetic, namely, in panticular. RCAg, WKLy, ACAn, ATRy. Some examples
from Combinatorics, — the Free Set Theorem and Ramsey’s Theorem - show
how some theorems of ordinary mathematics may not fit in one of the subsys-
temns mentioned aboves. As application of Reverse Mathematics to the History
of Mathematics, we comment on Kinig's duality theorem and Cantor’s proof
that every couatable closed set is a set of uniqueness, Also, more technically,
we present some results related to Lebesgue spaces (every open covering has a
Lebesgue number) and Aisuji spaces (every continuous function defined on them
is uniformly continuous). we show that the known proof of “every Atsuji space is
Lebesgue™ needs AGA,, and we conjecture that the stalement is actually equiva-
lent to ACAg. Finally, we discuss some limitations for Reverse Mathematics that
may lead to projects of research in this field of mathematics.

1 Introduction

In this paper we discuss some topics in Reverse Mathematics, the pro-
gram started by Harvey Friedman and Stephen Simpson in the *70’s and
developed in many publications: the basic reference is Simpson’s recent
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