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Chapter 1
Introduction

The philosophy of mathematics is not, or should not be a therapeutics; its task is not,
or should not be to sanitize mathematics. Nor should it be a sub-product of founda-
tional projects, or part of mathematics itself. Mathematics can take care of itself; it
has been doing it marvelously well for the last 4000 years or so. Philosophy of
mathematics is a chapter of epistemology; its task, that of making sense of mathe-
matics as actually practiced and traditionally conceived as a legitimate aspect of
human knowledge. Mathematics is extremely useful as an instrument of scientific
investigation, not only in the empirical sciences, but in the human and social sci-
ences as well. Mathematics permeates science to the point of sometimes being
essential to it. Not only as a “language” for expressing ideas that could be expressed
otherwise but itself a source of ideas that cannot be expressed in any other way. It is
the philosopher’s task to explain what kind of knowledge mathematical knowledge
is, what its objects are and how they can be accessed, but also to clarify and justify,
in some sense of the term, the applicability of mathematics in science. What kind of
connection mathematical objects have with objects of other sciences, empirical real-
ity in particular, that it is sometimes impossible, as in modern physics, to have a
theory of the latter independently of the former? A philosophy of mathematics that
does not answer this question conveniently, or does not even raise it, fails its pur-
pose. This will be my guiding question here. What is mathematics, I ask, which can
be so widely and successfully applied in virtually all fields of science, besides so
many aspects of our human lives? How can that which seems to be the epitome of
pure reasoning play such an important role in the organization of our experience of
reality, and do it so well to the point of predicting the outcome of future experi-
ences? This cannot be a mystery; the question must have a rational and ordinary
answer.

Philosophy of mathematics, moreover, just like any intellectual endeavor, must
be practiced without prejudices and preconceptions. Philosophical theses cannot
precede or condition philosophical inquiry. One cannot embrace a readymade ontol-
ogy without considering the specificity of mathematical existence, for example.
Unfortunately, it is not so in the traditional philosophies of mathematics. Despite

© Springer International Publishing AG 2017 1
J.J. da Silva, Mathematics and Its Applications, Synthese Library 385,
DOI 10.1007/978-3-319-63073-1_1



2 1 Introduction

their differences, which are very real, the three or four “schools” that come imme-
diately to mind when we think of philosophy of mathematics, namely, logicism,
formalism, intuitionism, and maybe also predicativism, besides being all born as
parts of foundational projects, share important philosophical prejudices that obscure
the comprehension of the real nature of mathematical objects, mathematical knowl-
edge and the applicability of mathematics, i.e. the ontology, the epistemology and
the pragmatics of mathematics.

These schools of thought, which have been fighting each other for over a century
without any clear sign of advantage to any of the litigants, are too well known to
require yet another exposition. However, digging into the soil where they are rooted
and from where they draw their nutrients can be enlightening. One conclusion
stands out, no matter their differences, all traditional philosophies of mathematics
share a naturalist, or more specifically, an empiricist conception of existence which
is particularly misleading when applied to mathematics. Mathematical existence
cannot be thought on the model of existence of the natural object. By so doing, the
traditional foundational approaches to the philosophy of mathematics condemn
themselves to failure. This book will fulfill its goal to a substantial amount if I con-
vince my reader of the truth of this claim. The fact that the philosophy of mathemat-
icsisrecognized and practiced as a legitimate and independent topic of philosophical
investigation mainly in analytic philosophy has the consequence that no matter the
particular orientation they take, philosophies of mathematics inevitably share the
philosophical partis-pris that define this philosophical tradition, empiricism in
particular.

Consider the following quote':

To account for the indubitability, objectivity and timelessness of mathematical results, we
are tempted to regard them as true descriptions of a Platonic world outside of space-time.
This leaves us with the problem of explaining how human beings can make contact with this
reality. Alternatively, we could abandon the idea of a Platonic realm and view mathematics
as simply a game played with formal symbols. This would explain how human beings can
do mathematics, since we are game players par excellence, but it leaves us with the task of
specifying the rules of the game and explaining why the mathematical games is so useful —
we don’t ask chess players for help in designing bridges.

This quote illustrates perfectly the alternatives that analytic philosophy with its
empiricist parti-pris gives to the philosopher of mathematics. From an empiricist
perspective, the model of existence is the existence of the empirical object, physical
or mental. Physical objects exist and subsist independently in space and time; men-
tal objects, on the other hand, are temporal entities whose existence depends on the
mental lives of subjects. In empiricist philosophies of mathematics, there are, con-
sequently, three modes of existence available for mathematical objects, all modeled
on the empirical mode of existence. A mathematical object can exist independently,
albeit not in space-time, subject-dependently as a mental object, or not at all.
Platonism (or realism) chooses the first alternative, constructivism the second, and
formalism and nominalism the third. The brand of logicism favored by Frege was

'"Tymoczko 1998, p. xiii.
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Platonist, Russellian logicism was nominalist; intuitionism and predicativism are
forms of constructivism and the many varieties of nominalism, ficcionalism and
modalism all agree that mathematical objects do not exist, if not, maybe, as names,
fictions or mere possibilities.

All these views suffer from well-known serious shortcomings — Tymoczko men-
tions some — that are fundamentally due, I believe, to the inappropriate empiricist
conception of existence on which mathematical existence is modeled. Taking math-
ematics at face value requires that one grants full rights of existence to all the enti-
ties which mathematicians deal with and have theories about. But also that
mathematical objects be granted objective existence as entities that can be accessed
from different subjective perspectives and about which truths can be asserted and
theories constructed cooperatively by mathematicians who are often separated by
historical time and geographical space. Platonism is the perspective that comes
closer to satisfying all these desiderata, but at the price of turning mathematical
objects into ghostly counterparts of physical objects existing independently in some
non-empirical but empirical-like realm of being. The main shortcoming of Platonism
is, of course, the epistemological problem of access. How can we access mathemati-
cal objects and truths that exist independently of mathematical activity? A notion of
intuition has been proposed (by, for example, the Platonist Godel and improved by
modern interpreters), conceived on the model of sensorial perception (consistently
with the empiricist conception of mathematical existence), whose modes of opera-
tion, however, are far from clear.

Is there a way of enjoying the benefices of Platonism without having to pay its
price? Does objectivity necessarily require independent existence? Is there a con-
ception of intuition available that is a natural generalization of sensorial perception
but does not require special sensorial organs (which Godel, by the way, conjectured
to exist)? The answers are, I believe, positive for the first and the third questions and
negative for the second. This work is in part devoted to providing answers to these
questions.

Constructivism has its share of truth, but of falsity too. Mathematical objects are
indeed, in some sense, “constructed”, but not in the way constructivists construe this
notion.? Not, for example, in the sense of intuitionism. Obviously, mathematics is a
human activity, but by this I mean more than the trivial truth that mathematicians are
human beings, not machines. What I have in mind is the much more serious, but
easily misinterpreted, although completely obvious fact that the objects of mathe-
matics are human creations. Mathematical entities are cultural artifacts, not mental
objects. Human culture is both the context of production and objectification of
mathematics. Traditional forms of constructivism, such as, paradigmatically,

>The apparently profound question “is mathematics invented or discovered?” has an obvious
answer: both. Better, it is invented, even when it is discovered. By this, I mean that proto-mathe-
matical entities can indeed be discovered, but they only become fully mathematical by some inter-
vention on the part of mathematicians, i.e. by being somehow reinvented. As a rule, mathematicians
create the objects with which they occupy their minds. This, of course, only makes the problem of
the utility and wide applicability of mathematics more puzzling.
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intuitionism, commit the serious error of confining mathematical activity to the
mind, no matter how idealized this mind is, completely ignoring human culture,
language and communication, the very bases on which the objectivity of mathemat-
ics rests. But also that of dramatically constraining the creative power of mathemati-
cal imagination. Mathematical constitutive activity, as I will argue here, is a
communal (non-solipsist, non-interiorized) activity capable of producing all the
entities mathematics has business with. Part of this work will be devoted to clarify-
ing and substantiating this claim.

It would be strange if the foundational approaches to the philosophy of mathe-
matics did not contain each a decent amount of truth, for otherwise it would be
incomprehensible why they have commanded the attention of so many devoted
mathematicians and philosophers. But they are also, although in different ways,
inadequate accounts of mathematics, for otherwise it would be incomprehensible
why they have failed to command the allegiance of so many intelligent philosophers
and mathematicians. I have already suggested that this is indeed the case with
respect to Platonism and constructivism. Formalism is no exception.

Formalists believe that the true objects of mathematics are symbolic systems,
either systems of calculation or, more commonly, systems of logical derivation,
where symbols are “operated upon” according to explicit or implicit (but non-
ambiguous) rules of manipulation. Games of a sort. It is a fact that mathematicians
often invent symbolic systems, but never as games; to treat them as such may dis-
solve philosophical puzzles, but are falsifications of reality devoid of philosophical
value. It is like counterfeit money, it works like money as long as it is taken for
money, but it is not money and it is not honest to treat it as if it were.

In mathematics, symbols always stand for, or denote, something, preexisting
things or things posited by the symbols themselves. In and for themselves symbols
are not objects of interest. In fact, one way — but not the only way — of creating
mathematical objects is by introducing them as correlates of formal-symbolic sys-
tems.? The quaternions, for example. They were posited (by fiat) as objects of a
domain of calculation, operated upon by more or less arbitrary rules of symbolic
manipulation. The symbols i, j, k of quaternion arithmetic stand for objects that did
not exist before being meant and exist only as meant, correlates of the symbols that
“denote” them, having only the properties that they are ascribed to have, those that
follow from definitional stipulations by logical necessity, or those that can be attrib-
uted to them as the theory is axiomatically extended consistently. Mathematical
objects so posited stand in relation to the systems in which they are meant as lin-
guistic meanings to the written symbols and sounds by which they are expressed.
We do not utter sounds in a linguistic context for their own sake (at least not as a

3The usual way of positing mathematical objects is the well-known fiat “let A be a domain of
objects where such and such (relations, functions, etc.) are defined satisfying such and such prop-
erties”. Although the modern approach is to view these axiomatic stipulations as non-interpreted
or formal systems open to different interpretations, they can also be viewed, as they, in fact, tradi-
tionally were, as object-positing stipulations. Objects so posited are purely formal, i.e. determined
as to form but undetermined as to matter. These notions will be made more precise later.
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rule) to the same extent that we do not devise symbolic systems as playing toys.
Treating symbolic systems as games for metamathematical reasons is, of course, an
altogether different, fully legitimate, matter.*

If one wants to understand mathematics as practiced and used — as I said, under-
standing the role that mathematics plays in the overall scheme of human knowledge
is, or should be, one of the tasks of a philosophy of mathematics — one cannot dis-
sociate philosophical investigations from the history of mathematics. This point was
brilliantly made by I. Lakatos in his Proofs and Refutations.” However, historical
considerations as I understand them here are of a somehow peculiar nature. In
agreement with E. Husserl’s essay “The Origins of Geometry” (Husserl 1954b), I
think mathematics cannot be properly understood dissociated from its transcenden-
tal history, i.e. the chronicle of its transcendental origin. The focus of transcenden-
tal history is not actual and contingent historical facts but necessary genetic
development, not actual mathematicians and their deeds but the mathematical con-
stituting subjectivity and its acts. Transcendental history may emerge in factual his-
tory, but not necessarily.

The concepts alluded to above will be discussed in due time, but a preliminary
explanation may be useful. I take for granted that mathematical truths are not “out
there” somewhere, just waiting to be discovered by particularly gifted individuals
who know how to get “there”. When inquired about these matters, working mathe-
maticians often answer that when working in mathematics they “have the strong
feeling” that they are exploring and discovering. Writers of fictional literature some-
times say similar things, that their fictional characters “act by themselves” and their
job as writers is mainly to report what their characters think and do. In fact, math-
ematicians are explorers to the same extent that fictional writers are reporters.
Mathematicians and writers are absolutely free to create anything they want, writers
more than mathematicians, for unlike mathematicians they do not work in coopera-
tion with others, participating in a communal task of erecting an edifice that is to a
substantial part already standing and whose blueprint is, to considerable extent,
already drawn. However, once the plot of the novel and the characters are clearly
characterized as to their fundamental psychological, social, and human traits, they
sometimes must behave in certain ways in order to be believable. This is what we
mean by saying that this or that fictional character “comes out alive” or that he is “a
three-dimensional character”. At this point writers are indeed reporters. Similar
things happen to mathematicians; even if their creations are at the onset completely
free and new, they must abide internally and externally to logic. In particular, math-
ematical theories are inserted in a domain of already existing mathematical objects
and theories with which they must “talk” under the constraint of the laws of logics.
Chess was invented too, but we can explore the game and discover the most beauti-
ful and interesting necessary facts about it that their inventors completely ignored.

“Hilbert’s formalist approach was originally devised for the sake of metamathematical investiga-
tions, not as a philosophy of mathematics, this came later.

SLakatos 1977.
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So much for the “natural” Platonism of working mathematicians and the “feelings”
that “justify” it.

Mathematics, I claim, is born out of human necessities, both practical and scien-
tific, including the necessities of mathematics itself. Also, sometimes, for the fun of
it, under the inspiration of existing mathematics or even by esthetic motivations.
The fact, however, remains that mathematics, or at least the bulk of it, allowing for
some exceptions, only survives, no matter how beautiful or elegant, if it is useful in
practical life, science, or mathematics itself. Mathematics is often created under the
pressure of mathematical problems, and some problems are more important for the
mathematics they generated than for themselves. But at the basis of all mathematics,
if we trace back the steps of mathematical evolution, lies man and his life-world, the
pre-scientific world in which he lives his ordinary life. The needs of trade, agricul-
ture and rituals were probably the most important forces in the development of
practices from which mathematics and science were born. Land surveying induced
the invention of techniques that, when considered in themselves in a highly ideal-
ized form, eventually became geometry. Looking at the skies to find out when to
sow and plow and honor the gods gave origin to practices and a body of practical
knowledge that in due time developed into theoretical astronomy unconcerned with
practical problems. To follow these and similar developments from their beginnings
to the establishment of mathematics proper, not historically as a succession of
events in time but genetically, in a philosophical sense, as sequences of intentional
acts of an intentional subject, is philosophically enlightening. This approach, how-
ever, has so far been almost completely ignored by a philosophical tradition that
chooses not to maintain close ties with either factual history or intentional genesis
preferring to consider mathematics sub specie aeternitatis. Little wonder then that
it tends to see mathematical objects and facts independently of human action and
mathematical investigation as exploration and discovery.

Notions like intentionality, intentional subjectivity and intentional genesis point
naturally to phenomenology, the philosophy of Edmund Husserl. I will borrow
freely from it here, but I do not offer my reflections as faithful interpretations of
Husserl’s philosophy of mathematics. There is such a thing and I have already writ-
ten about it (see references), but this essay is not concerned with it. I will often align
with Husserl with regard to fundamental questions of the philosophy of mathemat-
ics, but the bulk of what is to come is not to be found in his writings. At times, I will
be in conflict with him, particularly with respect to the central position reserved to
intuition in the dynamics of knowledge. Although most of the concepts and the
philosophical outlook of this work are Husserlian through and through, my phe-
nomenologically oriented reflections on mathematics are not always Husserlian to
the letter, even if it remains Husserlian in spirit. As I see it, mine is a phenomeno-
logical, but not strictly Husserlian, philosophy of mathematics. For this reason, this
work begins with an account of phenomenology and the clarification of phenome-
nological notions that are used thoroughly.

All the central figures of the foundational philosophies of mathematics were
mathematicians, Frege (logicism), Brouwer (intuitionism), Hilbert (formalism), and
Poincaré (predicativism). Husserl was likewise a mathematician, but unlike the just
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mentioned one with a vastly more accentuated talent for philosophy. It is then natu-
ral that one at least peruses his writings for relevant insights on the nature of math-
ematics. This has only recently become acceptable, but not disseminated yet.
Husserl had a doctorate in mathematics (calculus of variations) and acted for some
time as an assistant of the great Karl Weierstrass in Vienna. The topic of his
Habilitationsschrift of 1887 was the philosophy of arithmetic (“On the Concept of
Number”), an essay later enlarged to become his first important philosophical work,
Philosophy of Arithmetic (1891). Logic and mathematics were central to his philo-
sophical interests throughout his career. Husserl had planned a second volume of his
philosophy of arithmetic to deal with general arithmetic and generalizations of the
concept of finite cardinal number, the subject of the first volume. Failure at carrying
out the original project as planned made him turn to foundational logical questions,
and then write and publish his opus magnum, Logical Investigations. The philo-
sophical problem related to the logical-epistemological justification of “imaginary”
entities in mathematics is, I claim, essential to understand Husserl’s philosophical
development. “Imaginary” entities are objects that not only do not exist, but cannot
exist in a given context, like complex numbers in the real numerical field, but which
can, nonetheless, be useful for understanding the context where they are, precisely,
absurd, like complex analysis for real analysis. How can this be so? This problem
will constantly be at the horizon of my efforts here. Husserl saw in the medieval
notion of intentionality, brought to psychology by his teacher Brentano as a charac-
teristic trait of mental phenomena, a key concept with which to articulate a theory
of “imaginary” objects and empty representations. The problem of imaginary
objects, as Husserl called it, played, I believe, an important role in the creation of
phenomenology, a fact not always acknowledged.

Husserl also produced a philosophy of geometry, with profound insights about
the problem of space that was so candent at the beginning of the twentieth century
due to the creation of the theories of relativity. I address the intentional genesis of
the geometric representation of space here as a prolegomenon to the more general
problem regarding the mathematization of perceptual reality. But more important
than Husserl’s direct contributions to the philosophy of mathematics is his general
philosophy. It includes, in particular, a theory of intuition that extended the notion
of intuition of so limited a scope in Kant to the point of making it perfectly adequate
for the treatment of mathematical intuition. Husserl’s is a complete system of tran-
scendental philosophy, with the notions of intentionality and transcendental subjec-
tivity at its core, besides interesting ramifications such as the idea of transcendental
genesis and a transcendental approach to logic. Husserl also called our attention to
the role of language and culture in the objectification of intentional constructs,
mathematics in particular. But careful, this has nothing to do with post-modern
relativism!

With this mathematical pedigree and so rich a plethora of ideas, it is indeed sur-
prising that Husserl and phenomenology did not make into mainstream philosophy
of mathematics. Surprising but explainable. From the recalcitrant perspective of
empiricism and naturalism, which dominates modern philosophy of mathematics,
particularly in analytic philosophical circles, Husserl’s ideas are utterly



8 1 Introduction

incomprehensible. Husserl taught that naturalism must be overcome so phenome-
nology can thrive. But as I said, naturalism is the soil where the usual philosophies
of mathematics are rooted, with their naturalistic conception of existence and their
naturalistic preconceptions regarding subjectivity as nothing but a mind, intention-
ality as a mental phenomenon, and phenomenology as psychology in disguise.
Despite the fact that Husserl completely de-psychologized the concept of intention-
ality, regardless of its origins in psychology, and produced the most devastating
criticism of psychologism in philosophy in print.6

Science and mathematics as practiced depend on a series of presuppositions, the
most fundamental being logical presuppositions. Both science and mathematics
produce chains of reasoning that depend of logical laws and principles, fundamental
logical facts and basic rules of inference. The justification of these laws and prin-
ciples lies outside the scope of either logic or mathematics; one simply takes them
for granted. Can they, nonetheless, be justified, and if, how?

Of course, logical principles cannot be logically justified, for otherwise they
would not be logical principles. The successes of science and mathematics cannot
count as justifications either, extrinsically justifications, so to speak, for this, besides
being circular, has only pragmatic value. Moreover, we are not willing to give up
cherished logical principles when scientific theories based on them fail. Dismissing
justification altogether and claiming that logical principles are a matter of choice is
a-scientific, if not outright anti-scientific, for it amounts to giving up the possibility
of knowledge (if we indeed believe that logical principles express some sort of
knowledge).

The route philosophers usually take for justifying logic is either epistemological
or ontological. Some, like the mathematical intuitionists, favor the epistemological
way. By raising questions as to the nature of truth and knowledge, and by seeing
logic as the theory of truth, they believe to have found a ground from where to criti-
cize, accept or reject particular logical principles and laws. If logic is the theory of
truth, logic depends on our conception of truth and can be criticized from that per-
spective, or so they claim. Others, maybe unwilling to pay the price that a too
restrictive conception of truth might impose on logic prefer simply to endorse the
conception of truth that goes along with the logical principles that science and math-
ematics depend on. This usually takes them to ontology. For a law such as, for
example, the principle of bivalence (a meaningful assertion is either determinately
true or determinately false, independently of us being in a position to decide which)
to be true or justified, that which assertions are about, the domain of reference,
must, they reason, have particular ontological features, in particular ontological
determinacy, which they think imply ontological independence. In short, philoso-
phers seeking to justify logical principles tend to base them on epistemological and
ontological presuppositions taken as established truth: this is what truth and

®Prolegomena to the Logical Investigations, which marked Husserl’s turning of the back to the
philo-psychologism of the Philosophy of Arithmetic (which, by the way, as already sufficiently
shown, owns nothing to the unfair and incompetent review of this work by Frege 1894).
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knowledge are; this is how the domain of knowledge is, therefore these are the valid
principles of reasoning.

Phenomenology takes a subtly different approach. Instead of asking how reality
actually is, it asks how reality must be conceived to be so logical laws are valid laws
for reasoning about reality. The difference is immense. The phenomenological
approach avoids outright metaphysical and epistemological presuppositions, show-
ing that logical principles and laws can only be justified or, rather, clarified by
unveiling intentional constitution. By approaching the issue in this manner, phe-
nomenology relativizes; different intentional positings may require different log-
ics.” But this requires abandoning ontological and epistemological parti-pris and
taking intentional experiences as they are experienced, without however “cooperat-
ing” with them or, as phenomenologists say, taking them “between brackets”. A
new philosophical “Copernican revolution™ that takes intentionality as the irradiat-
ing center of being and meaning.

Science underwent a major revolution in the sixteenth and seventeenth centuries;
some even claim that what we know by science was in fact invented then. One of the
defining characters of the new science was a completely new conception of empiri-
cal reality. Nature became a mathematical manifold, structured according to math-
ematically expressible laws where truth and being are completely determined in
themselves, capable in principle of disclosing themselves in perceptual experience,
if only approximately. One of the worst possible philosophical misunderstandings,
however, which blocks any possibility of understanding the applicability of mathe-
matics in empirical science, is to mistake this intentional construct as the real world,
existing in itself, independently and, consequently, the scientific revolution of the
seventeenth century as the revelation of the true essence of reality, not merely, as it
was, the discovery of a methodology. So misguided a way of seeing, despite its
apparent naturalness, is only metaphysical parti-pris passing for philosophical good
sense. It leaves all the interesting questions unanswered, besides raising new, unan-
swerable ones.® For example, why is mathematics such a good instrument for know-
ing nature? If reality “just happens to be a mathematical manifold”, then the
applicability of mathematics to the empirical science is non-problematic only if the
mathematics that is useful in science comes from observing nature. However, what
about mathematics that despite being invented independently of the observation of
nature, and for completely different purposes, has, nonetheless, applicability in our
best theories of nature? Pre-established harmony? The doors to mysticism lay open
and some people are quick to cross them.

"Rigorously speaking, logic is not content-free. Of course, the truth of logically true assertions
does not depend of their particular contents, but depends on the sense of being of the domain to
which they refer. In order for, say, either A or not-A to be valid, no matter which A, the domain
where A is interpreted must be intentionally conceived in a certain way. It befalls on phenomenol-
ogy the task of clarifying what this way of being is and why conceiving the domain of knowledge
thus is justified in the overall schema of knowledge.

8“Those intuitions which we call Platonic are seldom scientific, they seldom explain the phenom-
ena or hit upon the actual law of things, but they are often the highest expression of that activity
which they fail to make comprehensible” (Santayana 1955, p. 7).
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Of course, the answer must lie somewhere else.

If, however, the conception of physical nature of the mathematical science of
nature is only a methodological device, expressly devised to give mathematics a role
in the investigation of empirical reality (by means I will investigate here, although
far from exhaustively), then the mystery begins to fade. Mathematics is applicable
in empirical science because empirical reality is intentionally constituted as a math-
ematical realm. Phenomenologists must be summoned, first to dispel the mist of
metaphysical prejudices that clouds the issue and overcome the naive naturalism of
empirical science and empiricist philosophies, and then to uncover the intentional
constitution of the domains of both mathematics and the empirical science and
explain how they can “talk” with one another.’

Mathematics, which some people call classical but that is the only mathematics
that we have (intuitionist mathematics being only a form of constructive mathemat-
ics, interpretable in “classical” terms), makes free use of “classical” logic, essen-
tially the logic in which fertium non datur, or the principle of bivalence, depending
on how one looks at it, is valid. As I said before, classical logic has presuppositions.
It is again phenomenology, or more particularly, the transcendental phenomenologi-
cal analysis of logic, transcendental logic for short, that offers the best instruments
to bring forth, clarify, and ultimately justify the presuppositions of classical logic.
Instead of the epistemological and ontological presuppositions previously men-
tioned, which a naturalist perspective requires, I show that, in fact, the presupposi-
tions of classical logic have a transcendental character rooted in intentional
positing.

As I see it, the task of the philosopher of mathematics is to investigate the sort of
knowledge “classical” mathematics provides and the role it plays in the overall
scheme of human knowledge, particularly scientific knowledge. This naturally leads
the investigation to the applicability of mathematics. As I plan to show here, there is
essentially no difference between applying mathematics to itself and applying
mathematics to empirical science. Curiously, philosophers seem more puzzled with
the latter than with the former, usually taken for granted. The reason is that they feel
there is an ontological gap between empirical and mathematical realities. How,
then, can the latter have anything to do with the former? As I see the matter, the
applicability of mathematics, either to itself or to science, turns out to have the same
explanation, for there is no ontological gap between mathematical realms proper
and the representation of empirical reality in the mathematical science of nature.

Let us begin at the beginning.

°The relevant Husserlian bibliography on the critique of naturalism is varied and very interesting.
For example, Husserl 1965, 2006, Chap. II of Ideas I (Husserl 1962), or the masterly Chap. II of
The Crisis of European Sciences and Transcendental Phenomenology (Husserl 1954b, 1970).



Chapter 2
Phenomenology

In this chapter, I introduce the reader to some central notions of phenomenology,
which he may not be familiar with, and fix the terminology. All these ideas come
from Husserl, particularly from its later, transcendental period. I do not have, how-
ever, scholarly intentions; I appropriate rather than explicate. There are exegetical
books on Husserl’s philosophy that the reader can consult; this is not one of them. I
will be as close as possible to the meaning Husserl attached to his ideas, but will
allow myself some freedom of interpretation. I avoid as much as I can, and the sub-
ject allows, lengthy, erudite explanations. My aim is clarification, hopefully in the
simplest and most direct way, and fixing the terminology without unnecessary ped-
antry. These ideas play a central role in my understanding of the nature of mathe-
matics and its applicability, as will become clear later. There will inevitably be
repetitions, but I hope at the service of clarity.

Intentionality This is the most central concept of Husserl’s phenomenology, which
he borrowed from Brentano, for whom intentionality was the characteristic feature
of mental states. Mental states, Brentano thought, are characterized by directness
towards something and intentionality is just another name for it. When one thinks,
one thinks about something; one’s thoughts have a content, that which is thought.
One always desires, loves, sees, remembers something; the intentional object of
one’s desire, love, remembrance, or visual perception is the thing desired, loved,
remembered, or seen, as they are desired, loved, remembered, or seen. In the inten-
tional experience, intentional objects are given a sense, a mode of being, and some
of its properties are made explicit: the object intended is intended as having these
properties, this sense of being, existing in this way. These things together constitute
the intentional meaning (or sense) attached to the object in the experience.

The object (the nucleus of the intentional experience) plus its meaning make up
the intentional content of the experience. Intentional content must be neatly sepa-
rated from immanent content; the former is not a constitutive component of the
experience as a real event; it is not, unlike the latter, part of the experience, only a
correlate of it; it is that which is posited by, and therefore dependent on (but not a
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real part of) the experience. The intentional object of an experience of perception,
for instance, is not a mental representation of something belonging to the external
world that the experience conjures but the physical object itself. To question what in
the real experience accounts for the directness of the subject towards the object of
the experience is obviously a matter of scientific importance, but phenomenology is
not and cannot play the role of natural science (and so, cannot be “naturalized”). As
Husserl conceived it, phenomenology (resp. transcendental phenomenology) is a
pure a priori science of the essential traits of intentional (resp. transcendental inten-
tional) subjectivity, in a sense analogous to mathematics, also a pure a priori eidetic
science.

The directness towards the intentional object in the intentional act is in general
mediated by the meaning attached to the object in that act. But there is, I believe, in
any act an element of non-intermediated directness, a link connecting intending
subject and intended object that is not necessarily expressible as a way of seeing, a
perspective or an element of meaning. It takes sometimes the form of an indexical,
such as, for example, the “that” and the “there” in “that book on that table over
there”.! Directness can sometimes be expressed simply by silently pointing to the
object intended — of course in a context where pointing makes sense and is inter-
preted as denoting. In terms of the denotation/connotation distinction, intentional
meaning is connotation, intentional directness is denotation, but denotation is not
supposed to be always intermediated by connotation. The haecceity or quiddity of
objects of intentional experiences, then, does not depend ultimately on intentional
meaning; there is more to intentional directness than the meaning that goes with it.2
Husserl refers to this core of pure objecthood as “the determinable X, the guid in
itself indeterminate but determinable through the guomodo of intentional meaning
(Ideas I §131).2 This strange terminology expresses the fact that the intentional
object, if not garbed in intentional meaning, can only be expressed linguistically by
a non-logical, non-interpreted constant X. Thus, the “essence” of an object of inten-
tional experience may sometimes reduce to a materially empty “something” whose
sole purpose is to serve as a nucleus of sedimentation of meaning. Of course, it is
always possible to scrutinize the determinable X to determine it; this, however, pre-
supposes that an X is already, somehow, given. Not in complete agreement with
Husserl, admittedly, I think there is room for the consciousness of a completely
indeterminate “something” as a legitimate intentional experience.

Often the same object is meant in different ways; for example, the object we call
“Napoleon” can also present itself as “the French ruler who lost the battle of
Waterloo”. It often happens that objects are presented against an open horizon of
further possible presentations that are capable in principle, or so we presuppose, of

"Husser] believed that indexicals too had meanings, which he called “essentially occasional”,
for they depend on the occasion and circumstances of enunciation (see 1st Logical Investigation,
chap. 3).

>The term haecceity translates Duns Scotus’ haecceitas or “thisness”, which translates Aristotle’s
70 Ti é07TL.

3Husserl 1962.
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harmonizing as presentations of the same object. This requires that the series of
presentations be presided by an identifying intention: different presentations, with
possibly different meanings, seen as presentations of the same object. The act of
identification consists in the consciousness of the unicity of an object through a
series of presentations, a “‘something” differently meant in different acts. The inten-
tional object of an act of identification is an identity, the object of act A;, O, is the
same as the object of act A,, O,, regardless of the meaning attached to it in each act:
A; # A,, but O, = O,. Intentionality in general establishes a link, sometimes a direct
link between consciousness and the object of consciousness; intentional meaning
giving this object a particular sense, offering a particular perspective of it. Intentional
directness presided by an identifying intention is a sort of rigid reference, capable
of holding firm its object across series of possible changes or superposition of
meaning.* Therefore, self-identity is an intentional production not in general depend-
able on the preservation of any particular attribute, property or aspect of the self-
identical object in different adumbrations of it. Identity does not depend on an
inalterable nucleus of essential features (essentialism); rather, it is constituted in an
identifying act.’

Intentionality is both the characteristic feature of a type of experience (inten-
tional experiences in contrast to experiences that are not intentional, such as non-
conscious experiences), of a subject, ego, or I, and a relation between the ego and
the object of its experience (the intentional object).® The ego intends and intends
something; the thing intended and the ego are related via the directness of inten-
tional experience. Although the intentional experience has a real dimension, it is not
necessarily happening “in the mind”, (it can also be a cultural process) and the
intentional object is not necessarily a mental object (although it may sometimes be;
in the conscious experience of pain, for instance, the intentional object, the pain I
am conscious of, is itself a mental state). The intentional object can be a real thing
of the external world, but it can also be an abstract or ideal entity.” When one remem-
bers a beautiful tree in the courtyard of a long-gone childhood, the tree that one
remembers, charged with the sentimental undertones of things past, does not belong

*A name refers rigidly if it refers to the same object independently of how it is conceived, i.e. if
naming by that name goes along with an identifying intention. In this case, we usually say that the
name is used consistently.

SWhereas for Frege identity is a relation among connotations, for Husserl, it is the object of a
supervening act of keeping the same object (sometimes a mere something) under the intentional
focus of acts with different intentional meanings. Whereas, for Frege, identities express the ego-
independent fact that the same objects can be denoted by different connotations, for Husserl, iden-
tities are correlates of acts of identification, involving the ego and intentional consciousness in an
essential manner. Identities are constituted, not simply “grasped” in identity-assertions.
®Intentional experiences are also called acts for the reason that the ego, who undergoes the experi-
ence, does not only provide the locus where the experience simply “happens”, but is actively
involved in making it happen. I will also refer to the ego by an “it” since it is not always an indi-
vidual person.

7¢‘Real’ [is] that which exists in space and time” (Husserl 2006, p. 16). Abstract objects are onto-
logically dependent objects, such as the color of a body as a real aspect of it. Ideal objects are
non-real objects.
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to the remembrance as a real part of it, it is not a mental representation of a tree. The
tree remembered is (or was) a physical object of the world. The intentional act
establishes a relation between the subject and the intentional object, which is not a
mental image of a tree that happens to correspond somehow to the real tree of one’s
childhood; the intentional object of the act is this tree itself.

The intentional content of the act does not in general reduce to the intentional
object simpliciter, but to the object in a certain way, from a certain perspective, with
this and that quality, as a particular type of being. The intentional act wraps the
intentional object in layers of intentional meaning. The tree remembered belongs to
a certain family of trees, possesses a particular type of foliage, a certain coloration,
it bears fruits, and so on. It can also be charged with emotional undertones that are
also components of how the tree is remembered. As I said, there are in general two
distinct components of the intentional content, i.e. the content of an intentional
experience, its object and the intentional meaning that gives the object its particular
sense of being and its distinguishing particularities.

Objects are often meant as objects of a certain type, inheriting the intentional
sense of objects of this type. When I remember my tree I remember a physical
object, and even if I do not explicitly give the tree the qualities of physical objects
(materiality, spatiality, temporality, individuality, etc.), it necessarily has these prop-
erties, which belong by intentional necessity to the intentional construct “physical
object”. One might call this “collateral (or implicit) intentionality”. Objects of sen-
sorial perception are meant as physical objects, existing in the physical world, inde-
pendently of being perceived, etc. A perceptual object is an object that necessarily
exists in the empirical world, for perception is, by definition, the experience in
which the subject comes in contact with the real world.® However, the subject can
interpret as perception an experience that is, in actual fact, one of misperception.
Misperceptions is always a possibility, but perception and misperception are differ-
ent acts. If I see, say, what is in fact a coiled rope as a snake, the intentional object
of the act is a snake, not a rope. “Perceiving” the snake is misperceiving the rope.
The intentional object of an act of misperception does not coincide with the inten-
tional object of an act of perception; this is why it is a misperception. Although
induced by the same physical stimuli that could have been correctly interpreted as a
rope, the act presents instead a snake. Misperception posits a different object,
endowed with a different meaning; misperception is always possible, for both the
objects of perception and misperception are intentionally constituted from the same
basic sensorial data, the hyletic material. Meaning-giving is a sort of interpretation
of the hyletic given.

However, misperception is an unstable experience and can cancel itself with fur-
ther, more careful observations. The subject can come to realize that what it mistook
for a snake was in fact a piece of rope. Sensorial stimuli from the world do not com-
pletely determine the object of experience. Perception and misperception are both
active acts of meaning-bestowal upon passive raw sensorial material. The subject

81In fact, the real world simply is the maximally consistent system of all possible objectively valid
perceptions.
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cannot know a priori whether its experience is one of perception or misperception;
however, the particular sense of being of percepts includes criteria of validation of
the perceptual experience that can, in principle, dispel misperception. Objects of
perception are stable and can re-present themselves in further acts of perception. If
the subject is unsure of the soundness of its perception-like experience, it can always
repeat the experience and verify whether the object remains the same; or better,
whether the object can be reidentified as the same object in face of this new experi-
ence. The same object of perception can present itself, in different acts, from differ-
ent perspectives, with different qualities, but in legitimate perceptual experiences,
these adumbrations tend to harmonize. Disharmony indicates misperception and
harmony suggests perception proper. Consistency of the system of adumbrations of
the same object counts as a criterion of correction of the perceptual experience,
implying the real existence of the object perceived (since objects of perception
really exist).’

Intentional objects need not be individuals; they can also be states-of-affairs,
situations, concepts, domains of objects, ideas, what have you, even mathematical
objects. One may miss drinking beer, hope for freedom, or wonder whether 3671
and 3673 are twin primes (they are). Intentional acts mean, intend or posit objects
with their characteristic senses of being and existence and their own criteria of vali-
dation. Ideal objects, such as, for instance, mathematical objects, do not exist in the
same manner as real objects of the empirical world, but they too have a reality of
their own. Numbers, for instance, are ideal, not real objects. They do not exist in the
physical world, for they are not physical objects, or in the mind, for they are not
mental objects. Nonetheless, they are conceived as objectively existing objects, i.e.
they can present themselves as the same for anyone who goes through the inten-
tional experience in which they are posited. They are also conceived as self-
subsisting objects, i.e. objects that exist independently of actual presentations, but
that can in principle present themselves whenever conjured in adequate intentional
acts. They are also meant as transcendent objects, i.e. objects capable of presenting
themselves anew from different perspectives, with new properties and aspects. The
meaning with which numbers are conceived may mislead the phenomenologically
naive philosopher into thinking of them as a sort of quasi-physical objects living in
a quasi-real world that is not, however, to be found anywhere in this world. This, of
course, is what Platonists believe.

To ask whether an intentional object really exists has sense only within the inten-
tional experience itself. If the intentional subject believes, for instance, that it per-
ceives a real object, i.e. an object of the empirical world, the ego has the right to ask
“does this object really exist?” “Is it a fantasy or a hallucination?” To answer this

°The physical object does not exist because its adumbrations are consistent; consistency is not a
definition of existence. It is existence that implies consistency of adumbrations; therefore, one can
take consistency as a reliable criterion (or sign) of existence (criterion = necessary condition). One
can, however, advance the following definition of existence for physical objects: an object of the
empirical world exists if, and only if, the ideal infinite system of all ideally possible perceptions of
it is consistent. This definition can be generalized. Consequently, the existence of a real object is
always sub judice, our practical and scientific lives must cope with this fact.
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question the ego must be certain, as much as it can, that its experience is one of
perception, not misperception. “Really?” is an internal question. Objects of percep-
tion really exist if (and only if) they exist in the empirical world. A particular num-
ber, on the other hand, really exists if it exists as a number, with the sense of being
attached to numbers.'” In order to answer existential questions the ego must inquire
the sense of existence proper to objects of the intentional experience in question. If
the object meant fails to satisfy the criteria of existence associated with the inten-
tional positing!! of objects of its type, it fails to exist as an object of this type. A
mathematical object exists insofar as it consistently coexists with the totality of
mathematical objects. In “classical” mathematics, the domain of objects is con-
ceived as an ontologically definite, epistemically accessible, maximally consistent
domain of being. This implies that meaningful assertions of classical mathematics
have intrinsic truth-values, any mathematical problem is in principle solvable, and
any mathematical entity exists whose positing is internally and externally consis-
tent, i.e. the positing does not attribute to the object contradictory properties nor
conflicts with the overall system of mathematical positings.'? Asking, however,
whether a mathematical object really exists with a sense of existence alien to that of
mathematical objects is a category mistake, not a legitimate philosophical
question.'

Intentionality is so pervasive a phenomenon that it would be surprising if it were
not relevant in science too. “Empirical nature” is also an intentional object, an

10“In contraposition to nature, to the world of factual spatial-temporal existence, to the ‘empirical’
world, there are, as one says, ideal worlds, worlds of ideas, which are non-spatial, non-temporal
and unreal. And yet, they exist indeed [...]” (Husserl 2006, p. 16).

A terminological observation. Husserl uses the term “positing” acts to acts whose objects exist
with the sense of being with which they are posited. Perception proper, for example, is in this sense
a positing act, whereas misperception is not. They stand in opposition to non-positing acts, such as
fantasying or daydreaming (when I entertain the phantasy of, say, an unicorn, conceived as a physi-
cal object, the unicorn, although existing in phantasy does not exist as the real object it is meant to
be — phantasizing does not really posit its object; it does not confer real existence to it). Also,
Husserl calls “objectifying”, in opposition to non-objectifying, acts whose objective correlates are
objects in a restricted sense of the term, such as naming and judging (for Husserl, names denote
individuals and judgments, states-of-affairs). I will not strictly adhere to Husserlian terminology. I
use the term “posit” (also mean and intend) here as a generic term for intentional presentation, with
its different degrees of “clarity”, i.e. intuitiveness, modes and characters.

2We must be very careful with the expression “in principle”. As I use it here, it does not mean
“effectively” or “actually”. By saying that a problem is in principle solvable I only mean that it is
not a priori, considering only meaning, seen as unsolvable.

13 Mathematical objects, as I will argue below, are (ordinarily or “classically” posited as) abstract
(ontologically dependent), ideal (non-real) objects outside space and time. To treat them otherwise,
as, for instance, temporal objects, in the manner of intuitionists, is to falsify the experience in
which they are posited. Which does not mean that experiences of constitution of the intuitionist
type are illegitimate; on the contrary, al// positing intentional experiences are legitimate on their
own terms. My point is that intuitionism does not coincide with ordinary mathematics; it is a com-
pletely different thing. It cannot count as a philosophy of mathematics, only as an alternative
conception of mathematics. My approach, in short, offers not only a possibility of philosophically
clarifying usual, ordinary mathematics, but alternative versions of it too.
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intentional construct, and the methods of science, including mathematization, can
only be understood and justified by a careful analysis of the intentional positing of
empirical reality. Intentionality is so complex a phenomenon that Husserl devised a
whole — pure, a priori — science to investigate it, namely, phenomenology. By offer-
ing the possibility of a first-person approach to mental phenomena — such as percep-
tion, for instance —, Husserl’s theory of intentionality has known some success
among psychologists and cognitive scientists. However, even at this level of appli-
cation, phenomenology is not an empirical science. Husserl’s is an a priori, pure
theory whose object of inquiry is the formal structure of intentional experiences in
general. Like, in a sense, the a priori theory of physical space, whose aim is not
space as experienced a posteriori, but as experienceable a priori.'* Husserl is quite
clear about this; phenomenology is not psychology, but a pure science, which
among other applications can serve as a prolegomena to empirical psychology.'s
The terms subject, ego, or I, lend themselves easily to misinterpretations. The
reading of Husserl as a “psychologist”, even though he has produced maybe the
most devastating critique known of philosophical psychologism (vol. 1 of LI,
“Prolegomena to Pure Logic”), derives from these misinterpretations. The fact, I
insist, is that the ego is not necessarily, although it can sometimes be, a person or a
mind. The subject, ego, or I, is only the locus of intentional experiences, the positing-
pole logically required by the posited-pole, the meaning-irradiating center that need

“There are many points in common to mathematics and phenomenology, both are eidetic, not
factual sciences (sciences of essences, not facts) and both are a priori. In Ideas I (Husserl 1962 §§
71, 72) Husserl raises a question that seems, then, natural: could phenomenology be mathema-
tized? His conclusion is that it cannot. For one, phenomenology, as a material eidetic science, does
not belong to the formal eidetic sciences like formal mathematics. Could, then, phenomenology be
put together with material mathematical sciences, such as, for example, geometry? Can phenom-
enology be developed as a sort of geometry? Still, it cannot, according to Husserl, for geometry is
an axiomatized and ideally logically complete (definite, in Husserl’s jargon) theory, which pro-
ceeds essentially by logical derivation from axioms, i.e. fundamental laws of essence, whereas
phenomenology is a descriptive eidetic that is not and cannot be axiomatized. By being essentially
non-formalizable and incapable of axiomatization, phenomenology is, for Husserl, essentially
non-mathematical.

SMuch has been debated about Husserl “transcendental turn”, which happened in between the
publication of his Logical Investigations (1900-1901) and Ideas I (1913), more precisely in
courses of the period 1906-1907, and what it means. Intentionality was central to his thought both
before and after the turn. As I see it, however, before, in the “realist” period, Husserl’s goal was to
investigate intentionality as a natural phenomenon within a naturalist context; after, in the “tran-
scendental” period, he approaches intentionality as a pure form in a transcendentally purified con-
text (the notion of epoché that I will examine soon is fundamental in this transition). Transcendental
phenomenology imposes itself the task of investigating the necessary features of intentional expe-
riences and intentional consciousness in general. The transcendental intentional subject is abso-
lute, the center from where meaning flows; it is a function rather than a thing. In the transcendental
period, intentionality is no longer seen as “a manner of seeing” things that may exist otherwise
with a sense of their own. Nor, on an epistemological key, as the way in which the subject
approaches, as knowing subject, the object of knowledge (the intentional object), which exists,
with a sense it intrinsically has, independently of being known. Transcendentally considered, no
object exists independently of being intentionally meant and no object has a meaning without
being given a meaning in an intentional experience.
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not be a mind in the usual sense of the term. It can also be a community of individu-
als working together across space and time as a single entity, building together, with
maybe a variable sense of being, a domain of investigation (for example, mathemat-
ics). The ego can be the mathematical community in the task of positing mathemati-
cal objects and developing their a priori theories.

There is an obvious phenomenological difference between seeing a tree and
remembering a tree, even if this happens to be the very same tree. Husserl calls that
which accounts for this difference the (thetic) character of the act. Seeing and
remembering are acts that intend the same physical object differently; the inten-
tional object of the act of seeing the tree is the tree as an object of visual perception;
that of remembering the tree is the tree as an object of remembrance (in both cases,
however, the tree is a physical object). I would proceed differently if I had to verify
the adequacy of either experience. In the first case, I would multiply my sensorial
perceptions of the tree and see if they harmonize with my first experience (there is
no other way, for fundamentally only perceptions validate perceptions). But if I
want to verify whether my memory of the tree corresponds to the real tree, I must
see the tree, to have, that is, an intentional experience with a different character; it
does not suffice, although it helps, to try “to remember it better”. The criteria of vali-
dation of an act of remembering (does my remembering correspond to reality?)
requires acts other than remembering.

Transcendental phenomenology does not eliminate empirical reality or reduce it
to a projection of the ego. For Husserl, perception is an intentional act, but sensa-
tions are not. Sensations provide the matter (the hyle) that is intentionally elaborated
into perception proper. The same sensorial matter can, for example, as already dis-
cussed, be elaborated as either perception or misperception. Things can get very
messy, but we do not have to go into the minute details of the analysis of intentional-
ity here (Husserl himself often despaired with the complexities of the task).

Intentional positings can superpose one another in the positing of an object.
Mathematics provides plenty of examples. By “perception” one often understands
sensorial perception, the intentional experience in which objects (perception-of) or
situations (perception-that) are immediately presented to intentional consciousness.
Perceptions are experiences with a peculiar character of act, the actual presence of
the object perceived, as opposed to its mere representation as, for instance, in
descriptions of the object in absentia. Obviously, other intentional acts can have the
same character; presentification is not an exclusive trait of sensorial perception. In
other words, one can generalize the notion of perception. Husserl called “intuition”
any act that has the same character of presentification of sensorial perceptions, no
matter its object. One example, which will be elaborated further later. According to
Husserl,'® in order to perceive or intuit the number 2, one must first posit (maybe in
imagination) two objects (a and b); then, these objects in conjunction (a and b)",

16See the detailed analyses in his Husserl 1970.

"The mereological sum a and b includes, as an abstract moment, the syncategorematic and, the
categorial element of the objectual complex.
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then, the mereological sum a and b as a single object (the collection {a, b}). Only
then, by abstraction, one can intuit the quantitative form of the collection, an
instance of the number 2 (I will deal with abstraction as an intuitive act below). The
intuition of the number 2 requires the positing of something — the ideal 2 — of which
this particular aspect is an instance. In short, the intuition of the number 2 requires
the superposition of many intentional acts, in which the object of a lower-level act
serves as the matter of an immediately following act, which, based on the given
matter, intuitively posits a different intentional object.

The Intentional Ego Intentional experiences require an active agent who undergoes
these experiences, the intentional subject (I or ego). When phenomenology was
meant as pure psychology, the intentional ego was simply the mind as the real seat
of consciousness. For transcendental phenomenology, however, the ego is an inten-
tional agent in general, which can be differently instantiated, sometimes even as a
real mind. For Husserl, the transcendental intentional ego and its experiences have
a necessary structure, it is the task of transcendental phenomenology to investigate
it.'

By being de-psychologized, the ego is no longer an individual mind, or even the
abstract form of the individual mind, although it can be instantiated as one. It can
also be a community of individuals acting cooperatively in the task of intentionally
constituting an object, a scientific domain, or a science.” By being communally
constituted, the intentional construct is objectively posited, for phenomenologically
clarified the notion, objective is that which is intersubjectively shared. Objective
entities are constituted publicly. By being thrown in the intersubjective space, inten-
tional constructs become communal possession. Intersubjective space is the com-
munal space of shared practices of the community of intentional coworkers, from
the most fundamental pre-scientific life-world of daily concerns to the scientific
world. Systems of communication, linguistic or not, are important elements of artic-
ulation of the intersubjective space and play a central role in the constitution, pres-
ervation, and communalization of intentional constructs.

The intentional coworkers acting collectively are not in general individually
responsible for every step of the constitutive process. Each individual intentional
agent is only a link in a chain of shared responsibility. But, although no single agent
may be capable of actually reenacting the entire constitutive process, it is presup-
posed that it can, at least in principle, do so. Any single individual intentional agent

18 Husserl attributes to Descartes the discovery of transcendental philosophy and the transcendental
ego, the Cartesian ego cogito. But, according to Husserl, Locke took possession of the transcen-
dental ego and psychologized it. However, he believed, only by being thoroughly de-psycholo-
gized the transcendental ego can serve scientific philosophy. Transcendental phenomenology is,
for him, such a philosophy.

“The problem of intersubjectivity is a central problem in Husserlian phenomenology, to which
Husserl dedicated the fifth of his Cartesian Meditations, part of Ideen II and Ziir Phiinomenologie
der Intersubjektivitt. The ego is primarily my ego; after the transcendental reduction, the primor-
dial ego has the task of constituting the world and other intentional egos. Only after the rights of
alter-egos are recognized, the ego can extrapolate the limits of individuality.
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must take personal responsibility for the entire constitutive process.?® The original
sense of intentional products, which they received in their positing, can be obliter-
ated or forgotten. In the first case, the sense is still available, but its origins ignored;
in the second, it is gone. In cases, such as these, intentional constructs are handled
as if in a ritual that one performs without understanding its meaning, by simple
going through the moves. Husserl saw either case as a form of “crisis-inducing”
“alienation”. However, sense can be reactivated, pretty much like the meaning of a
coded message. Husserl believed that the phenomenologist should be a sort of
decoder, reactivating deactivated senses and thus overcoming alienation and
crisis.?!

One analogy can be useful. When proving a theorem, one may use a previously
proved lemma without having proved it, or being capable of proving it. The new
theorem, if the proof is valid, will join the stock of mathematics, it will enrich the
sense of some intentionally constituted mathematical domain. A sense, however,
that neither the mathematician who has proved the new theorem nor anyone else can
fully grasp without going through the entire chain of constitution of the domain in
question from its inaugural inception. 7o comprehend an intentional production
means to be in principle able of reenacting the entire process of production, thus
fully grasping the meaning the product gets in the process.

Transcendental Phenomenology Husserl gives another sense to the term “transcen-
dental”, which in Kant refers to the a priori necessary conditions of possible (senso-
rial or pure) experience. In phenomenology, transcendental has to do with the
necessary aspects of intentional positings, in general and in particular, taken on
their own terms (by which I mean under the action of the epoché — see below). No
matter in which sense, however, the term puts off philosophers with empiricist ten-
dencies who feel uncomfortable with the ideas of necessity and aprioricity. Kant, to
whom the notion is directly linked, believed that there are necessary preconditions
of experience. For instance, “intuitions” (sensorial or “pure”) are necessarily located
in space or time. For Husserl, who considered the issue from a more general per-
spective, all intentional acts, not only perceptions, have a necessary structure and all
intentional objects necessary features, those precisely that are linked, directly or
indirectly, to the intentional meaning associated with the positing. If, for example, a
domain of being is meant as an ontologically (or objectively) complete domain, i.e.
if it is conceived as a domain where every possible situation is determinately a fact
or determinately not a fact (in which case the complementary situation is a fact),
then it follows by necessity that any assertion about this domain is already in itself
either determinately true or determinately false (in which case its negation is true).
To the extent that the necessity in question depends on the meaning intentionally
attached to the domain posited, it has a transcendental character. It also befalls on

“The theme of the individual responsibility was dear to Husserl. In his last work, Crisis of
European Science and Transcendental Phenomenology (Husserl 1954a) this topic is central. The
“crisis” alluded to in the title is precisely one of responsibility.

21 See Crisis.
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transcendental phenomenology the task of investigating the necessary structure of
the intentional ego and its experiences, in particular the correlation intentional ego/
intentional object, considered in general or in particular, under the action of the
epoché (see below).?

The intentional subject considered abstractly in general (therefore, in the singu-
lar), is invariably “incarnated” in real agents acting in real time. As any ideal entity,
the transcendental ego can be instantiated in manifold ways, like the number 2 in
any collection of two things. Sometimes Husserl refers to the transcendental subject
as “transcendence in immanence”. Any instantiation of the intentional ego must act
according to a priori constraints imposed on the pure ego on grounds of necessity.
The analogy with mathematics is obvious (one should never forget Husserl’s math-
ematical origins); both are a priori sciences of idealities that, nonetheless, impose
necessary constraints on reality.

Epoché The inaugural act of transcendental phenomenology is the (phenomeno-
logical) epoché or phenomenological reduction. Essentially, it means taking inten-
tional experiences on their own terms.?® Epoché opens up a completely new domain
of scientific investigation; a domain the phenomenologist treats more or less like the
psychologist treats his patients, with detachment, without passing judgment. Epoché
is an attitude of neutrality vis-a-vis intentional experiences.?* In transcendental phe-
nomenology, nothing exists that does not exist for the ego; the ego, on its turn, exist
only as ego cogitans.” Intentional ego and intentional object are mutually depen-
dent. The ego, its experiences and the content of these experiences is an intercon-
nected system whose structure is the phenomenologist’s task to investigate. Here are
some of the typical questions he raises: by which intentional actions do objects,
with their particular sense of being, come to be? How does the ego constitute them;
what is their intentional genesis? What are the criteria of validation, built into their
intentional sense, for judgments about these objects? However, it is not the phenom-
enologist’s task to raise extrinsic questions such as, for example: do these objects
really exist as meant? Simply because the notion of existence of an object as meant
independently of being so meant is, in transcendental phenomenology, absurd.
Objects exist only as objects-for-the-ego, correlates of intentional experiences.
Provided, of course, that they are consistently posited; that is, that they do not crush
under the weight of inconsistent intentional meanings.*

22¢“Phenomenology is, as Husserl depicts it in his 1907 lectures, an eidetics of cognition. The
method of reduction signifies the critical means of access not to any de facto consciousness but
rather to the essential structural correlation of consciousness and objectivities per se intended
therein” (Sandmeyer 2009, pp. 75-6).

23“Reduction” means, literally, to lead back (re-ductio). By using the term (cognate of the German
verb “to reduce”, reduzieren) Husserl probably meant a going back to the intentional phenomenon
as such.

24See Husserl 1960, §8
2 The title of §8 of Husserl 1960 is precisely “The ego cogito as transcendental subjectivity”.

*In his article for the Encyclopedia Britannica (Husserl 1927), Husserl characterizes the “tran-
scendental problem” as “having to do with the being-sense of ‘transcendent’ relative to conscious-



22 2 Phenomenology

When in a transcendental phenomenological disposition, the philosopher of
mathematics does not deny rights of existence to mathematical objects exactly as
they are intentionally meant, as nominalists do, or force on them a type of existence
that they are not meant to have, as intuitionists and ontological realists do. However,
again, intentional experiences may exist that posit objects as mental entities, and
some may argue that there are mathematical experiences of this type, but it is a
category mistake to try to relocate in the mind objects that are not posited as mental
under the argument that only thus they can really exist. Mathematical objects may
be, and usually are posited as objectively complete entities, that is, they either deter-
minately have or determinately do not have any meaningful attribute they can in
principle have, even though one may not be able to actually decide which is the
case. Objective completeness is an intentional attribute, built into the intentional
positing of the object. This, however, does not make the object less dependent of the
intentional act that posits it. It is an error to believe that mathematical objects, or any
object for that matter, exist independently of any positing only because they are
(meant as) transcendent or objectively complete objects. Transcendence, i.e. the
willingness to present ever-new aspects and perspectives, and objective complete-
ness are intentional attributes, they go with Platonism between brackets, so to speak
(which I often write as “Platonism”). As Husserl claimed, epoché does not change
anything; it only brackets contents of experience, cancelling naturalist existential
commitments. Transcendental epoché is meant to get us out of the “natural attitude”
underlying “naive” philosophical perspectives in which objects, with their rich vari-
ety of modes of being (the empirical and the mathematical, for instance) are simply
given. Empiricism, recall, is a form of naturalism in which the empirical mode of
being imposes itself as the model of being in general. For empiricists, if something
exists, it must exist as either an empirical object or “just like” an empirical object,
i.e. independently, in and for itself. This, of course, is how Platonism conceives
mathematical entities. For a transcendental-phenomenologically oriented philoso-
phy of mathematics, instead, mathematical entities are intentional objects and have
an intentional genesis. The task that such a philosophy imposes on itself is that of
unveiling the intentional meaning attached to mathematical positings, clarifying and
ultimately justifying the modes of reasoning about them.

Intentional Consciousness The expression intentional consciousness highlights
and emphasizes the essential character of conscious states, namely, directness or
intentionality. In Brentano’s original psychological approach, intentionality charac-
terized a particular state of the mind, the conscious state; being conscious was, for
him, tantamount to being conscious of something. Husserl de-psychologized the
concept by de-psychologizing consciousness, no longer necessarily a psychological

ness”. The “transcendental attitude” is required so the phenomenologist can raise and deal with the
“transcendental problem”. In the pre-epoché “natural attitude”, sense of being is a given, it does
not require constitution; it does not have a genesis. At best, constitution has the epistemological
sense of the unveiling of the object to the subject. The correlation object-for-the-ego/object-posit-
ing-ego avoids a plethora of ontological and epistemological problems originated in the naturalis-

tic separation of subject and object.
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entity. In HusserI’s philosophy, intentionality means awareness in the most general
sense, awareness of something, a determinate intentional content, by an ego that no
longer necessarily is the individual mind. Consider, for example, the so-called
imaginary numbers. There was a time the mathematical community (the intentional
ego in this particular case) was not aware of them; they had not been created yet.
Platonists would prefer to say that they had not been discovered, but I find this a
misleading way of speaking that mistakes intentional action for discovery. Gradually,
imaginary numbers were admitted as legitimate mathematical entities and given a
place and a role in the body of mathematics. In other words, the mathematical cre-
ative subject — which is only another name for the mathematical intentional ego —,
incarnated in a more or less well-defined community of real mathematicians, in a
more or less precise stretch of time, gradually became conscious — or aware — of
imaginary numbers.

One can tell the factual history of this development, but one can also tell its tran-
scendental history. Transcendental history reports intentional genesis, of imaginary
numbers in our example; it is not factual history and need not coincide with it. For
one, factual history depends on who is telling it and the events he chooses to tell.
Transcendental history, on the contrary, is not a chronicle of facts but of intentional
acts. It is a pure science whose task is to determine by which series of intentional
acts the intentional ego has become conscious or aware of something. Transcendental
history tells how intentional objects of any given type came to be and the necessary
structure of its coming to be. Factual history merely registers the real manifestations
of this coming into being.

There is an intentional archeology too, whose task is to uncover the many layers
of intentional sense sedimented in habitus and traditions; it allows the reactivation
and, consequently, reenactment of intentional genesis. The possibility of reenacting
intentional genesis renders the intentional object available; the communal sharing
of this possibility renders it objectively available.”

Intentional Act In intentional acts (or experiences) the intentional ego, in which
form it may take, becomes conscious of something. For example, seeing a red rose,
intuiting the number 2, abstracting the form of a physical body, or inventing com-
plex numbers are all intentional acts. Neither of these experiences is purely passive,
even seeing the rose. The senses offer the perceiving ego a manifold of sensations
(the hyle), a color, a shape, a scent that the subject must elaborate into the percep-
tion of a red rose taking into consideration, among many things, expectations, mem-
ories, and its stock of empirical categories. The intentional subject is an agent; it
acts. The ego is the locus of a process, maybe a mental event, maybe a historical
development.

Intentional acts in general have a basic structure. There is the event occurring in
the ego, which Husserl called the noetic aspect of the act, and there is that which the
agent becomes, by going through the process, conscious of, the noematic

“In the introduction to his translation of Husserl’s essay of 1936 “The Origin of Geometry”
(Husserl 1954b) Jacques Derrida presents an interesting discussion of this question.
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correspondent of the noetic performance. For Husserl, the pair noesis/noema (pl.
noeses/noemata) is necessarily present in any intentional act. Noesis is the inten-
tional act as a real event, noema is that which is meant in the act. The psychophysi-
cal process of perceiving a red rose, for example, is the noesis in which the ego
becomes conscious, in the particular form of a perception, of a red rose, the object
of the act. However, the object “this red rose” is not the sole component of the
noema; in the complete noema the red rose appears as a physical object (not, for
instance, an idea) and as a perception (not, for instance, a memory). There are dif-
ferent aspects of the act that posits the rose as an object of the empirical world, and
there is a certain character to the act that makes it different from other acts that
might mean the same rose; in this case, the rose is perceived, not, for instance,
remembered. If the ego is only recalling this particular red rose, the character of the
act changes, remembrance, not perception. The same object can be meant in theti-
cally different acts.

There is, I recall, an important distinction between the object of the act simplic-
iter and the way in which it is meant, the intentional meaning attached to the object
in this act. By intentional object I mean, unless explicitly said to the contrary, the
whole package, the object proper, the intentional nucleus and the intentional mean-
ing attached to it. By taking co-intentional acts as components of the main act, one
adds their meanings to the intentional meaning of the main act. Thus, in our exam-
ple, the rose is perceived not only as red, fresh, beautiful or any other characters it
is perceived to have, but also as a physical object, with all the characters attributable
necessarily to physical objects (pertaining to the intentional meaning of the inten-
tional construct “physical object”). There is an obvious resemblance between the
notion of intentional and linguistic meanings. Both serve for “grasping” objects.
Husserl himself tells that he conceived the notion of intentional meaning as a gen-
eralization of that of linguistic meaning.”

Let us consider in more details the intuition of the number 2. Let us first make
clear what I understand by that. Intuition, as already stated, is a generalized form of
perception; intuitive acts are intentional acts that present, not merely represent their
objects, and there are misintuitions just as there are misperceptions. Intuition is
presentification, in opposition to empty representation. As already discussed,
abstracting the numerical or quantitative form of any set of two things is the first
step into intuiting the number 2. Abstraction is the intentional experience whose
object is a particular (ontologically dependent) aspect of a given object, the color or
geometrical shape of a physical body, for example, or, our case, the quantitative
form of a set of objects. The terms concrete and abstract denote types of objects;
concrete objects are ontologically independent, abstract objects are not, they depend
ontologically on other objects.” Acts of abstraction are intuitive acts if based on the
intuitive presentation of the object upon which abstraction acts. Sets and collections

% However, whereas for Frege denotation requires connotation, for Husserl, as I interpret him,
intentional directness does not depend necessarily on any particular attribution of intentional
meaning.

2 Check definitions in the third Logical Investigation (Husserl 2001).
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are abstract entities, even if their elements are concreta, for they depend ontologi-
cally on their elements; change the elements and the set or collection changes too.
Collections are mereological sums, sets are obtained from collections by unifica-
tion, i.e. by taking them as themselves collectable individuals (unity in multiplicity).
Unification is a particular intentional experience, requiring collections as matter.
The intentional correlate of the act of putting the parts of a collections together, the
“and” in a and b, this particular moment of the whole, is abstract, even if the sum is
made of concrete parts.* Sets have fwo abstract moments, correlated to the acts of
collecting its elements and unifying the corresponding collection.?® A particularly
interesting abstract aspect, or moment, of quantitatively determined collections or
sets is their quantitative form. Abstracting a particular quantitative form is the first
move in the presentification of a particular number to consciousness.

However, “seeing” 2 as the form of an arbitrary collection of two things is not yet
intuiting the number 2. A form has the same spatial location of the matter that it in-
forms. “Seeing” two objects as 2 can count as the intuition of the number 2 only if
this “seeing” is accompanied by the consciousness that any collection of two things
has this very same form. In other words, intuiting 2 in a collection of two things
involves abstracting the numerical form of the collection and ideating it. Ideating a
form is making it into the idea, a higher-level species of which all the equivalent
abstract forms are specimens. Ideal objects, by opposition to real objects, which are
essentially temporal, are non-temporal, not merely omni-temporal. Ideation
involves, then, first, the recognition of an equivalence among objects of a determi-
nate type with respect to some common aspect (an equality, but not an identity) and,
second, that all equivalent entities are instances or realizations of the same ideal
form. Two quantitative forms are equivalent if the collections of which they are
forms are equinumerous. The number 2 is then the ideal quantitative form of all col-
lections of pairs.*?

Suppose that the subject considers, maybe non-intuitively, i.e. without having
these objects under the gaze, in a two-rayed intentional act, the Sun and the Moon.

% Husserl calls parts the independent components of a whole and moments its dependent
components.

3'What is the difference between an object, say a, and the singleton {a} whose sole element is a?
Materially, of course, there is none, but formally there is a difference, namely, the categorial aspect
of {a} that a does not have. Husserl calls “categorial” the abstract (ontologically dependent)
aspects of objects of higher-order cognitive intentional acts, set-collecting in this case, denoted by
{...}. Another important higher-order act is that which posits a state-of-affairs, for instance, “that

the paper is white” based on the object “white paper”; “that the paper is white” is a content of
Jjudgement, not merely perception.

321t is worth noticing that not all abstract objects are ideal, although all ideal objects are abstract.
Abstract objects are ontologically dependent objects, which all ideal objects are, since they are
ontologically dependent on their realizations. For example, the number 2 would not exist if collec-
tions of two things did not exist. Abstract objects, on the other hand, can present themselves as
aspects or moments of real objects, like the color or the form (the real, not the geometric idealized
form) of physical bodies. Hence, abstract objects can be real, although they are never concrete,
which are ontologically independent objects that can exist independently of the existence of other
objects.
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The collection ‘the Sun and the Moon’ can now be unified into a single collectable
object {Sun, Moon}. Both the collection (or mereological sum) ‘the Sun and the
Moon’ and the set {Sun, Moon} occupy the same space that the Sun and the Moon
jointly occupy, it is a real object. The idealized abstract form, the number 2, how-
ever, is an ideal object with no temporal or spatial location. Of course, we can also
collect ideal objects, for example, {0, 1}, whose elements are the numbers 0 and 1.
As all quantitatively determined collections, {0, 1} instantiates a quantitative form,
in this case, the number 2. However, 2 is not equal to {0, 1}, for numbers are not
sets; {0, 1} can sometimes be chosen to represent the ideal object 2 in set theory,
nothing more.* Numbers are ideal forms whose instantiations are abstract numeri-
cal forms. 1 will come back to this later, but it is already obvious that this way of
understanding numbers and collections can throw light on some ontological issues
(for instance, Benacerraf’s dilemma) and show the inadequacy of certain “natural-
ist” ontologies of mathematics.

I have been describing the intentional genesis of a particular object, the number
2, as an object of intuition. In other words, the intentional process of presentifica-
tion of the number 2. This could be, at first, only a subjective experience. This ideal
object, the number 2 as originally conceived, could have been confined to the inten-
tional space of the intuiting subject, a particularly imaginative individual who kept
his intuitions for himself. There would, then, be no numbers 2 as an objective entity.
Objectivation is an intentional experience performed by a community of egos oper-
ating cooperatively as intentional subjects. The Ur-subject originally responsible
for the intuition of the number 2 (of course, I do not want to imply that there was a
real Ur-subject) must share its intuition; it must be presented to the community of
subjects and reproduced by them as productions of the same object. The Ur-subject
must somehow direct the attention of the community to it (“consider that which all
collections of pairs have in common irrespectively of what these pairs are, provided
they are pairs”, he could have said). The communitarians could engage in collabora-
tion with the Ur-subject without having actually performed the intuitive act them-
selves, blindly so to speak, but one always presupposes that they can, in principle,
perform it. The relevant thing is that the cooperating subjects must agree that they
are referring to the same thing when they refer to the number 2. An object is objec-
tively available when it presents itself as the same object for all subjects of some
relevant community of subjects who agree that they have the same object, with the
same properties, under the intentional gaze. Objectification involves identification
and cooperation. Presentifying to oneself the number 2 as an objective entity is
presentifying it and simultaneously conceiving it as a possible object of intentional

3 Usually, this is how one defines cardinal numbers. In modern mathematics, where set theory
provides a context of materialization (or instantiation) of ideal entities, the number 2 can be defined
as the class of all pairs, or a particular set, {0, 1} or {{0}}, indifferently, provided these “avatars”
have the same formal properties of the number 2 (they have, of course, other properties, but they
are arithmetically irrelevant). Set theoretical avatars represent ideal objects only to the extent that
they offer a particular material basis for abstraction and idealization and thus for intuiting the ide-
alities they represent (abstraction can be understood in this case as the specification of which fea-
tures of set theoretical representatives are and which are not arithmetically relevant).
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experience — intuition, ideally — to alter egos (the whole community of intentional
egos). ¥

There are also non-intuitive acts, acts that are non-presentational. In non-intuitive
acts, the object is meant but not presented. Here is a mathematical example. By
varying, in imagination, a given collection of whatever objects, themselves given or
only imagined, the subject can intuit the following fact: collections can exist with
arbitrarily large quantity of elements. The subject, of course, does not and cannot
actually intuit, not even in imagination, each collection of a potentially infinite array
of arbitrarily large collections. The subject simply intuits that it can go on forever;
it intuits a possibility in principle, an ideal possibility, neither a factuality nor a real
(actualizable) possibility. Husserl calls this the ideality of the “and so on”.*> To each
collection, there corresponds a number; therefore, there are infinitely many different
ideally possible numbers. This is an intuitively justifiable fact. Of course, not all
numbers are really intuited individually, but all are ideally intuitable. Since mathe-
matics is the science of ideal possibilities, mathematics has the right to claim the
existence, in this special idealized sense of existence, of all the numbers. Mathematics
has devised clever ways of denoting non-intuited numbers, for example, the decimal
notation. By writing 10!%, i.e. by naming a number one also means it; even if this
numbers can never be directly intuited as the number of an intuitively given collec-
tion of objects. 10'? exceeds the number of atomic particles in the universe, a quan-
tity no subject can contemplate.

By writing 10'® with the intent of denoting an object, an act Husserl calls nam-
ing, an object is meant without being presentified. Husserl calls this a purely inten-
tional, in this case, signic act. The sign denotes by being meant to denote. Now, if
there were no ways of denoting in principle all numbers individually, would they
still exist? The answer is yes, just like things that exist in the world but are not actu-
ally named. The existence of infinitely many numbers is not a Platonist presupposi-
tion but an intentional positing. They exist because they are meant to exist; they
exist because they are conceived as in principle capable of presenting themselves to
consciousness. One could conceive empirical reality in such a way that things only
existed in the world if actually observed. This would make empirical science almost
impossible for science depends on a series of presuppositions about the world,
including that empirical objects can exist without actually being observed. However,
they must be, at least on grounds of principle, observable. It follows from this that
if an object cannot even in principle, not only actually, be directly or indirectly
observed it cannot exist (for instance, objects with logically contradictory proper-
ties). Let this stand as a reminder that the foundations of science beg for

**Empathy, that is, intending other egos (alter egos) as intentional agents, plays an important role
in the process of objective positing. I cannot enter the theme here, but it is an important one when
considering the constitution of an “objective world”, for instance, physical nature. I will come back
to this when discussing the constitution of the modern notion of physical reality.

3 Among the idealities that play “a universal role for a pure analytics” Husser]l mentions “the fun-

damental form of the and-so-on, “the form of reiterational ‘infinity’”, which has “its subjective
correlate in ‘one can always again’” (Husserl 1969 § 74).



28 2 Phenomenology

phenomenological clarifications to counteract the temptation of Platonism and other
forms of mysticism (“Platonism”, of course, is a different matter altogether).

Intentional Object The term “object” (lat. obiectum) means, literally, “that which is
put in front”. This is how Husserl understands it too, if by “putting in front” is taken
as “intending”. Intentional acts of intuition, pure intending, or a hybrid of both,
always put something in front of the subject, the intentional object, the thing seen,
named, described, abstracted, idealized, desired, remembered, missed, etc., etc. The
intentional object can be an individual, a class, a moral principle, a color in general,
a particular color, a determinate shade of color, a concept, a law, physical nature,
etc., etc. Intentional objects, however, are not in general just “somethings”, but
things with characteristic features and properties, which they are meant as having.
The features and properties that objects are posited as having constitute, as already
mentioned, their intentional meaning. Intentional meaning, I presuppose, is never
ineffable; this is the expressivity thesis, it states that intentional meanings can always
be linguistically expressed in true statements about the object whose meaning they
express.

The same intentional objects, I recall, with the same intentional meaning, can be
differently meant; the same tree, with the same characteristics, for example, can be
either seen or remembered. The character of the act accounts for the difference; it
may change without its intentional content — the object (the intentional focus) plus
its intentional meaning — changing. However, the intentional content changes either
if the object changes or if it is the same, but differently meant. For example, suppose
the nominal acts*® whose contents are, respectively, “the winner of Marengo” and
“the winner of Austerlitz”. In both acts a person is meant, a military commander
supposedly, not prima facie the same. The winner of the battle of Marengo in the
first; the winner of the battle of Austerlitz in the second; two (maybe equal, maybe
different) objects; each with its characteristic sense; each meant as the bearer of its
respective qualification.?”

A further act may intervene, in which these two designations are meant as refer-
ring to the same object. The content of this act is, as already discussed, an identity
“the winner of Marengo = the winner of Austerlitz”, and for this reason it is called
an act of identification. The intentional object, in this case, is a fact (or state-of-
affairs) expressible by an identity assertion, namely, that the same object supports
two different attributions. Identification plays a pivotal role in the dynamics of
knowledge. For Husserl, knowledge in the fundamental sense of intuitive knowl-
edge is defined as a synthesis of identification of the object of an act of mere intend-
ing with that of an act of intuition. Let us be more precise about this. The subject
may, for instance, emptily (i.e. non-intuitively) posit (become conscious of) a regu-
lar polyhedron. The act can have the form “let x be a regular polyhedron, i.e. a

3Husserl calls “nominal” the acts of naming and judging, whose objective correlates are, respec-
tively, the thing named and the states-of-affairs asserted.

3Husserl developed the distinction between sense and denotation independently of Frege. In fact,
both worked within a rich philosophical tradition in which this distinction was, in some form,
already present, sometimes more, sometimes less clearly (see Husserl’s 1st Logical Investigation).
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closed figure in three-dimensional space whose faces are congruent regular poly-
gons and whose polyhedral angles are congruent”. Is the positing enough to grant
the existence of a regular polyhedron? Of course, not. Existence requires that the
positing be consistent, i.e. that the features attributed to regular polyhedra do not
“cancel one another” due to logical inconsistencies (as, for instance, the meaning
“round square”). To be sure that such an object exists, the subject must first verify
that the positing is consistent with itself.

But there is more to existence than the internal consistency of the intentional
meaning. The intended object “regular polyhedron” is meant as a body in Euclidean
space, and hence must accord with this intentional meaning; it exists only if its
existence as a member of that category of being is not ruled out. In other words, the
positing must also be externally consistent. Now, given that the category of Euclidean
objects is meant as an objectively complete category of being, anything exists
therein whose non-existence is logically ruled out (I will have much more to say
about this later).?

But showing that the object exists as meant is not the same as intuiting the object
as meant. It suffices for a proof of existence to show that the object meant can ide-
ally, in principle, be intuited, even if the subject cannot put itself in the position of
actually eliciting the relevant intuitive experience. However, to know that some-
thing can ideally be an object of presentation is already a form of knowledge. It is,
to use a Kantian jargon with a somewhat different meaning, an anticipation of (intu-
itive) experience.

But the subject can also present, say, a cube to consciousness (by abstracting and
idealizing from actually perceived or imagined cubes of the real world) and realize,
by examining this cube (in imagination or in a physical representation of it, by elic-
iting the relevant abstractive and ideational acts by which the geometrical object
proper emerges from the perception of the representing physical object) that it has
the property of regularity. The experience has the form “I see that this cube is a
regular polyhedron” and counts as an intuitive presentation of the cube as a regular
polyhedron. This experience fulfills the anticipation of experience of the consistent
empty positing, providing intuitive knowledge. Intuitive knowledge is a form of
knowledge, maybe a more desirable form of knowledge, but not the only form of
knowledge. The existence of regular polyhedra, in the (classical) mathematical
sense of existence, does not require the intuitive presentation of any regular polyhe-
dron. To believe that it does is confusing two different senses of existence (or dis-
qualifying one of them).

3 Let us consider a more illustrative example, the positing of “the largest prime number”. The
intentional meaning “largest prime number” is consistent with itself, for nothing in the definition
of prime number rules out that there could be a largest one. However, the concept of prime number,
once considered more comprehensively in the larger context of mathematics, requires that there is
no such number. That is, the positing is externally inconsistent. The distinction between internal
and external consistency seems to me necessary so conjectures (either true or false) have a place in
mathematics. The existence of meaningful but false conjectures (such as, for example, “there is a
largest prime”) requires the distinction between internal and external consistency.
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The subject can also represent (or emptily mean) the cube as a regular polygon
(for example, by judging “the cube is a regular polyhedron) without having actually
intuited any cube as a regular polyhedron. There is no a priori guarantee that this act
(the judgment) actually posits an object, the cube as a regular polyhedron. To vali-
date the positing, the subject need not to conjure a cube in intuition and verify its
regularity; it may do so indirectly by verifying, within the context of Euclidean
geometry, that the characteristic features of cubes logically imply their regularity.
By being thus validated, the experience is a positing experience; the cube can con-
sistently be conceived as a regular polyhedron. This experience enriches the sub-
ject’s stock of knowledge about the cube, but it is not intuitive knowledge. It is,
again, an anticipation of experience; the subject knows that any cube that can pres-
ent itself to intuition can do so as a regular polyhedron, although it can also present
itself in other ways that have nothing to do with regularity (for example, as a hexa-
hedron), even if no cube ever actually presents itself as such to consciousness.

The subject can also validate the positing of the cube as a regular polyhedron by
actually presenting a cube to consciousness and somehow experiencing intuitively
its regularity as a necessary property of this cube merely as a cube. By analyzing
this experience, the subject can generalize; by becoming conscious that the particu-
lar cube it experiences is representative of the category of all cubes with respect to
the relevant property, the subject intuits the cube (in general) as a regular polyhe-
dron. This complex experience counts as the intuition of a general fact: all cubes are
regular. The intuitive experience of all is not the experience of every, but the intuitive
experience of a specimen and the reflexive experience that the particularities of the
specimen are irrelevant to the property in question. This second, dependent act is
called generalization.® The complete experience counts as the intuitive fulfillment
of the validated anticipation “the cube as a regular polyhedron”.

Formal and Material Meaning The distinction between formal and material mean-
ing for judgments can be easily drawn. Judgments (or assertions), understood as
objective correlates of acts of judging (or asserting), sometimes also called proposi-
tions, have both a formal (syntactic) and a material (semantic) content. Consider the
assertion (1) “this rose (which I have in my hands now) is red (a red thing)”. The
terms “rose” and “red thing” denote different and definite concepts or categories, of
flowers and of colored things, respectively. The assertion expresses the fact that a
definite object of the first category (this rose here) belongs also to the second. By
completely abstracting from the meaning of “red things” and “rose” as particular
categories, i.e. their material meaning, and keeping in mind only the categorial
nature of the terms, i.e. the fact that they denote categories or concepts, in short,
their formal meaning, “red thing” and “rose” become category-names without defi-
nite denotation and can be substituted in language by symbols of adequate logical
types — in our example, first-order concepts or categories of objects, say R; and R,.

% Since Kant did not accept intuitions-that, only intuitions-of, he did not explain convincingly how
constructions, which are always particulars, can have general validity. How, for example, the con-
struction that brings to light the fact that the internal angles of a particular triangle add to two right
angles can justify asserting this property of a/l triangles?
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The assertion (1), stripped of all material meaning, reads now (2) “this x, which is
an R, is also an R,”, “x” being the name of a generic object, a “something”; (2)
expresses the formal content of (1). From a logical point of view, the difference
between (1) and (2) is essentially one of scope; (1) is true of particular entities, the
object in my hands and the categories “red” and “rose”, (2) is not in itself true, but
can be made true by giving the purely formal, materially empty symbols x, R; and
R, adequate arbitrary material contents (interpretations). (2) is true of more situa-
tions than (1), but these situations are all expressed by formally equivalent asser-
tions, they all have the same logical form expressed by (2). Two assertions have,
independently of their logical value (true or false), the same logical form if they are
identical if stripped of material sense. Formal abstraction, as Husserl conceives it is
not a search for some hidden, supposedly true logical form, such as, for example,
Russell’s analysis of descriptions. For Husserl, logical form is superficial and
appears as soon as the reference of non-logical terms is obliterated.*°

Although x, R; and R, do not denote anything in particular, they are meant to
stand for things of definite ontological types; x denotes individuals, R; and R,, first-
order concepts or, extensionally, categories of individuals. Not any concatenation of
symbols, however, expresses a logically valid logical form; to do so, they must
accord to a priori syntactic rules of combinations of logical types. A valid logical
form is a form that obeys the a priori rules of logical grammar, the grammar of logi-
cal types (for instance, objects can fall under first-order concepts or belong to first-
order categories, but not the converse). An assertion is formally (syntactically)
meaningful if its logical form is a valid logical form. However, a formally meaning-
ful assertion may not express a possible fact and, then, have a definite, although
maybe unknown, logical value, for example, (3) “this pain is green”. (3) and (1)
have the same logical form (2), and are, then, formally equivalent, but (1) is, sup-
posedly, true, and (3) meaningless. Assertions must be meaningful in still another
sense to qualify as proper judgments, judgments capable, that is, of a definite, but
maybe unknown truth-value (either true or false).

Husserl calls this the material meaning of the assertion. Whereas “red” and
“rose” can be attributed to the same object, i.e. they are materially compatible,
“pain” and “green” cannot, they are materially incompatible, and this is not a matter
of fact, but right. It is a priori true, or so Husserl thinks, that “pain” and “green” are
incompatible (this is an example of a phenomenological synthetic a priori truth).
Ontological types are submitted to a priori rules to the same extent that logical types
are; judgments that conform to the a priori grammar of ontological types are materi-
ally meaningful. Judgments are meaningful simpliciter when they are both formally
and materially meaningful, and only in this case they possess definite, although
maybe unknown and effectively unknowable, truth-values. For Husserl, it befalls on
formal logic the task of investigating both logical and formal-ontological catego-

Tt is a task for formal logic, logical grammar in particular, to determine which terms are logical.
The main feature of the logical being universality.
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ries; a task, respectively, for formal apophantics and formal ontology.*'Material
ontological categories, such as “rose” and “red” have their a priori truths too, that
regional ontologies must disclose. Husserl uses Cartesian terminology in this con-
text to mark an important distinction. As he says in LI VI chap. 8 § 63, “the realm of
meaning is [...] much wider than that of intuition [...]”. Although formal meaning
prevents nonsense (Unsinn), it does not rule out the possibility of counter-sense
(Widersinn), which only material meaning guarantees. An assertion with both for-
mal and material meaning, exhibiting in Husserl’s terminology the evidence of dis-
tinction, is in principle capable of being true or false. This is the definition itself of
the notion of possession in principle of a definite, maybe unknown, truth-value.
When a truth-value is effectively determined based on an intuitive experience,
Husserl says the assertion has been clarified. Often, the term “clear” is reserved for
true in face of confirming evidence. In this sense, in the spirit of Descartes, distinc-
tion and clarity are indeed the characteristic notes of intuitive truth.

Now, according to the expressivity thesis, intentional meanings can be linguisti-
cally expressed, that is, expressed in judgments. In this sense, positing acts come with
a theory, i.e. a collection of assertions that are true of the object posited. This “inten-
tional theory”, let us call it so, is posited concomitantly with its object, the object
which the theory is true of. The logical consistency of this theory, internal and exter-
nal, is the necessary and sufficient condition of existence of the object as posited.
Suppose, for example, that an empirical object is perceived. The perception justifies a
series of assertions about the object perceived, including that it is an object of percep-
tion (not illusion or hallucination); these assertions constitute the intentional meaning
of the perceptual experience linguistically expressed. The object exists as an object of
perception, and then as an object of the empirical world, provided these assertions are
consistent with one another as well as the ideally complete system of perceptions.
Objects of perception exist insofar as their positing remains consistent with the whole
system of perceptions. In a formula, empirical reality is the maximal system of coher-
ent objectively valid perceptions in principle experienceable. There is no room here
for the Kantian distinction between noumenal and phenomenal realities. The phenom-
enological noumenal is only the ideal limit of the phenomenal.

The intentional theory, devoid of material meaning or, in Husserlian terms, for-
mally abstracted, expresses the formal meaning attached to the object posited.
Consider, for example, the already discussed semi-intuitive positing of the closed
domain of finite cardinal numbers. The theory attached to this positing tells what a
finite cardinal number is as posited in the experience. As we have seen, cardinal
numbers are ideal abstract quantitative forms, answers to the question “how many?”’
However, the mathematician is not in general interested in what numbers are, but in
how they behave operationally, their operational properties, which are formal in the
sense that materially different objects can also display them. From a mathematical
perspective, numerical domains are operational domains. The object “finite cardinal
number” can be adequately captured mathematically by what is called second-order
Dedekind-Peano theory. Numbers have both material and formal aspects; the first

“'Formal ontological categories are those that apply to objects merely as such, without further
material specifications. See Logical Investigation VI, chap. 8.
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has to do with numbers as the objects they are, namely, ideal abstract quantitative
forms; the second, with numbers merely as bearers of properties or attributes, in
particular operational properties, that they share with objects of different natures. It
is methodologically relevant that materially different things can behave in formally
identical or similar ways, for this already throws some light on the wide applicabil-
ity of mathematics. It also explains why mathematical objects can be so easily
reconceptualized by leaving behind material meaning for which mathematics has no
use. For the sake of phenomenological purity, however, one must distinguish what a
thing is (the material meaning) from how it behaves operationally (which is part of
its formal meaning), although we may be interested, as in mathematics, only in the
properties the object has simply as an object upon which one operates.

The intentional theory associated with the positing of the realm of finite cardinal
numbers is an interpreted theory to the extent that it expresses aspects of this domain
as originally given in the positing experience. The meaning expressed by Dedekind-
Peano theory is material only to the extent that it is attached as intentional meaning
to a definite entity, the natural numbers as intended in the positing experience. An
interpreted theory expresses material meaning, or part of the material meaning of
the object to which it refers insofar as it refers to this object. As soon as the theory
is formally abstracted, it no longer refers to anything determinate. Nonetheless, it
still expresses something, namely, the formal meaning attached to the object to
which it originally referred. But not exclusively, since the formally abstracted the-
ory expresses also the formal meaning attached to any object that happens to have
the same formal meaning of the object originally associated with it. Formal mean-
ing materializes as material meaning when associated with a specific object either
intuitively or only conceptually determined. In the example above, the domain of
natural numbers given in semi-intuition.

I will come back to this issue in details later, but an important point can be made
here. The fact that different intentional objects can be formally similar in relevant
ways justifies a powerful method of mathematical investigation. To the extent that
only the formal is of interest to mathematics, one may formally explore an object by
exploring another (let us call it the avatar) that happens to share enough formal
properties with the original object, and then transferring to this object what was
disclosed in the investigation of the avatar, or part of it anyway. The method can be
very useful if the avatar is cognitively more accessible than the original object.
Provided we are interested only on the formal aspects of some object (i.e. we are not
interested in this object particularly, only on its properties regardless of which object
presents them) mathematics can be a useful method of investigation of this object
by providing avatars with a sufficient degree of formal similarity with it. In this,
essentially, resides the reason for the wide applicability of mathematics in daily life
and science. Formal truths are materialized by receiving a material content, i.e. by
interpretation.

By investigating an object, intuitively if the object is intuitively given or by logi-
cally deriving the consequences of the meaning intentionally attached to it, no mat-
ter how the object is given, we develop the theory of the object, whose assertions are
true, and a fortiori meaningful of the object in question. These assertions are material
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in the sense that they are properties of a specific object, but also formal in the sense
that they can, by being formally abstracted and reinterpreted (i.e. given another
material content), be true of other objects as well. Essentially, material and formal
truths are truths displayed by, respectively, interpreted and non-interpreted true
assertions. A formal truth is a formally abstracted material truth. A material truth is
an interpreted formal truth. We can define formal and material knowledge and for-
mal and material sciences likewise. In short, material involves specificity of denota-
tion; formal does not. Mathematics is a formal science to the extent that it really
does not matter what it is talking about, only what it is saying about this object that
is also true of other objects. A formal science does not care for any particular domain
of objects, only for the properties that a domain has but that different domains may
also have. Material sciences, on the other hand, such as, say, zoology, cannot ever
lose sight of the specificity of their object, animals in this case; not out of principle,
but because it must constantly return to them for insights. If a domain of the empiri-
cal world could offer itself completely in original giveness, for example, in intuition,
the investigation of this domain could be carried out, as in formal sciences, by logi-
cally unpacking the meaning associated with it in the original positing act. If the
meaning “animal”, for example, could be completely unveiled, zoology could be
formalized, i.e. formally abstracted (and eventually axiomatized). Zoologists needed
no longer, ever, look at animals; they could confine themselves to their offices,
examining all the logical consequences of the supposedly completely disclosed
meaning “animal”. Better, they could turn to any theory that happened to be logi-
cally equivalent to the original theory; the conclusions arrived at by investigating
this “avatar theory” could be immediately transferred to zoology. Only a change of
objective focus would be required.

Intuition This is probably the most misunderstood aspect of Husserl’s phenome-
nology, when it should be one of the easiest to grasp. In a little book entitled
Intuicion y Razon,* particularly §2.4, Mario Bunge endorses almost every possible
misconception concerning Husserl’s notion of intuition, particularly the intuition of
essences (Wesensschau). Here are some: Husserl is an old-fashioned essentialist
(together with Plato and Aristotle); essential intuition requires a special faculty of
the mind, the intellect must be capable of performing certain “purifying” operations
in order to intuit certain types of objects, essences in particular; the knowledge of
essences is independent of factual knowledge; essential intuition provides synthetic
a priori knowledge, which is immune to experience even when referring to the
empirical world; intuitive knowledge is apodictic, i.e. necessarily true; intuition is a
sort of contemplation. Bunge was not the first to bash Husserl’s notion of intuition;
Frege in his notoriously unfair critique of Philosophy of Arithmetic (Frege 1984)
preceded him. Bunge and Frege either have not read Husserl at all or have, but with
all sorts of prejudices and preconceptions in mind.

Anyone capable of distinguishing between seeing a person and designating her
in absentia by a name, or see the difference between perceiving a thing and becoming

“Bunge 1986.
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acquainted with it through descriptions, and the difference in epistemic accessibility
that these differences make can appreciate Husserl’s conception of intuition. It is
nothing more nor less than the generalization to all intentional acts of the notion of
sensorial perception. Suppose one looks at a red flag and sees the redness of the flag,
or that the flag is red. Then, Husserl claims, one has seen, respectively, a dependent
moment (or aspect) of the flag and a state-of-affairs of the world. Both are, obvi-
ously, perceptual experiences. One actually sees the moment and the state-of-affairs;
both are empirical entities. But the seeing is not in either case a passive experience,
for the sensorial stimulus on which they are grounded, the red flag, are rigorously
the same. One can look at a red flag and see a piece of cloth, or a flag, or the redness
of the flag, or that the flag is red. Each is a different intentional experience; each
elaborates the sensorial stimulus or hyletic data, the red flag merely as a complex of
sensations, differently. Now, since the same sensorial matter can elicit different per-
ceptual experiences, there must be non-sensorial components in the perception of
things like aspects and state-of-affairs. For Husserl, the difference lies in intentional
action. The hyletic sensorial material is intentionally elaborated in different ways to
produce different perceptual experiences. Perceiving is not a passive experience (for
precisely this reason, intentional experiences in general are called acts). In a for-
mula, perceiving is already a form of thinking. What is true of perception is true for
intuitions in general, for intuiting is perceiving.

As previously clarified, intentional acts have a typical polarity, the subjective
pole and the objective pole; the former undergoes the experience, the latter is the
intentional content of the experience. The intentional object, with its characteristic
sense of being is not in general a mental entity (unless a mental entity, a longing or
a pain, for example, is meant), a copy, or a representation of something “out there”.
In perception, which is a particular intentional act,* the intentional object is that
which is perceived itself, not a mental copy of it. In our examples, the cloth, the flag,
the redness of the flag, or the fact that the flag is red, all entities of empirical reality;
they occupy a place in space, can be destroyed by fire, had an origin and probably
will have an end.

Frege grossly misinterprets Husserl’s theory of abstraction, which requires that
an intentional act be performed for the intuition of the redness of the flag, along
naturalist (in this case psychologist) lines.* Frege believes that, for Husserl, abstrac-
tion is a mental operation acting on mental representations, the famous “chemistry”
he ridicules. This is a serious misunderstanding for abstraction has nothing to do
with mental representations. It is instead an adjustment of intentional focus. It is a
way of seeing in which an abstract (i.e. non-independent) aspect of a whole, not the
whole, occupies the intentional focus. The matter of the intentional action is the
whole itself, not a mental representation of it; the action is intentional, not real.

“3For Husserl, the infra-conscious levels of perception, closer to the sensorial given, are not, for not
being fully conscious, strictly speaking intentional. But when higher-level intentional acts such as
abstracting or judging are involved, perception is a truly intentional act.

“In her “Frege’s Attack on Husserl and Cantor” (Hill and Rosado Haddock 2000, pp. 95-107),
Claire Hill argues that, in fact, through Husserl, Frege is in fact aiming at Cantor.
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Anything that is “bodily” present, anything that the subject is conscious of as
standing before it, not indirectly meant or intended, is intuited, for intuition is noth-
ing more than presentification. The intuited object, however, as already stressed, is
not immanent in the real act; that is, it presents itself, but not as a real component
of the act. There are different intuitive experiences, and they can be iterated. I have
just mentioned abstraction, there is also ideation. One may look at a red flag and
intuit in it not simply the redness of this particular flag, but redness in general. “The
flag is red”, one may say upon looking at a red flag, not meaning that the flag has a
particular shade of red but that it is red in a generic sense. In other words, the flag
can presentify, by a convenient “way of seeing”, redness in general or the idea of
red. In this experience, the red flag, or better, the redness of this particular flag
stands for the idea “red in general”. Redness, of course, is not an empirical, but an
ideal object, whose presentation requires, first, the sensorial perception of a red
object, in actual perception or in imagination; then, by abstraction, the perception
of the particular red of the object; and finally, by ideation, the idea of redness in
general. Perception, abstraction and ideation in sequence, all forms of intuition; in
each act an object is given which serves as the matter that the following act inten-
tionally elaborates into its own object.*

Husserl believes that intuitions are the most important form of intentional experi-
ences and that they play a fundamental role in knowledge, including mathematics.
But one must carefully distinguish Husserl’s from Brouwer’s intuitionism. From the
phenomenological perspective, Brouwer’s intuitionism is a form of psychologism
(and then naturalism) that misinterprets intuitions, mathematical intuitions in par-
ticular, as mental experiences. For intuitionists, the object of intuition is immanent
in the experience of intuition; it is a real component of it, a mental object. For
Husserl, contrariwise, the objects of mathematical intuition are mathematical
objects proper; ideal, non-spatial, non-temporal, objective, transcendent objects,
which however require intentional acts such as abstraction and ideation to come into
being. Here is an example. One can draw a triangle on the blackboard and see it as
a roughly triangular physical object. One can also look at it and see its (roughly)
triangular form. This requires abstraction, whose intentional object is the visible
triangular form of the object on the board. Proto-geometrical forms, like the actual
forms of physical objects, “rough” by comparison with ideal geometrical forms, are
abstract objects.

Now, different objects can have the same proto-geometrical form. By “same”
form, I mean, in this case, that the objects can be (more or less) exactly superposed.
Sameness of forms does not require that one actually moves and superimposes the
objects, only that this can in principle be done. Sameness is not, in this case, iden-
tity; as moments of physical objects, proto-geometrical forms are different if the
objects in which they are instantiated are different. For this reason, I call them

“The intuition of the ideal, however, does not require perception necessarily; we could have imag-
ined a red flag instead of perceiving one. Imagination is also a form of presentification and can in
the intuition of the ideal substitute perception proper.
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proto-geometrical; they are not yet mathematical entities proper; in fact, they are
still empirical objects.

Now, by an act of ideation the subject can see all equal forms as identical, i.e.
mere manifestations of the same ideal form. The triangular form of the object on the
board is now merely the instantiation of an idea. The idealized object is no longer
an object of this world, although its instantiations are. A mathematician would say
that the ideal form is the class of equivalence of all equal forms, and would maybe
represent it as a set. But this is only a representation, nothing more. Seen in phenom-
enological clarity, the ideal form is an object that has all and only those properties
that all equal forms have in common (which does not include, for example, spatial
location). By attributing to a particular form (an instantiation of the ideal form)
only the attributes that it shares with all forms similar to it, one is treating this par-
ticular form as the ideal form it instantiates. In a sense, ideation is the act of consid-
ering only what is generic in the particular.

Plato would say that similar individual forms partake in the ideal form; mathe-
maticians that the former belong to the latter. This is irrelevant, if one sees the
essential, that ideation requires intentional action. There would be no problem in
saying, with Plato, that ideas exist sub species aeternitatis in a world of their own,
but this would be only a way of speaking that would not, under the action of the
epoché, have any bearing on reality outside the intentional realm. Noetically, ideas
are ego-dependent, even if noematically they may be conceived as ego-independent.
The meaning “realm of beings existing in and for themselves” is, as any other (for
meaning always emanates from subjectivity), an intentional meaning.*

However, the ideal form of the triangular figure on the board is not yet a mathe-
matical idea. To get one, the ego must experience the form on the board as a math-
ematical triangle.*’ The rough triangular form must be intentionally exactified and
seen as a triangle proper. This requires a specific intentional act. It may involve, on
the noetic dimension, a mental operation, if the ego happens to be a mind, or a cer-
tain disposition, a common “way of seeing” shared by the collectivity of individuals
that play the role of the intentional ego. A physical triangle can be taken as a math-
ematical triangle only if it is seen “as if” it really satisfied the mathematical defini-
tion of triangle, even though it does it only approximately. Properties that a particular
physical triangle possesses only approximately can be taken as properties of math-
ematical triangles in general only if they enjoy a kind of robustness relative to arbi-
trary triangularity-preserving transformations of the physical triangle. In particular,
a certain class of properties of one particular triangular figure can be taken as prop-
erties of a particular mathematical triangle, the idealized (exactified) form of this

“This has an important consequence; phenomenology can safeguard a Platonist way of seeing
without embracing Platonism as a theory. Some phenomenologists have called this non-naive
Platonism. I call it, as I already did, Platonism between brackets, “Platonism”.

#7One takes an object as a mathematical object when one attributes to this object only the proper-
ties of the mathematical object one takes it to be (even if it has these properties only approxi-
mately). But I am not particularly concerned with this question; I only want to emphasize the fact
that whatever “taken as” is, it is an intentional act.
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physical triangle, if these properties are robust under arbitrary (roughly) congruent
transformations of the original figure. A property is robust under a series of trans-
formations (triangularity-preserving or congruent transformations) if all the physi-
cal objects in the series possess to a reasonable degree of approximation the same
property.* The verification that the properties of a physical triangle are robust does
not require that all the transformations be actually performed; it is enough for the
ego to perceive that pertinent relations among the elements of the triangle on which
the property in question depends will necessarily be preserved. For example, one
may intuit that the internal angles of any mathematical triangle sum two right angles
(mathematical intuition) by perceiving (physical intuition) that this is (approxi-
mately) true for a particular physical triangle and, by arbitrarily transforming in
imagination the given triangle into another triangle (a triangularity-preserving
transformation), that this will necessarily remain (approximately) true. Many sub-
sidiary acts are involved in this and similar acts of mathematical intuition based on
sensorial perception: a (finite) series of sensorial (visual) perceptions and the intu-
ition, based on these experiences, of a fact, namely, that the relevant property is
necessarily robust along the entire series of transformations.

The mathematical triangle is neither a physical nor a mental object; rather, it is a
non-real, transcendent and objectively existing entity. Abstraction, idealization and
similar acts are not mental operations on mental representations, as Frege thought,
but intentional acts, which may involve, on the noetic side, mental operations, but
whose objects are extra-mental entities, such as forms and ideas.® It is not a task for
phenomenology to investigate the real dynamics of constituting acts; this belongs to
empirical science, psychology or cognitive science. The philosophically relevant
fact is that the ego can intuit a geometrical triangle and geometrical properties of
this triangle, or triangles in general, on the basis of a roughly triangular figure in
actual perception or imagination. This explains why diagrams and other forms of
graphic representation are so efficient instruments of mathematical reasoning.

8 As is clear, form-preserving (congruent) transformations constitute a proper subclass of triangu-
larity-preservation transformations.

# Aristotelian empiricists might approach the matter from a different perspective. Suppose a
denotes a triangular figure (a physical triangle) and P a property of a. By definition, P belongs to
a as a mathematical triangle if for any physical object x, if x has P, then x is also triangular. Now,
one can define a mathematical triangle as the “equivalence class” of all (roughly) congruent trian-
gular figures. Any P that belongs to an element of the equivalence class as a triangle belongs also
to all elements of the class as triangles, for they are all (roughly) congruent. The mathematical
triangle that this class represents has all and only the properties that any element of the class has as
a triangle. The empiricist can then take the mathematical triangle as only a facon de parler. But this
would be a falsification of the mathematical experience. Mathematics posits ideal objects as ideal
objects, not merely as ways of referring generically to physical objects. Neither Plato nor Aristotle
are completely right or completely wrong. Geometrical forms are (with Plato) ideal, but (against
Plato) they are not ego-independent. Geometrical forms are abstract aspects of actually or possibly
existing physical objects (with Aristotle), but (against Aristotle) ideal forms have a sense of exis-
tence that is not that of real entities, although they may be or are, as in the geometrical case, con-
stituted in acts whose matter are real objects.
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Besides objects, relations among objects can also be intuited. Husserl calls intu-
itions of the categorial, relational and syntagorematic elements of structured com-
plexes of objects categorial intuition. When one sees the book on the table, one does
not only see the table and see the book, but the book on the table. The categorial
component of the state-of-affairs, expressed by the preposition “on” belongs, as a
component, to the perception. When one perceives a book and a table, one does not
only perceive a book and perceive a table, but the book and the table. The conjunc-
tion is also an object of perception. Analogously, one can perceive the book and the
table as a single object against the background of their environment; this is the
perception of the collective {table, book}, a higher-level entity vis-a-vis its ele-
ments but still an object of physical reality and visual perception. One can perceive
the book on the table without perceiving that the book is on the table and asserting
it, i.e. the higher-level judicative act may be missing. By performing it, the ego
elevates itself to a higher level of involvement with the world. Judging with clarity
is judging on the basis of the intuition of the content of the judgment; the clear judg-
ment “the book is on the table” requires the perception of the book on the table, but
the judgment posits a different object, namely, the state-of-affairs that the book is
on the table (the ego can also judge without clarity, i.e. without the accompanying
intuition of the content of the judgment, but insofar as the judgment is meaningful,
it is a distinct judgment whose object is a state-of-affairs in principle intuitable). In
all these acts, the perceptions of the book and the table, the book on the table, the
collection {table, book} or the state-of-affairs that the book is on the table, the
hyletic, or purely sensorial matter is always the same, a book, a table; the difference
is the categorial component, ... and ....; ... ison ...; {..., ...}, that (....ison ...),
which are also objects of intuition.*

Essences can also be intuited. But we must be clear about what essences and
essential intuition are to avoid misunderstanding. Essentialism is the metaphysical
view for which objects have certain properties, the so-called essential properties,
which they must necessarily have in order to be what they are. Transcendental phe-
nomenology operates a change of perspective, from what objects are (in themselves)
to how objects are meant to be (for the intentional ego); so, the essence of an object
is not in it, metaphysically speaking, but in how it is conceived to be — the essence
is phenomenologically in the object. Transcendental phenomenology cannot inquire
science or a supposedly independent reality to know in what the metaphysical
essence of an object consists, epoché forbids it. Phenomenology has access only to
the phenomenon, the objects as meant, and can only ask which properties the object
must have to be as it is meant to be. To answer this question the phenomenologist
has only to inquire the phenomenon itself. In a somewhat risky, but valid parallel, to
ask for the phenomenological essence of an object is like asking for the meaning of
a word. What in the intentional meaning associated to this object as it appears to the
ego is necessarily required for it to appear as this object (or an object of its type) in
any possible appearing of it? Asking for the phenomenological essence of a thing,

For detailed analyses of the relations between judging and experiencing (perceiving, in particu-
lar) see Husserl 1973.



40 2 Phenomenology

in short, is asking for what it means to be this thing.’! Phenomenology has some-
thing to say about phenomenological essences, but nothing about metaphysical
essences. Hence, phenomenology is not essentialist in the traditional metaphysical
sense of the term. Those, like Bunge, who believed that Husserl was a metaphysical
essentialist, have simply not understood the meaning and scope of
phenomenology.

We can understand now how, according to Husserl, essences can be intuited by
what he calls eidetic or essential intuition. The process is called imaginative varia-
tion. It starts by conjuring the object on whose essence one is interested, either actu-
ally or in imagination. It does not matter, for imagination is also a form of
presentification. The object will present itself with a certain sense, which we can
(expressivity thesis) render as a set of assertions true of the object. Imaginative
variation proper starts now; for each assertion p true of the object, the ego must
imagine a presentation of the object such that not-p. By so doing, the ego is forcing,
so to speak, the object to present itself with a different meaning. If this cannot be
done, due not to debilities in the power of imagination of the ego, but to objective
impossibility. If the “I cannot” is irremovable, then the object must be such that p to
present itself as the object it is. In other words, p expresses an aspect of the essential
core of meaning of the object. By going through assertions true of the object in the
original presentation, the ego can eventually disclosure the phenomenological
essence of the object. There is nothing particularly mysterious or metaphysically
compromising in the process.

In general, the process has a different dynamics. The ego submits the object in
imagination to arbitrary variations, looking for lines of tension and resistance. The
ego tests, in imagination, different possibilities of variation in the search for the
limits of variability. In a sense, the process resembles proofs by contradiction; one
tries to conjure a counter-factual presentation of a given object and sees if one suc-
ceeds. If one does, that which the counter-factual presentation cancels is not an
essential aspect of the object in question. Once the field of variability of the object
as meant is, so to speak, mapped, its phenomenological essence comes out clearly.
In short, essential intuition consists in verifying what in a particular presentation of
an object has, by necessity, universal validity, which must appear in any presenta-
tion of the object.

For example, imagine a color, any color. The conjured color impression certainly
has spatial extension. Must it? Can you make it extensionless in imagination? You
can change the impression in imagination in many ways, by changing its hue, inten-
sity or luminosity. All this is possible — which, incidentally, indicates that the par-
ticular hue, intensity and luminosity of the original color impression are not essential
aspects of the eidos “color”. Colors can come in different hues, intensities and lumi-
nosities. But no matter how you try, you will not be able to conjure a color impression

SI'This is why it is so easy to change the question as to the meaning of an object into the question
as to meaning of the word that denotes it, as analytic philosophers do. But whereas phenomenolo-
gists only need to inquire the phenomenon, analytic philosophers must step outside the intentional
experience and inquire linguistic usage. See da Silva 2016b.
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that does not occupy a region of space (or, for that matter, has no hue, intensity or
luminosity). Therefore, extension is a phenomenological or intentional essential
property of color impressions.

The truth “no color without a colored extension”, then, imposes itself with apo-
dictic evidence. For Husserl, since truths of this type are not logical laws or instances
of logical laws, nor empirical truths, they are, he claims, synthetic a priori.*?
Analytic philosophers, however, who due to empiricist prejudices abhor the syn-
thetic a priori, believe that truths of this type are due exclusively to the meaning of
words, being, then, analytic. The problem with this approach is that meaning has to
do with linguistic usage and, as such, it is factual and does not touch essential mat-
ters. A word just happens to have a certain meaning, which can change in time or
depend on the context. Necessity, however, cuts deeper than usage; it has to do with
intentional constitution. Linguistic practices only acquire a dimension of neces-
sity — for example, one cannot use the word “color” for a property of anything
extensionless — if based on relevant essential attributes of things named — the eidos
“color” in our example. Otherwise, it is only a matter of contingent convention.

Names are indicators that, according to Husserl, have meaning too, which dif-
ferentiates them from mere signs.>® The meaning of a name allows it to refer to an
object; the name refers because it is meaningful and by means of its meaning.>* Like
anything else, names are infused with meaning in intentional acts. However, the
meaning of the name does not necessarily coincide with the intentional meaning
attached to the object itself. The meaning of a name has the task of allowing the
name to indicate, denote or singularize its object, nothing more; the intentional
meaning of an object tells what the object is (or is intended to be). Essential intu-
ition, as understood phenomenologically, unveils the phenomenological essence of
things, which may have little or nothing to do with the meaning of their names.

Another Husserlian example of a synthetic a priori truth, still related to colors, is
the following: (1) “no two different colors can cover the same extension all over
simultaneously”. Again, this truth expresses an essential necessity unveiled in
essential intuition. It is immaterial whether this is so because of the peculiarities of
how humans perceive colors. We could, after all, see distinctively two different col-
ors, one superposing the other, just as we can hear all the notes of a chord distinc-
tively. But this does not make (1) an empirical truth, since its justification does not
require experience. Analytic philosophers think that (1) is an analytic truth, resting
exclusively on the meaning of words; it is, supposedly, a “grammatical rule” con-
cerning the meaning of “color”, telling us how to use this word properly. The fact,
however, is that we do not experience impossibility by trying to use words with
meanings different from those they have; we may not be understood, but we can do
it. We cannot, however, experience, not even in imagination, an extension covered

2See da Silva 2016b.
33 See Husserl’s 1st Logical Investigation, entitled “Expression and Meaning”.

*We must allow also for signs that denote directly by convention and, I believe, indexicals, such
as “this”, “that” or “I”, which have, for Husserl, a meaning that, however, is only completely deter-
mined in a context of use.
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all over simultaneously with two different colors. Reducing phenomenological
necessity to linguistic usage misses an important aspect of the phenomenon:
necessity.

The notion of essential intuition has an important place in Husserl’s approach to
mathematics and it will be relevant in mine as well. An example is in order. I have
already shown that numbers are abstract forms that can be intuited by considering
given collections of objects, no matter which objects they are or how they present
themselves to us. Cardinal numbers, Husserl thinks, in accordance with Plato, are
collections of undifferentiated units. As already discussed, intuiting numbers
requires abstraction. Conceiving different objects as units is not the solvent Frege
ridiculed; it does not change them in the least, they are still different objects, only
considered under the concept of “something”. In counting, objects are conceived as
units (things whatsoever) just as people in a plane are conceived as passengers, and
treated likewise (only more decently than passengers).

Now, one can vary quantitatively in imagination any given collection of things
and, by abstraction, intuit different numbers. But not all; from some point on, when
they become sufficiently large, collections can no longer be clearly differentiated
and adequately intuited. But, as I have already said, the ego can still intuit that it can
in principle enlarge quantitatively a collection arbitrarily; Husserl, as I said before,
called such “I can in principle go on forever” the idealization of the “and so on”.%
A generative process comes then clearly to consciousness, by which numbers can in
principle be intuited (every time I say “in principle” idealization is at work). The
ego can now inquire the process intuitively presented to it. What does it find therein?
Many things, for example, that (1) the process has an inferior limit, when the collec-
tion undergoing imaginative variation has no elements, no further element can be
removed; (2) the minimum quantum of variation is one unit; (3) the process can go
on “forever”, by augmenting the collection an unit at a time indefinitely. A new
object emerges in intuition by reflecting on this generative process, namely, the
series of quantitative forms (numbers). The ego can also reflect on the meaning it
associates to “forever”. It may become clear to it in reflection that “forever” means
“provided one could, from any given point in the series, in finitely many steps, come
back to the initial point by subtracting units one at a time; one can undo what one
has done”. This intentional meaning attached to the object “series of finite cardinal
numbers” is faithfully and fully expressed by the well-known second order axioms
of Dedekind-Peano (the last remark would come out as the axiom of induction). Or,
alternatively, a relation among finite cardinal numbers, induced by the process of
number generation, is intuited; together with the basic truths about it expressed as a
system of axioms.

However, the intuition of either the process of number generation or the relation
among numbers is not the intuition of the concept of finite cardinal number. To
intuit this concept, it suffices to vary a number in imagination and verify that all the
legitimate variations are still quantitative forms. Therefore, numbers are essentially
quantitative forms. An important thing must be kept in mind; one can intuit a

> See Husserl 1969, §74.
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concept without intuiting every one of the objects that fall under it. Intuiting a con-
cept is not tantamount to intuiting its extension, but its intension. Exploring imagi-
natively the extension is only a form of grabbing intension. As far as the generative
process is concerned, one may disclose sufficient intentional meaning by seeing
how the process operates on a few instances only. By reflecting on the generative
principle (reflection is an intentional act whose matter is another act) the ego can
disclose those aspects of the intentional meaning attached to the concept of number
that have to do with how numbers relate to one another operationally.

However, and this must also be kept in mind, even when no such generative pro-
cess is available, imaginative variation and conceptual intuition are still possible.
Varying freely in imagination an exemplar of a concept may be sufficient for the ego
to intuit, without having to go through each and every exemplar, patterns according
to which the variation can in principle go on indefinitely. Reflection of these pat-
terns allows the ego to realize which traits the concept can and which it cannot fail
to display, thus bringing to consciousness the concept itself and its essential charac-
teristic notes.

Intermezzo Let us pause for a moment to reflect. Those who subscribe to philo-
sophical naturalism and consequently refuse to take the phenomenological stand-
point may mistake my analyses of intuition for an exercise in a priori pure psychology
or an attempt at disclosing hidden motifs of actual historical developments. They,
however, would be wrong; phenomenological analyses, even when focused on the
noetic dimension of the intentional experience, are not psychological, for the ego,
the locus of noeses, is not necessarily a mind. Moreover, transcendental history, the
chronicle of the intentional acts involved in the constitution of intentional objects, is
not factual history. Mathematical intuition is no more mysterious a phenomenon
than sensorial perception; to perceive a number or a concept is not essentially dif-
ferent from perceiving beauty in a beautiful flower. Clarifying the concept of math-
ematical intuition, or mathematical positing experiences in general have obvious
philosophical interest; they offer a standpoint from where to consider certain meta-
physical theses critically. Phenomenology has here a therapeutic role.

Phenomenological constitutive analyses can be misconstrued in at least two
ways. One, by taking the ego as the empirical mind and identifying constitutive acts
to psychological processes of genesis of mental entities. Another, by reverting onto-
logical priorities and seeing constituted noemata (objects and their meanings) as
ego-independent and constitutive processes epistemologically as acts by which the
ego grasps ego-independent entities and facts. The first is the error of Brouwerian
intuitionism; the second, that of Platonism.

Some phenomenologists, who find the transcendental turn unappealing and pre-
fer the first period of Husserl’s philosophy, tend to interpret genetic analyses in
epistemological terms. For them, one can accept the realist presupposition that
mathematical entities and facts are completely ego-independent, but that in order
for the ego to be conscious of them, it must go through “constitutive” experiences;
thus the object-out-there becomes object-for-the-ego. Some have called this non-
naive Platonism, presupposing that naive Platonism does not have at its disposition
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the phenomenological notion of intuition to account for the ego’s access to ego-
independent realms of being. These phenomenologists believe that Husserl’s notion
of intuition offers Platonism a better, more sophisticated notion of intuition.>

Godel, a well-known Platonist influenced by Husserl, probably endorsed so-
called non-naive Platonism or at least has been so interpreted. He famously believed
in a sort of conceptual intuition that would give us access to a supposedly indepen-
dent concept of set and the fundamental truths pertaining to it. He also believed that
set-intuition would eventually help us to make our minds up as to the truth of the
axiom of choice (which he believed to be true) and the continuum hypothesis (which
he thought to be false). He first interpreted this notion naturistically as a superior
form of perception having its locus in the brain close to the centers of language.
Later, after encountering Husserl’s philosophy, he thought that it could provide him
a decent philosophical context where to interpret his notion of conceptual intuition.
But he was never very clear about details.”’

Maybe the weakest spot of mathematical realism (or Platonism) is the problem
of access — how can one access a supposedly independent mathematical realm of
being? I will not go into the details of the access problem here and the many ways
it was approached in the philosophy of mathematics; the history is well known.
Realists believe that facing this problem is the price to pay for enjoying the bene-
fices of realism. But this is a false dilemma, one can have a philosophically more
sophisticated version of Platonism, Platonism between brackets as I have called it,
without any problem of access. But for this we need transcendental phenomenol-
ogy, in a naturalistic version of phenomenology the access problem does not go
away and naturalized phenomenology does not seem to fare much better than “naive
Platonism” in dealing with it.

The problem of access can be definitively solved only by recognizing that there
is no gap between the object of knowledge and the knowing subject. Rather, the
object and the subject are united from the very beginning; in transcendental phe-
nomenology, there is no object that is not an object-for-the-ego and no ego that is
not an object-intending-ego. Transcendental phenomenology subtracts nothing
from the meaning of an object that is conceived as ego-independent; it however sees
ego-independence as an intentional attribute emanating from a meaning-bestowing
ego. In transcendental phenomenology, the problem of access dissolves, giving
place to the problem of intentional constitution.

Although Platonism and intuitionism contain elements of truth, they are one-
sided perspectives. Intuitionism only sees the noetic, the real dimension of constitu-
tion, incorrectly interpreting intentional objects as objects immanent to the noeses
in which they are constituted; Platonism only sees the noematic, wrongly interpret-
ing noemata as ego-independent entities. Only transcendental phenomenology, by
seeing both sides and their intimate connection correctly can offer a way of

% According to Dagfinn F@llesdal, for example, Husserl is a realist in ontology and an idealist in
epistemology. See, for instance, his introduction to Godel 1961 (Godel 1995, p. 372).

37See da Silva 2005.
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surpassing the one-sidedness of naturalist philosophies: noemata are correlate and
do not exist independently of noeses, but are not real constituents of them.

Empty Intending Intuitions are, by definition, acts of presentification, but not all
positing acts are intuitive, there are also purely intentional acts in which objects are
meant but not “bodily” present. Whereas the typical intuitive act has the form “this
x such that M(x)”, where this x stands for something the ego experiences as actually
there, and M(x) expresses the intentional meaning attached to x, the typical purely
intentional act has the form “let x be such that M(x)”, where x stands for something
meant but absent. Objects can also be named concomitantly with their intentional
positing: “this a such that M(a)” or “let a be such that M(a)”, where “a” is the name
of the object intended.

Unlike intuitive experiences, in empty intending the object is not presentified as
existing, only intended as existing. Either type of experience leaves open the pos-
sibility of doubt and cancelation of the positing. The positing of an intuitively given
or emptily intended object can at any moment be either suspended by doubt or nul-
lified by further experiences. Even if the positing act has the character of certainty,
it, together with its character, can be cancelled or nullified, in total or in part: “I was
certain of it, but then I realized that is was not so”. The character of certainty is not
a psychic epiphenomenon of the act but a modalization of the positing. Certainty,
possibility, probability are modes of intentional positing.

As already discussed in the case of perceptions, which are intuitive acts, intu-
itions can only be checked against other intuitions, being thus validated or not.
Further acts of perception, for example, can disclose inconsistencies in the meaning
intentionally attached to the object of a previous act of perception; no object exists
which has both A and not-A, for any property A.*® Inconsistencies immediately can-
cel the positing and the intentional object “vanishes”. In short, things can come in
and out of (intentional) existence. The defining character of a transcendent object,
such as empirical objects, is that they can always present new aspects and so the
possibility is constantly open that they can “vanish”, no matter how many times
their perception was validated. The existence of the posited object, either experi-
enced or only intended, can only be maintained insofar as the intentional meaning
remains consistent and the positing valid. This, I claim, is the true sense of Poincare
or Hilbert’s criterion of existence in mathematics: “to exist is to be free from contra-
diction”. The concept of existence alluded to in this criterion is, of course, that of
intentional existence, namely, that which exists by being meant to exist (but which
really exists if, and only if, its intentional meaning is consistent, both internally and
externally).”

% Not as a matter of fact, but of principle. Self-consistency is a necessary criterion of existence —
nothing exists that can support contradictory attributions; this is part of the meaning of existence,
any type of existence.

1f the positing of either the object a or the object b is consistent, internally and externally, but that
of both a and b is not, the ego is free to posit either a or b, but not both. The extension of the inten-
tional meaning of the domain by the introduction of, say, a into it is valid if consistency is main-
tained, and only until it is maintained. Should an inconsistency follow from introducing a into the
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Intentional existence is directly connected with the possibility in principle of
adequate intuition, where by “adequate” one means intuition in full clarity of the
object precisely as meant — the adequate experience cannot be “improved”. For
example, the memory of an empirical object is a form of intuition, but inadequate
vis-a-vis actual perception. The qualification “in principle” requires explanation. To
say that the ego can in principle intuit an object means simply that the intuitive
experience is not an a priori impossibility, given that no inconsistency in the posit-
ing of the object is manifest. However, it may happen that inconsistencies are hidden
and objects previously meant as capable of manifesting themselves adequately in
intuition eventually reveal themselves as incapable of so doing, vanishing conse-
quently out of existence.5

Recall that intentional meaning can be consistent or inconsistent in two different
ways, internally and externally. If it is internally consistent, no explicit contradic-
tion can be logically derived from the assertions expressing intentional meaning; if
it is externally consistent, the positing of the object is consistent with the meaning
of the ontological category to which it is meant to belong. The meaning attached to
the object must be logically consistent with the meaning attached to objects of the
same type. For example, the positing is not valid which posits an ethical value as
colored. Goodness, for instance, cannot ever present itself to consciousness as
being, say, green (and, as already explained, this is not simply a matter of what
“green” means).

A valid positing can bring into existence things that did not exist until then.
Intentional positing can be, in this sense, creative. One example are creative defini-
tions in mathematics. Suppose, for instance, straight lines in geometrical space
intuitively presented to consciousness through the series of intentional acts required
for this. One can perceive that they stand in different spatial relations with respect
to one another, parallelism in particular. It may then occur to the ego that there is
something that all parallel lines have in common, and call this their common direc-
tion. A new entity is thus brought into consciousness, something that is in some
sense spatial but not in space. But what is this something? It is first a binary relation
among lines in space: two lines either have or do not have the same direction; if they
have, they are parallel lines, and conversely. But it is also an object with properties
of its own; for example, two directions can be perpendicular to each other (if one
line in one direction is, and then all lines are, perpendicular to one, and then all the
lines in the other direction). In projective geometry directions are thought as points
at infinity, lines meet at one of these points if they have the same direction (i.e. are
parallel).

domain, then a does not belong there, but b may. If the domain of objects in question is posited as
objectively complete, the fact as to whether a belongs or not to the domain is objectively decided
(but maybe neither subjectively nor logically decided, in which case the decision stands as an
ideal).

®See for instance Ideas I § 142 for the intimate connection between consistency and existence.
The issue is related to an important question in transcendental logic, the justification of the prin-
ciple of non-contradiction, related to the intentional positing of the concepts of being and reality.
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The definition of direction is a creative definition, in the same family with the
definition of number in Frege or temperature in thermodynamics (temperature is the
quality that all bodies of same temperature have in common; bodies are of same
temperature when they are in thermal equilibrium). Set theory is a very convenient
context for representing these entities, and this accounts for the foundational role
set theory enjoys in mathematics.' Mathematicians typically identify the new
objects with classes of equivalence of old objects, a direction in space being the set
of all parallel lines. However, this representation does not have any serious onto-
logical consequence; directions are not really classes of parallel lines, classes only
provide a manner of representing them set-theoretically by sharing with them the
same relevant formal properties. From the phenomenological perspective, set-
theoretical reductionism is a sort of ontological blindness, a confusion between
what a thing is and how it can be formally represented.

As already mentioned, the identification of an intentional object as the same in
different experiences of it is also an intentional act. It may be founded on total or
partial superposition of intentional meanings, but not necessarily; the object is not
experienced as the same in different experiences of it for necessarily presenting the
same meaning in all these experiences. Two objects, posited with completely differ-
ent meanings, can be identified as the same object. This requires a further act, prop-
erly called identification. Objects of different experiences, with different meanings,
can be identified as the same object even if the act of identification is not motivated
by total or partial identity in the intentional meanings of these objects. The thread
that unifies different experiences as experiences of the same thing is an intentional
element added to these experiences. Identification can be based on shared aspects,
but not necessarily.®? In a sequence of acts of perception of an object from different
perspectives, upon noticing different aspects of it, the ego can see the sequence of
perceptions as the perception of a transformation of the object. Or as a sequence of
perceptions of different objects, a sort of transubstantiation in which the object
changes into other objects. Or as different adumbrations of the same unchanged
object, provided these adumbrations are not inconsistent with one another. Or still
as a combination of change and invariance, the object being partly the same and
partly another along the sequence of perceptions.

' Benacerraf’s error was to presuppose that if numbers are sets they must be definite sets. For one,
numbers are not sets, they can only be represented as sets. Moreover, numbers can be represented
set-theoretically in any convenient way provided the representation is throughout consistent. In
short, 2 can be (interpreted as) either {{0}} or {0, {0}}, although it is neither. Benacerraf pur-
ported to show that since there is no definite way of identifying numbers to sets, numbers are not
sets, and must then be something else. I agree that numbers are not sets, but not for this reason.
Numbers, as we will see later, are an altogether different type of objects, but they are objects,
which can be individually intuited, referred to, named, and conceptually characterized.

©When discussing the idealizing presuppositions behind the principle of identity in his Formal
and Transcendental Logic, Husserl recognizes the “I can always come back to this object in future
experiences” as the noetic correspondent of the noematic meaning “object that can present itself
again to me in future experiences”. The principle of identity is, for Husserl, as we will see later,
rooted in the intentional positing of objects conceived as capable of manifesting themselves as the
same in different intentional experiences.
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The evolution of conceptions, a phenomenon so present in mathematics, is a
phenomenon in general experienced as change coupled with invariance. Our con-
cepts of space and number, for example, have evolved through the history of math-
ematics preserving some of its aspects, losing some, and acquiring some new ones.
The questions “what is a number?” or “what is space?” cannot have definitive
answers and must be contextualized. The tendency among mathematicians is to
offer the last conceptualization as the definitive one, reinterpreting the previous con-
ceptualizations in terms of the most recent one. Therefore, no conceptualization is
definitive; for millennia, numbers were understood as finite until Cantor extended
the concept of number into the transfinite.

These processes are also of interest for transcendental history.®* As I have already
emphasized, transcendental history is not the factual chronicle of historical events
that marked the origin and evolution of this or that conception, but the investigation
of positing acts, both noetically and noematically, in order to identify geneses and
follow eventual changes of intentional meaning. Conceptual evolution is often
“naively” interpreted as a revelation and the new meanings brought to conscious-
ness as discoveries. It is often said that Cantor discovered transfinite numbers when
in fact he only acted as the inductor of a collective process of intentional genesis of
new entities and a new conception of number. Again, here as always phenomenol-
ogy offers an exhaust valve of Platonist pressures.

Truth and Knowledge In his sixth Logical Investigation (§ 39), Husserl introduces
the notion of truth as the correlate of an act of identification, the content of an intu-
ition is identified with that of an empty representation. The act of identification can
be either intuitive or purely intentional. In the first case, the “living experience of
truth”, in the second, the empty representation of truth. Evident truth, i.e. truth as
the content of a truth-experience of intuitive fulfilment of an otherwise empty rep-
resentation, is the most fundamental notion of truth, but not the only one. Truth can
also be merely represented as an ideal, a terminus ad quem towards which the cog-
nizing ego orients its cognizing activity, but which may, nonetheless, elude its best
efforts. There are also partial truths, posited in imperfect truth-experiences, when
intuitive and intentional contents only partially overlap. Husserl accepts both the
notions of ideal and partial truths.

Identity of contents is not an all or nothing matter, there are gradations. Complete
fulfillment of an emptily intended content with an intuitive content is truth with the
highest degree of clarity. One may call such truths apodictic truths. Nothing is miss-
ing in the apodictic experience of truth; that which is emptily meant manifests itself
fully in intuition precisely as it is meant. The ego recognizes in the object presented
in intuition that which he had meant, neither more nor less. Some critics of Husserl,
who do not make the effort to perform the epoché, not even as an exercise of under-
standing if not in seriousness, and measure Husserl’s conception of truth with the
meter of naturalist prejudices, usually misinterpret apodictic truth as certain and
non-revisable truth. The expression of that which simply is, not only that which

9 See Derrida 1989.
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appears in full clarity to be. The concept of apodicticity is, for them, a sign of
Husserl’s epistemological absolutism, the belief that the ego is capable of grasping
truth beyond any possibility of doubt. However, the fact is that although truth expe-
riences may present a perfect covering of an intentional content by another, the
former merely represented, the later intuited, so that no room is left in the experi-
ence for doubt, the ego can always cancel the validity of the whole experience, that
is, the intuitive positing itself, in the light of further experiences. The ego can doubt
its intuitions and eventually cancel intuitive positing or the validity of a truth experi-
ence. Apodicticity belongs to the character of the act and does not have force out-
side the act, which can always be canceled. Putting it in the most prosaic terms, the
ego is entitled to firmly believe its intuitions (for example, perceptions) and the
(apodictic) truths based on them, without restrictions, until a force majeure (for
example, further perceptions) forces it to reconsider.

Adequate intuitions are experiences of presentification that cannot be improved.
But adequate intuitions are not non-cancelable intuitions, only intuitions in the
mode of adequateness. They stand in contrast with non-adequate intuitive experi-
ence, whose object is only partially presented; partially in the light, partially in the
shades. The apodictic experience of truth, however, does not require adequate intu-
itions. For example, as already noted, although one can have only an inadequate
intuition of the domain of numbers, one can build on this experience an adequate
intuition of the process of number generation, on which to ground apodictic truths
about numbers. In fact, the adequate intuitive presentation of a few exemplars suf-
fices for adequately bringing to consciousness the numerical generative process,
which the usual Dedekind-Peano axioms characterize (at least as to their formal
properties).

There is, then, a gradation of intuitive acts, which go from complete non-
adequateness to full adequateness. The former is non-intuitiveness, a lower bound
to intuitive experiences and the latter is intuitive experience with the highest degree
of perfection. Husserl admits degrees of adequateness in intuitive experiences and
degrees of perfectness in the mutual covering of contents in truth experiences. There
are two types of truth-experiences, the experience of truth as the adequacy of an
intuitive content vis-a-vis an empty representation and the experience of conflict
between representation and relevant intuitions. The first is the experience of truth,
the second, that of falsity; either admits degrees, culminating in the experience of
apodictic truth and apodictic falsity, respectively.®*

By being an identity, truth involves two poles, the object as intended and the
object as intuited; since truth is the fulfilment of an intention with an intuition,
empty intending seems to be required as a precondition of the experience of truth.
The mere act of intuition is not yet a truth-experience if the intuition is not recog-
nized as fulfilling an empty intention.®® This means that empty intending and its

Note that a non-apodictic truth is not necessarily an apodictic falsity.

®The intuition of the object is not per se a truth-experience; it is necessary that the presentation of
the object, with the sense it has, fulfills or fails to fulfill, partially or completely, explicit or implicit
expectations. Of course, the ego can, by reflecting on an intuition, judge with clarity, that is, truth-
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products, empty intentions, play a substantial role in the dynamics of knowledge,
preparing the ground, so to speak, for the experience of truth.

Knowledge is the possession of truth; to know A, at the most fundamental, intui-
tive level, is to experience that A is true (preferably apodictically), i.e. to experience
an intuitive content as fulfilling (preferably adequately) the content expressed by A.
There are also non-intuitive forms of knowledge, for example, by deriving A by
logical means from truths already established. But logical reasoning, if valid, serves
only as a channel of transmission of the truth contained in the premises, never more.
Hence, non-intuitive knowledge generated by logical reasoning ultimately depend
on intuitive knowledge. In general, as just noted, the dynamics of knowledge
requires more than truth-experiences, it also involves emptily representations and
anticipations. Before trying to elicit the truth-experience that could determine the
truth-value of A, the subject must know whether A has a determinate truth-value
attached to it. And this is a task for logic. Moreover, given certain presuppositions
(that I will examine next chapter), one may be able to determine which truth-value
A has by indirect logical means, independently of any truth-experience of A. This is
also a case of non-intuitive knowledge and can be seen as an anticipation of the
intuitive experience of the truth of A.

Let us consider empty judging and the role it plays in the dynamic of knowledge
more attentively. As I have already noticed, empty judging is itself a cognitive act,
one in which a judgment is expressed that can in principle be intuitively fulfilled.
Judging without clarity, i.e. without supporting intuitions, is to set oneself a goal,
that of verifying the truth of the judgment, preferably in a truth-experience. Empty
intending is, in some sense, a sort of conjecturing and as such plays a pivotal role
in knowing. Empty judging, however, in order to play this role adequately, must
satisfy the precondition of truth, namely, consistency. Consistency is the necessary
and sufficient condition for the a priori possibility of intuitive fulfillment. Hence,
consistent empty judgments participate in the dynamics of knowledge by posing
problems, possibilities, hypotheses, that can in principle be directly (i.e. intuitively)
verified. I will come back to these matters when discussing logic; by now I want to
stress that Husserl is not committed to a strictly “intuitionist” conception of either
truth or knowledge, his phenomenological approach to epistemology is not a “con-
structivist” one, despite the pivotal role the ego and its experiences play in it.

Language and Validation To the extent that intentional meaning is expressible, a
language goes along with the positing. The positing determines both what can be
said about the object it posits and in which language; let us call this the intentional
language. Intentional meaning expressed in the intentional language constitutes, of
course, the intentional theory associated with the positing. Another positing, of a
different kind of objects, with a different meaning, expressible in a different lan-
guage, may be such that the first domain and its theory can be interpreted in the
second. There may be, so to speak, a translation from the original to the new

fully; in such cases, intending and intuiting are concomitant, but intending is still there, as part of
the reflexive act.
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language such that everything expressible in the original language has a correspon-
dent in the new language. For example, by conceiving numbers as abstract (quanti-
tative) forms that can relate to one another in terms of more and less, one attributes
sense to assertion such as 2 > 3 (meaningful but false), but none to those such as
3€2. Abstract forms do not “belong to” one another (they are not sets), although
they may be contained in one another. The theory of numbers, however, can be
translated or interpreted in the theory of sets, a correspondence can be established
between the old and the new languages; for example, a < b iff a = ay€a,€ ...€a, =b.
Now it makes sense to assert 2€3 and interpret it as having the same meaning as the
assertion 2 < 3 in the original language. It is all a matter of context and we must be
careful not to attribute meaning to assertions in one context that only make sense in
another. Moreover, the translation may not be unique.

One thing, however, must be kept carefully in mind. In general, the possibility of
interpreting (re-conceptualizing) objects of one type as objects of another depends
on both interpretations sharing the same relevant formal properties; i.e. both must
satisfy the same formal theory, namely, the formal abstraction of the original inten-
tional theory. One can treat numbers as sets insofar as sets are, from a formal-
operational perspective indistinguishable from numbers. Numbers, however, I
repeat, are not sets. However, on a purely formal level, where matter does not mat-
ter, we can change material content freely. Formally, all different interpretations are
essentially the same. It does not matter whether the number 2 is identified either
with {0, {0}} or {{0}}; from a formal perspective 2, {0, {0}}, and {{0}} are the
same object.

To be meaningful, assertions about an intentional object must first be expressible
in the language validated by the intentional positing and, second, be formally and
materially meaningful. Formal meaningfulness, as already discussed, depends only
on the grammar of syntactic categories, material meaningfulness, on the particular
ontological categories involved in the positing and the semantic laws associated
with them. These laws depend, of course, on the meaning intentionally attached to
the positing and co-positings that go with it. Now, the important question is this:
what should count as validating a particular meaningful assertion? What are the
grounds for asserting that a meaningful assertion ¢ is true?

If one understands the concept of truth in the narrower sense as intuitive truth —
which requires the intuition of the state-of-affairs denoted by ¢, ¢ is validated only
provided one intuitively experiences that ¢. However, if one conceives truth in the
broader sense as that which cannot be false, even if it is not directly experienced as
true, the intuition of the content expressed by ¢ is no longer required provided the
domain is objectively complete. It suffices that one establishes that not-¢ is incom-
patible with the intentional meaning of the domain in question, i.e. that not-¢
explicitly or implicitly conflicts with this meaning. In other words, the validation of
the principle of bivalence (or excluded-middle) can be justified in reasoning about
objectively complete domains. I will come back to this in detail the next chapter.

Intentional Existence Letus now investigate the notion of existence in more details.
What does it mean to exist? This question has tormented the best (and less so)
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philosophical minds throughout the ages. Our most basic experience of existence is
that of our own selves, self-consciousness is consciousness of ourselves as exis-
tents. Hence, self-consciousness is, a fortiori, consciousness of our existence:
cogito, ego sum. Equally immediate, in the “natural”, pre-philosophical attitude, is
the existence of the external world; which present itself as existing out there inde-
pendently, as a substance, i.e. a self-subsisting thing (substare is Latin for “stand
firm”). Descartes privileged the experience of existence of the ego cogitans as the
primordial experience of existence, justifying the existence of the word only indi-
rectly. As mentioned before, the mode of existence of the empirical world — inde-
pendently, self-subsisting in and by itself — has in some philosophical circles become
the model of existence. But as I have already stressed, this is a limitation; there are
other modes of existence.

If we inquire a bit further into what precisely in the consciousness of the self or
the world justifies attributing them existence, the answer imposes itself that it is the
presence of the object of experience itself in the experience, not as a real content of
it but as a correlate of it. There is something given (bodily present, in Husserl’s col-
orful expression) in these experiences, but transcendent to them, to which con-
sciousness is intentionally related. And what is given exists. In other words, intuition
is the most basic experience of being and existence; intuited objects exist because
they are intuited. In self-awareness, the ego is presented to itself as existing.
Analogously, the presentification of the world to the ego in perception establishes
the existence of the world. This is the starting point to understand the phenomeno-
logical conception of existence: to exist is, in its most basic mode, to be intuited —
esse est percipi.

But empty intending, to the extent that it also posits something, even though in
the mode of absence, is also a variant of the consciousness of being. But with an
important proviso, the positing must be and remain consistent. To posit something
consistently with itself and the overall system of valid positings must also count as
the positing of something as existing. Therefore, esse est — also — concipi. It is
presupposed, however, that objects that are merely conceived (not intuited) as

%A quote from Husserl seems in order here. Talking about the positing of a transcendent, in this
case real world, he says: “What is transcendent is given through certain empirical connections.
Given directly and with increasing completeness through perceptual continua harmoniously devel-
oped, and through certain methodic thought-forms grounded in experience, it reaches ever more
fully and immediately theoretic determinations of increasing transparency and increasing progres-
siveness. Let us assume that consciousness with its experimental content and its flux is really so
articulated in itself that the subject of consciousness in the free theoretical play of empirical activ-
ity and thought could carry all such connections to completion (it would be necessary to consider
the mutual comprehension with other egos and other fluxes of experiences); let us further assume
that the proper arrangement for conscious-functioning are in fact satisfied, and that as regards the
course of consciousness itself there is nothing lacking which might in any way be required for the
appearance of a unitary world and the rational theoretical knowledge of the same. We ask now,
presupposing all this, is it still conceivable, is it not on the contrary absurd, that the corresponding
transcendental world could not be?” (Ideas I, § 49). These considerations are, mutatis mutandis,
valid for positing in general. To the extent that the positing is consistent and remains so in the
continuous flux of experiences, the posited object exists.



2 Phenomenology 53

existing (that is, objects enjoying purely intentional existence) can in principle pres-
ent themselves adequately in intuition (i.e. as intuitively existing objects). Although
intuitive presentation counts as the fundamental mode of validation of existence, the
mere possibility in principle of intuitive presentation is also a form of existence. The
criterion for the a priori possibility of intuitive presentation is the absence of mani-
Jest inconsistencies in the positing experience, with itself and other positing experi-
ences. Any posited object whose positing is internally consistent with itself (i.e.
whose intentional meaning is not self-contradictory) and externally consistent with
other positings, fo the extent that it remains so, exists.

The positing of a transcendent realm of being deserves special attention. An
important observation should be kept in mind; transcendence is, as all attributes of
intentional objects, an aspect of intentional meaning and it is not the same thing as
ontological independence. Transcendence is a character intentionally attached to
posited objects that are conceived as having attributes that necessarily or contin-
gently belong to them but are not given originally in the positing; attributes, how-
ever, that can in principle be disclosed in the progressive development of the positing
experience, supervened of course by an identifying intention. A transcend object
can reserve surprises, which will when disclosed, if the object is to remain in exis-
tence, harmonize with the original meaning of the object posited. It belongs to the
positing experience of a transcendent object that its intentional meaning is not fully
given originally, but can be progressively disclosed, ideally to full completion. This
means that it is possible and desirable that the positing experience develops to the
point that no further meaning remains occult. In certain cases, enough intentional
meaning is eventually disclosed which is sufficient, when linguistically expressed
(expressivity thesis), for answering any relevant question concerning the posited
object by strictly logical lines of reasoning. The transcendent object can also be
posited as objectively complete, and one may argue that objective completeness
belongs to the meaning of transcendence. If this is so, it is part of the meaning asso-
ciated with transcendence that transcendent entities are fully determined in them-
selves, that is, no attribute that can in principle pertain to a transcendent object can
fail to either determinately pertain or determinately not pertain to it. Anything that
can be said about the transcendent object is determinately true or determinately
false, even if the positing experience does not offer means for the ego to determine
which.

Another positing experience deserves special consideration, that of an objective
being. To be objective means, essentially, to be capable of manifesting itself as the
same to the individual or collective ego in multiple experiences. The object must be
capable of being experienced as the same object in different experiences, which are
then experiences of it, by the individual ego or any ego of a community of co-
positing egos. An objective entity (an individual, a realm of beings, a concept, an
idea, and what not) is open, by remaining the same, to different experiences, it
maintains its individuality throughout open series of experiences, with possibly dif-
ferent intentional meanings (which, however, must consistently harmonize with the
originally posited meaning). An objective entity is one that is “out there”, for any-
one to experience, repeatedly. Objectivity and transcendence are not exclusively
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attributable to real (that is, temporal) objects; abstract and ideal entities — mathemat-
ical entities, in particular — can and usually are also conceived as objective and
transcendent. The error of Platonism consists in believing that if objects are objec-
tive and transcendent, they are also ontologically independent.

The intentional meaning originally attached to objects in their intentional posit-
ing determines which logical principles are valid for reasoning about them. Logic is
a priori in the sense that logical laws impose themselves for reasoning about objects
of a type by being validated by the meaning attached to objects of this type. Or
contrarily, laws are invalidated if they do not find support therein. The universality
of logic must be correctly understood; logic is universal in the sense that its laws and
principles are formal, i.e. indifferent to the particular nature of the objects over
which they rule. But not in the sense of being indifferent to the intentional meaning
attached to them. For Husserl, one of the tasks of transcendental logic is to clarify,
and then justify fundamental principles of formal logic in terms of their hidden pre-
suppositions, that is, in terms of intentional meaning. Transcendental logic must
identify the presuppositions on which the validity of logical principles depends,
keeping in mind that these presuppositions have transcendental, not hypothetical
nature.” T will address this issue later; by now, it suffices to point out that the valid-
ity of the principles of non-contradiction, identity and bivalence depends on presup-
positions that can only be validated by the intentional meaning attached to the
domains where these laws are valid.

Anything that exists, exits somewhere; any existent has a locus. Empirical objects
exist in the empirical world and may or may not be meant as ontologically depen-
dent on the ego; that is, they may or may not be conceived as existing by themselves.
A tree in the woods exists in space and time; it has a determinate location in space
and occupies a stretch of time, the duration of its existence. This tree is conceived to
remain in existence even if not directly perceived, and always capable of being, at
least in principle if not actually, perceived. This is the mode of existence of empiri-
cal objects of the exterior world, an objective and transcendent realm of being. But
there are also subjective empirical objects, such as psychological states and qualia
of various types (the smell of a rose, the pain in my arm). These things exist in time
but not in space, in the sense that they do not stand in spatial relations with objects
of the external world, even though they can be said to roughly occupy the same
space of my body — although my body occupies space, the sensations in my body
and the states of my mind do not. Empirical objects of the internal world exist in
time but not in space; the internal world is not an objective realm of being open to
external inspection (unless, maybe, indirectly through their objective manifesta-
tions). Empirical objects, in short, no matter of the internal or the external world,
exist in time, they are real objects; some are (conceived to be) concrete, that is,
ontologically independent, others abstract, that is, ontologically dependent.

A pain, for example, understood stricto sensu as a personal experience, cannot
exist without someone who feels it. Moreover, my pain cannot ever be the same as
your pain, although their respective intensities can be somehow objectified, maybe

%’See FTL I Chap. 3.
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at the price of falsifying the original experience to some extent, and compared.
These things are not empirical statements, even though they refer to empirical
objects, but transcendental truths validated by intentional positing. The color of a
body, on the other hand, considered as an aspect of this body, despite being also an
abstract object, since the vanishing of the body implies it vanishing as well, i.e.
since it is an ontologically dependent object, is an object of the external world just
as the body itself, occupying the same position in space. This color as such, that is,
as an ideal entity, a species, on the other hand, is not an empirical object and does
not exist in space or time. But it exists all the same and has its locus too.

Ideal objects exist by being consistently posited, by being referred to, by being
subjects of true statements, and thus in the intentional context in which they are
posited, named and investigated. Intentional action leaves traces, real traces. In sci-
entific contexts, this usually takes the form of theories, expressed as articulated
systems of assertions in convenient languages, within particular logical frames, sub-
ject to established criteria of validation, whose formulation and continuous support
may engage an entire community of cooperating intentional agents, separated
maybe in time and space. Theories are consigned to books, which people read and
learn from, engaging consequently in the communal activity of constituting theories
and their objects. These supports, material and cultural, a communal language, writ-
ten documents, communal memory, traditions, schools, provide the locus where
idealities exist; without them they cannot exist. Ideal objects, in short, exist in the
space of culture.

This last sentence is bound to be misinterpreted; it can be read as an endorsement
of cultural relativism or a variant of psychologism where the community takes the
place of the individual, unacceptable in any case to an honest objectivist who
believes in the objective, human-independent (in particular, mind-independent)
nature of ideal objects, such as, for example, numbers and numerical truths. For
him, 2 + 2 =4 is true independently of the vicissitudes of human culture and history,
or human consciousness, it was true before man was conscious of it and will remain
true after man and human culture cease to exist. Phenomenology does not deny the
objectivity and a-temporality of arithmetical judgments; it only refuses to give these
attributes metaphysical value. In other words, from a phenomenological perspec-
tive, 2 + 2 = 4, like all arithmetical truths, is a necessary truth of a conception, but
one cannot give, without changing perspective, the conception itself metaphysical
reality, epoché forbids. In short, numbers would not exist if they were not intention-
ally posited, but given that they exist, for their positing is not manifestly inconsis-
tent, truths about numbers will necessarily impose themselves upon us as truths
referring to an objective, transcendent, ideal (and a fortiori non temporal) realm of
being. Arithmetical truths are not a matter of convention or themselves cultural
products; culture is only where the positing of numbers, and their objective exis-
tence, are anchored. The content of arithmetical truths are in no way culture-
dependent. Although chess is an invented game, the truths related to the game are
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necessary truths, not a matter of convention, valid no matter where the game is
played.®®

As I said before, individual numbers, such as 2 and 4, can be intuitively given
through abstraction and ideation. But they can also be given indirectly by means of
characterizing properties contained or derived logically from the intentional mean-
ing attached to numbers (for example, 2 as the successor of 1). Given, however, not
as products of imagination, but objectively existing entities that can present them-
selves, intuitively or not, as the same in different experiences of any of the cooperat-
ing egos collectively engaged in the task of intentionally constituting numbers and
the science of numbers. Numbers are transcendent entities capable of presenting
different, sometimes new aspects in different presentations. All these things justify
the communal engagement with a science of numbers. They (are conceived to) exist
objectively as non-temporal entities even though their constitution is a temporal
process. The constituting act is, at the noetic pole, temporal, but a-temporal, or non-
temporal, at the noematic one. In short, none of the beliefs the objectivist (in par-
ticular, the Platonist) cherishes concerning numbers is denied — numbers, and
numerical truths, are mind-independent, objective, a-temporal. Transcendental phe-
nomenology, however, blocks the rod from this to a metaphysical taking of position,
Platonism in particular. For the phenomenologist, numbers can be conceived as the
Platonist believes them to be (although they can also be differently conceived, such
as, for example, in the manner of the intuitionists, as creatures of the mind; but this
is not how they are conceived in “classical” mathematics, the Platonist and the intu-
itionist positings are incompatible), but he does not go any further, refraining from
endorsing any particular metaphysical thesis. Phenomenological epoché so imposes.

Phenomenologists believe that numbers did not always exist and can cease to
exist. Since the noesis of the number-positing act is a temporal phenomenon, num-
bers had an origin, and may have an end if the positing can, for some reason, no
longer be sustained, either with the annihilation of the cogitating ego(s) or with the
“explosion” of the posited noema due to inconsistencies. When man disappears, so
will all the products of man’s cogitations (even if the products of his actions on the
word may persist, for a while at least). If arithmetic proves to be inconsistent, the
particular manner of conceiving numbers that our arithmetic expresses, i.e. the
intentional meaning associated with the mathematical conception of number, will
cancel itself. Although the concept may be posited anew by being differently meant.
By considering the noema of the number-positing experience, the phenomenologist
sees no reason to contradict the Platonist as to the meaning attached to the concept,
but by considering the noesis of the act and the noetic-noematic correlation, he sees
no reason for endorsing the Platonist metaphysical edifice that goes with it.®

% One must be very careful here not to shock those who are incapable of abandoning the natural
for the phenomenological attitude and can easily misinterpret the whole thing in naturalist terms.
Numbers do not exist unless they are consistently posited and rational beings can very well exist
who do not posit them, but as long as, for us, numbers exist, they exist as they are meant to exist.

%1In his “The Origins of Geometry” (Husserl 1954b) Husserl offers a model analysis of the consti-
tution of geometrical objects and geometry from both the noetic and the noematic perspectives.
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Formal Objects Formal objects are objects of formal theories. Some prefer to call
them abstract objects, but this should be avoided, for although formal objects are
indeed abstract not all abstract objects are formal. Some philosophers think that
philosophical questions concerning formal objects can be settled by giving the
notion an axiomatic characterization, usually within a modal language.” Formalism,
however, is a poor substitute for philosophy; only a properly philosophical treat-
ment can clarify what these objects are.”” Husserl thought that they are forms of
objects (or object-forms). To characterize formal objects, the distinction formal/
material that I have already discussed will be useful. More explicitly, I will approach
the issue from the perspective of Husserl’s conception of logic, even at the cost of
repeating myself to some extent. I hope this will help clarifying the cluster of ideas
to which the notion of formal object belongs.

The category of objects, understood in in the largest possible sense, includes all
the things about which something meaningful can be said, all the things we can refer
t0.”> Objects fall into well-determined ontological categories, Individual (or Object
in a restrict sense), Relation, Function, Manifold, Concept, etc., which Husserl
called formal-ontological categories.” Formal ontology is the formal-logical disci-
pline concerned with formal-ontological categories. Including formal ontology in
formal logic is justified, Husserl thinks, given the generality of formal ontological
concepts. To the extent that all sciences involve objects, states-of-affairs, concepts
and the like, all sciences involve formal-ontological categories, and since logic is,
for Husserl, the a priori theory of science, it befalls on logic the task of investigating
formal-ontological categories and the a priori laws related to them.™

The exposition of the series of noetic acts, with their noematic correlates, which may or may not
be discernible in the factual history of geometry, constitutes what Husserl calls the “transcendental
history” of geometry. Factual history records the traces (or a selection of them) that transcendental
history leaves in culture.

70 See for instance Nodelman and Zalta 2014.

"'In the preface of his Das Kontinuum (1918), Weyl says that “it is not the purpose of his work to
cover the ‘firm rock’ on which the house of analysis is founded with a fake wooden structure of
formalism — a structure which can fool the reader and, ultimately, the author in believing that it is
the true foundations” (Weyl 1994, p. 1). I too believe that formalism cannot account for the true
philosophical foundations of anything.

"2Husserl characterizes object in the sense of formal logic as “any possible subject of true predica-
tive judgments” (Ideas I §3). Husserl’s characterization is equivalent to defining object as a subject
of a meaningful assertion.

Husserl gives as examples of objective categories those of Object, States-of-Affairs, Relation,
Connection, among others (Husserl 2001, vol. 1, Prolegomena to Pure Logic §67).

"For Husserl, formal logic contains also, parallel to formal ontology, the discipline of formal
apophantic logic, concerned, according to him, with syntactic categories to the same extent that
formal ontology is concerned with ontological categories. For Husserl, the most fundamental task
of apophantic logic is to investigate the a priori laws of meaningful combination of syntactic types.
There is, for Husserl, a strict parallelism between syntactic and ontological types (the syntactic
type Subject corresponding to the ontological type Object, Predicate to Property, and so on).
Logical-grammatical laws determines the boundaries of formal meaningfulness for assertions, and
correspond, on the ontological side, to the a priori laws regulating ontological types. Husserl’s
logical-grammatical laws are Carnap’s “laws of formation” or the “rules of formation” of modern
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Formal ontological categories admit proper subcategories, the category of
Object, for example, admits the subcategory of Physical Object, the category of
State-of-Affairs that of Physical State-of-Affairs, etc. There is, so to speak, a surplus
of meaning that accounts for the specificity of physical objects within the category
of Object or a physical manifold within the category of Manifold. Proper subcate-
gories of formal-ontological categories, like that of physical objects, constitute what
Husserl calls material-ontological categories. The matter of material categories is
that which makes them the particular categories they are, the extra meaning that
goes into them. In short, for Husserl, formal ontological categories are the most
general ontological categories and material ontological categories are particular
ontological categories; the former are formal-logical, the latter are not. A priori laws
related to formal ontological categories are analytic; those related to material cate-
gories are synthetic.

The category of Number is, I believe, also a material category, since by “num-
ber” one means something more than merely an object. The extra meaning that
characterizes numbers in the domain of objects extrapolates the boundaries of the
strictly formal-ontological since one cannot express what numbers are with formal
ontological categories only (although one can with them express formal properties
of numbers, which, however, any objects, not only numbers, can in principle dis-
play). Husserl thought differently. For him, although the category of number was a
subcategory of the category of objects in general, it was not a material-ontological
category, but still a formal-ontological one. Same thing with sets. The reason is that
both numbers and sets are forms that can in-form any collection of objects. For
Husserl, since sets and numbers are forms — a view with which I agree — Number
and Set are formal-ontological categories — a view with which I do not agree.

Loosely characterized, formal objects are objects determined as to form but inde-
terminate as to matter. More specifically, an object is a material or materially deter-
mined object if it falls into a determinate material ontological category, it is a formal
object, or an object determined only as to form, if it is determined only as to its
formal-ontological category. The material content of the number 2 merely as a num-
ber, for example, distinguishes it from other objects, but not from other numbers,
which can only be accomplished by the properties of the number 2 as the particular
number it is. The form or formal content of an object is simply the logical type to
which it belongs. The form of the number 2 is its objecthood, the form of the con-
cept of number, its concepthood, etc. Formal properties are the properties that
objects have that any entities of their logical type can in principle also have. For
example, the number 2 can stand in an anti-symmetric binary relation with respect
to the number 3 simply by being, both, objects; this is a formal property they enjoy.

logic. Unlike modern logic, however, Husserl saw an ontological correlate to syntax that, however,
is not still semantic in the modern sense. (In Formal and Transcendental Logic, Husserl introduces
semantic notions, such as truth, among others, in apophantic logic; this clearly indicates a distinc-
tion between syntactic and semantic notions at the interior of apophantic logic itself, but nothing
of the sort of Tarskian semantics.)
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The assertion “there are objects x and y and a binary anti-symmetric relation R such
that xRy” expresses a formal property of the formal entities denoted by x, y, and R.

Formal abstraction is a higher-level intentional act that takes as matter a materi-
ally determinate object and considers it merely as an object of its formal-ontological
category. Contrary to Frege’s infamous criticism of Husserl” theory of abstraction,
abstraction, of whatever nature, formal or not, is not a chemistry of mental represen-
tations. In formal abstraction, the object does not change, only its categorization
does. Material properties of materially determined objects are those that require
material categories to be expressed; for example, the number 2 is the successor of
the successor of the number 0, where “successor” denotes a particular, (materially
determined) numerical function. By formal abstraction, “0” and “2” are reduced to
generic object-denoting names and can be substituted by non-logical constants 0
and 2 respectively; likewise with “successor”, the name of a particular numerical
function, substitutable by a function-name S. The formal abstraction of the materi-
ally filled assertion “the number 2 is the successor of the successor of the number
0” can then be expressed by “2 = SS0”, which is the formal content of the original
assertion. The formal expression “2 = SSO” expresses a possible formal property of
objects considered in utmost generality. Any objects whatsoever can in principle,
given adequate interpretations, satisfy “2 = SS0”. Since numbers, with the usual
interpretations, have this property, one says that “2 = SS0” expresses a formal prop-
erty of numbers. It is important to keep in mind that formal properties of materially
determined objects can be shared by materially different objects.

A language L is materially determined, or a material language, if the non-logical
symbols of the language denote materially determined entities. One also says that
material languages are interpreted languages. Otherwise, the language is materially
indeterminate. The symbols of materially indeterminate languages are determinate
only as to their logical types; i.e. their referents are formal objects, nominal terms
are generic object-denoting terms, conceptual terms, concept-denoting terms, and
so on. For this reason, materially indeterminate languages are also called formal
languages. To divest the symbols of a language, and thus assertions and collections
of assertions of this language of their material content whereas preserving their
formal content is the act we call formal abstraction — one can also use the term des-
interpretation for it.

The laws of the logical grammar of syntactical types is in strict correspondence
with the logical grammar of formal-ontological types. But when material ontologi-
cal types are involved, formal meaning is not enough for determining meaning.
Material meaning is determined by a priori laws of compatibility and incompatibil-
ity of material-ontological categories. These laws are a priori but, according to
Husserl, material, i.e. synthetic; their task is to establish the a priori conditions for
material meaning. Assertions of a material language are meaningful insofar as they
are both formally and materially meaningful, in which case one says that they are
distinct (or, in Husserl’s terminology, have the evidence of distinction). A material
assertion is formally correct insofar as its formal abstraction obeys the a priori laws
of logical grammar, and materially correct insofar as it respects a priori compatibili-
ties and incompatibilities of material ontological types.
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Consider the following intentional positing: /et N be a domain of objects, 0 a
particular non-specified object in N, and S a unary function in N (S: N — N) such
that (1) S'is 1-1, (2) there is no x such that O = Sx, and (3) N is the smallest domain
closed under S. The positing is entirely contained in this “let”. But notice, the posit-
ing does not determine the domain N and the objects in it materially. In fact, only
their logical types and some of their formal properties are determined. One does not
know what these things are, i.e. what their material ontological types are, only that
N is an objectual domain whose objects are somehow related to one another by
some indeterminate function S only formally characterized in the positing. To an
object a name is given, 0. In fact, only the logical types of S, N and the entities in N
are determined, respectively Function, Manifold, and Object. Further names can be
defined recursively: 1 = SO; 2 = S1; etc., which are, given the positing, names of
objects in N. These symbols are not given any particular material content (refer-
ence). Insofar as the positing is concerned, the objects in N (let us call them “num-
bers”) do not exist in isolation, although they can be “interpreted” by objects that do
(for instance, numbers proper); “numbers” are, so to speak, necessarily gregarious
objects; the original intentional act posits them collectively.

As mentioned before, a language comes along with the positing, the minimal or
simplest language in which the intentional meaning associated with the positing, i.e.
(1)-(3), can be completely expressed; let us call it L(N); L(N) can be enlarged by
definitions. In this example, L(N) is the second-order language required for express-
ing Dedekind-Peano axioms (second-order is needed to express (3)).

Now, an important question faces us: is any syntactically meaningful assertion A
in L(N) (possibly enlarged with defined symbols) a meaningful assertion about
“numbers”? The answer seems to be positive if A is in principle decidable on the
basis of the axiomatic “numerical” truths (1)—(3) expressed in L(N) (the intentional
theory). In other words, if one could, in principle, either prove or disprove A assum-
ing only axiomatic truths about “numbers”. Three questions now arise: (a) what
does “in principle” mean? (b) What is the underlying logic? (c¢) What if A is logi-
cally independent of the axioms?

I will deal with these questions in a general context later, but a few things can be
advanced here. Suppose that the problem concerning the underlying logic is solved
and that the intentional theory — let us call it N —is logically (or syntactically) com-
plete, i.e. any (syntactically) meaningful assertion in L(N) is decidable in the under-
lying logical context on the basis of the axioms. In this case, any such assertion is a
meaningful assertion about “numbers” and the possibility (c) is ruled out.

Now, to determine which logical principles are valid in the logic underlying the
intentional theory one must turn to the inaugural positing act. I will be more explicit
about this in the next chapter, but for the moment I just want to remark that no logi-
cal principle or law is context-free in the sense of being valid for reasoning about no
matter which domain of entities. Logical laws and principles depend on the sense of
being attributed to the domain over which they rule, which is an aspect of the inten-
tional meaning attached to it. If N is meant as a domain where any syntactically
meaningful assertion in L(N) either expresses a formal property of N or its negation
does, then N is, of course, objectively complete. Notice that objective completeness
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is neither a metaphysical presupposition nor a hypothesis open to verification.
Rather, it is a transce