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ABSTRACT

In this Chapter we obtain a contradictions in formal set theories under assumption that these
theories have omega-models or nonstandard model with standard part. An posible generalization
of Lob’s theorem is considered. Main results are:

(i) ~Con(ZFC + 3IMZ7°),

(ii) ~Con(NF +3IMNT),

(iii) ~Con(ZFC>),

(iv) let k be an inaccessible cardinal then =Con(ZFC + 3k),

(v) =Con(ZFC + (V = L)),

(vi) =Con(ZF + (V = L)).
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cardinal.
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1 INTRODUCTION

1.1 Main Results

Let us remind that accordingly to naive set theory, any definable collection is a set. Let R be the
set of all sets that are not members of themselves. If R qualifies as a member of itself, it would
contradict its own definition as a set containing all sets that are not members of themselves. On the
other hand, if such a set is not a member of itself, it would qualify as a member of itself by the same
definition. This contradiction is Russell’s paradox. In 1908, two ways of avoiding the paradox were
proposed, Russell’s type theory and Zermelo set theory, the first constructed axiomatic set theory.
Zermelo’s axioms went well beyond Frege’s axioms of extensionality and unlimited set abstraction,
and evolved into the now-canonical Zermelo—Fraenkel set theory ZFC.” But how do we know that
ZFC is a consistent theory, free of contradictions? The short answer is that we don’t; it is a matter
of faith (or of skepticism)”- E.Nelson wrote in his paper [1]. However, it is deemed unlikely that
even ZF(Cy which is significantly stronger than ZFC harbors an unsuspected contradiction; it is
widely believed that if ZFC and ZFC5 were inconsistent, that fact would have been uncovered by
now. This much is certain-Z FC and ZFC> is immune to the classic paradoxes of naive set theory:
Russell’s paradox, the Burali-Forti paradox, and Cantor’s paradox.

Remark 1.1.1. The inconsistency of the second order set theory ZF(C2082 originally have been
uncovered in [2] and officially announced in [3], see also ref. [4], [5], [6].
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Remark 1.1.2. In order to derive a contradiction in second order set theory ZFCs with the Henkin
semantics [7], we remind the definition given in P.Cohen handbook [8], (see [8] Ch.III,sec.1,p.87).
P.Cohen wroted: ” A set which can be obtained as the result of a transfinite sequence of predicative
definitions Godel called ”constructible”. His result then is that the con-structible sets are a model
for ZF and that in this model GCH and AC hold.The notion of a predicative construction must
be made more precise,of course, but there is essentially only one way to proceed. Another way to
explain constructibility is to remark that the constructible sets are those sets which jnust occur in
any model in which one admits all ordinals.The definition we now give is the one used in [9].

Definition 1.1.1. [8]. Let X be a set. The set X’ is defined as the union of X and the set Y of all
sets 443 for which there is a formula A (2, t1, ..., tx) in ZF such that if Ax denotes A with all bound
variables restricted to X, then for some #;,7 = 1,..., k. in X, 443 = {z €X|Ax (z,fl, ...,fk)} .

=/ =
Observe X' € P(z) UX, X = X if X is infinite (and we assume AC). It should be clear to the
reader that the definition of X', as we have given it, can be done entirely within ZF

and that Y = X’ is a single formula A(X,Y) in ZF. In general, one’s intuition is that all normal
definitions can be expressed in ZF, except possibly those which involve discussing the truth or
falsity of an infinite sequence of statements. Since this is a very important point we shall give a
rigorous proof in a later section that the construction of X’ is expressible in ZF.”

Remark 1.1.3. We will say that a set y is definable by the formula A (2,1, ..., tx)relative to a
given set X.

Remark 1.1.4. Note that a simple generalsation of the notion of of the definability which has
been by Definitionl.1.1 immediately gives Russell’s paradox in second order set theory ZFCy with
the Henkin semantics [7].

Definition 1.1.2. [6]. (i) We will say that a set y is definable relative to a given set X iff there is
aformula A (2,1, ..., tx) in ZFC then for some t; € X,i = 1,..., k. in X there exists a set z such that
the condition A (2,1, ..., t) is satisfied and y = z or symbolically 3z [A (2,11,...,1x) Ay = 2] .

It should be clear to the reader that the definition of X', as we have given it, can be done entirely
within second order set theory ZFCy with the Henkin semantics [7] denoted by ZFC3* and that
Y = X' is a single formula A(X,Y) in ZFCH*.

(il) We will denote the set Y of all sets 443 definable relative to a given set X by Y £ S47¢.

Definition 1.1.3. Let R2® be a set of the all sets definable relative to a given set X by the first order
1-place open wff’s and such that Vr (1‘ € %fs) [ac eERY® —= z¢ a:] .
Remark 1.1.5.(a) Note that R € I5® since RE® is a set definable by the first order 1-place
open wif ¥ (Z, %5’5) :

U (Z2,95°) 2Ve (z€S5°) w€Z — x¢a], (1.1.4)

Theorem 1.1.1. [6].Set theory ZFC%* is inconsistent. Proof. From (1.1.3) and Remark 1.1.2 one
obtains

RYS € RE = RIS ¢ RYS (1.1.5)

From (1.1.5) one obtains a contradiction (?Rfs € 3?5{5) A (?Rﬁqs ¢ 8?5{3) .
Remark 1.1.6. Note that in paper [6] we dealing by using following definability condition: a set
443 is definable if there is a formula A (z) in ZFC such that
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Jz[A(z) ANy = 2]. (1.1.7)
Obviously in this case a set Y = R&® is a countable set.

Definition 1.1.4. Let R® be the countable set of the all sets definable by the first order 1-place
open wif’s and such that

Vz (z€S5°) [reRY® = 2 ¢a]. (1.1.8)

Remark 1.1.7. (a) Note that R¥® € I&° since RY® is a ZFC-set definable by the first order
1-place open wif

U (Z2,35°) 2z (z€S5°)w € Z < ¢ a], (1.1.9)

one obtains a contradiction (§R§“ € §R§“) A (8‘\?5“ ¢ 8‘%5{“) In this paper we dealing by using
following definability condition.

Definition 1.1.5.(i) Let My = MsZtFC be a standard model of ZFC. We will say that a set y is
definable relative to a given standard model Mg of ZFC if there is a formula Az, t1, .. ty)
in ZFC such that if Apr,, denotes A with all bound variables restricted to M, then for some
ti € Msi,i = 1,...,k. in M there exists a set z such that the condition Ay, (z,fl,...,ﬁ) is
satisfied and y = z or symbolically

3z I:AA/Ist (z,fl,...,fk) /\y:z] . (1.1.10)

It should be clear to the reader that the definition of M.,, as we have given it, can be done entirely
within second order set theory ZFC5 with the Henkin semantics.

(ii) In this paper we assume for simplicity but without loss of generality that

A, (z,fl, ...,fk) = Aum,, (2). (1.1.11)
Remark 1.1.8.Note that in this paper we view (i) the first order set theory ZFC under the
canonical first order semantics (ii) the second order set theory ZFCs under the Henkin semantics
[7] and (iii) the second order set theory ZFCsunder the full second-order semantics [8] , [9], [10],
[11], [12] but also with a proof theory bused on formal Urlogic [13].

Remark 1.1.9.Second-order logic essantially differs from the usual first-order predicate calculus in
that it has variables and quantifiers not only for individuals but also for subsets of the universe and
variables for n-ary relations as well [7], [8], [9], [10], [11], [12], [13]. The deductive calculus DED2
of second order logic is based on rules and axioms which guarantee that the quantifiers range at
least over definable subsets [7]. As to the semantics, there are two tipes of models: Suppose U is
an ordinary first-order structure and S is a set of subsets of the domain A of U. The main idea is
that the set-variables range over S,i.e. (U,S) EF3X®(X) < 3S(S € S)[(U,S) o (9)].

We call (U,S) a Henkin model, if (U,S) satisfies the axioms of DED; and truth in (U,S) is
preserved by the rules of DED>. We call this semantics of second-order logic the Henkin semantics
and second-order logic with the Henkin semantics the Henkin second-order logic. There is a special
class of Henkin models, namely those (U, S) where S is the set of all subsets of A.

We call these full models. We call this semantics of second-order logic the full semantics and second-
order logic with the full semantics the full second-order logic.

Remark 1.1.10.We emphasize that the following facts are the main features of second-order logic:

1. The Completeness Theorem: A sentence is provable in DED; if and only if it holds in all
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Henkin models [7], [8], [9], [10], [11], [12], [13].

2. The Lowenheim-Skolem Theorem: A sentence with an infinite Henkin model has a
countable Henkin model.

3. The Compactness Theorem: A set of sentences, every finite subset of which has a Henkin
model, has itself a Henkin model.

4. The Incompleteness Theorem: Neither DED> nor any other effectively given deductive
calculus is complete for full models, that is, there are always sentences which are true in all full
models but which are unprovable.

4. Failure of the Compactness Theorem for full models.
6. Failure of the Lowenheim-Skolem Theorem for full models.

7. There is a finite second-order axiom system Zs such that the semiring N of natural numbers is
the only full model of Zs up to isomorphism.

8. There is a finite second-order axiom system RCF» such that the field R of the real numbers is
the only full model of RC'F» up to isomorphism.

Remark 1.1.11.For let second-order ZF'C be, as usual, the theory that results obtained from ZFC
when the axiom schema of replacement is replaced by its second-order universal closure,i.e.

VX [Func(X) = YudwWr[rev < 3s(s€uAn(s,r) € X)]], (1.1.12)

where X is a second-order variable, and where F'unc (X) abbreviates ” X is a functional relation” ;see
[12].

Thus we interpret the wif’s of ZFC> language with the full second-order semantics as required in
[12], [13] but also wit a proof theory bused on formal Ur logic [13].

Designation 1.1.1. We will denote: (i) by ZFC4'* set theory ZFCs with the Henkin semantics,
(ii) by ZFC{* set theory ZFC, with the full second-order semantics, (iii) by ZFCy" set theory

Hs
ZFCHs 4+ HMsZtFC2 and (iv) by ZFCs: set theory ZFC + IMZFC where ML" is a standard

model of the theory Th.

Remark 1.1.12. There is no completeness theorem for second-order logic with the full second-
order semantics. Nor do the axioms of ZFC'Qf ** imply a reflection principle which ensures that if a

fss
sentence Z of second-order set theory is true, then it is true in some model MZ¥ 2" of ZFCQfSS
[11]. Let Z be the conjunction of all the axioms of ZFCJ**. We assume now that: Z is true,i.e.

Con (ZF Cg Ss) . It is known that the existence of a model for Z requires the existence of strongly

inaccessible cardinals, i.e. under ZFC it can be shown that 3ba is a strongly inaccessible if and
only if (Hspa, €) is a model of ZFCJ**. Thus

—Con(ZFC{**) = —Con(ZFC + 3k)). (1.1.13)

In this paper we prove that:

—— Hs Hs
(i) ZFCy 2 ZFC + 3MZFC (i) ZFCy ° 2 ZFCH* + IMZF2" and (iii) ZFCJ*® is inconsistent,
where ME" is a standard model of the theory Th.

Axiom IMZFC [8]. There is a set MZFC and a binary relation e C MZ¥¢ x MZ¥¢ which makes
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M?FC a model for ZFC.

Remark 1.1.13. (i) We emphasize that it is well known that axiom IM?¥Y a single statement
in ZFC see [8], Ch.lsection 7.We denote this statement throught all this paper by symbol
Con (ZFC;M7F€).

The completness theorem says that IMZFC <= Con (ZFC).

(i) Obviously there exists a single statement in ZFC3® such that IMZFC = Con (ZFCQHS) .

We denote this statement throught all this paper by symbol Con (ZF CHs MZF Céﬂ) and there

exists a single statement I Z55. We denote this statement throught all this paper by
symbol Con (ZQHS;MZ’fS) .

Axiom IMZFC. [8]. There is a set MZ"C such that if R is
{{zy)lxreynme MZEZFC Ay € MSZtFC} then MZFC is a model for ZFC under the relation R.

Definition 1.1.6. [8].The model MZ4"“ is called a standard model since the relation € used is
merely the standard €- relation.

Remark 1.1.14. Note that axiom IMZFC doesn’t imply axiom IMZEFC see ref. [8].

Remark 1.1.15. We remind that in Henkin semantics, each sort of second-order variable has a
particular domain of its own to range over, which may be a proper subset of all sets or functions
of that sort. Leon Henkin (1950) defined these semantics and proved that Godel’s completeness
theorem and compactness theorem, which hold for first-order logic, carry over to second-order logic
with Henkin semantics. This is because Henkin semantics are almost identical to many-sorted
first-order semantics, where additional sorts of variables are added to simulate the new variables of
second-order logic. Second-order logic with Henkin semantics is not more expressive than first-order
logic. Henkin semantics are commonly used in the study of second-order arithmetic.Vaanénen [13]
argued that the choice between Henkin models and full models for second-order logic is analogous
to the choice between ZFC and V (V is von Neumann universe), as a basis for set theory: ”As
with second-order logic, we cannot really choose whether we axiomatize mathematics using V or
ZFC. The result is the same in both cases, as ZFC is the best attempt so far to use V as an
axiomatization of mathematics.”

Remark 1.1.16.Note that in order to deduce: (i) “Con(ZFC%*) from Con(ZFC3),

(ii) "Con(ZFC) from Con(ZFC),by using Godel encoding, one needs something more than the

Hs
consistency of ZFCH*, e.g., that ZFCH* has an omega-model MfFC"‘ or an standard model
Hs
MSZtFC2 i.e., a model in which the integers are the standard integers and the all wff of ZFC*,

ZFCetc. represented by standard objects.To put it another way, why should we believe a statement
just because there’s a ZFCH*-proof of it? It’s clear that if ZFCH? is inconsistent, then we won’t
believe ZFC2*-proofs. What’s slightly more subtle is that the mere consistency of ZFCy isn’t
quite enough to get us to believe arithmetical theorems of ZFC4*; we must also believe that these

arithmetical theorems are asserting something about the standard naturals. It is ”conceivable” that

Hs
ZFC4 might be consistent but that the only nonstandard models Mﬁi% it has are those in

which the integers are nonstandard, in which case we might not ”believe” an arithmetical statement
such as ” ZFC4'® is inconsistent” even if there is a ZFC4*-proof of it.

. zFCHs | . zFcHs
Remark 1.1.17. Note that assumption IM; is not necessary if nonstandard model M,
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Hs Hs
is a transtive or has an standard part MsZt2 - Mf,it ,see [14], [15].

Remark 1.1.18. Remind that if M is a transitive model, then 3¢9™ is the standard 3¢9. This
implies that the natural numbers, integers, and rational numbers of the model are also the same
as their standard counterparts. Each real number in a transitive model is a standard real number,
although not all standard reals need be included in a particular transitive model. Note that in any

Hs — — — — —
nonstandard model Mﬁit of the second-order arithmetic ~ Z3'® the terms 0, SO =1,8S0=2,...

Hs Hs
comprise the initial segment isomorphic to Miz - Mﬁit . This initial segment is called

Hs Hs
the standard cut of the Mf,it . The order type of any nonstandard model of M ﬁit is equal to
N+ A x Z,see ref. [16], for some linear order A

Hs
Thus one can to choose Gddel encoding inside the standard model MSZ,? .

Remark 1.1.19. However there is no any problem as mentioned above in second order set theory
Z FCs with the full second-order semantics because corresponding second order arithmetic Z2f 5 s
categorical.

Remark 1.1.20. Note if we view second-order arithmetic Z; as a theory in first-order predicate
calculus. Thus a model M?Z2 of the language of second-order arithmetic Z, consists of a set M
(which forms the range of individual variables) together with a constant 0 (an element of M),
a function S from M to M, two binary operations + and X on M, a binary relation < on M,
and a collection D of subsets of M, which is the range of the set variables. When D is the full
powerset of M, the model M?2 is called a full model. The use of full second-order semantics is
equivalent to limiting the models of second-order arithmetic to the full models. In fact, the axioms
of second-order arithmetic have only one full model. This follows from the fact that the axioms of
Peano arithmetic with the second-order induction axiom have only one model under second-order
semantics, i.e. Z», with the full semantics, is categorical by Dedekind’s argument, so has only one
model up to isomorphism. When M is the usual set of natural numbers with its usual operations,
M?2 is called an 3¢9-model. In this case we may identify the model with D, its collection of sets
of naturals, because this set is enough to completely determine an 3c9-model. The unique full

fss
omega-model Mf 2, which is the usual set of natural numbers with its usual structure and all its
subsets, is called the intended or standard model of second-order arithmetic.

1.2 Remarks on the Tarski’s Undefinability Theorem

Theorem 1.2.1.(Tarski’s undefinability theorem) Let Th be first order theory with formal language
,which includes negation and has a Gddel numbering g(o) such that for every -formula A(z) there
is a formula B such that B <+ A(g(B)) holds. Assume that Th has a standard model M_-" and
Con (Th ) where

Th . £ Th +3IME". (1.2.1)

Let T*be the set of Godel numbers of -sentences true in M:". Then there is no -formula True(n)
(truth predicate) which defines T*.That is, there is no -formula True(n) such that for every -formula
A, True(g(4)) <= [A}MTth (1.2.2)

where the abbraviation [A], Tnmeans that A holds in standard model M, Thie [A] yTh =
st st
s A.Thus Con (Th,s:) implies that
st

~ITrue(z) (True(g(A)) = [A] Th) (1.2.3)

Ajst

31



Advances in Mathematics and Computer Science Vol. 1
There is No Standard Model of ZFC and ZFCa

Thus Tarski’s undefinability theorem reads
Con (Th.y) = —3True(z) (True(g(A)) — [A]MTh). (1.2.4)
st

Remark 1.2.2. By the other hand the Theorem 1.2.1 says that given some formal theory Th
that contins formal arithmetic, the concept of truth in that formal theory Th . is not definable
using the expressive means that that arithmetic affords. This implies a major limitation on the
scope of ”self-representation.” It is possible to define a formula True(n),but only by drawing
on a metalanguage whose expressive power goes beyond that of .To define a truth predicate for the
metalanguage would require a still higher metametalanguage, and so on.

Remark 1.2.3. In this paper under the following assumption
Con (ZFC +3MZ5") (1.2.5)

in particular we prove that there exists countable Rassel’s set R, such that the following statement
holds:

ZFC + 3IMZEZFC

IRy (R € METC) A (card (Rw) = Ro) A [':Mim Vo (z e Ry = o ¢ x)] . (1.2.6)

From (1.2.6) immediately follows a contradiction
Fuzre (Ro € Ro) A(Re € Ro). (1.2.7)

From (1.2.5) and (1.2.7) by reductio ad absurdum it follows

—~Con (ZFC + 3IMZ"°) . (1.2.8)

Remark 1.2.4. It follows from (1.2.8) that Tarski’s undefinability theorem (Theorem 1.2.1)
obviously no longer holds.

Definition 1.2.1. Let Th* be first order theory and Con (Th#) . A theory Th?” is complete if,
for every formula A in the theory’s language , that formula A or its negation —A is provable in
Th?# i.e., for any wif A, always Th?* - A or Th* - —A.

Definition 1.2.2.Let Th be first order theory and Con (Th).We will say that a theory Th¥ is
completion of the theory Th if (i) Th C Th#,(ii) a theory Th# is complete.

Theorem 1.2.2. [4], [5]. Assume that:Con (ZFCs;) ,where ZFCy 2 ZFC + 3IMZFC Then there
exists completion ZFC;% of the theory ZFCs; such that the following condtions holds:

(i) For every formula A in the language of ZFCs: that formula [A]MZth or formula [ﬁA}szFcis
provable in ZFC ie., for any wif A, always ZFC% + [A]MSZ’{FC or ZFCY + [_‘A]MSZtFC .
(i) ZFCﬁ = UmenTh,,,where for any m a theory Thy,1 is finite extension of the theory Th,,.

(iii) Let Prs! (y, =) be recursive relation such that: y is a Gédel number of a proof of the wiff of the
theory Th,, and x is a Gédel number of this wif. Then the relation Pri (y,x) is expressible in the
theory Th,, by canonical Gdodel encoding and really asserts provability in Thy,.

(iv) Let Pr% (y,z) be relation such that: y is a Gédel number of a proof of the wff of the theory
ZFC? and z is a Godel number of this wif. Then the relation Pr? (y,z)
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is expressible in the theory ZF Cﬁ by the following formula
Prf (y,z) < ImPr;; (y,2)) (1.2.9)

(v) The predicate Pr¥ (y, z) really asserts provability in the set theory ZFC¥.

Remark 1.2.5.Note that the relation Prif (y,x) is expressible in the theory Th,, since a theory
Th,, is an finite extension of the recursively axiomatizable theory Z F'Cs; and therefore the predicate
Prs! (y,z) exists since any theory Th,, is recursively axiomatizable.

Remark 1.2.6. Note that a theory ZF Cﬁ obviously is not recursively axiomatizable nevertheless
Godel encoding holds by Theorem 1.2.2.

Theorem 1.2.3. Assume that:Con (ZFCs;) ,where ZFC's, £ ZFC’—i—HMSZtFC.Then truth predicate
True(n) is expressible by using first order language by the following formula

True(g(A)) <= Jy(y € N) Im (m € N) Prst (y, g(A)). (1.2.10)
Proof.Assume that:
ZFCH F [Alyzre - (1.2.11)

It follows from (1.2.11) there exists m* = m* (g(A)) such that Thy,~ - [A]Mthc and therefore by
(1.2.9) we obtain Pr¥ (y,g(A)) <= Prt. (y,9(A))). (1.2.12)

From (1.2.12) immediately by definitions one obtains (1.2.10).
Remark 1.2.7. Note that Theorem 1.2.3 reads

Con (ZFCy) = 3True(x) (True(g(A)) <= [A],zrc). (1.2.13)
Theorem 1.2.4. -Con (ZFCs:) .

Proof.Assume that: Con (ZFCy;) .From (1.2.10) and (1.2.13) one obtains a condradiction Con (ZFCs;)A
—Con (ZFCs) and therefore by reductio ad absurdum it follows =Con (ZFCls) .

Theorem 1.2.5. [4], [5]. Let MZES be a nonstandard model of ZFC and let M5 be a standard
model of PA.We assume now that M54 ¢ M ZEC and denote such nonstandard model of the set
theory ZFC by MEZEC = MEEC [PA] Let ZFCis: be the theory ZFCnst = ZFC + MEZEC [PA].
Assume that:Con (ZFCys;) ;where ZFCysy 2 ZFC+3MEEC Then there exists completion ZFC7_,
of the theory ZFCns: such that the following condtions holds:

(i) For every formula A in the language of ZFC that formula [A]MI%FC or formula [—‘A}Mﬁpcis
st st
provable in ZFC%, i.e., for any wif A, always ZFCF,, + [A]MfJFC or ZFC¥,, + [_‘A]MI{,FC .
st st

(ii) ZFC’ﬁSt = UmenTh,,,where for any m a theory Th,, 41 is finite extension of the theory Th,,.

(iii) Let Pri** (y, ) be recursive relation such that: y is a Godel number of a proof of the wif of the
theory Th,, and z is a Gédel number of this wff.Then the relation expressible in the theory Th,,
by canonical Go6del encoding and really asserts provability in Th,,.

(iv) Let Pr%_, (y,2) be relation such that: y is a Godel number of a proof of the wif of the theory
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ZFCﬁSt and z is a Goédel number of this wif.Then the relation Prﬁst (y,x) is expressible in the
theory ZF C’f;st by the following formula

Prﬁst (y,2) <= Im (m S MSP;A) prist (y,z)) (1.2.14)

(v) The predicate Pr%_, (y, z) really asserts provability in the set theory ZFC%,.

Remark 1.2.8.Note that the relation Pr}* (y, z) is expressible in the theory Th,, since a theory
Th,, is an finite extension of the recursively axiomatizable theory ZFC and therefore the predicate
PrlVst (y, ) exists since any theory Th,, is recursively axiomatizable.

Remark 1.2.9. Note that a theory ZFC?,_, obviously is not recursively axiomatizable nevertheless
Godel encoding holds by Theorem 1.2.5.

Theorem 1.2.6. Assume that:Con (ZFCnst) ,where ZFCnst £ ZFC + HMﬁsFtC.Then truth
predicate True(n) is expressible by using first order language by the following formula

True(g(A)) < 3y (y € M{L) Im (m € MEL) Pr)* (v, g(A)). (1.2.15)
Proof.Assume that:
ZFC;%“ F [A]MgFtC . (1.2.16)

It follows from (1.2.14) there exists m* = m™ (g(A)) such that Th,,~ F [A]MJ%]FC and therefore by
st
(1.2.14) we obtain

Prﬁst (y,9(A)) = Priyst (y,9(A))). (1.2.17)
From (1.2.17) immediately by definitions one obtains (1.2.15).
@ Remark 1.2.10.Note that Theorem 1.2.6 reads

Con(ZFCyy) = ITrue(x) (True(g(A)) — [A]MZFC). (1.2.18)

Nst

Theorem 1.2.7. -Con (ZFCnst) .

Proof. Assume that: Con (ZFCns:) .From (1.2.15) and (1.2.18) one obtains a condradiction
Con (ZFCnst)A-~Con (ZFCns:) and therefore by reductio ad absurdum it follows —Con (ZFCnst) .

2 DERIVATION OF THE INCONSISTENT DEFINABLE SET
IN SET THEORY ZFCI® AND IN SET THEORY ZFCgr

2.1 Derivation of the Inconsistent Definable Set in Set Theory
———=Hs
ZFC,

In this section we obtain a contradiction in set theory ZF C’fs by using a set of the all sets definable
by first order 1-place open wit’s of the set theory ZFC;IS.
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We start to explain main idea from some simply formal definitions.

Hs
Definition 2.1.1. Let M., 2 M2 Let 4+ 285, be a set of the all first order 1-place open

wit’s ¥ (X) = Uay,, (X) (wif1) of the set theory ZFC’;{S with all bound variables restricted to

standard model My; and that contains free occurrences of the first order individual variable X and

quantifiers only over first order individual variables, i.e. * is a set of the all first order 1-place

Hs
open wif’s with all bound variables restricted to standard model ]\Ij/Fc2 .

We define now a set I'{* £ T%5, §§3M5 , by the following (second order) formula

VU, (X) [Oar,, (X) € DXy, <=

He 2.1.1
(3¢ (x € MZ"H ) war, () A (W, (X) €] (11
or in the following equivalent form
s, (X) [War, (X) € T, = TR (y,0) \
[(gmgrs (Uar., (X)) = y) A (gmgs (X) = u>] (2.1.1.0)

zZFoils

A (3 (X € METT) War, (X)) A (War, (X) €8]

see Remark 2.1.10 (ix) and Eq.(2.1.28). Note that there exist a set I'{*%, , by the second order
separaton axiom.

Notation 2.1.1. In this subsection we often write for short ¥ (X) ,¥* T'¥* instead ¥y, (X),

§stt,F§stt but this should not lead to a confusion.

Assumption 2.1.1. We assume now for simplicity but without loss of generality that

¥, € My (2.1.1.b)

and therefore by definition of model M,: one obtains Fngst € Mgt

Definition 2.1.2. Let ¥; = ¥ (X) = Uy ar,, (X) and Uo = Uy (X) = Uy ar,, (X) be a first order
1-place open wif’s of the set theory ZFCSS and with all bound variables restricted to standard
model M .

(i) We define now the equivalence relation (- ~x -) £ (- ~x,, ©) C I'¥%., x TR, by the
following formula

V\Iflv\llg (\Ifl ~XxX \Ifg) e V\IH (X) YWy (X) {[\111 (X) ~x Wy (X)]
= vx(xe MSZtFCQHS) [¥1(X) <= L2(X)} =
L (X) V02 (X) {0 (X) ~x 0 (X)) =

[VX (X € MjFCfS) Uy (X) < VX (X e Mffcfs) 0, (X)] }

(2.1.2)

or in the following equivalent form
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YU 1VP2 (U1 ~x P2) <= VI (X) VT (X) {[‘1’1 (X) ~x P2 (X)]

ZFC‘2

= 3y1F1‘{“(y1,v)3yzFr1 *(y2,v)VX (X € M, [P (X) <= P2 (X)]} —

YL (X)) VW2 (X) {[¥1 (X) ~x 02 (X)] = 3uaFefl (u1,0)3p2Frile (v, 0) (2.1.2.a)
[(gZFcHS (W1 (X)) =v1 ) A (9gpgHs (¥2 (X)) = yz) A (gZchs (X) = ,,)] A

[vx (x S MZFC2 ) Uy (X) <= VX (X S MZFC2 ) Wy (X)] }

(ii) Note that the equivalence relation (- ~x -) well defined as a set of ordered pair Z >

such that
Zio={(01,T2) | [(V1,Ts) € T x T¥*] A [© (T, T2)]},
O (T, ;) £ |:MZFC§S VX [P (X) <= Uy (X)], (2.1.3)

or in the following equivalent form

Zro = {(V1,¥a) | [(U1, W) € IH* x ] A 3y1F1‘1 (y1,v)Fy2Fri’® (y2,v) \

[(gZFCHS (72 (X)) = yl) (gZFcHS (P2 (X)) = Z/2) (gZF‘Cfs (X) = 7/)] "
[© (¥, ¥2)]},
O (¥1,0,) £ |:MZFCQHS VX [T (X) <= ¥, (X)],

(2.1.3.0)

ie. (\111, Wy) € Z1,2 if and only if the sentence VX [¥; (X) <= W3 (X)] holds in standard model

MSZtFC2 .Note that the relation |: Zch VX [U; (X) < Wy (X)] is expressible in ZFC3* by

a single formula © (\111, Wy) of the set theory ZFCH* since there exists a single statement
Con (ZFCf s MZFCd ) in ZFCH* such that Con (ZFC{IS; MZFeq ) — IMFFCT
< Con (ZFC3"*) .see Remark 1.1.4(ii).

(iii) It follows from the statement (ii) and Axiom schema of separation that Z; > is a set in the
sense of the set theory ZFC5*.

(iv) A subset AY® of T¥* such that ¥, (X) ~x s (X) holds for all ¥; (X) and ¥s (X) in AY®
and never for ¥, (X) in A¥® and U, (X) outside A%®, is called an equivalence class of % by ~x .

(v) A set of the all possible equivalence classes of a set I'Z* devided by ~x, will by denoted by
Iie/ ~x

PR/ ~x® {0 (X)), |0 (X) e TR}, (2.1.4)
is the quotient set of a set I''Z* devided by the equivalence relation ~x .

(vi) For any ¥ (X) € I'¥® by symbol [¥ (X)],;, £ {®(X) € T¥*|¥ (X) ~x ®(X)} we denote the
equivalence class to which ¥ (X) belongs. All elements of ng that equivalent to each other are
also elements of the same equivalence class.

Definition 2.1.3. We define now the operations join V,meet A,and complementation, denoted
[® (X)]'on T2/ ~x by :

(1) [@ (X)] v [¥ (X)] = [ (X) v ¥ (X)],
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(2) [@ (X AW (X)] = [@(X) AT (X)],
(3) [ (X)) = [=2 (X)].

The resulting bulean algebra Bx is the Lindenbaum-Tarski algebra of the second order

language ¢ of ZFC’fS and it may be shown that

Hs
rer [@ ()] = [HX (X e MZFC: ) ) (X)] ,
S s (2.1.5)
wer [@(1)] = [vX (X € M) @ ()],
Hs
where t € T' = MSZtFCz and T is the set of all terms in the language 7°.

Remark 2.1.1. Note that in bulean notations definition (2.1.2) reads

i = {(\111,\1/2) | ((\111, Uy) € F)Igs X Fﬁs) A([Q (U1, Tg)] = 1Bx)}v

zZFcHs

Q (W1, 2) 2 VX (X € METPT) [0 (X) = 0 (X)) (2.1.6)

Definition 2.1.4. [17]. Let Th be any theory in the recursive language rn Dpa, where pa is

a language of Peano arithmetic.We say that a number-theoretic relation R(z1,...,zn) of n
arguments is expressible in Th if and only if there is a wif R(z1,...,2n) of  Th with the free
variables x1, ..., £, such that,for any natural numbers ki, ..., k,, the following holds:

(i) If R (K1, ..., kn) is true, then brn R (Fu, .oy n) -
(ii) If R (K1, ..., kn) is false, then Frp, =R (k1, ..., kn) .

Remark 2.1.2. Recoll that any recursive language 75 except logical connectives and quantifiers
contains the following sets of symbols (see for example ref. [17], p.51):

(i) a set of symbols Ag = {(,),,,, =, V} and we will identify these symbols with a

I-tuples Ao = {{(},{)},{,},{=},{ =, {V¥}}} by using a one-one functionpa, :

pao {(H) = (pao (D)) =), 020 (D) =, 08, {7} =702, { = }) ==,
P (7)) =V, o
oas (0={G 02, D=0} 020 ) ={} 00 ) ={"},pas (=) ={=1, o
oag (V) ={V},

and we will be often abbreviate

(={¢) =0t =4 2=} = ={=}.v={v} (2.1.8)

(ii) aset of the first order individual variables: Ay = {z1,z2,...,Zn,...} and we will identify
these individual variables with a 1-tuples A1 = {{z1},{z2},...,{zx},...} by using a one-one
functionpa, :

pa; ({zn}) = Tn, 0, (n) = {20}, (2.1.9)

and we will be often abbreviate Z, = {z, };

(iii) a set of the second order individual variables: A= {Y1,Y2, -y Yny oo}
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(iv) a set of the individual constants: As = {a1,as, ..., an,...} and we will identify these individual
constants with a 1-tuples Az = {{a1},{az},...,{an},...} by using a one-one functionpa, ({an})

pa; ({an}) = an, o3, (an) = {an}, (2.1.10)
and we will be often abbreviate @, = {an};
(v) for every integer n > 0 there is a set of n-ary, or n-place, predicate symbols:

Az = {AZ}n,keN and we will identify these predicate symbols with a 1-tuples
As = {{A%}},. ren by using a one-one function pa, :

pas ({ARY) = AR, px, (AF) = {AL}; (2.1.11)
and we will be often abbreviate ;17,; ={Ar};

(vi) for every integer m > 0 there is a set of n-ary, or n-place, function symbols:

Ay = {fﬁ}nykeN and we will identify these predicate symbols with a 1-tuples
Ay = {f&}},. ken by using a one-one function pa, :

pas (L)) = i oa, () = {fE}, (2.1.12)
and we will be often abbreviate ﬁ ={fe};

(vil) A theory Th is said to have a primitive recursive vocabulary (or a recursive vocabulary) if the
following predicates are primitive recursive (or recursive)

(a) ICH5(z): x is the Godel number of an individual constant of ZFC’;HS7
(b) FL™5(z):  is the Godel number of a function letter of ZFCfs,

(c) PL¥5(2): 2 is the Godel number of a predicate letter of ZFCy°.

Remark 2.1.3. (i) Note that in fact it was alwais implicitly assumed that these sets A1, Az, Az, Ay
are a sets in a sense of ZFC (ZFC-set),see ref.[8],[17].

(ii) we will write for short A is a ZFC-set instead A is a set in a sense of ZFCetc.

Remark 2.1.4.(a) Recoll that the function symbols applied to the variables and individual
constants inductively generate a full ZFC-set of the terms [8], [17]:

(1) Variables and individual constants are terms.

(1.a) First order variables and individual constants are first order terms.
(1.b) Second order variables are second order terms.
(

(

2) If £, is a function symbol and t1, t2, ..., tn, are terms, then f," (t1,t2, ..., tn) is a term.

2.a) If £, is a function symbol and t1,t2, ..., tn, are first order terms, then f,” (t1,t2,...,tn) is a
first order term.
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(2.b) If f,” is a function symbol and sequence t1, o, ..., t,, contain at least one second order term,
then f." (t1,¢2, ..., tn) is a second order term.

(2.b) If f,” is a function symbol and sequence t1, ta, ..., tn, contain at least one second order term,
then f,." (t1,¢2, ..., tn) is a second order term.

(3) An expression is a term only iff it can be shown to be a term on the basis of conditions (1) and

(2).

(3.a) An expression is a first order term only iff it can be shown to be a term on the basis of
conditions (1.a) and (2.a).

(3.b) An expression is a second order term only iff it can be shown to be a term on the basis of
conditions (1.b) and (2.b).

(3.c) We will be identify the first order terms with ordered n + 3-tuples

{{fkn}7{(}7{t1}7{t2}7"'7{t"}7{)}} (2'1-13)

by using a one-one function g, :

o ({{fkn} ) {(} ’ {tl} ) {tQ} PR {tn} ) {)}}) = fkn (tl,t% “'7tn)7 (2 1 14)
p;l (flcn (t17t27"'vt")) = {{fkn}v{(}7{t1}7{t2} EEREY) {t’ﬂ}7{)}} . o

It follows from Remark 2.1.2 and Remark 2.1.4 that there is a ZF'C-set of the all first order terms
Tq:

T1=A1UA2 U{f" (t1,t2, s tn)}, pen- (2.1.15)
(3.d) We will be denoted the image p;* (Y1) by
o7 (1) = Ts. (2.1.16)

(4) Recoll that the predicate symbols applied to terms yield the atomic formulas; that is, if AE s
a predicate letter and t1,ta, ..., tn, are terms, then A% (t1,ta, ..., t,) is an atomic formula.

(4.a) The predicate symbols applied to the first order terms yield the first order atomic formulas;
that is, if A® is a predicate letter and ti,ta, ..., t,, are first order terms, then A (¢1,%2,...,t,) is an
first order atomic formula.

(4.b) The predicate symbols applied to the second order terms yield the second order atomic formulas;
that is, if A® is a predicate letter and 1, ¢, ..., tn, are second order terms, then AF (t1,t2, ... tn) is
an second order atomic formula.

(4.c) We will be identify the first order atomic formulas with ordered n + 3-tuples

{A], (,t1,t2,...,tn, )} by using a one-one function @ :

P ({Akn7 (7t17t27 “'7tn7 )}) = Akn (t17t27 7tn) ) (2 1 17)
p;l (Akn (t17t25 ,tn)) = {Akn7 (7t17t27 7tn’)} . -

It follows from Remark 2.1.2 and Remark 2.1.4 that there is a ZFC-set of the all

first order atomic formulas X;:

S = {AD (b b2, oo tn) b e - (2.1.18)
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(4.d)We will be denoted the image p;' (X) by
ot (Z1) =5, (2.1.19)

(5) We introduce now a one-one function @, such that
prxly, = 9r, Prrly, = Pr- (2.1.20)

(6) Recoll that the well-formed formulas (wff’s) of quantification theory are defined inductively as
follows [8], [17], [18]:

6.a) Every atomic formula is a wif.
6.b) Every first order atomic formula is a first order wif.
6.c) Every second order atomic formula is a second order wif.

6.d) If B and C are wif’s and y is a variable, then (-B), (B = () and ((Vy) B) are wfl’s.

An expression is a wif only if it can be shown to be a wif on the basis of conditions (6.a) and

7) 1If B and C are first order wff’s and y is a first order variable, then (-B),(B = C) and
(Vy) B) are first order wff’s.

a) An expression is a first order wff only if it can be shown to be a wff on the basis of conditions

(
(
(
(
(6.e)
(6.d).
(
(
(7.
(6.b) and (6.d).

Remark 2.1.5. It follows from Remark 2.1.1-Remark 2.1.3 that there is a ZFC-set Z; of the all
first order wff’s and in partcular

TiUX CZy. (2.1.21)
We extend now one-one functiongp, » up one-one function p=, by natural way,i.e.,

lyus; = @7+ and we will be denoted the image pgll (Z1) by

[1])

=, (1) =E1 (2.1.22)

Remark 2.1.6.  Recoll that for an arbitrary second-order theory Th, we correlate with each
symbol u of Th an odd positive integer g(u), called the Godel number of u, in the following rules

[10] [[10]):1.9 () = 3,2.9 )) = 53.9(,) = Tdg () = 9,5.9 (—> ) = 11,6.9 (¥) = 13,
7.9 (zr) = 13+ 8k,8.9 (ax) = 7+ 8k,9.9 (fi') = 1+ 8 (2"3%) ,10.g (A}) = 3+ 8 (2"3%),

11.9 (yx) = 15 + 8k, where k,n > 1.

Example 2.1.1.g (22) = 29; g (as) = 39%; g (f,°) = 97; g (A3) = 147.

Remark 2.1.7. Note that g is a bijection and therefore there exist a functon ¢~ 'such that
Lot (3)= (297" (5) =)3.¢7 " (7) =497 (9) =597 (11) = = ,6.97' (13) =,

7.9 (13 + 8k) = ;8.9 (7 + 8k) = ax;9.9 (1 + 8 (2"3%)) = f;10.g (3+ 8 (2"3")) = A}, where k,n >
L.
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Example 2.1.2.97" (29) = 22; 971 (39) = a4; 971 (97) = f1%; 97" (147) = Al.
Remark 2.1.8. Note that gog™' (z) = =.

Remark 2.1.9. Given an expression woui..uj...ur,where each w; is a symbol of Th, i.e.,
each u; € Ag UAL UAUA3UAs (Ao = {(,),,,~, =,V}) we define its Godel number

IzFahs (Uour..uj...uy) 2 g (uou1..uy...u,) by the formula:
2
A v . . v v
2 g (wour..uj...ur) = & (uo) - E(ur) - oo - g (uj) - oo - g (ur) =
9 = & (uour..uj..ur) = g (uo) g((lu)_) g(uy) - & (ur) (2.1.23)
— 99(uwo) . g9(u1) . ,p? i 'pg(ur)
J T ’

where g (u;) = pj(uj)and where p; denotes the j-th prime number and we assume that po = 2.

Example 2.1.3. g (A} (z1,22)) = 90(A3) . 39(0 . gale1) . 79() . 1q9(e2) . 1390) _ 999 33 521
771179135,

Definition 2.1.5. Given any natural number k£ € N wich has representation of the form
k= 29(wo) . golu) . ~pg(uj) oo p27) for some sequance of a symbols uo, u1, ey Uy eeey Uy

1

where each u; is a symbol of Th, we define a function g~ : N — Z; by the following formula

g1k =g (Qg(uo>) cegh <pj(“7)) g (Pg(ur)> = (2.1.24)

= UoU1..Uj...Ur € El,
where g+ <p?(u'7)> =g " (9(uj)) =u; € AgUATUAUA3U A,

Definition 2.1.6. [10] Thus g is one-one function from the set S# = UnenS",where S = Ap U
A1 UA2UA3UA4,0f symbols of Th, first order expressions of Th and finite sequences of first order
expressions of Th into the set of positive integers.

The following conditions are to be satisfied by the function g : (1) g is effectively computable, (2)
there is an effective procedure that determines whether any given positive integer m is in the range
of g and, if m is in the range of g, the procedure: finds the object f € UnenZT = €1 such that
g(r) =m.

We extend now one-one functiongp=, up one-one function pq, by natural way,i.e.,

[ |51 = P=1, PO |E71‘b = Pz X Xz, (2'1'25)

n € N, and we will be denoted the image p&ll (€1) by
Por () =01, (2.1.26)
Proposition 2.1.1. Let Th be a theory with a primitive recursive (or recursive) vocabulary.

Then withe following relations and functions (1-11) are primitive recursive (or recursive).

In each case, we give first the notation and intuitive definition for the relation or function, and then
an equivalent formula from which its primitive recursiveness (or recursiveness)

41



Advances in Mathematics and Computer Science Vol. 1
There is No Standard Model of ZFC and ZFCa

can be deduced.

(1) EVbli(x) : x is the Godel number of an expression consisting of a first order variable,

(32).<o(1 < 2 Az = 2'378%) By [17], Proposition 3.18, this is primitive recursive.

EVbly(z) : z is the Godel number of an expression consisting of a second order variable,

(32)2<z(1 < 2 Az = 2'5F8%) By [17], Proposition 3.18, this is primitive recursive.

EVbliya(z) : x is the Godel number of an expression consisting of a variable,

(32)z<a(1 < 2 A (z =2"1%) v (z = 2'°%8%)). By [17], Proposition 3.18, this is primitive recursive.

EIC(z) : z is the Godel number of an expression consisting of an individual constant, (Jy)y<(IC(y)A
x = 2Y) [17], Proposition 3.18).

EFL(z) : z is the Godel number of an expression consisting of a function letter, (Jy)y<z(FL(y) A
x = 2Y) [17], Proposition 3.18.

EPL(z) : z is the Godel number of an expression consisting of a predicate letter,

(3y)y<= (PL(y) Az = 2¥) [17], Proposition 3.18.

(2) Arg(z) = (qt(8,z—1))o : If  is the Godel-number of a function letter f;", then Argy(z) =
n. Argr(x) is primitive recursive [17], Proposition 3.18.

Argp(z) = (gt(8,2 — 3))o : If z is the Godel number of a predicate letter A", then
Argp(z) = n.Argp(x) is primitive recursive [17], Proposition 3.18.

(3) Gdi(z) : z is the Godel number of an first order expression of Th,

EVbl(z) VEIC(z) VEFL(z) VEPL(z) Ve =2 vz =2°ve =2"vae =2V =
21 vz =28V (Fu)uca (V)< (z = u v A Gdi(u) A Gdy(v)).

Gdivz(z) : z is the Godel number of an expression of Th,

EVbliy2(z) VEIC(z) VEFL(z) V EPL(z) Ve =22 va =2V =2"va =22 v =
2 v =28 v =2V (Ju)uce (V)< ( = u v A Gdiva(u) A Gdiva(v)).

(4) MP,(z,y, z) : The first order expression with Godel number z is a direct consequence of the

first order expressions with Godel numbers # and y by modus ponens, y = 2% % z % 2M % 2z % 25 A
Gd;(z) A Gdi(z).

MPiv2(z,y,2) : The expression with Godel number z is a direct consequence of the expressions
with Godel numbers z and y by modus ponens,

y=2%%2 %2 2 %25 A Gdiva(z) A Gdiva(2).

(5) Geni(z,y) : The first order expression with Godel number y comes from the first order expression
with Godel number z by the generalization rule:

() o<y (BEVDL (v) Ay = 23 % 2% % 213 5 0 % 2° x 1 % 25 A Gdi (2)).
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Geniva(z,y) : The expression with Godel number y comes from the an expression with Godel
number x by the generalization rule:

() o<y (EVbliva(v) Ay = 2% %23 % 2" 5 v % 25 x 2 % 2° A Gdiva(z)).
(6) Trm1 (z) : x is the Godel number of an first order term of Th.

Trm; (z) is equivalent to the following relation: ’

EVDbl, (z) VEIC(z) V (3y)y<(p.n= [z = (¥)

VA
Lh(y)—1
Ih(y) = Argr((2)o) + 1 AFL(((%)0)o) A ((y)o)1 = 3A

((y)o) =2 A (Va), - (F0)uca((@uss = (g + v %27 A Trm (0))A

(F0)o<a((y) = ()

Ih(y)—1

(7) Atfml; (z) : z is the Godel number of an atomic first order wff of Th.

5
i)z ¥V 2° A Trm; (v))].

Atfml, (z) is equivalent to the following:

Fu<on=le =), - N(y) = Argp((@)o) + 1A

PL(((%)0)o) A ((¥)o)1 = 3 A lh((y)o) =2 A

(), o FDoca (@t = (@) 0% 27 A Tema (o)1

(F0)o<a((y) = ()

5
1 *v % 2° A Trmy (v))].

u<lh(y)—2

(8)Fmli (y) : y is the Godel number of an first order formula of Th:
Atfml;(y) V (32) <y [(Fmly (2)A = 23 %27 % 2 % 25)V

(Fmli((2)0) AFmLi((2)1 Ay = 2% % (2)0 % 2'1 % (2)1 % 2°)V
(Fml; ((2)0) AEVDL((2)1) Ay = 2% % 2% % 2" 5 ((2), % 2° % (2)0 * 2°)].

(9) Substi (z,y, u,v) : x is the Godel number of the result of substituting in the first order expression
with Godel number y the first order term with Godel number w for all free occurrences of the variable
with Godel number v.

(10) Sub: (y,u,v) : the Godel number of the result of substituting the first order term with Godel
number u for all free occurrences in the first order expression with Godel number y of the variable
with Godel number v :

Sub (y, u,v) = pxs<(p,,1yuv Substy (u, y, u, v).

Puy!

(11) Fri(y,v) : y is the Godel number of the first order wif or the first order term of Th that
contains free occurrences of the variable with Godel number v :

(Fmli (y) V Trm; (y)) A EVbI;(29) A =Subst: (y, y, 278 v).

Remark 2.1.10.Note that in order to obtain completely formal definitions of the first order
predicates EVbI{*(z), BICT*(2), EFLY*(2), ..., Fri’*(y,v) one needs the following second order
predicates:

(i) EVbI{*(x,a) : x is the Godel number of the first order expression a € A; consisting of a first
order variable;

(ii) EIC{*(z, B) :  is the Godel number of the first order expression 8 € Az consisting of individual
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constant;

(iii) EFL{*(x,v) : x is the Godel number of the first order expression v € A3 consisting of function
letter;

(iv) EPL¥#(x, ) : x is the Godel number of the first order expression § € A4 consisting of predicate
letter;

v) Gdf*(z,¢) : x is the Godel number of the first order expression ¢ € 8™, n € N of the ZFCfS;

(

(vi) Trmi{’*(x,7) : x is the Godel number of the first order term 7 € Yy of the ZFCy°

(vii) Atfm1*(z,7) : x is the Godel number of the first order atomic wif 7 € X; of the ZFC’;IS
(

viii) Fml{’®(y, ) : y is the Godel number of the the first order wff formula ¢ € Z; of the ZFC?S

(ix) Fri*(y,v,w) : y is the Godel number of the the first order wif w or the the first order term
w € 21 of the ZFC’2 that contains free occurrences of the variable with Godel number v.

Thus finally we obtain:

EVbl®(z) <= 3Ja(a€ Al)EVbl}fﬁ(ac a) <= (F2)2ca(l < zAx=213182)
EICﬁ‘(z) < 3B(B € A2)EICT *(,8) (3y>y<¢(IcH*(y)Ar2“>
EFLy *(z) <= 3w(w€A3>EFLh (z,7) <= (Ey)1,<T(FL (y) Az =2Y),
EPLI®(z) < 35(6 € Ay) EPLI%(2,6) < (3y)y<«(PLHS(y) Az =2Y),

GdH%(z) «—= 3¢In(¢ € S™) GdH3(z,¢) —
EVbl}’“(z) v EIC{ () v EFLHS(I) v EPL{S(z)v
z=2"Tve=29va=2"vg=213y
Bu)uca (30)vcz(z = u*v A GdH S (w) A GAL S (v)).

Trm#®(z) <= 37 (r € T) Trmi%(z,7) =
EVbl(z) vV EIC(z) V (3Y) < (p, 1y [z = (¥) o
y)—
th(y) = Argr((@)o) + 1 AFL(((»)o)o) A ((¥)o)1 = 3/

th((y)o) =2 A (Vu) - (@ e<a (Wut1 = @)u * v *27 A Trm{ *(v))A
u<lh(y)—1

(EU)U<I((y)Lh(y);1 - (y)lh(y)éz w2 Trml "Dl (2.1.27)
Atfmlfls(;v) <= Ir (7w € El)AtfmlH (z,7) <=
Cv)y<(pgnzle = (y)lh(y);1 A lh(y) = Argp((z)o) + 1A

PL{*(((1)0)0) A (¥)0)1 = 3 A lh((y)o) = 2A

(Vu) - @)v<a((Wut1 = Wu * v * 27 A Trmi 2 ()2
u<lh(y)—2

(Fv)v<a ((y) o=y L oxvx29A ’I‘rm1 S (v))].
th(y)—1 u<lh(y)—2

le{is(y) <= J(p € E1) le{j{'g(y7 @) —
Atfmlfls(y) \Y (Hz)z<y[(le{{3(z)/\ =23 %2% % 2 % 25)\/r
(Fmli2((2)0) A Fmlie((2)1 Ay = 2% % (2)p = 211 & ()1 % 2%V
(Fm12((2)0) AEVDBII®((2)1) Ay =23 %25 5 218 5 ((2); % 2° % (2)0 * 2°)].

I} S(y,v) <= Jw[(w €Z1)V (w € ’I'l)]Flr-1 Sy, v, w)
(Fml{*®(y) v Trm1 S(y) A EVblHS(Q”) A —\SubstHs(y y, 21318V 4.

Designation 2.1.2. (i) Let 9zrofs (u) be a Godel number of an given expression u of the set

theory ZFCL® & zpcls 4 apmZFes”

(ii) Let Fri’*(y,v) be the relation : y is the Godel number of a first order wff of the set theory
ZFCfsthat contains free occurrences of the variable X with Gédel number v,see Remark 2.1.10(ix).

(iii) Note that the relation Fri’®(y, v) is recursive and thus an equivalent from which it recursiveness

can be deduced,i.e. the relation Fri’*(y,v) is expressible in ZFC’fS by a wif Fris(y,v) :
Fri’*(y,v) = (Fml{"* (y) vV Trm{’* (y)) Evbl{’® (2*) A =Subst{® (y,y,2"° % v) . (2.1.28)
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(iv) Note that for any y,v € N by the definition of the relation Fri *(y, v) follows that

Fris(y,v) <= 3V (X) [(gmgs (W (X)) = y) A (gmgs (X) = y)] , (2.1.29)
where ¥ (X) is a unique wif of ZFC;IS which contains free occurrences of the variable X with
Godel number v.We will be often denote the unique wif ¥ (X) defined by using
equivalence (2.1.29) by the symbol ¥, ., (X) ,i.e.

Fris(y,v) < 3, , (X) [(gmgs (T, (X)) = y) A (gmgs (X) = y)] . (2.1.30)
Remark 2.1.11. (i) Note that a function IzFeH: (Py,, (X)) = y is expressible in set theory

ZFC?S by a wif of the set theory ZFC;IS (see Remark 2.1.13) that contains free occurrences of the
variable y € N.Note that formula ¥, , (X) is given by an expression  uoui..u;...up,i.e. Wy, (X) =
UoUl..Uj... Ur,

where each u; is a symbol of ZFC;IS.

(ii) Note that in order to obtain Gédel encoding (2.1.23) rigorously without any refference to non
formal notion of the expression uoui..u;...u» and by using only notion of ZFC-set =1 (see Remark
2.1.5) we remind that ¥, , (X) = uou1..u;...ur € E1 and therefore ¥, (X) = UoU1..u;...Ur € =1.

(iii) In order to obtain Godel encoding as required above in Remark 2.1.11(ii) we introduce now a
countale secuence of the functions

[\I/y,,, (X) ,]] : El X N — AO @] Al @] AQ @] A3 U A4,j = O7 1, (2131)

which are defined by the following formulas
[Py (X);5] =u;,j=0,1,.., (2.1.32)
and we revrite now the expression uoui..u;...ur € =1 in the following equivalent form
Wy (X)50] [Wy,o (X) 5 1] [Ty (X) 5 5] [ Wy (X)) 57 (2.1.33)
By definitions are given above (see Remark 2.1.11(i)-(ii)) we obtain that

9zFcls Uy (X)) =y =

y= 99([ ¥y (X50]) | g9([¥yw(X):1]) | _pg([\l}y,u(x);j}) - -pi([w’y(xw}). (2.1.34)

Let us denote by (y); (see ref.[10] [[10]]) the exponent g ([¥y, (X);]) in this factorization:

y = 99([¥y.v(X);0]) _39([\Ily,u(X);1]) . Vpg‘([‘l’yd/(x)?j]) . ,pg([‘l’y,u(X);r]). (2.1.35)

y e D
Recoll that every positive integer y has a unique factorization into prime powers:

a]'.

y=p" Pt py D (2.1.36)
Let us denote by (y); the exponent a; in this factorization (2.1.29).If y =1, (y); = 1 for all j.

If y = 0, we arbitrarily let (y); = 0 for all j. Then the functions (y);,j = 0,1,... is primitive
recursive, since (y); = pi=<y (pjly A —p7™"|y) ssee [17], p.181.

Remark 2.1.12. Thus the functions (y); = g ([¥ (X);j]),5 = 0,1, ... are expressible in set theory
ZFC’;IS by the formulas denoted below for a short by the symbol A; (y, g ([¥ (X);4])) -
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For y > 0, let lh(y) be the number of non-zero exponents in the factorization of y into powers of
primes, or, equivalently, the number of distinct primes that divide y. Let [h(0) = 0, then lh(y) is
primitive recursive.

Remark 2.1.13. (i) Note that a function (gZchrs (T (X)) = y) A (gmgzs (X) = 1/) is

expressible in set theory ZFC;IS by the following formula =, (T (X),y,v):

21U (X),00) <= (eN AW NPT, 0) A [znmAi 09 (¥ (X)), (2:1.37)
where U (X) is 1-open first order wif of the set theory ﬁ(}f %

(ii) Note that the length of the formula (2.1.37) depend on numerals 3, 7 but nevertheless

E (¥ (X),y,v) is a single 3-open wiff of ﬁcfs.

(iii) Note that

l

9zrens (Vo (X)) =y < E(& ), y,v). (2.1.38)

Definition 2.1.7.Let¥", be a set of the all 1-place open wff’s ¥ (X) of the set theory ZFC’;IS
that contains free occurrences of the individual variable X with Gédel number v and quantifiers
only over individual variables.We define now a set Fﬁfy ggz by the

following formula

Hs
VU (X) [\1/ (X) eTHs, (alx (X e MZFC2 ) v (X)) A (T (X) eﬁfy)} . (2.1.39)
Remark 2.1.14. Let g zzn. (X) = v.We define now a set ris G N by the following formula
2
L) ={y e N ((y.v) € Fri(y,v)) A&~ (y) € TXS (2.1.40)

or in the following equivalent form:
Yy (y € N) [y er® <= (yeN)AFr{"(y,0) Ag " (y) € F?‘l] : (2.1.41)

Definition 2.1.8. Let =1 x be a ZFC-set of the all first order 1-open wiff’s of the set theory
ZFC;{S,see Remark 2.1.4, then we abbreviate Z; x = Wi x [ZFC;IS] .
Remark 2.1.15.(a) Note that a ZFC-set Wil [ZFC’;IS] in canonical handbooks always considered

as an standard set in the sense of the set theory ZFC,see ref. [8].

See for example the proof of the Godel Completness Theorem, ref. [8] Theorem 2, sect.4,p.13.

(b) Note that from statement (a) (see also Remark 2.1.4) and from the axiom of separation it
follows directly that TZ® is a standard set in the sense of the set theory ZF Cfs,

(441) note that the collections s and Fgfy in fact can be considered as a standard set directly
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without any reference to Gédel number, since a countable collection of the all first order wft’s of the
set theory ZFC;IS is a set in the sense of the set theory ZFC.

Definition 2.1.9.(i) We define now the equivalence relation

(-~ ) CTHs xTfs (2.1.42)

in the sense of the set theory ZF C’gls by the following formula

zZFoils

V1V [yl ~y Y = (VX (X e MZ ) Wy, (X) < Ty, (X)])] . (2.1.43)
Remark 2.1.16. Note that (2.1.43) by using second order lenguage of the set theory

A FCf ® can be written in the following equivalent form

Y1~ Y2 —
Frf'* (y1,v) A Frf™ (42, 0) A 39y, (X) (9 (P (X)) = 91) A
2.1.44
H\IJULV (X) (gzpcgs (\1192’1’ (X)):yQ)/\(gZFC;{S (X):V)/\ ( )

ZFcils

[vx (X € M, ) Wy (X) = Uy (X)}]

Remark 2.1.17. Note that from the axiom of separation it follows directly that the equivalence
relation (- ~, ) is a relation in the sense of the set theory ZFCfS.

(i) A subset Afs of Ffs such that y1 ~, y2 holds for all y; and y; in A,{{S, and never for y; in Af[s
and yo outside AZ® is an equivalence class of T'Z*.

(iii) For any y € I'7’* by symbol W]y, = {z eTHly ~, z} we denote the equivalence class to which
y belongs. All elements of I'Z* equivalent to each other are also elements of the same equivalence
class.

(iii) The collection of all possible equivalence classes of '’ by ~,, denoted by symbol
rHs / ~u
U/~ 2 {yly, ly e T} (2.1.45)

Remark 2.1.18. Note that from the axiom of separation it follows directly that Ffs/ ~,is a set
in the sense of the set theory ZFC?S.

Definition 2.1.10. Let S£° be the countable ZFC-set of the all sets definable by the first order
1-place open wil’s of the set theory ZFC;“, ie.

VY {Y €S8 = IV (X) [([¥ (X)), €T/ ~x) ANBIX [T (X)AY =X]]]}. (2.1.46)
Definition 2.1.11. We rewrite now (2.1.46) in the following equivalent form

VY {Y € S5 = IV (X) [([T (X)), €TE/ ~x) A Y =X)]}, (2.1.47)
where the countable set T3 */ ~x is defined by the following formula

YU (X){[T(X)] eI/ ~x <= [([T(X)] €TH/ ~x) AIXT (X)]} (2.1.48)

Definition 2.1.12. Let RE® be the countable set of the all sets definable by the first order 1-place
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open wiff’s and such that
VX {(X e MaAX eS3®) [X eR® — X ¢X]}. (2.1.49)

Remark 2.1.19.(a) Note that R¥* € 3%° since R is a ZFC-set definable by the first order
1-place open wif

Uar, (Z,95°) 20 (Z,35°) EVX{(X e MuAnX €S°)[X € Z < X ¢ X]}, (2.1.50)
and obviously W, (Z, 34) € WiF, [ZFOf ] .

From (2.1.47)-(2.1.50) one obtains

R € RE* = R ¢ R (2.1.51)
But (2.1.51) immediately gives a contradiction
(RE'* € RE=) A (RE® ¢ RE?). (2.1.52)

(b) Note that the contradiction (2.1.52) that is a contradiction inside ZFC;IS for the reason that

. . == H
the countable set $4'° is a standard set in a sense of the set theory ZFC *,

see Remark 2.1.15 (a)-(c) and Remark 2.1.4.

—=~Hs S ~Hs Hs S ~Hs
Theorem 2.1.1.Let ZFC’? be a theory ZFC? 4 ZFC’2H“’—&-HMSZtFC2 and WiHT; [ZFC;I } €

Hs
€ MiFCQ .Then set theory ZFC;IS is inconsistent.

Proof. Immediately from (2.1.52).

Remark 2.1.20. In order to obtain a contradiction inside ZFC;JS, in more general case,i.e.,
without any refference to Assumption 2.1.1 we introduce the following definitions.

Definition 2.1.13. We define now the countable set I';7*/ ~,, by the following formula
Vy {[y]HS e )~y = (ylg, €TV ~) AFE®(y,0) ABIX T, (X)]} . (21.53)

Remark 2.1.21. Note that from the axiom of separation it follows directly that I'}/ is a set in the
sense of the set theory ZFC;IS.

Definition 2.1.14. We define now the countable set 337° by the following formula,
vy {Y € 35" = Ty (] € T37°/ ~)]}- (2.1.54)

Note that from the axiom schema of replacement (1.1.1) it follows directly that 33° is a set in a

sense of the set theory ZFC;{S.
Definition 2.1.15. We define now the countable set R35* by formula

VX {[(X e ™) N (X e M) A [X e = X ¢ X]}. (2.1.55)
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Note that from the axiom schema of separation it follows directly that R3¢ is a set in the sense of

the set theory ZFC’fS.
Remark 2.1.22. Note that R57° € 335° since R57° is definable by the following formula
Ui, (Z2,357°) 207 (Z2,35"°) 2vX {(X e 3T AX e M) [X € Z < X ¢ X]}, (2.1.56)

where obviously ¥* (Z, E‘sﬁHs) € Wif x [ZFC’?S} .

Theorem 2.1.2.Set theory ZFC?S is inconsistent.
Proof. From (2.1.55) and Remark 2.1.22 we obtain
R e s — |y ¢ Rz . (2.1.57)

From (2.1.57) one obtains a contradiction

(?R;H‘S € §R§HS) A (?REHS ¢ §R§H‘g) . (2.1.58)
- s Toads A Hs zrcg'e
Definition 2.1.16. Let ZFCy; be a set theory ZFCy = ZFC3 +3dM .,
Hs Hs Hs Hs
We assume now thaut:HMSZth2 such that MSZtFCQ C Mﬁftcz .Then we will say that MSZtFc2 is a
standard

zZFoils
part of My,

—~——Hs
Theorem 2.1.3. Set theory ZF(C5 is inconsistent.

Proof. Similarly to proof of the Theorem 2.1.2 but with quantifiers bounded on standard part

zZFcils zZFoils
M, of My

Definition 2.1.17. Let A be an standard set in the sense of the set theory ZFC.We will say that:

Hs
(i) a set A is admissible relative to model Mﬁicz iff

Hs

—~——Hs s
Con (ZF02 ) — Con (ZFC2 + (A e MZFCE )) (2.1.59)

Hs
(ii) a set A is not admissible relative to model Mﬁi% iff

zZrcHs

—~—Hs —~——Hs
Con (ZF02 ) — —Con (ZF02 +(ae My )) . (2.1.60)
zrcHs

(iii) a set A is absolute not admissible iff A is not admissible relative to any model My,

Definition 2.1.18. Let =1, x by a ZFC-set of the all the first order 1-place open wit’s of the set
—~~——Hs
theory ZFC’?S, then we abbreviate 21 x 4 Wi, x [ZFC’2 } .
zZFcHs

—~——Hs —~——Hs
Theorem 2.1.4.(1) Set theory ZFCy + (Wﬂ'l,x {ZFCQ ] € My, ) is inconsistent.

—~——Hs
(2) A set WiF; x {ZFC’Q } absolute is not admissible.

49



Advances in Mathematics and Computer Science Vol. 1
There is No Standard Model of ZFC and ZFCa

Proof. Similarly to proof of the Theorem 2.1.2 since canonical Godel encoding holds by property

zrcHs
Ne My,

Proof. (2) Immediately from (1) and Definition 2.1.17.

2.2 Derivation of the Inconsistent Definable Set in Set Theory
ZFCg

In this section we obtain a contradiction in the set theory ZFCy; £ ZFC +3MZFC . by using a set
of the all sets definable by 1-place open wiff’s of the set theory ZFCs:.

Definition 2.2.1. Let % be a set of the all 1-place open wif’s ¥ (X) of the set theory =~ ZFCs; with
all bound variables restricted to standard model M,; that contains free occurrences of the individual
variable X with Godel number v and we will be denoted these

wit’s by ¥ (X) = U, (X),‘;[/X =Vx nmyy, Yy (X) =Wy M, (X) ,y,v € N.We define now a set
rsg ;ﬁf by the following second order formula

YU (X) [ (X) el < (X (X € MEF) T (X)) A (T (X)e¥)]. (2.2.1)
or in the following equivalent form

VI (X) [\1/ (X) €T = FyFrZFo(y, v) \,

(9775 (¥ (X)) = y) A (957 (X) =v)] (2.2.1.q)
AEIX (X € METC) W (X)) A (T (X) €¥)],

see Remark 2.2.2 (ix) and Eq.(2.2.). Note that there exist a set ['{ by the second order separaton
axiom of ZFCHs.

Notation 2.2.1. In this subsection we often write for short ¥ (X), Ux, ¥, , (X) instead
U, (X)), Ux My Yy,v,m,, (X) but this should not lead to a confusion.
Assumption 2.2.1. We assume now for simplicity but without loss of generality that
% € My (2.2.1.b)
and therefore by definition of model M, one obtains F?é € M.

Definition 2.2.2. Let =1, x be a ZFC-set of the all 1-open wiff’s of the set theory ZFCjs;,then we
abbreviate Z1,x = W1, x [ZFCy).

Definition 2.2.3.Let ¥ be a set % = pgll (%) ;and T (X)

= pgll (¥ (X)) where one-one
function pgll defined in sec.2.1,see Remark 2.1.5 and Eq.(2.1.22

Ux
).

Remark 2.2.1.(i)We define now a set Tt = gogll (Fﬁ}f) 7f§ g'ﬁ}s by the following first order formula

with quantifiers over first order individual varables Ty and X :
vy [@X €Ty « INX (X € MZTC) Wy A (\ffx e?é)] : (2.2.2)

(where we write Ux instead ¥ (X)) or in the following equivalent form
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Vix [Ty € T% «= FyFrZFC(y,0) \,

(577 (¥x) =) » (3772 (X) = v)] 2224)

A (3IX (X € MZFO) W) A (\I/X )]
where one-one function gz (\flx) = y is defined below by Eq.(2.2.4), see Remark 2.2.3.

Note that there exist a set fﬁé by the (first order) separaton axiom of ZFC.

(if) Note that second order definition (2.2.1) and first order definition (2.2.2) are equivalent.
We abbreviate now:

(a) ICZFC(x):  is the Godel number of an individual constant of ZFC,

(b) FLZFY(z): 2 is the Godel number of a function letter of ZFC,

(c) PLZ¥9(z): x is the Godel number of a predicate letter of ZFC.

Remark 2.2.2. Note that in order to obtain by using only first order logic the formal definitions
of the first order predicates EVbIZ¥ (z), EICZ¥¢ (), EFLZYC (2), ..., Fr?F% (y,)

from the first order predicates IC?"C (z), FLZ"“ (), PL?"“ (z) one needs the following first order
predicates:

(i) EVbI?¥Y(z, Q) : x is the Godel number of the 1-tuple @ € AL A = pA (A1)
correspondinging to the individual variable a € A1, @ = pa, (@) ,see Remark 2.1.2 (i).
(i) EICZFC (x, ,6)  is the Godel number of the 1-tuple 8 € Ay, Ay = pA (A2)
correspondinging to the individual constant 5 € Az, 5 = pa, (B) ,see Remark 2.1.2 (ii).
(iii) EFLZYY(2,7) : z is the Godel number of the 1-tuple 7 € As,As = pgé (As)
correspondinging to the function letter v € Az, v = pa, (7) ,see Remark 2.1.2 (iii).

(iv) EPLZFC(,5) : z is the Godel number of the 1-tuple 6 € Ay, Ay = pA (Ay)

correspondinging to the predicate letter § € Ay, d = pa, (3\) ,see Remark 2.1.2 (iv).

(v) GdZFC(m C) . is the Godel number of the element { € S# of the set S# = UnenS™,
S = A1 U AQ U A3 U A4, correspondinging to the expression ¢ € S# of ZFC,where
S

# = UpenS™, S = Ay U Ay U As U Ay,see Definition 2.1.6.
(vi) Trm?FC (z,7) : z is the Godel number of the element 7 € T, of the set

T = @71 (Y1) corres-pondinging to the term 7 = g, (7) of ZFC.

L
I

(vii) Atfml1?7C(z, %) : x is the Godel number of the element 7 € £ of the set
o' (1) ,corres-ponding-ing to atomic wif m = @, (%) of ZFC.
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(11

(viii) Fml1?¥C(y,3) : y is the Godel number of the element @ € 2, of the set
o 11 (E1) ,corres-pondinging to the wif formula ¢ = p=, (p) of ZFC.

~
=
Sl =

(ix) Fr?FC(y, v, @) : y is the Godel number of the element & € él,,, of the set
p:1 . (E1,v) ,correspondinging to the wif formula or term w = p=, , (@)

of ZFC that contains free occurrences of the variable with Godel number v.

Thus finally we obtain:

EVbIZT%(2,8) <= (32)s<2(1 < 2 Az = 21378%)

) EICZ7C (2, 5) <= (Iy)y<oa(ICZFC(y) Az = 29),
) EFLZ7C(2,%) <= (Jy)yeu(FLZFC (y) Az = 27),
) EPLZFC(2,8) <= (Jy)y<a(PLZFC(y) Az = 2¥),

I

Gd%FC(z) <= 33 (E € 8") GAZFC (¢,0)
EVbIZFC(z) v EIC?FC (z) v EFL?F¢(z) v EPLZF¢ (2)v
r=2"vae=22vg =2 vy =218y
() wcz (V) v (x = ux v A GAZFC(u) A GAZFC (v)).

Trm?7C () <= 37 (? € ?) Trm?FC (¢,7) <
EVbIZ"C(z) v EIC*" (@) V (3y)y<onzlo = (), - A
lh(y) = Argr((2)o0) + 1 AFLZF(((y)0)o) A (()o)1 = 3A

th((y)o) =2 A (vu)u<zh(y);1(EIU)”Q”((y)"H = (y)u * v * 27 A Trm?7C (v))A
@) (W) )y = W)y * 0 2 A TEm? C@))]. (2:2.3)
AtFmIZFC (z) (% € i) AtfmIZFC (2, 7) =
BW)<trate = (), -, AIA() = Argp((@)o) + 11

PLZ7Y(((9)0)0) A ((¥)0)1 = 3 ALA((y)o) = 2/
(), o F)oca (s = () <0 27 A Tem” € ()7
@oallV),, - = ),y y * 0% 2 A TEm P )

Fml?FC(y) «— 35 (@ € E‘) Fml?FC(y,3) <
Atfml?FC () V (32) o<y [(FmMIZFC ()N = 23 % 2% % 2+ 2°)V
(Fm1ZFC((2)0) AFmMIZFC ((2)1 Ay = 2% % (2)0 % 2 % (2)1 % 2°)V
(Fml?"9((2)0) NEVDIZFC((2)1) Ay = 2% % 23 % 213 % ((2), % 2°  (2)0 % 2°)].

FrefC(y,v) <= 3w |(w € Z1,) ng € ?1)] FrZfC(y v, w) <
(Fml?TC(y) v Trm?7C (y)) A EVbBIZFC (2¥) A =SubstZC (y, y, 213187 ).
Remark 2.2.3. (')Letgzpcst (u) be a Goédel number of given an expression u €  of the language
of the set theory ZFCy; £ ZFC +3IMZFC. Recall that pgf (1) = Q1 see Definition 2.1.6. We set

now

9zFc. (u) = gzrc,, (u). (2.2.4)
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(ii) Let Fr?¥%(y,v) be the relation : y is the Godel number of a wff of the set theoryZFCy; that
contains free occurrences of the variable X with Gédel number v,see Eq.(2.2.3).

(iii) Note that the relation Fr?7%(y, v) is expressible in ZFCy by a wif FrZFC (y, v)

(iv) Note that for any y,v € N by definition of the relation Fr?"“(y, v) follows that

Fr?7C(y,0) = MW [(gzrc., (Ux) = 9) A gzrc, (X) =) <= (2.2.5)
Wx [(Gzre. (¥x) =) A (Gzrc. (X)) =v)], 2.

where Ux = ¥ (X) is a unique wif of ZFC,; which contains free occurrences of the variable X
with Goédel number v.We denote such unique wif ¥ (X) defined by equivalence (2.2.5) by symbol
Uy, (X) e

Fe?7C(y,0) <= 3N, (X) [(gzrc, (B (X)) = 9) A (gzrc,, (X) =1)] <=

30, (X) [(gZcht (\pm)) - y) A (gzm“ (X) _ V)] ‘ (2.2.6)

Remark 2.2.4. Note that a function gzrc,, (Vy,. (X)) = y is expressible in set theory ZFCs,
by a wif of the set theory ZFCs: that contains free occurrences of the variable y € N.

Note that any formula ¥, ,, (X) is given by an expression uoui..uj...ur,i.e. Wy, (X) =: uour..uj...ur,
where each u; is a symbol of Z F'C¢. We introduce now a functions [¥y, (X);j]: ¥y, (X) = uj,j =
0,1,....i.e. [Py, (X);j]=:u; and revrite expression uoui..u;...u, in the following equivalent form

Wy (X)50] [Wy,o (X) 5 1] [Ty (X) 5 5] [Wy o (X) 5 7] (2.2.7)
By definitions we obtain that

9zrc, (Yyw (X)) =y
— y= 29([\11%,,(}();0]) . 39([\I/y1V(X);l]) . p;]([\I/yW(X)J]) . .pg([‘Py,V(X);T]). (228)

T

and

9zroy, (‘I’y,u (X)) =y (2.2.9)
Y= 93 ([¥w00]) qa([wsn0n1]) .pf({‘l’y,u(X)U‘}) - pg([%,ﬂx);r}). 2.
correspondingly. Let us denote by (y); the exponent g ([¥y,, (X);J]) in this factorization
— 99([Ty.(X):0 Wy (X)L 9([¥y.0 (3]) g([¥y.0 (7))
y_zg([ y ]) .39([ y ]) Ry e Pr i (2_2_10)
Ify=1,(y); =1 for all j. If z = 0, we arbitrarily let (y); = 0 for all j. Then the functions

(
(v);,3 = 0,1, ... is primitive recursive, since (y); = pz<y (pjz-|y A —|p§+1|y) ,is primitive recursive.

Thus the function (y); is expressible in set theory ZFCy: by formula denoted below by
Ai (1,9 ([Py0 (X)55])) -

For y > 0, let lh(y) be the number of non-zero exponents in the factorization of y into powers of
primes, or, equivalently, the number of distinct primes that divide y. (i) Let [h(0) = 0, then [h(y)
is primitive recursive. Thus function gzrc,, (¥y, (X)) = y is expressible in set theory ZFCy: by
the following formula Z (¥, , (X),y)

[

Wy (X),y) <= j<inwmAs @9 (Yo (X)53])) - (2.2.11)

53



Advances in Mathematics and Computer Science Vol. 1
There is No Standard Model of ZFC and ZFCa

(i) function gzrc,, (Vy,» (X)) = y is expressible in set theory ZFCy; by the following formula
E(Wyr (X),y)

[

(‘I’m),y) = j<ih(y) N (y,?]\([\Pm),]D) . (2.2.12)

Definition 2.2.4. Let 5' be a set of the all Gédel numbers of the 1-place open wif’s of the set
theory ZFCj5: that contains free occurrences of the variable X with Gédel number v,i.e.

2 ={yeN|(y,v) e " (y,v)}, (2.2.13)

or in the following equivalent form:

Yy (y € N) [y €l <= (yeN)A FTZ?C(y,v)] . (2.2.14)

st CHs

We define now a set I';" &'° by the following first order formula

Vy(yeN){yel}} <= (ye)

AFTx [(Z]\Zcht (@) = y) A (ﬁmgs ()A() = u) (AX (X € MﬁF‘C) \Px)}} (2.2.15)

where Ux = ¥ (X) is a unique wif of ZFCs; which contains free occurrences of the variable X
with Godel number v. or in the following equivalent form

Yy (y € N) [y e = (yei) AJyFr?F(y,v) \,

ATV [(ﬁm (@) = y) A (ﬁmfs ()A() = 1/)] A(3IX (X € MEFO) Wx)], (2.2.16)

Remark 2.2.5. Note that from the axiom of separation it follows directly that I'S' is a set in the
sense of the set theory ZFCs:.

Definition 2.2.5. Let ¥; = ¥y (X) and ¥y = ¥, (X) be 1-place open wil’s of the set theory ZFC.

(i) We define now the equivalence relation (- ~5 -) € I x T by
¥y (X) ~5 Uy X)) =

Uy (X) ~x U (X) == (VX (X € MEFO) [0 (X) <= U, (X)]) (2.2.17)

or more precisely

zZFCils

= VI (V8 (X) [vX (X e M) 01 (X) = ()]} =
YO (Vs (X) { [01(X) ~vg 02 (X)] =

zrcgts ZFCHs

Y, (X)VT5 (X) [VX (X e ME"FT) Wi (X) = vX (X e MITT ) w, (X)] }

(2.2.18)

or in the following equivalent form
VTV, (@1 ~g xT:Q) = VI (X)VT; (X) [\Ifl (X) ~g U (X)] =

—— [ — - — —

v (X)W (X) { [ 01 (X) ~x 02 (X)] = Sy Fri(un,0)3yFrf* (e,0) \s

[(ﬁm (m) = ylg A (/g\m m)) = yz) A (/g\m ()A() = 1/)] A
VX (X € MEFO) U, (X) <= VX (X € MGTO) T2 (X)]}.

(2.2.19)
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(ii) A subset A¥ of T' such that U, (X) ~g \Ilg( ) holds for all ¥y ( ) and \112( )in A%, and

never for m) in Kiﬁ and m) outside AX, is an equivalence class of Fﬁ}f.

(iii) For any ¥ (X) e T3¢ let [ } = {tl) ey |v ( ) ~g @(X } denote the equivalence

class to which ¥ (X)) belongs. All elements of Tt % equivalent to each other are also elements of the
same equivalence class.

(iv) The set of all possible equivalence classes of I' by ~ < denoted Tt/ ~ 2
T3t/ o {[\IJ/(Y)] )\I//(Y) ef;é}. (2.2.20)
st

Definition 2.2.6.(i)We define now the equivalence relation (- ~, -) C 5! x T's! in the sense of the
set theory ZFCs by

(2.2.21)

v e = [P () ~vg W (X)]

Note that from the axiom of separation it follows directly that the equivalence relation (- ~, -)
is a relation in the sense of the set theory ZFCly;.

(i) A subset /A\it of f,ﬁt such that y1 ~, y2 holds for all y; and y; in /A\f,t,and never for y; in /A\,ﬁt
and y2 outside ASY, is an equivalence class of I'S'.

(iii) For any y € T8t let Y., = {z € ff,t\y ~y z} denote the equivalence class to which y belongs.

All elements of ff,t equivalent to each other are also elements of the same equivalence class.

(iv) The set of all possible equivalence classes of fﬁt by 7., denoted ff;t / ~v
T3/ ~2 {[y]st ly € F“} (2.2.22)

Remark 2.2.6. Note that from the axiom of separation it follows directly that fﬁt/ ~, is a set in
the sense of the set theory ZFCs;.

Definition 2.2.7. Let & be the countable set of the all sets definable by 1-place open wif of the
set theory ZFCs, i.e. by using second order lenguage correspondng definition reads

VY {Y €Sy = 30 (X) [([W(X)],, €T/ ~x) ABIX [W(X)AY = X][]}.  (22.23)

We rewrite now (2.2.23) by using first order lenguage of the set theory ZFCs; in the following
equvalent form

VY {Y €S < 3T (X) [([\IJ/(Y)] st/ Ng) ABIX [T (X)AY = X}]] } (2.2.24)

st

Remark 2.2.7. Note that from the axiom of replacement it follows directly that 'S’/ ~, is a set
in the sense of the set theory ZFCs:.

Definition 2.2.8. We rewrite now (2.2.24) in the following equivalent form

VY {Y €S = IT(X) [([\I//(?)] e Tt/ NA) AY = X)] } (2.2.25)

st
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where the countable set '}/ ~x is defined by

o —

W (X {[T(0)] efy/ ~g = [([TD)] € 8/ ~x) naxw (x|} (22.26)

st
Definition 2.2.9. Let R be the countable set of the all sets such that

VX (X € D) [X € Ry < X ¢ X]. (2.2.27)

Remark 2.2.8. Note that 5; € S5 since Rt is a set definable by 1-place open wif

U (Z,Sa) EVX (X €Su)[X €Z «— X ¢ X]. (2.2.28)

From (2.2.27) and Remark 2.2.8 one obtains directly

Rt € Nt <= RNt é Rst. (2229)

But (2.2.29) immediately gives a contradiction

(Rst € RNat) A (Rt & Nat) (2.2.30)

The contradiction (2.2.30) it is a true contradiction inside ZFCj; for the reason that the countable
set st is a set in the sense of the set theory ZFCl:.

Definition 2.2.10. Let =i x be a ZFC-set of the all first order 1-open wiff’s of the set theory
ZFCstthen we abbreviate Z1,x £ Wif1 x [ZFCly:].

Theorem 2.2.1.Let ZFC?, be a theory ZFC?, £ ZFC +3MZF%and W, x [ZFCy:] € MEFC.
Then set theory ZFC7, is inconsistent.

Proof. Immediately from (2.2.29).

Remark 2.2.9. In order to obtain a contradiction inside ZFC;IS, in more general case,i.e., without
any refference to Assumption 2.2.1 we introduce the following definitions.

Definition 2.2.11.We define now countable set f;“/ ~, by the following formula
Wy {l, €T/~ = (Il €T3/~ ) AFrly,0) ABIX W, (X1} (2231)

Remark 2.2.10. Note that from the axiom of separation it follows directly that f,’j“ / ~, is a set
in the sense of the set theory ZFCs;.

Definition 2.2.12. We define now the countable set J%; by the following formula
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VY {Y €Y, = Iy [([y]st e ety NV) A@Gzre., (X) =) AY = X} } L (2.2.32)

Note that from the axiom schema of replacement it follows directly that 7, is a set in the sense of
the set theory ZFCly;.

Definition 2.2.13. We define now the countable set R}, by the following formula
VX (X €S5)[X eR:, — X ¢ X]. (2.2.33)

Note that from the axiom schema of separation it follows directly that R, is a set in the sense of
the set theory ZFCly;.

Remark 2.2.11.Note that R}, € %, since R, is a definable by the following formula
U (Z)EVX (X €S [X €7 —= X ¢ X]. (2.2.34)
Theorem 2.2.2. Set theory ZFCs; is inconsistent.

Proof. From (2.2.34) and Remark 2.2.11 we obtain

R, € NI, = R &R, (2.2.35)

From (2.2.34) immediately one obtains a contradiction (R}, € R%;) A (RE;: € Rit) -

2.3 Derivation of the Inconsistent Definable Set in ZFCyy

Definition 2.3.1. Let PA be a first order theory which contain usual postulates of Peano
arithmetic [17] and recursive defining equations for every primitive recursive function as desired.So
for any (n 4+ 1)-place function f defined by primitive recursion over any n-place base function g and
(n + 2)-place iteration function h there would be the defining equations:

(1) f (07 Y1, ,yn) =g (y17 ,yn) 7(11) f (.’L’ + ]-73-/1, "'ay”) = h(l’,f (mvyh 7y77«) » Y1, 7y’"«) .

Designation 2.3.1.(i) Let MZ5C be a nonstandard model of ZFC and let MZELA be a standard

model of PA.We assume now that MEA ¢ MZES and denote such nonstandard model of the set
theory ZFC by MEEC [PA] .(ii) Let ZFCns: be the theory

ZFCnst = ZFC + M{ES [PA] . (2.3.1)

Designation 2.3.2.(1) Let gzrcy., (u) be a Godel number of given an expression u of the set
theory ZFCyy = ZFC +3IMEES [PA].

(ii) Let Frys:(y,v) be the relation : y is the Gédel number of a wff of the set theory ZFCns¢ that
contains free occurrences of the variable X with Goédel number v,see Remark 2.3.2.

(iii) Note that the relation Frys(y,v) is expressible in ZFCns: by a wif ﬁNst(y, v)

(iv) Note that for any y,v € N by definition of the relation Fryst(y,v) follows that

Frove:(y,v) <= 30 (X)[(9zrcy., (¥ (X)) =) A(gzrey,, (X) =v)], (2.32)
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where U (X) is a unique wff of ZFCs; which contains free occurrences of the variable X with Gédel
number v.We denote a unique wif ¥ (X) defined by using equivalence (2.3.2)

by symbol ¥, , (X) i.e.
Fruve(y,v) <= W, (X) [(9zrcy., (Tyo (X)) = 9) A(gzrey., (X) = V)], (2.3.3)

Definition 2.3.2. Let ¥°* be a set of the all 1-place open wif’s ¥ (X) (with all bound variables

restricted to nonstandard model MZLC of the set theory ZFC) that contains free occurrences of

the individual variable X with Godel number v and we will be denoted these wff’s by
U(X),Ux, U, , (X),y,v € N. We define now a set ¥t g%“ by the following second order
formula

YU (X) [P (X) e IFY = (X (X € MRES) U (X)) A (T (X) €¥)]- (2.3.4)
or in the following equivalent form

Y (X) [\If (X) eT{ = (Hy € MJT“) FrZ7Onet (y,0) N\,

[(9zrcy., (W (X)) =) A (gzrcy,, (X) =v)] (2.34.0)
AEX (X € MEES) T (X)) A (T (X) eX*N)],

Note that there exist a set T'¥** by the second order separaton axiom of ZFC2s.

Assumption 2.3.1. We assume now for simplicity but without loss of generality that

e Mya (2.2.1.b)

and therefore by definition of model MZEC one obtains TY* € MZEC.

Definition 2.3.3. Let =1, x be a ZFC-set of the all 1-open wift’s of the set theory ZFCns:, then
we abbreviate 21 x £ Wi x [ZFCnst] -

Definition 2.3.4.Let ¥*' be a set ¥ * = p=' (¥*') ;and V(X)L Uy = p=. (¥ (X)) where one-one
function pgll defined in sec.2.1,see Remark 2.1.5 and Eq.(2.1.22).

Remark 2.3.1. (i)We define now a set f%“ = pgll (F%St) ,f%“ ;”Z)\g“ by the following first order

formula with quantifiers over first order individual varables T x and X :
vy [\fo e TN = INX (X € MZEC) Ux A (\fo e“}}’“ﬂ , (2.3.5)
(where we write Ux instead ¥ (X)) or in the following equivalent form

Vix [Ty € T% < (3y e MEA) Fr2POnst (y v) \,

[ GZFCy.s (\fo) - y) A (gzpcm (X) - u)} (2.3.5.0)
A(FX (X € MZEC) x) A (\T/x e”‘;?“)] :

where one-one function § where one-one function gzrcy ., (\T!X) = y is defined below by Eq.(2.3.),

see Remark 2.3.. Note that there exist a set fﬁ“ by the (first order) separaton axiom of ZFC.

(ii) Note that second order definition (2.3.4) and first order definition (2.3.5) are equivalent.
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We abbreviate now:

(a) ICZFCNst(g): 1 is the Godel number of an individual constant of ZFCl s,
(b) FLZFCNst(z): x is the Godel number of a function letter of ZFCst,

(c) PLZFONst (z): z is the Godel number of a predicate letter of ZFCl .

Remark 2.3.2. Note that in order to obtain by using only first order logic the formal definitions
of the first order predicates EVbIZYONst () EICZTONst (1) EFLZYONst (), ..., FrZFOnst(y )
from the first order predicates ICZFONst (z), FLZFONst (2) PL#“Nst () one needs the following
first order predicates:

(i) EVbIZFONst (2. @) : z is the Godel number of the 1-tuple & € Ay, A, = pgi (A1) correspondinging
to the individual variable o € A1, a = pa, (@) ,see Remark 2.1.2 (i).

(ii) EIC?FCNst (2, B) : x is the Godel number of the 1-tuple 3 € Ay, Ay = p;i (Agz) correspondinging
to the individual constant 5 € As, 5 = pa, (B\) ,see Remark 2.1.2 (ii).

(iii) EFLZFCNst (1, 7) : 2 is the Godel number of the 1-tuple § € Ay, Az = @K; (As) correspondinging
to the function letter v € Az, v = pa, (7) ,see Remark 2.1.2 (iii).

(iv) EPLZFCONst (g, A) : ¢ is the Godel number of the I-tuple § € Ay, Ay = pgi (A4) correspondinging
to the predicate letter 6 € Ay, 6 = pa, (25) ,see Remark 2.1.2 (iv).

) GdZFOnst (x,f) : 2 is the Godel number of the element ¢ € S# of the set S# = UnenS™,

(v
S=A;UAU A3z U Ay, correspondinging to the expression ¢ € 8%, of ZFCx«t,where
S# = U,enS™, S = Ay U Ay U As U Ay,see Definition 2.1.6.

(vi) TrmZFONst (2, 7) : ¢ is the Godel number of the element 7 € T, of theset T = ;! (T1) ,corres-
pondinging to the term 7 = @, (7) of ZFCns:.

(vii) Atfml?TCNst (2, 7) : z is the Godel number of the element 7 € 3 of the set =
ot (X1) ,correspondinging to atomic wif 7 = @ (T) of ZFCpst.

(viii) Fml?TONst(y, ) : y is the Godel number of the element € Z; of the set g =
pgll (E1) ,correspondinging to the wif formula ¢ = p=, () of ZFCns:.

(11

(ix) Fr?FONst(y v &) : y is the Godel number of the element @ € Z;, of the set
p=. (E1,) correspondinging to the wif formula or term @ = p=, , (@)

E1,0

of ZFCns: that contains free occurrences of the variable with Godel number v.

Thus finally we obtain:
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EVbIZFONst (2) < 3a (a € R1) EVbIZFONst (5,8) <= (32 € MEA), (1 < 2 A = 213+8%),
EICZFCONst (2) <= 3B (B € Ro) EICZTONst (2,8) = (3y € ME™)y<o(ICZTONst (y) A = 2V),
EFLZFONst (z) <= 37 (7 € A3) EFLZFONst(2,3) <= (3y € ML)y <o (FLZFCONst (y) Ao = 2V),
EPLZFONst (2) = 35 (8 € R4) EPLZFONst(2,3) «= (Jy € ML)y <o (PLZFONst (y) Aw = 2¥),

GAZFONst (2) «= 3(3n (n€ MEA N €8) GAZFONst (2,0) =
EVbIZFONst (z) v EICZFcht (z) V EFLZFCNst (¢) v EPLZFCNst (z)v
z=2"vae=29va=2"vag=20y
(Fue MEA)yco(@v € MEA), o(z = uxv A GAZFONst (u) A GAZFONst (v)).

TrmZFONst (z) < 37 (? € T) TrmZFCNst (z,7) <>

EVbIZFONst () v EICZFONst (2) v (Jy € ML), < (panyele = () e
lh 1
1h(y) = Argr((x)o) + 1 AFLZFCONst (((1)0)0) A (¥)0)1 = 3A
(o) =2A 0w G ce((urr = @ s v e 2T ATemZEON st ()7
= * U k 5 rmZFC S v .
(Ev)u<ac((y)lh(y);1 = (y)lhm;2 2° AT Nst(v))] (2.3.6)

Atfml?FONst (z) = 37 (7 € £) Atfm1?FCNst (2, 7) —
G y<@enzlz = () . ANlh(y) = Argp((z)o) + 1A
th(y)—1

PLZTCNst (((1)0)o) A ((¥)0)1 = 3 A Lh((y)o) = 2A
(va)  (@)vca(Bus1 = @)u *v 27 A TrmZFONst ()
u<lh(y)—2 ~
(F)v<az((y) o= . xv %25 A TrmZFONst (v)]-
lh(y)—1 u<lh(y)—2

Fml?FONst (y) = a@(ae ) FmlZFONst (y,3) =
AtfmlZFCONst (y) v (32 € M}t z<y[(leZFcNSt(z)/\ =2%%2% %z % 2°)v
(Fml1ZFONst ((2)0) A FmIZTONst ((2)1 Ay = 2% = (2)0 * 211 % (2)1 = 25)V

(Fm1ZFONst ((2)0)A
AEVDBIZFONst ((2)1) Ay = 2% % 23 % 218 & ((2); % 2% % (2)0 * 29)].

FrZFCNst (y,v) < Jw [(w €EE1,)V (w € ’Y‘l)] FrZFCNst (y,v,w) <
(Fm1ZFCNst (y) v TrmZFCNst (y)) A EVBIZFCONst (2V) A =SubstZFCNst (y, y, 213187 o).

Remark 2.3.3. Let gzrcy,, (1) be a Gédel number of given an expression u € 2 of the language
of the set theory ZFCngs £ ZFC + EIM]%ZC. Recall that pgll (1) = Q1 see Definition 2.1.6. We

set now
gzroy,, (W) = gzroy,, (u) (2.3.7)
(i) Let FrZ7CNst(y v) be the relation : y is the Gédel number of a wif of the set theoryZ FCn s

that contains free occurrences of the variable X with Gédel number v,see Eq.(2.2.3)

(iii) Note that the relation FrZ¥CNst(y v) is expressible in ZFCpst by a wif FrZFCnst (y v)

(iv) Note that for any y,v € N by definition of the relation FrZ¥C~st (y, v) follows that

FroFOnet(y,v) <= IWx [(9zrc., (Vx) =y) A (9zFcy,, (X) =v)] <

0 [(52rc,,., (¥x) =9) A (Gzren., (X) =2)], (2.3.8)

where Ux = ¥ (X) is a unique wif of ZFCps; which contains free occurrences of the variable X
with Godel number v.We denote such unique wif ¥ (X) defined by equivalence (2.3.8) by symbol
Uy (X) ,ie.

PN (y,0) = 3y (X) [(gzry. (Vyw (X)) =4) A gzr0y,, (X) = 1)) =

30,0 () [(Gzr0 (Vw (X)) =9) A (5200, (R) =v)] (2.3.9)

where ¥x = ¥ (X) is a unique wif of ZFCys: which contains free occurrences of the variable X
with Godel number v.We denote such unique wff ¥ (X) defined by equivalence (2.3.9) by symbol
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U, (X) e

FrZFONst (y,v) = 30y, (X) [(92rcy,, (Pw (X)) =9) A (9250, (X) =v)] =
3"IJy v (X) [(QZFC’NSt ( y,v (X)) = y) A (QZFCNSt (55) = V)} .

Remark 2.3.4. Note that a function gzrcoy,, (¥y, (X)) =y is expressible in set theory ZFCnt
by a wif of the set theory ZFCns: that contains free occurrences of the variable y € N.

(2.3.10)

Note that any formula ¥, , (X) is given by an expression uoui..uj...ur,i.e. U, (X) =
UoU1l..Uj... Ur,

where each u; is a symbol of ZFCns. We introduce now a functions [U,, (X);j] : Uy, (X) —
uj,j=0,1,..ie. [¥,, (X);j] =: u; and revrite expression ugui..u;...u, in the following equivalent
form

(Wy,w (X) ;0] Wy, (X)5 1] o [Py (X) 5] Wy (X)57] (2.3.11)
By definitions we obtain that
92F0n. Py (X)) =y

ey = 29 000) golfrawcon)) . po(re ) | o([axa) (2312)
and
/g\ZFCNst (W;&)) =Y
— y— 9 ([#5v0C00]) qa([wsnCoun]) 'Pg([Q;\X);j}) . g([\IJy/,VTX);TD. (2.3.13)

correspondingly.Let us denote by (y); the exponent g ([¥y,, (X);]) in this factorization

y = 29([\Ify,y(x);o]) ,39([\py,y(x);1]) . .p?([\py‘u(x)?j]) o .pg([wy,ﬂx);r]) (2.3.14)

If y =1,(y); = 1 for all j. If x = 0, we arbitrarily let (y); = 0 for all j. Then the functions
(v);,4 = 0,1, ... is primitive recursive, since (y); = pz<y (pﬂy A —|pjz-+1|y) ,is primitive recursive.

Thus the function (y); is expressible in set theory ZFCns: by formula denoted below by
A (459 ([Wy,o (X)541)) -

For y > 0, let lh(y) be the number of non-zero exponents in the factorization of y into powers of
primes, or, equivalently, the number of distinct primes that divide y. Let lh(0) = 0, then lh(y)
is primitive recursive.

Thus (i) function gzrcoy,, (¥y,w (X)) = y is expressible in set theory ZFCns by the following
formula E (¥, (X),y)

2y (X),) = sz (4959 ([Wow (X)3])). (23.15)
(ii) function gzrcy,, (¥y.v (X)) =y is expressible in set theory ZFCy« by the following formula
E (T (X),y)

g (‘I’y,u (X), y) = j<inmNi (y,ﬁ([ﬁ/y,u (X);j])) . (2.3.16)

Definition 2.3.5. Let gzrcy,, (X) = v.Let I')'** be a set of the all Gédel numbers of the 1-place
open wif’s of the set theory ZFCns: that contains free occurrences of the variable X with Godel
number v,i.e.

ryst = {y e N|{y,v) € FrZFCN“(y,v)} , (2.3.17)

or in the following equivalent form:
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vy (y € N) [y €Yt < (yeN)A FrZFCNst(y,v)} . (2.3.18)

Remark 2.3.5. Note that from the axiom of separation it follows directly that I')’** is a set in the
sense of the set theory ZFCnst.

We define now a set T'2'%? ;]VV st by the following first order formula
Yy (y € N) {y eyt — (y glyst

e [(/Q\ZFCNSt (Ef;) = y) A (§ZFcht ()?) = ) (31X (X € MEEC) \Px)]} (2.3.19)

where Ux = ¥ (X) is a unique wif of ZFCns: which contains free occurrences of the variable X
with Godel number v. or in the following equivalent form

Vy(yeN) [y e TN = (y €)*t) ARYZFOnet(y,0) \,
ATV x [(@szst (@) - y) A (§ZFCNH ()?) - y)] A(3IX (X € MEES) wy)],

Remark 2.3.6. Note that from the axiom of separation it follows directly that T'Y* is a set in the
sense of the set theory ZFCnst.

(2.3.20)

Definition 2.3.6. Let ¥; = ¥, (X) and U, = ¥, (X) be l-place open wif’s of the set theory
ZFCnst.

(i) We define now the equivalence relation (- ~g -) C st x TN by

U1 (X) ~g Us (X) =

Uy (X) ~vx Ta (X) <= (VX (X € MEES) [0 (X) <= T2 (X)) (2.3.21)

or more precisely
V\,I\HV\/I\/Q (\1\’1 ~g \/I}z) < Vm)vm) { [m) ~g \1’2(
— V\If(\)wz( X) VX (X € MEES) (01 (X) = W (X)]]}
v (X9 (X) { [ 01 (X) ~g 2 (X)] =
VI (X)W (X) [VX (X € MEES) 1 (X) = VX (X € MEES) Wa (X))}

(2.3.22)

or in the following equivalent form
v, v, (\T/l ~g @2) = VT, (X)VT; (X) [m) ~g \IZ(?)] —
v (Vs (X) { [ 7 (X) ~g 02 (X)] =
(31 € MEF) FrZFOnet (g1, 0) (3ys € MER) Fr2FOn et (5, 0) N\, (2.3.23)
(66 (500) =) e, (5T5) ) s (5) 1))
VX (X € MELE) 01 (X) <= VX (X € MEES) U2 (X)]}.
or in the following equivalent form

VY, (\Tll ~g @2) e VI, (X)VT; (X) [\111 (X) ~g Us (X)] —

v (X)9 (X) { [ 00 (%) ~g 92 (X)] =
S FE 7OV (g1, 0)3a BTV (g, 0) N, (2:3.24)

[(EZFcht (m)) =y ) A (Z]\ZFCN“ (w)) = y2) A (gZFC’Nst (X) )]
[VX (X € MEEC) W1 (X) <= VX (X € MEES) Wy (X))}

(ii) A subset AY** of TY¥** such that \I//(}) ~e Uy (X) holds for all ¥, ( ) and W, (X) in AN,
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and never for ¥; (X) in AY** and ¥, (X) outside AN** is an equivalence class of T'Y*'.

—

(iii) For any m e TY* let [\I//(-)?)} = {<I>/(—)?) eIy \m ~¢ ®(X) ¢ denote the equivalence
Nst

class to which ¥ (X) belongs. All elements of f%“ equivalent to each other are also elements of
the same equivalence class.

(iv) The set of all possible equivalence classes of f%“ by ~ ¢, denoted by f%“/ ~gl
N st A e =N SNNst
oy ~g2 {[T0] [P0 ety (2.3.25)

Definition 2.3.7.(i)We define now the equivalence relation (- ~, -) C TY** x T')V*' in the sense of
the set theory ZFCpnst by
e = (U (X) g W (X)) (2.3.26)

Note that from the axiom of separation it follows directly that the equivalence relation (- ~, -)
is a relation in the sense of the set theory ZFCys:.

(i) A subset IA\IVV“ of fIVVSt such that y1 ~, y2 holds for all y1 and y; in /AX,J,VSt, and never for y; in
ANt and y, outside AY®¢, is an equivalence class of T')'*t.

(iii) For any y € f,],VSt let [y] ., = {z S f,],VSt|y ~y z} denote the equivalence class to which y

belongs. All elements of fJVVSt

class.

equivalent to each other are also elements of the same equivalence

(iv) The set of all possible equivalence classes of fjuv 5t by ~,, denoted by ff,v St/ o~y
et/ 2 { by € T2} (2:3.27)

Remark 2.3.7. Note that from the axiom of separation it follows directly that lA“,IJVSt/ ~, is a set
in the sense of the set theory ZFCnst.

Definition 2.3.8.Let Snst be a countable set of the all sets definable by 1-place open wif of the
@t theory ZFCpst, i.e. by using second order lenguage correspondng definition reads

VY {Y € Snat =

€T/ ~x) A [BIX (X € MEES) [w (X) A Y = X]]]}. (2.3.28)

30 (X) [([ (X))

Nst

We rewrite now (2.3.28) by using first order lenguage of the set theory ZFCns: in the following
equvalent form

V{Y S SNst <

37 (X) [([\11/(27)} v € st/ N;() ABIX (X € MEES) [O(X)AY = X]” } , (2.3.29)

Remark 2.3.8. Note that from the axiom of replacement it follows directly that 'S’/ ~, is a set
in the sense of the set theory ZFCpst.

Definition 2.3.9.We rewrite now (2.3.29) in the following equivalent form
x e e %N st ~ - _
vy {y € S = 30 (X) [([\If (X)]Nst e TiVst) X) AY = X)] } (2.3.30)

where the countable set I'}V*"/ ~ ¢ is defined by
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O  wm{Em)] ere g =
st
[([\If (X)]st € Fgg/ ~x ) ATIX (X € MEEC) @ (X)] }
Definition 2.3.10. Let Rns: be the countable set of the all sets such that
VX (X € Snet) [X € Rvet — X ¢ X]. (2.3.32)

(2.3.31)

Remark 2.3.9. Note that Rs: € Snst since st is a set definable by 1-place open wif
U (Z,3nst) 2EVX (X €ESnst) [X €Z <= X ¢ X]. (2.3.33)
From (2.3.32) and Remark 2.3.9 one obtains directly
Ryst € Rvst <= Rvst & Nvee. (2.3.34)
But (2.3.34) immediately gives a contradiction
(%N‘st € §RNSi) A (%N\st ¢ %Nst) . (2335)

The contradiction (2.3.35) it is a true contradiction inside ZFC\ns; for the reason that the countable
set Snst is a set in the sense of the set theory ZFCns:.

Definition 2.3.11. Let E; x be a ZFC-set of the all first order 1-open wiff’s of the set theory
ZFCnst,then we abbreviate 1 x £ Wif; x [ZFCnst) -

Theorem 2.3.1. Let ZFC%,, be a theory ZFC%s & ZFC + HMﬁftCand Wit x [ZFCnst] €
MRS

Then set theory ZFCy 4, is inconsistent.

Proof. Immediately from (2.3.33).

Remark 2.3.10. In order to obtain a contradiction inside ZFCns: in more general case,i.e.,
without any refference to Assumption 2.3.1 we introduce the following definitions.

Definition 2.3.12. We define now countable set ff,N st/ ~, by the following formula
Yy {[y]st eV )~y =
~ —— (2.3.36)
(I6lar € T2/ ) AFRZFONa1 (g, 0) A [3LX (X € MEES) W, (X))}

Remark 2.3.11. Note that from the axiom of separation it follows directly that fﬁ“/ ~,is a set
in the sense of the set theory ZFCnst.

Definition 2.3.13. We define now the countable set I, by the following formula
VY {Y €Sy = Jy [([y]Nst e TyNst) NV) A Gzren., (X) =) AY = X] } . (2.3.37)

Note that from the axiom schema of replacement it follows directly that Sy, is a set in the sense
of the set theory ZFCpst.

Definition 2.3.14. We define now the countable set Ry, by the following formula
VX (X € Shve) [X € Ry <= X ¢ X]. (2.3.38)

Note that from the axiom schema of separation it follows directly that 3} ,; is a set in the sense of
the set theory ZFCnst.

Remark 2.3.12. Note that Ry, € S since Ry, is a definable by the following formula
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U (Z)EVX (X €eSya)[X €Z «—= X ¢ X]. (2.3.39)
Theorem 2.3.2.Set theory ZFCns: is inconsistent.

Proof. From (2.3.39) and Remark 2.3.12 we obtain

§R’;Vst € §R?\fst <~ §R’1‘Vst ¢ §R?\fst . (2340)

From (2.3.40) immediately one obtains a contradiction (R, € Rise) A Rysr & River) -

3 AVOIDING THE CONTRADICTIONS FROM SET THEORY
ZFCHS AND SET THEORY ZFCgr USING QUINEAN
APPROACH

In order to avoid difficulties mentioned above we use well known Quinean approach [19].

3.1 Quinean Set Theory NF

Remind that the primitive predicates of Russellian unramified typed set theory (TST), a streamlined
version of the theory of types, are equality = and membership € . TST has a linear hierarchy of
types: type O consists of individuals otherwise undescribed. For each (meta-) natural number n,
type n + 1 objects are sets of type n objects; sets of type n have members of type n — 1. Objects
connected by identity must have the same type. The following two atomic formulas succinctly
describe the typing rules: 2" = y" and z" € y" 1.

The axioms of TST are:
Extensionality: sets of the same (positive) type with the same members are equal.
Axiom schema of comprehension:

If ®(z™) is a formula, then the set {z™ | ®(x™)}" " exists i.e., given any formula ®(z™), the formula

JAM IV [z € AT 5 B (a™))] (3.1.1)
is an axiom where A" represents the set {z" | ®(z™)}""! and is not free in ®(z").

Quinean set theory [19] (New Foundations) seeks to eliminate the need for such superscripts.

New Foundations has a universal set, so it is a non-well founded set theory. That is to say,
it is a logical theory that allows infinite descending chains of membership such as ... € z, €
Tpn—1 € ... € x3 € T2 € x1. It avoids Russell’s paradox by only allowing stratifiable formulae in the
axiom of comprehension. For instance z € y is a stratifiable formula, but « € x is not (for details
of how this works see below).

Definition 3.1.1. In New Foundations (IVF') and related set theories, a formula ® in the language
of first-order logic with equality and membership is said to be stratified if and only if there is a
function f which sends each variable appearing in ® [considered as an item of syntax] to a natural
number (this works equally well if all integers are used) in such a way that any atomic formula z € y
appearing in @ satisfies f (y) = f(z) + 1 and any atomic formula x = y appearing in ® satisfies

fx)=F(y)

Quinean set theory.
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Axioms and stratification are:

the well-formed formulas of New Foundations (NF') are the same as the well-formed formulas of
TST, but with the type annotations erased. The axioms of NF are.

Extensionality: two objects with the same elements are the same object.

A comprehension schema: all instances of TST Comprehension but with type indices dropped (and
without introducing new identifications between variables).

By convention, NF’s Comprehension schema is stated using the concept of stratified formula and
making no direct reference to types. Comprehension then becomes.

Axiom schema of comprehension:

{z | ®°} exists for each stratified formula ®°.

Even the indirect reference to types implicit in the notion of stratification can be eliminated.
Theodore Hailperin showed in 1944 that Comprehension is equivalent to a finite conjunction of
its instances, [20] so that NF can be finitely axiomatized without any reference to the notion of
type. Comprehension may seem to run afoul of problems similar to those in naive set theory, but
this is not the case. For example, the existence of the impossible Russell class {z | z ¢ z} is not an
axiom of NF, because = ¢ x cannot be stratified.

3.2 Set Theory ZFC’?S,ZFC’St and Set Theory ZFCyy with
Stratified Axiom Schema of Replacement

The stratified axiom schema of replacement asserts that the image of a set under any function
definable by stratified formula of the theory ZFCs; will also fall inside a set.

Stratified Axiom schema of replacement.

Let ®° (z,y, w1, wa, ..., w,) be any stratified formula in the language of ZFC,; whose free variables
are among x,y, A, w1, ws, ..., Wy, so that in particular B is not free in ®°. Then

VAVwiVws..Yw, [Vz (x € A = Fy®° (z,y, w1, w2, ..., wy)) =

= dBVz(r € A = Fy(y € BAP° (z,y, w1, w2,...,wn)))], (3.2.1)

i.e.,iftherelation®® (z,vy, ...) represents a definable function f, A represents its domain, and f(z)
is a set for every x € A, then the range of f is a subset of some set B.

Stratified Axiom schema of separation.

Let ®° (x, w1, w2, ..., wn) be any stratified formula in the language of ZFCs; whose free variables
are among x, A, w1, wa,..., Wy, so that in particular B is not free in ®°. Then
YwiVws..Vw,VAIBVz [zt € B <= (z € AN (z,w1,w2,...,wn))], (3.2.2)

Remark 3.2.1. Notice that the stratified axiom schema of separation follows from the stratified
axiom schema of replacement together with the axiom of empty set.

Remark 3.2.2. Notice that the stratified axiom schema of replacement (separation) obviously
violeted any contradictions (2.1.20), (2.2.18) and (2.3.18) mentioned above. The existence of the
countable Russell sets ®37°, ®%, and R, impossible, because x ¢ = cannot be stratified.
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4 SECOND-ORDER SET THEORY ZF(C, WITH THE FULL
SECOND-ORDER SEMANTICS

4.1 Second-order Set Theory ZF(Cy with Urlogic

Remind that urlogic has the following characteristics [13].

1. Sentences of urlogic are finite strings of symbols. That a string of symbols is a sentence of
urlogic, is a non-mathematical judgement.

2. Some sentences are accepted as axioms. That a sentence is an axiom, is a non-mathematical
judgement.

3. Derivations are made from axioms. The derivations obey certain rules of proof. That a derivation
obeys the rules of proof, is a non-mathematical judgement.

4. Derived sentences can be asserted as facts.

Remark 4.1.1. Let ZFCY' be second order set theory ZFC> with Ur logic. Note that in ZFCY!
by using the rules of DED2 we dealing without any reference to semantics, i.e. satisfiability in
some standard model, validity etc.

Definition 4.1.1. Let T'Y! be the countable set of the all first order 1-place open wif’s of the set
theory ZFCY! that contains free occurrences of the variable X.

Let Wy (X), ¥y (X) be a first order 1-place open wif’s of the set theory ZFCY'. We define now the
equivalence relation (- ~x -) C T¥ x 'Y by

Uy (X) ~vx Uy (X) = VX [T (X) <= Ty (X)] (4.1.1)

For any ¥ (X) € T% let [¥ (X)],, £ {®(X) € T |¥ (X) ~ ®(X)} denote the equivalence class
to which ¥ (X) belongs. All elements of I'Y' equivalent to each other are also elements of the same
equivalence class. The set of the all possible equivalence classes of I'Y' by ~x, denoted by IT'% / ~x

PR/ ~x 2 {1 (X)]y, [® (X) € PR} (4.1.2)

Let Frﬁ”(y,v) be the relation : y is the Godel number of a first order 1-open wif of the set
theoryZ FCY' that contains free occurrences of the variable X with Gédel number v [15].

—~Ul
Note that the relation Fr¥!(y, v) is expressible in ZFCY' by a wif Fr; (y,v).
Note that for any y,v € N by definition of the relation Fr{'(y,v) follows that

B, (y.v) <= 30 (X) [(azr0p: (¥ (X)) =) A (97r0p0 (X) =v)]. (4.1.3)

where ¥ (X) is a unique wif of ZFCY' which contains free occurrences of the first order variable X
with Godel number v. We denote a unique wif ¥ (X) defined by using equivalence (4.1.3) by symbol
vl (X)), ie.

—Ul

Fr, (y,0) < 30V (X) [(gZFCg, (WU (X)) = y) A (gZchl (X) = y)] . (4.1.4)

Definition 4.1.2. Let 9zrcy! (X) = v. Let I'U" be a set of the all Godel numbers of the first order

1-place open wif’s of the set theory ZFCY! that contains free occurrences of the variable X with
Godel number v, i.e.

Y ={y eN|(y,v) e Fr{'(y,v)}, (4.1.5)
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or in the following equivalent form:
Yy (y € N) [y €Ty <= (yeN)A F/‘;i”(y, v)|. (4.1.6)

Remark 4.1.2. Note that from the axiom of separation it follows directly that T'J! is a set in the
sense of the set theory ZFCY'.
Definition 4.1.3. (i) We define now the equivalence relation

(-~ )yt <oy (4.1.7)
inthesenseo fthesettheoryZFCY' by

Y1~y = (VX[ (X) = vl (X)]). (4.1.8)

For any y1 € T'J" let [y1] Ul = {y eIy ~ yg} denote the equivalence class to which y; belongs.
The set of the all possible equivalence classes of I'Y! by ~,, denoted T'Y!/ ~,

I~ 2 {lyly ly e T0'} (4.1.9)

Remark 4.1.3. Note that from the axiom of separation it follows directly that Ffs/ ~, is a set
in the sense of the set theory ZFCY!.

Definition 4.1.4. Let 3¥! be the countable set of the all sets definable by a first order 1-place
open wif of the set theory ZF02 , l.e.

VY {Y € 3Y' = 3V (X) [([¥ (X)), €TX/ ~x) A\BX [T (X)AY =X]]]}. (4.1.10)
Definition 4.1.5. We rewrite now (4.1.10) in the following equivalent form
YW {Y € 8Y' = 30 (X) [([¥ (X)],;, €T/ ~x) A (Y =X)]}, (4.1.11)
where the countable set I'{Y!/ ~x is defined by the following formula
YU (X) {[¥ (X)) €T ~x <= [([¥ (X)), €TX/ ~x) AIXT (X)]}.  (4.1.12)
Definition 4.1.6. Let RY' be the countable set of all sets such that
VX (X eSy) [XeR) = X¢X]. (4.1.13)
Remark 4.1.4. Note that R5' € SY! since RY! is a set definable by first order 1-place open wif
U(Z,S5)E2vX (X eSH)[X €Z < X ¢ X]. (4.1.14)
From (4.1.13) one obtains

RT' e RY = R ¢ RYL (4.1.15)
But (4.1.15) gives a contradiction

(RY' e RT) A (RS ¢ RYY). (4.1.16)

421ontradiction (4.1.16) is a contradiction 1n51de ZFCY! for the reason that the countable set 35
is a set in the sense of the set theory ZFCY"

In order to obtain a contradiction inside ZFCY! in more general case we introduce the following
definitions.

Definition 4.1.7. We define now the countable set FZUl/ ~, by the following formula

Wy { Wl € T2/~ 4= ([l €TE/ ~0) A Fr, (y,v) A [3XWYL (X)] [ SCERT)

Remark 4.1.5. Note that from the axiom of separation it follows directly that Ff,Ul/ ~, is a set

68



Advances in Mathematics and Computer Science Vol. 1
There is No Standard Model of ZFC and ZFCa

in the sense of the set theory ZFCY!.
Definition 4.1.8.We define now the countable set 33U! by the following formula
VY {Y €V = Ty [([y]w eV ) A (gZFCgl (X) = 1/) AY = X] } . (4.1.18)

Note that from the axiom schema of replacement (1.1.1) it follows directly that 357 is a set in the

sense of the set theory ZFCY!.
Definition 4.1.9. We define now the countable set R3U! by formula
VX (X e [Xems” —= X ¢X]. (4.1.19)

Note that from the axiom schema of separation it follows directly that R3U! is a set in the sense of
the set theory ZFCY'.

Remark 4.1.6. Note that R3V! € S3V! since R5U! is definable by the following formula
V(Z2)EVX (X e[ X eZ «— X ¢ X]. (4.1.20)

Theorem 4.1.1. Set theory ZFCY! is inconsistent.

Proof. From (4.1.19) and Remark 4.1.6 we obtain R37" € ®3V! «—= R3V' ¢ R3V! from

which immediately one obtains a contradiction

(RsU € R3UY) A (R5V! ¢ 3V (4.1.21)

4.2 Second-order Set Theory ZF(5 with the Full
Se-condorder Semantics

Remind that the canonical approach of second order logic with full second-order semantics to the
foundations of mathematics is that mathematical propositions have the form

UEo (4.2.1)
where U is a mathematical structure, such as integers, reals etc., and is a mathematical statement

written in second order logic. If A is one of the structures, such as (N, +, x, <) or (R, +, X, <), for
which there is a second order sentence Zy such that

YW (W E By <— W =x=U), (4.2.2)
then (4.2.2) can be expressed as a second order semantic logical truth

EEuv = @ (4.2.3)
Remark 4.2.1. Let ZF C’2f ** be second order set theory ZFCs with the full second-order semantics.
(1) There is no completeness theorem for second-order logic.

(2) Nor do the axioms of second-order ZFC;SS imply a reflection principle which ensures that if a
sentence of second-order set theory is true, then it is true in some standard model.

Remark 4.2.2. Thus there may be sentences of the language of second-order set theory ZFC;SS :
(i) that are true but unsatisfiable, or
(ii) sentences that are valid, but false.

Remark 4.2.3. For example let Z be the conjunction of all the axioms of second-order ZFC%SS.
Z is surely true. But the existence of a model for Z requires the existence of strongly inaccessible
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cardinals. The axioms of ZF C’g *% don’t entail the existence of strongly inaccessible cardinals, and
hence the satisfiability of Z is independent of ZFCQf #%, Thus, Z is true but its unsatisfiability is
consistent with ZFCJ**.

Definition 4.2.1. We will say that ¥ is a well formed first order formula ¥ of ZFC{** (wff;) if ¥
contain only first-order variables and first-order quantifiers.

Let Fg{ss be the countable set of the all first order 1-place open wffi’s of the set theory ZFCJ**
that contains free occurrences of the first-order variable X.

Let ¥ (X), W2 (X) be 1-place open wify’s of the set theory ZFCJ**. We define now the equivalence
relation ( ~x ) C Fﬁ){ss % Pg(fss by

\2 (X) ~x Wy (X) <— VX [‘1/1 (X) <~ Uy (X)] (424)

For any ¥ (X) € T let [ (X)],,, £ {q> (X) € T |0 (X) ~ @ (X)} be the equivalence class

to which ¥ (X) belongs. All elements of Fyss equivalent to each other are also elements of the
same equivalence class. The collection of all possible equivalence classes of Fﬁ{“ by " x, denoted
P/ ~ox

L0 o {0 (X)), 10 (X) €TH ) (425)

Let Fri**(y,v) be the relation : y is the Godel number of a wif of the set theory ZFCA** that
contains free occurrences of the first-order variable X with Gédel number v [17].

Note that the relation Fri/**(y, v) is expressible in ZFCJ** by a wif ﬁﬁfss (y,v).

Note that for any y,v € N by definition of the relation Frt}fSS (y,v) follows that

oo (y,0) <= 30 (X) [(gZFCQfSS (¥ (X)) =) A (gZFCgSS (X) = y)] , (4.2.6)

where ¥ (X) is a unique wif; of ZFCJ**® which contains free occurrences of the variable X with
Godel number v. We denote a unique wif; ¥ (X) defined by using equivalence (4.2.6) by symbol
Ties (X)), ie.

—tfss .

Fr; (y,v) <= 3V (X) [(ngcgss (!, (X)) = y) A (gZchss (X) = V):| . (4.2.7)
Remark 4.2.4. In order to avoid difficulties mentioned above,see Remark 4.2.1-Remark 4.2.3

we dealing with the countable set ngs of the all first order 1-place open wiff;’s of the set theory
ZFC]®.

Definition 4.2.2. Let g, s:s (X) = v.Let I'4%% be a set of all Godel numbers of the all first
2

order 1-place open wifi’s of the set theory ZF CQf *% that contains free occurrences of the first-order
variable X with Go6del number v, i.e.

rif= = {y e Nl(y») € B/ (y,0)}, (4.2.8)
or in the following equivalent form
Yy (y € N) [y ertf* —= (yeN)A FA‘rifSS(y,u)] ) (4.2.9)

Remark 4.2.5. Note that from the axiom of separation it follows directly that I'*/** is a set in
the sense of the set theory ZFCJ**.

Definition 4.2.3. (i) We define now the equivalence relation
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(- ~y ) C TEfss x ¥ es (4.2.10)

in the sense of the set theory ZFCJ* by

Y1~y = (VX [UH (X)) < i (X)]). (4.2.11)

Y1,V Yy2,v

The collection of all possible equivalence classes of T'5/** by ., denoted I'% 58~y
rifss )~ 2 {[y}wss ly € Fﬁf”} : (4.2.12)

Remark 4.2.6. Note that from the axiom of separation it follows directly that IT¥/%°/ ~, is a set
in the sense of the set theory ZFCJ**.

Definition 4.2.4. Let 3%*° be the countable collection of the all sets definable by a first order
1-place open wif; of the set theory ZFCJI® i.e.

VY {Y €3 = T (X) [([xp (X)],,.. € T/ NX) ABIX [T (X)AY = X]]] } . (4.2.13)

fifss

Definition 4.2.5. We rewrite now (4.2.13) in the following equivalent form

VY {Y € = TV (X) [([\1/ (X)), 70 € TR NX) AY = X)] } (4.2.14) where the

*ffss
X

countable collection I / ~x is defined by the following formula

VI (X) {[\If (X)), j0s € T3/ ~ox = [([\1/ (X)), 70, € T/ NX) AJIX T (X)} } (4.2.15)
Definition 4.2.6. Let 3%/ be the countable collection of all sets such that
VX (X € sgf) [X ERPS = X ¢ X] . (4.2.16)

Remark 4.2.7. Note that R;%** € $3%°* since R3"/** is a collection definable by 1-place open
wify

v (Z, %;”f“) 2yx (X € s;ﬁf”) X€Z « X¢X]. (4.2.17)
From (4.2.16) and Remark 4.2.7 one obtains

R € R = M g myFe (4.2.18)
But (4.2.18) gives a contradiction

(W50 € g ) A (50 ¢ w3 (4.2.19)

The contradiction (4.2.19) it a contradiction inside ZFCgSS for the reason that the countable

collection 3%/ is a set in the sense of the set theory ZFCJ ™.

EE}

In order to obtain a contradiction inside ZF'C3°° in more general case we introduce the following

definitions.
Definition 4.2.7. We define now the countable set FZW”/ ~, by the following formula

—~xffss

Wy { oy €T~ = (Wlyee €T/ w0 ) AFR " (y0) A [3X00E0° (0] (4:220)

Remark 4.2.8. Note that from the axiom of separation it follows directly that I';U!/ ~, is a set
in the sense of the set theory ZFCJ**.
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Definition 4.2.8. We define now the countable set $3%** by formula
VY {Y eI Ty [([y]ms € Tiifss NV) A (gZFCf” (X) = y) AY = X] } . (42.21)
2

*f#fss
2

Note that from the axiom schema of replacement (1.1.1) it follows directly that & is a set in

the sense of the set theory ZFCJ**.

Definition 4.2.9. We define now the countable set R3*/** by the following formula
vaXG%W§”XemwM<:>ngl (4.2.22)

Note that from the axiom schema of separation it follows directly that %;ﬁf % is a set in the sense

of the set theory ZFCJ**,

Remark 4.2.9. Note that R3*/*° € 33Y! since R3V! is definable by the following formula
U (Z) 2 vX (X € %;“f”) XeZ — X¢X]. (4.2.23)
Theorem 4.2.1. Set theory ZFCJ* is inconsistent.

Proof. From (4.2.22) and Remark 4.1.6 we obtain R3*/** € R;7** «— R3*** ¢ R3U! from which
immediately one obtains a contradiction

(%;ﬁf‘ss c %;ufss) A (m;ﬁfss ¢ %;nfss) ) (4.2.24)

5 CONCLUSIONS

a In this Chapter we have proved that set theory ZFC + 3MZFC is inconsistent in particular
-~Con(ZF +V =1L)..

b This result originally was obtained in [2], [4]. [5] by using essentially another approach.
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