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Feynman’s sum-over-histories formulation of quantum mechanics has been considered a useful
calculational tool in which virtual Feynman histories entering into a coherent quantum superpo-
sition cannot be individually measured. Here we show that sequential weak values, inferred by
consecutive weak measurements of projectors, allow direct experimental probing of individual vir-
tual Feynman histories thereby revealing the exact nature of quantum interference of coherently
superposed histories. Because the total sum of sequential weak values of multi-time projection op-
erators for a complete set of orthogonal quantum histories is unity, complete sets of weak values
could be interpreted in agreement with the standard quantum mechanical picture. We also elucidate
the relationship between sequential weak values of quantum histories with different coarse-graining
in time and establish the incompatibility of weak values for non-orthogonal quantum histories in

history Hilbert space.

Bridging theory and experiment, the presented results may enhance our

understanding of both weak values and quantum histories.

PACS numbers: 03.65.Ta, 03.65.Ca, 03.65.Ud

In this work, we revisit the important yet controversial
concept of quantum weak values and elucidate the rela-
tionship between Aharonov’s two-state vector formalism
and Feynman’s sum-over-histories. This interesting re-
lationship resonates with past works which studied non-
demolition and continuous quantum measurements [ITH4],
while connecting them with path integration [5]. Re-
cently, the above relationship was further analyzed and
strengthened by different researchers [6HIT], but here we
focus on the notion of sequential weak values as a piv-
otal issue, which has not been mentioned before in the
above literature. In particular, we show that sequential
weak values are able to probe directly the quantum prob-
ability amplitudes along individual virtual Feynman his-
tories thereby possibly supporting their physical mean-
ingfulness. Conversely, we utilize the mathematical con-
straints behind Feynman summation in order to provide
rules for consistent interpretation of experimentally mea-
sured weak values.

I. PRELIMINARIES

To begin with, we succinctly describe a finite coarse-
grained Feynman’s sum-over-histories procedure applica-
ble to any experiment performed with a finite precision.

Definition 1. (Quantum history) Quantum histo-
ries from an initial time ¢; to a final time ¢y are
constructed at k + 2 different times t;,¢1,t2,..., %%,y
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with the use of complete sets of projection op-

erators  {Pi1,Pia,--., Pin}, {7?1,1,7?1,2,...,’?17@,
{Pg 1,732 2. 7327,1} e {Pr1:Pr2s--,Pent,
{Pf,l,Pf 2. 75f n} which at each single time span the
n- d1mens10na1 Hilbert space of the system YnPin = I

S Pin =1, Pan=1, ..., S Pin =1, 2, Psn

Using the symbol ® for tensor products at different
times, we can write each quantum hzstory as a projection
operator Q] = Pf 0) Pk ®...0 ’Pg 0] ’Pl ® ’PZ in history

Hilbert space H = Hf@HkG. ..OHs0H10H,;, where H
is a copy of the standard Hilbert space of the physical
system at time ¢, [I2HI8]. By construction there are
n**2 orthogonal quantum histories (Tr[Q;Q;/] = 0 for
j #4") that span the history Hilbert space H.

Definition 2. (Chain operator) To each quantum his-
tory Qj = 75f ® ’ﬁk ®...0 752 ® 751 ® ’ﬁl in history
Hilbert space H, ‘there is a corresponding chain opera-
tor K 'Pf7}7klpk77g,k 1. 7?327)275 173171 iP; in stan-
dard Hilbert space H, where ’77€7;§_1 = 77;_1,13 is the time
evolution operator from t5_q to ty.

Definition 3. (History probability amplitude) The
quantum probability amplitude v; propagating along
a quantum history Qj from an initial quantum state
|;) at t; to a final quantum state [¢f) at ty is
given by ¢, = (1/1f|f(j|1/1i). Expanding the projec-
tors using their corresponding unit eigenvectors as
Pr = |¢k)(wk| allows us to rewrite the chain operator

K; as K; |1/1f)<1/)f|7}k|¢k>(¢k|77€k k-1 )(Yr-1] x

T3 2|1/J2)<1/J2|75 L) Tl )il Introducing
the Feynman propagators from [|¢p_1) to W’i) as

F(Yrlbr-1) (Vr|Thro1ton1), further gives K; =
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() F(p i) F (Vk|or-1) - - F(2thr) F'(sha[thi ) (il
The quantum probability amplitude for the history

is then a product of Feynman propagators (each of
which is a complex-valued function) v; = (v 7|K;[) =
F(slpr) F(rlthr-1) - .. F(althr) F (Y1 [s).

Definition 4. (Feynman’s sum-over-histories) The
quantum probability amplitude for a quantum transition
from an initial quantum state |1);) at ¢; to a final quantum
state |1y) at ¢y is given by the sum ¥; 4); over a complete

set of orthogonal quantum histories {Ql, s, ..., Qj},
je{1,2,...,n%*2} which span the history Hilbert space
of the system H = HioHLO. . .0H20H10H;. Inclusion of
P (1) = |1 )(1hs] among the projectors of the complete set
at t; and ﬁ(wf) = [¢)(1¢| among the projectors of the
complete set at ¢; eliminates a large number of quantum
histories @, that start or end with projection operators
respectively orthogonal to |¢;) or [¢/f), and consequently
have zero contribution, <wf|KL|wi> =0, to the Feynman
sum. Thus, Feynman summation will produce identical
result if it is performed over all orthogonal quantum his-
tories of the type Qs = P(Y5) OPr®...0P,0P1 0P (¢;),
which form a complete set for the intermediate times
t1,ta,...,tx. The usage of the Feynman sum Y, Q,
s € {1,2,...,n*} reduces the complete history Hilbert
space for Feynman summation to n*-dimensional due to
consideration of only the k copies of the n-dimensional
Hilbert space at intermediate times t1,to, ..., .

Theorem 5. Discontinuous Feynman histories have zero
contribution to the total Feynman sum Y 1s. Feynman
summation over a complete set of continuous quantum
histories generates the same result as the total Feynman
sum Y s over all histories.

Proof. The quantum probability amplitude 15 propagat-
mg along an arbltrary quantum history 9, = P(wf) o
Pro...0 Py, 0P ®@P (1), is calculated from the inner
product (wf|K |L/JZ) of the correspondmg chain operator
K, ’P(U/f)ﬁ kpkﬂc k-1 - 73 2P2T2 P T 173(1/%) The
quantum time evolution operators E Lk—1 are continuous
in space and have non-zero product Pkﬂ k- 1P # 0
only between spatially connected projectors Pi_1 and Py.
The presence of two consecutive disconnected projectors
Pr-1 and Py, anywhere in the quantum history effectively
zeroes it through the presence of 731677“;€ 173;.c 1=0. O

Next, let us briefly review the concept of weak values
in Aharonov’s two-state vector formalism. Experimental
measurement of weak values requires a weak coupling be-
tween the measured system and the measuring pointer,
multiple experimental runs, post-selection and calcula-
tion of averages [I9H22]. Because unknown quantum
states cannot be cloned [23], weak values are meaning-
ful only if one is given an ensemble [1);) ® |1;) ® ... ® [1);)
of quantum systems that are all prepared in the same
initial quantum state |¢;) upon which measurements are

made and only those results are analyzed that end up
with a certain post-selected final state |1).

Definition 6. (Weak value) The weak value of an oper-
ator A at any moment of time ¢,, during the evolution
from initial state |¢;) at an initial time ¢; to a final state
|Yr) at a final time ¢ is

Aw — <¢f|7},mAATm,v|¢v> (1)
(5| Tyilbi)

where 7A},i = f},,nﬁm and <¢f|7}z|¢z) # 0. In Aharonov’s
two-state vector formalism the pre-selected state [i);)
evolves forward in time with the time evolution operator

Tm,; and the post-selected state [i) evolves backward
in time with the time evolution operator 7}m = T >
namely (’Ter|77/Jf))Jr = (4 ¢|T}.m, so that one employs both

a bra and a ket at the same time t,, at which A is mea-
sured [24].

Definition 7. (Sequential weak value) The concept of
weak value can be generalized into sequentzal weak value
of several operators Ay, As, ..., Aj at several times

tl,tQ,...,tk [25, 26] as
Tk ArTrgn - AsTo 1 ALTL il
(A Ao Ar ) = (V| Tr Ak Tr k 1 272,1 A1 T ils)
(V| Tylei)
o o (2)
where 7}71' = 7},/6776)]6_1 .. ~7—2,17—1,i-

Weak values are complex-valued, however, both the
real and the imaginary parts of the weak values defined
by Egs. [[]and [2 can be experimentally measured with the
use of weak measurements (cf. [20] 25] 27H29]).

The mathematical expressions and of weak val-
ues arise in the approximate calculation of the pointer
shifts when multiplying truncated power series expan-
sions of the exponentiated interaction Hamiltonians be-
tween the measured system and the measuring pointers
at k-times (see [Appendix]).

Before we present the main results of this work, we
wish to address two technical points. First, we note that
all the above was defined for arbitrary operators, but in
the next section we shall focus on (not necessarily com-
muting) projection operators as commonly done when
discussing sum over histories. Second, for making the no-
tion of weak measurement feasible, the physical systems
in question are assumed to exist in a fine-grained Hilbert
space, which can be taken to be either finite dimensional
and consisting of Planck scale units, or infinitely dimen-
sional (so that standard differential and integral calcu-
lus applies) but effectively described by a finite, coarse-
grained Hilbert space. We shall henceforth assume an
n-dimensional Hilbert space, applicable to the two cases
above.



II. MAIN RESULTS

Now we are ready to demonstrate the tight relation-
ship between Aharonov’s two-state vector formalism and
Feynman’s sum-over-histories. We will also elucidate
the meaning and properties of sequential weak values of
multi-time projection operators.

Theorem 8. The sequential weak value
(P, - - . Pg,Pl)w of multi-time  projection  opera-
tors P1,Pa,...,Pe at times ti,ts,...,t, is equal
to the quantum probability amplitude g  prop-
agating along  the individual Feynman  history

Q¢ = Py) ©Pr0o...0 Py 0 Py @ P(¢;), divided
by the total quantum pmbabzlzty amplitude Y. ;s of the
Feynman sum ¥, Qs =P(Yy) 01 0...0 1010 P(;) =
Y P(f) 0Py s0...0P2 ;0P ;0P (1), s € {1,2,...,n"}
over a complete set of quantum histories from |i;)

to |1bf)

Proof. The quantum probability amplitude for the indi-
vidual Feynman history Qg = P(¢f) © P ©...@ P2 ©
P1©P(1;) is given by the corresponding chain operator

Yo = (s Kolt)
= (PP ) T7kPrThg-r - PaTaa PrT1iP (i) |ibs)
= <"/}f|7},kﬁkﬂc,k—l--~7527A-2,17517A-1,i|wi> (3)

which is exactly the numerator in Eq. [2l Thus, two-state
vectors of multi-time projection operators in Aharonov’s
two-state vector formalism are equivalent to quantum
probability amplitudes propagating along a Feynman his-
tory. Similarly, the total quantum probability ampli-
tude for the Feynman sum over all quantum histories
Y Qs =PWyr)olo...0I ©I06P(1;) is given by the
sum of all chain operators

Zws <¢f|2ks|wz>

(P )Ty ad Trgor - - ITan IT1 ;P (i)
= (e Tpal Tigor - I Tan IT1 i)
<¢f|7},i|wi> (4)

which is exactly the denominator in Eq. Eq. [ also
shows that the denominator of weak values in Aharonov’s
two-vector state formalism is a disguised two-state vector
of multi-time identity operator. Dividing Eq.[3]by [ gives

1/15'
2sWs

Because the ordinary weak values (Eq. ' serve as a spe-
cial single-time case of sequential weak values (Eq. [2| '
Eq. [ holds true for Feynman histories with a single in-
termediate time as well. Interestingly, Eq. [5| even makes
sense for the trivial case with no intermediate time points
in the quantum history Q = P(¢5) © P(¢;) where it re-
turns the weak value of the identity operator I, =1. [

(Pk,~~-,P27P1)w: (5)

Equation 5| provides a direct link between the theory
of weak values in weak measurements, which require a
small, but strictly non-zero perturbation, i.e. g > 0,
and Feynman sum-over-histories, which exactly quanti-
fies quantum interference of virtual quantum histories
without any external coupling, i.e. = 0. Thus, we
demonstrate unambiguously that weak values are not an
artifact arising from the small perturbation parameter g,
but are rather descriptive properties of quantum systems
that are exactly defined at g = 0. For example, in ex-
perimental measurement of a single-time weak value, the
pointer shift is gRe [A,,] or gIm[A,,] plus a higher order
correction term O(g3) (see , hence due to the
pointer shift dependence on g, the weak value can be mea-
sured with arbitrarily small, but non-zero error O(g*).
By considering the theory of weak measurement alone,
where weak values correspond to, and are interpreted as,
average pointer shifts [30, B1], one may be misled into
thinking that the weak value is only defined as a limit at
g — 0, while at g = 0 due to the zero pointer shift there is
no weak value to be extracted. The mathematical tech-
nique for Feynman summation, may however provide a
proper context for better understanding the meaning of
weak values as relative quantum probability amplitudes
at zero disturbance. To measure such amplitudes, which
by definition are at zero disturbance (g = 0), Aharonov
et al. [19] developed the weak measurement scheme that
allows for controlling the error in the measurement of
the weak values, making the error arbitrarily small for
sufficiently small g.

From the measurability of weak values, we can prove
that quantum probability amplitudes along individual
virtual Feynman histories entering into a quantum su-
perposed Feynman sum are also measurable given an en-
semble [10;) ®[1);) ® ... ®|);) of quantum systems that are
all prepared in the same initial state |1;).

Theorem 9. Measured sequential weak value
(Pry..., P2, P1)w  of multi-time projection operators
Pl,Pg,.. ,Pr could be converted (up to a pure phase

factor e*?) into quantum amplztude Pgr for the individual
quantum history Qg = P(¢y) OPLo...0P0P; @P(%)
entering into a quantum superposed Feynman sum Yo P
via multiplication of the weak value (Pg,..., P2, P1)w
by the positive square Toot |(1/Jf|771|w1)| of the experi-
mentally measured quantum probability p = (1| T7.il0:)|?
for an initial pre-selected state |1;) to end at the final
post-selected state |1)5).

Proof. From Egs. [2|and [3| we can express 1y through the
weak value as

by = Py -y Pay P1 ) (05 T7.ilt0i) (6)

Since (1;|T7.il:) is a complex number it can be
expressed as a product of its real-valued modulus
|(1/Jf|7}1|1/)1)| times a pure phase . Thus, for the quan-
tum probability amplitude, we have

b = (P -y Pay P w0 T7.il00) e (7)



In the weak value formula (Eq. , the pure phase e
is canceled down from the numerator and denominator.
Because removing the pure phase e’ from each of the
superposed quantum histories 15 entering into the Feyn-
man sum

> s = [ws| Traltidle” (®)

does not affect the quantum interference effects, the weak
values can be used to directly probe Feynman’s sum-over-
histories formulation of quantum mechanics. O

Sequential weak values are defined with the use of
quantum observables Ay, As, ..., Ay at k times (Defi-
nition . Therefore, in general, sequential weak values
are not the normalized quantum probability amplitudes
propagating along quantum histories. The spectral de-
compositions of observables in Eq. [2] are given by A1 =
an )\nlpnla A2 = an )\ngp’ng, .. Ak = an )\nk’PnM
where ny, ng, ..., ng are indices that may vary indepen-
dently, {\n,}, {/\nz} , {An,} are sets of eigenvalues
and {P,,}, {Pn,}, . {Pnk} are sets of corresponding
projection operators for the eigenvectors of A, A, ...
Ak Consequently, a general sequential weak value will
be a weighted sum of quantum probability amplitudes
for Feynman histories, each of which is multiplied by a
non-normalized weight given by a product of eigenvalues
AnyAny - An, . To illustrate the point, let us set H = 0
to suppress all time evolution operators i.e. 77c k1 = =1 ,
thereby obtaining for the sequential weak value:

(i|Ay ... Ay Ar|i)

Ap, ... A2 Ay =
(At Az ) (ol

<¢f|z)\nk7)nk s Z)‘nzpnz Z)‘m Pnl |w2>
i (sl

<¢f|75nk s ﬁnZﬁnl |wl)

= Ay Ang - Any,

nl,n;“,nk (¢f|¢z)

(9)

Such a general sequential weak value (Ag, ..., A2, A1)w
is not subject to the Born rule and does not generate
a probability for observing the corresponding quantum
(Feynman) history (defined with the projectors only).
Our main point is that by restricting the general ob-
servables down to projection operators in sequential weak
values, one can connect Feynman sum-over-histories ap-
proach with the fruitful area of weak measurements and
weak values. Note that for each sequential weak value of
multi-time projection operators, (P, ..., P2, P1)w there
is a corresponding Feynman history and the probabil-
ity for measuring that history through a series of strong
measurements at k times is given by the Born rule, i.e.
Prob [Pk,..., P2, Pi] = |(Pk,~~,P2»P1)w<¢f|1/’i>|2~
Sequential weak values of multi-time projection oper-
ators are able to directly probe the quantum probability

amplitudes ¢, along individual virtual Feynman histo-
ries that enter into a quantum superposed Feynman sum
Y5 ¥s. Because Feynman’s sum-over-histories approach
to quantum mechanics works for a complete set of or-
thogonal quantum histories in the history Hilbert space,
we can derive an exact value for the sum of the corre-
sponding sequential weak values:

Theorem 10. For a complete set of orthogonal quantum
histories {Q1,Qa,...,Qs} that span the history Hilbert
space of a quantum transition with non-zero probabil-
ity, the complex sequential weak values sum up to unity

Zs(Pk,sv o 7P2,sa7)1,s)w =1.

Proof. Quantum transition with non-zero probability en-
sures that all weak values are finite due to non-zero de-
nominator, Y . s > 0. Taking the sum over all histories

s€{1,2,...,n*} on both sides of Eq. [5| gives

(N (P Vs
Prsro 13 Pos;Pls)w = =+ —=——+...+
2P 2P = 5 e T %ot
Ys Vs

= =1 10
Tt 10)
O

The converse of Theorem [I0] is not true, namely, the
fact that the weak values for a set of quantum histories
sum to unity Zs(Pk,sa cen 7P2,57 Pl,s)w =1 does not lmply
that the set of quantum histories is complete.

Corollary 11. Sequential weak values of multi-time pro-

jection operators are not conditional probabilities, but rel-
ative probability amplitudes (Pk,..., P2, P1)w = wl;s
Weak wvalues are measured by the mean value of the
pointer shift of the measuring device, which makes quan-
tum probability amplitudes measurable provided that one
is given an ensemble |1);) ® |1;) ® ... ® |1;) of quantum
systems that are all prepared in the same initial state |1);).

Theorem 12. Analysis of quantum interference effects
within a complete set of mutually orthogonal quantum
histories {Q1, Qa, ..., Qs} from [tb;) to [Phy) is consistent
with the standard quantum mechanical picture.

Proof. By the completeness of the set of quantum histo-
ries entering into the Feynman sum, we are guaranteed
to obtain identity operators for all intermediate times
Y Qs=P(Ws)0lo...01 ®@P(1);). Therefore, the cor-
responding sum of chain operators is

fos PO Trad Trpr - Tan I T P ()

P(5)TriP (i) (11)

Expressing 77, in terms of the Hamiltonian shows that
the total Feynman sum is just the standard quantum
probability amplitude that one would obtain from uni-
tary evolution according to the Schrodinger equation

(] 3l = (g Ty ) = (e ST Ay
(12)



Noteworthy, orthogonality of the corresponding chain op-
erators {Ky, Ko, ..., Ky} was not assumed, which shows
that Feynman summation is not equivalent to the de-
coherent (consistent) histories approach that requires

Tr (K;K;) =0 for j # 5 [12HI8]. O

Analysis of weak values corresponding to a complete
set of mutually orthogonal quantum histories that span
the history Hilbert space avoids paradoxes because the
orthogonality ensures that one weak value cannot be used
to infer claims for more than one history, and the com-
pleteness of the set of histories implies consistency with
the Schrodinger equation (Theorem . Due to the lin-
earity of sums in quantum mechanical inner products
(5| 30 Kolths) = 3 (05| K, [ts), Feynman’s approach pro-
vides a natural language for discussion of quantum in-
terference effects between individual quantum histories
[32435]. Running the proof of Theorem [12| backwards
also shows that starting from the Schrédinger equation
(Eq. , one could obtain correct quantum probability
amplitudes by inserting identity operators at interme-
diate time points and then summing over all quantum
histories spanning the history Hilbert space (Eq. .

Theorem 13. Sequential weak values evaluated at dif-
ferent number of intermediate times correspond to differ-
ent coarse-grainings of the history Hilbert space. Conse-
quently, (k—1)-time sequential weak values are quantum
superpositions of k-time sequential weak values.

Proof. The sequential weak value (’ﬁk,l, .. ,752,751)11;
corresponds to a (k — 1)-time coarse-grained Feynman
history P(¢;) @ Pr_1 © ... ® Py @ Py @ P(t;). The time
tensor ® between projectors at ty and f,_; contains a
hidden identity operator I, at time tr, which when re-
solved as a sum of orthogonal projectors gives a quantum
superposition of k-time fine-grained Feynman histories
P(l/Jf)@Pk 10. ®732®731®73(¢z) P(¢f)®fk®
Pr10.. ®'P2®771®’P(1/11) >, P (wf)eP(k n)ePk 10

.0 P, 0P ©P(1;). Calculating the quantum proba-
bility amplitudes from the corresponding chain operators
and applying the weak value formula (Eq. [5)) gives

(’ﬁkflu ... 77527751)’u) 2(75(]@”)775]6717 .. 77527751)11)

(fk775k—17 IERS)

7527¢1)u) (13)
O

Definition 14. Incompatible weak values are (sequen-
tial) weak values whose corresponding quantum histories
are not orthogonal in history Hilbert space.

The main goal of Feynman sum-over-histories is to pre-
dict probabilities for quantum events to occur. To obtain
valid quantum probabilities, however, the Feynman sum-
mation should not be performed over all quantum histo-
ries in the history Hilbert space H, but only over a com-
plete set of orthogonal histories that span 7. The non-
orthogonal quantum histories of incompatible weak val-
ues cannot interfere with each other because this would

overcount certain histories in the Feynman sum more
than once, rendering incorrect quantum probability for
the transition from [1;) to |¢f) for almost all physically
valid Hamiltonians. Indeed, consider a complete set of
quantum histories ¥, Q, = P(wf) @I@’P(wz) to which is
added an extra non-orthogonal history QS/. In the gen-
eral case with 1 # 0, for coherent superposition, we will
have

2

2
Vs + X0 — Vs +1| =1 (14)
Zs ’(/JS Zs wS
and for incoherent superposition
2 2 2
|’1/}S | + Zslws| _ |w5 | 5 +1+1 (15)
ORI L]

Conservation of quantum probability will not be violated
only in the special case where 1y = 0. Thus, one may
be tempted to give a special status to non-orthogonal
quantum histories with zero weak values and interpret
them unconditionally. This, however, would contradict
the mathematical principles that ensure the status of
Feynman sum-over-histories as one of several equivalent
formulations of quantum mechanics. In particular, notice
that the orthogonality of quantum histories is indepen-
dent of the Hamiltonian H and the correctly constructed
Feynman sum Y., Q, = P(¢y) © I @ P(¢;) will always re-
turn the correct transition amplitude Y ;s for any H.
On the other hand, having a zero quantum probability
amplitude, ¥y = 0, is a Hamiltonian-dependent condi-
tion, which means that summation over non-orthogonal
histories cannot return the correct transition amplitudes
for all physically valid Hamiltonians, hence it cannot be
a fundamental principle upon which to build quantum
mechanics.

III. APPLICATION

We illustrate the power of the presented theorems with
the analysis of a concrete interferometric setup shown
in Fig. The transition probability amplitude (s p)
from the source S to the detector D can be easily cal-
culated with the use of actual Feynman summation and
various weak values can be determined with the use of
Theorem [§] Among the three alternative ways to calcu-
late the Feynman sum, namely with the use of matrix ex-
ponential of the Hamiltonian H (t), time development op-
erators Ty -1 or Feynman propagators F(¢y[1bx_1), the
latter one is computationally most effective. Utilizing
Theorem [5] there are only nine coarse-grained continu-
ous quantum histories Qs from S to D that need to be
summed over with their corresponding quantum proba-
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Figure 1: An interferometer with nine coarse-grained contin-
uous quantum histories from the source S to the detector D.
The weak value (z;). of the position projector &; = |z;){x;| is
the relative quantum probability amplitude of the sum of all
histories that pass through x; divided by the sum of all histo-
ries from S to D. B, is a variable number of beam splitters
that can be used to reduce the quantum probability ampli-
tude that reaches the detector D along history x,. Dashed
lines indicate inactive sources of quanta that are required for
the construction of the Hamiltonian H (t); solid lines indicate
paths constructed as products of Feynman propagators.

bility amplitudes ,:

0, = DO#0iH 0404 0d 08, =125
Qy = DOig0ir0d508308208, thy=+27°
O3 = DOiy0ig0is 0302205, tg=-27°
Q1 = DOig0ir0ig0i3008, 1hy=-27
Qs = DOiyoig0is0iz 04208, ts=-27
Qs = DOig0ir0i;08402:08, 1hg=+273
O = DORg0is0i508403208, tr=-27°
Os = DOig0ir0802,04205, tg=+27
Qo = DOiy0ig0ig0i 03208, thg=+272

For B, = 4, the single-time weak value (x1),, = +1 is able
to extract the quantum probability amplitude 1, along
history Q1, however, for histories Q>—Qg one needs to use
sequential weak values of multi-time projection operators
that uniquely identify each history inside the three inner
interferometers: (x7,2s5,%3)w = +1, (28, 25,23)w = —1,
(Z‘7,$6,$3)w = —1, ($8,$6,$3)w = —1, (Z‘7,$5,$4)w = +1,
(178,1'531'4)10 = —1, (1’7,1’6,1’4)11, = —f—l7 (I87I67I4)w =+1].

From Eq. [5] it can be seen that once the fine-
grained quantum histories are resolved, adding projec-
tors at extra times does not change the weak values,
e.g. (x7,x5,23)w = (27, 25,%3,T2)w = (g, T7,T5,23)w =
(g, x7,25,23,%2)w = +1. On the other hand, reducing
the number of projectors selects quantum superpositions
of Feynman histories, e.g.:

Yo +1Pg + 1y + s + Yg + Y7 + Y5 + Py

w = -0
(z2) SR
(23)w = ¢2+¢§;Z4+¢5 _
(24)w = ¢6+¢7+¢8+¢9:+2

XsVs

Thus, weak values are descriptive properties of the mea-
sured quantum system that depend on the quantum
history of interest (Theorem . Feynman’s sum-over-
histories emphasizes the natural occurrence of pre- and
post-selection in quantum mechanics. Moreover, it also
reveals that in some sense sequential weak values are
primitive and more fundamental than single-time weak
values, which are in fact superposed sums of sequential
weak values, e.g.: (23)w = (X7, 25, 23)w + (T8, T5,23)w +
(7,26, 23)w + (T8, T6,T3)w = +1-1-1-1=-2. This was
similarly shown for multipartite weak values [36].

Weak values measure different Feynman histories from
the source S to the detector D, but only sets of weak
values that complete the history Hilbert space can be
consistently interpreted together. For example, taken to-
gether (z1), = +1 and (x2), = 0 state that the quantum
has reached the detector D through x; but not through
x2, and this is consistent because all fine-grained histo-
ries Q1-Qg are accounted for. In contrast, when taken
together (1) = +1, (22)w =0, (23)w = =2, (T4)w = +2,
(z5)w = 0, (6)w = 0, (7)w = +2 , (28)w = —2 and
(79)w = 0 state that the quantum has not passed through
o and xg, yet it has been at x3, x4, z7 and zg; the ap-
parent discontinuity arises from overcounting five times
each of ¥9—19. Thus, Theorem explicitly addresses
the controversy between Svensson and Vaidman [37H39)
utilizing the general applicability of weak values for de-
termining the history of a quantum system.

While weak values substantiate the physical nature of
virtual Feynman histories through measurable pointer
shifts, the mathematical constraints for correct Feynman
summation elucidate the meaning and properties of weak
values. Sequential weak values reflect the unique charac-
ter of temporal correlations, as was also shown by Avella
et al. [40]. Consider as another example, an experimenter
changing the number of beam splitters from B, = 4 to
B,, = 22 on the history through z;, while measuring de-
vices record the weak values at x3 or x4. The presence of
18 extra beamsplitters on arm x is felt by the weak mea-
suring devices at arm 3 or x4 as they measure the very
large weak values (x3), = —1024 and (z4), = +1024. In
other words, the weak measurement devices at arms xg
or x4 somehow feel the photon exploration of alternative
quantum histories [41]. Thus, the weak value measured
through some weak coupling to a measuring pointer at
one location integrates information about the presence
of other devices at different locations in the interferome-
ter through the change of the total Feynman sum Y, 9.
Of course, weak values cannot be used for superluminal
communication since to extract the weak values from the
recorded data, experimenters located at x3 or x4 need to
know which photons were detected by D.

IV. CONCLUDING REMARKS

Our results are consistent with a recent work by
Sokolovski [I0], but we have extended it in scope and



generality. First, we have shown that weak values should
be interpreted for complete sets of quantum histories, be-
cause they provide information for the phase difference
between any two histories in the complete set. Second,
our Theorem [§]is completely general and gives the quan-
tum probability amplitude along any quantum history in
terms of a corresponding sequential weak value (Eq. [5)),
which reduces to a single-time weak value in the special
case of a history with a single intermediate time. Third,
in regard to the measurability of virtual Feynman histo-
ries, our work builds upon previous results on measurabil-
ity of weak values [20] 25| 28|, 42, [43]. For a single-time
weak value, the mean value of the pointer shift in the
measuring device is proportional to the weak coupling
factor g «< 1 [20, 28] [42] [43]. For a multi-time sequen-
tial weak value at k times, the mean value of the pointer
shift is proportional to ¢g* [25], which makes it equally
harder to measure the quantum probability amplitudes
for the corresponding multi-time Feynman histories. Fur-
thermore, to evaluate the expectation value of a product
of N pointer positions, one needs in general not just the
N-point sequential weak value, but also all other n-point
ones, for 1 <n < N - 1. However, there is a clear way in
principle for measuring sequential weak values: Initially,
the measured projectors have to be weakly coupled to a
set of ancillary pointers and then the correlation between
pointers’ states has to be projectively measured (see
pendixl). This has been experimentally demonstrated in
[29], where for each photon the sequential weak value of
two projections on incompatible polarization states were
measured through weak coupling to the transverse dis-
placements. This method is also of practical importance,
allowing to perform quantum state tomography [44] and
quantum process tomography [45].

To conclude, we have presented and analyzed the tight
relation between Feynman’s sum-over-histories and se-
quential weak values and shown how one formalism cor-
roborates the other, proving some new theorems. This
analysis may strengthen the fundamental role previously
ascribed to weak values [22] 46H50] and at the same time
might make Feynman'’s histories more tangible, amenable
to direct experimental observation.
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V. APPENDIX

For making the paper self-contained, we outline be-
low the theory of single-time and sequential weak values.

These results are mostly known in literature, but they are
vital for understanding our claims above and especially
how sequential weak values can be measured in practice.

A. Measurement of single-time weak values

For simplicity, the measuring device M starts with a
real-valued Gaussian position wave function centered at
Zero

Sl .2
o(x) = (271'02) te 102 (16)
which gives a corresponding Gaussian distribution

9 1 _(wz—u2)2
¢ (Z‘) - We 7 (17)

with position mean po(z) = 0 and variance o3 () = o>.
The interaction Hamiltonian between the measured
system S and the measuring device M is

Hini=g6(t-tn) A®p (18)

where A is an observable for the measured system S and
D= hk = —zh% is the meter variable conjugate to the me-
ter pointer variable #. Allowing the measured system S
to evolve with internal Hamiltonian Hg® I and suppress-
ing the internal Hamiltonian of the meter I ® Hy; = 0, we
obtain for the composite time evolution operator

t Iy T 2 ~
ﬁomposite o 1] [Hs®I+95(t—tm) Aop]dt
_ e—%ﬁg@f(tf—tm)e—%gzi@ﬁe—%ﬁs@f(tm—ti)

- Tpme PO, (19)
Hereafter, we will use 71,1@_1 = e_%ﬁsg’f(tk_tk*l) to com-

press the internal time evolution operators of the mea-
sured system S.

1. Real part of weak value

The composite system starts from initial state

wlo) =10 [ o(@le)ds (20)

and evolves with the time evolution operator in Eq.
Due to small g satisfying g << 1, we can use a truncated
power series at O(g®) for the interaction term. For post-
selected system in a final state [1)f), the final meter wave
function in position basis is

(x‘(bf) = <’(/}f|’7:composite|wi>¢(x)
2
1T (1 10A 0k - 4% 012 T o)
21



where we used (z]a’) = §(x—2") and the integral property
of Dirac’s delta function [° ¢(a')d(x - 2')dx’ = ¢(z).

Expressing the wave number operator in position basis
k= —z% and using Lagrange’s notation for spatial partial
derivatives gives

2
o5 ~ (Wrhi) (<z> - gAuwd + 92(A2)w¢”) (22)
The normalized final meter distribution is

|97
{1y libi)|?

2 2
g ‘¢—9Aw¢'+“’2(A2)w¢”

v @7 = g[ A+ Au] 90" + g2 A Ay’
2

L [0+ (42) ] 60" (23)

The mean (expected value of position) of the normalized
final meter distribution |¢¢|* is calculated as the first raw
moment

5 z|¢s)*dr
(3¢l )|

Taking into account the exact initial meter wavefunction
in Eq. which is real and centered at zero, we have

{z) = (24)

[ e (@) =0 (25)
IR (26)
[T @yr = 0 (27)
[ @9yar = 0 (28)

With the above equations, from Eqs. [23] and we get
(w) = % [Au+Au] = gRe(AL) (29)
So the mean value of final meter distribution in position

basis x measures the real part of the weak value A,,.

2. Imaginary part of weak value

Fourier transform of the initial meter position quantum
wave function to wave number basis |k) gives

W) =) [ ok lk)ak (30)

Using a truncated power series at O(g®) for the interac-
tion term, we obtain for the final meter state

<k|¢f> = <¢f|tomposite|wi>é(k)
2
~ (¢f|77,m (1—zg/1®/2:— J

and the final meter wave function in wave number basis

bf = <wf|wi><£[1 ~ 19wk - 292(142)“)1@2] (32)

where the initial Gaussian wave number wave function is
real and centered at zero

2 % 2_2
509 - (22) e (33

and the corresponding initial wave number probability

distribution
72 2 oprs2
(k)= [ e (34)

is centered at jo(k) =0 and has a variance o3 (k) = ﬁ.
The normalized final meter distribution is

|64 N
(%) ¢[ehi)[?

2

(5[1 —1gAuk - g;(AQ)wk’Ql

~ q~52|:1 + zg[Tw— Aw]k

92 TA2Y T
~ (@) + (A7) - 24, AL
(35)
With the use of the following identities

[k (8)an

Il
o

(36)

[ TR @yar = (37)
[k (2 an -

from Eq. we obtain that the mean value of the wave

number probability distribution is shifted from zero to

1g [Tw - Aw] _ gIm(A,)
402 202

|
o

(38)

(k) = (39)

B. Measurement of two-time sequential weak
values

Consider two meter probes measuring two different ob-
servables A; and A, at two different times ¢; and ¢5. The
interaction Hamiltonian between the measured system S
and the measuring devices M7 and M, is

ﬁint =g(5(t—t2)/i2 ®ﬁ2+g(5(t—t1)1‘11 ®]31 (40)
The time evolution operator is

tr 3 -3 n ~ n ~
tomposite _ e_%ftif [As®I+gd(t-t2) Ax@p2+gd(t—t1) A1®@p1]dt

’f} 9 e—%gAz‘X)ﬁz'f'Q 16—%9141@1317'1 ; (41)



1. Real part of sequential weak value

Product (x1x2). Measuring both meter probes in z-
basis (x1x2) extracts the real part of the sequential weak
value plus an extra term.

The composite system starts from initial state

[¥i)|)1)|¢2) = |¢i)[m ¢(@1)|z1)dz foo ¢(@2)|x2)dzs
(42)
and evolves with the time evolution operator in Eq. {1}
Due to small g satisfying g << 1, we can use a truncated
power series at O(g?) for the interaction term. For post-
selected system in a final state |17}, the final two-meter

wave function in position basis, ky = —za%l, ko = —13%2,
is
(.’E1|<£L'2|q)f> = (wf|7-composite|wi>¢(xl)¢(x2)
0 92 5 02
~ (1/Jf|7}2(1 91428 o 2 AZ@T;%
0 H?
1-gA — A2 ;
><T21( glax1+ 1522 )T
x [hi)p(w1)p(x2) (43)

Multiplying the brackets and discarding O(g®) terms
gives
s (sl @162 - 9(A1)wd) 62
9’ 2
—g(A2) w19 + ?(A1)w¢'1’¢2

2
+ 5 (A3) w0} + (A2, AD) w0y ] (44)

The normalized final meter distribution is

@

T 6203 - 9[ (A1) + (A1) ] 616163

~g[(A2) + (A2)u | 16205
2
+ 2 (@) + (4D ] 10163
2
5 [+ (4D 01 0a0Y
9? [(A2, A0 + (A2, A1) | 6161 620
+g? [(Al)w(A2)w + (Al)w(AQ)w] D101 P205

+92(A1)w(A )w¢’1¢,1¢§
+9% (A2)w(A2) wd] 9y % (45)

With the use of the identities (25H28)), we get

[ f WQ( @[

[(Wlwa)?
- [M+<A2,Al> ]

(.’L‘ll‘2> )dl‘ldaﬁg

+7 [(Al) (Az)w + (Al)w(AQ) ]
= %Re [(Ag,Al)w + (Al)w(AQ)w] (46)

Product (ki1ke). Measuring both meter probes in k-
basis (k1ks) extracts the real part of the sequential weak
value with a negative sign plus an extra term.

The Fourier transform of the initial composite state is

widlonloa) = i) [ dCkolkdky [ d(ho)lko)dky
(47)
Using a truncated power series at O(g*) for the interac-
tion term, we obtain for the final meter state

(k1|(kal®5) = (0| Tcomposite|ts ) (k1 ) p(kz)
2
(ostTra(1-whs o k- £ Ao )

Q

2
X7A-271 (]. - ZgAl ® ]%1 - %A% ® ];Z%) 721,1'
x i) (k1) (k) (48)

which gives
N <¢f|¢i>$1$2l1 —19(A1)whk1

2
-19(A2)wks - %(A%)wk%

——(A wks — gZ(AQ,Al)wklkgl
(49)
The normalized final meter distribution is
b = R e[ (]
+ig [m_ (AZ)w] ko
~g? [ (A2, A + (A2, A1) | kaks
+9” [(A)u(A2) + (A1) (A2)y | ik

-5 [0+ (4D - 2(40)u (A ] 1

N

-5 [(AB)0 + (43)u - 2(42)u (A2)u | 3

(50)



With the use of the identities (36{H38)), we get

| f|2
[T,

- -, [ Ay + (s, A

(k1ka)

o [(ADu(A2) + (A1) (A2)

- Sg—Re [~(42, A1) + (A (42)0] (1)
Subtracting suitably scaled (z1x2) and (kike) gives only
the real part of the two-time sequential weak value with-
out the extra terms of individual measurements

1

Re [(A27A1)w] = 92 ((331332) - 40-4<k'1k'2>) (52)

2. Imaginary part of sequential weak value

To extract the imaginary part of the sequential weak
value, we need to use mixed products. Again, there will
be extra terms that need to be subtracted.

Product (x1k2). To calculate (z1ks), we rewrite the
initial state of the composite system in a mixed product
form

walonlsz) =10a) [ o(an)len)de [ o(k)lke)dke
(53)
Due to small g satisfying g << 1, we can use a truncated
power series at O(g®) for the interaction term. For post-
selected system in a final state |¢)¢), the final two-meter
wave function in position basis is

(21(B2l®f) = (1f|Teompositelti)d(21)d(kz2)
2
. wfm,g(l_zgfg@z;z_gAg®/;g)
2
><'T21(1 gAlail-r 288 ),le
x |0i) (1) b (k) (54)

Multiplying the brackets and discarding O(g?) terms
gives

~ (1hrli)de l¢1 - 9(A1)wd] —19(A2)wka
L (- L (AR
2 1/w®1 2 2/ wh2 @1

+zg2(A2,A1)wk2¢>’1] (55)

10
The normalized final meter distribution is

@

[ N 7 2
oslenE = 2[4

—g[(AD)w + (A | ér6t

+1g [ (A2)u - (A2)u | kod]
+9° (A1) w(A1)wd 0] + 9°(A2)w (A2) wk3 b}
~1g° I:(A2a A1) — (As, Al)w] kod1 0}

+1g° [(A1)w(A2 (Al)wm] ko¢16)
%[ AT)+ (AD)w ] 0107
%[(A w+ (43) ]kzo:l] (56)

With the use of the identities (25H28|and , we get

@

I ). ”( RO )dmld’”

S [m (A2, A1)

(z1k2)

L [T - (A1) (),

2
= ot (A2, A - (A)(A2)] - (57)

Product (kijxs). To calculate (kjza), we express the
initial composite state as the mixed product

wilon)loa) =) [ kol [ olwa)laa)des
(58)
Using a truncated power series at O(g3) for the interac-
tion term, we obtain for the final meter state

(kil{z2]®f) = (¥f|Teompositeltii) (k1) d(2)
R .0 92 R 82
~ (Vr] Ty 2 (1 —gAy—+ Ag)
1)
T (1 —igAs @ - §A§ . k:) i
x |9 )p (k1) p(x2) (59)
which gives
v (Vglvi) o1 l¢2 —19(A1)wk1¢2 — 9(A2)wds
g2

_?(A%)wk%(m + =

(A Juwdy

+Zg2(A27A1)wk1<f>’2] (60)



The normalized final meter distribution is

Dy

W & &% ¢§+19[(A1)w—(141)w]k1¢§

—g[(A2)w + (A2)u ] 6204
+9% (A1) w (A1) wki 65 + 7 (A2)w(A2)wdhdh
-9 [(AQ,Al)w - (Az,Al)w] k1o

~1g” [(AD)w (A2)w = (A1)u(A2)u | 1626
[+ (4D, ] o

g2
+5 [ (49w + (AD)u] 0205 (61)

With the use of the identities (36H38)), we get

o = [ [ ’”( wlf)l )d'“d”
- o [ A - (404
+zi [m(A2)w - (Al)w@:l

= 4g QIm[(A27A1)w + (Al)w@] (62)
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Adding suitably scaled (z1ks) and (kja2) gives only the
imaginary part of the two-time sequential weak value
without the extra terms of individual measurements

202

m (A2, A1)w] = 7 ({(z1k2) + (k1z2))  (63)

In practice, experimental measurement of two-time se-
quential weak values does not use Egs. or but
rather directly subtracts the product of single-time weak
values using Egs. or[62] as in [29]. The reason
is that it is easier to measure pointer shifts proportional
to g instead of g°.
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