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Entanglement measures quantify the amount of quantum entanglement that is contained
in quantum states. Typically, different entanglement measures do not have to be partially
ordered. The presence of a definite partial order between two entanglement measures for
all quantum states, however, allows for meaningful conceptualization of sensitivity to
entanglement, which will be greater for the entanglement measure that produces the
larger numerical values. Here, we have investigated the partial order between the nor-
malized versions of four entanglement measures based on Schmidt decomposition of
bipartite pure quantum states, namely, concurrence, tangle, entanglement robustness
and Schmidt number. We have shown that among those four measures, the concurrence
and the Schmidt number have the highest and the lowest sensitivity to quantum en-
tanglement, respectively. Further, we have demonstrated how these measures could be
used to track the dynamics of quantum entanglement in a simple quantum toy model
composed of two qutrits. Lastly, we have employed state-dependent entanglement statis-
tics to compute measurable correlations between the outcomes of quantum observables
in agreement with the uncertainty principle. The presented results could be helpful in
quantum applications that require monitoring of the available quantum resources for
sharp identification of temporal points of maximal entanglement or system separability.
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1. Introduction

Quantum entanglement is an important resource in quantum information technolo-
gies T Shared quantum entanglement between two distantly located parties allows
for the execution of classically impossible tasks, such as quantum teleportation 58
superdense coding/” or quantum cryptography 819 Being such a valuable commod-
ity, the amount of quantum entanglement possessed by composite quantum systems
has been subject to quantification with a variety of entanglement measures H4
Some of these measures were defined operationally 1517 whereas others were
defined with an explicit formula that is computed from the complex quantum prob-
ability amplitudes characterizing the state of the composite system 1825 The rapid
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burgeoning of quantum resource theory?® has generated a zoo of entanglement
measures, most of which appeared under different names in the works of different
authors. This impedes accessibility of available mathematical results and compli-
cates the conduction of literature searches. Furthermore, the utility and perfor-
mance of different measures for tracking the entanglement dynamics in composite
quantum systems has been rarely compared. To remedy this situation, in this work
we analyze a number of entanglement measures based on Schmidt decomposition
and systematically explore their ability to resolve maximal entanglement or com-
plete disentanglement of a toy model system consisting of two interacting qutrits.
Then we provide a comprehensive introduction to state-dependent entanglement
statistics and compute measurable correlations between the outcomes of quantum
observables in agreement with the uncertainty principle.

The organization of the presentation is as follows: In Section [2] we briefly sum-
marize how every bipartite state vector can be expressed in the Schmidt basis
using singular value decomposition of the complex coefficient matrix given in some
explicit basis. Then, we introduce four entanglement measures that can be com-
puted directly from the Schmidt coefficients. The most popular names for these four
measures are: concurrence, tangle, entanglement robustness and Schmidt number.
In Section 3] we introduce the concept of relative sensitivity to quantum entan-
glement and prove two main theorems, which establish the existing partial order
between different normalized versions of the four entanglement measures. In Sec-
tion [d] we present a quantum toy model of two interacting qutrits, which ensures
the minimal Hilbert space required to avoid reduction of entanglement robustness
to concurrence. In Section 5| we report computational results on the performance
of each of the four entanglement measures on resolving maximal entanglement or
complete disentanglement of the toy quantum system. In Section [6] we introduce
the concept of state-dependent entanglement statistics and demonstrate how the
Schmidt decomposition features prominently in the computation of measurable cor-
relations between the outcomes of quantum observables. Finally, we conclude with
a brief discussion on the computational complexity involved in the evaluation of
the presented entanglement measures and their overall utility for tracking the en-
tanglement dynamics in composite quantum systems.

2. Entanglement measures

Quantum entanglement was originally conceptualized by Erwin Schrédinger in the
form of probability relations between distant quantum systems2? It needs to be
emphasized, however, that quantum probabilities relate quantum observables, which
describe potentialities of what could be measured, but not necessarily of what
is actually measured*® This means that given a quantum state vector |¥) of a
composite quantum system, one could always compute the expectation values of
different quantum observables, including incompatible (non-commuting) observ-
ables whose simultaneous measurement is physically impossible 2239 Furthermore,



June 28,2022 0:58 WSPC/INSTRUCTION FILE articlel

Sensitivity of entanglement measures in bipartite pure quantum states 3

even for maximally entangled quantum states there are quantum observables whose
measurement outcomes are maximally correlated and quantum observables whose
measurement outcomes are not correlated at all. For example, given the Bell state
|®T) = %(\ 1.12) + | 12d2)) one could either measure the observable 6, ® &,
obtaining maximally correlated outcomes or measure the observable 6, ® &, ob-
taining completely uncorrelated outcomes®! This highlights the fact that quantum
entanglement is not a genuine property of quantum observables. Instead, the quan-
tum entanglement is a genuine property of the quantum state vector |¥), which
is comprised of quantum probability amplitudes rather than quantum probabilities,
and motivates the following definition valid for non-relativistic quantum mechanics
of distinguishable particles.

Definition 2.1. (Entangled state) A bipartite quantum state vector |¥) € Ha ®

H p is quantum entangled if and only if it cannot be written as a tensor product®

W) # [)a®[Y)B. (1)

Otherwise, the quantum state vector is separable (factorizable).

The Schmidt decomposition provides a straightforward criterion for determining
whether a bipartite quantum state vector is entangled or not.

Theorem 2.1. (Schmidt decomposition) Consider a composite bipartite quantum
state vector |WU) € Ha @ Hp. Given any two complete orthonormal bases for the
individual Hilbert spaces, respectively {|i)a} for Ha and {|j)p} for Hp, one can
always construct a complete orthonormal tensor product basis {|i)a ® |j)B} for the
composite Hilbert space H = Ha ® Hp in which the bipartite quantum state vector
is expressed as*t

) =>"> cjlidac|i)s (2)

i

Then, singular value decomposition of the complex coefficient matrix C = (¢ij)
renders it in the form

¢ = AV, 3)
where U and V1 are unitary matrices, and Aisa diagonal matriz with non-negative
singular values (Schmidt coefficients) sorted in descending order A\y > Ao > ... >
As > 0. Finally, using the operations of matriz reshaping and reshuffling in the con-

text of Jamiotkowski isomorphism/?2 the bipartite quantum state vector can always
be expressed in the Schmidt basis as

) = 3" A (Olisha) @ (VH15a) @
where the index s runs from 1 to min [dim (H,) ,dim (Hpg)].

Definition 2.2. (Schmidt rank) The number of non-zero Schmidt coefficients is
referred to as the Schmidt rank of a given Schmidt decomposition.
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The Schmidt rank provides a binary, Yes/No, classification of quantum states.
The quantum state is entangled if and only if its Schmidt rank is greater than 1. For
separable states, the Schmidt rank is exactly 1. Unfortunately, the binary classifica-
tion of quantum states does not suffice for quantitative evaluation and management
of quantum entanglement as a resource. Thus, given an entangled state that has
at least two non-zero Schmidt coefficients, it would be useful to have quantitative
measures that determine how valuable the state is. Next, we present four such
entanglement measures whose numerical values can be computed from explicit for-
mulas involving the Schmidt coefficients, namely, concurrence, tangle, entanglement
robustness and Schmidt number.

2.1. Concurrence

The concurrence was first introduced by Hill and Wootters for pure two qubit states
using a modified Bell basis {|®T),2|®),2|¥*), [¥~)} 2221 hut was then generalized
as I-concurrence to include multi-level bipartite quantum systems®?¥ using the sum
of the fourth powers of the Schmidt coefficients

()

where n = min [dim (H4) , dim (Hp)].

In the context of quantum interferometry with entangled particles, the concur-
rence is manifested as two-particle visibility 2*° Recently, within the context of a
general theory of entanglement, Gudder proposed the entanglement number, which
is essentially I-concurrence without the scale factor2%22

(W) = [1=3 TN = \/1-Tr () = 1= Te (). (6)

We can use the fact that the Schmidt decomposition gives a normalized vector
doa=1 (7)
i
in order to substitute in @ and obtain

e(@z\/ZA%—ZAg*z\/Z@%—Az*):\/ZA%(l—A%). ®)

Since @ implies that

1-A2 =) )2 (9)
J#i

one arrives at

e(U)= 3 X22= [2) A2\2 (10)

i#] i<g
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Alternatively, it is possible to use the identity 1% = 1 to directly obtain

2
e(W)= [12-) M= (ZAE) =D M= oA (11)
J i J i£j

The range of the entanglement number is within the interval 0 < e(¥) < /=1

The normalized concurrence is the same as the normalized entanglement num-
ber3!

C(D) =¢(D) = nf1<1—ZA§>. (12)

Computationally useful is the fact that the entanglement number and concur-
rence could be evaluated from squaring the Hermitian matrix CCT obtained from
the complex coefficient matrix C' = (¢;;) without the need of singular value decom-

positionZ222

cw= (o) -m](eey] = i-n[@e)]  a

2.2. Tangle

The squared concurrence C? (W) is a distinct entanglement measure referred to as
tangle 58 From , the normalized tangle is given by

’r(\I/)zéQ(xp):nﬁl(1—ZA§>ZnLZA§Xj. (14)

i#j

2.3. Robustness of entanglement

JT9,37

For pure bipartite states, the robustness of entanglemen can be computed

from the squared sum of the Schmidt coefficients as follows

R (V) = (zn: )\Z) —1, (15)

where n = min [dim (H4) ,dim (H )]
The range of the robustness of entanglement is

0<R(W)<n—1. (16)

Therefore, the normalized robustness 0 < R(¥) < 1 is given by

2
fz(xp):nil (ZA) -1]. (17)
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Straightforward algebraic calculation shows that the robustness of entanglement
is the same as the non-normalized coherence®® of the density matrix in the Schmidt
basis

R (D)

ZA2+2ZM —;Af

1<J
=23 NN =D A (18)
i<j i#£j

The normalized robustness of entanglement is then the same as the entanglement
coherence Cg defined in the Schmidt basis®?

- 1
R(¥) =Cp = — ;mj. (19)
7]

The entanglement coherence could be also expressed in terms of the reduced

density matrices p4 = Trp (pap) and pp = Tra (pap) as follows

() = e e

n —

Cg =

In the special case of two qubits, the robustness of entanglement reduces to
concurrence

C(U) =2M) =R (D), (21)

but for higher dimensional systems that admit more than two non-zero Schmidt
coefficients, those two entanglement measures are different.

2.4. Schmidt number

18 is another

The Schmidt number 2043 also referred to as degree of correlation
entanglement measure that uses the sum of the fourth powers of the Schmidt coef-

ficients

K (0) =

1
. (22)
Py
The Schmidt number could be interpreted as counting the average number of
Schmidt modes actively involved in entanglement 40 The range of the Schmidt num-

ber is within the interval 1 < IC(¥) <
Therefore, the normalized Schmidt number < K(¥) <1is given by

(23)

T n—1 Z)ﬁl
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3. Relative sensitivity to quantum entanglement

Definition 3.1. (Relative sensitivity to quantum entanglement) Given two nor-
malized entanglement measures 0 < ./i(\I/) <land 0 < l’;’(\I/) < 1, we say that
B() is more sensitive to quantum entanglement compared with A(¥) if and only
if the ordering A(¥) < B(¥) holds for any state |¥). Otherwise, we say that the
two measures are unordered and their relative sensitivity is undefined.

Theorem 3.1. The normalized versions of the Schmidt number I%(‘l/), tangle
C2 (W) and concurrence C () are ordered in an increasing order of sensitivity to
quantum entanglement, namely, for any state | V) whose singular value decomposi-
tion is described by a set of Schmidt coefficients {\;}}_,, we have

K (W) <C* (W) <C (V). (24)
Proof. The relationship C (¥) > C? (¥) between concurrence and tangle is straight-
forward and follows from the fact that the concurrence is bounded within [0, 1],
namely, C (¥) < 1. Therefore, C (¥) x C (¥) < C (¥) x 1

To show that C? (¥) > K (¥), we factor the normalized Schmidt number
as follows

K () = nil (1_2%;6 = nil <1—ZA4> (Z XL) (25)

Because the quantity Y, A} has a minimum only when there are n equal Schmidt
coefficients, each with value of \F’

;Ai‘zn(\}ﬁy:i. (26)

Taking the reciprocal values gives

we obtain

5 )\4 <n. (27)

This inequality can also be directly proved using Sedrakyan’s inequality*# as follows

(A2)°

12 (S ()t ()T ()
Xh

DD D DD D N T A3
After substitution of in the Schmidt number , we conclude

;6(\1/):”_1 (12%) <Z /\4> < nil <1ZA§> xn=C2 (). (29)

This establishes the chain of inequalities as stated in the theorem. O

= 1xn.

+...+
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Theorem 3.2. The normalized versions of the Schmidt number K (), robustness
R () and concurrence C (V) are ordered in an increasing order of sensitivity to
entanglement, namely, for the same set of Schmidt coefficients we have

K(¥) <R(¥)<C(V).

Proof. To show that C (¥) > R (¥), we use to compute the square of the

robustness
2

7%2(@)=7 23 A

(n—l Iy

and then compare it to the tangle

C* (D) x 2> (Ai)))
1<j

For n = 2, we have R (¥) = C (V) = 2\ \y.

For n > 3, we will have n Schmidt coefficients, A1, Aa,..., A, > 0, which will
generate N = (Z) = w pairs A;A; for which ¢ < j. After re-indexing all N
pairs using the single index

i 1
k:(i—l)n—<;>+j—i:2(i—1)(2n—i)+j—i (33)

and introducing the combined variable x; = A\;A; > 0, we have
2
(n—17° =, S
TR (T) = Z)\i)\j = Zxk Z:ﬂkJrQZ:ckxl
1<j k=1 k<l
Similarly, we obtain

(n—1)>%; _n(n—1) s
TC2 (¥) = TZ()\MJ) =

i<j k=1

qu

Zxk+z kar:cl)
k

k<l
Now, we take the difference

Q C? (V) — } Zx,ﬂ—z zi +27) Zxk—22mkxl

k<l k<l

= E xk_xl

k<l

Since {"=1- 1) > 0, it follows that C (¥) > R ().
To show that R (¥) > K (¥), we subtract from and observe that the

relation [7@ (®) - K (\I/)} > 0 is equivalent to

(ZM) > Z.l)\‘." (36)

K2 (2
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The general proof for n > 2 of the later relation is quite intricate due to the
presence of the sum of fourth powers in the denominator of the fraction. Combining
the normalization of the Schmidt coefficients A3 + A3 + ... + A2 =1 with 13 =1

transforms (36)) into

) ()]

To proceed, we will need the following factorization
A A =N (A2 +22) = (A = A7 (A2 + Md +A2) >0 (38)

and the inequality between arithmetic mean and geometric mean for a triple of
non-negative numbers rearranged in the form

AP+ NS+ Ai —3MAjA, > 0. (39)
Next, we expand the two sides of into groups of similar terms

A= Z)\G—i—QZ)\/\ (M X9) + D AN (W + A7)

i<j 1<j
+2 > N (A8 4], (40)
i<j<k
B = Z)\6+3Z)\2)\2 (AZ4A2) 46 > AN (41)
1<J i<j<k

Taking the difference between and ( @ gives

A- B—Z)\)\ XX =) NN (A4 N2)

1<j i<j
+ O AN (AT D) -3 D AN
i<j<k i<j<k
=) NN A= AT (AT AN+ AY)
1<j
+ 0 NN (A A3 A% = 3A )
i<j<k
> 0. (42)

In the last step, we have used the fact that the Schmidt coefficients are non-negative,
A; > 0. The minimal dimensional case, n = 2, is obtained trivially from by
plugging in A3 = 0. Thus, the Schmidt number is a lower bound on robustness,

namely, [7@ () — K ()| > 0. O

4. Quantum toy model

The relative sensitivity to quantum entanglement could be exploited in quantum
applications, which require sharp resolution of either maximal entanglement or
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complete separability of bipartite quantum systems. In such cases, the choice of
suitable entanglement measure could depend on the actual practical task. For ex-
ample, to achieve the sharpest possible resolution of maximally entangled states,
one could use the Schmidt number K (¥), which has lowest sensitivity to quantum
entanglement. Conversely, to achieve the sharpest possible resolution of completely
separable states, one could use the concurrence C (¥), which has highest sensitivity
to quantum entanglement. To illustrate the content of the latter two statements,
next we construct and employ a minimal quantum toy model.

A major simplification of the toy model can be accomplished by noting that
quantum dynamics due to internal Hamiltonians does not have an impact on the
entanglement contained in a composite system!*!' Indeed, suppose that the initial
state of a bipartite quantum system is expressed in the Schmidt basis as

[T(0) = Asli)a ®14) - (43)

If H 4 is the internal Hamiltonian of subsystem A and H B 1s the internal Hamilto-
nian of subsystem B, the overall unitary action with the Hamiltonian Hy ® Ip +
14 ® Hp results in

e*%(ﬁA®iB+iA®I:IB)t|\II(O)>

[W(2))

=D Ali)a® i) s (44)

Because the individual operators e~ # 44t and e~ # 5t are also unitary, they preserve
the orthonormality of the basis sets {|i(¢)) 4} and {|j(¢)) 5} at all time ¢. This means
that the Schmidt coefficients {As} remain constant (do not evolve in time) and
any entanglement measure dependent on the Schmidt coefficients remains constant
too 2T The latter result allows us to set without loss of generality, H4 = 0 and
Hp = 0, investigating the quantum dynamics resulting solely due to a non-zero
interaction Hamiltonian Hip # 0. In fact, it is exactly the dynamics due to the
non-zero interaction Hamiltonian that has the capacity to entangle or disentangle
the composite system 3!

The minimal bipartite quantum model that prevents reduction of concurrence
to the robustness of entanglement requires the composition of at least three-level
subsystems (qutrits). Therefore, for the construction of our quantum toy model we

choose two qutrits governed by the spin-1 Heisenberg interaction Hamiltonian®®

Hiyg = hw (6, ® 6 + 6y @Gy + 0. ®062), (45)
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where the spin-1 matrices are given by

R b (46)
Or = —= )
\/5 010
0-1 0
Gy=— 10 -1], (47)
V2 01 0
100
6.=|000 |. (48)
00 -1

The eigenvectors of the observable 6, form the basis set {| 1),]|0),| |)}, respectively
with eigenvalues {1,0,—1}.

To solve the Schrodinger equation for any initial state |¥(0)), it would be con-
venient to follow the standard procedure utilizing the energy eigenbasis. The inter-
action Hamiltonian Flim has five eigenstates with eigenvalue hw:

|Ey) = [ 1), (49)
1
|E2) = 7% (Ito)+[o1m), (50)
Ba) = = (1) +2100)+1 1), (51)
1
|E4>=ﬁ(|0 h+110), (52)
|E5) = | 14), (53)
three eigenstates with eigenvalue —hw:
B =——=(10) - o 1), (5
Br) === (114 = | 41, (55)
1B = ——= (0 ) = | L0, (56)
and a single eigenstate with eigenvalue —2hw:
By = = (11 =100} + | ). (57)

Throughout this work, we will set w = 1 rad/ps in the interaction Hamiltonian
between the two qutrits.
The general solution of the Schrodinger equation in the energy eigenbasis is then

b . .
tho | W) = H|W) = Hzn:an|En> = ;Enanmn), (58)
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which can be explicitly written as
|\If(t)> _ Zanef%Ent
n

= e ! (a1|E1) + az|Ey) + as|Es) + au|Ey) + as|Es))
+ ezwt (Oé6|E6> —+ 047|E7> + ag|E8>> + 621‘}‘)t059|E‘9>7 (59)

E,)

where «, is the initial quantum probability amplitude of the state |E,,) at t = 0.

5. Quantum dynamics of entanglement measures

Dynamics of the expectation value of any quantum observable A could be obtained
from the solution together with the Born rule

(A) = (W) A]w()) (60)

Here, we have chosen to track as quantum observables the individual projectors
onto the eigenstates of 6. ® 6., namely, P (1) =11 {1, P (10) =[1O)1 0l
P = [ 1L PO = [0 O 1], P(00) = |00 0], PO =0}
HOLL PN = [ 4DE L P O) =] 4 O)(d Of and P (1) = | LY |-

For the initial state |¥(0)) we considered each of the nine eigenstates of 6, ® 7.
Projecting each of these initial states onto the energy eigenbasis using —
gives the initial values for the energy quantum probability amplitudes «,, for the
corresponding simulations. Due to the existing freedom of choice for the 1 vs |
direction in space, there are mirror symmetries in the obtained solutions, which
can be grouped into 4 cases.

5.1. Case 0

Trivial quantum dynamics, in which the initial state is also an energy eigenstate,
occurs when |¥(0)) = | 1) = |Ey) or |¥(0)) = | {1) = |E5). In those situations,
the expectation values for the respective projectors remain unitary at all times,
namely (P (11)) =1 or (P (1])) = 1. The composite state vector |¥(t)) remains in
a separable state at all times with constant Schmidt coefficients

A =1
X2 =0 (61)
A3 =0

All four entanglement measures remain zero at all times.

5.2. Case 1

Non-trivial quantum dynamics is obtained when the initial state is not an en-
ergy eigenstate, but is a superposition of several energy eigenstates with differ-
ent eigenvalues. For [¥(0)) = | 1 O) = %(|E2>— |Eg)) or [¥(0)) = |0 1) =
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Fig. 1. Dynamics of the expectation values for the respective projectors onto the eigenstates of
the quantum observable 6, ® &, simulated with the initial state |¥(0)) = | 1 O). The amount
of quantum entanglement is measured with the use of concurrence in panel (A), tangle in panel

(B), robustness of entanglement in panel (C) and the Schmidt number in panel (D). The coupling
strength hw in the interaction Hamiltonian between the two qutrits was set by w = 1 rad/ps.

% (|E2) + | E6)), the quantum state vector oscillates forth-and-back between the
states | T O) and |O 7). Similarly, for [¥(0)) = |O |) = %(|E4>—|Eg)) or
w(0) =11 0) = % (|E4) + |Es)), the quantum state vector oscillates forth-
and-back between the states |O |) and | | O). In those four situations, the state
vector |¥(t)) remains confined within a two-dimensional subspace of the composite
Hilbert space, which implies that the entanglement measures cannot reach their

absolute maximum. The composite state vector has dynamic Schmidt coefficients
that depend on time

A1

= |cos (wt)|
A2 = |sin (wi)| (62)
A3 = 0.

All four entanglement measures undergo cyclic dynamics (Fig. . Each cycle, be-
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Fig. 2. Dynamics of the entanglement measures for the simulation with initial state |¥(0)) = | 1+ O).

Concurrence (f(\I!) is denoted with solid black line, tangle 7~’(\I/) with solid blue line, robustness
of entanglement R (¥) with solid red line and the Schmidt number K (¥) with dashed black line.
The coupling strength Aw in the interaction Hamiltonian between the two qutrits was set by w = 1
rad/ps. Each cycle, between two consecutive separable states, lasts g ps.

tween two consecutive separable states, lasts 5 ps. Concurrence C (¥) is most sen-
sitive to the presence of quantum entanglement and forms an upper bound on all
four entanglement measures (Fig. . Conversely, the Schmidt number K (W) is least
sensitive to the presence of quantum entanglement and forms a lower bound on all
four entanglement measures (Fig. [2)).

Theorem 5.1. The tangle T (V) and robustness of entanglement R (¥) are not
partially ordered.

Proof. The lack of partial order is demonstrated numerically (Fig. . For ex-
aNmple, consider thg Schmidt coefﬁcient~s with the f;ollowing assignments:
’R[\II (wtz 116)] > T[\I/ (wtz 1—”6)] andR[\I/ (wt = %)} < T[\I' (wt: %)] O

5.3. Case 2

Complicated quantum dynamics, manifesting varying quantum interference effects,

occurs when [¥(0)) = | 1) = L|Ey) — L|Er) + L|Eo) or [W(0) = | 1) =

%|E3> + %|E7> + %|E9> In those situations, the quantum state vector |¥(t))
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Fig. 3. Dynamics of the expectation values for the respective projectors onto the eigenstates of
the quantum observable 6, ® &, simulated with the initial state |¥(0)) = | 1}). The amount of
quantum entanglement is measured with the use of concurrence in panel (A), tangle in panel (B),
robustness of entanglement in panel (C) and the Schmidt number in panel (D). The coupling
strength hw in the interaction Hamiltonian between the two qutrits was set by w = 1 rad/ps.

oscillates with somewhat irregular pattern between the states | 1)), |OO) and | [1).
The composite state vector has dynamic Schmidt coefficients

AN o= %\/% + 3 cos (wt) + 2 cos (2wt) + cos (3wt)
A2 /5 + 4 cos (wt) sin® (Lwt) (63)
A3 }sin (%wt)| .

win Wi

All four entanglement measures undergo cyclic dynamics (Fig. [3). Each cycle, be-
tween two consecutive separable states, lasts 27w ps. Again, concurrence C (¥) and
the Schmidt number K (¥) form bounds on the four entanglement measures from
above and below, respectively (Fig. [4). Because, in this simulation it is possible for
all 3 Schmidt coefficients to be non-zero, the entanglement measures explore al-

most the full range from separable to maximally entangled state (Fig. . Again, it
is clearly seen in the vicinity of local minima that the tangle T (¥) and robustness
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Entanglement

0 /4 /2 3m/4 m 5m/4 3n/2 /4 2m
Time (ps)
Fig. 4. Dynamics of the entanglement measures for the simulation with initial state |¥(0)) = | 1J).

Concurrence (f(\I!) is denoted with solid black line, tangle 7~’(\I/) with solid blue line, robustness
of entanglement R (¥) with solid red line and the Schmidt number K (¥) with dashed black line.
The coupling strength Aw in the interaction Hamiltonian between the two qutrits was set by w = 1
rad/ps. Each cycle, between two consecutive separable states, lasts 27 ps.

of entanglement R (¥) and are not partially ordered (Fig. 4)).

5.4. Case 3

Quantum dynamics with regular quantum interference pattern occurs when
W) =|00) = \/g|E3> - %|E9>. In this case, the state vector |U(t)) ex-
plores the complete spectrum from separable to maximally entangled states. The
composite state vector has dynamic Schmidt coefficients

M = 3+/5+4cos (3wt)
A2 = 2 sin (3wt)| (64)
A3 = % |sin (%wt)| .
All four entanglement measures undergo cyclic dynamics (Fig. |5)). Each cycle, be-
tween two consecutive separable states, lasts 23” ps. The maximal entanglement

reaches 1 at wt = %’r and wt = %‘ (Fig. @ Due to its high sensitivity to quantum

entanglement, the concurrence C () is able to resolve quite sharply the separable
states (narrow blue bands in Fig. ) Conversely, due to its low sensitivity to
quantum entanglement, the Schmidt number K (V) is able to resolve quite sharply
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probabilty
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Fig. 5. Dynamics of the expectation values for the respective projectors onto the eigenstates of
the quantum observable 6, ® &, simulated with the initial state |¥(0)) = | O O). The amount
of quantum entanglement is measured with the use of concurrence in panel (A), tangle in panel

(B), robustness of entanglement in panel (C) and the Schmidt number in panel (D). The coupling
strength hw in the interaction Hamiltonian between the two qutrits was set by w = 1 rad/ps.

the maximally entangled states (narrow red bands in Fig. )

The sharpness of the bands produced in contour plots depends on the temporal
rate of change of the entanglement measures. By construction, all normalized en-
tanglement measures coincide at the two extreme cases: at separable states, where
they have zero value, and at maximally entangled states, where they have unit
value ILI2H6H7 The existence of partial order, A(t) > B(t), then implies that in
the neighborhood of a separable state, the quantum dynamics is described by U-
or V-shaped cups such that the cup for A(t) is inside the cup for B(t) (Fig. [6).
Consequently, the time derivative for A(t) decreases towards and raises from the

separable state more steeply compared to the time derivative for B(t), namely,
‘%‘ > %gt) . The roles played by the two entanglement measures are reversed
in the neighborhood of a maximally entangled state, where the quantum dynamics

is described by U- or V-shaped caps such that the cap for B(¢) is inside the cap

17
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Fig. 6. Dynamics of the entanglement measures for the simulation with initial state |¥(0)) = |0O).

Concurrence (f(\I!) is denoted with solid black line, tangle 7~’(\I/) with solid blue line, robustness
of entanglement R (¥) with solid red line and the Schmidt number K (¥) with dashed black line.
The coupling strength hw in the interaction Hamiltonian between the two qutrits was set by w = 1
rad/ps. Each cycle, between two consecutive separable states, lasts 27" ps.

for A(t) (Fig. [6). This means that the time derivative for B(t) raises towards and

decreases from the maximally entangled state more steeply compared to the time

derivative for A(t), namely, ‘dlzgt)‘ > ’d“ggt) ‘ Different time derivatives result in

different durations of the time windows for which the entanglement measures stay
inside some fixed small region € > 0 near 0 or 1. In general, steeper time derivatives
imply shorter time windows and sharper resolution of quantum dynamics.

6. Entanglement statistics

To further illustrate how the Schmidt decomposition features in the calculation of
measurable correlations between the outcomes of quantum observables, next we
introduce the concept of state-dependent entanglement statistics. We also derive an
alternative, but equivalent, characterization of separable/entangled states in terms
of absence/presence of correlations between all/some local quantum observables.
We begin with the study of quantum operator statistics. Let Lg(H) be the set
of self-adjoint (Hermitian) operators*®2% on a finite-dimensional complex Hilbert
space H. We call the elements of Ls(H) observable operators. If |¢) € H is a vector
state and A € Ls(H) is an operator, the expectation (or average) of A in the state
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|¢) is
(A), = (gl Alo). (65)
The deviation of A in the state |@) is
Dy(A) = A—(A),I (66)

where I € Lg(H) is the identity operator. An interaction between any two observ-
able operators A, B € Lg(H) is described by the ¢-correlation given by

Cor 4(4, B) = (| Dy(A) Dy(B)|9). (67)

In general, Cor¢(fl, E) is not a real number and we have

Cor y(A, B) = Cor 4(B, A). (68)
We define the ¢-covariance of A and B as
Ay(A, B) = Re [Cor¢ (A B)} (69)
and the ¢-variance of A as
As(A) = Ay(A, A) = Cor 4(4, A). (70)
We have that
Cor 4(A4, B) = (8(A = (A),1)(B - (B),D)|¢) = (AB), — (A),(B),,  (71)
As(A,B) = Re [(AB), - (A) ¢<B>¢], (72)
Ag(A) = (42%), — (). (73)

If Cor 4(A, B) = 0, we say that A and B are ¢-uncorrelated. Of course, from it

follows that Cor (A, B) = 0 if and only if (¢|AB|¢) = (A),(B),. Since quantum

observables are represented by self-adjoint (Hermitian) operators?®2Y

(6|AB|o) = (0|(AB)|9) = (¢|BTA"|¢) = (¢l BA|9), (74)
it follows that if A and B are ¢-uncorrelated then B and A are ¢-uncorrelated. For
A B e Ls(H), their commutator is given by [A,B} = AB — BA. An important
connection between these concepts is the following uncertainty principle:2l

1 PO 2 A 272 NN N R
1@l [AB]1o)| + [As(A, B)] = |Cory(4, B)| < Bs(A)as(B).  (75)

As a special case, we have the Heisenberg-Robertson uncertainty principle252

1 A A 2 A .
2@ [AB]18)] < asd)a.(B). (76)
It follows from that A and B are uncorrelated if and only if

(@l [A,B] I) = 24(4,B) = 0. (77)
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In this case, gives no information. A X

An operator A € Lg(H) satisfying 0 < A < I is called an effect.”® Effects
correspond to quantum events or yes-no measurements. A real-valued observable
is a set of effects A = {Aw T E QA} where 4 is a finite subset of R called the
outcome set of A and we have ZzeﬂA /19: = [. We consider flz to be the event that
occurs when a measurement of A results in the outcome z. The probability that A
has the outcome = when the system is in the state |¢) € H is (Am>¢ = (¢|A,|0).

Notice that z — (¢|A,|¢) is a probability measure because

Y (BlAdle) = (9] Y Aule) = (9l1l0) = (4]9) = 1. (78)

TEQ A €N 4
Corresponding to the observable A we have its stochastic operator A= ZwEQA zA,.
Then A is an observable operator and the expectation (or average) of A in the state

|¢) is
(g = (A)y = (8l AI0) = (8] Y zdald) = Y 2(4a), (79)
zEQ A FISI O
Thus, (A), is the sum of the outcomes of A times the probabilities that these
outcomes occur. If B = {By y € QB} is another observable, the ¢-correlation of

A and B is Cor 4(A, B) = Cor ¢(./T, B), the ¢-covariance of A and B is Ay(A, B) =
Ay (A, B) and the ¢-variance of A is Ay(A) = Ay(A). We conclude that

Cor (A, B) = ny(wx Byl6) — (A)y(By), ) (80)
B) =Y ayRe (6|4, B,)0) — (A.),(B,),] (81)
A) = ay (01 AsAyl0) = () y(Ay),) (82)

We say that A, B are ¢-uncorrelated if .Z, B are ¢-uncorrelated. Also, A, B are
¢-independent if

(0AsBylo) = (As),(By), (83)
for all x € Qu, y € Qp. Of course, if A, B are ¢-independent, then B, A are ¢-
independent. It follows from that if A, B are ¢-independent, then A, B are ¢-

uncorrelated. The converse does not hold because there are examples of uncorrelated
random variables that are not independent. Two observables A, B commute if

{Az,By} =0forall x € Qq, y € Qp. If A, B commute then so do j, B and the
uncertainty principle reduces to

[A4(A, B)J* = |Cor 4(A, B)[* < Ay(A)Ay(B). (84)
We say that A, B are compatible (or jointly measurable) if there exists an observable
C = {CA'wy T €Qq,y€E QB} such that A, = ZyEQB C’xy,By = ZzEQ_A CA’Iy We
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then call C a joint observable for A, B. Although C is an observable, it is not
real-valued because its outcome space is Q A X Qp. If A, B commute, they are
compatible with joint observable ny = A, B If A, B are compatible, they need
not commute.2"

We now apply the previous discussion to entanglement statistics. Let Hi, Ho be
finite-dimensional Hilbert spaces for two quantum systems. The combined system
is described by the Hilbert space Hy ® Hs. If Ac Ls(H,) is an observable operator
for system 1, then in the combined system this operator is represented by A1,
where I, is the identity operator on H,. Similarly, if B e ES(HQ) then in the
combined system B is represented by I, ® B. Since A® I, and I, @ B commute,
they are jointly measured by the observable

(Ao L),®B)=A® B (85)
in the combined system. Similarly, if A = {flx x € QA}, B = {By y € QB} are
real-valued observables on Hi, Hs, respectively, then

A@jg = {AI(X)IAQ T € QA},fl QB = {f1®]§y Yy € QB}

are real-valued observables on H; ® Hy. These observables commute and have joint
observable

C=A®B={Cy= A, @ By: (v,y) € L x s} (86)

Although C is an observable on H; ® Hs, it is not real-valued because Q¢ = Q4 x Q3.
The corresponding stochastic operators become

—~—

TEQ A
(heB =hLeB= > ylhaBb, (88)
YEQB

We define the stochastic operator for C to be

C=AehL) (L ®B) =AB=) i, B,. (89)
z,y
Theorem 6.1. The following statements are equivalent:
(i) The vector state |a) € Hy ® Hy is separable.
(i) A® Ig, 11 ® B are a-uncorrelated for all A € Lg(H,), B € Ls(Hsy).
(i) A® IQ, I, ® B are a- -independent for all observables A on Hy and B on Hs.

Proof. (i)=-(ii) Suppose |a) € H; ® H, is separable with |a) = |¢) ® |[¢). We then
have

(al(Ae b)(h © B)la) = (8| © (v|A @ Blo) @ |[v) = (] @ (] (4le) © Bly))
= (01A16)(W|BIY) = (alA @ Lola)(al i @ Bla).
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It follows that A ® fg, fl ® B are a-uncorrelated.

(ii)=(iii) Suppose A® I, I ® B are a-uncorrelated for all A e Ls(H), Be
Ls(H). Since A, € Ls(H), By € Ls(H) we have that A, ® Ig, L ® By are a-
uncorrelated for all z € Q 4, y € Qp. Hence,

(al(As ® I2) (11 ® By)la) = (A® L), (1 ® B),

so the observables A ® fz, I, @ B are a-independent.
(iii)=(i) Suppose A® Iy, I) ® B are a-independent for all observables A on H;
and B on Hj. Let |o) have Schmidt decomposition |a) = >~ Ai|¢), @ [),. Since

(a|A, ® Byla) = (A, @ L) (I, ® By),, (90)

for all z € Q4, y € Q3 and

<Aw®f2>a: <a|Aw®j2|a Z)\ ¢z|® ’(/}z ®12 Z)‘ ‘(bj ®|¢J>

= DA (@il @ (Wil (e @ I)l5) @ [v) ZAiAj¢i\Am|¢j><wile>

] ]
= D Nidi (il Aule;)dis ZAQ il Az i) (91)
i,j
we conclude that
DNl Aloi) DN (| By [y)
4 J

= (0|4, ® Byla) = ZA (¢l ® (¥5](As ® B, ZAI@ ) @ |¥;)

= YAl @ (i (Am|¢j> ® B, ;)
]
=D X (il Auly) (il By ). (92)
]
Since holds for all A, B, we can let A, = |¢1)(¢1], B, = [¢1)(¢1] to obtain
A} = M2, Although A; could be either 0 or 1 to satisfy the latter relation, we can

also use the assumption that the Schmidt coefficients are sorted in descending order
to fix Ay = 1. Therefore, |a) = |¢1) ® |1)1) is separable. O

If |) is entangled with Schmidt decomposition |a) = > A\;|d;) & |1);), we have
seen in that for all A € Lg(H), B € Lg(H) we have

(A® B), ZM (0i| Alg;) (0| Bly).- (93)

4,J

If |&) = |¢) ® |¢) is separable, then

(A® B), = (4)4(B), = (A® L) (L ® B),,. (94)
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At the other extreme, if the normalized entanglement number is é(a) = 1, then
|o) is maximally entangled with Schmidt decomposition |a) = % Z i) @ |1bi)
where n = min (dim(H; ), dim(Hs)). In this case, we have -
1 . .
(A®B), =~ (il Alo;) (Wil Bly,). (95)
4]

For a general state o) € Hy ® Hy the a-variance of A ® B becomes

Aa(A® B) = (o] 4* ® B|a) — (A B).. (96)
If |a) = |¢) ® |¢) is separable, we obtain
Aa(A® B) = (¢ ® (|4° © B|9) @ |¢) — (A),(B),,
= (sl @ Wl (2216) @ B2y — ((A),(8),)’
= (@),(87), — ((Ay8),) (97)
If |o) is entangled with Schmidt decomposition |a) = > Ai|¢:) ® |1;), we obtain

from that
Au(Aw B)= (20 B, — (Ao B)’

2
=D AN (il A2165) (il B Jupy) — (ZAA ¢>1A|¢>J><%IBI%>) :

i, )

(98)

If |v) is maximally entangled, this reduces to

2
Na(A @ B) = - ST (Gl A10) Wil Blu) — 5 (Z <¢i|A¢j><wiBwj>) - (99)

g 4,J

As expected, in the separable case we have <121 ® f2>a = <A>¢ However, when
|a) is entangled, we have by (93 that

(A Io), Z A(A), (100)

and when |) is maximally entangled, (A ® I),_, = =154 > .- Similarly, when |a)
is separable, we have
An(A® 1) = Ag(A) (101)

and when |a) is entangled, we have by . ) that

W(A® D) = ZAQ (A%, (ZA?A ) . (102)
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If |o) is maximally entangled, this becomes

A(A® Iy) = %ZW)@ = (A, ) (103)

Similar equations hold for I, @ B.

For separable |a) € Hy ® Hs, from it follows that Cora(/l@)fg, I ®B) =0,
hence A®f2, fl ® B are uncorrelated. Also, {A ® fg, fl ® B} = 0 so no information
is given by the uncertainty principle.

For the observable C = {Aw ® Ey: (z,y) € Qg % QB} with stochastic operator
C= Doy YA, ® By we have

(C)y = (C)o = (o] Y_wyd, @ Byla) =Y ayla|d, @ Byla). (104)
z,Yy x,Yy
If |&) = > A\ilé:) ® |1;) is entangled, we obtain from that
() = (A®B), =D XX (il Aloy) (13| Blapy). (105)
%,

As before, when |a) = |¢) ® |[¢) is separable this becomes (C), = (A),(B), and

when |a) is maximally entangled

1 ~ ~
(Cha =~ D (6ilAlo;) (il Blusy). (106)
.
So far, we did not consider interactions because [/1 ® f27 I, ® B| = 0. We now

cAonsicAicrAintofactions on H; ® Hs. Let A,C’ € Ls(Hy), B’,f) € Ls(Hs) so that
A®B,C®D € Lg(H; ® Hz). The interaction statistics are given by
Coro(A® B,C ® D) = (a|(A® B)(C ® D)|a) — (a]A @ Bla)(a|C @ D|a)
= (a|]AC ® BD|a) — (A® B) (C® D),. (107)
If |a) has Schmidt decomposition |a) =Y. A;|¢i) ® |1;), then

Cora(A®B,C®D) =" N(¢i| @ (il (AC @ BD) Y \jlo) @ ;)
% J

-~ (Z)\i)‘j<¢i|‘4|¢j><wi|3|¢j>) (Z)‘i)‘j<¢i|é|¢j><wi|f)|wj>)
= > NiAg (il ACI6;) (| BDI;)
— 37 AN AL (i Bl (6 1C1 ) (6, DIabs). (108)

,]5758

In the two extreme cases, when |a) = |¢) ® |[¢) is separable, we obtain

Coro(A® B,C ® D) = (9|AC|9) (0| BDI¥) — (4) 4(C) 1(B),,(D),, (109)
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and when |a) is maximally entangled, we have

Cora(d® B,C @ D) = 3 (6ilACI6;) (| BDIw)
— 5 2 (@Al B0 Clo L) (110

©,3,7,8

2, we have observable operators Aol 2, Cwl,

A particularly simple case is B=D=
A,C’} # 0. In this case, if |a) = > Ai|d:) ® |1;),

and we still have interaction if [
then

Coro(A® I, C @ L) =Y MN(si|AC|¢;) ZA2A2 (C)y, - (111)

For the two extreme cases, when |a) = |¢) ® |¢) is separable, we have
Cora(A® I, € @ 1) = (61ACI6) - (4),(0), (12)

and when |«) is maximally entangled, we obtain

Coro(A® I,C® 1) = 1Z<¢1|AC|¢>Z 22 . (113)

[

It is straightforward to continue this discussion for interacting observables, A, ®By,
C,®D,.

7. Concluding remarks

In this work, we have investigated four quantum entanglement measures that are
based on Schmidt decomposition. After normalization of the measures, we have
shown that partial order is possible between some entanglement measures. In par-
ticular, we have rigorously proved that the concurrence forms an upper bound on
the tangle and entanglement robustness, whereas the Schmidt number forms a lower
bound. The existing partial order was then utilized to introduce the concept of rel-
ative sensitivity to quantum entanglement, and with a minimal quantum toy model
we have demonstrated how concurrence can be used to sharply demarcate separable
states and Schmidt number to sharply demarcate maximally entangled states.

Each of the four entanglement measures could be computed using an explicit
formula that is based on the Schmidt coefficients. Performing singular value decom-
position, however, is a computationally expensive task® Fortunately, a mathemat-
ical workaround proposed by Gudder?%23 could be utilized for those entanglement
measures that require the sum of the fourth powers of the Schmidt coefficients,
S, AL In the latter case, one can just compute the trace Tr(CCT)? obtained from
the complex coefficient matrix C , whose reshaping gives the bipartite quantum state
vector in the basis |i) ® |j), namely, [¢)) = res(C') 32 This allows for fast evaluation
of the concurrence and the Schmidt number, which provide the upper and lower
bounds on the amount of available quantum entanglement, respectively.
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State-dependent entanglement statistics provides an alternative, but equiva-
lent, theoretical characterization of separable/entangled states in terms of ab-
sence/presence of measurable correlations between all/some local quantum observ-
ables. Noteworthy, Schmidt decomposition features prominently in the calculation
of expectation values, variances, covariances and correlations between quantum ob-
servables, which obey the uncertainty principle.

Quantum entanglement is a precious physical resource that allows quantum de-
vices to outperform their classical counterparts in terms of speed and efficiency.
Therefore, the presented theorems with regard to the four entanglement measures:
concurrence, tangle, entanglement robustness and Schmidt number, could be useful
in practical quantum applications that require careful monitoring and utilization
of the available quantum resources.
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