Applied Intelligence (2019) 49:79-102
https://doi.org/10.1007/510489-018-1229-8

@ CrossMark

Generalized logical operations among conditional events
Angelo Gilio! - Giuseppe Sanfilippo?

Published online: 27 July 2018
© Springer Science+Business Media, LLC, part of Springer Nature 2018

Abstract

We generalize, by a progressive procedure, the notions of conjunction and disjunction of two conditional events to the case
of n conditional events. In our coherence-based approach, conjunctions and disjunctions are suitable conditional random
quantities. We define the notion of negation, by verifying De Morgan’s Laws. We also show that conjunction and disjunction
satisfy the associative and commutative properties, and a monotonicity property. Then, we give some results on coherence
of prevision assessments for some families of compounded conditionals; in particular we examine the Fréchet-Hoeffding
bounds. Moreover, we study the reverse probabilistic inference from the conjunction C,+; of n + 1 conditional events to
the family {C,, E,+1|H,+1}. We consider the relation with the notion of quasi-conjunction and we examine in detail the
coherence of the prevision assessments related with the conjunction of three conditional events. Based on conjunction, we
also give a characterization of p-consistency and of p-entailment, with applications to several inference rules in probabilistic
nonmonotonic reasoning. Finally, we examine some non p-valid inference rules; then, we illustrate by an example two
methods which allow to suitably modify non p-valid inference rules in order to get inferences which are p-valid.

Keywords Conditional events - Conditional random quantities - Conjunction - Disjunction - Negation - Fréchet-Hoeffding
bounds - Coherent prevision assessments - Coherent extensions - Quasi conjunction - Probabilistic reasoning -
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1 Introduction relevant problem, largely discussed by many authors (see,

e.g., [3, 14, 15, 32]), is that of suitably defining logical

The research on combining logic and probability has a long
history (see, e.g., [2, 8, 13, 16, 33]). In this paper we use
a coherence-based approach to probability, which allows
to introduce probability assessments on arbitrary families
of conditional events, by properly managing conditioning
events of zero probability (see, e.g., [4, 5, 13, 18, 19, 25,
26, 28, 42]). In probability theory and in probability logic a
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operations among conditional events. In a pioneering paper,
written in 1935 by de Finetti [16], it was proposed a three-
valued logic for conditional events coinciding with that
one of Lukasiewicz. A survey of the many contributions
by different authors (such as Adams, Belnap, Calabrese, de
Finetti, Dubois, van Fraassen, McGee, Goodmann, Lewis,
Nguyen, Prade, Schay) to research on three-valued logics
and compounds of conditionals has been given in [39];
conditionals have also been extensively studied in [17,
38]. In the literature, the conjunction and disjunction have
been usually defined as suitable conditionals; see e.g. [2,
9, 11, 32]. A theory for the compounds of conditionals
has been proposed in [34, 38]. A related theory has been
developed in the setting of coherence in [22, 23, 26]; in
these papers, conjunction and disjunction of two condi-
tional events are not defined as conditional events, but
as suitable conditional random quantities, with values in
the interval [0, 1]. In the present paper we generalize the
notions of conjunction and disjunction of two conditional
events to the case of n conditional events; we also give
the notion of negation. Then, we examine a monotonicity
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property for conjunction and disjunction. Moreover, we
give some results on coherence of prevision assessments
for some families of compounded conditionals; in particu-
lar we examine the Fréchet-Hoeffding bounds. Finally, we
examine in detail the coherence of prevision assessments
related with the conjunction of three conditional events.
The paper is organized as described below. In Section 2 we
recall some preliminary notions and results which concern
coherence, quasi conjunction, conjunction, disjunction, and
Fréchet-Hoeffding bounds. In Section 3 we introduce, in a
progressive way, the notions of conjunction and disjunction
for n conditional events; then, we define the notion of nega-
tion and we show that De Morgan’s Laws are satisfied. We
define the notion of conjunction (resp., disjunction) for the
conjunctions (resp., disjunctions) associated with two fam-
ilies of conditional events, by showing then the validity of
commutative and associative properties. In Section 4, after
a preliminary result concerning the inequality X|H < Y|K
between two conditional random quantities, we show that
the conjunction C, 41 of n + 1 conditional events is a condi-
tional random quantity less than or equal to any conjunction
Cn of a subfamily of n conditional events. Likewise, we
show that the disjunction D41 of n 4 1 conditional events
is greater than or equal to any disjunction D,, of a subfam-
ily of n conditional events. We also show that C,, and D,
belong to the interval [0, 1]. Moreover, we derive some
inequalities from the monotony property. In Section 5,
based on a geometrical approach, we characterize by an
iterative procedure the set of coherent assessments on
the family {C,, E+1|Hp+1, Cot1}- In Section 6 we study
the (reverse) inference from C,41 to {C,, Ent1|Hp+1},
by determining the set of coherent extensions (it,, X;+1)
of any coherent assessment (41, where u, = P(Cp),
Xn+1 = P(En+1|Hp+1), and iy 11 = P(Cy41). In Section 7
we show that the prevision of the conjunction C, satisfies
the Fréchet-Hoeffding bounds. Then, by exploiting De Mor-
gan’s Laws, we give the dual result for the disjunction D,,. In
Section 8 we examine in detail the conjunction for a family
of three conditional events E||H;, E>|H>, E3|H3. We also
consider the relation with the notion of quasi-conjunction
studied in [2]; see also [24, 25]. We also determine the
set of coherent prevision assessments on the whole family
{E1|H1, E2|Ha, E3|H3, (E1|H1) A (E2|Hz), (E1[H) A
(E3|H3), (E2|H2) A (E3|H3), (E1|H) A (E2lHz) A
(E3|H3)}. Moreover, we consider the particular case where
Hy = Hy = H3 = H.In Section 9, by applying our notion
of conjunction, we give a characterization of p-consistency
and p-entailment and we examine some p-valid inference
rules in probabilistic nonmonotonic reasoning. Moreover,
based on a suitable notion of iterated conditioning, we
briefly describe a characterization of p-entailment in the
case of two premises. In Section 10, after examining some
non p-valid inference rules, we illustrate two methods
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which allow to construct p-valid inferences. Finally, in
Section 11 we give a summary of results. Notice that for
almost all (new) results of this paper the proofs are given in
Appendix A.

2 Some preliminaries

In this section we recall some basic notions and results on
coherence (see, e.g., [5, 7, 10, 13, 40]). In our approach an
event A represents an uncertain fact described by a (non
ambiguous) logical proposition; hence A is a two-valued
logical entity which can be true, or false. The indicator of
A, denoted by the same symbol, is 1, or 0, according to
whether A is true, or false. The sure event is denoted by
2 and the impossible event is denoted by . Moreover, we
denote by A A B, or simply AB, (resp., A V B) the logical
conjunction (resp., logical disjunction). The negation of A
is denoted A. Given any events A and B, we simply write
A C B to denote that A logically implies B, that is AB is
the impossible event ¢J. We recall that n events are logically
independent when the number m of constituents, or possible
worlds, generated by them is 2" (in general m < 2").

2.1 Conditional events and coherent probability
assessments

Given two events E, H, with H # (J, the conditional event
E|H is defined as a three-valued logical entity which is
true, or false, or void, according to whether EH is true,
or EH is true, or H is true, respectively. We recall that,
agreeing to the betting metaphor, if you assess P(E|H) =
p, then, for every real number s, you are willing to pay
an amount ps and to receive s, or 0, or ps, according to
whether E H is true, or E H is true, or H is true (bet called
off), respectively. Then, the random gain associated with the
assessment P(E|H) = pis G = sHE + psH — ps =
sH(E — p). Given areal function P : K — R, where K
is an arbitrary family of conditional events, let us consider
a subfamily 7 = {E||Hy, ..., E,|H,} of K and the vector
P = (p1,..., pn), where p; = P(E;|H;), i € J, =
{1, ..., n}. We denote by H,, the disjunction Hy Vv ---V H,.
As E;H; VEH VH = Q, i€ J, by expanding
the expression /\iel,, (E;H; v E;H; v Hi) we can represent
Q as the disjunction of 3" logical conjunctions, some of
which may be impossible. The remaining ones are the
constituents generated by F and, of course, are a partition
of Q2. We denote by Cy, ..., C, the constituents which
logically imply H, and (if H, # 2) by Cp the remaining
constituent H, = H; - - - H,, so that

Hn =C]\/"'\/Cm,

Q=H,VH,=CoVvCiV---VCp, m+1<3".
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In the context of betting scheme, with the pair (F, P) we
associate the random gain G = ZieJn siH; (E; — pi), where
S1,...,S, are n arbitrary real numbers. We observe that
G is the difference between the amount that you receive,
Ziejn si(E;iH; + p;H;), and the amount that you pay,
Die J, Si pi» and represents the net gain from engaging each
transaction H;(E; — p;), the scaling and meaning (buy or
sell) of the transaction being specified by the magnitude and
the sign of s;, respectively. Let g;, be the value of G when Cp,
is true; then G € {go, g1, ..., &m}. Of course, go = 0. We
denote by Gy, the set of values of G restricted to H,,, that
is Gy, = {g1, ..., gm}. Then, based on the betting scheme
of de Finetti, we have

Definition 1 The function P defined on /X is said to be
coherent if and only if, for every integer n, for every finite
subfamily F of X and for every real numbers s1, ..., sy,
one has: min Gz, <0 < max Gy, .

Notice that the condition minGy, < 0 < maxGy, can
be written in two equivalent ways: minGy, < 0, or
max Gy, > 0. As shown by Definition 1, a probability
assessment is coherent if and only if, in any finite
combination of n bets, it does not happen that the values
g1, -- ., &n are all positive, or all negative (no Dutch Book).

2.2 Coherent conditional prevision assessments

Given a prevision function P defined on an arbitrary family
KC of finite conditional random quantities, consider a finite
subfamily F = {X|H1, ..., X,|H,} € K and the vector
M = (11, ..., 4n), where u; = P(X;|H;) is the assessed
prevision for the conditional random quantity X;|H;,i € J,.
With the pair (F, M) we associate the random gain G =
> icy, SiHi(Xi — p;); moreover, we denote by Gy, the set
of values of G restricted to H, = H; V ---V H,. Then, by
the betting scheme, we have

Definition 2 The function IP defined on /C is coherent if and
only if, Vn > 1,VF C K, Vsq,...,s, € R, it holds that:
min Gy, <0 <max Gy,,.

Given a family F = {X|Hy, ..., X,|H,}, foreachi € J,
we denote by {x;1, ..., x;} the set of possible values for
the restriction of X; to H;; then, for eachi € J, and j =
L,...,ri, weset A;; = (X; = x;;). Of course, for each i €
Ju, the family {Ei, AjjH;, j=1,...,r;} is a partition of
the sure event Q, with A;; H; = A;j, \/;."=1 Ajj = H;. Then,
the constituents generated by the family F are (the elements
of the partition of €2) obtained by expanding the expression
Niey, (Ait V -V Ajy, vV Hj). We set Co = Hy---H,
(it may be Cyp = ¥); moreover, we denote by Cq, ..., Cy,
the constituents contained in ,. Hence /\;, 5, (Ait V- v

Air, ¥V H)) = \/})_yCp. With each Cy, h € Jy, we
associate a vector Oy = (qn1, - - -, Gnn), Where gp; = x;j if
Ch CA;j, j=1,...,r, while gp; = p; if Cj, C ITI,‘; with
Cy it is associated Q9 = M = (u1, ..., iy). Denoting by
7 the convex hull of Qy, ..., O, the condition M € T
amounts to the existence of a vector (Aq, ..., A;,) such that:
Zhejm)‘th =M, Zhelm)‘h =1, Ay >0, Vh;in
other words, M € 7 is equivalent to the solvability of the
system (X)), associated with (F, M),

(5) D, Mnni = s i € Iy

Zhe]mkhzl;khzo,heJm. (1)

Given the assessment M = (u1,...,u,) on F =
{X(|Hy, ..., X,|H,}, let S be the set of solutions A =
(A1, ..., Ap) of system (X) defined in (1). Then, the fol-
lowing characterization theorem for coherent assessments
on finite families of conditional events can be proved [6]

Theorem 1 (Characterization of coherence) Given a
family of n conditional random quantities F =
{X1|Hy, ..., Xn|H,}, with finite sets of possible values,
and a vector M = (uy, ..., Un), the conditional previ-
sion assessment P(X1|Hy) = w1, ..., P(X,|Hy) = uy is
coherent if and only if, for every subset J < J,, defining
Fr ={Xi|H;,i € J}, Mj = (u;, i € J), the system
(X)) associated with the pair (Fj, M) is solvable.

We point out that the solvability of system (X) (i.e., the
condition M € 7T) is a necessary (but not sufficient)
condition for coherence of M on F. Moreover, assuming
the system (X) solvable, that is S # @, we define:

Ip={i:maxaes Y M=0p, Fo=1{X;|H,iel),
h:C,CH;
Mo = (ui, i € lo). (2

Then, the following theorem can be proved [6, Theorem 3]

Theorem 2 (Operative characterization of coherence) A
conditional prevision assessment M = (1, ..., y) on the
family F = {X1|Hy, ..., X,|Hy,} is coherent if and only if
the following conditions are satisfied:

(1) the system (X) defined in (1) is solvable;

(i) if Iy # W, then M is coherent.

By Theorem 2, the following algorithm checks in a finite
number of steps the coherence of the prevision assessment
Mon F.

Algorithm 1 Let be given the pair (F, M).

1. Construct the system (¥) defined in (1) and check its
solvability;
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2. If the system (X) is not solvable then M is not coherent
and the procedure stops, otherwise compute the set Io;

3. If Iy = ¢ then M is coherent and the procedure
stops, otherwise set (F, M) = (Fo, Mp) and repeat
steps 1-3.

By following the approach given in [12, 22, 23, 26, 29,
35] a conditional random quantity X|H can be seen as
the random quantity XH + pwH, where 4 = P(X|H). In
particular, in numerical terms, A|H is the random quantity
AH + xH, where x = P(A|H). Then, when H C A,
coherence requires that P(A|H) = 1 and hence A|H =
H + H = 1. Notice that, as H|H = Oand XH|H = X|H,
it holds that: (XH + uH)|H = XH|H + uH|H = X|H,
where © = P(X|H). Moreover, the negation of A|H is
defined as A|[H = 1 — A|H = A|H. Coherence can be
characterized in terms of proper scoring rules [7, 21], which
can be related to the notion of entropy in information theory
[36, 37].

We recall a result (see [26, Theorem 4]) which shows
that, given two conditional random quantities X |H, Y |K, if
X|H = Y|K when H Vv K is true, then X|H = Y|K also
when H Vv K is false, so that X|H = Y|K.

Theorem 3 Given any events H # 0, K # 0, and any r.q.’s
X, Y, let T1 be the set of the coherent prevision assessments
P(X|H) = u, P(Y|K) = v.

(i) Assume that, for every (u,v) € I, X|H = Y|K when
H Vv K is true; then u = v for every (u, v) € Il.

(i) For every (u,v) € Il, X|H = Y|K when H v K is
true if and only if X|H = Y|K.

2.3 Quasi conjunction, conjunction, and disjunction
of two conditional events

The notion of quasi conjunction plays an important role in
nonmonotonic reasoning. In particular for two conditional
events A|H, B|K the quasi conjunction QC(A|H, B|K) is
the conditional event (H Vv A)A (K Vv B) | (HV K). Note that:
QC(A|H, B|K) is true, when a conditional event is true and
the other one is not false; QC(A|H, B|K) is false, when
a conditional event is false; QC(A|H, B|K) is void, when
H v K is false. In other words, the quasi conjunction is the
conjunction of the two material conditionals HVA KVB
given the disjunction of the conditioning events H, K. In
numerical terms one has

QC(A|H,B|K) =min{HVA,KVB}(HVK) @)

and, if we replace the material conditionals HVAKVB
by the conditional events A|H, B|K, from formula (3) we
obtain the definition below [23].
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Definition 3 Given any pair of conditional events A|H and
B|K, with P(A|H) = x, P(B|K) = y, we define their
conjunction as the conditional random quantity (A|H) A
(BIK)=Z|(H Vv K),where Z =min{A|H, B|K}.

Then, defining z = P[(A|H) A (B|K)], we have

1, if AHBK is true,

0, if AH v BK is true,

x, if HBK is true, @
y, if AHK is true,

z, if HK is true.

(AlH) A (BIK) =

Remark 1 We recall that A|H = AH + xH, where x =
P(A|H). Then, by Definition 3, it holds that

(A|H) A (A|H) = (A|H)|H = (AH +xH)|H = AH|H = A|H.

From (4), the conjunction (A|H) A (B|K) is the following
random quantity

(A|lH)A(B|K) =1-AHBK+x-HBK+y-AHK+7-HK .
)

For the quasi conjunction it holds that
QC(A|H,B|K) =AHBK+HBK+AHK+v-HK, (6)

where v = P(QC(A|H, B|K)). We recall that, if
P(A|lH) = P(B|K) = 1, then v = 1 (see, e.g.,
[25, Section 3]). We also recall a result which shows that
Fréchet-Hoeffding bounds still hold for the conjunction of
conditional events [26, Theorem 7].

Theorem 4 Given any coherent assessment (x,y) on
{A|H, BIK}, with A, H, B, K logically independent, H #
A, K # 0, the extension z = P[(A|H) A (B|K)] is coherent
if and only if the following Fréchet-Hoeffding bounds are
satisfied: max{x +y—1,0} =7 < z < 7’ = min{x, y}.

Remark 2 We observe that, if x = y = 1, then coherence
requires that z = v = 1 and then by (5) and (6) it follows
that (A|H) A (B|K) = QC(A|H, B|K).

We recall now the notion of disjunction of two conditional
events.

Definition 4 Given any pair of conditional events A|H and
B|K, with P(A|H) = x, P(B|K) = y, we define their
disjunction as (A|H) v (B|K) = W|(H Vv K), where
W =max {A|H, B|K}.
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Then, defining w = P[(A|H) V (B|K)], we have

1, if AH v BK is true,

0, if AHBK is true,

x, if HBK is true, (7)
y, if AHK is true,

w, if HKis true.

(AlH) v (BIK) =

Remark 3 We recall that A|H = AH + xH, where x =
P(A|H). Then, by Definition 4, it holds that

(A|H)V (A|H) = (A|H)|H = (AH +xH)|H = AH|H = A|H.

From (7), the disjunction (A|H) Vv (B|K) is the following
random quantity

(A|H)V(B|K)=1-AHVBK+x-HBK+y-AHK+w-HK.
®)

3 Conjunction, disjunction, and negation

We now define the conjunction and the disjunction of n
conditional events in a progressive way by specifying the
possible values of the corresponding conditional random
quantities. Given a family of n conditional events F =
{E1|Hy, ..., E,|H,}, we denote by Cy, Cy, ..., Cy, with
m + 1 < 3" the constituents associated with F, where
Co = HiHy---H,. Witheach C;, h = 0,1, ..., m, we

associate a tripartition (S;, S}, S;") of the set {1,...,n},
such that, for each i € {1,...,n} it holds that: i € S,

ori € §),ori € S}, according to whether C,, C E;H;,
or C, € E;H;, or C, € H;. In other words, for each
h=0,1,...,m, wehave

S, =1i:Ch CEH), S ={i:Cy,<E;H},
S;[/Z {i:Chgﬁi}. )

Definition 5 (Conjunction of » conditionals) Let be given
a family of n conditional events F = {E|Hj, ..., E,|Hy,}.
For each non-empty subset S of {l,...,n}, let xg
be a prevision assessment on /\ieS(Ei|Hi)' Then, the
conjunction C(F) = (E1|H;) A --- A (Ey|Hy) is defined
as

m
Zul(Hy V-V Hy) =Y 2,Ch,
h=0

1, ifS; ={1,...,n},
0, ifS) #0, (10)
xgr, if S) =@and S} # 0.

where zj; =

Remark 4 As shown by (10), the conjunction (E1|Hi) A
-+ -A(E,|Hy) assumes one of the following possible values:
1, when every conditional event is true; 0, when at least one
conditional event is false; xg, when the conditional event
E;|H; is void, for every i € S, and is true for every i ¢ S.
In the case S = {i}, we simply set x5 = x;.

Notice that the notion of conjunction given in (10) has
been already proposed, with positive probabilities for the
conditioning events, in [38]. But, our approach is developed
in the setting of coherence, where conditional probabilities
and conditional previsions are primitive notions. Moreover,
coherence allows to properly manage zero probabilities for
conditioning events.

Remark 5 We observe that to introduce the random quantity
defined by formula (10) we need to specify in a coherent

way the set of prevision assessments {xg S C
{1,2,...,n}}. In particular, when the conditioning events
H,,..., H, are all false, i.e. Cp is true, the associated

tripartition is (S}, S5, Sy") = (@,9.{1,2,...,n}) and the
value of the conjunction C(F) is its prevision xg» =
P[C(F)]. Moreover, we observe that the set of the
constituents {Co, ..., Cy,} associated with F is invariant
with respect to any permutation of the conditional events
in F. Then, the operation of conjunction introduced by
Definition 5 is invariant with respect to any permutation of
the conditional events in F.

Definition 6 Given two finite families of conditional events
JF' and F”, based on Definition 5, we set C(F") AC(F") =
C(F'UF").

Proposition 1 The operation of conjunction is associative
and commutative.

Proof Concerning the commutative property, let be given
two finite families of conditional events 7' and F”. As
F'UF = F UF it holds that C(F") A C(F') =
C(F'UF)=CF UF") =C(F')AC(F"). Concerning
the associative property, let be given three finite families of
conditional events ', 7’ and F"”. We have

[CFYACFNACF"Y=C(F UFYACF")
=C(FUF'UF"Yy=CFYANCF'UF")
=C(F)YANCF")Y ANC(F"N=CFY AC(FHYACF".

O

Definition 7 (Disjunction of n conditionals) Let be given

a family of n conditional events F = {E|H\, ..., E,|Hy,}.

Morever, for each non-empty subset S of {1, ..., n}, let yg
be a prevision assessment on \/; ¢ (E;|H;).
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Then, the disjunction D(F) = (E1|Hy) V -+ -V (E,|Hy)
is defined as the following conditional random quantity

m
Wul(Hy V-V Hy) = thowhch»
1 if S, A0,
where wy, = {0, ifS) ={1,2,...,n}, (11)

yS}/l//, if S;L = () and S;l// ;é @.

We recall that S’ = {1,2,...,n}; thus ysy = PLV!_,
(Ei|H;)] = P[D(F)]. As shown by (11), the disjunction
D(F) assumes one of the following possible values: 1,
when at least one conditional event is true; 0, when every
conditional event is false; ys, when the conditional event
E;|H; is void, for every i € S, and is false for every i ¢ S.

Definition 8 Given two finite families of conditional events
F' and F”, based on Definition 7, we set D(F') VD(F") =
D(F' U F").

Proposition 2 The operation of disjunction is associative
and commutative.

Proof The proof is analogous to that of Proposition 1. [J

We give below the notion of negation for the conjunction
and the disjunction of a family of conditional events.

Definition 9 Given a family of conditional events F, the
negations for the conjunction C(F) and the disjunction
D(F) are defined as C(F) = 1 — C(F) and D(F) =
1 — D(F), respectively.

Given a family of n conditional events F = {E||H|, ...,
E,|H,}, We_denote by F the family {E1|H1, ..., En|Hy).
Of course F = F. In the next result we show that De

Morgan’s Laws are satisfied.

Theorem 5 Given a family of n conditional events F =
{Eq|H1, ..., E,|Hy,}, it holds that:

() DF) = C(F), that is D(F) = C(F);
(i) C(F) = D(F), that is C(F) = D(F).

Proof See Appendix A. O

4 Monotonicity property

For any given n conditional events Ei|Hy,..., E,|H,,
we set C, = A/_(EilH;) and D, = \/I_,(Ei|H;).
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Moreover, for every non empty subset S of {1,2,...,n}
we set
Cs = \(EilH). Ds=\/(Ei|H).

ieS ieS

In this section, among other results, we will show the
monotonicity property of conjunction and disjunction, that
isChy1 <C, and Dy > D, forevery n > 1.

We first prove a preliminary result, which in particular
shows that, given two conditional random quantities X|H,
Y|K,if X|H < Y|K when HV K istrue, then X|H < Y|K
also when H Vv K is false, so that X|H < Y|K. This result
generalizes Theorem 3, as the symbol = is replaced by <,
and it will be used in Theorem 7.

Theorem 6 Given any events H # @, K # ), and any r.q.’s
X, Y, let T1 be the set of the coherent prevision assessments
P(X|H) = u, P(Y|K) = v.

(1) Assume that, for every (u,v) € I, X|H < Y|K when
H Vv K is true; then u < v for every (u, v) € Il

(i) For every (u,v) € I, X|H < Y|K when H Vv K is
true if and only if X|H < Y|K.

Proof See Appendix A. 0

The next two results illustrate the monotonicity property of
conjunction and disjunction.

Theorem 7 Given n + 1 arbitrary conditional events
E(|Hy, ..., Eny1|Hyy1, with n > 1, for the conjunctions
Cy and Cp41 it holds that C,41 < Cy,.

Proof See Appendix A. O

Theorem 8 Given n + 1 arbitrary conditional events
E(|Hy, ..., Eny1|Hyy1, with n > 1, for the disjunctions
D, and Dy 41 it holds that Dy 11 > D,.

Proof Defining F, = {E{|Hy,..., E;|H,} and F,11 =
Fun U{E,+1|Hy+1}, by Theorems 5 and 7 it holds that

Dyy1 = D(Fps1) = C(Fnt1) = 1 = C(Fuy1)
1 —C(Fp) =C(Fp) = D,. O

v

The next result shows that the conjunction and the disjunction
are random quantities with values in the interval [0, 1].

Theorem 9 Given n arbitrary conditional events E{|H|,
..., Ey|Hy, it holds that: (i) C, € [0, 1]; (ii) D, € [0, 1].

Proof See Appendix A. O
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Remark 6 From Theorem 7, it holds that C, < C,_; <

. < Cy; in particular P(C,,)) < P(Cy),k=1,2,...,n — 1.
More generally, for every non empty subset S of {1, ..., n},
it holds that P(C,) < P(Cs). In particular, P(C,)
P(Ey|Hy). Then, P(Cy) < min{P(Cx—1), P(Ex|Hi)}, k
2,3, ..., n,and by iterating it follows

1A

P(Cy) < min{P(E\|H)), ..., P(Eq|Hy)}. 12)

Likewise, by Theorem 8,

P(Dy) = max{P(Dr—1), (Ex|H)}, k=2,3,...,n,
and by iterating it follows

P(Dy) = max{P(E||H1), ..., P(Eq|Hp)}. 13)

5 Coherent assessments
on {Cpn, Ent1|Hn+1,Cns1)

Given any n + 1 arbitrary conditional events E|H, ...,
E,11|Hy+1, let us consider the conjunctions C, =
(E1|Hy) A -+ A (EnlHy) and Cpyy = (E|H) A - A
(Eny1|Hpy1). We set P(Cp) = pn, P(Cug1) = tny1 and
P(Ent1Hyt1) = Xpy1.

Fig.1 Convex hull of the points
01,02,03,04.P =

(x, 3,20, P"=(x,y,7"),
where (x, y) € [0, 112,

7 =max{x +y— 1,0},

7" = min{x, y}. In the figure the
numerical values are: x = 0.6,
y=05,7 =0.1,and 7" = 0.5

Remark 7 Let us consider the points

01=(1,1,1), 02=(1,0,0), 03=(0,1,0), Q4=(0,0,0).

We observe that the equations of the three planes containing

the points Q1, @2, Q3, or Q1, Q2, Q4, or Q1, Q3, Q4, are
z=x+y—1,orz = x, or z =y, respectively. It can be
shown that a point (x, y, z) belongs to the convex hull Z of
01, 02, 03, Q4 if and only if

(x,y) €10,1%, max{x +y—1,0} <z < min{x, y}.
(14)

The convex hull Z, which is a tetrahedron with vertices
01, 02, 03, Qu4, is depicted in Fig. 1.

We observe that the lower and upper bounds in (14) are
the Fréchet-Hoeffding bounds, which characterize the next
result.

Theorem 10 Assume that the events Eq, ..., E,y1,H],

.., Hyq1 are logically independent. Let T be the convex
hull of the points Q1 =
03 = (0,1,0),

(LLLLD, @ = (1,0,0),
Q4 = (0,0,0). Then, the assessment

@ Springer



86

A. Gilio, G. Sanfilippo

M= (tn, Xnt1, tint1) on the family {Cp, Eny1|Hny1, Cogt}
is coherent if and only if M € I, that is if and only if

(s Xut1) € [0, 1]27 M;+1 = Un41 = M;{+17

where ) = max{p, + xu41 — 1,0} and p, | =
min{u,, Xn41}-

Proof See Appendix A. O

Remark 8 We observe that the representation of each
coherent assessment M = (uy, Xp+1, Un+1) as a linear
convex combination Ay Q1 + A2 Q2 + A3 03 + A4 Q4 (Where
S An=1,4 > 0,h=1,2,3,4)is unique, with

A= g1 =P(Cry1) 20,
A2 = tp — 1 = P(Cr) — P(Chy1) = 0,
A3 = Xnt1 — tnt1 = P(Ens1|Hpt1) — P(Cpy1) 2 0,
r=1—py — Xpt1 + Untl
=1—-P(Cn) — P(En+11Hp+1) + P(Cpt1) =2 0.

In particular, concerning the extreme cases Wp+] =

Myyy1s OF Unt1 = [4,, We can examine four cases: 1)
!/ . / .
Ml’l+1 = Hn + Xn4+1 — 1 > O’ 2) /’Ln+1 = O,

3) MZJr] = ip and 4) MZJr] = Xn+1-

In the case 1 the point M = (wy,, X;41, p+1) 1S a linear
convex combination A1 Q1 + A202 + A303 + A4 Q4, with
M o= Uy = Mot X1l — LAz = 1= x40, 43 =
1 - /‘1‘}17 )\'4 = O‘

In the case 2 it holds that A = H“;H-l =0, A = Uy, A3 =
Xpt1sAa =1 — pp + Xp41.

In the case 3 it holds that A; = /LZH = Un, A2 =
0, A3 =Xp41 — Un, Aa=1—2x,41.

In the case 4 it holds that A; = /,L;l/+1 = Xpt1, A2 =
Mn —Xpg1, A3 =0, Aa=1— .

6 Probabilistic inference from C, ;1
to {Cn, Ent1|Hn+1)

In this section, given any coherent prevision assessment
Un+1 on Cpiq1, we find the set of coherent extensions
(ns Xpt1) on{Cp, Epy1|Hyt1}. As we will see, it is enough
to illustrate the case n = 1, by finding the set of coherent
extensions (x, y) on {E|Hy, E2|H>} of any assessment 7 =
P(E1|Hy) A (E2|Hp)] € [0, 1].

Theorem 11 Given any prevision assessment 7 on
(Eq1|Hy) N (E2|Hp), with z € [0, 1], with Ey, Hy, E», Hy
logically independent, with Hy # @ and Hy # {, the exten-
sion x = P(E1|Hy), y = P(E2|H>) is coherent if and only
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if (x,y) belongs to the set T, = {(x,y)
[z, 1 +z—x]}

x €[z, 1],y €

Proof We recall that, by logical independence of Eq, Hi,
E>, Hy, the assessment (x,y) is coherent for every
x,y) € [0, 1]2. From Theorem 4, the set IT of all
coherent assessment (x, y, z) on {E1|Hy, E2|Ha, (E1|H) A
(E2|Hp)}is TT = {(x, y,2) : (x,y) € [0, 11*, max{x +y —
1,0} < z < min{x, y}}. We note that

N={xy2:z€[0,1,xe[z,1],yelz,z+1-x]} =
={(x,y,2):z2€[0,1], (x, y) € T;}.

Then, (x,y) is a coherent extension of z if and only if
(x,y) eT;. O

Remark 9 We observe that, given any z € [0, 1] and
defining I, = {(x,y,z) : (x,y) € T}, it holds that
M= Uze[o,l] I1, (see Fig. 2). The set IT is the tetrahedron
depicted in Fig. 1. Hence, contrarily to the general
case, for the family {E||H1, E2|Ha, (E1|H1) A (E2|Ha)}
the set of coherent prevision assessments IT is convex.
Indeed, IT is also the (convex) set of coherent probability
assessment (x, y, z) on the family of unconditional events
{E1, E2, E1E2}. We recall that, assuming Hy A Hy =
#, the set of coherent prevision assessments (x,y,Zz)
on {E||Hy, E;|H, (E1|H;) A (Ez|H)} is the surface
{(x,y,2) : (x,y) € [0,1]%,z = xy}, which is a strict
non-convex subset of IT (see [23, Section 5]).

Theorem 12 Given any prevision assessment [ipy] =
P(Cn+1) € [0,1], with puyy1 € [0, 1], the extension
wn = P(Cp), xny1 = P(En11|Hyy1) is coherent if and only
if

(Mns Xpg1) € {(/Ln»xn—H) Dy € [nyt, 11,
Xnt1 € [nt1, 1+ pnt1 — mal}

Proof From Theorem 10, the set [T of all coherent
assessment (i, Xn41. 1) 00 {Coy Enst[Hyt1, Cur1} is
IT = {(tns Xn+1, tn+1) * (Uns Xn41) € [0, 1]2’max{ﬂn +
a1 — 1,0} £ fur1 < min{i,, X,41}). Moreover, as
observed in the proof of Theorem 11, the set IT coincides
with the set

{(Ml’lv xn+11 Ml’l-‘rl) : Mﬂ+1 € [O’ 1]7 ,un € [Ml’l-l—lv 1]1
Xnt1 € [nt1, 1+ pug1 — pall)
Then, (u,, xp+1) is a coherent extension of w41 if and

only if (in, Xn41) belongs to the set {(in, Xn41) © Un €
[n+1, 1, Xng1 € [nr1, T+ tn1 — pall O
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Fig.2 Set IT of all coherent
assessments (x, y, z) on 1
{E1|Hi, E2|Ha, (E1|Hy) A
(E2|H3)}. Notice that 0.9
I = U, (0,17 [z» where for ’ (1
each given z € [0, 1] the set I1; /
is the triangle 0.8
{(x,y,2) : (x,y) € T}, with
I.={(x,y:xelz, 1],y € 0.7
[z, 1+2z—x]}
0.6
II
L 05
0.4
0.3
0.2 v
0.1
Q10)
O =l
0
0.5 ]
0.8
456 0.6
€60 0.4
1 0 0.2

7 Fréchet-Hoeffding bounds

In the next result we show that the prevision of the conjunction
C, = E{|H| A - N E,|Hy, satisfies the Fréchet-Hoeffding
bounds.

Theorem 13 Let be given n conditional events E1|Hj,
E>|Hy, ..., E,|Hy,, withx; = P(Ej|Hy),i =1,2,...,n,
and with P(C,)) = wy. Then

S Xnt.
(15)

max{x;+---+x,—(n—1),0} < u, < min{xq,..

Proof From Theorem 10, it holds that

M = fn—1+Xn =12y +Xp—1+x, =22+ >
xX1+--F+x,—m—1).
Then, by inequality (12) and by Theorem 9 it holds that the

inequalities in (15) are satisfied. O

Likewise, the following result holds for the prevision 7, of
the disjunction D,, = E||H vV Ex|Hy vV -+ -V E,|Hy.

Theorem 14 Let be given n conditional events E|Hj,
E>|Hy, ..., E,|Hy, withx; = P(Ei|H;),i =1,2,...,n,
and with P(D,,) = n,,.. Then

max{xq, ..., xp} < 1, < min{x;+---+x,,1}. (16)

Proof By Definition 9, Theorems 5 and 13, defining F,, =
{E1|Hy, E>|Ha, ..., E,|H,} it holds that

— — n [—
P(D,) = 1-P(D,)=1-PCF)=1-P(\_ (Ei|H)
s1-[Ad=x)+-+A=-x) —(n—1)]
X1+ -+ Xxp.

Then, by (13) and by Theorem 9, the inequalities in (16) are
satisfied. O

8 Conjunction of three conditional events

Given a family of three conditional events F
{E\|H\, E2|Ha, E3|H3}, weset P(E;|H;) = xi,i =1,2,3,
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PI(E;|H;) A (Ej|Hj)] = xij = xji, i # j,and x123 =
P[(E{|H1) A (E2|H>) A (E3|H3)]. Then, by Definition 5,
the conjunction of E1|Hy, E3|H>, E3|Hj is the conditional
random quantity

C(F) = (E1lH) A (E2|H2) A (E3|H3)

1, if E\H\E,HE3Hj is true,

0, if ElHl \Y Esz \Y E3H3 is true,
x1, if ﬁ1E2H2E3H3 is true,

x2, if ﬁ2E1H1 E3 Hj is true,

= { x3, if [73E1H] E> H, is true,

x12, if [_{]EQE3H3 is true,

x13, if F]]ITI3E2H2 is true,

x23, if [_Jzﬁ3E1H1 is true,

X123, if [71]72?]3 is true.

A7)

Remark 10 Notice that in the betting scheme x123 is the
quantity to be paid in order to receive C(F). Assuming
that the assessment (xi, x2, x3, X12, X13,X23) on {E{|Hj,
E>|Hy, E3|H3, (E1|H) A (E2|H2), (E1|Hy) A (E3|H3),
(Ez|Hy) A (E3|H3)} is coherent, we are interested in
finding the values xj3 which are a coherent extension of
(x1, x2, X3, X12, X13, x23). Of course, as x; € [0,1],i =
1,2,3,and x;; € [0,1],i # j, a necessary condition for
coherence is x123 € [0, 1].

From Remark 5 and Proposition 1 the conjunction C(F) is
invariant with respect to any given permutation (i, i», i3) of
(1,2, 3); thatis C(F) = (E; | H;)) A (Eiy | Hiy)) A (Eiz | Hiy),
for any permutation (i1, i2, i3) of (1, 2, 3).

8.1 Study of coherence

Notice that in general, if we assess the values xs = P(Cs)
for some S C {1,2...,n}, then the study of coherence
may be very complex. In this section we study coherence in
the case n = 3 when we assess the prevision xg = P(Cs)
for every S C {1, 2, 3}. In the next result we determine the
set of coherent assessments M = (x1, x2, X3, X12, X13, X23,
x123) on the family F = {E1|H1, E2|Ha, E3|H3, (E1|H1) A
(ExlHp), (E1lHy) A (E3lH3), (E2lH2) A (E3|H3),
(E1|H\) A (E2lHp) A (E3|H3)} = {Cs @ 0 # § C
{1,2,3}}.

Theorem 15 Assume that the events E1, E>, E3, H|, Hy, Hj
are logically independent, with Hy # ¥, H, # 0, H3 #
(. Then, the set T1 of all coherent assessments M =
(x1,x2, X3, X12, X13, X23, X123) on F = {E1|H}, E2|Hp, E3|
Hz, (E1|HD)| A (EalHp), (E1|H1) A (E3|H3), (E2|Hp) A
(E3|H3), (Ei|Hi) A (E2|Ha) A (E3|H3)} is the set of
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points (X1, X2, X3, X12, X13, X23, X123) which satisfy the
following conditions

(x1.x2,x3) € [0, 113,

max{x; +x2 — 1, x13 + x23 — x3, 0} < x12 < min{xy, x2},
max{x; +x3 — 1, x12 + x23 — x3, 0} < x13 < min{xy, x3},
max{xy +x3 — 1, x12 + x13 — x1, 0} < x23 < min{xy, x3},
1—x; —x2—x3+x12+x13+x3 >0,

X123 > max{0, x12 + x13 — X1, X12 + X23 — X2, X13 + X23 — X3},
X123 < min{xy2, x13, x23, | — x1 — x2 — x3 + x12 + X13 + x23}.

(18)

Proof See Appendix A. O

We observe that, from (18) it follows that the coherence of
(x1, x2, X3, X12, X13, X23) amounts to the inequality
min{x12, X13, X23, 1 — X1 — x2 — x3 + x12 + x13 + x23}

< max{0, x;2+x13—x1, X12+X23 —Xx2, X13 + X23 — X3} .

Then, by Theorem 15 it follows

Corollary 1 For any coherent assessment (x1, X2, X3, X12,
X13, X23) on

(E1|Hy, E2|Hp, E3|H3, (E1|Hy) A (Ez|Hp),
(E1|Hy) A (E3|H3), (E2|H2) A (E3|H3)}

the extension x123 on (E{|H{) A (E2|Hy) N (E3|H3) is
coherent if and only if X123 € [x],5, X|,3], where

X1z = max{0, xj24x13— X1, X124+ %23 — X2, X13,

+ x23 —x3}

x;/23 = mln{x12, X13, X23, ] —X1—X2—X3 +X12
+x13+x23} 19)

Proof As shown in (18), (see also (46) in the Appendix A),
the coherence of (x1, x2, x3, X12, X13, X23, X123) amounts to
the condition

min{x2, x13, x23, | =x1—x2 —x3+x12+x13+x23} < X123
< max{0, x12+x13—X1, X124+X23 —X2, X13+Xx23 — X3} .

Then, in particular, the extension xi23 on (Ei|Hp) A
(E2|H2) N (E3|H3) is coherent if and only if xj23 €
[x],3, X]53], where

/
X153 = max{0, x;o+x13 —x1, X12+x23 — X2,
xX13+x23 —x3},

x;/23 = min{xy2, x13, x23, | =x1 —x2—x3+x12

+ x13+x23). 0



Generalized logical operations among conditional events

89

8.2 The Case Hi =H, = H;

We recall that in case of logical dependencies, the set
of all coherent assessments may be smaller than that one
associated with the case of logical independence. However,
in this section we show that the results of Theorem 15 and
Corollary 1 still hold when the conditioning events Hy, H>,
and Hj coincide.

Theorem 16 Let be given any logically independent events
E(,E>,E5,H, with H # (. Then, the set Il of all
coherent assessments M = (x1, x2, X3, X12, X13, X23, X123)
on F ={E||H, E2|H, E3|H, (E1|H) A (E2|H), (E1|H) A
(E3|H), (E2|H)A(E3|H), (E1|H) A (E2|H) A (E3|H)}is
the set of points (x1, x2, X3, X12, X13, X23, X123) Which satisfy
the conditions in formula (18).

Proof See Appendix A. O

Corollary 2 For any coherent assessment (x1, X2, X3, X12,
X13, X23) On

{E\|H, E>|H, E3|H, (E1Ey)|H, (E\E3)|H, (E2E3)|H}

the extension x123 on (E1 E2E3)|H is coherent if and only if
X123 € [X]p3. X{3], where x|,5 and x{,5 are defined in (19).

Proof The proof is the same as for Corollary 1. O

Of course, the results of Theorem 16 and Corollary 2 still
hold in the unconditional case where H = Q.

Remark 11 As shown in this section, a consistent man-
agement of conjunctions (and/or disjunctions) defined on a
given family of conditional events F essentially requires an
(iterative) coherence checking and propagation of probabil-
ity and prevision assessments on compounded conditionals,
for each subfamily of F. Then, an analysis of complexity
in our context would be of the same kind of the exhaustive
complexity analysis given in [5] for probabilistic reasoning
under coherence.

9 Characterization of p-consistency
and p-entailment with applications
to nonmonotonic reasoning

In this section we apply our notion of conjunction to
characterize the notions of p-consistency and p-entailment.
Then, we examine some inference rules related with
probabilistic nonmonotonic reasoning. We also briefly

describe a characterization of p-entailment by a notion of
iterated conditioning, in the case of two premises. We recall
below the notions of p-consistency and p-entailment of
Adams [2] as formulated for conditional events in the setting
of coherence (see, e.g., [5, 20, 24]).

Definition 10 Let 7 = {E;|H;, i = 1,...,n} be a
family of n conditional events. Then, F is p-consistent if
and only if the probability assessment (p1, p2,..., py) =
(1,1,...,1) on F is coherent.

Definition 11 A p-consistent family F = {E;|H;, i =
1,...,n} p-entails a conditional event E,i|H,4; if
and only if for any coherent probability assessment
(p1s.--s Pns Pn+1) on F U {E,+1|Hy+1} it holds that: if
p1=--=pp=1thenp,i; =1

We recall below the notion of logical implication [31]
between two conditional events.

Definition 12 Given two conditional events A|H and B|K
we say that A|H logically implies B|K, which we denote
by A|H C B|K, if and only if AH true implies BK true
and BK true implies AH true; that is: AH € BK and
BK C AH.

A suitable conditional event, named “implication”, which
could be related with the relation of logical implication
was introduced by de Finetti in [16]. We observe that, by
coherence, it holds that (see, e.g., [25, Theorem 7]).

A|H C BIK => P(A|H) < P(B|K). (20)

We also recall the notion of quasi conjunction for a general
family of n conditional events.

Definition 13 Given a family F = {E;|H;, i = 1,...,n}
of n conditional events, the quasi conjunction QC(F) of
the conditional events in F is defined as the following
conditional event

QC(F) = \(H; v E; H))| (\/ Hi) :
i=1 i=1

Remark 12 We observe that, by Definition 13, based on (9)
the quasi conjunction can be represented as

QC(F) =Y wiCy,
h=0

1, if S} # #and S} =0,
0, if S # 0
v, if S ={1,...,n},

where v, = 21
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where v = P(QC(F)). Therefore, by (10), (21), and by
also recalling Theorem 6, it holds that z;, < vy, h =
0,1,...,m;thus

C(F) = QC(F). (22)

In particular, if F is p-consistent and P(E;|H;) = 1,i =
1,...,n, then from (15) it holds that xg¢ = P(C(Fs)) = 1
forevery S C {1,2,...,n}, where Fs = {E;|H; € F :i €
S};thenzy =vy,, h=0,1,...,m,and C(F) = QC(F).

9.1 Characterization of p-consistency
and p-entailment

We illustrate below a characterization of p-consistency of
a family F in terms of the coherence of the prevision
assessment P[C(F)] = 1.

Theorem 17 A family of n conditional events F =
{E1|Hy, ..., Eq|H,} is p-conmsistent if and only if the
prevision assessment P[C(F)] = 1 is coherent.

Proof (=) By Definition 10, as F is p-consistent, the
probability assessment (x1, x2,...,x,) = (I, 1,...,1) on
F is coherent. Then, by (15) the extension P[C(F)] = 1 is
unique and of course coherent.

(«<) By (15) it holds that P[C(F)] < min{xy, ..., x,}
and hence P[C(F)]=1 implies (x1,x2,...,%X,) =
(1,1,...,1) on F. Moreover, the coherence of P[C(F)] =
1 requires that the (unique) extension (1, 1, ..., 1) on F be
coherent. Thus, F is p-consistent. O

We observe that, in the case where H = ... =
H, = H, the assessment P(E{|H) = ...P(E,|H) =
1 is coherent (that is, F is p-consistent) if and only if
P[(Ey---E,)|H] = 1is coherent.

The next theorem gives a characterization of p-entailment
in terms of a result which involves suitable conjunctions
associated with the premise set and the conclusion of the
given inference rule.

Theorem 18 Ler be given a p-consistent family of n
conditional events F = {E{|Hi,...,E,|H,} and a
further conditional event E,11|Hy+y1. Then, the following
assertions are equivalent:

(1) F p-entails E,1|Hp41;

(i) the conjunction C,+1 = (E1|Hy) A --- A (Ep|Hy) A
(En+1|Hpt1) coincides with the conjunction C, =
(E1lH) A -+ A (En|Hyp);

(iii) the inequality C, < (Ep+1|Hp+1) is satisfied.

Proof See Appendix A. O
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As afirst simple application of Theorem 18 we observe that,
given two conditional events A|H, with AH # @, and B|K,
the p-entailment of B|K from A|H amounts to the condition
(ii), i.e., A|lH N B|[K = A|H, or equivalently condition
(iii),1.e., A|H < B|K.In particular, (ii) and (iii) are both
satisfied when A|H C B|K.

9.2 Applications to some p-valid inference rules

We recall that an inference from a p-consistent family F
to E|H is p-valid if and only if F p-entails E|H. We
will examine some p-valid inference rules by verifying
that conditions (ii) and (iii) in Theorem 18 are satisfied.
In particular we consider the following inference rules of
System P: And, Cut, CM, and Or. In what follows, if not
specified otherwise, the basic events are assumed to be
logically independent.

And rule The family {B|A, C|A} p-entails BC|A. It holds
that (B|A) A (C|A) = BC|A = (B|A) A (C|A) A (BC|A)
and (B|A) A (C|A) = BC|A < BC|A; that is, conditions
(ii) and (iii) are satisfied.

Cutrule The family {C|AB, B|A} p-entails C|A. By (5), as
ABAB = AABC = ¢, it holds that

(C|AB) A (B|A) = ABC + ZA,

where z = P[(C|AB)A(B|A)]. Moreover, BC|A = ABC+
xA, where x = P(BC|A). As (C|AB) A (B|A) and BC|A
coincide conditionally on A being true, by Theorem 3, it
follows that (C|AB) A(B|A) = BC|A. Then, condition (ii)
is satisfied, that is (C|AB) A (B|A) A (C|A) = (BC|A) A
(C|A) = BC|A = (C|AB) A (B]A). Moreover, C|AB A
B|A = BC|A < C|A, thatis condition (ii{) is satisfied too.

Remark 13 As shown in the analysis of Cut rule, it
holds that C|AB A B|A = BC|A. Then, the family
{C|AB, B|A} p-entails BC|A. This p-valid rule is called
CCT (Conjunctive Cumulative Transitivity); see, e.g., [43].

CM rule The family {C|A, B|A} p-entails C|AB. It holds
that (C|A) A (B|A) = BC|A. Moreover, (C|A) A (B|A) A
(C|AB) = (BC|A) A (C|AB). By (5), it holds that

(BC|A) A (C|AB) = ABC + ZA,

where z = P[(BC|A) A (C|AB)]. Moreover, BC|A =
ABC + xA, where x = P(BC|A). As (BC|A) A (C|AB)
and BC|A coincide conditionally on A being true, by
Theorem 3 it follows that (BC|A) A (C|AB) = BCJA;
so that (C|A) A (B|A) A (C|AB) = BC|A = (C|A) A
(B|A), so that condition (ii) is satisfied. Moreover, based
on Definition 12, it holds that (C|A) A (B|A) = BC|A C
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C|AB, then (C|A)A(B|A) < C|AB, so that condition (iii)
is satisfied too.

Or rule The family {C|A, C|B} p-entails C|(A v B). We
set P(C|A) = x, P(C|B) = y, and P((C|A) A (C|B)) =
z; then, by observing that the family {ABC, ABC, ABC,
(A Vv B)C, AB) is a partition of the sure event, we obtain

1, if ABC is true,
0, if (A v B)C is true,
(C|A) A (C|B) = { x, if ABC is true, (23)
y, if ABC is true,
z, if A B is true.
Moreover, by defining P[(C|A)A(C|B)A(C|(AV B))] =t,
we obtain
if ABC is true,
if (A v B)C is true,
if ABC is true,
, if ABC is true,
if AB is true.

As we can see, (C|A) A (C|B) A(CI(AV B)) and (C|A) A
(C|B) coincide when A V B is true; then, by Theorem 3 it
holds that ¢t = z, so that

(CIAYA(CIB)A(CI(AV B)) =

= ® O -

~

(C1A) A (CIB) A (CI(AV B)) = (C|A) A (CIB),

that is condition (ii) is satisfied. Moreover, defining
P(C|(A V B)) = w, we have

, if ABC is true,
, if (A v B)C is true,
if ABC is true, (24)
, if ABC is true,

w, if AB is true.
Based on (23) and (24), it holds that (C|A) A (C|B) <
C|(A v B) conditionally on A v B being true. Then, from
Theorem 6 it holds that P((C|A) A (C|B)) =t < w =
P(C|(A Vv B)); thus (C|A) A (C|B) < C|(A V B), that is
condition (iii) is satisfied.

CI(AV B) =

—_— O =

An inference rule related to Or rule [1, Rule 5, p. 189] In
this inference rule the premise set is {C|(A v B), C|A} and
the conclusion is C|B. We first observe that the premise
set 7 = {C|(A v B),C|A} is p-consistent because the
assessment P(C|(A Vv B)) = P(C|A) = 1 is coherent.
Indeed, by applying Algorithm 1 to the pair (F, M) =
({C|(A v B), C|A}, (1, 1)), it holds that the starting system
(X) is solvable, with 7oy = {C|A}. Then, by repeating
the steps of the algorithm, the assessment P(C|A) = 1
is coherent. Thus, the assessment (1, 1) on F is coherent
and hence F is p-consistent. We also note that, defining
P(C|(A Vv B)) = x, P(C|A) = y, and P((C|(A Vv
B)) A (C|A)) = z, the coherence of (x,y) = (1, 1) from

(15) amounts to coherence of z = 1, which by Theorem
17 is another characterization for the p-consistency of F.
Concerning p-entailment, we observe that

0, if ABC is true,

0, if ABC is true,

0, if ABC is true,

0, if AB C is true,

y, if ABC is true,

0, if ABC is true,

z, if A B is true,

0, if A v ABC is true,

= {y, if ABC is true, (25)
z, if A B is true.

(C|AV B) A (C|A)

Moreover, by defining P[(C|(AV B)) A(C|A)A(C|B)] = t,
we obtain

0, if AV ABC is true,
y, if ABC is true,
t, if A B is true.

(CI(AVB)A(CIA) A (CIB) =

(26)

As we can see from (25) and (26), the two quantities
(CI(AV B)) A (C|A) A (C|B) and (C|(A v B)) A (C|A)
coincide when A V B is true; then, by Theorem 3 it holds
that t = z, so that

(CI(AV B)) A(CIA) A (CIB) = (CI(A Vv B)) A (C|A),

that is condition (ii) is satisfied. Moreover, defining
P(C|B) = w, we have

—_—

if ABC is true,
if ABC is true,
, if ABCis true,
if AB C is true, (27)
if ABC is true,
if ABC is true,
, if A B is true,

L

1, if BC is true,
0, if BC is true, =
w, if B is true.

C|B =

~ g s

L

S

Based on (25) and (27), it holds that (C|(AV B)) A (C|A) <
C| B conditionally on AV B being true. Then, from Theorem
6 it holds that P((C|(AV B))A(C|A)) =t < w = P(C|B);
thus (C|(A v B)) A (C|A) < C|B, that is condition (iii)
is satisfied. Thus, this inference rule is p-valid. Notice that
the p-validity of the rule could be also derived by using the
lower and upper bounds given for Or rule in [18]. Indeed,
using Or rule, when P(C|A) = 0 and P(C|B) = y it holds
that z = P(C|A Vv B) € [0, y], so that P(C|(A Vv B)) <
P(C|B).Then, P(C|(AVB)) = 1 and P(C|A) = 1 implies
P(C|B) = 1, thatis {C|(A v B), C|A} p-entails C|B.

Generalized Or rule In this p-valid rule, studied in [19]
(see also [25]), the p-consistent premise set is {C|Aj,
Cl|A;, ..., C|A,} and the conclusionis C|(A; V Ay V.- -V
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Ay). For each nonempty subset S C {1, 2, ..., n}, we define
P[A;cs(ClA)] = xs; moreover, we set P[\7_, (C|A;)] =
z. Then,

1, if AjAy---A,C is true,

0, if (A; VAV ---V A,)C is true,
x5, if Njes Ai /\jgs AjC is true,

z, if AjAp--- A, is true.

(CIADA---A(ClAy) =

(28)

Moreover, by defining P[(C|A1) A---A(C|Ay) A(C|(A1V
Ay Vv ---V Ap))] =t, we obtain
(CIAD) A - AN(CIA) AN (CI(A1 V A V -+ V Ay))
1, if AjAy---A,C is true,
_ )0, if (A \/1_42v-~-vA,,)E‘is true, 29)
| xss i Njes Ai N\ jgs AjC s true,
t, ifAjAy---A, is true.
As we can see from (28) and (29), (C|A) A--- A (C|Ap) A
(CI(A1VAyv---VAy)) and (C|A)A---A(C|A,) coincide
when Ay V ---V A, is true; then, by Theorem 3 it holds that
t = z, so that

(CIAD A+ AN(CIAR) A(CI(ALV Aa V-2V Ap))
= (CIAD A -+ A (ClAp),

that is condition (ii) is satisfied. Moreover,

—_

if AjAy--- A, C is true,

if (Aj VAV ---V A,)C is true,
if N\jes Ai N\ jgs AjC is true,

if AjAy--- A, is true,

L

Cl(A1VAyV---VA,) =

—_

IS

(30)

where w = P(C|(A1V A2V ---V Ay)). Based on (28) and
(30), itholds that (C|A)A- - -A(C|A,) < Cl(A1VARV- -V
Ap) conditionally on A; Vv --- V A, being true. Then, from
Theorem 6 it holds that r < w; thus (C|A)A---A(C|A,) <
C|(A1V Ay Vv ---V Ap), that is condition (iii) is satisfied.

9.3 Iterated conditioning and p-entailment

We now briefly describe a characterization of p-entailment
of a conditional event E3|H3 from a p-consistent family
{E1|H1, E>|Ha}, which exploits a suitable notion of iterated
conditioning.

Definition 14 Let be given n + 1 conditional events
E1|Hy, ..., Eny1|Hyg1, with (B |[H) A A(Ey|Hy) # 0.
We denote by (En+l |Hn+l)|((E1 [H1) A -+ A (EplHy)) =
(En+11Hp+1)|Cy the random quantity

(E1HDOA - AEp1 [ Hyp 1)+ (1= (E1[H) A -+ A (Ep|Hy))
= cn-ﬁ-l 4+ u(l — Cn)y

where u = P[(Ep+1|Hn+1)ICpl.

@ Springer

We observe that, based on the betting metaphor, the quantity
W is the amount to be paid in order to receive the amount
Cuy1 + (1 — Cp,). Definition 14 generalizes the notion
of iterated conditional (E>|H>)|(E1|H]) given in previous
papers (see, e.g., [22, 23, 26]). We also observe that,
defining P(C,) = z, and P(C,+1) = zn+1, by the linearity
of prevision it holds that © = z,41 + n(1 — z,); then,
Znt+1 = WUZn, thatis P(Cyy1) = P(En+1|Hn41)|ChIP(Cp),
which is the compound prevision theorem.

By applying Definition 14 with n = 2, given a
p-consistent family {E|H|, E»|H>} and a further event
E3|Hs, it can be proved that [30]

{E1|H1, E>|Hy} p-entails E3|H; <—
(E3|H3)|((E1|Hy) A (Ez|Hp)) =1,

that is: {E||H;, E»|Hy} p-entails E3|H3z if and only if
the iterated conditional (E3|H3)|((E1|H1) A (Ep|Hp)) is
constant and equal to 1.

10 From non p-valid to p-valid inference
rules

In this section we first examine some non p-valid inference
rules, by showing that conditions (i7) and (iii) of Theorem
18 are not satisfied. Then, we illustrate by an example two
different methods which allow to get p-valid inference rules
starting by non p-valid ones.

10.1 Some non p-valid inference rules

We start by showing that Transitivity is not p-valid.

Transitivity In this rule the p-consistent premise set is
{C|B, B|A} and the conclusion is C|A. The rule is not
p-valid [28], indeed we can show that

(CIB) A (B]A) A (C|A) # (C|B) A (B|A) and
(CIB) A (B|A) £ C|A.
Defining P(B|A) = x, P(BC]A) = y, P(C|A) = t,

P((C|B) A (B]A) A (C|A)) = u, P((CIB) A (B|A)) = z,
we have

(CIB) A (BIA) A (ClA) = (C|B) A (BC|A)

1, if ABC is true,

0, if ABC is true,

0, if ABC is true,

= {0, if ABC is true, 31
y, if ABC is true,

0, if ABC is true,

”w, if A B is true,
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and

1, if ABC is true,
0, if ABC is true,
0, if ABC is true,
(C|B) A (B|A) = { 0, if ABC is true, (32)
x, if ABC is true,
0, if ABC is true,
z, if A B is true.
Then, as (in general) x # y, it holds that (C|B) A (B|A) A
(ClA) # (C|B) A (B]A), so that condition (ii) is not
satisfied. Moreover,

1, if ABC is true,

0, if ABC is true,

0, if ABC is true,

0, if AB C is true, (33)
t, if ABC is true,

¢, if ABC is true,

¢, if A B is true.

ClA =

Then, by observing that (in general) x % ¢ it follows
that (C|B) A (B|A) ﬁ C|A, so that condition (iii) is not
satisfied. Therefore, Transitivity rule is not p-valid.

Denial of the antecedent We consider the rule where the
premise set is {A, C|A} and the conclusion is C. The
premise set {A, C|A} is p-consistent because, by applying
the Algorithm 1, the assessment P(A) = P(C|A) = 1l is
coherent. We verify that A A (C|A) A C # A A (C|A) and
that A A (C|A) ﬁ C, that is the Denial of the antecedent is
not p-valid. We set P(C|A) = y, then

0, if A is true,

AA(CIA)AC =10, if AC is true,
y, if AC is true,
and
0, if A is true,

AN (C|A) =1 y, if AC is true,

y, if AC is true.
Assuming y > 0, when AC is true it holds that
AA(C|AAC = 0<y=AA(C|A), AA(C|A)=y>0=C,

thus: A A (C|A) AC # A A (C|A) and A A (C|A) £ C,
that is conditions (i) and (iii) are not satisfied.

Affirmation of the consequent We consider the rule where
the (p-consistent) premise set is {C, C|A} and the conclu-
sion is A. We verify that C A (C|A) A A # C A (C|A) and
C A (C|A) £ A, that is the Affirmation of the consequent
rule is not p-valid. We set P(C|A) = y, then

1, if AC is true,

C/\(CIA)/\AzAC={0, if AC is true,

and

1, if AC is true,

0, if C is true, (34)
y, if AC is true.

C A (C|A) =

Assuming y > 0, when AC is true it holds that

CACIAAA=0<y=C A (C|A),
CAClA) =y>0=A4,

thus: C A (C|A) A A # C A (C|A) and C A (C|A) ﬁ A,
that is conditions (ii) and (iii) are not satisfied.

Remark 14 We now will make a comparison between the
two objects C A (C|A) and C|(A \/_C), by showing they do
not coincide. Defining P(C|(A Vv C)) = t, it holds that

1, if AC is true,
0, if C is true, (35)
t, if AC is true.

It could seem, from (34) and (35), that y and 7 should be
equal and then C A (C|A) and C|(A V C) should coincide.
However, in this case the conditioning event for CA(C|A) is
QVA = Q, so that the disjunction of the conditioning events
is QV(AVC) = Q; the two objects CA(C|A) and C|(AVC)
do not coincide conditionally on €2; then C A (C|A) and
C| (A Vv C) do not coincide (condition (i) of Theorem 3 is not
satisfied). We also observe that, defining P(C A (C|A)) =
W, (in general) u does not belong to the set {1,0, y} of
possible values of C A (C|A), because u is a linear convex
combination of the values {1, 0, y}. As a further aspect, we
verify below that # < p < y. The constituents generated by
{A, C} are: AC, AC, AC, A C; then, the associated values
for the random vector (C|(A v C), C A (C|A), C|A) are

1,1,1), (0,0,0), 0,0, y). (36)

Based on Theorem 6, we observe that:

Cl(Av C) =

ty,y),

e C|(AvC) < C|A conditionallyon AVCVA = AV C,
hence P(C|(AV C)) =t <y = P(C|A);

e (C A(CJ|A) < C|A conditionally on 2 v A = €, hence
PCACIA)=p<y=PClA);

e C|(AVC) < CA(C|A) conditionallyon AVCVQ = €,
hence P(C|(AV C)) =1 < u=P(C A (C|A)).

In other words: ¢+ < u < y. We observe that these
inequalities also follow because coherence requires that
the prevision point (¢, u,y) must be a linear convex
combination of points in (36).

On combining evidence: an example from Boole We now
examine an example studied in [8, p. 632] (see also
[33, Theorem 5.45]), where p-entailment does not hold.
Indeed, it can be proved that the extension w = P(C|AB)
of any (coherent) assessment (x,y) on {C|A, C|B} is
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coherent for every w € [0, 1]. Using conditions (ii) and
(iii) of Theorem 18, we show that the p-consistent family
{C|A, C|B} does not p-entail C|AB. We set P(C|A) = x,
P(C|B) = y,and P((C|A) A (C|B)) = z; then,

if ABC is true,

(CIAN(C|B)=

if ABC is true,
if AB C is true,
if ABC is true, =
if ABC is true,

if ABC is true,

if (A v B)C is true,

, if ABC is true,

1
0
x, if ABC is true,
y
z

if ABC is true, , if A B is true.

, if A B is true.

N xooor

(37

Moreover, by defining P[(C|A) A (C|AB)] = u, P[(C|B) A
(C|AB)] = v and P[(C|A) A (C|B) A (C|AB)] = t, we
obtain

, if ABC is true,

if (A v B)C is true,
if ABC is true,

, if ABC is true,

if AB is true.

(ClA) A(C|B) A(C|AB) =

SRR

~

As in general x # u and y # v, then (C|A) A (C|B) A
(C|AB) and (C|A) A (C|B) do not coincide, so that
condition (i7) is not satisfied. Moreover,

1, if ABC is true,

0, if ABC is true,

w, if AB C is true, 1, if ABC is true,
C|AB = { w, if ABCistrue, = { 0, if ABC is true,
w, if ABC is true, w, if AB is true.
w, if ABC is true,
w, if AB is true,

(38)

Based on (37) and (38), we can see that (C|A) A (C|B) f
C|(AB), so that condition (iii) is not satisfied. Thus, the
inference from {C|A, C|B} to C|AB is not p-valid.

10.2 Two methods for constructing p-valid inference
rules

We now illustrate by an example two different methods
by means of which, starting by a non p-valid inference
rule, we get p-valid inference rules: a) to add a suitable
premise; b) to add a suitable logical constraint. The further
premise, or logical constraint, (must preserve p-consistency
and) is determined by analyzing the possible values of
conjunctions.

Weak Transitivity In our example we start by the (non p-
valid) Transitivity rule where the premise set is {C|B, B|A}
and the conclusion is C|A.

@ Springer

Method a). We add the premise A|(A V B), so that the
premise setis {C|B, B|A, A|(AV B)}, while the conclusion
is still C|A. The premise set {C|B, B|A, A|(A Vv B)} is p-
consistent; indeed as ABC # {, by evaluating P(ABC) =
1 we get P(C|B) = P(B|A) = P(A[(AV B)) = 1. We
show that (C|B) A (B|A)A(A|(AV B))A(C|A) = (C|B)A
(B|A) A (A[(AV B)) and (C|B) A (B]A) A (A[(AV B)) <
C|A.

Defining P[(C|B) A (B|A) A(A[(AV B)) A(C|A)] = u,
we have

if ABC is true,
if ABC is true,
, if ABC is true,
if AB C is true,
, if ABC is true,
, if ABC is true,
u, if A B is true.

(CIB)N(B|A)A(AI(AVB)N(C|A) =

coocooco~

Moreover, defining P[(C|B) A (B]|A) A (A[(AV B))] =z,
we have

, if ABC is true,
if ABC is true,
if ABC is true,
if AB C is true,
, if ABC is true,
, if ABC is true,
z, if A B is true.

(CIB) A (B|A) A (A[(AV B)) =

coocoo o~

Conditionally on A Vv B being true it holds that (C|B) A
(BIA) A (A[(AV B)) A (C|A) = (C|B) A (B]A) A (A[(AV
B)) = ABC|(A Vv B). Then, by Theorem 3 we have
(CIB) A(B]A) A (A|(AV B)) A(CJA) = (CIB) A (BJA) A
(A|(A v B)) = ABC|(A Vv B), so that condition (ii) is
satisfied. Finally, as ABC|(A v B) C C]A, it holds that
(C|B) A (BJ|A) A (A|(AV B)) = ABC|(A Vv B) < C|A,
so that condition (iii) is satisfied. Therefore this Weak
Transitivity rule is p-valid. We observe that another p-valid
version of Weak Transitivity would be obtained by adding
the premise A|B instead of A|(A V B).

Method b). We add the logical constraint ABC = ¢, that is
BC C A. The p-consistency of the premise set {C|B, B|A}
is preserved because, as before ABC # () and by evaluating
P(ABC) = 1 we get P(C|B) = P(B|A) = 1. Based on
(31), (32), (33) it holds that

(CIB) A (B|A) A (CIA)

(CIB) A (BC|A)

1, if ABC is true,
if ABC is true,
if ABC is true,
if AB C is true,
if ABC is true,
uw, if A B is true,
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and
1, if ABC is true,
0, if ABC is true,
0, if ABC is true,
(CIB) A (B|A) = 0, if ABC is true,
0, if ABC is true,

z, if ABis true.
As we can see (C|B) A (B|A) A (C|A) = (C|B) A (B|A)

conditionally on A VvV B being true. Then, by Theorem 3
condition (i) is satisfied. Moreover,

, if ABC is true,
, if ABC is true,
, if ABC is true,
, if ABC is true,

if ABC is true,
, if AB is true.

ClA =

SO O~

~ o~

Then, (C|B) A (B|A) < CJA conditionally on A vV B
being true. Thus, by Theorem 6 condition (iii) is satisfied
too. Therefore, under the logical constraint ABC = @, the
family {C|B, B|A} p-entails C|A, which is another p-valid
version of Weak Transitivity.

We observe that in [28, Theorem 5] it has been shown
that another p-valid version of Weak Transitivity is obtained
by adding the probabilistic constraint P(A|(A VvV B)) > 0,
that is

P(C|B)=1, P(B|A)=1, P(A|(AV B))>0
— P(C|A)=1.

11 Conclusions

We generalized the notions of conjunction and disjunction
of two conditional events to the case of n conditional events.
We introduced the notion of negation and we showed that
De Morgan’s Laws still hold. We also verified that the
associative and commutative properties are satisfied. We
studied the monotonicity property, by proving that C,4+1 <
Cn and D, 1 > D, for every n. We computed the set of all
coherent assessments on the family {Cy,, E,+1|Hn+1, Cht1}s
by showing that Fréchet-Hoeffding bounds still hold in this
case; then, we examined the (reverse) probabilistic inference
from C,4+1 to the family {C,, E,+1|H,+1}. Moreover,
given a family F = {E||Hy, E2|Hy, E3|H3} of three
conditional events, with Ei, Ey, E3, Hy, Hy, H3 logically
independent, we determined the set IT of all coherent
prevision assessments for the set of conjunctions {Cs : ¥ #
S < {1,2,3}}. In particular, we verified that the set IT
is the same in the case where Hi = H, = Hj and we
also considered the relation between conjunction and quasi-
conjunction. By using conjunction we also characterized

p-consistency and p-entailment; then, we examined several
examples of p-valid inference rules. We briefly described
a characterization of p-entailment, in the case of two
premises, by using a suitable notion of iterated conditioning.
Then, after examining some non p-valid inference rules,
we illustrated by an example two methods for constructing
p-valid inference rules. In particular, we applied these
methods to Transitivity by obtaining p-valid versions of the
rule (Weak Transitivity). Future work could concern the
extension of the results of this paper to more complex cases,
with possible applications to the psychology of cognitive
reasoning under uncertainty. This work should lead, for
instance, to further developments of the results given in [41,
42].
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Appendix A

Proof of Theorem 5 We observe that (ii) follows by (i), by
replacing F by F; indeed, by (i) it holds that Zﬁ =
C(i’) = C(F). Then, it is enough to proof the assertion (i).
We will prove the assertion by induction.

Stepl: n=1,F ={E||H}.
We have D(F) = E||HL = 1 — Ej|H, =
E1|H1 =C(F).
Thus the assertion holds when n = 1.
Step2: n=2,F ={E||Hi, E>2|H>}.

We set

P(E(|Hy) = x, P(E2|Hy) =y, P[(E1]|HY)

V(E2|Hp)] = w, P[(E||H)) A (E2|Hy)] =1t
We observe that the family {E{H; V
E)Hy, ETHE Hy, HiExHy, EYH 1 Hy, H1H3}
is a partition of the sure event 2. Moreover, by
Definitions 3 and 4 we have

D(F) = 1—(E1|H1) V (E2|Hy)

0, if E\Hy Vv EyHj is true,
1, if E1H1E2H2 is true,
={1—x, if H E,H,is true, (39)
1 —y, if E{H H, is true,
1 —w, if H{Hj is true.
and
C(F) = (E1|H) A (E2|Hp)
0, if E1H; Vv E>H> is true,
1, if ElHE2H2 is true,
=1{1—x, if H E)H, is true, 40)
1—y, if E|H{H> is true,
t, if HiH, is true.
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Step 3:

We observe that D(_f') and C (.7" ) coincide when
Hy v Hj is true. Thus, by Theorem 3, P(D(F)) =
]P’(C(]_-')) and hence 1 — w = t. Therefore lﬁ
still coincides with C(F) when H, Vv H> is false,
so that D(F) = C(F).

F ={E\|H\, Ex|Hz, ..., Eq|Hp}.

(Inductive Hypothesis) Let us assume that for
any (strict) subset S C {l,...,n}, by defining
Fs = {E;|H;,i € S}, it holds that D(Fg) =
C(Fs). Now we will prove that D(Fs) = C(Fs)
when § = {1, ..., n}, in which case F5 = F. By
Definition 7 we have

m
D(F) = Z wy, Cp,, where

h=0
0, if §] # 0,
wy = l, lfS;l/:{l,Z,,n},

I—ygr, if S, =¥and S;" # .
(1)
We continue to use the subsets S,,S;, S;” as
defined in formula (9) also with the family F;
moreover we set tg = IF’[/\ieS(Ei|H,~)] =
P[C(Fs)]. Based on Definition 5, we have

m
Z znCh, where

C(F) =

h=0

0, ifS; #%,
m=11 ifS/={12,...,n}

tgy, if Sj =@ and S}’ # 0.
(42)
Then, D(F) — C(F) = Yo (wp — z21)Ch, where

Wy — Zh
0, if S; # 9,
=10, if §) ={1,2,...,n},

1— ySI/‘lN — tS;lN, if S;z = and S;z// # .
(43)

By the inductive hypothesis, it holds that 1 —
ysp = PID(Fgnl = PIC(Fgn] = tgn for
h=1,...,m, because S;” C {1,2,...,n}. Then,
D(F) — C(F) = Y 1wy, — z1)Cp, where

0 h=1,...,m,

’ 44
1—y5(/)’/—t5(/)//, h:O ( )

Wh—2Zh = {
By recalling that S)" = {1,2,...,n}, D(F) and
C(F) coincide when H; vV Hy v -+ Vv I-£1 is true.
Thus, by Theorem 3, P[D(F)] = P[C(F))], that
is1— Yy = Ly Therefore D(F) still coincides
with C(F) when_H1 v Hy v ...V H, is false, so
that D(F) = C(F). 0
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Proof of Theorem 6 (i) Assume that, for every (u,v) €

(i)

I1, the values of X|H and Y|K associated with the
constituent Cj, are such that X|H < Y|K, for each
Cj, contained in H Vv K; then for each given coherent
assessment (., v), by choosing s; = 1, so = —1 in the
random gain, we have
G=HX-u)—K¥-v)=XH-pn)—(Y|K-v)
=X|H-Y|K)+ (v —u).
Then, by the hypothesis, Ggvg < (v — ) and by
coherence 0 = P(Gyvk) < v — u. Then u < v,
Y(u,v) eIl
By hypothesis, it holds that (XH + uH)(H v K) <
(YK + vK°)(H Vv K); moreover, from condition (i),
w < v for every (u, v) € I1; then

X|H=XH+uH = (XH +pH)(HVK)
+(XH+uH)HK =(XH+uH)(HVK)
+uHK < (YK+vK)(HV K)+vHK
= (YK+vK)(HV K)+(YK+vK)HK
=YK +vK =Y|K.

Vice versa, X|H < Y|K trivially implies X|H < Y|K
when H V K is true. O

Proof of Theorem 7 We distinguish three cases: (a) the
value of C, is 0, with some E;|H; false, i < n; (b) the

value of C,, is 1, with E;|H; true,i = 1, ..., n; (c¢) the value

of C, is P[/\;c5(Ei|H;)] = P(Cs) = xs, for some subset

Sc{l,2,...,n}

Case (a). ItholdsthatC,41 =0 =C,.

Case (b). The value of Cy,41 is 1, or 0, or x,,41, according
to whether E, 1 1|H,+ is true, or false, or void;
thus Cn+1 <C,.

Case (c¢). We distinguish three cases: (i) E,y1|Hp+1 i

true; (ii) E,41|Hpy is false; (iii) En41|Hps1
is void. In the case (i) the value of C, is
xs, thus C,41 = C,. In the case (ii) the
value of C,41 is O, thus C,41 < C,. In the
case (iii) the value of C,y1 is Xsups1y =
PLA;icsuns1y(EilH)]; then, in order to prove
that C,+; < C,, we need to prove that
Xsufn+1) < xs. We proceed by induction on the
cardinality of S, denoted by s. Let be s = 1,
with Cs = E;|H;, for somei € {1,...,n}. We
note that xg = P(E;|H;) = Xi, Xsupnt1) =
P((Ei|H;) A (Ent1|Hys1)) = X{ins1) and by
Theorem 4 it holds that xsujn41) = X{int+1) <
x; = xs. Now, let be s > 2 and xsypn+1) < xs
for every s < n, so that, based on Definition 5,
Chy1 < C, when S is a strict subset of
{1,2,...,n}.If S = {1,2,...,n}, as E;|H; is
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void foralli = 1,...,n + 1, it holds that C,, =
Py = xq....,
P(Cy+1) and, in order to prove that C,, 11 < C,,
it remains to prove that P(C,4+1) < P(C,). By
applying Theorem 6, with X|H = C,41 =
Zn+1|(Hy V -+ vV Hyyp) and YK = Cn =
Zy|(Hy Vv -V Hy),as Cy+1 < C, when H| VvV
---V Hpyq is true (i.e., s < n ), it follows that
P(Cp+1) < P(Cy); therefore Cp41 < C,,. O

n) and C,41 = X{1,..n+1} =

Proof of Theorem 9.

Case (i). We proceed by induction. The property is
satisfied for n = 1; indeed, if C; = E{|H; € {l,0, x1},
where x; = P(E{|H;) € [0, 1], then C; € [0, 1]. Let us
assume that the property holds for k < n, thatis C € [0, 1],
for every k < n. Based on Definition 5 we distinguish three
cases: (a) the value of C, is 0; (b) the value of C, is 1; (¢)
the value of C, is P[/\;c5(Ei|H;)] = xg, for some subset
S C {1,2,...,n}. In the cases (a) and (b), C, € [0, 1].
In the case (¢), if § = {i1,...,ix} C {1,2,...,n}, then
Cy € [0, 1], because xg = ]P’(/\];:l(E,'j |H;;)) is a possible
value of Cx = AS_, (E;;|H;)). with k < n. Finally, if § =
{1,2, ..., n} (thatis the conditioning events Hy, ..., H, are
all false), then C,, = IP(C,) and P(C,) € [0, 1] because the
values of C, restricted to H; Vv --- Vv H, all belong to [0, 1].
Therefore C, € [0, 1]. By a similar reasoning, based on
Definition 7 we can prove that D, € [0, 1]. O

Proof of Theorem 10 Let Cy, ..., Cp, with m = 3" — 1
be the constituents associated with F,+1 = {E{|Hy, ...,
Eni1|Hpy1), where Co = Hp---H,4i. With each
Cp, h = 1,...,m, we associate the point Q) =
(gn1, gn2, qn3), which represents the value of the random
vector (Cy, Ep+y1|Hy+1,Crht1) When Cy is true, where g
is the value of C,, g7 is the value of E, 1 1|H,+1, and gp3
is the value of C,y1. With Cy it is associated the point
Qo = (Un, Xn+1, Unt1) = M. We observe that the set of
points {Qp, h = 1, ..., m} contains in particular the points

01=1,1,D, 02=(1,0,0), 03=(0,1,0), Q4=(0,0,0),
which are respectively associated with the following
constituents or logical disjunction of constituents

E\H - EqxHyEp1Hyyt, EYHy - EgHyEpy1Hyy,
(E1H V- -VEH)NEpi1Hyy1 s

(E\H\V---VE,Hy) NEpy1Hyyr .

Based on Remark 7, we need to prove that the set
of coherent assessments IT on {C,, E;+1|Hp+1,Cuti1}
coincides with the convex hull Z of Q1, Oz, O3, Q4. We
recall that coherence of (4, X,+1, Un+1) implies coherence

of all the sub-assessments on the associated subfamilies
of {Cy, Eyt1|Hp+1,Cny1}. The coherence of the single

assessments i, on C,, or x,41 on E,(|Hy,y1, OF (41 ON
Cy+1, simply amounts to conditions

tn € [0, 11, xpp1 €0, 1], pnqr1 €10, 1],

respectively. Then, by the hypothesis of logical indepen-
dence, the sub-assessment (i, x,+1) is coherent, for every
(Uns xn41) € [0, 172, By Remark 6, the coherence of the
sub-assessments (i, Un+1) and (Xp+1, Up41) amounts to
the conditions 0 < w41 < Uy < land 0 < ppyp <
Xn+1 < 1. Finally, assuming that the above conditions are
satisfied, to prove coherence of (i, Xy+1, n+1), by Theo-
rem 1, it is enough to show that the point (un, Xn+1, Un+1)
belongs to the convex hull of the points Qy, ..., Q,,. More-

over, in order M belongs to the convex hull of Qy, ..., Oy
the following system (%) must solvable
m m
M=>"2Qn. Y dn=1, 2 =0, Vh. (45)
h=1 h=1
We show that the convex hull of the points Q1,..., On

coincides with the convex hull Z of the points
01, 02, 03, Q4, described in Remark 7, because all the
other points Qs, ..., O, are linear convex combinations
of Q1, 02, 03, O4, thatis Q; € Zforeachh =5, ..., m.

We examine the following different cases which depend
on the logical value of E,1|Hy+1: a) Epy1|Hyy1 1S true;
b) Ey1|Hy41 is false; ¢) Ey1|Hy41 1S void.

a) In this case

On = (qn1, L, gn) = gn1(1, 1, 1) + (1 — gx1)(0, 1,0)
= gn Q1+ (1 —qp1)0s.

b) In this case

On = (gn1,0,0) = gn1(1,0,0) + (1 — gx1)(0,0,0)
= gn1 Q2+ (1 — qn1) Qa.

¢) In this case O, = (gn1, Xn+1, gn3) and we distinguish
the following subcases: (i) /\7_, EiH; true, so that
On = (1, xp41, Xp41); (i) \/7—| EiH; true, so that
On = (0,x,41,0); (iii) E;|H; void, for every i €
S and E;|H; true for every i € {1,2,...,n}\ S,.
for some ¥ # S C {1,2,...,n}, so that Q; =
(Xs, Xnt1, XsU{n+1))- In subcase (i) it holds that

On = (1, xp41, Xn+1) =Xn+1(1, 1, D+ (1 —x,41)(1, 0,0)
=xp+101 + (1 — xp41) Q2.

In subcase (i7) it holds that

On = 0,x4+1,0) = x,41(0,1,0) + (1= x,4+1)(0,0, 0)
= Xp1103 + (1 — xp41) Q4.

In subcase (iii), it can be verified by a finite iterative
procedure that the point Oy, = (xs, Xp41, XsUfn+1)) €
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Z. We examine the different cases on the cardinality s
of S. We recall that /\;_¢(E;|Hj;) is denoted by Cs.

Step 1. s = 1. Without loss of generality we assume
§ = {1}, so that Q; = (Xs, Xp+1, XsU{n+1}) =
(X1, Xn+1, X{1,n+1})» Where x; = P(E1|H)),
Xintryy = PUEIH) AN (Epg1lHyp1)]o By
Theorem 4 it holds that max{xs + x,+1 —
1,0} < Zxsum+1y < min{xg, x,41}, with
(x5, Xp41) € [0,1]%. In other words, Q, =
(xs, Xn+1, Xsuin+1}) € Z. The reasoning is the
same for S = {i},i =2,...,n.

Step2. s = 2. Without loss of generality we assume
S = {1, 2}, so that xg = P[(E||H|) A (E2|H3)],
xsupn+1) = PICsupm+1y] = PI(E1[H)A(E2| Ho) A
(Ent1l1Hu11)]. We denote by C§, Cy,...,Cr.,

the constituents associated with {E;|H;,i € S U

{n + 13}, where Cf = A\ csuqns1) Hi- Moreover,

with Cj, h =0, 1, ..., m*, we associate the point

QO = (45, 45> q;3) Which represents the value

of the random vector {Cs, Eyq1|Hut1, Csupn+1})

when Cj is true. We observe that Qf =

(x5, Xn41, Xsufn+1)) and that Q1, Q2, O3, Q4 still

belongs to the set of points {Q},h =1, ..., m*}.

In order that the assessment (X, X,41, XSU{n+1})

on {Cs, Ent1lHp+1, Csun+1)} be coherent, the

point Qf = (Xs,Xnt1, XSUfnt1)) must belong
to the convex hull of points QF, Q03,..., Oy,

We show that for each point Q7 # Q;, i =

1,2, 3,4, it holds that Q} € Z. By repeating the

previous reasoning we only need to analyze the

subcase (iii) of case ¢). We have to show that,
for every nonempty subset S’ C S, the point

0O} = (x5, X1, Xs'Ufn+1)) belongs to the convex

hull Z of Q1,..., Q4. As S = {1,2}, it holds

that &' = {1}, or ' = ({2}, so that Q) =

(X§7, X415 Xg'Ufn+1)) = (X1, Xp41, X{1,n+1})> OF

QZ = (xz,xn+1,X{2,n+1}). By Step 1, in both

cases Q) € Z. Thus Qp = (Xs, Xp+1, XSUn+1}) €

Z. In other words, max{xs + x,41 — 1,0} <

Xsum+1y < min{xg, X,41}, with (x5, x,41) €

[0, 1]?. The reasoning is the same for every § =

{i, jyc{1,2,...,n}.

Stepk+1.s = k+1,2 < k+ 1 < n. By
induction, assume that (xg', Xp41, XsUfn+1}) € Z
for every ' = {i1,iz,...,ix} C {1,2,...,n}.
Then, by the previous reasoning, it follows that
On = (x5, %041, Xsuns1y) € Z for every
S = {i1,i2, ..., ik+1}. In other words, max{xg +
X1 — 1,0} < xsupeyny < min{xs, X, 41},
with (xs, x,4+1) € [0, 112, for every § =
lit,io, ..o, g1}
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Thus, by this iterative procedure, also in the subcase
(iii) of case ¢) it holds that Q; € Z. Then, O, € Z,
h =5, ..., m. Finally, the condition (45) is equivalent to
M € T, so that the assessment M is coherent if and only if

(fns Xnt1) € [0, 117, max{p, + xps1 — 1,0} < Loy
< min{an, xn+1}~ O

Proof of Theorem 15 The computation of the set IT is based
on Section 2.2. The constituents Cp,’s and the points Qj’s
associated with (F, M) are illustrated in Table 1.

We recall that @, = (qn1, - .., qn7) represents the value
associated with Cj, of the random vector (E{|Hy, E;|H3,
E3|H3, (E1|Hy) A (E2|Hp), (E1|Hy) A (E3|H3), (E2|Ho) A
(Es|H3), (E\[H)) A (E2|Ho) A (E3|H3), h = 1., 26.
With Co = HjHyHj it is associated Qg = M. Denoting
by Z the convex hull generated by Q1, Q2, ..., O, the
coherence of the prevision assessment M on F requires
that the condition M € Z be satisfied; this amounts to the
solvability of the following system

26 2
(%) M = thl)»th, thllh =1,
=0 h=1,...,26.

‘We observe that

03 =x301+ (1 —x3)02, Q6 =x304 + (1 —x3)0s5,
07 =001+ —-x2)04, O8=x202+ (1 —x2)0s,
Qo = x2301 + (x2 —x23) Q2 + (x3 — x23) 04

+(x23 —x2 —x3+ 1) Qs,
Q12 = x30Q10 + (1 —x3) 011,
Q15 = x3013 + (1 —x3)Q14,
Qi6 = x2010 + (1 —x2)Q13,
017 = x2011 + (1 —x2)Q14,
Q13 = x230Q10 + (x2 —x23) Q11 + (x3 — x23) Q13

+(x23 —x2 —x3+ 1) Q14,
Q19 = x101+ (A=x1)Q10, Q20 =x1 02+ (1—x1)Q11,
Q21 = x1301 + (x1 —x13) Q2 + (x3 — x13) Q10

+(x13 —x1 —x3+ DO,
02 = x104+ (1=x1)Q13, Q23 =x105+ (1—x1)014,
Q2 = x1304 + (x1 —x13) Q5 + (x3 — x13) Q13

+(x13 —x1 —x3+ 1) Q14,
025 = x1201 + (x1 — x12) Q4 + (x2 — x12) Q10

+(x12 —x1 —x2+ 1) 013,
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026 = x12Q2 + (x1 — x12) Q5 + (x2 — x12) Q11
+(x12 —x1 —x2 + 1) Q14.

Thus, Z coincides with the convex hull of the points Q1, Q»,
Qa, Os, O10, 11, Q13, Q14. For the sake of simplicity, we
set: Q) = 01, Q5 = 02, 05 = 04, Q) = 05, Q5 = Q1o,
Q¢ = 011, 05 = 013, Qg = Q14. Then, the condition
M € 7 amounts to the solvability of the following system

8 8

) M=) W0 Y M=l
My>0, h=1,....8

that is

Mo 25+ A =x1, A4 A AL+ A =X,

M A A+ A =x3, A+ A = X1,

M A =x13, A+ A5 =2x23, A =xns,

SE M =1, 4, >0, h=1,2,...,8.

("

System (X’) can be written as

A =2x123, Ay =X12 — X123,

Ay =x13 — X123, Aj = X| — X12 — X13 + X123,
) A§ = X3 — X123, Ag = X2 — X12 — X23 + X123,
A= Xx3 —x13 — x23 + X123,

Mg =1—x1 —x2 —x3 4+ x12 +x13 + X23 — X123,
W0, h=12 .8

As it can be verified, by non-negativity of A7,...,Ag it
follows that (X’) is solvable (with a unique solution) if and
only if

x123 > max{0, x12 + x13 — X1, X12 + X23 — X2, X13 + X23 — X3},
x123 < min{x12, x13, 23, | — X1 — x2 — x3 + x12 + x13 + X23},
(46)

or, in a more explicit way, if and only if the following
conditions are satisfied

(x1, 2, 3) € [0, 1,

max{x; +x2 — 1, x13 + x23 — x3, 0} < x12 < min{xy, x2},
max{x; +x3 — 1, x12 + x23 — x2, 0} < x13 < min{xy, x3},
max{xy; + x3 — 1, x12 + x13 — x1, 0} < x23 < min{xy, x3},

I —x1 —x2—x3+x12+x13 +x23 >0,

x123 = max{0, x12 + x13 — X1, X12 + x23 — X2, X13 + x23— x3},

X123 < min{x12, X13, X23, | — X1 — x2 — X3 + x12 + x13 + x23}.
47

Notice that the conditions in (47) coincide with that ones in
(18). Moreover, assuming () solvable, with the solution
(A}, ..., Ag), we associate the vector (A1, A2, ..., A2g), wWith
A= )\./1, Ay = )»’2, Ay = Ay, A5 = )\2‘, Ao =

)L/S, Al = A./6, A3 = )\/7, AMa = ké, Moo= 0,h ¢
{1,2,4,5,10, 11, 13, 14}, which is a solution of (X).
Moreover, defining J = {1, 2, 4, 5, 10, 11, 13, 14}, it holds
that \/hej C, = Hi A Hy A H3. Therefore, Zhej Ap =
YoncicHmmy M = 1 and hence Y .0 cphn =
1, i = 1,2,3, Zh:ChEHivH,- A= 1,0 # ],
Zh:ChEHlszvH3 Ap = 1; thus, by (2), Iy = @. Then,
by Theorem 2, the solvability of (X) is also sufficient for
the coherence of M. Finally, IT is the set of conditional
prevision assessments (x1, X2, X3, X12, X13,23 , X123) Which
satisfy the conditions in (18). O

Proof of Theorem 16 Notice that, (E;|H) A (Ej|H) =
(E;Ej)|H, for every {i,j} - {1,2,3}, and
(E1lH) A (E2|H) A (E3|H) = (E1E2E3)|H. Then F =
{E1|H, E2|H, E3|H, (E1E2)|H, (E1E3)|H, (E2E3)|H,
(E1E2E3)|H}. The computation of the set IT is based on
Section 2.2. The constituents Cj’s and the points Qp’s
associated with (F, M) are illustrated in Table 2.

We recall that O, = (gn1,...,qn7) represents
the value associated with Cj; of the random vector
(E\|H, E2|H, E3|H, (E\E)|H, (E\E3)|H, (E2E3)|H,
(E1E2E3)|H),h =1,...,8. With Cog = H it is associated
Qo = M. Denoting by Z the convex hull generated by
01, 02,..., Qg, as all the conditioning events coincide
with H the assessment M on F is coherent if and only
if M € Z; that is, if and only if the following system is
solvable

M:Zi:1)‘th’ Zzzlkhzl,

The points Qp, Q2,..., Qs coincide with the points

1> Q5. ..., Qg in the proof of Theorem 15, respectively.
Then, system (48) coincides with system (X)’ in the proof
of Theorem 15. Therefore, it is solvable if and only if the
conditions in (18) are satisfied. In other words, the set IT
of all coherent assessments M on F coincides with the set
of points (xp, x2, x3, X12, X13, X23, X123) Which satisfy the
conditions in (18). O

M=0, h=1,...,8.
(43)

Proof of of Theorem 18 In order to prove the theorem it is
enough to prove the following implications: a) (i) = (ii);
b) (ii) = (iii); ¢) (iii) = ().

a) (i) = (ii). We recall that F p-entails E, 4 |H,41 if
and only if either H,;1 < E,41, or there exists a
nonempty Fr € F, where I' C {1, ..., n}, such that
QC(Fr) implies E,y1|H,+1 (see, e.g. [24, Theorem
6]). Let us first consider the case where H,,+1 € E,41.
In this case P(E,+1|Hp+1) = 1 and E,q1|Hyq41 =
Hyi1+Hu11 =1. We have Cn+l = Cn/\(En-l—llHn—&-l),
with E,+1|Hy+1 = 1. We distinguish two cases:
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Table 1 Constituents Cj’s and corresponding points Qs associated with (F, M), where M = (x1, x2, X3, X12, X13, X23, X123) IS a prevision
assessment on F = {E1|H\, E2|Ha, E3|H3, (E1|H1) A (E2|Hp), (E1|H1) A (E3|H3), (E2|H) A (E3|H3), (E1|Hi) A (E2|H) A (E3|H3)}

Ch On

Ci E\HE,HyEzH3 1 1 1 1 1 01
Cy E1H; E2H2E3H3 1 1 0 1 0 0 0 0>
C3 E H; E2H2E3 1 1 X3 1 X3 X3 X3 03
Cy E H; E2H2E3H3 1 0 1 0 1 0 0 [on
Cs E1H; E2H2E3H3 1 0 0 0 0 0 0 0Os
Ce E H; E2H2E3 1 0 X3 0 X3 0 0 (o)
Cq E H; E2E3H3 1 X2 1 X2 1 X2 X2 Q7
Cg E H; E2E3H3 1 X2 0 X2 0 0 0 (o]}
Co E\H\H,H; 1 X2 X3 X2 X3 x23 X23 Q9
Cio E1H1E2H2E3H3 0 1 1 0 0 1 0 Q10
Ci E1H1E2H2E3H3 0 1 0 0 0 0 0 011
Ciz E1H1E2H2ﬁ3 0 1 X3 0 0 X3 0 Q12
Ci3 E1H1E2H2E3H3 0 0 1 0 0 0 0 013
Cig4 EH E2H2E3H3 0 0 0 0 0 0 0 Qs
Cis E\H\E,H,H; 0 0 X3 0 0 0 0 015
Cie E1H1H2E3H3 0 X2 1 0 0 X2 0 Q16
Ci7 E\HH,E3H; 0 X2 0 0 0 0 0 017
Cis E|H HyH3 0 x2 X3 0 0 X23 0 Ois
Cy H\E>H,E3H3 X 1 X X 1 X O
Coo H1E2H2E3H3 X1 1 0 X1 0 0 0 02
C2 H\E,H>H3 X 1 X3 X X13 X3 X13 021
Cy H1E2H2E3H3 X1 0 0 X1 0 0 02
Co3 H1E2H2E3H3 X1 0 0 0 0 0 0 023
Cos4 H\E,Hy)H3 X 0 X3 0 X13 0 0 024
Cas H\H,E3H; X X2 X12 X X2 X12 Q25
Ca6 H{HE3H;3 X X2 0 X12 0 0 0 02
Co H\HH3 X X2 X3 X12 X13 X23 X123 Qo

(o) Hpyq is true; (B) Hp4p is false. In case (), by case (B), let Co, ..., C,, be the constituents associated

Definition 5 and Remark 4, as E,4|H,+1 is true it with F, where Co = H - - - H,,. Then, the constituents

follows that the values of C,4+ and of C, coincide. In C(’), ..., C}, associated with F U {E,y|Hy+1} and

Table 2 Constituents Cj’s and corresponding points Qs associated with (F, M), where M = (x1, x2, X3, X12, X13, X23, X123) iS a prevision
assessment on F = {E||H, E;|H, E3|H, (E\Ey)|H, (E\E3)|H, (E2E3)|H, (E\E2E3)|H}

Ch On
Cy E\E2EsH 1 1 1 1 1 1 1 01
G E\E2EsH 1 1 0 1 0 0 0 0>
C3 E\E>E3H 1 0 1 0 1 0 0 03
Cy E1E,E3H 1 0 0 0 0 0 0 [on
Cs Ei\E2E3H 0 1 1 0 0 1 0 0s
Ce E\E-EzH 0 1 0 0 0 0 0 [o)3
C7 E\E>E3H 0 0 1 0 0 0 0 07
Cs E\E.EsH 0 0 0 0 0 0 0 0s
Co H X X2 X3 X12 X13 X23 X123 Qo
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b)

c)

contained in H, | are C), = COITI,,H,...,C,',1 =
CnH 1. For each constituent Cj, h = 1,...
by formula (10) the corresponding value of C, is
zn € {1,0, xsl/lu}. We denote by z}l the value of C,41
associated with z; and we recall that C,’l C ﬁn+1,
h = 0,1,...,m. For each index h, if z; = 1, then
z, = lyif z;, = 0, then 7, = 0;if z, = Xgis then

, m,

7, = Xg7Upnt1)- We set P(Ent1|Hyq1) = Xp413 in our
case x,+1 = 1. Moreover, by Theorem 10

max{xsg/—i—xnﬂ —1 ,O] SX§Un+1) §min{x51/1~,xn+1};

therefore X§un+1y = Xs)'- Then, the values of C, 41
and of C, coincide for every C;. Thus, C,11 = C, when
Hyt1 € Enyr.

We consider now the case where there exists Fr C
F, Fr # @, such that QC(Fr) € Ej,+1|H,+1. First
of all we prove that C(Fr U {E,+1|Hp+1}) = C(Fr).
For the sake of simplicity, we set C(Fr) = Cr and
C(Fr U{Eur1|Hut1)) = Crupm+1)-

If the value of Cr is 1 (because all the conditional
events in JFr are true), then QC(Fr) is true and hence
Ent1|Hyy1 is also true; thus Cryg+1y = 1, so that
Crupn+1y =Cr.

If the value of Cr is O (because some conditional
event in Jr is false), then Cryug+1y is O too, so that
Crunsny =Cr.

If Cr is xg for some nonempty subset S C I (that is,
all the conditional events in Fg are void and the other
ones in Fr\s are true), then QC(Fr) is true and and
hence E,11|Hp1 is also true; thus Crygu+1) = X5, SO
that CFU{n—H} =Cr.

If Cr is xr because all the conditional events in Fr
are void, then QC (Fr) is void and for E, 41| H,+1 there
are two cases: 1) E,11|Hp+1 true; 2) Ey 41| Hy41 void.
In case 1), by also recalling Remark 4, it holds that
Cl"u{n—H} = xr so that Cl"u{n+1} =Cr.

In case 2) it holds that Crup4+1y = XTUfr+1}s
where xrugm+1y = P(Crup+1)). Now, we observe
that the random quantities Cr and Crup,+1) coincide
conditionally on \/;cryy,41) Hi being true; then by
Theorem 3 it holds that P(Cr) = P(Crufn+1}), that is
XTI = Xrufn+1)s thus Crup+1y = Cr.

Finally, denoting by I'“ the set {1, ..., n}\ ', by the
associative property of conjunction we obtain

Cot1 = Cu AN Epy1|Hyp1 =Cre ACr A Epgi|Hyq
= Crc /\C[‘ = Cn.

(i) = (iii). By monotonicity property of conjunction
it holds that C,4+|; < E,4t1|H,+1. Then, by assuming
Cn = Cp1, it follows C, < Ejq1|Hpy1-

(iii) = (i). Let us assume that C, < Ej,y1|Hp+1, SO
that P(C,) < P(E,+1|H,+1). Moreover, by assuming

that P(E;|H;) = 1,i = 1,...,n, from (15) it follows
P(C,) = 1 and hence P(E,+1|H,+1) = 1, that is F
p-entails E, 1| Hy41. O
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