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The notions of conservation and relativity lie at the heart of classical mechanics, and were critical

to its early development. However, in Newton’s theory of mechanics, these symmetry principles were

eclipsed with domain-specific laws. In view of the importance of symmetry principles in elucidating

the structure of physical theories, it is natural to ask to what extent conservation and relativity

determine the structure of mechanics. In this paper, we address this question by deriving classical

mechanics—both nonrelativistic and relativistic—using relativity and conservation as the primary

guiding principles. The derivation proceeds in three distinct steps. First, conservation and relativity

are used to derive the asymptotically conserved quantities of motion. Second, in order that energy

and momentum be continuously conserved, the mechanical system is embedded in a larger energetic

framework containing a massless component that is capable of bearing energy (as well as momentum

in the relativistic case). Imposition of conservation and relativity then results, in the nonrelativistic

case, in the conservation of mass and in the frame-invariance of massless energy; and, in the rela-

tivistic case, in the rules for transforming massless energy and momentum between frames. Third,

a force framework for handling continuously interacting particles is established, wherein Newton’s

second law is derived on the basis of relativity and a staccato model of motion-change. Finally,

in light of the derivation, we elucidate the structure of mechanics by classifying the principles and

assumptions that have been employed according to their explanatory role, distinguishing between

symmetry principles and other types of principles (such as compositional principles) that are needed

to build up the theoretical edifice.

I. INTRODUCTION

Two key notions, namely conservation and relativity,

lie at the heart of classical mechanics. Each is an instance

of a fundamental physical symmetry—conservation an

instance of the symmetry that temporal evolution of a

system is underlain by changelessness in some of its prop-

erties; relativity of the symmetry that, although obser-

vations are necessarily perspectival, there are classes of

observers which are, in some fundamental sense, physi-

cally equivalent.

These notions played a vital role in the early develop-

ment of mechanics. The notion of conservation was first

formalized by Descartes through the principle that a sys-

tem of colliding bodies conserves its total scalar ‘quantity

of motion’, a principle which he then used to guide the

formulation of laws of collision. Galileo, in his principle

of relativity, posited the equivalence of inertial frames in

uniform relative motion, which enabled his deduction of

parabolic motion from vertical free fall. And, using the

principle of relativity and a principle of conservation in

tandem, Huygens deduced a new conservation law (the

conservation of relative speed) for bodies in head-on col-

lision1.

∗ pgoyal@albany.edu
1 See Sec. V C 1 for further details.

However, in Newton’s theory of mechanics, the no-

tion of force took centre stage, and these principles were

eclipsed2 by domain-specific laws (rather than symmetry

principles), particularly Newton’s second law.

Subsequent developments in physics—beginning with

the emergence of the conservation of energy as a meta-

theoretic principle for coordinating physical theories of

specific classes of phenomena, and the development

of Einstein’s special theory of relativity—have again

brought symmetry principles firmly into the foreground.

Today, symmetry principles are regarded as meta-laws

that shape the theoretical landscape within which specific

theories—with their domain-specific laws—take root. As

Wigner put it: just as the laws of physics express regular-

ities in events, symmetry principles express regularities

in laws of physics [1].

From this perspective, even though the specific laws

of a theory may well have been arrived at in a complex

manner by combining theoretical and empirical inputs,

as well as inspired guesswork, it is desirable to reformu-

late the theory in a way that reflects Wigner’s hierarchy

and accordingly clearly separates the symmetry princi-

ples (and other meta-theoretic inputs) from any specific

laws, and shows how these symmetry principles shape its

specific laws.

2 See Sec. V C 1 for background on this shift.
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Previous efforts to better understand mechanics in

terms of symmetry principles have tended to focus on

deriving parts of mechanics, rather than on deriving the

whole—for example, on deriving the conserved quanti-

ties of motion (reviewed in Sec. IV), or on deriving New-

ton’s second law [2]. Consequently, these efforts have had

relatively little impact and do not appear to be widely

known.

In this paper, we show how both nonrelativistic and

relativistic mechanics can be derived in their entirety on

the basis of symmetry principles, particularly on the basis

of the principle of relativity and the notion of conserva-

tion. This is carried out in three distinct steps3:

I. Asymptotic conservation. First, by considering a spe-

cific collision whose existence is underpinned by ba-

sic physical symmetries, we derive the mathematical

forms of the asymptotically conserved scalar quanti-

ties of motion (namely corpuscular energy) by appeal

to the principle of relativity. A further argument (due

to Schütz [3]) is then used to derive asymptotic mo-

mentum conservation from asymptotic energy conser-

vation.

II. Energetic framework. Next, guided by the desider-

atum that conservation be continuous rather than

merely asymptotic, we embed a system of interacting

bodies in an energetic framework containing a mass-

less component that can bear energy (and, in the rel-

ativistic case, also momentum). This framework al-

lows for the passage of energy (and possibly momen-

tum) between its massive component (consisting of

bodies in motion) and its massless component. Rel-

ativity and conservation are then used to determine

(i) which interconversions are possible, and (ii) how

the energy (and, in the relativistic case, the momen-

tum) associated with the massless component trans-

forms between inertial frames.

III. Staccato model of motion change. Finally, we posit a

specific model of how a body undergoes change of mo-

tion due to the influence of another. Using this model,

Newton’s second law is derived via relativity. In the

nonrelativistic case, the first part of Newton’s third

law (viz. that interparticle forces in a two-body sys-

tem are antiparallel) then follows from conservation

of momentum, while the second part (the centrality of

those two-body interparticle forces that depend only

upon position) follows from a symmetry-based argu-

ment.

3 The principles that are employed, and results obtained, in each
step are summarized in Tables I and II (pages 22 and 23).

In this three-fold process, the energetic framework (in

Step II) provides a crucial link between the asymptoti-

cally conserved quantities and the force framework.

By building up mechanics in this layered manner, the

distinct types of principles out of which mechanics is

built up—ranging from the most general to the most

specific—become clearly visible. For example, in addi-

tion to conservation and relativity, we find that compo-

sitional principles—often underlain by symmetries—also

play a fundamental role. It also becomes apparent that

other meta-theoretic desiderata, such as continuity, play

a pivotal role. For example, in our development, the

move from the first step to the second, where (in the

nonrelativistic case) a massless form of energy is posited,

is driven by the desideratum that total energy in an elas-

tic collision be continuously—not just asymptotically—

conserved. Similarly, in the relativistic case, a massless

form of momentum must be posited in order that mo-

mentum be continuously conserved. The latter contrasts

with the historical development, in which massless mo-

mentum was first introduced via Maxwell’s equations.

Second, since our approach depends primarily on rela-

tivity and conservation, the parallelism between nonrel-

ativistic and relativistic mechanics can be clearly exhib-

ited. The shift from nonrelativistic to relativistic me-

chanics is straightforwardly achieved by changing the

kinematical group by which relativity is implemented,

and by allowing the massless component of the ener-

getic system to bear momentum as well as energy. The

possibility of interconversion between rest energy and

other energetic forms directly follows from these changes,

without the customary appeal to other special consider-

ations (such as the laws governing the behaviour of pho-

tons).

Third, by approaching mechanics using the notion

of the energetic system—governed by its own overarch-

ing conservation law—certain results are obtained with

surprising ease. For example, an important conse-

quence of relativistic dynamics is that massless energy-

momentum transforms in the same way as corpuscular

energy-momentum. In the standard approach, this fact

is proved for the special case of a physical system de-

scribable via a stress-energy-momentum tensor [4] (see

also [5, 6]). However, in our approach, in the context

of the energetic framework, conservation and relativity

jointly imply that massless energy and momentum trans-

form as a four-vector, without recourse to any specific

model of the massless component. In addition, in the

nonrelativistic case, the corresponding argument shows

that massless energy is frame-invariant, a fact that is

generally taken as axiomatic in nonrelativistic thermo-

dynamics.

Finally, many features that are usually taken as
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axiomatic in standard presentations of nonrelativistic

mechanics—such as the mathematical form of the quan-

tities of motion (momentum, kinetic energy), the in-

variance of total mass, the frame-invariance of non-

corpuscular energy, Newton’s second and third laws,

and the frame-invariance of force—are systematically de-

rived, with the benefit of the insight that results from

the symmetry-based approach. Similar benefits accrue

through the treatment of special relativistic dynamics.

For example, interconvertibility of mass and massless en-

ergy is seen to directly arise through the interplay of con-

servation and relativity, without appeal to any explicit

model (such as electromagnetic) of the massless energy.

The paper is organized as follows. In Sec. II, we derive

nonrelativistic mechanics in an energetic framework, be-

ginning with the derivation of the nonrelativistic quan-

tities of motion (Sec. II A), and then building up the

energetic framework (Sec. II B). The development of the

Newtonian framework within the resulting structure, and

the insights to which this leads, are described in Sec. II C.

A comparison of the derivation with the standard presen-

tation of nonrelativistic mechanics in given in Sec. II D.

A parallel treatment of relativistic mechanics is carried

out in Sec. III. In Sec. IV, we briefly describe and analyze

a selection of other derivations of quantities of motion

from the literature.

In Sec. V, we clarify the structure of classical mechan-

ics in light of our derivation by classifying and analyzing

the physical principles employed, and examining the in-

sights that our approach provides about the subtle issues

that arose connected with conservation and relativity in

the historical development of mechanics. We conclude in

Sec. VI with a discussion of the relation between symme-

try transformations and conservation laws, and of ped-

agogical approaches to mechanics in light of the present

derivation.

II. NONRELATIVISTIC MECHANICS

A. Conserved quantities of motion

1. Derivation of particle energy as asymptotically conserved

scalar quantity of motion

In its simplest form, a scalar conservation principle (as

that posited by Descartes) applied to a set of bodies in

motion asserts that their total (scalar) quantity of motion

is conserved in any elastic collision. Here, the mathemat-

ical form of a body’s quantity of motion is as yet unspec-

ified, but it is presumed to be a function of its speed.

However, without knowing anything further about the

form of the quantity of motion, we can classify a collision

as elastic if the bodies’ initial and final speeds are the

same.

Now, if one supposes that, during a collision, a body

undergoes a continuous change of motion, it follows that

two equal bodies in head-on elastic collision can be mo-

mentarily stilled (in some inertial frame). Thus, one can

only hope to conserve their total quantity of motion if one

compares the collision’s pre- and post-collisional states.

Accordingly, we posit that the total quantity of motion

is asymptotically conserved. We then derive the math-

ematical form of the quantity of motion by considering

a specific elastic collision observed from two different in-

ertial frames, namely the lab frame, S, and a moving

frame, S′.
We assume that a particle of mass4 m with speed u has

a scalar quantity of motion fm(u), to which we henceforth

refer as its energy. By hypothesis, this function f is in-

dependent of the specific situation in which the particle

finds itself. Hence, if we can determine the form of f

by considering specific situations that we presume to be

possible, then that form of f must apply to all situations.

We further assume that the total energy of a system of

widely-separated particles is the sum of their separate

energies5.

Suppose that, as observed from inertial frame S, two

particles of equal mass approach from opposite direc-

tions, moving at the same speed, u, along the x-axis,

and collide elastically at the origin, O (see Fig. 1)6. We

assume that it is possible for the particles, after colli-

sion, to recede in opposite directions along the y-axis

with their speeds undiminished7. Suppose that frame S′

moves at speed v along the x-axis of S. Since asymptotic

4 The mass of a body is here taken as a measure of substance from
which a body is composed. In particular, no connection between
mass and inertia (degree of resistance to force) is implied. The
mass is assumed to be independent of the body’s state of motion,
and hence frame-independent.

5 For simplicity, this energy-additivity is taken as given here, but
is in fact a manifestation of the compositional symmetry of as-
sociativity (see Sec. V B).

6 We assume here that isolated bodies move at constant velocity.
7 Although the indicated collision is a premise of the following

argument, it can be traced to more primitive symmetry require-
ments: (a) The possibility of post-collisional motion of at least
one body along the y-axis (vertical) can be traced to the re-
quirement of continuity together with the fact that both grazing
and head-on collisions are possible. (b) The fact that the post-
collisional velocities must then be antiparallel can be traced to
the requirement that relatively-rotated reference frames are phys-
ically equivalent and the requirement that the same initial condi-
tions lead to the same final conditions. Specifically, suppose that,
as viewed in frame S, one particle post-collisionally travels along
the positive y-axis, but the other not along the negative y-axis.
Then an observer in a reference frame (S̃) rotated about the z-
axis (perpendicular to plane of collision, and passing through the
midpoint of the particles’ initial positions) of S by π would see a
collision with the same initial positions and velocities, but with
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FIG. 1. Derivation of nonrelativistic particle energy via
asymptotic scalar conservation and relativity. Consider an
elastic collision of two equal-mass particles, as viewed in
frames S and S′. In frame S, the particles, each of mass m,
approach at equal speed u, and recede along the y-axis at the
same speeds. In this frame, the total pre- and post-collisional
energy of the system (assumed, for widely-separated parti-
cles, to be sum of the energies of the separate particles) is
trivially conserved since the pre- and post-collisional speeds
are the same. By relativity, frames S and S′ are physically
equivalent, so that, if the situation in S is physically possi-
ble (as is here assumed), the situation in S′ is also. There-
fore, since energy is asymptotically conserved in S, it must
also be conserved in S′. That condition leads to a func-
tional equation, fm(u + v) + fm(u − v) = 2fm(

√
u2 + v2),

for the energy, fm(u), of a particle of mass m. Its solution
is fm(u) = au2 + b, where a, b are functions of m.

energy conservation trivially holds in frame S, and since

frames S and S′ are (by the principle of relativity) phys-

ically equivalent, asymptotic energy conservation must

also hold in frame S′, which leads to the condition, for

all u ≥ 0 and all v ∈ [−u, u],

fm(u+ v) + fm(u− v) = 2fm(
√
u2 + v2), (1)

one of the post-collisional velocities along the negative y-axis
and the other not along the positive y-axis. That is, the same
initial positions and initial velocities would lead to different post-
collisional velocities for observers in S and S̃. This inconsistency
can be avoided if the post-collisional velocities are along the posi-
tive and negative y-axes. Moreover, the same requirements imply
that the post-collisional speeds of the two particles are equal. (c)
The fact that, additionally, the post-collisional speeds coincide
with the pre-collisional speeds then follows from the assumptions
that (i) relatively-rotated reference frames are physically equiva-
lent, and (ii) the time-reversed version of an elastic collision (viz.
a collision that asymptotically conserves the total scalar quantity
of motion) is also possible.

whose general solution is

fm(u) = a(m)u2 + b(m), (2)

where a, b are undetermined functions of m (see Ap-

pendix A 1).

To determine the forms of functions a(m) and b(m),

assume that an object of mass m moving at speed u can

equally be regarded as a composite8 of two noninteracting

masses, m1 and m2, such that m = m1 + m2, moving

together at speed u. This composite has total energy

fm1(u)+fm2(u) = [a(m1) + a(m2)]u2+[b(m1) + b(m2)] .

Thus, for any m1,m2 and any u,

a(m1 +m2)u2 + b(m1 +m2) = [a(m1) + a(m2)]u2

+ [b(m1) + b(m2)] .

Therefore, functions a(m) and b(m) both obey Cauchy’s

additive functional equation,

a(m1 +m2) = a(m1) + a(m2)

b(m1 +m2) = b(m1) + b(m2),

which have general solutions a(m) = αm and b(m) =

βm, where α, β are numerical constants. Hence,

fm(u) = αmu2 + βm. (3)

The kinetic energy is αmu2, and the rest energy βm. As

the energy-scale is arbitrary up to a multiplicative factor,

we can set α = 1/2 to conform with convention.

2. Derivation of particle momentum as asymptotically

conserved vectorial quantity of motion

Using an argument due to Schütz [3], one now

finds that the scalar asymptotic conservation principle

implies—via another application of relativity—a vector

asymptotic conservation principle.

Consider a general elastic collision in which, in

frame S′, two objects of mass m1 and m2 undergo elastic

collision with initial velocities u1,u2, and separate at ve-

locities u′1,u
′
2. Energy conservation in frames S and S′

implies that

m1u
2
1 +m2u

2
2 = m1u

′2
1 +m2u

′2
2 ,

8 That the mass of the composite is equal to the sum m1 +m2 can
either be assumed, or derived from the compositional symmetry
of associativity (see Sec. V B).
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and that, for all v,

m1|u1 + v|2 +m2|u2 + v|2 = m1|u′1 + v|2

+m2|u′2 + v|2.

Subtracting the foregoing equations,

m1u1 +m2u2 = m1u
′
1 +m2u

′
2, (4)

which is asymptotic momentum conservation. It follows

that the asymptotically conserved vectorial quantity of

motion, gm(u)û, associated with a particle of mass m

moving at velocity u is αmu up to an additive vecto-

rial constant. Consideration of the elastic collision above

shows that the vectorial constant is zero. Finally, by re-

garding a massm as a composite of massesm1 andm2 (as

in Sec. II A 1, above) implies that a′(m) = α′m, where α′

is a numerical constant. Hence, a mass m moving at

speed u has vectorial quantity of motion

gm(u)û = α′mu. (5)

Following convention, we set α′ = 1, yielding the mo-

mentum mu.

Remark. One can also derive the form of the momen-

tum in a manner parallel to that used to derive the form

of corpuscular energy by positing a vector asymptotic

conservation principle, and then considering the elastic

collision above. The disadvantage of this approach is

two-fold: (i) the intuition behind a scalar conservation

principle—that quantity of motion is not lost, merely

redistributed—seems more compelling than that under-

lying a vector conservation principle; and (ii) the rela-

tionship between the two conservation principles is not

made evident. Nevertheless, this approach does work,

and yields the functional equation

g(v + u)− g(v − u) = 2g(w) · v
w
, (6)

where w =
√
u2 + v2. As shown in Appendix A 2, this

equation has general solution

g(u) = a′(m)u, (7)

where a′(m) is an undetermined function.

One might imagine considering instead the initial state

and stillpoint of an elastic head-on collision between two

equal masses initially travelling at equal speed u. Con-

servation of the vectorial quantity of motion in frame S′

would presumably then yield the equation g(v + u) −
g(v−u) = 2g(v), with solution g(u) = a′(m)u. However,

since conservation of energy in S′ implies that there is

some non-motive energy present at the stillpoint, one is

here making an implicit assumption, namely that there

is no momentum associated with this non-motive en-

ergy. While this happens to be true in the nonrelativistic

case, it is not true in the relativistic one. More impor-

tantly, this (implicit) assumption constitutes an assump-

tion about the larger energetic framework (see Sec. II B),

which deserves considered justification. Hence, in deriv-

ing the form of the vectorial quantity of motion, it is

advisable to consider only the asymptotic states of an

elastic collision, where (since the initial and final motive

energies are the same) no such assumption is required.

B. Continuous conservation of energy and

momentum in the energetic framework

We have noted above that conservation of a total scalar

quantity of motion can only hold asymptotically, and

only then for elastic collisions. In order to generalize

this conservation law so that it applies continuously, and

to all collisions, we must posit that every system of bod-

ies exists within a larger energetic framework that can

contain a massless component capable of bearing energy.

Since the imposition of continuous momentum conser-

vation encounters no obvious obstacles when applied to

bodies undergoing inelastic collisions, there is no specific

need to assume that the massless component is also ca-

pable of bearing momentum.

The question then arises as to what kinds of inter-

conversions of rest energy, kinetic energy, and massless

energy9 are possible, and how the energy of the mass-

less component transforms between frames. By requiring

continuous conservation of total energy and momentum,

and by imposing relativity, we shall see that (see Fig. 2):

1. System mass is conserved. Therefore, rest energy

cannot be dynamically converted into kinetic en-

ergy or massless energy.

2. Interconversion of kinetic energy and massless en-

ergy is permitted.

3. Massless energy takes the same value in all frames.

4. If two states—possibly of different systems—have

equal values of total mass, energy, and momentum

as observed in frame S, then this equality holds

true if the states are observed in any other inertial

frame.

9 By definition, massless energy refers to any form of energy other
than the two forms—namely, rest energy and kinetic energy—
that are explicitly associated with a massive body.
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FIG. 2. Mass conservation and frame-invariance of massless energy in the energetic framework. The energetic framework posits
that, in addition to a system of bodies with their energies and momenta, there exists a massless component capable of bearing
energy. Within such a framework, energy can be continuously (not just asymptotically) conserved. In this example, in frame S,
we consider a process in which the system initially has no massless energy, but dynamically evolves to a state in which the
massless energy is ∆E. If conservation of total energy and momentum is applied to this dynamical process as seen in frames S
and S′ (Eqs. (8), (9), (11), and (12)), one finds that momentum conservation implies total mass conservation (Eq. (10)), and
energy conservation then implies (Eq. (13)) the frame-invariance of massless energy, ∆E = ∆E′.

1. Interconversion between different forms of energy

Consider two states of a system. Observed in frame S,

the first contains masses mi moving with velocities ui,

but with the massless component bearing no energy. The

second state consists of (i) masses m̃i moving with ve-

locities ũi, as well as (ii) a massless component which

has energy ∆E. In what follows, quantities observed in

frame S′ are primed.

Imposition of momentum conservation in frames S, S′

yields, respectively,

∑

i

miui =
∑

i

m̃iũi (8)

and, for any v,

∑

i

mi(ui − v) =
∑

i

m̃i(ũi − v), (9)

which together imply that

∑

i

mi =
∑

i

m̃i. (10)

Thus, the conservation of momentum implies that no in-

terconversion of rest energy into either kinetic energy or

massless energy is possible.

We now impose energy conservation in frames S, S′. In

frame S, we obtain

1

2

∑

i

miu
2
i + β

∑

i

mi =
1

2

∑

i

m̃iũ
2
i + β

∑

i

m̃i + ∆E,

(11)

and, in frame S′, for all v,

1

2

∑

i

mi |ui − v|2 + β
∑

i

mi =

1

2

∑

i

m̃i |ũi − v|2 + β
∑

i

m̃i + ∆E′, (12)

which, together with Eq. (10), imply that

∆E′ = ∆E. (13)

That is, the massless energy is frame-invariant10, and so

10 In Sec. IV B, we discuss a derivation of nonrelativistic kinetic
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does not transform in the same way as the total energy

of the mass component, whose energy and momentum

transform as:

E′ = E −P · v +
1

2
Mv2 (14)

P ′ = P−Mv (15)

As we shall see later, this difference vanishes when

one employs the Lorentz—rather than Galilean—

transformations to relate inertial frames.

Due to these results, the application of continuous

conservation of energy and momentum conservation to

an energetic system (consisting of mass- and massless-

components) proceeds as follows:

1. When imposing energy conservation to states in-

volving a massless component, one must take into

account the energy, ∆E, of this component. That

is, in frame S, Eq. (11) becomes

1

2

∑

i

miu
2
i =

1

2

∑

i

m̃iũ
2
i + ∆E, (16)

subject to total mass conservation, Eq. (10). And,

in writing down the corresponding conservation

statement in frame S′, the energy of the mass-

less component ∆E′ takes the same value as in S,

namely ∆E.

2. As previously discussed, the momentum of the

massless component is presumed to be zero in all

frames, so that one need only consider momenta

associated with masses. That is, momentum is ‘in-

ternally’ continuously conserved.

2. Frame-invariance equality of (M,E,P)

Consider two systems, possibly containing differing

numbers of particles in different states of motion. Let

the systems be in states that, in frame S, are described

by the tuples (M,E,P) and (M,E,P). We show that, if

these tuples are equal in frame S, then the corresponding

tuples (M ′, E′,P′) and (M ′, E′,P′) of the two systems

as described in S′ are also equal.

The preservation of equality of M and M is immediate

from the frame-invariance of total mass, Eq. (10). Con-

energy due to Maimon in which the frame-invariance of massless
energy is implicitly assumed.

sider the quantities E and P describing the first system,

E =
1

2

∑

i

miu
2
i + β

∑
mi + ∆E,

P =
∑

miui,

(17)

where ∆E is the energy of the massless component.

Using Eq. (13), E and P transform as

E′ =
1

2

∑

i

mi |ui − v|2 + β
∑

mi + ∆E′

= E −P · v +
1

2
Mv2

(18)

and

P′ =
∑

mi(ui − v)

= P−Mv
(19)

Thus, the tuple (M ′, E′,P′) is determined by (M,E,P).

It follows that, if (M,E,P) = (M,E,P), then the tu-

ples (M ′, E′,P′) and (M ′, E′,P′) of the systems ob-

served in frame S′ are also equal. Consequently, the tu-

ple (M,E,P) can be thought of as the macrostate of the

energetic system (composed of a massive and massless

component).

In particular, note that, as (M ′, E′,P′) explicitly de-

pends upon M , one can find systems such that (E,P) =

(E,P) but (E′,P′) 6= (E′,P′). For example, consider

two systems, each containing two particles of equal mass,

moving at equal speeds in opposite directions along the

x-axis. Let the first system contain particles of mass m,

moving at speed u; and the second with particles of

mass m/4 moving at speed 2u. These systems have equal

energy (2mu2) and momentum (zero) in S, but unequal

energy and momentum in S′. In a relativistic framework,

however, the equality of (E,P) tuples of two systems is

frame-invariant, irrespective of whether or not these sys-

tems have equal masses (see Sec. III B 2).

C. Development of Newton’s dynamical theory

The development above is based on the consideration

of collisions. However, a dynamical theory must allow for

interactions between bodies even when separated, and

further allow for ongoing changes in motion. To build

such a theory, one requires an explicit model for motion-

change which is sufficiently broad as to be applicable to

widely-separated bodies in ongoing interaction.
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1. Staccato model of motion change

The simplest generalization of the previous collision-

based considerations is to assume that continuous inter-

action between, say, two bodies (that are, in general, sep-

arated from one another) can be arbitrarily well approx-

imated by a staccato model in which each body suffers a

rapid succession of small abrupt changes of its motion.

Between these changes—by the principle of inertia—

these two bodies move at constant velocity11. Due to

relativity, one can—without loss of generality—consider

the effect of each body’s change of motion in its initial

rest frame. In a body’s initial rest frame, S, an abrupt

change of motion causes the body, initially at rest, to

move off at velocity ∆u. Thus, the effect of the influence

on the body’s change of motion is completely character-

ized by ∆u.

Now, over a small time interval, ∆t, sup-

pose that a body undergoes n abrupt velocity

changes ∆u(1),∆u(2), . . . ,∆u(n), with the ith change

referred to frame S
(i)

in which the body is at rest

immediately prior to this change. Due to Galilean

kinematics, the net velocity change, ∆u, in the frame, S,

in which the body is at rest immediately prior all of

these changes, is the sum of these velocity changes,

∆u = ∆u(1) + ∆u(2) + · · ·+ ∆u(n). (20)

By Galilean kinematics, velocity changes are frame-

independent. Thus, as viewed in the lab frame, S, the

cumulative effect of these change is to cause the body to

undergo a change in velocity from u to u + ∆u.

2. Motion in a two-body system

Now, in a two-body system, it follows from the conser-

vation of momentum that, if one body undergoes abrupt

velocity changes due to the influence of the other, then

the other must undergo corresponding abrupt velocity

changes. Therefore, the only time-dependent quantities

that can be attributed to body i between velocity changes

11 Considering the motion of a body under the influence of a se-
quence of discrete impulses, between which the particle moves
inertially, as a way of deducing results concerning the motion of
the body when under the influence of a corresponding continu-
ous force is a tactic employed extensively by Huygens, Newton,
and others (see, for example, Ref. [2], where it is noted that
“From Newton to Laplace, impulses were usually regarded as
more fundamental, and continuous forces were assumed to be
equivalent, in their observable effects, to a very rapid succession
of impulses”). The specific argument given here is inspired by
the derivation given in §2.1 of Ref. [2]

are its position, ri, and velocity, ui. Over the inter-

val [t, t + ∆t], one also can compute an average accel-

eration ai = ∆ui/∆t.

Guided by the requirement of determinism, we now

postulate that each body’s average acceleration in ∆t

is determined by the bodies’ masses and their time-

dependent properties at the instant prior to the velocity

changes that occur during this interval. Since the bod-

ies move inertially between velocity jumps, these time-

dependent properties consist in the bodies’ positions and

velocities only. Hence,

a1 = f12(m1,m2; r1, r2;u1,u2) (21)

and

a2 = f21(m1,m2; r1, r2;u1,u2). (22)

Here, the influence function fij encodes the influence on

body i due to body j. As previously shown (Eq. (10)),

total mass is conserved. Here we additionally assume

that the mi of separated particles remain constant during

the interval.

Since the velocity change of each body takes the same

value for two inertial frames in uniform relative motion,

the fij must be do so also. Hence the latter can depend

only on the bodies’ frame-independent intrinsic proper-

ties, m1,m2, together with their relative position, r12 ≡
r2−r1, and relative velocity, u12 ≡ u2−u1. Furthermore,

due to the momentum conservation, namely

m1∆u1 +m2∆u2 = 0, (23)

the influence functions must satisfy the constraint

m1f12 +m2f21 = 0. (24)

If one defines the force functions F12 ≡ f12/m1

and F21 ≡ f21/m2, then the above constraint can be

re-expressed in terms of the force functions,

F12 + F21 = 0, (25)

while the motion-change of body 1 can be expressed as

m1a1 = F12, (26)

with F12 = F(m1,m2; r12,u12), where F is a vector-

valued function.

Body-centered forces in a two-body system. As indi-

cated above, in the two-body system, the force, F12, ex-

erted on body 1 by body 2 can depend upon their relative

position vector, r12 and upon their relative velocity u12.

We now show that, if the force does not depend upon u12,
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the equivalence of relatively-rotated inertial frames im-

plies that F12 lies along r12.

Consider a frame S′ that, relatively to the lab frame, S,

is rotated by π about r12. In frame S′, the parti-

cles’ relative position vector, r′12, is the same as that

in S—that is, r′12 = r12—but the acceleration, a′1, of

body 1 is Ra1, where R is a rotation by π about r12.

But, since r′12 = r12, the application of Eq. (26) in

frame S′—permitted because S′ is physically equivalent

to S—implies that the acceleration a′1 must be equal

to a1. Hence, Ra1 = a1, which implies that a1—and

thus also F12—lies along r12.

Thus, if a force acts between two bodies which does

not depend upon their relative velocity, it is necessarily

a central force, which implies (via Eq. (26)) that the total

angular momentum of the system is also conserved.

3. Composition of forces

We can extend the above model to a system of three or

more bodies by assuming that, during each interval ∆t, a

body suffers many small changes in velocity due to each of

the other bodies considered separately. Due to Galilean

kinematics, these velocity changes add vectorially. Thus,

denoting the velocity change of body i in interval ∆t due

to the presence of body j 6= i as ∆u
(j)
i , the actual velocity

change of body i due to the presence of all other bodies

is

∆ui =
∑

i 6=j
∆u

(j)
i (27)

=
∑

i 6=j
F(mi,mj ; rij ,uij)∆t/mi. (28)

If one writes

Fi = mi∆ui/∆t, (29)

where ∆ui/∆t is the average acceleration, this relation

can alternatively be expressed as

Fi =
∑

i6=j
F(mi,mj ; rij ,uij). (30)

That is, the net force on body i is the vector sum—for

all i 6= j—of the force exerted by j on i.

4. Smooth motion change

One can further assert that the ideal of smooth motion

change can be arbitrarily well by a time-average of the

motion of a system which is subject to infinitesimally-

small velocity jumps that are packed infinitely-densely in

time12. In that limit, the instantaneous acceleration ai =

lim∆t→0 ∆ui/∆t, so that

Fi = miai (31)

where Fi is determined through Eq. (30).

In summary, Newton’s framework can be seen to arise

the following assumptions (beyond those made earlier):

• Abruptness of change. Change in the motion of

a body, due to interaction with another, is well-

approximated as arising through a rapid succession

of small, abrupt velocity changes.

• Influence is a function of the mi, ri,ui. In a two-

body system, the change in velocity of a body in a

given time-interval due to the influence of the other

is a function of the bodies’ positions, and velocities,

together with their masses.

• Composition of influences. In a many-body system,

the change in motion of a body is the resultant

of that due to each of the other bodies considered

separately.

D. Comparison with standard presentations of

nonrelativistic classical mechanics.

Typical presentations of nonrelativistic classical me-

chanics are based around Newton’s laws of motion, to-

gether with a separate statement of the conservation of

energy and the expression for the work done by a force.

These may be summarized as follows:

I. Newton’s laws of motion

1. First law. An isolated body moves at constant

velocity as observed in an inertial frame.

2. Second law. A body subject to net force F expe-

riences a rate of change in its momentum given

by F = dp/dt, where p ≡ mu.

3. Third law. In a two-body system, the forces ex-

erted by one body on another are equal and op-

posite (F12 = −F21), and are directed from one

body to the other (F12 = α12r12).

4. Composition of forces. A body subject to

forces Fa,Fb,Fc, . . . experiences net force F =

Fa + Fb + Fc + . . . .

II. Energy

12 In Ref. [2], this is referred to as the secular principle.
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1. Energy conservation. The total energy—

composed of the sum of kinetic energy and non-

corpuscular energy—of any isolated system is

conserved.

2. Change in kinetic energy due to a force. A body

that moves dx whilst subject to force F experi-

ences a change in its kinetic energy dEk = F.dx.

A complete statement requires a number of additional

statements, such as the additivity of mass, the additiv-

ity of energy, the conservation of total mass, the frame-

independence of force, and the frame-independence of

massless (non-corpuscular) energy.

Such a presentation of mechanics raises a number of

questions. For example:

1. Quantities of motion.

(i) Why does the scalar quantity of motion take the

form mu2/2? Equivalently, why is the change

in kinetic energy given by the expression dEk =

F.dx?

(ii) Why does the vectorial quantity of motion take

the form mu?

(iii) Why are there two distinct conservation laws,

one involving the scalar quantity of motion, the

other a vector quantity of motion? And what

is the relationship between these conservation

laws?

2. Interrelation and interpretation of the laws of motion.

(i) Is Newton’s first law to be interpreted as a spe-

cial case of second? If not, what is its role?

(ii) Does Newton’s second law give a definition of

force, or does it embody a specific physical model

of particle motion?

(iii) Is the law of momentum conservation more fun-

damental than Newton’s laws, or rather to be

regarded as their consequence?

It is difficult to provide compelling answers to many of

these questions within the confines of the standard pre-

sentation of mechanics. It is important to recall that

many of these questions were the source of historical de-

bate in the two centuries following the formulation of

Newton’s laws, prior to the shift of attention (in the first

quarter of the twentieth century) to the foundations of

modern physics. For example, as indicated in the intro-

duction to Section IV and in Sec. V C 1, the historical

pathway to the mathematical form of the quantities of

motion was complex and indirect. This gave rise to lin-

gering doubt as to the proper means to quantify the de-

gree of motion of a body, as to whether kinetic energy

was a quantity of motion on a par with momentum, and

as to the relation between the laws of conservation of mo-

mentum and energy [7–9]. Another example concerns the

interpretation of Newton’s second law, which has often

been regarded as simply providing a definition of force

rather than being a genuine physical law that embodies

a specific model of particle dynamics13.

One of the advantages of the present derivation is that,

by building up mechanics from a different standpoint—in

particular by exploiting symmetry principles to a greater

degree than was the case historically—it is possible to for-

mulate compelling responses to most of the above ques-

tions. In brief:

1. Quantities of motion.

(i) As shown in Sec. II A, by considering a particular

collision (whose existence is justifiable by means

of general symmetry requirements) and making

use of the principle of relativity, the requirement

that the sum total of a scalar quantity of mo-

tion be asymptotically conserved determines the

quantity mu2/2 as the scalar quantity of motion.

That is, the mathematical form of the quantity

is determined by general principles and symme-

try requirements.

(ii) Another application of the principle of relativity

to a general elastic collision then implies that the

quantity mu is also asymptotically conserved.

Thus, in the elastic case, the conservation of one

quantity (kinetic energy) implies conservation of

the other.

(iii) As detailed in Sec. V C 2, the present approach

enables a nuanced understanding of the rela-

tionship between momentum and energy conser-

vation. In brief, for elastic collisions, asymp-

totic energy conservation plus relativity implies

asymptotic momentum conservation. However,

in the energetic framework, continuous conser-

vation of energy and momentum must be sepa-

rately postulated.

2. Interrelation and interpretation of the laws of motion.

(i) The derivation of the quantities of motion in

Sec. II A presumes Newton’s first law, which in-

dicates that its status is more fundamental than

the second law.

13 See, for instance, [10, p. 901], [11, p. 60]. See also the discussion
of Newtonian principles given in [12, Ch. 10] due to Poincaré (§8)
and Painlevé (§9); and also [2, §6–7].
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(ii) As shown in Sec. II C, Newton’s second law,

viz. F = ma, together with the fact that F is

a frame-independent function, arises from a spe-

cific model of motion-change—specifically, from

the assumption that motion-change in a system of

interacting bodies occurs via a rapid succession of

abrupt changes—as well as the above-mentioned

assumptions concerning the functional form of

two-body influence, and the composition of influ-

ences in a many-body system. It is this model, to-

gether with relativity, which implies that a func-

tion of the body’s average rate of change of ve-

locity (excluding any higher temporal derivatives

of position) provides the measure of the influence

exerted upon it. In the absence of such a simpli-

fying model, the measure of influence could con-

ceivably depend upon a finite number of temporal

derivatives of r. Thus, from this standpoint, the

second law embodies a specific model of motion-

change and is therefore not simply a definition.

(iii) In the present derivation, mechanics is built up in

three distinct steps, the first two of which involves

imposing conservation and relativity to derive the

quantities of motion, the conservation of mass,

and the frame-independence of massless energy.

Thus, from this perspective, the general notion of

conservation shapes the landscape in which New-

ton’s second and third laws subsequently take

root.

In addition, the present derivation provides a clear un-

derstanding of a number of subsidiary statements that

are a necessary part of the standard presentation but

are generally taken as axiomatic. For example, continu-

ous energy and momentum conservation in the energetic

framework (see Sec. II B) provides a principled under-

standing of why total mass is conserved, and why mass-

less energy (such as heat) is frame-independent.

A final advantage of the present approach becomes ap-

parent when one seeks to formulate a special relativistic

dynamics that is consistent with the Lorentz transforma-

tions. The standard presentation of nonrelativistic me-

chanics is based around Newton’s laws of motion, takes

the specific quantities of motion as axiomatic, and gives

a peripheral role to the principle of relativity. Conse-

quently, when one transitions from the Galilean trans-

formations to the Lorentz transformations, it is far from

obvious what features of the above framework must be

changed (and how they must be changed) and what fea-

tures can be retained.

In contrast, as shown in Sec. III, the present derivation

enables a transparent and systematic transition to special

relativistic dynamics. In particular, the change of trans-

formation group is implemented at the outset, the con-

sideration of an elastic collision immediately giving rise

to the relativistic expressions for corpuscular energy and

momentum. Already at this stage, one can see that to-

tal corpuscular momentum cannot be continuously con-

served. The requirement of continuous energy and mo-

mentum conservation accordingly forces the introduc-

tion of massless momentum in addition to massless en-

ergy into the energetic framework. Within the energetic

framework thus formulated, conservation of energy and

momentum then show that mass is no longer necessarily

conserved, and that massless energy-momentum trans-

forms in the same way as massive energy-momentum.

Finally, the notion of force can be introduced in a manner

that initially parallels the nonrelativistic case, while the

complexities that subsequently emerge are clearly trace-

able to the change in transformation group.

III. RELATIVISTIC MECHANICS

A. Conserved Quantities

We first derive the forms of the energy and momen-

tum of a particle by assuming asymptotic conservation

of energy for an elastic collision.

1. Kinetic & Rest Energy

In parallel to the nonrelativistic case (Sec. II A 1), we

assume that a particle of mass m with speed u has a

scalar quantity of motion F (u), to which we henceforth

refer as its energy. We assume that m is a frame-invariant

parameter, and that the total energy of a system of

widely-separated particles is the sum of their separate

energies.

Energy conservation for the collision of Fig. 1 as seen

in frame S′ implies that

F (u⊕ v) + F (u⊕−v) = 2F (w), (32)

where w =
[
(u/γ(v))

2
+ v2

]1/2
and ⊕ denotes collinear

relativistic velocity addition.

Defining function F̃ via the relation F̃ (γ(u)) = F (u),

and using the identities

γ(u⊕ v) = γ(u)γ(v)
[
1 +

uv

c2

]

γ(w) = γ(u)γ(v),
(33)
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this conservation equation can be rewritten

F̃ (x) + F̃ (y) = 2F̃

(
x+ y

2

)
, (34)

where x = γ(u ⊕ v) and y = γ(u ⊕ −v). This is

Jensen’s functional equation, with general solution (see

Appendix A 3)

F̃ (x) = ax+ b. (35)

Hence, for a particle of mass m, the conserved scalar

quantity of motion is Fm(u) = a(m)γ(u) + b(m),

where a(m) and b(m) are undetermined functions of m.

To determine the forms of a(m) and b(m),

write Fm(u) = a(m) (γ(u)− 1) + (a(m) + b(m)), and

consider the energy of a mass m = m1 + m2. The

energy can be computed in two different ways, which

must agree: Fm(u) = Fm1
(u) +Fm2

(u). Defining c(m) =

a(m) + b(m), one thus obtains

(
a(m)− [a(m1) + a(m2)]

)
(γ(u)− 1) +(

c(m)− [c(m1) + c(m2)]
)

= 0. (36)

Setting u = 0 shows that c(m) satisfies Cauchy’s addi-

tivity equation. The case u 6= 0 then shows that a(m)

also satisfies the additivity equation. Hence, a(m) =

a0m and c(m) = c0m, which imply b(m) = b0m,

where a0, b0, c0 are all constants.

Correspondence with the non-relativistic expression for

energy then requires that a0 = c2, so that

F (u) = γ(u)mc2 + b0m. (37)

A non-zero value of b0 would imply that there were

two distinct contributions to rest energy, namely b0m

and mc2. It does not seem possible to show that b0 = 0

using considerations involving conservation and symme-

try14. However, as b0 = 0 is empirically well-supported,

we assume at this point that b0 = 0 in order to avoid

undue complexity in what follows.

2. Momentum

The most direct way to derive the form of rela-

tivistic momentum is via Schütz’s argument. Consider

masses mi moving in frame S at velocities ui, which then

collide elastically and separate to yield masses mi mov-

ing at velocities ũi, with no massless energy. Energy

14 In Sec. IV E, we discuss an argument due to Einstein [13] which
purports to show that b0 = 0.

conservation in frames S, S′ yield

∑

i

γ(ui)mic
2 =

∑

i

γ(ũi)mic
2

∑

i

γ(u′i)mic
2 =

∑

i

γ(ũ′i)mic
2.

(38)

Using the relation γ(u′) = γ(u)γ(v)(1−uxv/c2), the lat-

ter can be rewritten

γ(v)
∑

i

γ(ui)
[
1− uixv

c2

]
mic

2

= γ(v)
∑

i

γ(ũi)

[
1− ũixv

c2

]
mic

2. (39)

Using the former, one thus obtains

∑

i

γ(ui)miuix =
∑

i

γ(ũi)miũix, (40)

which is momentum conservation in the x-direction. Mo-

mentum conservation in the y- and z-directions follows

similarly by considering frame S′ moving in those direc-

tions. Thus, the vectorial conserved quantity of motion

of a particle of mass m and velocity u is γ(u)mu up

to a multiplicative constant. Requiring correspondence

with the nonrelativistic momentum fixes this constant to

unity.

3. Photons

The relationship, E = pc, between the energy, E, and

momentum, p, of massless particles that travel at light

speed can be derived as the limiting case (m→ 0 with E

held fixed) of the expressions for energy and momentum

of massive particles. The relationship between energy

of such a particle (a ‘photon’) and the frequency of a

light wave can be obtained by applying conservation and

relativity to a process (a ‘collision’) in which two waves

of equal frequency f are incident along the y-axis, and

then scatter without change of frequency, receding along

a line inclined at angle θ to the line of incidence.

If one assumes that a luminous plane wave has asso-

ciated particles, each of whose energy, E, is a function

of the wave frequency, f , such that E = H(f), and one

then applies conservation of energy in frame S′, taking

the Doppler effect into account, one obtains the func-

tional equation

2H (γf) = H (γ(1− β cos θ)f) +H (γ(1 + β cos θ)f) ,

(41)

which holds for all β, θ. This yields the solution E = hf ,

up to an additive constant, where h is some constant.
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B. Continuous energy and momentum conservation

in an energetic framework

Let us now consider how to fit relativistic mechanics

into the energetic framework. If we continue to assume

that the massless component bears energy but not mo-

mentum, we run into an immediate problem. To see this,

consider a system of masses mi moving at velocity ui (for

simplicity, in one dimension) that interact and give rise

to masses m̃i moving at velocity ũi. Conservation of mo-

mentum in frames S and S′ yields:

∑

i

γ(ui)miui =
∑

i

γ(ũi)m̃iũi, (42)

and

∑

i

γ(ui⊕−v)mi(ui⊕−v) =
∑

i

γ(ũi⊕−v)m̃i(ũi,⊕−v)

(43)

which holds for any v. The latter becomes

γ(v)
∑

i

γ(ui)mi (ui − v) = γ(v)
∑

i

γ(ũi)m̃i (ũi − v) ,

(44)

which, via Eq. (42), implies that

∑

i

γ(ui)mi =
∑

i

γ(ũi)m̃i. (45)

That is, the total mass energy (rest energy plus kinetic

energy) is conserved. This has two striking consequences:

1. In an elastic collision in which two equal bodies

collide head on, momentum cannot be conserved

at the stillpoint if the bodies’ masses remain un-

changed. That is, momentum is no longer continu-

ously conserved.

2. If there is no additional contribution to a parti-

cle’s rest energy apart from mc2 (that is b0 = 0 in

Eq. (37)), the conversion of kinetic energy to mass-

less energy is not possible.

The second of these consequences is at odds with the

nonrelativistic case (where conversion from kinetic en-

ergy to massless energy is possible), and thus violates

the minimal requirement of correspondence. In order

to remove both of these difficulties, we modify the en-

ergetic framework so that the massless component can

bear momentum as well as energy. This change restores

the continuous conservation of momentum, and removes

the second difficulty above.

1. Interconversion of energy and momentum between

massive and massless forms

Consider again a system of masses—now in three di-

mension, with velocities ui in S—but allowing for a mass-

less component that can bear momentum as well energy.

Momentum conservation in frames S, S′ yields

∑

i

γ(ui)miui =
∑

i

γ(ũi)m̃iũi + ∆P, (46)

where ∆P is the massless momentum, and

∑

i

γ(u′i)miu
′
i =

∑

i

γ(ũ′i)m̃iũ
′
i + ∆P′. (47)

Energy conservation in frames S and S′ additionally

yields

∑

i

γ(ui)mic
2 =

∑

i

γ(ũi)m̃ic
2 + ∆E, (48)

and

∑

i

γ(u′i)mic
2 =

∑

i

γ(ũ′i)m̃ic
2 + ∆E′. (49)

Using the relation γ(u′) = γ(u)γ(v)(1−uxv/c2), the lat-

ter can be rewritten

γ(v)
∑

i

γ(ui)
[
1− uixv

c2

]
mic

2 =

γ(v)
∑

i

γ(ũi)

[
1− ũixv

c2

]
m̃ic

2 + ∆E′. (50)

Using Eqs. (48) and (46), this reduces to

∆E′ = γ(v) (∆E − v∆Px) . (51)

Similarly, using the relations

γ(u′)u′x = γ(u)γ(v)(ux − v)

γ(u′)u′y = γ(u)uy

γ(u′)u′z = γ(u)uz,

(52)

together with the Eqs. (46) and (48), Eq. (47) becomes

∆P ′x = γ(v)

(
∆Px −

v∆E

c2

)

∆P ′y = ∆Py

∆P ′z = ∆Pz.

(53)

Thus, the transition to the relativistic case—which in-

volves change of the transformation group and allow-

ing for massless momentum—brings about two major
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changes as compared with the nonrelativistic case. First,

the energy, ∆E, and momentum, ∆P, of the mass-

less component of the system transform in precisely the

same way as the energy and momentum of the mass-

component. Unlike the argument given by Laue [4], this

conclusion is reached without positing any specific model

of the massless energy (see Sec. III D 1 d for more discus-

sion on this point).

Second, variability of the system’s total mass is not dis-

allowed, so that the conversion of rest energy to kinetic

and massless energy is, in principle, possible. In particu-

lar, generalizing a line of argument due to Einstein [14],

suppose that a body, initially of mass m, at rest in S

emits massless energy ∆E with zero total massless mo-

mentum. Then, conservation of momentum implies that

the body is at rest in S after emission, while energy con-

servation in frames S and S′ yield, respectively,

E = ∆E + Ẽ (54)

E′ = γ(v)∆E + Ẽ′, (55)

where E, Ẽ are the initial and final energies of the body

in S, and the primed energies are likewise as observed

in S′. Subtraction gives

(E′ − E) = (γ(v)− 1) ∆E + (Ẽ′ − Ẽ). (56)

The energy differences (E′ − E) = (γ(v)− 1)mc2

and (Ẽ′ − Ẽ) = (γ(v)− 1) m̃c2 are the initial and final

kinetic energies of the body, where m̃ is the body’s post-

emission mass. Hence, the mass of the body changes due

to the emission:

m− m̃ = ∆E/c2. (57)

Note that, whereas Einstein’s original argument pre-

sumes that massless energy is electromagnetic in ori-

gin, the conclusion has been reached without any specific

model of the massless energy, and thus constitutes a gen-

eralization of the original argument (see Sec. III D 2 a for

more discussion).

2. Frame-invariance equality of (E,P)

Since the mass and massless components’ energy and

momentum transform in the same way, the total energy

and momentum, (E,P), of the energetic system trans-

form according to Eqs. (51) and (53). Hence, two sys-

tems with equal values of (E,P) in frame S will also

have equal values in frame S′, even if they have unequal

mass15. Thus, (E,P) can be regarded as the macrostate

of a relativistic energetic system.

C. Force and work in relativistic mechanics

Unlike the case in nonrelativistic physics, the continu-

ous conservation of momentum applied to the energetic

framework in the relativistic context requires that one

allow a form of momentum other than that associated

with the masses. Consequently, it is not possible to for-

mulate a dynamical theory of the masses without taking

into account the larger energetic framework (in which the

masses are embedded) and explicitly tracking the energy

and momentum of the massless component of the ener-

getic system.

Nevertheless, the notion of a force acting on a particle

can be developed in a manner parallel to that presented

in Sec. II C. As in Sec. II C, our analysis is based on

the following model of motion change: (i) a body’s re-

sponse to an influence takes the form of a rapid succes-

sion of small abrupt changes of its motion; and (ii) the

body moves at constant velocity in between these mo-

tion changes. Again, due to relativity, there is no loss

of generality in considering the effect of a body’s change

of motion within its instantaneous rest frame, S, so that

the abrupt change is characterized by the body’s change

of velocity, ∆u in S.

Now, suppose that, over a small time inter-

val, ∆τ , referred to S, the body undergoes n velocity

changes ∆u(2),∆u(2), . . . ,∆u(n), with the ith change re-

ferred to frame S
(i)

in which the body is at rest im-

mediately prior to this change. Due to the governing

Lorentzian kinematics, the net velocity change, ∆u, in

the frame, S, in which the body is at rest prior to all of

these changes, is approximately the sum of these velocity

changes,

∆u = ∆u(1) + ∆u(2) + · · ·+ ∆u(n) +O
(
δ3/c2

)
, (58)

where δ is of the order of the ∆u(i), and |δ/c| << 1.

However, the error term vanishes in the limit where

the ∆u(i) → 0. We will henceforth work in this

limiting case, neglecting this error term. Specifically,

we will suppose that, in frame S, infinitesimal veloc-

ity changes du1, du2, . . . referred to instantaneous rest

frames S
(1)
, S

(2)
, . . . combine additively to yield infinites-

imal velocity change du (referred to frame S) in the in-

terval dτ .

15 As described in Sec. IV C, this fact is used as an axiom in the
derivations of relativistic energy and momentum due to both
Ehlers et al. [15] and to Lalan [16].
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Accordingly, the influence on the body can be quan-

tified instantaneously via the proper acceleration, a =

du/dτ , which can be transformed to give the accelera-

tion in any other frame. The cause of the proper acceler-

ation a can then be posited as being due to an influence, f

on the body:

f =
du

dτ
, (59)

where f is some heretofore unspecified function.

Above, the notion of influence has been quantified in

the body’s instantaneous rest frame, S. This quantifi-

cation is special in the sense that influences are additive

in this frame due to the additivity of infinitesimal ve-

locity changes, and furthermore suffices for dynamical

predictions, provided f is known. The quantification of

influence in other frames, however, involves some degree

of arbitrariness16. One choice is to simply posit that

f =
du

dt
, (60)

where f is the influence on the body as observed in

frame S. The transformational relation between f and f

is then determined by the kinematical transformation of

acceleration between frames S and S. However, sup-

pose that, in frame S, two bodies interact elastically,

and that the resulting change of velocity occurs when

the bodies are so close that the propagation of influ-

ence between them occurs virtually instantaneously. In

that case, in an interval of time ∆t that includes the

interaction, the change of momentum can be entirely at-

tributed to the bodies. Thus, the bodies’ average acceler-

ations, ai = ∆ui/∆t, are constrained by the conservation

of momentum,

m1d (γ(u1)u1) +m2d (γ(u2)u2) = 0. (61)

In order to harmonize the definition of influ-

ence (Eq. (60)) and the above constraint on accel-

erations due to conservation of momentum, one can

instead choose to measure the influence on the body

via dp/dt, whose measure is given by the expression

F =
dp

dt
. (62)

We can accordingly speak of a force—with dynamical

measure dp/dt—acting on the body. In terms of force,

the conservation of momentum—for the special case of

16 Einstein alludes to the arbitrariness that is involved in extending
‘force = mass × acceleration’ to the relativistic setting in [17,
§10].

elastic interaction between minimally-separated bodies—

reduces to F1 + F2 = 0. Another reason, unrelated

to the conservation of momentum, for working with

force (rather than influence) is that it yields the correct E

and B field transformations when Lorentz’s force law is

assumed to hold in all frames [18].

Nevertheless, the above choice between measuring in-

fluence via f or via F is nontrivial since, unlike the situ-

ation in nonrelativistic mechanics, one is not determined

by the other17 given the body’s rest mass, m.

In general, although one can measure the force on a

particle through F = dp/dt, the lack of continuous con-

servation of total particle momentum means that there

is no general analogue to Newton’s third law. Note that

this conclusion does not rest upon suppositions concern-

ing the finite speed of motion of the massless component’s

momentum.

If a body is subject to influences due to many sources,

then one can assert the composition of influence (in anal-

ogy to Newtonian mechanics). Then, in the instanta-

neous rest frame S, due to the additivity of infinitesimal

velocity changes due to each of these influences, the cor-

responding influences (due to each of the sources) add

vectorially. Since force and influence coincide in S, it fol-

lows that the corresponding (proper) forces in this frame

also add vectorially.

Finally, it follows from the expressions for relativistic

energy and momentum derived above that F · dx quan-

tifies the increase in kinetic energy of a particle moving

through dx as it is acted upon by force F. A clearer

understanding—which traces back more directly to the

notions of conservation and relativity—would be desir-

able of why the same relation, namely dT = F · dx =

u · dp, holds irrespective of the transformation group by

which relativity is implemented.

D. Comparison with other presentations of

relativistic classical mechanics.

The derivation of relativistic mechanics given above

shows that certain fundamental results can be derived

more generally and/or more simply that previously

shown. In this section, we compare the above deriva-

tion with Einstein’s original derivation, and other key

arguments or theorems as appropriate.

Whereas presentations of nonrelativistic classical me-

chanics are quite standardized (typically based around

17 Specifically, F = γ3ma‖ + γma⊥, while f = a‖ + a⊥. Thus, for
a particle of given mass, the velocity u must be given in order to
convert F to f or f to F.
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Newton’s laws and the conservation of energy), presen-

tations of relativistic mechanics differ considerably from

each other as well as from Einstein’s original develop-

ment. Nevertheless, their key content can be summarized

as follows:

1. Energy and momentum

(a) Energy and momentum of massive particles.

(b) Energy-momentum relationship for massless

energy.

(c) Energy-frequency relationship of a photon.

(d) Transformation properties of massless energy

and momentum.

2. Equivalence of mass and energy

(a) Inconvertibility of mass and massless energy.

(b) Inertial behaviour of confined massless energy.

3. Generalization of Newton’s laws and work done by

a force

(a) Generalization of Newton’s second law.

(b) Non-generalizability of Newton’s third law.

(c) Composition of forces.

(d) Work done by a force.

1. Energy and momentum

a. Energy and momentum of a massive particle.

Einstein’s original derivation [17, §10] of relativistic ki-

netic energy of a particle is based on (i) Newton’s equa-

tions of motion for a slowly accelerated electron in an

electric field, (ii) the transformation properties of the

electric field (the latter derived by requiring the form-

invariance of Maxwell’s equations under Lorentz trans-

formations), (iii) the presumption that F = ma has the

same form in any inertial frame, and (iv) the work-energy

relationship.

Subsequent derivations by Tolman [19], Einstein [13],

and many others (see Sec. IV), do not make use of equa-

tions of motion and thus avoid any presumption regard-

ing the form that Newton’s second law takes in an inertial

frame, and also avoid invoking any specific (electromag-

netic) model of interaction. Instead, they adopt a more

general kinematic approach based around the principle

of relativity.

The derivation given in Step I (Sec. III A) adopts such

a kinematical approach, invoking both the asymptotic

conservation of energy as well as the principle of relativ-

ity, with relativistic momentum then being derived via

Schütz’s argument.

b. Energy-momentum relationship for massless en-

ergy. In the energetic framework, massless energy and

momentum have been introduced in an abstract manner,

namely without positing any specific model—for exam-

ple, an electromagnetic model—of the massless compo-

nent of the energetic system. As such, at this abstract

level, there is no necessary relationship between ∆E

and ∆P.

One can, however, establish that the relation-

ship ∆E = c∆P holds for massless energy in specific

cases. For example, this relationship can be derived if

one considers the case of massless energy that is particu-

late on the assumption that this type of massless energy

can be described by the limiting case (m → 0, with E

held constant) of the expressions for the energy and mo-

mentum of a massive particle. Alternatively, one could

consider massless energy in the form of a monochromatic

electromagnetic plane wave, and derive the above rela-

tionship using Maxwell’s equations and the standard ex-

pressions for energy and momentum density.

An alternative approach, which we do not detail here,

shows that this relationship follows from the requirement

that, if massless energy ∆E is confined to an accelerat-

ing massless box, then the box behaves as if it possesses

mass ∆E/c2. This approach has the benefit of not as-

suming that massless energy can be regarded as partic-

ulate or be describable via Maxwell’s equations, but is

instead based on the idea that massless energy must—

when confined—have inertia; or, in short, on the idea

that what we call mass is confined massless energy.

c. Energy-frequency relationship for a photon. The

energy-frequency relationship for a photon may be based

on the observation that the energy of a packet of elec-

tromagnetic energy-momentum and the frequency of a

plane wave transform in the same manner, the former

being derived from the transformation properties of the

electric and magnetic fields [17, §8]. For, if one then

posits that there exist quanta of electromagnetic energy

whose energy is a function of frequency, viz. E = H(f)

where H is a function to be determined, it then follows

that E = hf , where h is a constant.

In Sec. III A 3, we have shown that this relation can

alternatively be derived using the same approach as used

to derive the energy of a massive particle, namely by

positing the conservation of energy and the principle of

relativity as applied to a ‘collision’ between plane waves.

This argument rests on the assumption that the relation-

ship ∆E = c∆P holds between the energy and momen-

tum of a packet of massless energy-momentum, and the

above-mentioned assumption that there exist quanta of

electromagnetic energy whose energy is a function of fre-

quency. A benefit of this approach is avoidance of any

use of Maxwell’s equations.
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d. Transformation properties of non-corpuscular en-

ergy and momentum. The transformation properties of

energy and momentum have been established in the spe-

cial case of a physical system describable via a stress-

energy-momentum tensor, Tµν , by Laue [4] (see also [5,

6]).

However, as we have shown in Step II (Sec. III B),

it is possible to derive the transformation properties of

massless energy quite generally, without needing to spec-

ify any particular model of the massless component of

the energetic system. In addition, the simplicity of the

derivation enables one to clearly see that these transfor-

mation properties follow as a direct consequence of the

transformation properties of corpuscular energy and mo-

mentum, as well as enabling a direct comparison with

the corresponding results in the nonrelativistic case (see

Sec. II B).

2. Equivalence of mass and energy

a. Interconvertibility of mass and massless energy.

Einstein’s 1905 argument to show the interconvertibility

of mass and massless energy [14] is based on a thought ex-

periment in which a body, initially at rest in S emits two

equal packets electromagnetic energy in opposite direc-

tions. The conclusion, that the body suffers a decrease in

mass of ∆E/c2 due to the emission of energy ∆E, is thus

based on the use of a specific model (an electromagnetic

model) of the massless energy.

However, as shown in Sec. III B, it is possible to derive

this result on the basis of the transformation properties of

massless energy-momentum alone, which in turn can be

derived without recourse to any specific model of massless

energy-momentum.

b. Inertial behaviour of confined massless energy.

The inertial behaviour of confined massless energy is

the second leg of mass-energy equivalence, and under-

pins the idea that mass is a form of trapped (or la-

tent) directed massless energy. As we have mentioned

above (Sec. III D 1 b), Einstein’s argument to show such

inertial behaviour can be turned around to argue that,

if confined massless energy has the expected inertial be-

haviour, then ∆E = c∆P holds for the confined massless

energy.

3. Generalization of Newton’s laws and work done by a

force

a. Newton’s second law. The generalizations of

Newton’s second law to the relativistic regime carried out

by Einstein [17, §10] and Planck [18] consider a charged

particle interacting with an electromagnetic field, employ

the Lorentz force law, and assume the transformation

properties of the electromagnetic field. Planck’s pro-

posal, namely that one generalize Newton’s second law

to F = dp/dt, where p is the relativistic momentum, is

nowadays chosen in preference to Einstein’s (who pro-

posed to generalize the expression F = ma, which had

the undesirable feature of requiring that m be general-

ized to take into account the direction of the acceleration

relative to that of the velocity).

In contrast, the approach taken in Step III (Sec. III C)

parallels that employed in deriving Newton’s second law

in the nonrelativistic case, and considers a particle sub-

ject to discrete impulses. The relativistic generalisation

of the dynamical measure of force (F = dp/dt, where p is

relativistic momentum) is arrived at by appealing to the

validity of the conservation of momentum in the special

case of two bodies that are so close that the propaga-

tion of influence between them occurs virtually instanta-

neously. In particular, no appeal to an explicit model of

particle interaction is required.

b. Newton’s third law. The non-generalizability of

Newton’s third law to the relativistic regime is typically

argued on the basis of the finite propagation of influences

between bodies, which implies that corpuscular momen-

tum cannot be continuously conserved.

In the present approach, the fact that corpuscular mo-

mentum is not continuously conserved (which prompts

the introduction of the massless momentum in the en-

ergetic framework) directly implies that Newton’s third

law does not carry over to the relativistic regime.

c. Composition of forces. Newton’s principle of the

composition of forces is typically inferred to hold in a

body’s instantaneous rest frame on the basis of the gen-

eralized form of Newton’s second law.

In the approach taken in Step III (Sec. III C) to gener-

alize Newton’s second law, the instantaneous rest frame

of a body plays a privileged role from the outset since

infinitesimal velocity changes are additive only in this

frame. Consequently, one finds that the natural general-

ization of the corresponding nonrelativistic argument is

to take the proper acceleration as a measure of the in-

fluence on the body. Since infinitesimal velocity changes

are additive in this frame, the influences on the body also

compose additively. And, since force and influence are

proportional to one another in this frame, forces in this

frame compose additively. In this manner, the underly-

ing reason for the specific way in which the principle of

composition of forces must be generalized is made clear.

d. Work done by a force. In Einstein’s original de-

velopment [17, §10], the nonrelativistic formula for the

work done by a force, dW = F ·dx, is assumed to hold in

the relativistic domain, forming the basis for the deriva-
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tion of the relativistic kinetic energy of a particle.

In contrast, the above approach avoids such an as-

sumption, showing that the expression dW = F · dx
follows from the previously-derived expressions for the

relativistic energy and momentum of a particle and the

generalized form of Newton’s second law.

IV. PRINCIPLED DERIVATIONS OF

QUANTITIES OF MOTION

The notion that a body in motion has an associated

quantity of motion dependent upon both its speed and

its quantity of matter (henceforth referred to as ‘mass’,

on the understanding that the Newtonian distinction be-

tween mass and weight is not implied) occurs as early as

the fourteenth century in Buridan’s penetrating analysis

of the motion of projectiles and other bodies (such as

ships and grindstones)18. Buridan first argued that, as a

body moves through the air, the air acts to resist (rather

than, as Aristotle asserted, to maintain) the motion of

the body. He then remarks that, given two projectiles of

identical external shape and material form but differing

mass—say, a hollow brass sphere and a solid brass ball

of identical size and outer appearance—moving at the

same speed, the heavier projectile suffers less diminution

in speed than the lighter19.

Buridan observes that this phenomenon can be ex-

plained if one assumes that each body has a quantity

of motion, its impetus, an increasing function of both its

mass and speed, and that it is this quantity that is de-

graded by air resistance. For, on the assumption that the

resistance of a body depends on its external size, shape,

and texture, but not its mass, the two projectiles would

experience the same rate of diminution of their quanti-

ties of motion, but the heavier would suffer a lower rate

of reduction in speed. He further asserts, presumably on

the grounds of mathematical simplicity, that the impetus

of a body is a linear function of its mass and speed, mu.

Descartes subsequently echoed Buridan’s assertion

that the quantity of motion is mu, which Newton and

others subsequently vectorialized in order to handle in-

elastic collisions. The first principled derivation of a

quantity of motion—mu2—appears to have been due to

Huygens, which was based on Galileo’s law of free fall

18 See [20, 21] for illuminating discussions. Buridan’s ‘The impetus
theory of projectile motion’ (from ‘Questions on the Eight Books
of the Physics of Aristotle’) is available in [22] (see particularly
p. 275).

19 Buridan speculates that, if such resistance were entirely absent,
a body would continue its motion indefinitely, and that such a
condition might obtain with heavenly bodies.

and on Torricelli’s principle (see Sec. V C 1). The impor-

tance of removing the dependency on specific laws (such

as Galileo’s law of free fall) in favour of general principles

was recognized, for example by Jean Bernoulli (leading

to a submission to the Académie des Sciences in 1724),

but not resolved20.

As far as we have been able to ascertain, the first sys-

tematic derivation of the expressions of both momentum

and energy from broad symmetry principles (for example,

those based on the concepts of conservation and relativ-

ity), rather than specific laws, did not appear until the

start of the twentieth century—Mach [23] and Dugas [12],

for example, in their historically-minded analyses of the

development of mechanics, make no mention of such

derivations. However, such derivations began to appear

soon after the beginning of the twentieth century (see,

for example, Ref. [19]), apparently spurred by Einstein’s

special theory of relativity. Similar derivations have con-

tinued to appear, with many variations, until the present

day.

The common feature of these derivations is the use

of the principle of relativity to view a mechanical sit-

uation (most commonly a collision) from two different,

but physically equivalent, standpoints. However, these

derivations differ in the additional main idea that they

employ. For example, some assume the conservation of a

scalar quantity of motion, while others introduce a prin-

ciple that relates the total energy and/or momentum in

different frames. Those derivations that consider a colli-

sion (rather than some other mechanical situation) differ

in the particular collision that they consider—whether

one-dimensional or two-dimensional; whether specially

chosen (for example, possessing special symmetries) or

not; whether elastic, inelastic, or completely inelastic. If

inelastic, some additional considerations concerning non-

motive energy are involved.

Below, we briefly describe and analyze a few selected

derivations of particular interest.

A. Desloge (1976)

Desloge [24, 25] considers elastic collisions similar to

that which we have done, except the masses after colli-

sion recede from one another along any line. Specifically,

identical particles approach one another from opposite di-

rections at speed u along a line of incidence represented

by unit vector n̂, and emerge from their collision moving

20 For details of the broader context of Bernoulli’s submission,
see [7], Chapter 7. Bernoulli’s alternative derivations are dis-
cussed in Chapter 8.
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at their original speeds in opposite directions along a line

of recession n̂′; and all u, n̂, n̂′ are possible. Rather than

separately seeking a scalar conserved quantity which is

a function of speed as we have done, Desloge seeks an

additive function, h, of velocity. In a frame S′ moving at

velocity v, he thus obtains

h(v + un̂) + h(v− un̂) = h(v + un̂′) + h(v− un̂′), (63)

which is to hold for all u, n̂, n̂′,v.

This equation has a rather elegant geometric interpre-

tation. Consider a sphere of radius u with centre at v.

Then the sum of the h-values at a pair of antipodal points

is the same as that at any other pair, and is also inde-

pendent of the sphere’s radius and centre. One could

regard this equation as a variation of Jensen’s functional

equation. As such a view would lead one to expect, the

general solution contains terms linear in the components

of the vector argument. However, the general solution

also contains a quadratic term, so that

h(u) = a+ b · u + cu2, (64)

with arbitrary a,b, c, whose values could depend upon

particle properties.

Additional arguments show that µu and a+ 1
2µu

2 are

separately conserved, where a, µ are particle parameters.

The connection of µ to mass is made ([11], Chapter 8)

by defining µ as the relative mass of a particle (so that

mass is operationally measured via Weyl’s procedure),

but the relation of parameter a to mass is not investi-

gated. The treatment of relativistic quantities of motion

is analogous.

Remarks. Compared with our approach, Desloge re-

quires that one consider a more general collision (one

with an arbitrary line of recession), as well as arbitrary

relative direction of movement of frames S, S′. Math-

ematically, the approach employs a functional equation

whose solution is rather intricate (owing to the vector

argument of the unknown function), and requires addi-

tional, lengthy arguments to pare down the number of

particle parameters. The payoff of this greater complex-

ity is (i) a derivation of both energy (up to an addi-

tive particle parameter, in the nonrelativistic case) and

momentum via a single functional equation, and (ii) a

demonstration that these are the only quantities of mo-

tion that are independently conserved in an elastic colli-

sion.

B. Maimon’s derivation of nonrelativistic kinetic

energy (2011)

Maimon’s derivation21 of nonrelativistic kinetic energy

is noteworthy as it considers an inelastic collision, specif-

ically a completely inelastic head-on collision of equal

masses moving at the equal speeds. An additive scalar

conserved quantity is assumed to exist to which two types

of contribution can occur—one due to mass (in which

case it is assumed to be a function of speed), and the

other a non-mass type referred to as ‘heat’. The latter is

implicitly taken to be frame-independent. When viewed

in frames S, S′, one obtains respectively

f(u) + f(u) = ∆ (65)

f(u+ v) + f(u− v) = 2f(v) + ∆′. (66)

Assuming ∆ = ∆′ (that is, quantity of ‘heat’ is frame-

independent), one can eliminate ∆ to obtain

f(u+ v) + f(u− v) = 2f(u) + 2f(v). (67)

Although the author (correctly) guesses its solution (in

the special case where u = v), this equation is known

as the quadratic functional equation22, and has general

solution f(u) = au2. We remark that this solution lacks

a rest energy term due to the inelastic nature of the col-

lision that is considered.

Remarks. The derivation is brief and elegant, reduc-

ing to a well-known functional equation. However, the

derivation cannot be immediately generalized to the rel-

ativistic case since the assumption that ‘heat’ is frame-

invariant no longer holds true. This makes clear that the

assumption is not as trivial as it may initially appear.

As we show in Sec. II B 1, the fact that the quantity of

‘heat’ is frame-invariant in the nonrelativistic case can

be derived by applying conservation and relativity in an

energetic framework.

C. Ehlers, Rindler, and Penrose (1965)

The derivation of Ehlers et. al. [15] of relativistic and

nonrelativistic energy is based not on a consideration

of collisions, but on the following assumptions (that to-

gether constitute their Assumption II ):

1. Direction-independence of energy of a two-particle

system. The sum of the energies of a pair of equal-

mass particles approaching each other at equal and

21 See http://www.physics.stackexchange.com/questions/535/
22 See, for example, Ref. [26], Chapter 9
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opposite speeds along a line is independent of the

direction of this line.

2. Frame-invariance of equality of total energy. If two

such systems, differing only in their lines of ap-

proach, have equal energy, then that equality holds

even when the systems are observed in another in-

ertial frame.

The first of these assumptions follows from the general

notion of the isotropy of space, so the real weight is borne

by the second. The nontriviality of the second assump-

tion can be seen by noting that the assumption fails if

the two particles instead move in the same direction.

In any case, once these assumptions are granted, the

authors consider two systems, each composed of two

equal-mass particles approaching each other along a line

at speed u, where the lines of approach are along the x-

and y-axes. Equating the sum of the energies of these

two systems as seen in a moving frame (speed v), they

obtain (in the nonrelativistic case):

f(u+ v) + f(u− v) = 2f(
√
u2 + v2), (68)

which is the same as our Eq. (1). The equation is solved

by reduction to Jensen’s equation by writing E(w2) =

f(w) and noting that u2 + v2 = 1
2 (u′21 + u′22 ), where u1 =

u+ v and u2 = u− v:

E(u′21 ) + E(u′22 ) = 2E

(
1

2
(u′21 + u′22 )

)
. (69)

The relativistic case follows the same pattern.

Remarks. The derivation is based not on conserva-

tion, but on an assumption (frame-invariance of equality

of total energy for a given mechanical situation) which

does not appear to follow naturally from elementary con-

siderations. As we point out in Secs. II B 2 and III B 2,

this assumption can itself be obtained as a by-product of

deriving mechanics within an energetic framework.

A similar derivation by Lalan [16] (discussed in [27,

§24]) obtains expressions for relativistic energy and mo-

mentum of a particle from the assumption that, if two

systems have the same energy and momentum in one

frame, then they also have the same energy and momen-

tum in any other inertial frame. Like Ehlers et. al., Lalan

considers two systems, each consisting of pair of identi-

cal particles approaching each other at equal speeds, with

the lines of approach along the x- and y-axes. He thereby

obtains separate functional equations for relativistic en-

ergy and momentum, which, rather than being solved

explicitly, are shown to be consistent with the known ex-

pressions for these quantities.

D. Sonego and Pin (2005)

Sonego and Pin [28] consider two bodies colliding elas-

tically in one dimension. No special symmetries are as-

sumed. The kinetic energy of a body is taken to be a

function T (u) of its speed u, and the asymptotic conser-

vation of total kinetic energy is assumed in frame S:

T (u1) + T (u2) = T (ũ1) + T (ũ2), (70)

where ui and ũi are the pre- and post-collisional speeds

of body i. Schütz’s argument is then used to obtain an

expression for the momentum, p, in terms of the unknown

function T . The authors then assume that dT = udp,

which yields an equation that can be solved for T , for

both the nonrelativistic and relativistic cases.

Remarks. The argument is innovative in its combina-

tion of Schütz’s argument (to obtain momentum in terms

of kinetic energy) with the positing of a relationship be-

tween momentum and energy as a way of fixing these

quantities.

The main weakness of the argument is the lack of justi-

fication of the specific relation between dT and dp which

is posited. The authors point out that this relation fol-

lows from dT = Fdx, which they regard as axiomatic (as

the definition of kinetic energy). But it is unclear why

one should regard dT = Fdx as more fundamental than

the relationship between, say, kinetic energy and speed,

which one seeks to derive. Furthermore, as we have

pointed out in Sec. III C, in view of the changes sus-

tained by the expressions for energy and momentum in

moving from nonrelativistic to relativistic mechanics, it

is remarkable that dT = Fdx should hold in relativis-

tic and nonrelativistic mechanics alike—we know of no

simple argument for why this should be so.

E. Einstein (1935)

Einstein’s derivation [13] considers an elastic collision

of equal bodies which, in frame S, approach along a

line at equal speed u, and recede along another line at

speed u. He shows that, viewed in frame S′, it follows

from velocity addition formulae that:

γ(u′1) + γ(u′2) = γ(ũ′1) + γ(ũ′2)

u′1γ(u′1) + u′2γ(u′2) = ũ′1γ(ũ′1) + ũ′2γ(ũ′2).
(71)

On this basis, the quantities (γ(u)− 1)mc2 and γ(u)mu

are taken as the kinetic energy and momentum, respec-

tively.

A second argument is then given which aims to show

that the rest energy is (or can be taken to be) mc2. A
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variation of the above collision is considered in which the

bodies collide inelastically, with the kinetic energy lost in

the collision presumed to result in an equal mass-increase

of the two bodies. Thus, in frame S, the bodies, each

initially of mass m, approach, both moving at speed u;

and then recede (now each of mass m̃), both moving at

speed ũ. Taking the rest energy of each mass to be E0,

the conservation of energy in frames S and S′ then yields:

2E0 + 2mc2 [γ(u)− 1] = 2Ẽ0 + 2m̃c2 [γ(ũ)− 1] (72)

and

2E0 +mc2 [γ(u′1) + γ(u′2)− 2]

= 2Ẽ0 + m̃c2 [γ(ũ′1) + γ(ũ′2)− 2] . (73)

Using the fact that γ(u′1)+γ(u′2) = 2γ(u)γ(v) and γ(ũ′1)+

γ(ũ′2) = 2γ(ũ)γ(v), these yield

E0 −mc2 = Ẽ0 − m̃c2, (74)

from which it follows that the change in rest energy of

each body, (E0 − Ẽ0), is proportional to its change of

mass, (m − m̃). Einstein then argues that, since rest-

energy changes are only determined to within an addi-

tive constant, “one can stipulate that E0 should vanish

together with m”, hence that E0 = mc2.

Remarks. The first part of the argument is similar to

that we have used, although the collision under consid-

eration is more general, and explicit functional equations

are not formulated. The second part of the argument

presumes that conversion of kinetic energy to mass en-

ergy is possible. However, as we have seen in Sec. II B 1

and III B 1, whether or not this is the case depends on the

form of the energy of a mass, and upon other assumptions

concerning the wider energetic system; and is indeed not

true in the nonrelativistic energetic framework. If the

presumption is nevertheless granted (which risks inad-

vertently assuming what is to be proved), then the con-

clusion of the argument can be strengthened by using the

result of Eq. (37), according to which E0 = mc2+b0m for

mass m. Insertion into Eq. (74) implies that either b0 = 0

or m = m̃. But, by hypothesis, the collision is inelastic,

so that m 6= m̃, which implies that only the former pos-

sibility (b0 = 0) survives. Thus, E0 = mc2.

V. STRUCTURE OF CLASSICAL MECHANICS

A. Overview

In the previous sections, classical mechanics has been

reconstructed in three distinct steps:

I. Derivation of the asymptotically conserved quanti-

ties of motion via conservation and relativity.

II. Construction of the energetic framework (moti-

vated by continuous conservation of energy and mo-

mentum).

III. Construction of the force framework (motivated by

treatment of continuous interaction between sepa-

rated particles).

These steps—and the principles employed, and results

obtained, therein—are summarized in Tables I and II.

1. Classification and Explanatory Role of Physical

Principles

In order to clarify the structure of mechanics, and to

facilitate the following discussion, Tables I and II employ

the following classification of physical principles accord-

ing to their explanatory role23:

1. Uniformity Principles (U). A uniformity principle

posits constancy of some property in a particularly

simple case. As uniformity seems to demand little

or no explanation (in comparison to non-uniformity),

uniformity principles often have a grounding role in a

theory. Examples of uniformity principles include the

principle of inertia (describing the simple case of the

motion of an isolated body), and the principle of in-

difference (uniform a priori probabilities) in Bayesian

probability theory (which prescribes how to assign-

ment a probability distribution when no specific infor-

mation is available).

2. Equivalence Principles (EQ). An equivalence principle

asserts that the same physical laws apply to physical

phenomena observed from two or more different stand-

points, or to a physical system placed in two or more

different contexts. These principles enable one to ex-

plain what can happen by pointing to something else

that can happen, Huygens’ derivations of his laws of

collision being an exemplar24. Examples of equiva-

lence principles include Galileo’s principle of relativity

and Einstein’s equivalence principle.

23 The classification given here is extracted from [29]. The full clas-
sification described therein contains additional types of principle
which are not required in the present discussion.

24 For example, using Galilean relativity, one can explain what hap-
pens in an elastic head-on collision of equal bodies moving at un-
equal speeds u1, u2 in terms of what happens when those some
bodies collide at equal speeds (u1 + u2)/2. See also footnote 31.
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I. Quantities of motion II. Energetic framework III. Force framework

Entities Particles Massive & Massless Components Massive & Massless Components

Properties mass (m); position (r), velocity (u);
scalar quantity of motion, fm(u)

Particles: mass; position, velocity;
energy fm(u) = βm+mu2/2;
momentum mu

Massless component: energy, ∆E

Particles: mass; position, velocity;
energy fm(u) = βm+mu2/2;
momentum mu

Massless component: energy, ∆E

Principles &

Assumptions

U1 Principle of inertia
EQ1 Relativity
EL1 Asymptotic conservation of to-
tal scalar quantity of motion in elas-
tic collision
C1 Additivity of mass
C2 Additivity of scalar quantities of
motion
S1 Specific elastic collision

EQ1 Relativity
EL2&3 Continuous conservation of
total energy and momentum
C3 Additivity of energies of massive
and massless components

U1 Principle of inertia
EQ1 Relativity
EL3 Continuous conservation of total
momentum
C5 Composition of influences
S2 Abruptness model of motion-change
& concept of influence

Results Corpuscular energy: βm+mu2/2

Corpuscular momentum: mu

System mass is conserved
(
∑
mi =

∑
m̃i)

Massless energy is frame-
invariant (∆E′ = ∆E)

(M, E, P) is macrostate of system,
where E,P are its total energy and
momentum

For two bodies:
(i) mai = Fi(m1,m2; r1, r2; ṙ1, ṙ2; . . . ),
with force Fi frame-independent;
(ii) F1 + F2 = 0, with the Fi central if
velocity-independent

Composition of forces (Fi =
∑

i 6=j Fij)

Work-energy theorem (dT = F · dx)

Remarks Total corpuscular energy,
∑
βmi +

miu
2
i , and momentum,

∑
miui, are

asymptotically conserved in elastic
processes.

Total system energy, ∆E+
∑
βmi +

miu
2
i , and momentum,

∑
miui, are

continuously conserved in all pro-
cesses.

Motivations That the sum total of a scalar quan-
tity of motion be asymptotically con-
served in an elastic collision.

That total system energy be contin-
uously conserved in an elastic colli-
sion.

That a system of interacting bodies
evolve deterministically.

TABLE I. Structure of nonrelativistic mechanics. The derivation occurs in three distinct steps. In each step, the table
summarizes (a) entities and their properties; (b) the principles and assumptions employed; (c) the main results, and (d) the
key motivation. Each principle or assumption is preceded by a label (U, EQ, EL, C, CR, S) indicating the category of
principle (uniformity, equivalence, eliminative, compositional, correspondence, special) to which it belongs (see Sec. V A 1)
followed by a number. The principles are numbered so as to emphasize the parallelism with the derivation of relativistic
mechanics. As a consequence, one principle, namely C4 (additivity of momenta of the massive and massless components), is
not used above. Note that the results of one step are incorporated into the following step (if one exists). The transition from
Step I to Step II is driven by the desideratum that energy be continuously—not just asymptotically—conserved. The desire to
treat continuous interactions between separated bodies drives the transition from Step II to Step III.

3. Eliminative Principles (EL). An eliminative principle

asserts that not all conceivable physical states, pairs

of states (at two different times), or processes are pos-

sible, and specifies a constraint that realizable states,

pairs of states, or processes must satisfy. Examples of

eliminative principles include the principles of conser-

vation of energy and momentum, the principle of least

action, and Pauli’s exclusion principle25.

25 The first principle acts as a constraint on which start- and end-

4. Compositional Principles (C). A compositional prin-

ciple asserts that, at some level of description, the de-

scription of a larger entity is determined by the corre-

sponding description of its components. Various enti-

ties can be referred to, such as systems, trajectories,

states can be dynamically connected; the second as a constraint
on allowable paths connecting given initial and final configu-
rations; and the third as a constraint on allowable quantum
numbers (‘old’ quantum theory) or on possible multiparticle
states (‘new’ quantum theory).
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I. Quantities of motion II. Energetic framework III. Force framework

Entities Particles Massive & Massless Components Massive & Massless Components

Properties mass (m); position (r), velocity (u);
scalar quantity of motion, Fm(u)

Particles: mass; position, velocity;
energy γ(u)mc2;
momentum γ(u)mu

Massless component:
energy, ∆E; momentum, ∆P

Particles: mass; position, velocity;
energy γ(u)mc2;
momentum γ(u)mu

Massless component:
energy, ∆E; momentum, ∆P

Principles &

Assumptions

U1 Principle of inertia
EQ1 Relativity
EL1 Asymptotic conservation of to-
tal scalar quantity of motion in elas-
tic collision
C1 Additivity of mass
C2 Additivity of scalar quantities of
motion
CR1 Correspondence of relativistic
energy expression in the limit of
small speeds
S1 Specific elastic collision
S3 Rest energy has no mass-
independent contribution

EQ1 Relativity
EL2&3 Continuous conservation of
total energy and momentum
C3&4 Additivity of energies and mo-
menta of massive and massless com-
ponents

U1 Principle of inertia
EQ1 Relativity
EL3 Continuous conservation of total
momentum
C5 Composition of influences
S2 Abruptness model of motion-change
& concept of influence

Results Corpuscular energy: γ(u)mc2

Corpuscular momentum: γ(u)mu

Massless energy and momentum
transform between frames in the
same manner as corpuscular energy
and momentum

(E, P) is macrostate of system,
where E,P are its total energy and
momentum

dp/dt = F, with force F frame-
dependent;
Composition of forces (Fi =

∑
i 6=j Fij)

holds in body’s instantaneous rest frame

Work-energy theorem (dT = F · dx)

Remarks Total corpuscular energy,∑
γ(ui)mic

2, and momentum,∑
γ(ui)miui, are asymptotically

conserved in elastic processes.

Total system energy,
∆E +

∑
γ(ui)mic

2, and mo-
mentum, ∆P +

∑
γ(ui)miui,

are continuously conserved in all
processes.

Motivations That the sum total of a scalar quan-
tity of motion be asymptotically con-
served in an elastic collision.

That total system energy and mo-
mentum be continuously conserved
in an elastic collision.

That one be able to treat continuous in-
teractions between separated bodies.

TABLE II. Structure of relativistic mechanics. The derivation occurs in three distinct steps. In each step, the table summarizes
(a) entities and their properties; (b) the principles and assumptions employed; (c) the main results, and (d) the key motivation.
Each principle or assumption is preceded by a label (U, EQ, EL, C, CR, S) indicating the category of principle (uniformity,
equivalence, eliminative, compositional, correspondence, special) to which it belongs—see Sec. V A 1—followed by a number.
Note that the results of one step are incorporated into the following step (if one exists). The transition from Step I to Step II
is driven by the desideratum that energy and momentum be continuously—not just asymptotically—conserved. The desire to
treat continuous interactions between separated bodies drives the transition from Step II to Step III.

and quantities (such as energy or action) associated

therewith. Examples of compositional principles in-

clude the additivity of mass, the vector additivity of

forces, and the quantum mechanical tensor product

rule for composite systems.

5. Correspondence Principles (CR). A correspondence

principle asserts that there exists some quantitative

agreement between two theoretical models of the

‘same’ physical system, often in some limit or other

special case. Examples of correspondence principles

include the quantum mechanical average-value corre-

spondence principle [30, 31], which posits that the ex-

pected value of certain quantum mechanical operator

relations agree with the corresponding classical me-

chanical relations.
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6. Special Principles (S). Miscellaneous special assump-

tions or principles that do not fall under any of the

other categories. Examples of special principles in-

clude the specific collision assumed in Step I, and the

specific model of motion-change posited in Step III.

In the case of mechanics, the principle of relativ-

ity (EQ1) posits how a given situation will appear to

different observers without constraining what dynamical

processes are possible, and is thus part of the kinematics.

The principle of inertia (U1) and the specific collision (S1)

assumed in Step I both assume the possibility of specific

kinds of motion, the former concerning a single isolated

body, the latter concerning two bodies interacting via a

collision; and both are the basis for the dynamics. The

conservation principles (EL1–3) and the explicit model of

motion-change (S2) are both integral parts of the dynam-

ics, but each has a different explanatory role: the first ex-

plains why certain conceivable (or describable) motions

do not in fact occur (because they do not conserve certain

quantities of motion), while the second goes further and

explains why a system in given initial state unfolds in a

specific manner given the influence (or force) functions.

The compositional principles (C1–5) enable the analy-

sis of a system composed of many entities; or, conversely,

the building-up of a larger system from subsystems.. For

example, the composition of influences (C5) allows the

instantaneous behaviour of a given particle in a system

of N particles to be explained in terms of the instanta-

neous behaviour of that particle when it is one component

of (N − 1) two-particle systems.

Finally, in the derivation of relativistic mechanics, a

special assumption (S3) concerning the rest energy of a

body (which, in the present derivation, appears to be ulti-

mately grounded by appeal to experiment) and a simple

correspondence assumption (CR1), are additionally em-

ployed.

B. Grounding Mechanics in Symmetry Principles

In his ‘Unreasonable effectiveness of mathematics in

the natural sciences’ [1], Wigner posits a three-fold hier-

archy in physics: events, laws of nature, and symmetry

principles. In particular, just as the laws of physics ex-

press regularities in events, symmetry principles express

regularities in laws of physics—in short, symmetry prin-

ciples are meta-laws. From this perspective, the laws

posited in a physical theory are more secure to the ex-

tent to which they can be traced to symmetry principles.

As mentioned in the Introduction, the early develop-

ment of mechanics was based on the key ideas of conser-

vation and relativity, which are both symmetry princi-

ples (of type EL and EQ, respectively)26. However, in the

process of their formalization and refinement, they ac-

quired additions that were not obviously or clearly traced

to symmetry principles.

Consider, for example, the formal principle of asymp-

totic conservation of energy, namely that
∑
miu

2
i is con-

served under dynamical evolution of an isolated system

of masses undergoing elastic contact interactions. The

core of this principle—that a certain total ‘quantity of

motion’ is conserved under a system’s time evolution—

is what one could regard as a pure symmetry principle.

However, the quantitative part of this principle posits a

specific quantity of motion, namely
∑
miu

2
i . One can,

in turn, split this quantitative assertion into two distinct

statements:

1. Each body possesses a scalar quantity of mo-

tion miu
2
i .

2. The total quantity of motion is the sum of those of

the individual bodies.

The first is a specific assertion. It is not a symmetry prin-

ciple or obviously related to one. The second is a com-

positional principle, and also not explicitly traced back

to a symmetry principle. This does not preclude these

elements being separately derived from symmetry prin-

ciples. But, taken in isolation, the principle is a hybrid

of two parts: a symmetry-based part, and a quantita-

tive part (
∑
miu

2
i ) that is not grounded on symmetry

principles.

However, in Step I, it has been shown that the above

conservation principle can—using relativity—be derived

starting from a more austere basis, namely the asymp-

totic conservation of the sum total scalar quantity of mo-

tion,
∑
i fm(ui), of a system of masses undergoing elas-

tic collisions, provided that one assume that a specific

collision is possible, and provided that one assume the

additivity of mass and energy. In this manner, the above

quantitative conservation principle is brought into closer

contact with symmetry principles. The asymptotic con-

servation of momentum then follows immediately via a

second application of relativity.

More generally, then, the process of grounding an ex-

isting physical theory, such as classical mechanics, on

symmetry principles requires a careful re-examination of

26 For example, in the case of conservation of energy, the trans-
formation under consideration is time evolution of the system;
the ‘object’ transformed is the physical state of the system; and
the equivalence relation between states is that they ‘possess’ the
same total energy. The conservation principle thus posits that
time evolution is a symmetry transformation of physical states
with respect to this equivalence relation.
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its mathematical principles, including those that might

appear to be ‘symmetry principles’ but in fact contain

elements that are not obviously grounded in symmetry.

As summarized in Tables I and II, it is possible to build

up classical mechanics, guided by symmetry principles, in

a fairly systematic fashion. The key symmetry principles

employed are conservation (EL1–3) and relativity (EQ1),

together with the principle of inertia (U1). However, in

addition, the derivation employs the following special and

compositional assumptions:

1. Three special assumptions, namely (i) a specific

collision (S1) (as depicted in Fig. 1); (ii) a specific

model of motion-change (S2) (Sec. II C); and (iii) in

the relativistic case, the assumption that a parti-

cle’s rest energy has no mass-independent contri-

bution (S3) (Sec. III A 1).

2. Five compositional assumptions, namely (i) the ad-

ditivity of mass (C1), (ii) the additivity of scalar

quantities of motion (C2), (iii, iv) the additiv-

ity of energies of massive and massless compo-

nents (C3&4), and (v) the composition of influ-

ences (C5).

First, as mentioned in footnote 7, the specific collision

can be largely justified on the basis of symmetry con-

siderations. In contrast, the specific model of motion

change is not based on a symmetry principle, but rather

on the idea that continuous motion can be approximated

by impulsive motion. Finally, in the relativistic case, it

appears that assumption S3 is needed in order to rule out

the possibility that a particle’s rest energy has a contri-

bution other than mc2.

Second, compositional assumptions or principles lie in

a separate category to symmetry principles, and yet seem

to play as fundamental a role as symmetry principles in

the building up of physical theories. Nevertheless, the

mathematical form of certain compositional principles

can be derived from symmetry considerations. For exam-

ple, although the additivity of mass and the additivity of

a scalar quantity of motion have been assumed (C1, C2),

this additivity can, in fact, be derived from the symme-

try of associativity. For example, if one assumes that the

total mass of two bodies of mass m1,m2 is given by an

unknown function h(m1,m2), and one further requires

that the mass of a system of three bodies can be deter-

mined by iteratively applying h in a pairwise fashion, one

notices that this composition can occur in either of two

ways, either as h(m1, h(m2,m3)) or as h(h(m1,m2),m3).

The requirement of associativity is that these two com-

positional pathways agree:

h(m1, h(m2,m3)) = h(h(m1,m2),m3). (75)

This functional equation, known as the associativity

equation, implies that, without loss of generality, one

can take h to be the sum of its arguments27. Similarly,

the vector addition of directed quantities of motion (as

needed in C4), can be derived from elementary axioms fol-

lowing an argument originally due to d’Alembert28. In

that derivation, basic symmetries, such as rotational co-

variance and commutativity & associativity, play a lead-

ing role. Finally, as we have shown, it is possible to argue

using relativity that, given the qualitative requirement

that the total influence on a body is determined by the

influence on that body due to each of the other bodies

separately (C5), these influences (quantified as velocity

changes) combine additively.

C. Role of Conservation and Relativity in

Mechanics

The twin concepts of conservation and relativity played

a vital role in the early development of mechanics. Of

these two concepts, the notion of conservation proved to

be the most difficult to formalize in a way that was con-

sistent with other physical considerations of similar intu-

itive force. In the following, we first summarize how rela-

tivity and conservation guided the historical development

of mechanics, and then show how the symmetry-based

derivation of mechanics given in the previous sections il-

luminates many of the issues that were faced during this

developmental process.

1. Historical Role of Conservation and Relativity

The notion of conservation was first formalized by

Descartes through the principle that a system of colliding

27 More precisely, on the assumption that h is differentiable at a
point, one can show [32] that h(a, b) = f−1(f(a)+f(b)), where f
is a continuous, monotonic function. Hence, if one regraduates
the masses mi via f , so that µi ≡ f(mi), then µ = µ1 +µ2 is the
total regraduated mass of the system of two bodies. However,
since f is monotonic, one can just as well quantify the ‘amount
of matter’ via the µi rather than the mi. Hence, without loss of
generality, one can say that mass is additive. The same line of
argument applies to any scalar quantity, such as kinetic energy,
associated with the bodies, provided that one has clear physical
ground for believing that the total quantity for a system of bodies
is a function of the quantities associated with each of the bodies.

28 See, for instance, Ref. [33], Chapter 1. The core assumptions
here are: (i) the resultant of two parallel forces has magnitude
equal to the sum of the magnitudes of these forces, and points
in the same direction; (ii) the resultant of a number of forces
is commutative and associative; (iii) the resultant of two forces
is rotationally covariant; (iv) the resultant of two equal forces
varies continuously with the angle between these forces.
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bodies conserves its total scalar ‘quantity of motion’29,

a principle that guided the formulation of his laws of

collision30. Galileo’s principle of relativity enabled his

derivation of parabolic motion from vertical free fall, and

later enabled Huygens’ deduction of the behaviour of

equal bodies in head-on elastic collision. Huygens went

even further, showing that one could combine conserva-

tion (in the form of a generic principle of the conser-

vation of a scalar quantity of motion) and relativity to

derive a new conservation law, namely the conservation

of relative speed, applicable to unequal bodies in head-on

collision31.

However, this early development was also marked by a

striking conceptual tension between Descartes’ conserva-

tion principle and other physical considerations of similar

intuitive force. In particular, in the process of being for-

malized and applied to the task of formulating laws of col-

lision, Descartes’ conservation principle was confronted

with a number of challenges which brought into question

not only its mathematical form, but also its range of ap-

plicability and the validity of its conceptual justification:

1. Mathematical form of the quantity of motion.

29 In Principles II 36 [34], Descartes asserts: “there is a fixed and
determined quantity of [motion] . . . always the same in the uni-
verse as a whole even though there may at times be more or less
motion in certain of its individual parts”, and that “when one
part of matter moves twice as fast as another twice as large, there
is as much motion in the smaller as in the larger”, roughly inter-
preted as the assertion that

∑
imiui is the conserved quantity,

where m is a measure of the ‘size’ of a body.
30 Descartes’ conservation principle was insufficient to account for

collisional behaviour. Lacking another principle of similar scope
capable of rectifying this insufficiency, Descartes introduced
other considerations in a rather ad hoc manner. The defects
of the resultant laws of collision were readily apparent. For ex-
ample, Leibniz showed these laws to be inconsistent with the
requirement of continuity [35, pp. 290–291]. Nevertheless, these
laws were a spur to development of the correct laws.

31 Huygens’ laws of collisions can be be divided into two cases: (i)
For equal bodies in head-on collision (whether elastic or not),
all collisions involving bodies with unequal incident speeds fol-
lows via relativity from the case of equal incident speeds, the
behaviour in this latter case being taken as axiomatic. (ii) For
unequal bodies in head-on elastic collision, the additional as-
sumption of the asymptotic conservation of total scalar quantity
of motion, where the quantity of motion is a function of speed,
and an auxiliary assumption (if one mass undergoes a change, so
must the other) implies that the relative speed of the two masses
is the same before and after the collision. Proof sketch: in any
such a collision, there is a Galilean frame of reference in which
the speed of one body does not change (comparing the initial and
final states), only its direction of motion. Hence, its quantity of
motion does not change. But, asymptotic conservation of total
quantity of motion then implies that the speed of the other body
also does not change. But if the direction of one mass changes,
so must the other (by the auxiliary assumption). Hence, relative
speed in this chosen frame is same before and after. But relative
speed is frame-independent. Therefore, irrespective of the (iner-
tial) frame in which the collision is viewed, the relative speed is
unchanged. For details, see [23, pp. 313–317] and also [36, §9.4].

Descartes’ choice of the conserved quantity of motion,

namely, mv, was dictated by mathematical simplic-

ity, not by a physical principle. This fact was brought

into focus by Huygens, who showed that Descartes’mv

was incompatible with relativity, and further showed

that, granted other established physical laws and prin-

ciples, mv2 (known after Leibniz [37] as vis viva) was

the correct scalar quantity of motion32.

2. Elastic collisions as continuous processes. Descartes

viewed matter as pure extension, and collisions ac-

cordingly as instantaneous events between rigid geo-

metric figures. In contrast, Newton and Leibniz in-

sisted of the continuity of most natural processes, and

accordingly viewed an elastic collision as a finite pro-

cess involving deformation. But, in such a process, the

bodies would be momentarily stilled in some reference

frame. Thus, any principle positing the conservation

of a total scalar quantity of motion could only apply

to the collision’s asymptotic states.

3. Dissipation of motion in atomic collisions. New-

ton (amongst others) believed that atoms in head-on

collision would lose their motion33, an idea that con-

flicted with the intuition underpinning Descartes’ con-

servation principle (see footnote 29).

The hypothesized dissipation of motion during the col-

lision of hard atoms, and the requirement of continu-

ity for elastic collisions, resulted in a marginalization of

scalar conservation principles34, and lead—via a vecto-

rialization of Descartes’ conservation principle (due to

Wren [39], Huygens [40, 41], Wallis [42], and Newton)—

to a new conservation principle, namely the principle of

conservation of momentum. However, this vectorializa-

tion severed the connection between the mathematical

32 Huygens’ law of conservation of relative speed of two bodies in
head-on elastic collision (see footnote 31) implies that the con-
served quantity of motion cannot be mv (as can be seen by con-
sidering a body of mass m < M striking a body of mass M
initially at rest). Furthermore, appealing to Galileo’s law of free
fall and Torricelli’s principle (that the centre of gravity of a sys-
tem of interacting bodies cannot rise), Huygens showed that the
conserved quantity of motion is, in fact, mv2.

33 Newton (amongst others) asserted that atoms were hard bodies
that collide completely inelastically [38, pp. 4–5]. Hence the fun-
damental importance of formulating laws applicable to inelastic
collisions.

34 Although Leibniz championed the conservation of vis viva, a
compelling account of the ‘missing’ quantity of motion at the
stillpoint of an elastic collision, or at the end-point of an inelas-
tic collision, was lacking. As a consequence, scalar conservation
principles were marginalized. For example, in textbooks through
to the end of the eighteenth century, elastic collisions were han-
dled by using a situation-specific law (Huygens’ conservation of
the masses’ relative speed—see Footnote 31), rather than the
asymptotic conservation of vis viva—see [7] (Appendix) and [8].
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principle and Descartes’ intuitive motivation for his prin-

ciple; and a novel justification for the new principle was

not readily forthcoming35.

In addition, the challenge of expanding mechanics be-

yond collisional phenomena to encompass bodies continu-

ously interacting at a distance made clear that new ideas

or principles, beyond relativity and conservation, were re-

quired. Newton’s framework, organized around the con-

cept of force, provided the key new idea, namely a specific

law—Newton’s second law—relating a body’s accelera-

tion with the force acting upon it. Conservation of mo-

mentum was recast as a constraint (antiparallelism) on

the forces exerted by two bodies upon one another, which

also thereby provided some kind of intuitive justification

for momentum conservation. Meanwhile relativity was

incorporated by the requirement that force be indepen-

dent of inertial frame. Thus, conservation and relativity

were subsumed within the framework, with a specific law

placed at its centre.

However, a number of developments in the nineteenth

and early twentieth century brought the general princi-

ples of conservation and relativity once again firmly into

the foreground:

1. Interconversion phenomena. Following the discovery

of new interconversion phenomena in the first third of

the nineteenth century, a scalar conservation principle,

the conservation of energy, arose to fill the need for

a quantitive means to coordinate these diverse (elec-

trical, magnetic, thermal, mechanical, and chemical)

phenomena [43]. During this period, mechanics was

regarded as a component of a larger energetic frame-

work, which allowed for the interconversion of energy

of motion—quantified by vis viva—and non-motive

forms of energy.

2. Principled derivation of mechanics. During the nine-

teenth century, there were numerous attempts to de-

rive key features of Newtonian mechanics using gen-

eral physical principles, such as relativity. For exam-

ple, Laplace and Bélanger offered novel derivations of

Newton’s second law36, while Schütz used relativity to

derive momentum conservation from energy conserva-

tion [3].

3. Interpretation of Maxwell’s equations. In the last

third of the nineteenth century, the interpretation of

Maxwell’s equations in terms of a privileged frame of

35 Some attempts were made to justify the mathematical principle
of momentum conservation in terms of the law of the lever. See,
for example, [39], and [35, pp. 203–206].

36 See Ref. [2] for a detailed historical investigation into these
derivations.

reference brought the validity of the principle of rel-

ativity (and hence Newtonian mechanics) into ques-

tion. Einstein’s special relativity not only rescued

Galileo’s principle of relativity from this doubt, but,

through the derivation of a new kinematics and dy-

namics, demonstrated anew its fecundity.

By the close of the foregoing developments, the energetic

framework (extended to include massless momentum),

with its conservation laws, had become established as

an indispensable means to coordinate the distinct physi-

cal theories of mechanical, electromagnetic, and thermal

phenomena which had been formulated. Finally, Ein-

stein’s theory of relativity showed that energy and mo-

mentum conservation were, in fact, two sides of a single

conservation law. In particular, Laue’s theorem showed

that, in a physical system describable by a stress-energy-

momentum tensor, the total energy and momentum of

the system transform in the same manner, namely as a

four-vector.

2. Role of Conservation and Relativity: An Analysis

We now show how our symmetry-based derivation il-

luminates many of the issues that arose in relation to

conservation and relativity in the historical development

of mechanics.

In the nonrelativistic case:

1. Principled derivation of scalar conserved quantity of

motion. As shown in Step I, one can posit Descartes’

notion of conservation for the asymptotic states of an

elastic collision and then, by appealing to the prin-

ciple of relativity, derive the conserved scalar quan-

tity of motion, mu2/2. Hence, the tension between

Descartes’ original hypothesis (that mu is the scalar

conserved quantity) and relativity—a tension recog-

nized by Huygens—can be directly resolved, and leads

to mu2/2 without recourse to extraneous physical laws

or principles (such as Galileo’s laws of freefall—see

footnote 32).

2. Relationship between scalar and vector conservation.

Another application of relativity (via Schütz’s argu-

ment) then leads from asymptotic energy conservation

to asymptotic momentum conservation for elastic col-

lisions. Thus, in this special case, these two principles,

which were historically given such strikingly different

intuitive justifications, are, in fact, intimately related,

the former—when combined with relativity—implying

the latter. Moreover, we see that, as long as the princi-

ple of relativity is presupposed, asymptotic scalar con-

servation must be accompanied by asymptotic vector
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conservation. The converse, however, does not hold—

given the principle of relativity, asymptotic vector con-

servation can exist without asymptotic scalar conser-

vation.

3. Continuous energy conservation. In Step II, the in-

troduction of an energetic framework—with its no-

tion of a massless form of energy—makes it possible

to then posit that energy conservation holds contin-

uously. Momentum conservation can also be posited

to hold continuously, but without any evident need to

introduce massless momentum. Thus, the energetic

framework resolves the tension between scalar conser-

vation and the requirement of continuity—as initially

envisaged by Leibniz, but not embraced until the 1830s

and 1840s.

4. Co-existence of scalar and vector conservation, and

their consequences. These two conservation principles

then yield nontrivial consequences, namely (i) total

mass conservation (which implies no interconversion

of rest energy to other forms of energy) and (ii) the

frame-invariance of massless energy. Thus:

(a) Once generalized within an energetic framework,

momentum conservation no longer follows from

energy conservation. Instead, the two conserva-

tion laws independently co-exist, each yielding

important consequences.

(b) One of those consequences is that total mass is

conserved, a fact that therefore does not need

to be independently assumed (as was the case

historically).

(c) The other consequence is that massless energy is

fundamentally different from kinetic energy, and

hence cannot (as Leibniz envisaged) be assumed

to be due to the motion of microscopic particles

in a nonrelativistic framework37.

5. Possibility of momentum-based dissipative mechanical

theory. Since momentum conservation holds continu-

ously in the energetic framework without the need to

posit a massless form of momentum, it is possible use

continuous momentum conservation as a basis for a

mechanical theory which allows for inelastic collisions,

but which only explicitly tracks massive bodies. Such

a theory is constructed in Step III by introducing a

staccato model of motion change.

37 We note that this implies that the (nonrelativistic) kinetic the-
ory of gases is inconsistent—insofar as ‘heat’ is regarded as a
form of massless energy, it is frame-invariant, and so cannot be
represented by the kinetic energy of a set of particles, which is
not frame-invariant.

6. Possibility of non-dissipative energy-based mechanical

theory. Since continuous energy conservation requires

a massless form of energy, a dissipative mechanical

theory which only tracks massive bodies cannot be

build around continuous energy conservation. How-

ever, a non-dissipative (conservative) theory of such a

type is possible.

In the relativistic case:

1. Principled derivation of relativistic energy and mo-

mentum. Step I generalizes fairly straightforwardly

from the nonrelativistic case, yielding the correspond-

ing relativistic expressions for energy and momentum.

Noteworthy here is the fact that:

(a) the expression for relativistic energy includes a

rest energy component, mc2; and

(b) one must assume that there is no contribution to

a particle’s rest energy other than mc2.

2. Massless energy and momentum. In Step 2, the intro-

duction of a massless form of momentum is essential in

order to allow the conversion of kinetic energy to mass-

less energy. Thus, the energetic framework must posit

both massless energy and momentum. This stands

against the historical development, in which it took

the discovery of electromagnetic momentum to trigger

the realization that momentum could be carried by

something other than corpuscles.

3. Nature of massless energy-momentum. The gener-

alized principles of conservation of energy and mo-

mentum then jointly imply that massless energy-

momentum transforms as a four-vector, and hence

transforms in the same way as massive energy-

momentum. Thus, unlike the historical develop-

ment, where the energy-momentum transformations

laws were derived by consideration of the stress-

energy-momentum tensor of an electromagnetic sys-

tem [4] (see also [5, 6]), we see that the conservation

laws directly imply that massless and massive energy-

momentum have the same transformation laws; and

they do so very generally since there is no need to

specify any particular model of the massless compo-

nent.

4. Interconversion of energy-momentum. As the trans-

formation laws for energy and momentum are the

same for the massless and massive components, the

exchange of energy-momentum between these compo-

nents is possible. In this connection, we note that, in

contrast to the nonrelativistic case, a kinetic theory of

gases is thereby rendered consistent.
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VI. DISCUSSION

A. The relationship between symmetry

transformations and conservation laws.

Noether’s theorems establish a connection between

symmetry transformations and conservation laws. This

is typically taken to be the ground for such assertions

as ‘invariance under temporal displacement underlies the

conservation of energy’. However, as pointed out in [44],

the connections between specific symmetry transforma-

tions and specific conservation laws (say, between tem-

poral displacement and conservation of energy) presume

the specific form of the action for a mechanical system38.

As this form is conventionally obtained by requiring that

the Euler–Lagrange equations of motion agree with those

of Newtonian mechanics39, such assertions presume the

latter.

The approach given here provides another way of see-

ing the connection between symmetry principles (which

we take to include both the principle of relativity

and conservation principles) and the quantities of mo-

tion (and their relation with their corresponding massless

forms). Specifically, one can see how the two symmetry

principles interweave to produce the quantities of motion,

and then shape the equations of motion. This is a rather

38 We give here the some of the relevant quotes from [44]: “The
conserved quantities of classical mechanics are Noether charges
only because the classical equations of motion are what they
are. But whether or not the classical equations of motion hold
is something that needs to be established...”. And: “Given what
the equations of motion are, and that they hold where they do,
it is indeed necessary that the conservation laws hold, but that’s
just a conditional necessity. The connection between the symme-
tries of the equations of motion and conservation laws is shown
by Noether’s theorem. That these are the correct equations of
motion, however, is a completely different matter.”

39 The assumptions underlying the least-action approach to non-
relativistic particle mechanics can be broken down as follows: (i)
the (configuration-space) trajectory, x(t), of a particle system be-
tween times t1, t2 has an associated action S[x(t)]; (ii) the actual
trajectory between given configurations at times t1, t2 is one that
extremizes S[x(t)]; (iii) the action is given by the time integral of
a function, L, of x(t) and a finite number of temporal derivatives
thereof; (iv) the function L has the form L = T − V , where T, V
are the kinetic and potential energies of the system. Of these
assumptions, the first three can be posited independently from
Newton’s equations of motion. However, the common view is
that the fourth—L = T − V—arises through a transformation
of Newton’s equations of motion via d’Alembert’s principle (a
more direct approach is given in [45]). Although it is possible
to use fundamental symmetries (homogeneity of space and time,
isotropy of space, and Galilean invariance) to show that L is pro-
portional to T for a single isolated particle [46, §4]; and, further,
to use compositional symmetries to show that L =

∑
i Ti for

a set of noninteracting particles, we are not aware of a deriva-
tion of L = T − V that avoids presuming Newton’s equations of
motion.

different connection from that suggested by an applica-

tion of Noether’s theorem, but is perhaps more funda-

mental in the sense that the considerations given here

precede the equations of motion (whereas an application

of Noether’s theorems to classical mechanics presupposes

them).

B. Pedagogical significance.

Classical mechanics is generally the first major phys-

ical theory to which a student is exposed, and serves

as a linchpin in their subsequent physics education. As

such, the manner of its presentation implicitly conveys

the values and priorities of physics as it is currently prac-

tised, and significantly influences the degree to which the

student will be prepared to comprehend further elabora-

tions and developments of mechanics (such as relativistic

dynamics, and Lagrangian and Hamiltonian mechanics)

and the degree to which they will be able to integrate

their understanding of mechanics with that of other phys-

ical theories (such as electromagnetism).

The standard approach to nonrelativistic classical me-

chanics is based around Newton’s laws of motion and

energy conservation. As we have described in Sec. II D,

such an approach raises many questions, such as why the

quantities of motion have the mathematical form that

they do, but these questions cannot be adequately ad-

dressed within the context of the standard approach.

Furthermore, from the standpoint of the standard ap-

proach, the transition to relativistic dynamics is rather

opaque.

The approach given here paves the way for an alter-

native presentation of mechanics wherein the formalism

of mechanics is derived systematically, guided primar-

ily by symmetry principles. The emphasis on symmetry

principles reflects the immense importance of such prin-

ciples in modern physics, while the step-by-step deriva-

tion of mechanics on the basis of these principles re-

flects the growing trend in recent decades of better un-

derstanding our existing theories by reconstructing them

systematically from physically well-motivated principles

rather than taking their mathematical structure as a

given. Indeed, the present approach to mechanics em-

ploys mathematical and methodological techniques bor-

rowed from work on the reconstruction of quantum the-

ory (see [47, 48], for instance).

Such a presentation would address many ques-

tions (summarized in Sec. II D) which are difficult to com-

pellingly answer within the standard approach, but which

frequently arise in the teaching of mechanics [49, 50]. In

addition, as described in Sec. II D, such a presentation

would enable a smooth transition to relativistic dynam-
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ics, and enable the student to clearly understand why and

how the introduction of the Lorentz transformations to

implement relativity brings about a cascade of changes in

the dynamics—why, for instance, new expressions for cor-

puscular energy and momentum are required, why mass

is no longer conserved, why massless momentum emerges,

and why the energy and momentum of the massless com-

ponent of an energetic system transform in the same way

as the energy and momentum of the massive component.

In contrast, in the usual presentations of relativistic dy-

namics, the connection between the dynamics and kine-

matics is obscured by a number of specific considerations,

such as the use of the energy-frequency relationship of a

photon.

Finally, as indicated in Sec. II D, many of the above

questions reflect often decades-long debates in the his-

tory of mechanics. A symmetry-based presentation of

mechanics puts these debates within touching distance,

which would help to reveal the creative process by which

mechanics was constructed (rather than presenting it as

a finished product), and help cultivate an appreciation

for some of the intellectual struggles which underpinned

its development.

Although the details of how the approach developed

here could be adapted for a first presentation of mechan-

ics are beyond the scope of this paper, there would seem

to be no obstacle to basing such a presentation on the

twin notions of conservation and relativity. Indeed, some

existing unconventional presentations approach mechan-

ics via conservation principles.

For example, the Karlsruhe mechanics course [51] in-

troduces particle momentum and the principle of con-

servation of momentum axiomatically, introduces New-

ton’s second law axiomatically (with force interpreted as

a ‘momentum current strength’), introduces the notion of

kinetic energy via a postulated relationship between ‘en-

ergy current’ and ‘momentum current’, and then shows

that momentum conservation is consistent with Galileo’s

principle of relativity.

By incorporating the principle of relativity at the out-

set, however, it would be possible to derive the con-

served quantities of motion (kinetic energy and momen-

tum) rather than postulating them, and thereby reveal

the intimate relationship between the quantities of mo-

tion and the notion of conservation. The Galilean in-

variance of the conservation laws would also thereby be

made transparent. The issue of there being two dis-

tinct quantities of motion would thereby be encountered

at the outset, and one could then introduce the dis-

tinction between asymptotic conservation and continu-

ous conservation, which would provide clear motivation

both for using momentum (rather than kinetic energy) as

a basis for particle mechanics and for introducing non-

corpuscular energy (such as heat) as a way of ensuring

continuous energy conservation. Such an approach would

have the added benefit of introducing students to the kind

of symmetry-based thinking that characterises not only

Huygens’ approach to particle mechanics but also Ein-

stein’s special relativistic thought experiments, thereby

paving the way for the transition to relativistic mechan-

ics.
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Appendix A: Solution of Functional Equations

In this appendix, the functional equations needed in the derivation of the energy and momentum of bodies are

solved. If possible, we transform the functional equation of interest into a standard functional equation. For interest,

we sometimes provide more than one possible method of solution. In each case, certain mathematical conditions must

be satisfied by the unknown function in order for a solution to be obtained.

1. Solution of f(u + v) + f(u− v) = 2f(
√
u2 + v2).

We present two different solution methods for Eq. (1), one that transforms it into Jensen’s functional equation, the

other a direct solution by removing one degree of freedom.

a. Solution by transformation into Jensen’s functional equation

Using the substitution k(w2) = f(w), Eq. (1) becomes

k
(
[u2 + v2] + 2uv

)
+ k

(
[u2 + v2]− 2uv

)
= 2k(u2 + v2). (A1)

Setting x = u2 + v2, y = 2uv, we obtain

k(x+ y) + k(x− y) = 2k(x), (A2)

which is Jensen’s equation, with x, y independently variable within x > 0, y > 0. If k is continuous, this equation,

under the stated conditions, has general solution k(z) = az + b. As k is continuous whenever f is continuous,

f(v) = av2 + b (A3)

is the general solution of Eq. (1) under the condition that f is continuous.

b. Direct solution by removal of one degree of freedom

Alternatively, one can directly solve Eq. (1) by removing one degree of freedom, albeit at the cost of the stronger

regularity condition that f is analytic. Setting u = v in Eq. (1) yields

f(2u) + f(0) = 2f(
√

2u). (A4)

If f is differentiable, then, for n ≥ 1,

2nf (n)(2u) = 21+n/2 f(
√

2u). (A5)

This yields f (n)(0) = 0 whenever n 6= 2. Hence, if f is analytic,

f(x) = av2 + b. (A6)

2. Solution of g(v + u)− g(v − u) = 2g(
√
u2 + v2) · v/

√
u2 + v2.

Solution of Eq. (6) is most readily obtained by removing one degree of freedom by setting v = u. Thence,

g(2u)− g(0) =
√

2 g(
√

2u). (A7)
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Setting u = 0 fixes g(0) = 0. If g is differentiable, then, for n ≥ 1,

2ng(n)(2u) = 2(n+1)/2 g(n)(
√

2u). (A8)

For n ≥ 2, this yields g(n)(0) = 0. Thus, if g is analytic,

g(u) = au. (A9)

3. Solution of F̃ (x) + F̃ (y) = 2F̃ ((x + y)/2).

Equation (34), with x = γ(u⊕−v) and y = γ(u⊕ v), has the form of Jensen’s equation, but it is not immediately

apparent that x, y are independent in some region. To see that this is so, it is helpful to express u, v in terms of

rapidities:

u = c tanhφ1

v = c tanhφ2.
(A10)

Then u⊕ v = c tanh(φ1 + φ2), so that

γ(u⊕ v) = γ̃(φ1 + φ2)

γ(u⊕−v) = γ̃(φ1 − φ2),
(A11)

where γ̃(φ) ≡ (1− tanh2 φ)−1/2.

Now, u > 0 and |v| < c, so that φ1 > 0 and φ2 is free. Consequently, (φ1 + φ2) and (φ1 − φ2) can be independently

chosen. Further, since γ̃ is monotonic, x = γ̃(φ1 +φ2) and y = γ̃(φ1−φ2) are independent in some region. Therefore,

Eq. (34) has the solution F̃ (x) = a+ bx.


