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HAROLD HODES

INDIVIDUAL-ACTUALISM AND THREE-VALUED
MODAL LOGICS,
PART 2: NATURAL-DEDUCTION FORMALIZATIONS

5. FORMALIZING POSSIBILISTIC LOGICS BASED ON K

A sequent calculus X may be viewed as a class-function assigning
each appropriate language L = L, to a simultaneous inductive defini-
tion of two sets of sequents in L:

Th X(L) = the theorems of X(L);
WkTh X(L) = the weak theorems of X(L).

The base-clauses of this definition shall be called axioms; the induc-
tive clauses shall be rules. X will be sound relative to a given logic X
iff for any appropriate L:

all members of Th X(L) are X-valid;

all members of WkTh X(L) are weakly X-valid.
X will be complete relative to X iff for any appropriate L:

all X-valid sequents of L belong to Th X(L);

all weakly X-valid sequents of L belong to Wk Th X(L).
Where X(L) is fixed, use these abbreviations:

A+ ¢: (I, A ¢)e Th X(L);

AR ¢ : (T, A, ¢)e Wk Th X(L).

ForT' = A = fmi(L), (', A) is X(L)-inconsistent iff I', A + L; other-
wise (I', A) is X(L)-consistent. Where X(L) is fixed, we’ll just write
“consistent” or “inconsistent”. Notation: where ® < fml(L), let:

00 = {0¢:¢p e ®};;0°'® = {¢:0¢ € D};
define O® and O~' ® similarly.

Journal of Philosophical Logic 16 (1987) 17-63.
© 1987 by D. Reidel Publishing Company.
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18 HAROLD HODES

The sequent calculus K’ is formed as follows. For any L = L,
the axioms of K’(L) are those among the following which are
sequents in L:

) {6}, {6} F ¢, for a ¢ € fml(L);

?2) { }, {#} " ¢, for ¢ as above;

3 {H{Lr L

)] {u}, {u} F L; this is unnecessary if ‘T”, ‘u’ € lex,;

®) {—u}, {(Mu} F L;

(6) {m# ) {Eu)}F@ma)fori<?

(6,) {mo A, 1)) {( #,1), (A, )} F (s =, 112)
fori < 2;

@) {(to = 1), (11 = 1)}, {(%0 = T0), (1, = 7)),
(= )} F (0 = 1)

() {@ =, o)} {(u =, 1), (0 =, 1)} F (10 =, 1),
where i < 2;

(®) {(to = )}, {(o = 1)} F O(10 = 1));

;) as above with ‘=~ replacing ‘~’;

(8%) as in (8) with ‘O’ replacing ‘O’;

t59)] as in (8;) with ‘O’ replacing ‘O’.

) { 1 {(m % )} F" Oz # )

o) as above with ‘=~ replacing ‘~’;

9% as in (9) with ‘O’ replacing ‘0’;

9% as in (9,) with ‘O’ replacing ‘00’;

(10%) {—0¢}, {(O¢} +F O(¢ =2 ¢), for every ¢ € fml(L);
1) {O(¢ =2 @)}, {O(¢@ =2 ¢), O¢} F O¢, for every
¢ € fmi(L).

The rules of K’(L) include all those presented in §2 and §5, of [2],
namely the following:
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INDIVIDUAL-ACTUALISM 11 19

Structural rules
(Thinning) fF =€ I";A < Aand " € A,
INAt¢ T,AF¢
I'Ato¢; T AL @;
IAtF ¢ AR L

W . I,At¢ . rarl
(Weakening) WY (L Strengthening) T AFL

Introduction and Elimination rules:

LAv {—é¢}t+ L

(Strong Indirect Proof)
IAF ¢ ;

r F
(Weak Indirect Proofy = 1#hAV o} F L

AR ¢ 5

LAF@2y) [AFG2Y)
LLAU{o}to; T,AU{Y}ty;
(Strong ‘2’ Elimination) TI', A+ (¢ 2 ¢)

I AR ¢

(‘=" Bivalence)

LARY ;
(Strong ‘>’ Elimination) As above with ‘>’ in place of ‘2’;
(Weak ‘2’ Elimination) T, A F* (¢ 2 ¥)

ILAF ¢

AR Y ;
(Weak ‘>’ Elimination) As above with ‘>’ in place of ‘2’;
(Strong ‘2’ Introduction) T', A U {¢} F ¢
LA {y}ty
AU {¢}Fy
LAF{¢p 2 ¥);
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20 HAROLD HODES

LAu{¢}ty
L,AF (¢ 2 ¥);
LLu{ehAv e}ty

LA (¢ 2¥) ;
(Weak ‘>’ Introduction) As above with ‘>’ in place of ‘2°.
IAF ¢

(Strong ‘>’ Introduction)

(Weak ‘2’ Introduction)

(‘T’ Introduction)
ILAFT¢;
AR
(‘T’ Elimination) —T¢
I'AF ¢
In what follows, we always suppose that 7 is substitutable for v in ¢.
IAF@v)
IF'u {EW}, AU {E®W), ¢} + ¢;
(Strong ‘I’ Elimination): T, A+ (3v)¢
FuU{EW), ¢},Au {E®N), ¢}y
LARY ;

where v is not free in Y or in any member of A;

(‘T Bivalence):

(Strong ‘3’ Elimination): as above with ‘3’ replacing ‘3’;
(Weak ‘T Elimination): T, A F* (3v)¢
Fu{EW}, A v {E(Q), ¢} H' ¥
AR Y

with v as above;
(Weak ‘T Elimination): as above with ‘I’ replacing ‘3’.
(Strong ‘3’ Introduction): T, A} ¢(v/1)
ILAFE(7)
Frv{EM}, AV {E(), ¢} F ¢
A+ @v)é ,
where v is not free in any member of A;
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INDIVIDUAL-ACTUALISM I1 21
(Strong ‘3’ Introduction): I, A} ¢(v/1)
AL E()
AR @3v)e;
(Weak ‘F’ Introduction): T, A F* ¢(v/1)
ALV E(7)
ILAR @v)e;
(Weak ‘3’ Introduction: as above with ‘3’ replacing ‘J’;
(Strong Congruence): I', A b ¢(v/zy)
AR (= 1))
IAF é(/1));
(Weak Congruence): I, A} ¢(v/1,)
ILAF (g = 1))
AR o(v/t) .

Formrules(...‘3’-_-:)and(...‘g’_-_‘)from(...‘il’---)
and (...‘3F . _..) by replacing ‘E’ by ‘E_’; form ( . . . Congruence,)
from ( . . . Congruence) by replacing ‘x’ by ‘=,’.

In addition, we adopt these rules:
(Strong ‘O’ Introduction): ———EA—I-(I)—
ar, oA, + O¢;

(Weak ‘O’ Introduction): as above with ‘+*’ replacing ‘+’;
A+

(Strong ‘0’ Introduction): ——¢—

ar, oA, + 0¢,

where all members of A — I' are of the form (1, # 1)) or (1, %, 1));

(Weak ‘00 Introduction): as above with ‘+*’ replacing ‘+’.
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22 HAROLD HODES

Consider the following additional axioms:

(nn) { L{}F@EW)

(nn,) as above with ‘E;’ replacing ‘E’;

(nn*) as in (nn), with ‘3’ replacing ‘3’;

(nn¥) as in (nn,) with ‘I’ replacing ‘3’;

(ea) {¢}, (¢} F E(z;) where ¢ is either P(z,, . . ., 17,_,) or
—P(t, ..., T,_),forn > 1,i < n;

(ea,) as above with ‘E,’ replacing ‘E’;

(eat) {E(to), LN} E(Tn—l)}’ {E(TO)a e ey E(tn—l)a
P(ty, ..., T,o))} F P(tg, . . ., T,_,), Wwhere n > 1.

(eat,) as above with ‘E;’ replacing ‘E”’.

Form K’,(L) by adding (nn) or an appropriate variant to the axioms
of K?(L); form K?%,(L) similarly; form L?, (L) by adding (ea) and (eat),
or appropriate variants, to the axioms of K”(L). Until further notice,
‘x’ is replaceable by the empty symbol, ‘nn’, ‘ea’ and ‘eat’.

THEOREM p. 1. K’ is sound and complete with respect to K.
Soundness follows by the usual induction on the length of deriva-
tions. The only rules which deserve comment govern ‘0’. Where
Frame(A) = (W, R) and « is an A-assignment, suppose:

(A, w) F, OTa); (U, w) F; DA[a);
all members of A — T are of the form (7, # 1,);
T, A, ¢) is K2-valid.

If there is no u so that wRu, (U, w) F, O¢[a]; suppose that there is
such a u. For any such u, (¥, u) k, I'[a]. Suppose (1, # 7,) e A — T;
since (U, w) F, O(t # 1,)[al, either (A, w) E, O(t, % 7,)[¢], in which
case (U, u) F, (1o # 1,)[al, or else (A, w) |, O(t, = 7,)[a]; in the latter
case for some v with wRv, (¥, v) |, (t, = 1,)[a]; so den(T, a, 1,)1 for
some i < 2; 50 (U, w) k; (o # 1;)[a] So (A, u) k; Ala]; so (U, u) F,
¢[a]. We've shown that (U, w) k, O¢[a]. A parallel argument applies
when ‘=~ € lex,. A parallel argument shows that (W‘O’J) is sound.
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INDIVIDUAL-ACTUALISM 11 23

It should be noticed that the restriction on members of A — I' is
essential; for example:

({(—FP) 2 Q}, {(—FP) 2 Q, P}, Q) is K?-valid,
({Q(FP) 2 Q)}, {O((MFP) 2 Q), OP}, OQ) is not
K?-valid.

Where y = 0, . . ., something like axioms (10*) and (11*) are
needed. Unfortunately, I can see no way to replace them by an intro-
duction or elimination rule, or by simpler axioms.

Notice that we have not introduced calculi K? or K?, to handle the
logics K? and K?, respectively. Finding such calculi looks like a tricky
matter. For example, (S‘O’T) doesn’t preserve K?-validity: for i < 2,

(Gt ~ )}, {50 & 1)}, E(5)) is KZ-valid;
({O(zy = 1))}, {O(zy = 7,)}, OE(7,)) is not K2-valid.

The source of this anomaly is that (2, w) may be denotation-wise
actualistic and « may be a (U, w)-assignment while either (2, u) is
not denotation-wise actualistic or « is not an (U, u)-assignment. The
following observation replaces a direct formalization of K’,, where ‘x’

L3 Y

is replaced by ‘a’, ‘at’, ‘a & nn’ or ‘at & nn’. Where ‘=’ € lex], let:
A" = {E(): for some ¢ € A, T € Param(¢)}.
Where ‘x’elex,andy = 1,.. ., let:

A" = {(t ®;1) o E,(7): for some ¢ € A,
7 € Param(¢)};

where y = 0, . . ., replace ‘>’ by ‘2’ in the preceding equation. In
what follows, replace ‘x’ by ‘@’, ‘at’, ‘a & nn’, or ‘at & nn’ and replace
‘x*’ by ‘ea’, ‘eat’, ‘ea & nn’ or ‘eat & nn’ respectively;

ForI' € A < fmi(L):

(T, A, ¢)is K2-valid iff (T, A U A, ¢) is K% -valid;

(T, A, ¢) is weakly K2-valid iff (T', A U A’, ¢) is weakly
K’ -valid.
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24 HAROLD HODES

We’ll now address the completeness of K%. We’ll make much use of
the following notation. Where A is any set:

A< = {dxgy oo, X DN < @, Xgy . .., Xp_y € A;
IKX0s -+ v s Xnoy Dl = 15Xy ooy X )7 = (Xgy oo oy Xy s
Xy o vv s Xy 1 0*x = (Xgy - ., Xy, X, Where
0<n<w

wherew = (x5, ..., X, D, u S wiffu = {xp, ..., x;)

for some i < n;

for u, w € W, u and v are incompatible iff there is no
we Wsothatu, v < w;

for wy, w, € 4A<°, wy N w, = the longest u so that

u < wy, w;

Wisatreeon Aiff W = A<“and forallu <« we W,
ue W.

Fix a tree W on A. A name-array on W is a function € on W such
that for each w € W €(w) is a set of individual constants such that:

card(€(w)) = card(A);

if [w| > 1 then ¥(w™) < €(w) and
card(¥(w) — €(w~)) = card(4);

ifv = un wthen €(v) = €) N €(w).

Let € = U {€(w):w e W}; for ¢ € € let u(c) be the c-minimal w so
that ¢ € €(w); let u(v) = { ) for v e Var. Given L = L (Pred, C), let
k = card(fml(L)) = max(w, card(Pred U C)). (We take cardinals to
be initial ordinals; card(x) = k.) Fix a name array on a tree W on «
so that C = ¥({ )) and card(4({ )) — C) = k. For we Wlet
L* = L (Pred, ¥(w)), L = L,(Pred, ). A diagram on W for L shall
be an ordered pair (D,, D,), where D, and D, are functions on W
with Dy(w) < D,(w) € fml(L’), for some L’ = L (Pred, C U C’) and
some C’. '

Where the diagram (D,, D)) is fixed, we’ll let T, = Dy(w), A, =
D\(w), for all w e W. We adopt these definitions:

D is €-strict iff for all we W, A, = fml(L").
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INDIVIDUAL-ACTUALISM 11 25

D is safe iff for any w*x e W: if ¢ € A, then ¢ € A,.,,
where ¢ is (1, #, 1)) or (19 % T)).

D is K% -consistent iff for each w e W (T, A,) is

K’ -consistent;

D is O-normal iff for all w*x e W :
0'l,erl,.,O0'A, €A,..;

D is O-normal iff for all w*x € W:

g_l rw == rw‘xa

if Oy € A, — T, then for some w*z e W, ¢, y € A,.,.
D is normal iff either y = 1, ... and

Dis O-normalor y = 0, . . . and D is O-normal.

Where I' € A < fml(L) and L = L,(Pred, C) we adopt these
definitions:

(', A) is 11-complete for L iff for every ¢ € fml(L)
citherpeForp el or g, ¢ €A

(T, A) is 3-complete for L iff for every ¢ e fmi(L):
if (v)¢ € I then for some c e C, ¢(v/c) e T,
if (Av)¢ € A then for some ¢ € C, ¢(v/c) € A;

(T, A) is 3-complete for L iff for every ¢ € fmi(L):
if 3v)¢ € I then for some ¢ € C, ¢(v/c) € I, and for
every T € Var u C either ¢(v/7) or ¢(v/t) € T;
if (3v)¢ € A then for some ¢ € C, ¢(v/c) € A.

Where D is a diagram on W

D is —1-complete for € iff for each w e W, (T, A,) is
—-complete for L*;

D is 3-complete for ¢ iff for each we W, (T,, A,) is
3-complete for L";

D is 3-complete for € iff for each we W, (T, A,) is
3-complete for L”;

D is O-complete iff for every w e W
if 10¢ €T, then for some w*x e W, ¢ e I,.,;
if 1 0O¢ € A, then for some w*x € W, "¢ € A,.,;
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26 HAROLD HODES

D is O-complete iff for every w e W:

if 7 0¢ €T, then for some w*xe W, ¢ e I.,,
and for every w*y € W either ¢ or ¢ € I,.,;

if 7 0¢ € A, then for some w*x e W, 11¢ € A,.,;

D is complete for € iff D is —1-complete for € and:
ify = 1,...then D is 3-complete for € and ©-complete;
ify =0,...then D is 3-complete for € and O-complete.

The following facts are easy to see and shall be used without further
notice in what follows.

If D is ¥-strict, consistent and —1-complete for €, w e W and
¢ € fmi(L") then:

if[,,A,+F¢thendpel,;
if T, A, F* ¢ then ¢ € A,,.

Where y = 1, ... and D is ¢-strict, K?-consistent, O-normal and
—1-complete for €, D is safe; this follows using axioms (9) or (9,) and
the fact that O0~'A, < A,., for any w*x € W. Notice that this argu-
ment doesn’t carry over to y = 0, . . ., since O-normality doesn’t
imply that O 'A, <€ A,.,.

For what follows, suppose that D is a ¢-strict, safe, normal, con-
sistent complete for € diagram on W for L.

LEMMA p. |. Where’x’ € lex,: if for we W, (1, = 1,) € T, then for
any u € W with vy, 1, € Var U 6(u), (1y = 1)) € [,; where ‘= € lex,,
replace ‘=’ by ‘=, in the preceding.

Proof. Suppose ‘=’ € lex, . Let uy = u(ty) N u(t,). By axioms
of group (8) and the normality of D, it suffices to show that if
(to ® 1) €T, then (rg = 1)) e [ If (vo # 1)) € A, since D is safe
and 4, < w, (1p # 1)) € A,; 50 (T, A,) is inconsistent, a contradic-
tion. Where ‘=~ ’ € lex, a similar argument applies. QED

LEMMA p. 2. Where ‘X’ € lex;:
(1 {(to = 1)}, {(1o = )} F (1 = 1)
2 {(To 1)} {(te= 1)} F (1 = 1)
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INDIVIDUAL-ACTUALISM I1 27

3) {to ® )L {(tox )} F (1 = 1)
C)) {(= 1)~ )h{(tr1) (=) (n =)
Where ‘x,’ € lex, replace ‘X’ by ‘~/’ in the preceding.
Proof. Select v € Var distinct from 1, and 7,. We have:
{(to = )}, {(t0 = 1), (10 # W)} H* (10 % V)(V/T0);
by (WC):
{(@ = 1)} {(o = 1), (0 % 1)} F" (0 % V)(V/T1);
but cut and indirect proof, (1) as follows. So
{(m = )}, {1 = 1)} F (v & 10)(V/70);
by (SC):
{(to = 1)}, {(to = )} F (v = 1) (V/1),

which is (2). Using (1) and (2), (3) follows. (4) also follows using (SC)
and writing (1, & 1,) as (1, ® v)(v/1,). Where ‘=~ replaces ‘=’, the
preceding arguments still apply. QED

Let U, = Var u €. For 1,, 1, € U,, let 7, ~ 1, iff:
if ‘X’ € lex}' then for some we W, (1, = 1)) € [,;
if ‘~,” € lex] then for some we W, (1, =, 1)) € [,.

Let U, = Fld(~);, by Lemma p. 2, U, = {t:t ~ t} and ~ isa
symmetric. Notice that ~ need not be transitive; where ¢, ¢, ¢, € €
so that u(c,) < u(c,), u(c,), but u(c,) and u(c,) are incompatible, we
may have ¢, ~ ¢, and ¢, ~ ¢, but not ¢, ~ c¢,, because there is no w
so that ¢,, ¢, € €(w).

LEMMA p. 3. Lett,, ..., 1, be a ~-chain and u(ty), u(t,) < w.
Where ‘=’ € lex], (1o = 1,) € [,,. Where ‘= € lex,, (1, =, 1,) € [,,.
Proof is by induction on n > 1. If n = 1, this is Lemma p. 1.
Suppose n > 1 and for all m < n the lemma holds. For each i < n,
either u(t;) < u(z;,,) or u(r,,,) < u(z;). So for some k < n: for all
i < nu(ty) < u(t;); call such a k a root for {7, . . ., 7,}. By choice
of w either u(ty) < u(t,) or u(z,) = u(ty).
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28 HAROLD HODES

CASE 1. u(t,) < u(z,). Fix aroot k < nfor {t,, ..., 1,}. If0 < k,
applying the induction hypothesis to 7y, . . ., t,and to 7, . . ., T,,
we have (1, = 1), (1, = 1,) € [,; by Lemma p. 2, (, = 1,) € T,.
Suppose there is no root k > 0 for {z,, . . ., 1,}; s0 k = 0 is the
only such root. Let k’ be a root for {z,, . . ., 7,}. Without loss of
generality, suppose that u(t,) < u(t.) < u(t,). Suppose K’ < n;
applying the induction hypothesis to 75, . . ., Ty, and to 7, . . ., T,,
we get (1o & 1), (tpy ® 1,) €I,; 50 (g = 1,) € [,,. If k* = n the
result is obvious.

CASE 2. u(z,) < u(t,); then there is a root k > 0 for {z,, ..., 1,};
if k < n we proceed as in the previous case when 0 < k; if k = n, let
k’ be a root for {7, . . ., T,_,}; we proceed as in the previous case
when k = 0. If ‘x’ € lex], the above argument applies after replace-
ments. QED

Let ~* be the transitive closure of ~. Clearly ~* is an equi-
valence relation on U,. For t € U, let [t] = the equivalence class of t
under ~* ie. {t':t ~*t}. Let U = U,/~* = {[t]:1 € U,}. Where
‘~’ e lex,, let U(w) = {[t]: E(r) € T, } for w e W; where ‘~,’ € lex,,
replace ‘E’ by ‘E;’. By (SC):

{(to = 1)), E()}, {(no = 1)), E(z)} F E(7,_)),

fori < 2 and ‘~’ € lex,; so by Lemma p. 2, U(w) is well-defined; a
similar argument works if ‘~x’ € lex,. We are now ready to convert D
into a model M for L and an assignment a. Let:

R={w,w:weW,|w > 1}
1 ifP(t,,...,t,_)€eTl,;
J(P)(W, [tO]a LR | [tn-l]) = .
0 ifP(zg,...,t,_)€ET,;
H(c) =~ [c]forc e &
a(v) = [v] for v € Var;
here if ¢ ¢ U,, #(c)1; similarly for a,(v). Let A = (W, R, U, U,
&, N), M = (AU, { ). It’s easy to see that Pt is K?-model for L.

LEMMA p. 4. Let v, . .., v,_, € Var be distinct, ¢ € fml(L") for
weW,1,...,1,_, € Var U €(w) so that 1, . . ., T,_, are substitutable
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INDIVIDUAL-ACTUALISM II 29

forvy, ..., v,_ing;let ¢ = p(vy, ..., Va1[Tgs - - -5 Ta_y) and

o = oyt s here if T ¢ U, then o/ (v)1.

Then:
0] fort ¢ {vy, ..., v,_,}, den(U,, o, 7) = [1];
(i) den(¥U,, o, v;) =~ [t] fori < n;
(iii) ¢’ e L, iff (A, w) E, pla];
@iv) ¢’ eI, if (U, w) 4 ¢[a];
™) @', ¢ € A, iff (U, w) |, o],

(i) and (ii) are obvious; the rest is proved by induction on the depth
of ¢.

Suppose ¢ is (t =~ 6)and ¢"is (' = ¢'). If ¢’ € I, then T ~ ¢’;
by (i) and (ii) den(, o', 1) = [t'] = [¢'] = den(Y, &, 7); sO
A, w) E, ¢p[]. If (A, w) E, ¢p[o] then den(, o', 7) = [7'] =
[6'] = den(¥,, o', o), all being defined; since ° ~* ¢’, by Lemma p. 3,
¢’el,.If ¢’ eT,, by Axiom (6) v, ¢’ € U,, so den(¥, o', 1) = [7]
and den(, «’, ) = [0’] all these being defined; by Lemma p. 3 and
the consistency of D, t* 4 * ¢’; so [t'] # [0']; so (U, w) 4 ¢[]. If
(U, w) 34 ¢[a’] then den(Y, o', 7) = [7'] # [¢'] = den(U, o, 0), all
being defined. Since t’, ¢’ € U, and ~ is reflexive, (" = 1),

(¢’ = ') e T,,; by axiom (7) either ¢’ or ¢’ € I,; in the former
case, T ~ a’, a contradiction; so "¢’ € I',. Where ¢ is (t =, 0) a
similar argument applies. For all other atomic ¢ the arguments are
straightforward.

Where ¢ is (¢, = ¢,), ($9 2 ¢,), (V)Y or (Jv)¥ the induction
steps are straightforward applications of the —1-completeness, 3-
completeness or 3-completeness of (I',, A,) and the rules governing
‘D’ ‘2’ ‘Y and ‘3. Where ¢ is Oy, the induction step is a straight-
forward application of the ¢-completeness and O-normality of D.
Suppose ¢ is Oy. If ¢’ € T, then for all w*x € W, Yy’ € I.,; so
(U, w*x) E, y[a']; so (U, w) E ¢p[a]. If ¢’ € T, by Axiom (10*)
oW’ =2 y)eT,; so for any w*x e W (¥’ 2 ¢’) € I,.,; we want to
have (U, w*x) F, (Y 2 y)[a’]. This will hold if we’ve defined the
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30 HAROLD HODES

depth of formulae correctly; so that:
depth(6, = 6,) = 1 + max{depth(6,), depth(6,)};
depth(060) = 2 + depth(6).

Therefore either (U, w*x) F, y[a] or (U, w*x) 4 y[a’]. By O-
completeness, for some w*y € W, 1y’ € [,.,; so (U, w*y) 4 y[a'];
thus (A, w) ,4 ¢[]. If ¢" € A, — T, O-normality yields a w*x € W
so that Y’, Y’ € A,.,; so (U, w*x) |, Y[a]; so (U, w) F; ¢[a]. If
¢’ € A, by O-completeness there is a w*x € W with ' € A,.,; so
(A, w*x) ¥, ¥[o]; therefore (A, w) E; ¢[o]. From these (iii), (iv) and
thus (v) all hold for ¢.

Theorem p. 1 now follows as usual from the following model-
existence theorem.

THEOREM p. 2. WhereT" = A < fml(L) and (T', A) is K-
consistent, there is a K.-model M = (U, w) and an W-assignment
a so that M F, I'[a] and M F; Ala].

Proof. Assume the antecedent. Fix a name-array €’ on k<. We'll
construct a tree W on k and a diagram Don W, ¥ = €' | W for
L so that D is strict, safe, K-consistent, normal, complete, and
resr.,,Ac A,. Then the reduct of M to L and « are as
required.

CASE 1. y = 1, ... We inflate (T', A) to a consistent, —1-complete
and 3-complete pair (I, ,, A ,), [, € A, < fml(L¢ ), using the
usual Henkin-style induction on a well-ordering of fml(L¢ ). Letting
W, = {C >}, suppose we have constructed W, < x<“ so that for all
we W,, |w < nand (T,, A,) has been defined and is consistent.
Where w € W,, |[w| = n and for some ¢ € fm/(L") m0O¢ € A,,, we’ll
define T,., and A,., for all x € k. Let {y,: x <) be a listing, perhaps
with repetitions, of all ¢ such that 70Oy € A,. Let:

A =0O'A, U Ty, )

{l:]"l“w if 0y, ¢rT,;

roo =
0-'T, u {My,} otherwise.
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INDIVIDUAL-ACTUALISM I1 31

If (T3, Al.,) were inconsistent then (T',, A,) would be inconsistent;
so (I'%,, A%.,) is consistent. By the usual Henkin construction,

we obtain I,., = A,.,, with T'%, < T,. and A%., < A,., so that
(Tyex» A,s;) is consistent, —1-complete and 3-complete for L,... After
w-steps we’ve constructed the desired diagram.

CASE2. y = 0, ... Construct I', y and A, , to be K?-consistent,
—1-complete for L, , and 3-complete for L, ,. Again, this involves the
usual Henkin construction; the additional requirement when (3v)¢ e T
can be guaranteed using the distinctive features of the ‘I’-rules. Suppose
W, has been constructed as above. For w € W,, |w| = n, if for some y
either 70Oy € A, or Oy € A, — T, we must construct [',.. < A,., for
all x € k; let {Y,: x <) be a x-listing of all such y. Where ‘~’ € lex,,
ifm0y,eA,and Oy, ¢ A, — T,, let:

A?v‘x = g_lrw v {_”I,x} |V {(1:0 * tl):(TO * Tl € Aw}3
{D—‘Fw if 0Oy, el,;
e, =1{" -

wex T

O°'T, u {7y,} otherwise.

CLAIM. (T%.,, Al.,) is consistent. Suppose not.
If 7Oy, €T, then:

0L, 0L u{(nm# 1)t # ) eA} Fyy,
By (S°'0°I),
L,Lu{O@ # 1)i(n # 1) e A} F Oy,
using (9*) we have: I',, A, + Oy,, a contradiction. If 0Oy, ¢ T, then:
O7'L,, 0L u{(n # 1)i(n % 1) €A} H OY,.
By (WOI) and (9*) we have I, A, +* OY,; so Oy, € A, — T, contrary

to assumption.
Ifgy,eA, — T, let
A, =0"T,u Yo W u{(En):(n#1)ed,};
r,?.x = g-lrw.
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32 HAROLD HODES

CLAIM. (T%.,, Al.,) is consistent. For suppose we have: I'%_, A% + L.
Then:

O°'L,, 07T, U {( % 1):(t # 1)) €A} F
W 2 ¥.);

by (§°0°J),
rw’ rw v {E(To * Tl):(to * tl) € Aw} F g('//x =] wx)

By (9*) and (11*): T, T, F Oy,; so Oy, € T,,, contrary to suppo-
sition. Where ‘~’ € lem,, replace ‘~’ by ‘~,’ throughout the preced-
ing discussion. Now (T'%.,, AS.,) may be inflated to a (T.,, A,.,)
which is consistent, 1-complete, and 3-complete. After w steps, we’ve
constructed the desired diagram D. To see that D is $-complete,
notice that Axiom (10*) or (10¥) insures that if 7Oy € T, then for
any x € k (f 2 y) € I,.,; so either Y or 1 € T,.,.

6. FORMALIZING SEMI-POSSIBILISTIC AND
ACTUALISTIC LOGICS BASED ON K

Formalizing logics of the form K} shall be a useful stepping-stone
from §5 to formalizing logics of the form K. Formalizing K¥ involves
a peculiar difficulty for the case in which y = 0, . . . So we shall
define K?(L,) where y = 1, .. .; then we’ll consider the case in
which y is 0, T or 0, T, u. As the axioms of K?(L,) we take:

(1)—(5) above;
(1) { L{}F @ =),
(11,) (L{}F@=n)

(12) {¢}, {¢} F E(;), where ¢ is either (1, ~ 1,) or
(to # t)and i < 2;

(12) as above with ‘=’ and ‘E;’ replacing ‘~’ and ‘E’;
(13) {E(to), E()}, {E(%0), E(ry), (to = )} F (%0 = 1T));
(133) {E:(Ti)’ Ex(ti)9 (1:0 zs Tl)} I- (TO z: Tl)a fOl' l < 2
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INDIVIDUAL-ACTUALISM 11 33

We take over all rules from K/, appropriate to L, where y = 1, .. .,
except for (SC), (SC,), (WC) and (WC,); these are replaced by:

(Extended Strong Congruence): I, A} ¢(v/1,)
FAFO( # 1))
Al ¢(v/t) ;

(Extended Weak Congruence): I, A F* ¢(v/1,)
LAFO(t # 1))

LA ¢(v/7) ;

(Extended Strong Congruence,): as in (ESC) with ‘=’ replacing

’.

(3
X,

(Extended Weak Congruence,): as in (EWC) with ‘=’ replacing

€ ?
~ .

It’s worth noticing that axioms of groups (6) and (7) are K?-valid,
while those of groups (8) and (9) are not; Axioms (11) are (11;), (13)
and (13;) are K?-valid, while (12) and (12,) are not.

THEOREM sp. 1. Restrictedto L = L, fory = 1,..., K7 is sound
and complete with respect to K”. Soundness follows easily. We'll now
prove completeness by indicating the needed modifications of the
proof of Theorem p. 1. In order to save space, proofs of the follow-
ing lemmas have been omitted, at the suggestion of the Journal of
Philosophical Logic.

Suppose we’re given L, a tree W on k<, a name-array ¢ on
W and a @-strict, O-normal K?-consistent complete diagram D on
W for L.

LEMMA sp. 1. Where ‘=’ € lex,. if (1, = 1,) € L, then (i) for every u
€ W with 1y, t, € Var U 4(u), (1, = t,) € A,; and (ii) E(zy) € T, iff
E(r))el,. Where ‘x € lex,, replace ‘=’ by ‘= .

Proof uses (ESC), Axiom (11), (S‘0’7) and O-normality. Note: it is
with this lemma that we run into trouble if y = 0, . . . ; the role here
played by O-normality could not be played by O-normality.
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34 HAROLD HODES

LEMMA sp. 2. As in Lemma p. 2, with K¥ (L) replacing K%,(L).
Proof uses Axiom (11).

Define U,, ~ and U, as before; again U, = {t: 7 ~ 7} and ~ is
symmetric.

LEMMA sp. 3. Let 1, . . ., T, be a ~-chain and u(z,), u(t,) < w.
Where ‘=’ € lex,, if E(t) € T, then (1, =, 1,) € I,; where ‘~, € lex,,
replace ‘~’ and ‘E’ by ‘=~ and ‘E_’. Proof is by induction on n > 1.
If n = 1, use Lemma sp. 1 and Axiom (13). For n > 1, use Axiom
(12) and Lemma sp. 2, and the ideas used for Lemma p. 3.

Define ~*, U, U(w) forwe W, R, & A, A, M, and « as before;
again M is a K -model for L.

LEMMA sp. 4. Forvy, ..., V,_i, ¢, W, Tg, . .., T,_1, ¢’ and &’ as in
Lemma p. 4:

(i) and (ii) of Lemma p. 4 hold;

(iii) ¢’ e T, iff (U, w) E, d[];
@iv) ¢’ e L, iff (U, w) ,3 ¢[a];
) ¢, ¢’ € A, T (U, w) |, Pl]-

Proof. To handle identities, use Axioms (12) and (13), and Lemma
sp. 3. All other cases are straightforward.

Theorem sp. 1 will now follow from the following model-existence
theorem:

THEOREM sp. 2. Wherey = 1,...,I € A € fml(L)) and (T, A)
is K7-consistent, there is a K,-model M = (A, w) for L, and an A-
assignment o so that M k, I'[a] and M k}, Ala].

Proof. Just like the proof of Theorem p. 2 fory = 1,... .

Note. If y = 0, Tor 0, T, u, we can define K¥(L,) by adding
Axioms (10*) and (11*) to the previous sequent calculus, replacing
(ESC), (EWC), (S*O’I) and (W*D’I) by:

(ESC*) T,At ¢(v/1)

IAFDO'T(, # 1)
A ¢ ¢(v/) ;
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INDIVIDUAL-ACTUALISM I1 35

(WSC*) T,AHF ¢(v/t,)
IAFO'T(t, % 1)

LAFGOR)
I,THoé

sal*)y —————

BT ororros
I,TH ¢

war* _—

VBl grorros.

(Notice that (S‘O°7) and (W‘D’I') would not preserve K7-validity.)
Soundness and completeness of K¥(L,) in this case follow much as
before. Lemma sp. 1 must be revised to take this form:

if (t, = 1)) € T, then (i) for every u € W with 1y, 7, €
Var U €(u), 1 T(z, # 1,) € I, and (ii) E(y) € I, iff
E(r) eTl,.

The rest of the argument combines features of the previous argument,
together with features of the proof of Theorem p. 2 for the case of
y = 0, ... Problem: Formalize the logic K when y is either 0 or
O,uor0,sor0,u,s.

We now consider formalization of the actualistic based on K. Let’s
first consider L = L, for y = 1, ... We form Ki(L) from K% (L) by
adding these additional axioms:

(14) {(mo # 1)}, {(z0 # )} B O(t # 1);

(14,) as above with ‘=~ replacing ‘~’;
(actualism): { }, {(mE(1)} +F* O E(7);
(actualism,): {TE (1)}, {(ME,(t)} F 1 O E(1).

We also gain elegance without loss of strength by replacing (ESC)
and (EWC) by (SC) and (WC) from K. We form K7,(L) by adding
(nn) or (nn,) to K4(L); we form K¢ (L) by adding (eat) or (eat,) to
K?(L); form K%,,.(L) by adding all these axioms. Hereafter, ‘x’ is

[P

replaceable by ‘@’, ‘nn’, ‘at’ or ‘at & nn’.

THEOREM a. 1. Restrictedto L = L, fory = 1, ..., K} is sound
and complete with respect to K2. Soundness follows easily. To prove
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36 HAROLD HODES

completeness, we’ll indicate the needed modifications of the previous
argument.

Suppose we’re given L, W, € and a €-strict, O-normal, K}-
consistent complete diagram D on W for L. Where ‘=’ € lex,, let
D be settled iff for all w*x € W: iff 7 E(z) € A, then 1 E(z) € A,.,;
where ‘=~ € lex,, replace ‘E” by ‘E;’. Let D be proper iff for all
w*x e W, if (1, = ;) € I, then: E(zy) € I,., iff E(z,) € T,.,. Suppose
that D is settled and proper.

LEMMA a. 1. Where ‘=’ € lex,: if (1) = 1,) € I, then for every
ue W witht,, 1, € Var U €(u): (i) if i < 2 and E(z;) then (1, ~ 1,) €
I,; and (ii) E(z)) € T, iff E(t)) € I,. Where ‘= € lex,, replace ‘~’and
‘E’ by ‘=, and ‘E,’.

Proof uses Axioms (11), (12), (13) and (14), rule (WC), and the
assumption that D is settled, O-normal and proper.

LEMMA a. 2. just like Lemma sp. 2, for K5 (L) instead of K (L).
Define U,, ~ and U, as before.

LEMMA a. 3. just like Lemma sp. 3; the proof also carries over.

Define ~*, U, U(w) forwe W, R, & A, A, M and « as before.
Notice that U is a settled structure, since D is settled; clearly M” is
actualistic and a” is an M"-assignment for each w € W.

LEMMA a. 4. Forvy, ...,V |, 0, W, T, ..., To_y, @ and o’ as in
Lemma p. 4:

@) fort ¢ {vy, ..., v,_,}, den(W*, «’*, 1) = [1] iff [1] €
U(w); otherwise den(A*, o™, 7)1;

(ii) den(A*, o™, v;)) = [1,] if [t;] € U(w); otherwise
den(U”, «™, v)T;

(iii) ¢ e T, iff (A", w) F ¢[a™];

(@iv) —¢’ e T, iff (A, w) 4 ¢[a™];

) ¢, 9" € A, iff (A", w) | $la™].

The proof of this is a straightforward imitation of the proof of
Lemma sp. 4.
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INDIVIDUAL-ACTUALISM II 37

Theorem a. 1 will now follow from the following model-existence
theorem.

THEOREM a. 2. Wherey = 1,..., T € A € fml(L,) and (T, A)
is K}-consistent, there is a K{-model I and an M-assignment a so
that M F T[] and WM E* A[a].

Suppose (I', A) are as required; fix a name-array € on W. We must
construct a tree W on x and a diagram D for W, € = €’| W so that
D is strict, proper, O-normal, complete, K}-consistent, and I < T ,,
A = A . It will follow that D is settled, using (actualism) or
(actualism,) and O-normality.

The reduct of (A< ?, ¢ ) to L and «¢ > will be as required.

The only novelty in this construction comes from the need to make
D proper.

CASE 1. ‘=’ € lex,. Suppose we have constructed W, < x=“ so that
forallwe W,, |w| < nand (T,, A,) has been defined and is consist-
ent. If for some ¢ € fml(L*) —0a¢ € A, then we’ll define T,., and
A,., for all x € . Let {Y,: x<k) be a listing, repetitions allowed, of
all such ¢. Let:

A.. =0"'A, v {Y,}

k=

wx

o-'T, if 0y, ¢ T,;
0-'T, u {My,} otherwise.

(TS, A%..) is consistent, since otherwise, using (S‘0’I) or (W*D’I)
(T, A,) would be inconsistent. We’ll construct I'., < Al., so that
(L., AL.)) is consistent and:

for T € Var U €(w) either E(t) € '\, or M E(7) € AL.,;
if (t & t) e, then: E(t) e [\, iff E(z") € [L.,.

Let <1,),., be a k-listing of Var U é(w), repetitions allowed. Our
strategy is this:

if =0y, ¢ T, we try to put each 1 E(t,) into A),.,;

if =0y, € T, we try to put each E(z,) into T,,.
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38 HAROLD HODES

Suppose Oy, ¢ T,,. Let A% = A°... Suppose for y < « that A%
has been defined and (I'%,, A%) is consistent. Let:

{A&Zx v {ME(x)} if (T, A%, U {1 E(z,)}) is consistent;

Al otherwise.

AOy-H —

wex

Where y is a limit ordinal let A%, = U, _, A,,.x; so (TS, A% is

consistent; and if 1 E(t)) ¢ A% then: T, A% | E(z,). Let:
r.:,.x = rwox W) {E(‘[ ):_IE( ) ¢ Awox}
A!v‘x = A?vfx {E(T ) ﬂE‘(‘cy) ¢ Aw‘x}.

then (T,, AL.)) is consistent. Suppose that (t ~ t)eT,, TE(t) €
A% and "1 E(t) ¢ A%,. Where 7 is T, I%,, A% F E(7). So for some
6o, . . ., 0,_, With 1 E(ay), . . ., —lE(a,,_,) e — A, :

o-'l,,0'A, v {1y, E(o,), - . ., 1E(0,_,)} F E(7);

Therefore:

I, A Oy, &E(6) & ... & 1E(0,_))) 2 E(T));
using (SC):

I,AFO((Y, &E(6) & ... & 1E(0,_,)) 2 E(T));
SO

(_Illlx&'“lE(a‘o) &...&E(s,_,) > E()eT.,.

Thus T%,, A., + E(t'); but since 11 E(1") € A%, this violates the con-

sistency of ( 0..» A% ). Thus for (t = ") e I,: if 7 E(1") € A%, then

ﬁE(t) e A% ; similarly if 1 E(1) € A%, then 1 E(") € A% ; so E(1) €
Il iff E(t') e T).,.

Suppose that “‘an//, e I,. We’'ll define T2, and A%, for y < k; let
T8 A%) = T%,, w.x) Suppose that (T%, A% ) has been defined
and is consistent. If ([y, U {E(z,)}, A%, U {E(z,)}) is consistent, let
it be (TIZH, AlxHhy; otherw1se let I‘,L.’,*' =TIk, ALZ;* '= Al . Where
yisalimit <x, let I = U, ., 0%, AR, = U, ., A%.. Let ., =
F£.§ So (T, A%%,) is consistent. Furthermore if E(z,) ¢ T,..,, then:

[hee, A% FY 1E(z). Let:

A:v‘x = w‘x {—|E(T ) E(Ty) ¢ w‘x}
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INDIVIDUAL-ACTUALISM II 39

Then (T, Al..) is consistent. Suppose that (t ~ ") e [,, E(t') €
I... and E(7) ¢ I,.,. Where ' = 1,: I%, A%, F* T1E(1). So for some
Gy, - - - » O, With E(ay), . . ., E(a,_,) € T}, — T%,, we have:

0-'T, u (., E(s), . . ., E(6,_,)}, D'A, U
(., E@), . . ., E(,_,)} F* 1 E(3).

Therefore:

o'l,,0'A,F* (Y, & E(6) & . . . & E(d,_))) D
—E(7);

thus:

I,,A,F"O(—wW,& E(6))&...& E(g,_)))
—E(7)).

By (WC) we have:

L, A " Oy, & E(6) & . . . & E(5,_))) >
TE®));

therefore:
W, & E(c) & ...& E(s,_,)) © DE() e A’,,.

Thus IS, AL., F* 1 E(7). This violates the consistency of ([\.,, AL.,).
Thus for (t = ") e I,: if E(t") e T\, then E(t) € T\, ; similarly if
E(t) eI\, then E(t) e TL,.

We then expand (.., Al.,) to ([,.,, A,.,) so that the latter is con-
sistent, 1-complete and 3-complete; this runs as usual.

CASE 2. ‘~/ € lem,. Here the previous elaborate construction of
(Taexs As,) is unnecessary; similarly if ‘T’ € lex,. Since

{(to &, 1)}, {(70 &, 1)} F O(E(70) 2 Ef7)),

the fact that D is O-normal will make D proper without extra effort.
The rest of the construction is as in the proof of Theorem p. 2.;
details are left to the reader.
Where y = 0, . . ., the difficulty faced before with defining K¥(L,)
to be sound and complete for K¥ is compounded when we consider
K. First of all, we seem to have to define K$(L,) so that the diagram
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constructed in the proof of the model-existence theorem would be
settled. The most likely axioms to introduce with this in mind are:

(actualism*) { }, {0 E(v)} +* O E(7);
(actualism*,) {TE,(7)}, {ME,(v)} F O E,(7).

However when D is consistent and O-normal and ‘=’ € lex,, (actual-
ism*) will not insure that D is settled, since O-normality doesn’t
require that O~ 'A, € A,., for w*x € W. Fortunately, where ‘~,’ €
lex,, (actualism*;) will insure that D is settled. However even in this
case, a proof of Lemma a. 1 faces an obstacle which appears formid-
able. The natural variation of Axiom (14;), namely:

{(To #s b {(10 %, Tl)} F* O(to #,71)

does not play the role that (14,) played in the previous proof of
Lemma a. 1; once again, O-normality will not insure that (7, #, 7,) €
A,., given that O(t, %, 1,) € A,,. So the problem with defining
K%(L,,) or K%(Ly,,) seems to boil down to finding an appropriate
version of Axiom (14;).

Of course if y is 0, T or 0, T, u, these difficulties vanish, as they did
in our discussion of K. We replace (actualism) and (14) by:

{(MTE®)}, (M TE(®)} F O TE(x);
{(g # 1)} {(1o £ )} FO T (7 = 1));

Furthermore (S‘0°7) and (W‘D’T) are replaced by (S‘O’7*) and
(W*D’I*). A soundness and completeness proof for the resulting
system is left to the reader.

7. ON L?, L AND L{ WHEN L IS STRONGER THAN K
We'll consider the following axiom schemata:
(s7) {O¢}, {O¢} + &;
(wr) { },{0®) " ¢;
(sr*) {O¢}, (D¢} + &
(s0) {O¢}, {O¢} + OO¢:
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(wt) { }, {0¢} +* OO,
(st*) {O¢}, {O¢} +F DO¢;
(ss) {8}, {¢} F OO,
(ws) { }{e} " OO
(s5%) {8}, {6} F OO
(ws*) { }L{¢}F"OO¢;
(se) {Od}, {0} F OOY;
(we) { },{Co} F DO
(se*) (¢}, (o} + OO

Where ‘x’ is replaced as usual, ‘z’ is replaced by ‘p’ or ‘sp’, and
y=1...,[=0,...]for L = L, we form the sequence-calculus
on the left by adding all instances, for ¢ € fml/(L), of the axiom-
schemes indicated on the right to Ki(L);

Ti(L) : (sr) and (wr)[(sr*)];

K4 (L) : (st) and (w)[(st*)];

S4i(L) : (sr), (wr), (st) and (we)[(sr*) and (st*)];

B;?(L) : (ss) and (ws)[(ss*) and (ws*)];

B3(L) : (sr), (wr), (ss) and (ws)[(sr*), (ss*) and (ws*)];

S5i(L) : (s0), (w), (se), (we)[(sr*), (ss*) and (se*)].
THEOREM 3. If L is either T, K4 or S4, then L: is sound and
complete relative to LZ; similarly if L is either B~, B or S5 and
y = 1,... . The soundness of L; relative to L: is easily proved by

the usual induction on the length of derivations.
The following pecularities deserve notice; for appropriate choice of

¢:
({ }, {09}, ¢)is not weakly T: (or S4: or B or S5?)-valid;

({ }, {O¢}, OO¢) is not weakly K42 (or S4 or
S5:)-valid;

( }, {©¢}, OO P) is not weakly S5i-valid.
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42 HAROLD HODES

These facts might make the weak B;* (and BZ and S§;)-validity of all
instances of (ws*) surprising.

As usual, to prove completeness, it suffices to show that for any
I' c A c fmi(L):

if (', A) is L% -consistent then there is an L -model
M = (U, ( ))and an A-assignment « so that
M k, I'[ae] and M E Afa].

Since the argument will be the same when ‘z’ is replaced by ‘sp’, we’ll
consider the case in which ‘2’ is replaced by ‘p’.

First we consider the case in which L is either T or K4 or S4. The
construction in §5 yields a K,-model M = (A, ¢ ») and an W-assign-
ment a so that M F, I'[a] and M k; Ala]. Let (W, R) = frame(A). If
Lis T, form M = (W, < D) by replacing R by the reflexive closure
of R; using (sr) and (wr)[(sr*)] we can show that for all ¢ € fml(L)
andwe W:

™ (U, w) F, plo] iff (A, w) F, dlaf; (A, w) 4 @a] iff
W, w) 4 ola);

thus M’ and « are as desired. If L is K4, form " and A’ by replacing
R with the transitive closure of R; by (st) and (wi)[(st*)], (*) holds; so
M’ and « are as desired. If L is S4, form M’ and A’ by replacing R
with the reflexive transitive closure of R; as above (*) holds; so M’
and a are as desired.

Where L is either B-, Bor SSand y = 1, . . ., construct the
K,-model M and a as above. If L is B~ , form M’ and A’ by replac-
ing R with its symmetric closure; if L is B, replace R by R" = the
reflexive symmetric closure of R. Again, we can prove (*); so D
and « are as desired. A familiar proof shows that (sr) and (ss) are
theorems of S §4(L) and that (wr) and (ws) are weak theorems of
S&.(L). Thus if L is S5, construct M’ and A’ as in the case for B;
again (*) holds; form M” = (A", { )) by replacing R’ with its tran-
sitive closure. Then for all ¢ € fm/(L) and we W:

(W, w) F, dla] iff (A", w) ¥, Plo];
', w) ,4 pla] iff (A", w) A P[a].

Since M” is an S5,.-model, M” and a are as desired.
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INDIVIDUAL-ACTUALISM II 43

Where L is either B", Bor S5and y = 0, . . ., it’s easy to see that
L: is sound relative to LZ; but when we consider the completeness of
L3, the strategy used above will not work. Suppose L is B~ and U’ is
constructed by replacing R with its symmetric closure; since we may
have (U, w*x) F, O¢[a] and (A, w) ¥, ¢[a], (*) does not follow. The
lesson here is that we can’t simply take the M = (U,  )) produced
by the construction from §5. Conjecture: where y = 0,...,and L is
either B~, B or S5, L: is complete relative to L:.

We’ll now consider actualistic logics. If y = 1,...[=0,...]
form T4 (L) from K%(L) by adding as axioms all instances of (sr) and
(wr)[(sr*)]. Then T4 is sound and complete relative to T;. The proof
of this is a straightforward use of the approach just considered to T¢
and T?.

It’s important to realize that the formalization of the actualistic
logics based on the other logic-defining classes discussed above is not
as simple as one might have expected. Indeed the following should
come as a disturbing surprise.

OBSERVATION:
)] (s?) and (st*) are not K45 (or S4% or S5%)-valid; (wi) is
not weakly K45 (or S4% or S5%)-valid;
2) (ss) and (ss*) are not B_“ (or B or S57)-valid; (ws) and
(ws*) are not weakly B;“ (or B or S5%)-valid;
3) (se) and (se*) are not S5;-valid; (we) is not weakly
S52-valid.

For example, let W = {0, 1,2}, R = W%, U = U(0) = {a, b},
U(w,) = {a}, U(w,) = {b}, #(a) = a, ¥/ (b) = b, and A = (W, R,
U, U, /), M = (Y, 0) is a K4,-model (in fact an S4, and an S5,-
model) and M k O(E(a) v E(b)); but M"? ¥ (E(a) v E(b)); so
M' ¥ O(E(a) v E(b)); so M F OO(E(a) v E(b)); thus M invalidates
(st). Another example: let W = {0, 1}, R = W?, U = U(0) = {a},
Ol ={}, #@) =aand A = (W, R, U, U, &); then M =
(AU, 0) is a B; -model (in fact a B, and an S5,-model) and M F E(a);
but M' ¢ GE(a); so M ¥ OO E(a); so M invalidates (ss). Similar
counterexamples may be constructed to prove the remaining claims.
It appears to be impossible to construct sequent calculi, along the
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44 HAROLD HODES

lines pursued in §5, §6 and above for K42, S42, B, B2 and S5°.
There is one exception: where L is B~ or B and we have y = 1, T or
y = 2; this rather peculiar case will be discussed in §8.

Fortunately, we can use the translations ¢ from §2 and our for-
malization of the possibilistic logics to replace a direct formalization
of these actualistic logics. Clearly:

(T, A, ¢) is Li-valid [weakly L3-valid] iff (£’T, 1A,
t(¢)) is L2-valid [weakly L?-valid].

Using the results of §5 we have:

[T, A, ¢) is Li-valid iff (¢’T, t”A v A, t(¢)) is Li.-
valid;

(T, A, ¢) is weakly Li-valid iff (¢’T, t”A U A’, t(¢)) is
weakly Lf.-valid;

[ Y

where ‘x’ is replaced by ‘a’, ‘at’, ‘a & nn’ or ‘at & nn’ and ‘x*’ is
replaced by ‘ed’, ‘eat’, ea & nn’ or ‘eat & nn’ respectively. This shows
the instrumental value for an individual-actualist of “‘speaking like”,
or pretending to be, an individual-possibilist; a “detour” through
possibilistic logics makes it easier to derive conclusions from premises
which are all understood actualistically. Non-actual possible objects
are analogous to what Hilbert called “ideal elements” in proofs of
finitary conclusions from finitary premises. (Of course this analogy is
not perfect; Hilbertian ideal elements were not objects, but rather
quantifiers with infinite ranges; but the Hilbertian “detour through
the infinite” is analogous to the detour through possibilistic logics
mentioned above.)

8. FORMALIZING B;* AND B}

In this section we’ll construct sequent calculi B;“(L) and B%(L), where
Lis L,y or L,. By the closing remarks in §7, we don’t really need
such a formalization. But the fact that there are such sound and com-
plete calculi for lex, r and lex,, and that it’s very hard (or perhaps
impossible) to find them for other lexica, is surprising and intriguing.
Furthermore the problem of proving the completeness of these
sequent calculi should be sufficiently challenging to make “mere tech-
nical interest” interesting. The reader who is not mathematically
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INDIVIDUAL-ACTUALISM II 45

intrepid will lose little by skipping this section. Hereafter L is L, r
or L,.
Given ¢, Y € fmi(L), let:

T = (1'0, ceey tl—l)s g = (0'03 ceey am—l)
be sequences of terms of L with/ < w, 0 < m < w; let:

V= (VOs s ey vp—l)’ l-i = (”0, .. 9#4—-1)9
5 = (00$ e aQr—l)

be sequences of variables; let none of these five sequences overlap.
Where order doesn’t matter, we’ll regard these sequences as sets of
terms. Suppose that:

Param(¢p) c Tudu VUil
Param(y) c Tudugul
Where & = {n,,...,n,_,} €S VU UG, let

¢ = the result of replacing each free occurrence in ¢
of each variable in (V U i) — £ by ay;

this notation hereby surplanting that used in §2;
¥ = @m) ... (-,
where {5, ..., 7} = @V 0) — F;
0F) = @no) - .. An,_) (@5 & OWT)).
Let ‘(3V U i U @) abbreviate:
@vo) - .- @v_1)(Bo) - - - Cpy-1)300) - - - Ber-r)-
Finally, let E(7) and E,(%7) abbreviate respectively;
AE():i < 1}, A{TE(x)i < I}.
Consider the following axioms:
(Strong Actualistic Symmetry):
{0@V v v 2)([@e & Y & E(T))},

{O0@v v v @)(O¢ & ¥ & E(?)), TE(0):i < m} F*
V{IF):F cVupudh
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46 HAROLD HODES

' (Weak Actualistic Symmetry):

{ L {0@EV VAU )DOP &Y & E(7)),

—E(c):i <m} b v{(F):F VU pu gl
In this section, ‘x’ may be replaced by ‘a’, ‘a & nn’, ‘at’ or ‘at & nn’.
Form B;*(L)[B%(L)] by adding all cases of (WAS) to K3(L)[T5(L)].
By straightforward manipulation of ‘T’, we then have that all
instances of (SA4.S) are theorems of B;“(L)[B;“(L)]. (Note: we could
instead have added all cases of (SAS) as our axioms, and then have
had all cases of (WAS) as weak theorems.)

THEOREM 4. B;“[B4] is sound and complete relative to B, *[B;].
For soundness, the following will suffice.

LEMMA 1. (WAS) is weakly B_“-valid [and therefore weakly B;-
valid]. Suppose M = (A, w) is a B, *-model for L with frame(W, R),
and a is an M-assignment, M E* 11 E(0;)[a] for all i < m, and:

ME"@AV v v )0 &Y & E(T))[d
So for some u € W with wRu:

ME" @7 VAV O &Y & E(D)[x]
Fixed @ = (g, ..., a,) € Uy and b = (b, ..., b,,) € Uy,
¢ =(cp..-»6_1) €U and = (2)]%T so that:

Mk O¢ & ¥ & E,(7))[B].
Since Frame(2) is symmetric, uRw. So M™* k* ¢[p*]; furthermore
M = (A, w). Let:

F = {nevoupuig:pml}
Since M E* 1 E(0,)[o], M™™ E¥ 11 E(0,0)[B"]; so (UY, w) E* dg[B"].
Where F = {ng, . . ., n,_,}, let ajery "5 ) =

.....

CLAIM. Forte? u & u & :den(¥",B", 1) ~ den(¥, y, 7).
For i < I, den(U*, B, 1,)|; since 1, ¢ Vv U i U @, den(U, B, 1)) €
U) n O(w); so:

den(U*, B, 1,) = den(W“, B, 7;) = den(¥, y, 7).
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INDIVIDUAL-ACTUALISM II 47

For i < n, den(¥, y, 0;)1 and den(A*, B*, 0))1. Fori < s, B*(n;) =
B(n.) = y(n,); so the claim holds. Therefore M E* ¢4 [y].
Since M* ¥ Y[B):

ULl (o e MY
furthermore:

@ Vs, = 7"
So M E” OSW*)[y]; so ME” O(F)[a); so ME* v {HF):F < VU
f U @}[a]. Perhaps the reader will find (WAS) more intelligible if it’s

thought of as a distant descendant of { }, {©OO¢} +* ¢, a contra-
posed version of (ws). QED

Theorem 4 will follow as usual from the following:

THEOREM 5. ForI' = A < fml(L): if (I', A) is B;“[B%]-consistent
then there is a B; [B,] model M and an M-assignment « so that M F
I'[a] and M E* Ala].

LEMMA 2. Let T < A < fml(L). If (T, A) is B;*-consistent and ©
is a term not occurring as a parameter in any member of A then
(T, A U {ME(1)}) is B;*-consistent.

Proof. Let A* be:

{{A{DE@):i<m& O@AVUIUNOP&Y &
E@)) o, (V{UF):F cTVuoauid): ¢, ¢,4T7,
V, i, ¢ as above}.

Then for any formula 6:
(T, A, 0)e Th B°(L) iff (T, A U A*, 0) e ThK5(L),

by an easy induction on the length of derivations. Let t be as stated
in the lemma. Since (T, A) is B;“-consistent, (I', A U A¥) is K¢-
consistent; so by Theorem 2a there is a K,-model M and an M-
assignment « so that M F [, M E* A U A*[a]. Without loss of
generality, M F E(t)[a]. So (I', A U A* U {1 E(7)}) is K{-consistent;
so (I, A U {ME(z)}) is B;*-consistent. QED

Hereafter, “consistent” shall mean “B}“-consistent.” Where W is a
tree and D is a diagram on W for L, let D be an 0-diagram iff for all
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48 HAROLD HODES

we W, 1E(0) € A,. The previous lemma will make our life easier by
permitting us to introduce a new constant 0 not occurring in a given
(T, A) and to then construct a 0-diagram. Let D be consistent iff for
each w € W, (Dy(w), D,(w)) is consistent. We’ll replace the notions of
O-normality and &-completeness as follows. Let:

A, = {¢:¢ € fml(L*) for some u € W, and for every
7 € Param(¢) — {0}, E(1) € Dy(w)};

D(w)* = D(w) n A, fori < 2;

D is O-normal* iff for all w*x € Wand all i < 2:
O~ D,(w*) = D,(w*x).

D is O-complete* iff for every we Wand i < 2 if
—10¢ € D,(w)* then for some w*z € W, ¢ € D,(w*z).

Suppose that for all w e W, D,(w) < fml(L’) where L’ =
L,(Pred, €’); then:

D is m-complete for €’ iff for every w € W, (Dy(w),
D,(w)) is —-complete for L’;

D is 3-complete for €’ iff for every w € W, (Dy(w),
D,(w)) is 3-complete for L’;

D is complete* for €’ iff D is —1-complete and
3-complete for €’ and O-complete*.

Let D be symmetric iff for every w e W with |w| > 1 and all i <2:
o~'(D,w)*) € D(w").

The following lemma will permit us to regard 0 as the only term
whose undefinedness need be considered in the 0-diagram.

LEMMA 3. Where ¢’ results from replacing some parameter-occurrences
of cin ¢ by 0:

{¢}. {¢, 1 E(0), 1EO)} + ¢';

{ },{¢,E(0), NE©0)} " ¢

{¢'}, {¢", 7 E(o), "EO)} + ¢;

{ },{¢",E(0), NE0)} " ¢;
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INDIVIDUAL-ACTUALISM 11 49
Proof. By induction on the construction of ¢. QED

Suppose that D is a consistent, 71-complete, O-normal* 0-diagram.
The previous lemma allows the fact that O¢ € D,(w™~) to influence
D,(w); for if ¢’ is formed from ¢ by replacing each parameter-
occurrence of each 7 such that 1 E(tr) € D;(w~) by 0 then O¢’ €
D,(w™)*, and so ¢’ € D;(w), even though we might have ¢ ¢ Dy(w).
Furthermore, D is proper, by the argument used in §7 for the case in
which ‘x,’ or ‘T’ € lex,; but notice that we can’t conclude that D is
settled using only O-normality*.

When W is a tree, let W’ be a subtree of W with root w; iff
woe W < W, forallwe W’ w, < w, and for any w, w € W": if
w S u < w then u € W’; let D be good iff for every term t,
{w e W:E(1) € Dy(w)} is a subtree of W.

Suppose that D is a good O-normal*, consistent, complete* for €,
symmetric 0-diagram for W. Let U, = Var U €’ and let:

U, = {1 € U,: for some w e W, E(t) € Dy(w)};
1t ~ v iff for some we W, (t = 1) € Dy(w).

Clearly dom(~) = U,. Furthermore, since D is complete* for €’,
~ is transitive by Lemma a. 2. from §6 applied to B;°. So ~ is an
equivalence relation. Let:

R={w,w),ww)weW}
U = U/~ = {[t]:t € U,}, where [1] is the ~-class of 1;
Uw) = {[t]: E(x) € Dy(W)};

1 ifP(tg, ..., Too1) € Do(W);
SB[ o) = {o if Py, . . ., To_1) € Do(W);
H(c) ~ [c] for c € €’;
a(v) ~ [v] for v € Var;
A= (W,R U,UT,& N)

Firstly, we must show that if t ~ 1’ then forevery we W, (t # ©') ¢
Dy(w). Since D is good and the intersection of subtrees of W is itself
a subtree of W, {w: E(t), E(t') € Dy(w)} is a subtree of W; let w, be
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50 HAROLD HODES

its root. It suffices to show:

if (1 ® ') € Dy(w,) then for all w e W’, (1 ~ ') € D,(w);

if (t & 17) € Dy(w,) then for all we W', (t % 1') € D,(w);
This follows by induction on |w| — |wy|, using O-normality*,
Axiom (14), and this theorem: {(t = 1)}, {(r = )} +* O(t ~ 7).
Secondly, using the notation from §5, Lemma p. 4., we need to show
that for all w e W with |w| > 1:

if Oy’ € Dy(w) then (A2, w™) E [ 70;
if Oy’ € D,(w) then (U2, w™) E* Yla’ ™).

Form ¢ from y by replacing every parameter 7 in ¥ other than

Vos -+« » Yoy Such that 1 E(t) € D,(w) by 0; form y’ from y’ by
replacing every parameter t in §’ such that —1 E(z) € D,(w) by 0. For
i < n,let:

4 —
i

1, if E(7;) € Do(w);
{0 if 7 E(t;) € Dy(w).
Thus ¥’ is Y(Vo, - - - » Ya_1/Tos - - - , To_1). Notice that for i < 2:
Oy’ € D(w) iff Oy’ € D,(w)*,
by Lemma 3. Let & be o2} """z

oh- . lth ]t
Then:

@, wo) E P[a* ] iff (A, wo) E ylam ] iff
A, wo) E Yl ™)

@7, w™) B Y@ Tff (U™, wo) B Yla ] ff
(A, W) B o).

Of Oy’ € Dy(w), since D is symmetric, Y’ € Dy(w™); by induction
hypothesis (UA*", w™) F [@*"]; so by the preceding (U™*~>, w~) E
Y[o’**"?], as required. The second conditional follows similarly.

LEMMA 4. If (T, A) is consistent then there is a good, O-normal*,
complete* symmetric consistent 0-diagram D on a tree W so that T <
Dy(< >), A = D,( ). Proof of this lemma shall require some work.
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INDIVIDUAL-ACTUALISM 11 51

We’ll construct D as the limit of the sequence {D"),_,, of good
O-normal* complete* consistent diagrams on W" for L". Let k =
card(fml(L)). For each n < o fix a name-array ¢" on (k * (n + 1))=°
so that 0 € 6°(¢( )) — Cand for —1 < n < w:

@ < ¢ d);card(@'( D) — ") = K;

where €' = C.
Recall that €" = U{€"(w):we (k- (n + 1))<“}. Let:

L' = L(Pred, €");
so [’ = L.

We'll have W" < (kx*(n + 1))°“ and have D" be €" | W"-strict.
The transition from D" to D**' will occur in two big stages: first we
work “towards the root { )", expanding D" to a diagram D"* on
W"; then we work “away from the root { )", expanding D"* and
W"to D"*'and W' < (k- (n + 2))<°.

We'll begin with a detailed overview of the construction of D"* and
then carry out that construction. For w € W, let:

€t (w) = U{€"(u):w S ue W},
L*"* = L(Pred, €"* ().

We'll construct D"t with D"t (w) < fml(L*"*) for all w € W, and
meeting these three conditions:

(a) for w e W" and ¢ € €"* (w): either E(c) € D}* (w) or
—E(c) € Di* (w);

(b) D is good.

Notice that (a) alone will prevent D"* from being ¢”-strict. The third
condition will require some definitions. Let a term t be troublesome
for w, z by n iff E(t) € D§* (w*z) and 1 E(t) € D{* (w). For ¢, y €
Sml(L*"*), let:

¢.. = the result of replacing each parameter in ¢ that is trouble-
some for w, z by n with 0;
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52 HAROLD HODES

Y"" = the result of existentially quantifying-out of ¢ exactly those
parameters troublesome for w, z by n.

(©) fori < 2 and w*ze W™
if O¢ € D}* (w*z)* then ¢,, € DIt (w);
if Yy € D' (w*z) then O(W*?) € DI (w).

By imposing (c) on D"* we’ll make D symmetric.
D* shall itself be the limit of a sequence of diagrams {D™*), _,,
with D™ = D". For w e W" let:

€' (w) = €"(w);
G (w) = € (w) U U (€™ (w*2): w*z e WM,
L*** = L(Pred, €™*(w)).

For w e W", we’ll have D (w) < fml(L*"*), and the following:

@) for ¢ € €™*(w), either E(c) € Di* or 11 E(c) € D (w);

®) for w*z € W": if 1 E(z) € D'*(w*z) then 1 E(1) €
D+ (w;

) for w*z e W™

if O¢ € D*(w*z)* then @,,, € D' (w);
if Y € DPM*(w*z) then O™ ) € DI+ (w).

Then (a’) and (c") respectively will insure (a) and (c), and (b") will
help insure (b).

For each z < k we'll construct a diagram D™*; we’ll take D™ to
be the B, *-closure of D***, that is, D™* = the minimal D’ so that for
allwe W,and i < 2, D™*(w) < D/{(w) and for all ¢ € fml(L""*):

if Dg(w), D{(w) + ¢ then ¢ € Dy(w);
if Dg(w), D{(w) +* ¢ then ¢ € D{(w).
Foreach z < x, we W, and i < 2, we’ll have:
if 22 < z then D"**(w) < DM+ (w);
if z is a limit then DM*(w) = U{DM*(w):2’ < z};

if 2 < z and ¢ € €™ (w*72') then either E(c) € D§**(w)
or 1 E(c) € D% (w).

We'll take D™ = Dk,
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Finally, each D™** shall be the limit of the sequence {D™**'),_,,
where D**00 = prko prkz+10 — prkax and where ¢ is a limit:
Dr**(w) = u{Df** (w):t' < t}.
Let:
Er(w) = V{E*(w*2):Z < z};
L% = L(Pred, €*(w)).

Fix {e/™**, . to be a k-ordering without repetition of €™*(w*z) —
€™ (w). Let:

@ (w) = {epmR it <t}
L2 = [(Pred, €™ (w) U €"(w).
Letting D™ = D" for t' < t, we’ll have:
Dy (W) S fml (L"™*54) U fiml (L"),
if ' < tthen D;"(w) € D;"'(w);
if ¢ is a limit then D;'(w) = U{D;""(w): 1" < t}.
(i) (Dy ‘(w), Dy '(w)) is consistent.

Letting ¢, = ¢ for t' < t we’ll also insure the following:

(i1) either E(c,) € Dy '(w) or 1 E(c,) € Dy ' (w);

(iii) if 1 E(c,) € Di*(w*z) then 11 E(c,.) € D;'(w).
Furthermore for all ¢, y € fml (L*"™**'):

(iv) if O¢ € DM (w*z)* then ¢,, € D; ' (w);

v) if Y € D*(w*z) then O(W™*) € D;'(w).

Note: where (ii) is satisfied, ¢,,, and y** may be computed from D',

For ¢ € €"*' — @", let u(c) be the minimal w so that ¢ € €"*'(w).
For c e U{€":n < w} with w & u(c), let ind(w, ¢) = (ny, ko, z, 1),
where:

n, = the least n so that ¢ € €";

ky = lu(e) — [wl — 1;

This content downloaded from
132.236.106.146 on Mon, 07 Feb 2022 20:10:34 UTC
All use subject to https://about.jstor.org/terms



54 HAROLD HODES

s0 k, is the least k with ¢ € €' (w);
z is the unique ordinal so that ¢ € € (w*z); c is ¢;"*"”

Notice that the possible values of ind(w, ¢) are well-ordered under the
lexicographic ordering. Let ¢ be troublesome for w, z by n, k, ¢

iff 1 E(c) € Dy '(w), for some z'E(c) € Dy*(w*z’), and ind (c) <

(n, k, z, t). For ¢ = ¢*™**_ we’ll have:

¢ is troublesome for w, z by n iff ¢ is troublesome for
w,zbyn k, t + 1.

Furthermore if ¢ as above is troublesome for w, z by n, k, t + 1 then
we’ll have associated ¢ with (4,, 4,, B,, B,), to be called the negative
witness for (w, ¢), where 4;, B, < fml(L*™**") for i < 2, A, < A,,
B, < B,, and meeting the following conditions for any constant ¢’
not occurring in D;‘(w):

(vi) for ¢ € A4;, O@(v/c) € DM (w*2)*;
(vii) for y € B, y(v/c) € DM (w*z);

(vii)) (D5 (9) © {EC)} © Ao, (v/€) U OB (v/C),
Dy'(w) u {E(C')} U A,'W(v/c’) v OB (v/e) is
inconsistent;

where
Ai.wx(v/c,) = {d’w.z(v/cl) ‘pe Ai}’
OB (vfe’) = {OW™(v/e): ¢ € B},

and where v is a variable for which these substitutions make sense,
and for which each free occurrence of v in ¢ or ¥ remains free in y,,,
and ¢*°. Note: if (4,, . . ., B)) is as above, d occurs in it (i.e. in
some member of A, or B;) and w & u(d) then ind(d) < ind(c) under
the lexicographic ordering of indices. The point of (vi)(viii) will
become visible later. Suffice now to say that these conditions will
require that we meet (ii) by putting E(c) into Dy '*'(w), unless doing
so will destroy consistency when combined with meeting conditions
(iv) and (v).

We’ll now carry out the construction. By Theorem 3a, using A*
from Lemma 2, there is a W° < x*“ and a €°-strict O-normal
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consistent, complete for ¢° diagram D° on W° with ' < DJ(¢{ D) and
A U{—E@0)} < D}({ »); O-normality makes D° a settled 0-diagram.
Thus no member of Var u C will ever be troublesome for any w, z;
furthermore D° is good. Let D% = D% = D°; so (ii), (iii), (vi), (vii)
and (viii) are trivially satisfied by D*%%°,

We’ll show that conditions (iv) and (v) are satisfied. For w*0 € W?,
Q¢ € fml (L") ~ DX (w*0)*, no parameter of ¢ is troublesome for
w, 0 by 0, 0, 0, since D° is settled; so ¢, is ¢. Let 7 be a sequence of
all parameters in ¢ other than 0; so E,(¥) € DJ°(w*0). Since D*° is
consistent, complete and O-normal, &(0¢ & E, (%)) € DM (w). Using
(SAS) or (WAS), as i is 0 or 1, and regarding o, is 0, y as ‘1 L’ and
Vupug={}, wehave 6({ }) = ¢ € D(w); so condition (iv) is
satisfied. For € fml (L"***®) n DX (w*0), y*° is  as above; so as
above OW™°) € DX(w); so (v) is satisfied.

Now suppose we have constructed D™**, as required by our
preview of the construction, with ¢t < k. Let D' be D™** and L"
be L**** For we W"and i < 2 we must construct D;'*'(w). Let ¢,
be ¢/™**; by construction ¢, doesn’t occur in D;‘(w). Let:

4 = {¢ e fml(L*"):0(v/c,) € DP*(w*2)*};
B = {y e fml(L""): Y (v]e,) € Di*(w*2)},

where v is a variable for which these substitutions make sense. We’ll
consider two cases.

CASE 1. 11 E(c)) € D™ (w*z). Let:
Dy '*'(w) = Dy '(w) u {OW™ (v/e)): ¥ € By}

D;-'"*'(w) = Dy'(w) u {ME(c)} v
{OW(v/e)) ¥ € Bi).

Conditions (ii), (iii) and (v) are satisfied. Since ¢, is not troublesome
for w, z at n, k, t + 1, conditions (vi), (vii) and (viii) carry over from
D', If ¢, occurs in O¢(v/c,) € D*(w*z)*, since ¢, isn’t 0, E(c,) €
Dg*(w*z), contrary to assumption; so ¢, can’t occur in such O¢(v/c,),
i.e. visn’t free in ¢. So suppose that O¢ € D (w*z2)* N fml (L*'*"),
then ¢ € D**(w*z)* n fiml(L"""); using (iv) and our induction
hypothesis, ¢,,, € D;(w). So D'+ satisfies (iv). We must check (i).
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By Lemma 2, (Dy‘(w), Dy ‘(w) u {1 E(c)}) is consistent. If § € B,
by Lemma 3, (v/0) € D[*(w*z). But y(v/0) € fml(L*"*); by induc-
tion hypothesis, O (v/0)** € D; ' (w). Clearly O((v/0)**) is
(OW™*))(v/0) and &Y™ (v/e,)) is (O(Y**))(v/e,); so by Lemma 3,
the consistency of (Dy‘(w), Di'(w) U {1 E(c,)}) yields the consis-
tency of (Dy'*'(w), D;-'*'(w)), as desired.

CASE 2. E(c,) € D*(w*z). For i < 2, let:

D(w) = D;'(w) U {$..(v/e): b € A} L
{OW™(v/e)): ¥ € By}

If (Dy(w) U {E(c,)}, Di(w) U {E(c,)}) is consistent let that be
(Dy"*'(w), Dy~'*'(w)). It’s easy to see that conditions (i) —(v) are
satisfied; since ¢ is not troublesome for w, z at n, z, t + 1, so are
(vi) — (viii).

Suppose now that the previous pair is inconsistent. Then ¢ will
have to be troublesome for w, z by n, z, ¢t + 1. Let:

Dy *'(w) = Dy'(W) U {$,,.(v/0): ¢ € 45} U
{OAW™):y € Bi};

Dy"*'(w) = Di'(w) u {1 E(e,)} v
{b.(v/0):¢ € A1} L {O@AVWY™):y € B},

where v is as before. By syntactic compactness, fix finite sets 4, = A4,
B; < B/ fori < 2so that 4, < A4,, By = B, and the following is
inconsistent:

(D‘(W) v {¢w,z(V/cl):¢ € AO} v
{OW™(v/e,): ¢ € By} L {E(c)},

Dl’(w) v {¢w,z(v/cl):¢ € Al} v
{OW™ (v/e,): ¥ € B)) U {E(c,)}).

Since ¢, doesn’t occur in D;'(w), (4,, A4,, By, B,) satisfy (vi)—(viii);
so let it be the negative witness for (w, c,).

Suppose that O¢’ € fml(L*'*') N D*(w*z)*; then ¢’ is ¢(v/c,),
relabelling bound variables if necessary, for ¢ € 4;; also ¢, is
®...(v/0). Since ¢,,, € D '*'(w), (iv) is satisfied. A similar argument
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shows that (v) is satisfied. To show that (i) is satisfied, it will suffice to
show:

(ix) if ¢ € A, and Y € B, then: Dy '(w), Di'(w) + ¢,..(v/0) &
SEWY™);

(x) If ¢ € A, and Y € B, then: Dy ‘(w), Di*'(w) +* ¢,,,(v/0) &
O@E)Y™).

The point here is that given (ix) and (x), the consistency of D
makes (Dy'*'(w), D;-'*'(w) — {1 E(c,)}) consistent, using the fact
that 4;, A;, By and B are closed under ‘&’; since ¢, doesn’t occur in
the above pair, by Lemma 2, adding —1 E(c,) on the right doesn’t
destroy consistency.

We’ll now prove (x); here we use negative witnesses. Fix ¢ € 4,,
B,.Forj < wandi < 2let:

Ry = {c:c occurs in 4, U B, and c is troublesome for w, z
by n, k, t};

S = {¢'(v/e,): 9" € Ai};

Iy = {Y'(v/e,):y € Bi};

A= {¢'(v/c):c e Ry, some (Ay, 4,, By, B)) is the negative

witness for (¢, w) and ¢’ € 4,};

Ty = {Y'(/c):ce R, some (4,, 4,, By, B)) is the negative
witness for (c, w) and ¥’ € B;};

R, = {c:coccursin &Y, U J;Y, and cis troublesome for
w, z by n, k, t};

R = U{R;:j < o}

&L= u{¥j < w};

I = u{Jj < w}.

Clearly &° < &', 7 < J;'. A, is finite. So by induction all #;, &'
and 7' are finite. By the remark following the statement of condition
(vii):

max{ind(w, ¢):c € #;,,} < max{ind(w, ¢):c € &},
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interpreted in the lexicographic ordering of indices. So for sufficiently
large j, ®,, & and J;' are empty; so #, &' and 7" are finite.

In what follows, we seem forced to use the supposition that ‘T €
lex", in order to get into a position from which we can use (WAS).

Let: R
= AT : ¢} & r&';

U= A{TY YyeT®) & AT
By easy manipulations of ‘0’, ‘&’ and ‘T:

O(¢ & d(v/c,) € D (w*2)*;

¥ & Y (ve,) € Di¥(w*2).

Fixd =(d,....d, ), € =(e,.... ¢ ), f=(f....f_)to
be sequences of constants so that:

au‘e'ui"=.@;
dué=2nParam($ & ¢);
¢uf =R~ Param(y & ¥).

Clearly any parameter of ¢, ¢, Y or  that’s troublesome for w, z by
n belongs to #. Fix ¥ = (15, ...,17_,)and & = (oy, ..., 0,_,) be
sequences so that

T U & = ((Param(¢ & ¢) U Param(J & ¥)) — #) U {0};
E(t;) € Dy*(w*z) for all j < I
—1E(0)) € Di*(w*z) for all j < m;

where 0, is ‘0’ and all 7; and g; are distinct from v. Fix sequences of
variables ¥, fi and g all mutually disjoint, disjoint from {v}, 7 and @,
and so that for appropriate choices of ¢, @, ¥ and §:

¢ = d(v/d, p/e);, ¢ = $(v/d, B/e);
¥ = g/& gty = §(v/E pi).

Yr=@NOP &P EWY &P &
E()(V/d , /e, g/ f);

Let:
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Since Y* € Di*(w*z), O(W***) € D*(w) by condition (v) and the
induction hypothesis; this formula is:

@AV U U HANO(S & §) & (Y & §) & E(7)).
By (WAS):

V{F):F < {v}u VUl U g} e Dw.
Keep in mind that where & = {n,, ..., n,_,}, O(F) is

@) - .- Gn_)(@ & §)r & P & ¥)*)).
CLAIM. If & is non-empty then (Dg*(w), D*(w) U {6(F)}) is incon-
sistent. Suppose % is non-empty and (Dj*(w), D*(w) U {8(F)}) is

consistent. Let b = (b,, . . ., b,_,) be a sequence of distinct constants
not appearing in D;‘(w), ¢, ¢, ¥ or . Then:

* Dy *(w) © {E(B)}, Di'(w) U {E(B)} L
{$ & )¢ (ii/b) & (¥ & ¥)” (V/b))})
is also consistent. Where &' =
{d:vieFlu{e:pe F} U {f:g e F},
{3”" u{v} ifve&F;

let:
F =

F’ otherwise.

Let ¢ € # be of minimal index, i.e. for all ¢’ € £, ind(c¢’) < ind(c).
Let (4,, A4,, B,, B,) be the negative witness for ¢. Then for any
¢’ € R occurring in 4, U B, ind(¢') < ind(c); so ¢ ¢ F; so the
variable corresponding to ¢’ doesn’t belong to & . Let:

22 = quo v I‘il; Bz = TBO v Bl‘
Let £ be: v;if cis d;, p; if cis e;, and g; if c is f;. Then:

A Ay(€[c) is a conjunct of @;

A B,(&/c) is a conjunct of .
Suppose A 4,(¢/c) is 8(7/d, f/€) and A B,(¢/c) is A(fi/&, g/ f); then
8 is a conjunct of ¢ and A is a conjunct of . Let:

¢ = the result of replacing in § each free occurrence of
each v; and p; other than ¢ by 0;
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then &’ is a conjunct of (¢ & @)s. Let b be b, where & is n, for i < s.
Then &'(&/b) is a conjunct of (¢ & @), (V/b). Let:

A’ = the result of existentially quantifying-out of A all
free occurrences of each y; and g; other than £&.

Then by easy manipulation of ‘¢’ and ‘&’:

{ 1. {0 & BT EM)} H* OX ().
So by (*):

is consistent. But:

ATA,, . (Eb) & A A, .(E/b) is &(E/b);
{ 1, {OA(EMb)} +* ATBy*(&/b) & A By*(£/b).
So:

(Dy~'(w) U {EM)} U Ay, (E/b) U Bg(&/b),
Di'(w) v {E()} L 4,,,.(¢/b) U B (£/b))

is consistent. This contradicts (viii) and the choice of (4,, 4,, B,, B)),
and establishes our claim.

That claim now yields: Dj*(w), D}*(w) t 6({ }). Clearly (¢ & §),,
is ¢, & ¢, and &, is $,.(v/0). Furthermore O((F & §)' ! is
O@R U B@ (Y & ¥), and:

{ L{oW@W &P o@@ER U )Y,
and (3t U @)V is Y**. Thus:

Dy '(w), Dy'(w) b 9,,,(v/0) & O3v) (™),

as claimed in (x). By straightforward manipulation of ‘T, we obtain
(ix) from (x). Thus (i) has been established, and D-‘*' is as required.
The rest of the construction of D™***! and then D***', and finally
D*, is as described in the preview. Condition (iii) on D™*' makes
sure that D"* satisfied condition (b).
We’ll now construct W"*' and D"*' on W"™*', 50 as to be consist-
ent, O-normal*, good and complete* for €"*'.
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Form Dg*'(¢ )) € Di*'(C D) & fml(L*>"*'?) so that DI* (< ))
c DY ) fori < 2and (DE*'(C D), Di*'(C ))) is consistent and
—1-complete and 3-complete for L¢ >*+'°, This is by the usual Henkin
construction. Let Wy*!' = {¢ >}.

Now suppose that W+ = W' A {we (k- (n + 2))<°: |w| < m}
has been defined, and that for all w e W2*', D*'(w) for i < 2 have
been defined. Fix w € W*! with |w| = m.

Suppose that w e W" and w*z € W". For i < 2, let:

DIV~ (wz) = Dt (w*z) u O~ (DI (W)*).

CLAIM. (D§*D- (w*z), DI**V~ (w*z)) is consistent.

Suppose not. By syntactic compactness there are finite sets E; <
Di*(w*z) and F, = O~ (Df*'(w)*) so that E, < E,, F, < F,, and
(Ey v Fy, E, u F)) is inconsistent. Let:

l// = /\TEo& /\El; ¢ = /\TFo& AFI‘
Then ({ }, {@, ¥}) is inconsistent. Clearly &(Y**) € Di'(w) and

O¢ € D}*'(w)*, by straightforward manipulations of ‘0, ‘T’ and ‘&’;
also:

{ 1 {0¢, SU™)} F* O & yY™).

But ({ }, {¢, y"*}) is also inconsistent, since it’s exactly the terms
troublesome for w, z by n that are quantified-out of  in forming y**,
and none of these occur in ¢. Thus ({ }, {O¢, O(Y**)}) is inconsist-
ent, contrary to the consistency of (D3*'(w), Di*'(w)).

Let:

G, = {c:c € €"* (w) — €"(w), u(c) is incompatible with w*z
and 1 E(c) € DI+ (w)};
Ht'= {cice €' (w) — €' (w)and 1 E(c) € DIt (w)}.
No member of ¥, U #,*' occurs in D"+~ (w*z). So by Lemma 2:

(DE*7 (w*2), DU~ (w*2) U
{(ME():ce9,, v}

is consistent. Let (Dj*'(w*z), D;*'(w*z)) be the result of expanding

the above pair to be consistent, —1-complete and 3-complete for
Lw‘z,n+l.0'
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If for some ¢ we have 0¢ € D7*'(w)* — D?(w)*, then we must
put new successors of w into W}!. Where {@,),., is a listing of such
¢, let:

DPO-(wr(ic - (n + 1) + 2) = O (DI (W) U {4,);

oDt W) v (M.}
DE+ D= (wr(c - (n + 1) + 2)) = { if 1108, € Dg*' (w)*;
O~ (D' (w)*) otherwise.

As usual:

D~ (w*x - (n + 1) + 2)),
DD (W~ (n + 1) + 2)) U (M E(c):ce H#'))

is consistent. We expand this to:
(D5 wW*(e - (n + 1) + 2)), D' (W - (n + 1) + 2))

as usual; obviously w*(k - (n + 1) + z) is put into W}|.

If w ¢ W" and for some ¢, 10¢ € D}*'(w)* then for all z < k and
n < n+ 1weput wh(k-n' + z)into W;} and construct
(D3 (w*z), D}*'(w*z)); the construction is like that just described for
wHr-(n + 1) + 2). A

Letting W™*' = U{W;*': m < w}, we have D"*' on W"*' s0 as to
be complete*, O-normal* and consistent. Our use of ¥, and #.*'
insures that D"*' is good.

Where W = U{W": n < w}, let D(w) = U{D}(w): n < w} for
we Wandi < 2. It’s easy to see that D is as desired. Theorem 5
follows for B;* from Lemma 4. To prove Theorem 5 for B?, we
replace B; ¢ by B; throughout the previous discussion, and reflexivize
the final model.

Can we define a sound and complete formalization of B, or B?
when Lis L, or L,,,? Since the sole use of ‘T in (WAS) was in the
construction of E (%), and this could be done with ‘=’ alone, it
might seem as if B;“(L,,) and B{(L,,) would be such formalizations.
However I can’t see how to prove this. Nor do I have a plausible
candidate for a B;“-valid or weakly B;“-valid sequent in L, that is
not a theorem or, respectively, a weak theorem of B;*(L, ,).
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