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PREFACE

In this book, authors, for the first time, introduce the new
notion of special subset linguistic topological spaces using

linguistic square matrices.

This book is organized into three chapters. Chapter One
supplies the reader with the concept of ling set, ling variable,
ling continuum, etc. Specific basic linguistic algebraic
structures, like linguistic semigroup linguistic monoid, are
introduced. Also, algebraic structures to linguistic square
matrices are defined and described with examples. For the first
time, non-commutative linguistic topological spaces are

introduced.

The notion of linguistic special subset doubly non-
commutative topological spaces of linguistic topological spaces

in this book.



This book gives examples and problems for the reader to

familiarize themselves with these concepts.

We acknowledge Dr K. Kandasamy with gratitude for his

continuous support.

W.B. VASANTHA KANDASAMY
K. ILANTHENRAL
FLORENTIN SMARANDACHE



Chapter One

BASIC CONCEPTS ON LINGUISTIC SETS AND
SUBSETS OF LINGUISTIC SETS

In this chapter, we define the concept of linguistic (ling)

sets and describe a few of its properties.

We mainly want to make this book a self-contained one.
Further, we only give the definition of a ling sets associated
with the ling variable in a very different way. We, as defined by
Zadeh [41-3] or Zimmerman, [44-6] do not consider a ling
variable as 5-tuple with a fuzzy membership value which plays
a major role in the ling variables and the related sets.

We will first give some examples of ling variables and

their related ling sets.

Example 1.1. Consider the ling variable age of people. Let S be
the ling set associated with this ling variable. S = [youngest,
oldest] where youngest is the age at the birth of the child and

oldest is the time of death of that person in case of one person is
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associated and is 100 is it is the ling set associated with people
in general.
The following observations are important.

1. S = [youngest, oldest] is in the increasing order, that is
youngest < ... < middle age < ... <old < ... < very old

< ... < oldest
That is we see the age steadily increases with time.

As time goes the age increases it cannot be constant at

some time; so it is a steadily increasing one with time.

Ling. Graph

(oldest, oldest)

oldest

» oldest

(youngest, youngest)

If we take the vertical and horizontal axis as youngest to

oldest we get a steadily increasing curve.
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It is important to note the ling set S and this case is a ling

continuum and in fact a totally ordered set.

Recall we say a set S to be totally ordered if we have the

following conditions to be true.

Definition 1.1 [12] A non-empty set S is said to be totally
ordered set under the order < (2) if for every pair of elements x,
y € Swe have either x <y (y >x) (ory <xi.e. x >y). We will be

using <for we say it is in increasing order.

Thus we say (S,5) is a totally ordered set under the

ordering <.
For more refer [12].

We will illustrate first the totally ordered set by some

examples.

Example 1.2. Let Z' be the set of positive integers. {Z*, <} is a

totally ordered set as
1<2<3<...<n<n+1<... <00,

We use < but to be in proper notation we should write it

as

1<2<3<...<n<n+l<...<oo.

However, by default of notation we accept < forif 2 € Z*
we say 2 < 2 (as we cannot say 2 < 2). Another abbreviation we

use in this book is linguistic set is replaced by ling set.

Further the order of Z* is infinite.
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Now we give yet another example of a totally ordered set
of finite order.

Example 1.3. Let S = {1, V2, 5.3, -7, -9, —18, 9.9, 0.9, 7.9,
12.8,-19.9, 99, —999} be a finite order set o(S) = order of

S =S| = 13. We see there is a total order defined on S.

For —999<-199 <-18<-9<-7<09<1<+2<523
<7.9<99<12.8<<99,

We now give an example of a non empty set which is not

totally ordered.

Example 1.4. Let S = {a, b, ¢, d} be a non empty set of 4
concepts. P(S) be the power set of S.

P(S) = {¢, {a}, {b}, {c}, {d}, {a, b}, {a, ¢}, {a, d}, {b,
c}, {b, d}, {c, d}, {a, b, ¢}, {a, b, d}, {a, c, d}, {c, b, d} and
S={a, b, c,d}} be the power set of S.

We see P(S) is not a totally ordered set for consider {a}
and {c, b, d} € P(S) we cannot order them by containment
relation similarly {a} and {b, c} € P(S), are not ordered by

containment relation <. Thus P(S) is not a totally ordered set.

Now we recall the definition of partially ordered set; for

more refer [12].

Definition 1.2. Let S be a non empty set. S is said to be a
partially ordered set if there exist a distinct pair of elements in S
which are comparable under an ordering < or < containment

relation.
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For more refer[12].
We will illustrate this situation by some example.

Example 1.5. Let S= {a, b, ¢} be a set. P(S) be the power set of
S. P(S) = {¢, {a}, {b}, {c}, {a, b}, {a,c}, {b, c}, {a, b, c}}.

Clearly, we have proved P(S) is not a totally ordered set,
however {a}, {a, c} € P(S) is such that {a} < {a, c}. Thus
{P(S), <} is only a partially ordered set under the containment
relation. We see P(S) is a finite partially ordered set which is not
totally ordered set. New we give yet another example of a
partially ordered set.

Example 1.6. Let S be an infinite ordered set say S = N natural
integers; P(S) be power set of S. P(S) is an infinite ordered
partially ordered set under the set containment relation. Clearly
{P(S), <} is not a totally ordered set as if {3, 4} and {7, 8,9} €
P(S) we cannot order them under containment relation. Consider
{5,6,9} and {19, 5, 6,9, 18,27} € P(S).

We see {5,6,9} < {5,6,9, 18,19, 27}; so P(S) is only a
partially ordered set and not a totally ordered set of infinite
cardinality.

There can be sets which are neither partially ordered nor
is totally ordered.

We will prove this by some examples.

Example 1.7. Consider the set of all 4 elements taken from the
six elements {a, b, c, d, e, f} = S.



12 | Special Subset Linguistic Topological Spaces

Let M = {{a, b, c,d}, {a, b, c, e}, {a, b, c, f}, {a, b, d, e},
{a,c,e,d}, {a,b,d, f}, {a,b, f, e}, {a,c, e, f}, {a,c, d, f}, {b,c,
d, e}, {b, c, d, f}, {b, c, f, e}, {b, d, e, f}, {a, d, e, f}, {c, e, d,
f}} < P(S), the power set of S.

Clearly none of the elements in M are comparable. Thus
M is neither a totally ordered set nor a partially ordered set.

Now having seen examples of partially order sets, totally
ordered set and unordered set we proceed onto describe ling sets
which are partially ordered, totally ordered and unordered by
examples.

Example 1.8. Consider the ling variable V colour of the eyes of
people internationally. Let S be the linguistic set associated with
V.

Clearly S = {yellow, green, blue, brown, black, dark
brown, light brown}.

We see no two colours in the set are comparable so S is
an unordered ling set can be partially ordered if we used
qualifying norm of light or dark shades of a same colour.

We give an example of a totally ordered ling set [24-29].

Example 1.9. Let us consider the ling variable V weight of
people.

Let S be the ling set associated with this ling variable V.

S = [lowest, highest], the lowest weight corresponds to
weight in general of a born baby which is the least ling element

of S and highest weight corresponds to the maximum weight of
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a person that can be reached in general (of course we do not
include the extreme case of either highest weight or lowest

weight.

Now we see S = [lowest, highest] is a totally ordered set

and is infact a ling continuum.
Thus the interval is an increasing continuum.

We have lowest; < ... < low < just low < ... < medium

weight < ... <very high < ... < highest.

Hence, S is a totally ordered increasing set. It is not like
the age which is also a totally ordered increasing continuum
because we see the age is the person increase with time however
one cannot say weight of a person is not increase with time for a
person in his childhood may have low weight then in the middle
age they attain the maximum and highest around the age of
40 - 55 years and then they gradually may decrease in weight
and may be the lowest at the very old age and so on.

This is the difference between the two ling variables age
of people and weight of people.

Both the linguistic sets associated with these two ling
variables age and weight are totally ordered ling sets.

Infact both these ling sets are of infinite ordered.

Now we provide yet another example of a ling variable
whose associated ling set is a finite totally ordered set.

Example 1.10. Let us consider the ling variable performance of
students in a classroom. The number of students whom the
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teacher has to assess is only 20. The ling set associated with this
ling variable of 20 students falls in the following ling set
S = {good, bad, very bad, very good, just good, fair, just fair,
very very bad}.

We see the ling set S is a totally ordered set which is
expressed in the following

very very bad < very bad < bad < just fair < fair < just good <

good < very good.
Clearly (S, <) is a totally ordered set of finite order.

Having seen examples of both finite and infinite totally
ordered ling set, we proceed onto describe partially ordered ling
sets.

We have already provided example of unordered ling
sets, for more refer [24-29].

Now we proceed onto give examples of ling sets which

are partially ordered ling sets.

Example 1.11. Consider the ling variable customers rating of a
product from an industry. Let B be the ling set associated with
this ling variable.

B = {good, bad, very worst, just medium, medium, just
good}. Clearly B is a totally ordered set.

Consider P(B) the ling power set of the ling set B.
P(B) = {¢, {just good}, {medium}, {just medium}, {good},
{bad}, {worst}, {just good, good}, {just good, medium}, {just
good, just medium}, {just good, bad}, {just good, worst},
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{good, bad}, {good, medium}, {good, just medium}, {good,
worst}, {medium, just medium}, {medium, bad}, {medium,
worst}, {just, medium, bad}, {just medium, worst}, {just good,
medium, just medium}, {just good, medium, bad}, ..., {good,
bad, worst}, {just good, medium, just medium, good}, ...,
{worst, bad, good, just medium}, {just good, medium, bad, just
medium, good}, ..., {just medium, medium, good, bad,
worst}, B}.

Clearly P(B) is not a totally ordered set for consider the
subsets {good, bad}, {worst} € P(B). They cannot be
compared, hence P(B) is not a totally ordered set. Now
consider the subsets {bad, good}, {bad, good, medium, just
good} € P(B).

We see under the containment of subsets relation C;
{bad, good} < {bad, good} < {bad, good, medium, just good}
so P(B) is a partially ordered ling set.

Infact {P(B), <} is a finite order partially ordered ling set.

We will now provide an example of a partially ordered

linguistic set of infinite cardinality.

Example 1.12. Consider the ling variable age of people. The
ling set related with this ling variable age is a ling continuum

S = [youngest, oldest] which is of infinite cardinality.

Clearly P(S) the ling power set of P(S) is of infinite
cardinality as S < P(S).

Now to show P(S) is a partially ordered ling set and not a

totally ordered ling set it is enough if we can prove P(S) has a
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distinct pair of subsets which are not comparable or which do
not satisfy the containment relation of subsets which will prove

{P(S), <} is not a totally ordered ling set.

To show {P(S), <} is a partially ordered ling set it is
enough if we show the existence of a distinct pair of ling subsets
of P(S) which are comparable or subsets which satisfy the
containment relation.

Consider the distinct ling subsets {old, young, just old}
and {old, young, just old, very old, very young, middle aged} <
P(S).

We see {old, young, just old} < {old, young, just old,
very old, very young, middle aged}.

Hence {P(S), <} is a partially ordered ling set as there
exists a pair of distinct ling subsets of P(S) which satisfy
containment relation.

Thus {P(S), c} is a partially ordered ling set which is not

a totally ordered ling set and is of infinite cardinality.

Now we define operations on ling sets. For our aim of
this book is defining ling topological spaces.

So we need to have operations both on ling sets and ling
subsets of a ling set S.

We will provide examples of them.

Example 1.13. Consider the ling variable performance aspects
of 25 workers employed in a factory. Let S be the ling set
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associated with this variable. The expert find that the 20 of these
workers fall under 6 ling terms / words given by

S = {good, bad, very good, fair, just bad, very bad}.
Now suppose we wish to define a max operation on S.

We want to prove {S, max} is a ling semigroup under

max operation, infact a commutative one.

The table of {S, max} is as follows.

very very

max good bad fair bad g00d just bad
very

good | good | good | good | good g00d good

bad | good | bad | fair | bad | ' |justbad
good

fair good fair fair fair very fair
good

very . very very |.

bad good bad fair bad g00d just bad

very very very very very very very
good | good | good god good | good | good

very

justbad| good |justbad| fair |justbad g00d

just bad

Table 1.1

The total order enjoyed by this ling set S is as follows.

very bad < bad < just bad < fair < good < very good.
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Clearly {S, max} is a ling commutative semigroup of

order 6. Infact the ling term very bad under max is such that

max{very bad, s} =s forall s € S.

Thus we can say the ling term very bad acts as the ling

identity for the ling set S under max operation.

Infact {S, max} is a ling commutative monoid of finite

order.

Now we define the min operation on the ling set S by the

following table.
. . very very |.
min good bad fair bad g00d just bad
good | good bad fair \l;e;g good |just bad
bad | bad | bad | bad | 'Y | bad | bad
bad
fair | fair | bad | fair | O | fair |justbad
bad
very very very very very very very
bad bad bad bad bad bad bad
very . very very |.
g00d good bad fair bad g00d just bad
just bad |justbad| bad |justbad T)ng just bad | just bad

Table 1.2
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From the table 1.2 it is clear {S, min} is closed under min
operation and infact min operation is both associative and
commutative, hence {S, min} is a commutative semigroup of

finite order.

We see for very good € S is such that min{very good, s}
=s for all s € S. Thus very good acts as the ling identity for the

ling semigroup {S, min}.
Hence {S, min} is a commutative monoid of finite order,.

The following observations are vital.

1) For any totally ordered ling set S, finite or
infinite we have a greatest element and a least
element.

i) The least element serves as the ling identity of S

under the max operation.
For max {least element, s} =s for all s € S.

iii) On similar lines the greatest element of S acts as

the ling identity for min operation.

For min {greatest element, s} = s for all s € S.

Hence the claim.

We see if the ling set S is not a totally ordered set then

{S, min} and {S, max} are not even closed.

We will illustrate this situation by some examples.
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Example 1.14. Let S = {good, bad, fair, tall, short, fat, thin} be
a ling set we try to define max operation on S.

max {good, bad} = good,

max {good, fat} is undefined (ud),

max {tall, short} = tall max {short, bad} =ud
and max {tall, thin} = ud.

Thus {S, max} is not even a closed under max operation
so the algebraic structure of S under max cannot be defined.

So it is mandatory for one to define max operation on any
ling set S we need to have S to be a totally ordered set.

Even if S is a partially ordered set then also S cannot be
closed under the max operation.

Now we test if S is closed at least under the min
operation.

We see

min{good, bad} =bad, min {good, fair} = fair,
min{good, tall} is undefined = ud,

min{good, short} =ud, min{good, fat} =ud,
min{good, thin} =ud, min{bad, fair} = bad
min{bad, tall} =ud, min{bad, short} =ud and so on.
Thus S is not even closed under min operation.

Clearly S is only a partially ordered set and not a totally
ordered set.
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Hence for min operation to be defined on S it is
mandatory that S must be a totally ordered set.

Now we proceed onto define two other operations on S;
viz ‘U’ - union of ling terms and ‘"’ - intersection of ling terms
in S. S is taken as in example 1.13; where S = {good, bad, fair,
very bad, very good, just bad}.

We see S is a totally ordered set.
very bad < bad < just bad < fair < good < very good.
We define {very bad m bad}
= very bad (as very bad < bad).
Similarly {fair m good} = fair (as fair < good) and so on.

Now we give the ling table of {S, N}.

N good bad fair very very just bad

bad good
good | good bad fair \];ng good |just bad

bad | bad | bad | bad | % | bad | bad
bad

fair | fair | bad | fair T)ng fair |just bad

very very very very very very very
bad bad bad bad bad bad bad

very very very
good bad good

good bad fair just bad

justbad |just bad| bad |just bad gg just bad | just bad

Table 1.3
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Consider the table 1.2 of {S, min} and table 1.3 {S, N}
we see both are identical. Thus we can say in case of totally
ordered ling sets both the operation N and min are identical that
is

min{si, S2} =81 N $2 |
(for all si, s2 € S)

I is true so we cannot distinguish them infact the greatest
element of S also acts as the ling identity of {S, n}. Now we
define ‘U’ operation on the ling set S.

good L bad = good for bad < good.

good U very good = very good as good < very good

good U very bad = good as very bad < good

fair U just bed = fair as just bad < just fair.

Keeping these laws in mind we define table of {S, U} in
the following:

. very very |.
v good bad fair bad g00d just bad

very

good | good | good | good | good g00d good

bad | good | bad | fair | bad | ‘O |justbad
good

fair good fair fair fair very fair
good

very . very very |.

bad good bad fair bad g00d just bad

very very very very very very very
good | good | good | good | good | good | good

very
good

justbad| good |justbad| fair |justbad just bad

Table 1.4
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We observe the table 1.1 of {S, max} with table 1.4 of
{S, U} are both identical.

Hence we conclude in case of totally ordered ling set {S,

max} and {S, U} are identical.
Infact we have max {x,y} =x Uy I

From I and II we can easily conclude {S, max} and {S, U} are

same on totally ordered ling sets.

Now we show however this is not true in case of ling

power set of a set for more refer [24-28].
We will illustrate this situation by an example.

Example 1.15. Let S = {good, bad, fair} be a totally ordered
ling set associated with the ling variable performance of a

student in the classroom.

Let P(S) = {¢, {good}, {bad}, {fair}, {good, bad}, {good,
fair}, {bad, fair}, {good, bad, fair} = S}

be the ling power set of P(S).

We first define {P(S), N} where M is just the set theoretic

intersection used in the classical sense.

The table 1.5 of {P(S), N} is as follows.
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A | ¢ |{eood} | {bad} | {fair} {fgg}fi’ {fa"if}fi’ é?&g S
o & ¢ ¢ ¢ ¢ ¢ ¢ ¢
{good}| ¢ [{good}| ¢ ¢ |{good}|{good}| ¢ |{good}
bad} [&| ¢ |{bad}| ¢ | {bad}| ¢ |{bad}| {bad}
{fair} | ¢ ) ¢ |{fair}| ¢ {fair} |{fair}| {fair]
o0 0| teoody | fbady| ¢ | (80N tgooay 1000V {00t
{tg;(r)}fl | ¢ |{good}| ¢ |{fair}|{good} {g)ig}fl > |Hfair} {1%;?? ’
{fzf‘r‘;’ o| ¢ |{bad}|{fair}| {bad} | {fair} {fzfr‘; {fzfr‘;
S | ¢ |{good}| {bad} | {fair} {]f;’(‘l’?’ {g’if}d’ {fzfr‘; S

Table 1.5

From the above table we see ‘"’ is a closed operation on

P(S). Infact ‘~’ and P(S) is both associative and commutative.

Further we see S acts as the linguistic identity of this ling
power set P(S).

Wesee S {A} = {A} forall {A} € P(S).

Thus P(S), N} is a commutative semigroup of finite order

with S as its ling identity.

Now we define the operation LU on P(S) and it is given by

the following table.
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{good,|{good,|{good,| S

Y ¢ |{good}) {bad} | ifairk | %5 7 Fin | fairy

0 | & |ieood;| fbady | {fair} | {0t 1RO (Bach |5

d, d, da d’ S S
{good}|{good}|{good} {E;)((i)} {fg:i?} {1%:1)((1)} {tga(;;)}

{bad, {bad, |{good, {bad, |S
{bad} | {bad} good} {bad; fair} | bad} S fair}

. . . | {good,| {bad, . {good,| {bad, S
tfair} | {fairk ) Se i fairy | TS R fair
{good, | {good, | {good, | {good, S {good, S S |S
bad} | bad} | bad] | bad} bad}

{good, | {good, | {good, S {good, S {good,| S |S
fair} | fair} | fair} fair} fair}

{bad, | {bad, S {bad, | {bad, S S {bad, | S
fair} | fair} fair} | fair] fair}

S S S S S S S S |S

Table 1.6
Thus {P(S), U} is a commutative ling semigroup.
We see for very ling subset
A eP(S),AuS=Sand AU {¢} =A.

Thus {¢} acts as the ling identity in case of ‘U’ operation
on the ling power set P(S) of S. {P(S), U} is a ling commutative

monoid of order 2/,

We have provided just one example of this situations.
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We just state a few interesting results related with them.

Theorem 1.1. Every totally ordered set (ling set) is always a
partial ordered set (ling set).

Proof is left as an exercise to the reader.

Theorem 1.2. A partially ordered set (ling set) in general is not
a totally ordered set (ling set).

Proof is left as an exercise to the reader.

Theorem 1.3. Every subset (ling subset) of totally ordered set
(ling set) is again a totally ordered set (ling set).

Proof'is left as an exercise for the reader.

Theorem 1.4. A proper subset (ling subset) of a partially

ordered sets (ling set) can be

i) Unordered sub set (ling subset) of S
ii) Partially ordered subset (ling subset) of S
iii) Totally ordered subset (ling subset) of S

We just give an illustration to this effect by an example.

Example 1.16. Let S = {a, b, c, d} be a set (ling set; that is a, b,
¢, d can be some concept or can also be ling terms) P(S) denote

the powerset (ling powerset of S).

P(S) = {{¢}, {a}, {b}, {c}, {d}, {a, b}, {a, ¢}, {a,d} , {b,
c}, {b, d}, {c, d}, {a, b, c}, {a, b, d}, {a, c, d}, {b, c,d}, S} be
the power set of S or ling power set of S.
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Now (P(S), ©) (c subset containment relation) is a

partially ordered set (ling partially ordered set).
Take the subset
R = {{a, b}, {a, c}, {a,d}, {b, ¢}, {b, d}, {d, c}} C P(S).
Clearly R is an unordered set (ling subset) of P(S).
Now take
V = {{a}, {a, b}, {a, b, c}, {a,b, c,d} =S} < P(S).

We see {V, c} is a totally ordered subset (ling subset) of
{P(S), <}

Let W = {{a}, {a, b}, {b, ¢}, {b}, {a, b}} < P(S) be a
subset (ling subset) of P(S) {W, <} is only a partially ordered
set (ling set) as {a} and {b, ¢} cannot be ordered by

containment relation.
However {a} < {a, b}, {b} < {b,c} and {c} < {b, c}.

Hence {W, <} is only a partially ordered subset (ling
subset of P(S)) of P(S).

So the theorem can be proved for P(S) any set (ling set)

with n terms; S = {ai, a,, ..., an}.

[P(S)| = 2" {P(S), <} is only a partially ordered set (ling

set) under containment relation.

Consider all the subsets of order two in P(S);
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B = {{a, a2}, {ai, a3}, ..., {a1, an}, {a2, a3}, ..., {@, an}, ....,

{an_1, an} } < P(S) is an unordered set.
Consider the subset collection

C= {{ai}, {a1, a2}, {a1, az, a3}, {ai, a, a3, a4}, {a1, a, a3, a4, as},
{ai, az, as, a4, as, ag, ..., {a1, 22, ..., an—1}, S} < P(S) is clearly a

totally ordered set (ling set) as

{ai} < {a, &} < {a, &, a3} < {ay, a, a3, &} < {a1, a, a3, a,

as} c...c{a,a,....,an-1} < {a, a, ..., an} = S.

Consider the collection of subsets (ling subsets) D given

by

D = {{ai}, {a, a2}, {as, as, as}, {as, as}, {ae, a7, as, ag, a1} }
c P(S).

D is only a partially ordered set (ling set) and not a totally
ordered set (ling set).

We see the pair of elements {a;} and {as, as, as} are not

comparable or does not satisfy the containment relation.

Similarly the pair of subsets {ai, a>} and {ai, as, a7, as, as}
are not compatible with the containment relation. {a4, as} and

{az, a1} are not compatible under containment relation.

However {ai}  {a1, a2} {a1} < {as, a7, as, a9, a1}, {as, as}
c {a3, a4, as} are pairs of subsets which are compatible under

the containment relation.

Thus D is only a partially ordered set (ling set) and not
totally ordered set (ling set).
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Having seen some of the properties of partially ordered
set (ling set), totally ordered set (ling set) and undered set (ling
set) we now proceed onto study other prospered enjoyed by

these sets (ling sets).
We leave it for the reader to prove the following results.

Theorem 1.5. Let S be a totally ordered ling set {S, min} is a
ling commutative monoid with the greatest element of S as the
ling identity.

Theorem 1.6. Let S be a totally ling set S. {S, max} is a ling
commutative monoid with the least ling element as its ling
identity.

Theorem 1.7. {S, U} be the ling monoid where S is a totally

ordered ling set which is identical with {S, max}.

Theorem 1.8. {S, N} is the ling monoid identical with {S, min}

where S is a totally ordered ling set.

Theorem 1.9. S be a ling set P(S) be the ling power set of the
ling set S {P(S), N} is a commutative monoid with the ling set S
as its ling identity.

Theorem 1.10. Let S be a ling set P(S) be the ling power set of
S. {P(S), U} is a commutative monoid with the ling identity {¢}.

Proof of these two theorems are left as an exercise.

However P(S) under min or max is very differently
defined. We describe how min and max operations are defined

on P(S) by an example.
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Example 1.17: Let S = {a, b, c, d} be a totally ling set (set).
P(S) be the ling power set of S; we havea<b <c <d.

P(S) = {9, {a}, {b}, {c}, {d}, {a, b}, {a, c}, {a, d}, {b, c}, {b,
d}, {c, d}, {a, b, c}, {a, b, d}, {a, c,d}, {b,c,d}, S={a, b, c,
d}} be the ling power set of the ling set S.

Consider A= {a,b,c} and B= {b,c,d} e P(S).

min {A, B} = min{{a, b, ¢}, {b, ¢, d}} = {min {a, b}, min{a,
¢}, min{a, d}, min{b, d}, min{b, c}, min {b, d}, min{c, b},
min{c, ¢}, min {c,d}} = {a, b, c}.

Wesee AnB=1{b,c} and AuB={a,b,c,d}

max{A, B} =max {{a, b, ¢}, {b, c, d}} = {max{a, b}, max{a,
c}, max{a, d}, max{b, d}, max{b, c}, min {b, d} max{c, d},
max{c, c}, max{c, d}} = {b, c, d}.

However AUB={a,b,c} U {b,c,d} ={a,b,c,d}.
Clearly AUB #min {A,B} #ANnB
#max{A, B}.
ANB#AuUB=#min {A, B}
#max{A, B}.
max {A, B} #AUB#ANB
#min {A, B}.
and min {A, B} #AUB#ANB
#max {A, B}.
Thus unlike ling sets where min {a, b} =anb

and max {a, b} =a U b we see in case of ling power sets all the
four operations are distinct.
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We will illustrate in case of S = {a, b, ¢} by an example.

Example 1.18. Let S = {a, b, ¢} be a totally ordered ling set.
P(S) be the ling power set of S.

P(S) = {9, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}
S = {a, b, c}} be the ling power set of S. o(P(S)) = 8.
We will define the operations max and min P(S).

We will illustrate this by the following tables. Table 1.7
gives the operations max on P(S).

a<b<c

max | {¢} | {aj | {b} |{c}|{a,b}| {a,c} {b,c}|{ab.c}

¢ | {0} | @) | b} |{c}| {ab} |{a c}|{b,c}|{ab,c]

{a} | {a} | {a} | {b} |[{c}| {ab} | {ac} | {bc}|{aby,c}

{b} | {b} | {b} | {b} [{c}| {b} | {bc} |{b.c} | {b.c}

ted | ey | fep | Ao} [{ep| fep | Aep | deh | fc)

{a,b} | {a,b} | {a,b} | {b} |{c}| {a,b} |{a,b,c}| {b,c} [{a,b,c}

{a,c} | {a,c} | {a,c} |{b,c}]|{c}|{a,c,b}| {ac} | {b,c} |{a,b,c}

{c.b} | {c,b} | {c,b} |{b.c}| {c}| {b,c} | {bc} |{b.c} | {b.c}

{a,b,c}|{a,b,c}|{ab,c}|{b,c}| {c}|{a,b,c}|{a,b,c}| {b,c} |{ab,c}

Table 1.7
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We see for max on P(S) the least element ¢ acts as the
ling identity.

The {P(S), max} is a commutative ling monoid of
order 8.

Now we give the table of min operation on P(S)

wherea<b<c

min | ¢ | {a} | {b} | {c} |{ab}| {ac} | {bci |{abc}
o | {o}] & | ¢ ¢ ¢ ¢ ¢ ¢
{a} | ¢ |{a} | {a} | {a} | {a} | {a} | {aj | {a}
{by | ¢ | f{a} | {b} | {b} [{ab}| {abj| {b} |{ab}
{ct | ¢ |fa} | {b} | {c} [{ab}|{ac] | {bc} |{bc.a}
{ab} | ¢ | {a} |{ab}| {ab} |{ab}| {ab} | {ab} | {ab}
{act | ¢ | {a} |{ab}| {ac} |{ab}| {ac} |{abc)/{ab,c}
{be} | ¢ | fa} | {b} | {bc} [{ab} {abc}| {bc} |{bac}
{abc}| ¢ | {a} |{ab}|{abc}|{ab}|{ab.c}|{ab.c}|{ab,c}

Table 1.8

Clearly min operation on P(S) is not the same as max

operation P(S).
Both {P(S), min} and {P(S), max} are very different.

Now we give the tables for {P(S), N} and {P(S), U} and
show that all the four operation is different and distinct resulting

a ling commutative monoid.
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We will table them to show they have distinct linguistic

identities.

Now the table for {P(S), N} is as follows.

N | e} | fa} | {b} | {c} |{ab}]|{ac)]ibc} [{ab,c}
¢ ¢ | 6 | 0 b 9| ¢ ¢
fa} | ¢ [ fa} | ¢ | ¢ [fa) | @& | ¢ | {a}
by | ¢ | ¢ [ dby | ¢ | {b} | ¢ | {bj | {b]
b 1 6 | & | ¢ [{eb | ¢ | Hef | Ac) | {c}
{faby | ¢ | {a} | {b} | {¢} |{ab}| {a] | {b} | {ab}
fact | ¢ | {fa} | ¢ | {c} | {a} |{aci| {c} | {ac}
bey | ¢ | ¢ | {b} | {c} | {b} | tc} |{bcj| {bc}
{abe}| ¢ | {a} | {b} | {c} |{ab}|{ac}]|ibc} {abyc}

Table 1.9

Now the table for {P(S), U} is given in the following:

v ¢ {a} | {b} | {c} |{ab} | {ac} | {bc} |{ab.c}

¢ ¢ {a} | {b} | {c} | {ab}| {ac} | ibc} |{ab.c}

{a} {a} {a} | {a.b} | {a,c} | {a,b} | {a,c} |{a,b,c}|{a,b,c}

(b} | {b} | {ab} | {b} | {bcj | {ab} [{ab,ci| {be} [{abyc]

{ej | dej | fac) | {bej | fe} [{abyc}| {a,c} | {b,c} |{abc}

{a,b} | {a,b} | {a,b} | {a,b} [{a,b,c}| {a,b} |{a,b,c}|{a,b,c}|{ab,c}

{a,c} | {a,c} | {a,c} |{a,b,c}| {a,c} [{ab,c}| {ac} [{ab,c}|{ab,c}

{b,c} | {b,c} |{a,b,c}| {b,c} | {b,c} [{ab,c}|{ab,c}| {b,c} |{ab,c}

{a,b,c}|{a,b,c}|{a,b,c}|{a,b,c}|{a,b,c}|{ab,c}|{ab,c}|{ab,c}|{ab,c}

Table 1.10
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We tabulate these 4 ling monoids using P(S) under the

four operations U, M max and min.

S. No. P(S) Identity | How they are different
L. {P(S), U} {9} {a} U {b} = {a, b}
2. {P(S), min} {a, b, c} min{{a}, {b}} = {a}
3. {P(S), N} {a, b, c} {a} n {b} = {¢}

4. {P(S), max} {9} max {{a}, {b}} = {b}

Table 1.11

For same of a pair of elements the four operations yield 4
different values evident from the last column of the table.

Hence the claim.

These concepts will be used while building ling

topological spaces.

However if the underlying ling set is not a totally ordered

set we can define only the two operation U and M.

We will recall the basic properties about substructures of
these monoids [29, 34-36].

Theorem 1.11. Let S be a ling finite set P(S) be the ling power
set of S. {P(S), N} is a ling commutative monoid. All proper
subsets of P(S) in general need not in general be submonoids or

subsemigroups.

Proof: Let S = {aj, ay, ..., an} be the ling set and P(S) the ling
power set of S.
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Consider the subset P = {{a}, {a>}, ... {a.}} all singleton
subsets of P(S).

We see {ai} N {aj} = {¢};1#jand ¢ ¢ P so {P, N} is not

a submonoid as the very closure axiom is flouted.

Hence every proper subsets collection of P(S) need not in

general be a ling submonoid or even a ling - subsemigroup.

Theorem 1.12. Let S be a ling finite set. P(S) be the ling power
set of S. If W is a collection of subsets from P(S). {P(S), U} is a
ling commutative monoid then in general {W, (} is not

submonoid or even a subsemigroup.

Proof. Given S = {ay, a,, ..., an} be a ling finite set. P(S) be the
ling power set of S.

W= {{ai}, {a2}, ..., {an}} < P(S) is not even clsed under

the U operation.

Consider {a1}, {a:} € W; we see {a1} U {az} = {a, a2} ¢
W. Hence {W, U} is not even closed under the union operation.

Thus the claim.

Theorem 1.13. Let S be a totally ordered finite ling set, P(S) be
the ling power set of S, {P(S), max}. Every proper subset of P(S)
in general is not a ling monoid or a ling subsemigroup. Infact
the proper ling subset of P(S) need not in general be even

closed under the max operation or min operation.

Proof. Let S = {aj, as, ..., as} be a totally ordered ling set
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ar<ay<az<...<a,_ < ay be the total order enjoyed by S. P(S)
be the ling power set of S. {P(S), max} is a ling monoid which

1S commutative.

Consider W = {{aj, a,} and {as, as}} be two ling subset
which comprises P(S). max{{ai, as}, {as, as}} {a3, a4, as} ¢ W

asa i <az<as<as.

Thus {W, max} is not even closed under the max

operation.
Take the same W; consider {W, min}

min{{ai, as}, {as, as}} = {min {a;, as}, min {a;, a4}, min {as,

asz}, min{as, a4} } (given aj <ay<az<az<as<...<ap- L ap).
So; min{{ai, as}, {as, as} } = {ai, a1, as, a4}
= {aj, a3, a4} ¢ W.
Hence {W, min} is not even closed under the min operation.

We define ling subsemigroup or ling submonoid of a ling
commutative monoid.

Definition 1.3. Let S be a ling set and P(S) the ling power set of
S. {P(S), U} be a ling monoid. A subset collection of P(S) say W

is said to be a ling submonoid if and only if {W, (U} is a ling

monoid or in short W itself is a ling monoid.
We will provide some examples of this situation.

Example 1.19. Let S = {a, b, ¢, d} be a ling set P(S) be the ling
power set of S. P(S) = {¢{a}, {b}, {c}, {d}, {a, c} {a, b}, {a,
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d}, {b, ¢}, {b, d}, {c, d}, {a, b, c}, {a, b, d}, {a, ¢, d}, {b, ¢, d},
S} be the ling power set of the set S.

{P(S), U} is a ling monoid

V = {{a}, ¢, {b}, {a, b}} < P(S) is a ling submonoid of P(S)
under U; W is given by the following table.

v ¢ {a} {b} {a, b}

¢ ¢ [a} {b} {a, b}

{a} {a} {a} {a, b} {a, b}

{b} {b} {a, b} {b} {a, b}

{a, b} {a, b} {a, b} {a, b} {a, b}
Table 1.12

{W, U} is a ling submonoid.

Consider V = {{a}, {a, b}, {a,c}, {a,b, c}} < P(S).

We obtain the table of V under U to find out {V, U} is a

ling submonoid or not.

) {a} {a,c} {a,b} {a, b, c}

{a} {a} {a, ¢} {a, b} {a, b, c}

{a, c} {a, c} {a, c} {a, b, c} {a, b, c}

{a, b} {a, b} {a, b, c} {a, b} {a, b, c}

{a, b, c} {a, b, c} {a, b, c} {a, b, c} {a, b, c}
Table 1.13

{V, U} is a ling submonoid of {P(S), U}.
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For {W, U} to be a submonoid {¢} is a ling identity.

For the ling submonoid {V, U} we see {a} is the ling
identity of {V, U} the ling submonid of {P(S), U}.

We see for {P(S), U} the ling identity is {¢}. Similarly
for the ling subset {W, U}, which is a ling submonoid of {P(S),
U} has ¢ to be a ling identity so also for the ling submonoid
{W, U}, ¢ is the ling identity.

Hence a very natural question arises will every ling
submonoid of {P(S), U} has ¢ to be ling identity.

To this question we give the answer as in general ¢ need
not be always the ling identity of all ling submonoids. {V, U} <
{P(S), U} is a ling submonoids {V, U} < {P(S), U}is a ling
submonoid of {P(S), U} but ¢¢V; only {a} € V is the ling
identity of the ling submonoid of {P(S), U}.

Consider the ling subset P = {{a, b}, {b, c}, {c, a}, {a, b,
ct} < P(S). In {P, U} aling submonoid of P(S).

We first find the table of P under the ling operation U in
the following:

U {a, b} {b, c} {c, a} {a,b, c}

{a, b} {a, b} {a,b, c} {a,b, c} {a,b, c}

{b, ¢} {a,b, c} {b, ¢} {a,b, c} {a,b, c}

{c, a} {a, b, c} {a, b, c} {c, a} {a, b, c}

{a, b, ¢} {a, b, c} {a, b, c} {a, b, ¢} {a,b, c}

Table 1.14
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We see {P, U} is only a ling subsemigroup of {P(S), U}.

Clearly {P, U} has no ling identity.

Consider the ling subset

T = {{a}, {b}, {a, ¢}, {c}} = P(S).

We find the table of T under M.

u {aj {b} {c} {a, ¢}

{a} {a} {a, b} {a, c} {a, ¢}

{b} {a, b} {b} {b, ¢} {a, b, c}

ic} {a, ¢} {b, ¢; ic} {a, ¢}

{3, ¢} {a, ¢} {a, ¢, b} {3, ¢} {a, ¢}
Table 1.15

We see T under M is not even a closed ling subset hence

{T, U} is not a ling submonoid or a ling subsemigroup.

Thus we see all the 3 ling subsets of P(S) behave very

differently under the U operation.

Now if we consider P(S), P(S) under N is a ling monoid

with {a, b, ¢} as its ling identity under M.

Now take W = {9, {a}, {b}, {a,b}} c P(S).

We build the table of {W, N} in the following.
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N ¢ {aj {b} {a.,b}
¢ ¢ ¢ ¢ ¢
{a} ¢ {aj ¢ {a}
{b} ¢ ¢ ib} {b}
{a,b} ¢ {aj {b} {a,b}
Table 1.16

We see {a, b} € W is the ling identity of W under N
where {W, N} is the ling submonoid of {P(S), N}.

Consider P = {{a, b}, {b, c}, {c, a}, {a, b, c}} < P(S).

We give the table {P, N} in the following.

N {a, b} {b, ¢} {c,a} {a, b, ¢}
{a, b} {a, b} {b} {a} {a, b}
{b, ¢} {b} {b, ¢} {c} {b, ¢}
{c,a} {a} {c} {c,a} {c, a}

{3, b, ¢} {3, b} ib, ¢} ic, a} {a, b, ¢}
Table 1.17

Clearly {P, n} is not even closed under m; so is just a
ling subset of P(S).

Thus we have seen like the classical algebraic structure
group in the case of ling monoids the ling identity of the ling

submonoids are not always the same.
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To this effect we have given examples.

Also a ling monoid can have a ling subsemigroup which

is not a ling submonoid of only a ling subsemigroup.
We have given examples to this effect also.

We will show this is the case when we use the operator
max or min on ling powerset P(S) of a ling set S which is a

totally ordered set.

We give min and max operations on the ling subsets W, T

and P so that it is easy for comparison of them.
Given T = {{a}, {b}, {a, c}, {cj} < P(S).

We have already proved T is not a ling subsemigroup or

ling submonoid under the union operator.

max {a} {b} {a, c} {c}

{a} {a, b} {b} {a, c} {c}

{b} {b} {b} {b, ¢} {c}

{a.c} {a, c} {b, c} {a, ¢} {c}

{c} {c} {c} {c} {c}
Table 1.18

We will be using therule a<b<c¢

We see in the table {b, c} is not in T so not even closed

under max operation.
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Hence T is not a ling subsemigroup or ling submonoid

Now consider the operator min of the ling subset T of

P(S).
We will describe it by the following table
min {a} {b} {a,c} {c}
12} {a} {a} {a} {a}
{b} {a} {b} {a, b} {b}
{a, ¢} {a} {b,c} {a, ¢} {c}
{c} {a} {b} {c} ic}
Table 1.19

We see {T, min} is not a ling subsemigroup or a ling
submonoid as T is not even closed under min operation for {a,
b} ¢ T but {a, b} min{{b}, {a, c}} = {min {b, a}, min{b, c}} =
{a,b} ¢ T.(wehavea<b<c)

Thus {T, min} and {T, max} are not even closed under
the operations min and max respectively.

Now consider the ling subset W of P(S);

W= {9, {a}, {b}, {a, b}}.

We find how max operator functions on W

max ) {a} {b} {a, b}
¢ ¢ {a} {b} {a, b}
{a} {a} {a} {b} {a, b}
{b} {b} {b} {b} {b}
{a, b} {a, b} {a, b} {b} {a, b}

Table 1.20
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We see {W, max} is a ling submonoid of P(S).

Clearly the ling identity of W and P(S) are the same viz ¢.
We know the least element of P(S) is the ling identity element
of max operation in P(S) and W are the same then the ling
submonoid W will have the same ling identiOty as that of P(S).

Now we find the table of {W, min}

min ¢ {aj {b} {a,b}
¢ ¢ ¢ ¢ ¢
{a} ¢ {a {a} 1a}
{b} ¢ 1a} {b} {a, b}
{a,b} ¢ {a} {a,b} 13, b}
Table 1.21

We see {b} € W acts as the ling identity under max.
However for P(S) the ling identity with respect to min is
S={a,b,c}.

So the ling submonoid W of P(S) has a different ling
identity from that of P(S).

We consider {V, max} and represent in the following

table V = {{a}, {a,c}, {a,b}, {a,b,c}} < P(S). a<b<ec.
max {a} {a, c} {a, b} {a, b, c}
{a} {a} {a, ¢} {a, b} {a, b, c}
{a, c} {a, c} {a, c} {a, b, ¢} {a, b, c}
{a, b} {a, b} {a,b, c} {a, b} {a,b, c}
{a, b, ¢} {a, b, c} {a, b, c} {a, b, ¢} {a, b, c}

Table 1.22
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We see the least element is {a} in V. So the ling identity

of V is {a} under max operation. However the ling identity for

max operation in P(S) is {¢}.

Hence for the ling submonoid {V, max} < {P(S), max}

we see the linguistic identity of V different from the ling

identity of P(S) under max operation.

Now we give the table of {V, min} in the following.

min {a} {a, b} {a, c} {a, b, c}
{a} {a} {a} {a} {a}
{a, b} {a} {a, b} {a, b} {a, b}
{a, c} {a} {a, b} {a, c} {a, ¢, b}
{a, b, c} {a} {a, b} {a,c,b} | {a,b,c}
Table 1.23

Hence we list out the following observations.

L.

If P(S) be the ling power set of S. ¢ in P(S) is the

least element and S to be the greatest element of P(S).

If min(and max) operations are to be defined on the
ling power set P(S) it is mandatory that the ling set S
must be a totally ordered set. For otherwise min or

max operations on P(S) cannot be defined.
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3. {P(S), min}, {P(S), maxj, {P(S), U}, and {P(S), N}
are the four distinct ling monoids under the

respective operations mentioned.

4. A proper ling subset M from P(S) can be just a ling
subset closure and may not be compatible with any of

the four operations \, M, min or max.

5. Even if {M, min}, {M, max}, {M, U} and {M, N}
happen to be closed under their respective operations
still {M, min}, {M, max}, {M, U} and {M, N} may
not be ling submonoid it may be only a ling

subsemigroup.

6. Even if {M, min}, {M, max}, {M, U} and {M, N}
are ling submonoids of {P(S), min}, {P(S), max},
{P(S), U} and {P(S), N} respectively still they may
have a different ling identity from that of the ling
identity mentioned in {P(S), min}, {P(S), max},
{P(S), U} and {P(S), N}.

To this effect we have shown examples.

However to make these notions more understandable we

will describe some examples to this effect.
Example 1.20. Consider the totally ordered ling set

S ={a, b, ¢, d}; P(S) be the ling power set of S.

P(S) = {4, {a}, {b}, {c}, {d}, {a, b}, {a, c}, {a, d}, {b,
c}, {b, d}, {c, d}, {a, b, ¢}, {a, b, d}, {a, c, d}, {b, c,d}, {a, b,
¢, d} = S} be the ling power set of S.
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o(P(S)) =2%=16. S is totally ordered a<b < ¢ <d.

Now {P(S), U} is a commutative ling monoid with {¢} is

its ling identity.
For A € P(S) we have A U {¢} = A for every A € P(S).

We see {P(S), N} is a commutative ling monoid with

S = {a, b, ¢, d} as its ling identity.
Thus for A € P(S); An S=A forall A € P(S).

Consider {P(S), max}; this is again a ling monoid with ¢

as its ling identity.
For max {¢, A} = A for every A € P(S).
The following observation is mandatory.

We have both {P(S), max} and {P(S), U} have the same
ling identity viz ¢. However both the operations U and max are

distinct.
For if we take A= {a, b, d} and B = {b, ¢, d} € P(S).
We find AnB={a,b,d} n{b,c,d} ={b,d} ...I
AuUB={ab,d} U {b,c,d} ={ab,c d} I
min{A, B} =min{{a, b, d}, {b, c, d}}

= {min{a, b}, min{a, ¢}, min{a, d}, min{b, b}, min{b, c},
min{b, d}, min{d, b}, min{d, ¢}, min{d, d}}

={a,b,c,d} LW
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(usinga<b<c<d)
max{A, B} =max{{a, b, d}, {b, c,d}}

= {max{a, b}, max{a, c}, max{a, d}, max{b, c}, max{b, d},
max{b, b}, max{d, b}, max{d, ¢}, max[d, d}}

{b, c, d} Y
(usinga<b<c<d).

We see II and III are identical however I, II and IV are distinct
or I, III and IV are distinct or different.

Now take C = {a, d} and D= {b, ¢} € P(S)
DNC ={ad}n{bcl=0 I
DUC ={ab}uU {bc}={ab,cd} LI

min{D, C} = min{{a, d}, {b, ¢}} = {min{a, b}, min{a, ¢}
min {d, b}, min{d, c}} = {a,b,c}; (a<b<c<d) ...II

Consider max {C, D} = max {{a, d}, {b, c}}

= {max{a, b}, max{a, ¢}, max{d, b}, max{d, c}}
= {b,c,d};(a<b<c<d) Y

Thus we see L, II, Il and IV are distinct hence {P(S), N},
{P(S), U}, {P(S), min} and {P(S), max} are four different ling

monoids. Hence our claim.

Now we show how they work on ling subsets of P(S).
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Let M= {{a, b}, {b, c}, {c,d}, {d, a}, {b,d}}  P(S).

We give the table of {M, U} in the following.

) {a, b} {b, c} {c,d} {d, a} {b, d}
{a, b} {a,b} | {a,b,c} |{a)b,c,d}| {a,b,d} | {a,b,d}
{b,c} | {a,b,c} | {b,c} {b,c,d} |{ab,c,d}| {b,c,d}
{c,d} |{ab,c,d}| {b,c,d}| {c,d} {a,c,d} | {b,c,d}
{d,a} | {a,b,d} |{ab,c,d}| {ac,d} {d,a} | {a,b,d}
{b,d} | {a,b,d} | {b,c,d} | {bc,d} | {a,b,d} | {b,d}

Table 1.24

We see {M, U} is not even closed under the operation L.
For {a, b, c}, {b,c,d}, {a,b, c,d}, {a,c,d}, {a,b,d} ¢ M.

So closure axiom is not true in case the operator L.
Now consider {M, N} the operation N on M.

We give the table associated with {M, N} in the

following.

N {a, b} {b, c} {c, d} {d, a} {b, d}
{a,b} | {a,b} {b} {9} {a} {b}
{b, ¢} {b} {b, ¢} {c} {9} {b}
{c, d} {9} {c} {c, d} {d} {d}
{d, a} {a} {9} {d} {a, d} {d}
{b, d} {b} {b} {d} {d} {b, d}

Table 1.25
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{M, N} not even closed under the operation M.
For {b}, ¢, {a}, {c}, {d} ¢ M.

So both {M, U} and {M, N} are even closed under the

respective operations.

Now we give the table {M, max}; a<b<c<d.

max {a, b} {b, ¢} {c, d} {d, a} {b, d}

{a, b} {a, b} {b, c} {c,d} |{a,d,b} | {b,d}

{b, c} {b, c} {b, c} {c,d} | {b,c,d} | {b,c,d}

{c, d} {c,d} {c, d} {c,d} {c, d} {c,d}

{a,d} |{a,d,b} | {b,c,d} | {c,d} {a, d} {b, d}

{b, d} {b,d} | {b,c,d} | {c,d} {b, d} {b, d}

Table 1.26

We see {M, max} is not even closed under the operator
max {a, b, d}, {b, ¢, d} ¢ M. This is clear from the table .

Now consider the table for {M, min}

min {a, b} {b, c} {c, d} {d, a} {b, d}

{a, b} {a, b} {a, b} {a, b} {a, b} {a, b}

{b, ¢} {a, b} {b, ¢} {b, ¢} {b,a,c} | {b,c}

{c, d} {a, b} {c,b} {c,d} | {d,a,c} |{b,d,c}

{d, a} {a, b} {a,b,c} | {d,a,c} {d,a} | {d,b,a}

{b, d} {a, b} {b,c} |{b,d,c} | {d,a,b} | {b,d}

Table 1.27
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We see {M, min} is not closed under the operation min,

for {d, c, a}, {b, d, ¢}, {a, d, b}, {a,b, c} & M.

We see all the four operations on M are distinct and none

of them is closed on M.
However we will consider a ling subset
R ={{a}, {a,b}, {a, b, c}, {b, c}, {c,a}} = P(S).

Now the table for {R; U} is given

U {a} {a, b} {b, c} {c, a] {a,b, c}

{a} {a} {a,b} | fa,b,ci | {c,a} | {a,b,c}

{a, b} {a, b} {a, b} {a,b,c} | {a,b,c} | {a,b, c}

{b, ¢} {a,b,c} | {a,b,c} | {b,c} {a,b,c} | {a,b, c}

{c, a} {c,a} {a,b,c} | {a,b,c} {c, a} {a, b, c}

{a,b,c} | {a,b,c} | {a,b,c} | {a,b,c} | {a,b,c} | {a,b, c}

Table 1.28

We see {R, U} is a ling subsemigroup as U is a closed

operation on R.

We see {R, U} does not contain any ling identity in R.

Consider the table of {R, N}.
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a {a} {a,b} | {b,c} | {a,c} |{ab,c}
{a} {a} {a} {0} {a} {a}
{a, b} {a} {a, b} {b} {a} {a, b}
{b, ¢} ¢ {b} ib, ¢} {c} ib, ¢}
{a, c} {a} {a} {c} {a,cy | {a,c}
{a,b,ci | {a} {a,b} | {b,c} | {a,c} |{ab,c}
Table 1.29

R under the ling operation M is not closed. Hence {R, M} is not

a ling subsemigroup or a ling submonoid as under the operator

M the closure axiom is flouted.

Now we give the table {R, min} by the following table.

min {a} {a, b} {b, c} {a,c] | {a,b,c}
{a} {a} {a} {a} {a} {a}
{a, b} {a} {a,by | {a,b} | {a,bj | {ab}
{b, ¢} {a} {a,b} | {b,c} | {a,b,c} | {b,c,a}
{a, c} {a} {a,b} | {a,c,b} | {a,c} | {a,c,b}
{a,b,ci | {a} {a,b} | {a,b,c} | {a,c,b} | {a,c, b}
Table 1.30

We see R under min is closed. Thus {R, min} is a ling

subsemigroup which is not a ling submonoid as it has no ling
identify in it (R).

Now we give the table for {R, max}
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max {a} {a,b} | {b,c} | {a,c} |{ab,c}
{a} {a} {a,b} | {b,c} | {a,c} | {a,b,c}
{a,b} {a,b} {a, b} {b,c} | {a,b,c} | {a,b,c}
{b,c; | {bci | tbycj | {bcj | {bc} | {b,c}
{a,cj | {ac} |{abci| {bc} | {ac; |{ab,c;
{a,b, ¢} | {a,b,c} | {a,b,cj | {b,c} | {a,b,c}|{ab,cj
Table 1.31

We see max is a closed operation on R. {R, max} is

infact a ling submonoid with {a} as its ling identity; however

for P(S), ¢ is the ling identity under max operation.

Now we table the four structures of R.

S. Not closed under | Ling subsemi |, . .
. Ling submonoid
No. the operation group
ling
LR subsemigroup
not closed under
2. |[Rn the operation N
. ling
3. |{R,minj subsemigroup
- a ling sub
4. |{R, max} |- monoid with {a}
as ling identity
Table 1.32

We see the four ling operations behave in four different

ways.
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Consider the ling subsets
B = {{a}, {b}, {c}, {d}, {a, b, ¢}, {b,d}} C P(S).

Now we find all the four operations on B . The table for {B, U}

1s as follows.

v {a} {b} {c} {d} | {b,d} | {ab,c}
{a} {a} {a,b} | {a,c} | {a,d} |{a,b,d}| {a,b,c}
{b} | {a,b} | {b} | {bc} | {bd} | {bd} | {abc}
{c} {a,c} | {b,c} {c} {c,d} |{c,b,d}| {a,b,c}
{dj | {ad} | {bd} | {cd} | {d} | {bd} |{ab,cd}
{b,d} |{ab,d}| {b,d} |{b,cd}| {bd} {b,d} |{a,b,c,d}
{a,b,c} | {a,b,c} | {a,b,c} | {a,b,c} |{a,b,c,d}|{ab,c,d}| {a,b,c}

Table 1.33
Clearly B is not closed under the \ operation.

Now we find the table {B, N}.

N {a} {b} ic} {dj | tbd} |{abyc;
{2} {a} ¢ ¢ ¢ ¢ {a}
{b} ¢ ib} ¢ ¢ {b} {b}
ic} ¢ ¢ ic) ¢ ¢ {c}
{d} ¢ ¢ ¢ {d} {d} {0}
{b,d} ¢ {b} {0} {djy | tbdj | {b}
{abej | {a {b} ic} {0} b} |{abc}

Table 1.34



54 | Special Subset Linguistic Topological Spaces

Clearly the operation M is not closed for the ling subsets
B < P(S). Now we find the table for max on B

as<b<c<d

max {a} {b} {c} {d} {b,d} |{ab.c}

{a} {a} {b} ic} di | {bd} |{abyc]

{b} {b} {b} {c} dy | {bd} | {bc]

{c} {c} {c} {c} {dy | {ed} | {c}

{d} {d} {d} {d} 1d} {d} {d}

{b,d} | {b,d} | {bd} | {c,d} {d} {b,d} |{b,c,d}

{a,b,c} | {a,b,c} | {b,c} {c} {d} {b,c,d} | {a,b,c}

Table 1.35
Clearly max operation is not closed for B.

We give the table for {B, min};

min {a} {b} {c} {d} {b,d} |{ab.c}

{a} {a} {a} {2} {a} {a} {a}

{b} {a} {b} {b} {b} {b} | {ab}

{c} {a} {b} {c} {c; | tbe} [{abycy

{d} {a} {b} {c} {dy | {bd} |{abc}

{bd} | {a} {b} | fbe} | {bd} | {bd} |{ab.c}

{a,b,c} {a} {a,b} | {a,b,c} | {a,b,c} | {a,b,c} | {a,b,c}

Table 1.36
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{b,c}, {a, b} ¢ B. So B is not even closed under min operation.

Now we table the four operations on B.

S. Not closed Ling sub Ling sub
No. operation semigroup monoid
1. |{B, U} Not closed - -

2. |{B, M} Not closed - -

3. |{B, min} Not closed - -

4. |{B, max} Not closed - -
Table 1.37

Thus B remains to be a ling subset collection of P(B)

which is not closed under all the four operations.

We have seen all the cases which proves the observations

we have listed.

Now we would next define the new notion of ling

semirings and ling semifields.

To achieve this we need to recall the definition of

semirings and semifields.

Definition 1.4. Let S be a non empty set. S is defined to be a
semiring under the operations + and x if the following

conditions are satisfied.

1. For all x,y € S we have x + y € S (closure

axiom,).

2. Forallx, y, z € S we have
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X+ (y +z)=(x +y) + z (associativity law).

3. For all x, y € S we have x + y =y + x

commutative law.

4. There exists a unique 0 € S such that
0+x=x+0=xforallx €8, 0is called the
additive identity of S.

5. {S, +} is a commutative monoid.

6. There is defined a binary operation x on S,
such that for x, y € S we have x xy € §

(closure axiom)

7. Forallx,y, z € S we have

X x(y xz) = (x xy) xz (associative law).

8. Forallx, y € Sifx xy =y xx (commutative
law) we define {S, x} as a commutative

semigroup under Xx.

9. We define {S, +, x} as a semiring if there exists
1 eSsuchthatx x1 =1 xx=xforallx € S;
then we define {S, x} as the commutative
semigroup under the x; if 1 € S we define

IS, x} to be ling monoid.
Now if we have the following operation to be true that is
xx(y+tz)=xxy+txxz

The distributive law is true.
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Then {S, +, x} is defined as the semiring.
For more about semirings please refer [31-37].
We will first provide some examples of them.

Example 1.21. Let S =7°= 7" U {0} be the set of positive

integers with zero. {S, +} is a monoid of infinite order.
Forif5,9 € {S,+} weknow 5+9=14 € S.

Thus {S, +} a monoid and its identity is zero; {S, x} is a

monoid using Z*, under the product.
Thus {S, +, x} is a semiring of infinite order.

In case R° = R" U {0} is again a semiring of infinite

order.
Q°=Q" U {0} is also a semiring of infinite order.

We now proceed onto give examples of semirings.

Example 1.22. Q°[x] = {Z:aixi |ai e Q°=Q" U {0}; x is an
i=1

indeterminate} be the semiring of polynomials with coefficients
from the positive rationals together with 0.

It is easily verified that for any p(x) € Q°[x], we cannot

find a negative q(x) € Q°[x] for p(x) such that
q(x) + p(x) = 0(x) where 0(x) = 0x"+0x" "'+ ... + 0x + 0

the zero polynomial.
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Since in Q° = Q" U {0} we do not have for any

neQ°(-n)eQ

such that n + (-n) = 0 as Q" is only the collection of positive

rationals.

We know {Q° = Q" U {0}, +, x} is a semiring hence

Q°[x] is also a semiring under + and x [31-37].

Example 1.23. Let S = {R°[x] / R" u {0} = R% x an
indeterminate} be the semiring of polynomials {S, +, x} is a

semiring.
Further we see this S has no inverses with respect + and x.

Now all the examples provided of semirings are of
infinite cardinality or to be more appropriate technically all of
them are of characteristic zero.

Now we will provide examples of finite ordered semiring.

We just recall the definition of lattice to make this book a
self contained one.

We define the notion of relation on two non-empty sets A
and B.

Definition 1.5. Let A and B two non empty sets. A relation R
from A to B is a subset of A x B. Relations from A to B are
called relations on A for short if (a,b) € R then we write aRb
and say that ‘a’ is in relation R to b. Also if a is not in relation
R to be and write a ab.
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A may have some of the following properties.
R is reflexive if for all a in A we have aRa.
R is symmetric if for a and b in A aRb implies bRa.

R is antisymmetric if for all a and b in A aRb and bRa
imply a = b.

R is transitive if for a, b, ¢ in A aRb and bRc imply aRc.

A relation R on a set A is called a partial order (relation)

if R is reflexive, antisymmetric and transitive.

In this case we say (4, R) is a partially ordered set or a

poset.
A partial ordered is denoted by <or <.

We say a partial order on A is called a total order if for
every pair a, b € A either a <or b <a. {A, <} is called a chain

or a totally ordered set.

We provide examples of a partially ordered set and a
totally ordered set.

Example 1.24. Let S = {a, b, c, d} be a set of four elements. The
powerset P(S) of S is given by

S = {9, {a}, {b}, {c}, {d}, {a, b}, {a, c}, {a, d}, {b, ¢}, {b, d},
{c, d}, {a, b, c}, {a, b, d}, {a,c,d}, {b,c,d}, {a,b,c,d}}. |S|=
24=16.

The containment is only a partial order on P(S) as {b, c}
and {c, d} € P(S) {b, c} & {c, d} however we have
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{a, b}, {a, b, d} € P(S) such that {a, b} & {a, b, d}.
Thus {P(S), <} is only a partial order set.

Example 1.25. Let S= {1, 9, -9, 6, 8, 12, —18} be a nonempty

set S is a totally ordered set under ‘<’ for
—18<-9<1<6<8<9<12.
Hence the claim.
We can represent the two examples diagrammatically.

The diagrammatic representation is defined as the Hassee

diagrams.

The Hassee diagram for the totally ordered set S is as

follows.

120

—18@
Figure 1.1

The Hasse diagram for P(S) given in example 1.24 is as

follows.
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Figure 1.2

Now we proceed onto define the notion of upper bound,
lower bound, infimum and supremum of a partially ordered set

or poset in the following.
Definition 1.6. Let {S, <} be a partially ordered set and P < S.

i) x € Sis called an upper bound of P if and only if
forallp € P; p <x.

ii) x € Sis called a lower bound of P if and only if
forallp € P, x <p.
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iii) The greatest amongst the lower bounds,
whenever it exists is called the infimum of P and
is denoted by inf P.

iv) The least upper bound of P whenever it exists is
called the supremum of P and is denoted by sup
B.

We now recall the definition of a semilattice.

Definition 1.7. Let (L, <) be a partially ordered set (L, <) is
called a semilattice order if for every pair if elements, a, b € L

the sup(a, b) exists (or equivalently inf (a, b) exists).

A partially ordered set (poset) (L, <) is called a lattice
ordered if for every pair of elements, a, b € both inf (x, y) and
sup (x, y) exists.

We will first provide examples of semilattices.

Example 1.26. Consider A the subset of P(S) where
S={a,b,c}.

Here A = {{a,b,c} =S, {a, b} {a, c} and {b, c¢}}. The

semilattice associated with A is as follows;

S ={ab,c}

{a,b} fa,c} {b,c}

Figure 1.3
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Here this semilattice has operation sup defined on it and inf
operation is not defined on it.

Example 1.27. Consider the subset B of the power set P(S) of S
where S = {a, b, ¢, d}.

The subset B < P(S) has the following clements B =
{9.{a}, {b}, {c}, {d}}.

The semilattice of B which has only inf defined on it is

given by

@ (b ¢}
()

{0}

Figure 1.4
We can have several such semilattices.
Now we can technically define semilattice.

Definition 1.8. Let {L, <} be a poset. We say {L, <} is a

semilattice under sup if the following statements are equivalent.
i) x <y

ii) sup {x, y} = y.
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We say {L, <} is a semilattice under inf if the following
Statements are equivalent.

i) x <y

ii) inf (x,y) = x.

(Now to this effect we have already provided examples).

Now we define equivalent of a lattice as follows.
Definition 1.9

i) Every ordered set is lattice ordered.
ii) In a lattice ordered set (L, <) the following
statements are equivalent for all x, y € L

a. x<y
b. sup {x, y} =x and
c. infix, y}=x
We will provide one or two examples of the same.

Example 1.28. Let L be a lattice given by the following figure.

1

0
Figure 1.5

This lattice will be called as a pentagon lattice.
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Wesee L= {a, b,c,0, 1} the ‘<’ order is as follows
0<b<a<l and 0<c<1.

a and b are comparable with c. This is also evident from the

Hasse diagram given in figure.

Example 1.29. Let S = {0, 1, a, b, c} be a set with the partial

order < as follows
0<a<l, 0<b<1 and 0<c<1.
Clearly a, b and c are not comparable.
We have the following Hasse diagram for the S.

]

0
Figure 1.6

This lattice will be addressed as a diamond lattice.

If we remove from the set S the element 1 then we have
S\ {1} =P={0, a, b, ¢} such that

0<a, 0<band0<c

The resultant can only yield a semi lattice under inf only. The

Hasse diagram is given by the following figure.
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fa} b} {c}

0
Figure 1.7

For only if {a, b} =0 =inf {b, ¢} =inf {a, c}.

However sup{a, b}, sup{b, ¢} and sup{a, c} is not
defined.

Now if we remove from the set S the element 0. Then we
have S\ {0} =B = {1, a, b, c}.

Wehave a<1,b<landc<1.

For this B we can only define sup for

sup{a, b} =sup{b, c} =sup{a,c} =1.
So it a semilattice under sup.

We do not have inf{a, b}, inf{b, ¢} and inf{a, c} to be
defined.

The Hasse diagram for B is as follows.

1

Figure 1.8
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Thus B is a semilattice under the sup operation.
Next we define the notion of a line lattice.

We saw all the two lattices and semilattice given in figure are

only partially ordered set. They are not totally ordered set.

If we have a lattice whose set under consideration is a
totally ordered set then we have a special name for then we call

it either as a line lattice or more mathematically a chain lattice.

Definition 1.10. Let {L, <} be a lattice. If ‘<’ is a total order on
L and L is a lattice order we call L a chain lattice. Thus we have
a chain lattice L if for every pair x, y € L we have either x <y

ory <x.
We now give some examples of chain lattices.

Example 1.30. Consider 1 = [X, y] any closed interval on the real

line R, [x, y] under total order is a chain lattice.
Example 1.31. [0, o] is also a chain lattice of infinite order.
Example 1.32. [—o, 1] is a chain lattice of infinite order.

Example 1.33. {0, 1} = L the two element set 0 < 1 is a chain

lattice having the following Hasse diagram.

0
Figure 1.9
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This lattice will be denoted by Co.

Now we give the algebraic definition of semilattice and

lattice.

Definition 1.11. An algebraic semilattice {L, U} (under sup) is

a nonempty set L with a binary operation U (join) (also known

as sum or union) which satisfy the following conditions.

that

i) X Uy =y Ux (commutative law)
ii) x U(y Uz) = (x Uy) Uz (associative law)

iii) x U (x Ny) = x (absorption law).

(This condition (iii)) yields an additional condition such

iv) X U x = x (idempotent law)

An algebraic semilattice (L, <) L a nonempty set with a

binary operation meet ‘N’ (also called as intersection or

product) which satisfy the following conditions for all x, y, z €

L.

i) X Ny =y Nx (commutative law)
ii) (x Ny) Nz =xN(yNz) (associative law)

iii) x N (x Uy) = x (absorption law)
This law leads to additional conclusion x Nx =x
iv) X NXx = Xx (idempotent law).

In view of all these we will now give the definition of an

algebraic lattice.
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Definition 1.12. An algebraic lattice {L, », U} is a nonempty
set L with two binary operations U and M (U (join) and M
(meet)) (also called as union or sum and intersection or
product) which satisfy the following conditions for all

x, 5,z el
i) XNy =yNx x Uy =y Ux (commutative law)
ii) xNynNz)=kxnNy) Nz,

(x Uy) Uz =x U(y Uz) (associative law)

iii) xXNEx Uy =x xU(x Ny = x (absorption
law)

Thus (iii) condition leads to a new law viz.
xNx=x andx Ux =x (idempotent law).

The relation between lattice ordered sets and algebraic
lattice is as follows.

Let (L, <) be a lattice ordered set.
If we define x Ny =inf (X, y) and x U y = sup (X,y)
Then {L u, N} is an algebraic lattice.

If on the other hand {L, U, N} is an algebraic lattice if we
define x <y ifand onlyifx ny=x (or x <y) if and only if
(x Uy =y) then (L, <) is a lattice ordered set.

Now we give yet another example of a algebraic lattice.

Example 1.34. Let S = {a, b, ¢} be a set and P(S) be the power
set of S.

P(S) = {9, {a}, {b}, {c}, {a, c}, {a, b}, {b, c}, {a, b, c} =S} be
the power set and order of P(S) =2 = 8.
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The semilattice under U or sup is given below

{a,b,c} =S

fa, o} faby 10O
Figure 1.10

The semilattice under M or inf is given below.

{b}

{a} (e}

¢
Figure 1.11

The algebraic lattice with U and M is given below.
{a, b, c}

(a.b} {a,c}

{c}
{aj

b
Figure 1.12
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Now we define to notion of a sublattice of a lattice.
Definition 1.13. Let L be a lattice.

S be a non-empty subset of L if S is lattice with respect
to the restriction of U and M of L onto S then S is a sublattice

of L.
We will give examples of sublattice of a lattice L.

Example 1.35. Let L be a lattice given by the following
figure 1.13. S be a sublattice of L which is also given in

figure 1.14.

1
© g
c
a
0
Figure 1.13

Consider the subset S of L given by {1, ¢, f,d, b, c, a, 0}.

The figure associated with S is as follows.
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1
© f
b c
a

Figure 1.14

Take S\ {d} =P then P does not form a sublattice. Take
M= {badc} < L; Mis a sublattice given by the following

d
b.: » c
a

Figure 1.15

figure.

Let N = {e, f, g, d, I} < L; the sublattice associated with
N is given by the following figure.

@g

Figure 1.16
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We give definition of modular lattice and distributive
lattice in the following.

Definition 1.14. Let L be a lattice L is called or defined as a
distributive lattice if for all x, y, z € L; the following equations
hold good;

xUWynNz)=xuy Nx Uz or
xNyuz)=xnNy) U(xNz)
called the distributivity equations.
We give examples of distributive lattices.

Example 1.36. Let L be a lattice given by the following
figure 1.17.

0
Figure 1.17
Toproveau (bnd)=(aub)n(aud).
Considerau (bnd)y=aud=a

Now(aub)n(aud)=ana=a.
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Hence distributive law is true for the triplet.
ConsiderxN(yuz)=xXxNy)u((xnNz)
xN(yuz)y=an(bud)=anb=>b
(anb)u(and)y=bud=b.
Consider {b, d, ¢}
Toprovebu (dnc)=(bud)n(buc)
bu(dnc)=bud=h.
Now
budyn(buc)=bnanh.
bn(cud) =(bnc)u(bud
Consider
bn(cud)=bnc=d.
and(bncyu(bndy=dud=d.
Thusbn(cud)=(bnc)u(bnd)=d.

Consider the lattice L given by the following figure 1.18.

0
Figure 1.18
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Take a,b,c € L
au((bnc)=(aub)n(avc)
au(bnc)=aul=a o
(aub)n(auc)=1nl=1 I
(aub)n(auc)=1nl=1

Equation I and II are not equal in L so figure 1.18 is not a
distributive lattice.

(amnb)ubnecu(cnay=000u0=0. ..I
(aub)nbne)n(cua)=1nNnlnl=1.

So distributive law is not true in case of this diamond lattice.
Thus we can conclude the diamond lattice is not a distributive
lattice.

Consider the pentagon lattice L = {0, b, a, 1, c}

1

0
Figure 1.19
Is a pentagon lattice distributive or not?
Consider a, b, c € L.

To prove a n (b U c) = (am b) U (a N c) if the pentagon
lattice is distributive.
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Consider an(buc)=anl=a .|
(amb)u(auc)=buld=b I

Clearly I and II are distinct, hence the pentagon lattice is
not a distributive lattice.

Now we recall the definition of modular lattices.
Definition 1.15. A lattice L is called modular if for all
abcel,a<cimplya (bnc)=(ab) Nec

We can prove the diamond lattice L is a modular lattice,
but just we have proved that a diamond lattice is not
distributive.

Consider the modular lattice 1, a, b (we cannot take the
triple a, b, ¢ as all the three are not comparable so modular law
cannot be implemented.

To prove for a, b, 1 with a < c =1, the identity
xuUynz)y=xuvy)nz x<z .|
Considera=x,b=yandz=1;

xU(ynz)y=au(nl)(a=x,b=y,z=1)

=aub=1 0

xuy)nz=@ubnl=1nl=1 Lo I
I and II are identical hence modular law is true.

We can take (a,b,0); x=0 y=b z=a
xU(ynz) =0u((bbna)=0 .|
xuy)ynz=0Oub)na=bna=0 i

I and II identical hence modular law is true.
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Thus the diamond lattice is modular however it is not a
distributive lattice.

To test if the pentagon lattice is modular.

Consider the pentagon lattice.

1
a
c
b
0
Figure 1.20
Toprovex U (yNnz)=(xUy) Nz x<z
Takex=a,y=bandz=1;au(bnl)=aub=1 |
xuy)uz=(aub)nz=anl=a I

I and II are not the same so the modular law does not hold good
for the triplet (a, b, 1; a < 1) hence the pentagon lattice is not
modular.

Now a chain lattice is always distributive. For elements of
a chain lattice is a totally ordered set; they satisfy both modular

and distributive lattice.

All distributive lattices are modular but in general a
modular lattice is non distributive.

A pentagon lattice is both non distributive and non

modular.
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A diamond lattice is distributive but is a modular lattice.
The lattice given in the following figure is a distributive lattice.

1

0
Figure 1.21

Now we define complemented lattice [12, 22].

Definition 1.16. A lattice L with 0 and 1 is called complemented

if for each x € L there is at least one y € L such that

xNy=0and x Uy = 1; yis called the complement of L.
For the figure 1.21 given, a is the complement of b as
aub=1and anb=0.

Further the complement is unique.

Consider the following lattice L = {1, aj, ay, ..., as, 0}

1

ai

0
Figure 1.22
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The complement of a; can be a,, as, as, as
for aina=0andajua=1,i#].
We see 0 is the complement of 1 or 1 is the complement of 0

as0ul=land 0N 1=0.

0
Figure 1.23

Thus C; or the chain lattice is such that it has only two
element.

Consider the lattice L = {0, 1, a, b} given by the
following figure.

o 0
Figure 1.24

a has no complement and b has no complement.
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Thus we can have lattices such that the elements other

than 0 and 1 have no complement.

The class of line or chain lattices falls under the class. For
in a chain lattice L. other than 0 and 1 no other element has a

complement.

The chain lattice L. given in the following figure 1.25, no

element other than 0 and 1 have complements.

1
[ ]

® a;
® a5
® a;
® a
o a3
® a

® a

e 0

Figure 1.25
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oOul=1,0n1=0.
But aina=a; ifi<]
auaj=g sincei<jfor 1<1,j<9
hence L has no complement for its elements other than 0 and 1.

Recall the definition of Boolean algebra [12, 22].

Definition 1.17. A complemented distributive lattice is called or
defined as a Boolean algebra. Distributivity in a Boolean
algebra guarantees the uniqueness of complements.

The Hasse diagram of the smallest Boolean algebra is C..

1

0
Figure 1.26

The complements are unique for 1 <0 =1and 0 N1 =0.

Now consider

0
Figure 1.27

a is the unique complement of b and vice versa.
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0 is the complement of 1 and vice versa

au b=landanb=0

Oul=land1 n0=0.

Consider the direct product of the lattice C, with itself.
Cox C2={(0,0), (1,0), (0, 1), (1, 1)}.

Now this C; x C; can be given a lattice representation

which is as follows.

(1,1

0.1) (1,0)

(0,0)
Figure 1.28

Clearly (0,0)w(1,1) =(1,1)and
(0,0) N (1, 1)=(0, 0).
So (1, 1) is the complement of (0, 0) and vice versa.
Consider (1,0)=(0,1) e L=C, x Ca.
(1,0)u (0,1)=(1, 1)and (1, 0) n (0, 1) = (0, 0)
Complement of (0, 1) is (1, 0) and vice versa.

So the lattice got by C, x C; is a distributive lattice and is

a Boolean algebra by the very definition of Boolean algebra.
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Consider the power set of two element {a, b} =S.

P(S) = {¢,{a}, {b}, {a, b}}.

The lattice representation of P(S) is as follows.

{a,b}

{a} {b}

{0}
Figure 1.29

This lattice is identical or isomorphic with the Boolean
algebra got by C, x C; and P(S)

{1, 1} {ab}
(0,1) (1,0)
{a {b}
{0,0} {0}
Figure 1.30
So by matching

{0,0} © {¢}, {{0, D} & {a},

{(1,0)} < {b}, {(1,1)} < {a, b}.



84 | Special Subset Linguistic Topological Spaces

Now consider the triple product of Cs;

L=Cyx Cyx Ca={(0,0,0),(1,0,0), (0, 1, 0) (0, 0, 1),
(1,1,0), (1,0, 1),(0,1, 1), (1,1, )}. [L| = 8.

The Hasse diagram for L is as follows.

(1.1. 1
(1.1.0) (0-1.1h
(1.0.0) (0.1.0)
(0.0.0)
Figure 1.31

Now consider the power set P(S) of S = {a, b, c}.

We have

P(S) = {9, {a}, {b}, {c}, {a, c}, {a, b}, {b,c} =S ={a, b, c}} is
the power set of order 8 = 23. The lattice associated with P(S) is
given by the following figure.

{9}
Figure 1.32
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We see C, x C, x C; is also a lattice infact a Boolean
algebra of order 8 and P(S) is again a Boolean algebra of order 8

which is identical or isomorphic to each other.

(LL1,1) = »(a, b, c)

Figure 1.33

{(1, 1, 1)} <> {a, b, c}, (1, 1,0) <> {a, b}
(0,1,1) > {b,c}, (1,0,1) <> {a, c}
{(0,0,0) <> ¢, (1,0,0) <> {a}

(0,1,0) <> {b}, (0,0, 1) <> {c}}

In view of this we have the following result.

Theorem 1.14. Let L = C,x..xC, be a Boolean algebra of
%/—J

n-times

order 2". Let K = P(S), the power set of S = {ay, ..., an}.
|[P(S) | = 2". K = P(S) is again a Boolean algebra of order 2".

We have the two Boolean algebras are isomorphic or

1dentical.
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Proof'is left as an exercise to the reader.
Boolean algebras are also semirings of finite order.
Thus we have given semirings of finite order.

We suggest a few problems to the reader so that by
working with them the reader will become familiar with the
basic concepts of ling variables, ling sets, partially ordered ling
sets and totally ordered sets and lings sets; lattices, semirings
Boolean lattice or Boolean algebra and so on which are

described in this chapter.
SUGGESTED PROBLEMS

1. Give an example of a ling variable which has a ling
continuum associated with it.

2. Give an example of a ling variable whose associate ling
set is an unordered finite asset.

3. [lustrate by an example of a ling variable which ling set
is continuous totally ordered by not increasing through
out the set.

4. Can we say a ling variable whose ling set is totally

ordered set increases till the end?

5. Can we say all ling variables which have a ling
continuum is always a time dependent one?

Justify your claim.

6. Obtain any other special feature associated with ling
variables and their ling sets.
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11.
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Does there exist ling variables which is time dependent
still their ling set is a ling continuum?

Find a ling variables whose ling set repeats the same form
of occurrence.

Compare and contrast the ling variables.
a) The weather report of a month.
b) The speed of a car on road.
The ling set associated with them

For the ling variable age of persons find the related ling
set S.

i) Is {S, min} a semigroup?

i) Is {S, max} a semigroup?

iii) Can we define {S, U} and {S, N} on S?

iv) What are the special features enjoyed by {S,
max}?

For the ling variable, weight of people find the related
ling set B.

a) Does B dependent on time?
b) Can we say B is a continuous set?
c) Does B increase with time?

d) Can we define {B, max} and {B, min} on B?
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12.

13.

e)

g)

h)

Is {B, max} the same as {B, U}? Justify your
claim!

Is {B, min} the same as {B, N}? Substantiate
your answer.

Can the graph of B be constant at an interval on
the ling axis?

Compare this ling set B with the ling set S of
age.

Let the ling variable be the colour of the eyes of people

internationally. Let C be the ling set associated this ling

variable.

a)
b)

c)
d)

Is C is a finite or infinite set?

Can C be a partially ordered set or a totally
ordered set or neither? Substantiate your claim.

Does {C, min} a ling semigroup?

What is the largest cardinality of C?

Let V be ling variable associated with the yield of paddy

plants. Let D be the ling set associated with the ling

variable V.

1) Is D a totally ordered set?

i) Can we say D is at least a partially ordered set?
1ii) Is D of infinite cardinality or finite cardinality?
iv) Compare this D with the ling set C given in

problem 12.
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vi)

vii)
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Compare and contrast this D with the ling set B
given in problem 10. How do they differ from
each other?

Compare this ling set D with the ling sets given
in problem 9.

Is D time dependent or time independent?

Let V be a ling variable and S the associated ling set for
the ling variable V. P(S) be the ling power set of S.

i)

What is the ling algebraic structure enjoyed by
{P(S), N}?

Describe the ling algebraic structure enjoyed by
{P(S), min}.

Does the {P(S), N} and {P(S), min} identical or
distinct? Substantiate your claim.

What is the ling algebraic structure enjoyed by
{P(S), max}?

Prove {P(S), U} is a ling monoid!
What is the ling identity of (P(S), U}?

Is ling algebraic structure of {P(S), U} the same
as {P(S), max}?

Can we prove {P(S), U, N} is a ling semiring?
Find the linguistic semilattice {P(S), U}. Is it
under inf or sup?

Can we prove {P(S), max, min} is a ling
semiring?
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xi) Is {P(S), N} aling semilattice under inf?

xii) Is the ling lattice {P(S), U, N} a distributive
ling lattice?

xiii) Prove {P(S), U, N} is a Boolean algebra.

Xiv) Prove every ling element or ling subset in P(S)
is ling complemented.

XV) Will every ling sublattice of {P(S), U, N} be a
ling Boolean sublattice? Justify your claim.

15. LetS = {si, s, 83, s4} be a ling set. P(S) its ling power set.
a) Study questions (i) to (xv) of problem 14 for
this ling power set.
b) Is P(S) a totally ordered ling set?
{S}
(81,52,83} $4,83,82}
{s1,82} {s3,84}

{9}
Figure 1.34
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1) Prove every element in P(S) has a unique ling
complement.
i) Find the ling complement of
a) {s1, s4}
b) {s3}
c) {si,ss3, 2} and

d) {6}

iii) Is the ling subsets A = {s, {si, s2, s3}, {s2, S2},
{s1}} < P(S) a ling Boolean subalgebra of
P(S)? Justify your claim!

iv) Is B = {{s1, s2}, {s1}, {s2}, {¢}} = P(S) a ling
Boolean subalgebra of P(S)? Prove!

V) Is D = {{s2, 83, 84}, {82, 83}, {82, 84}, {83, 84},
{sa}, {s2}, {s3}, ¢} < P(S) a ling Boolean
subalgebra of P(S)?

vi) What is the ling algebraic structure enjoyed by

X = {{s}, {s1, 52, s4}, {51, 82, 83}, {S1, S3, S4}, {s2,
s3, sa}t < P(S) (a) ling lattice? (b) ling
semilattice (c¢) ling Boolean subalgebra. Justify

your claim!

vii) Is {{s1, s2, sa}, {82, 83, 84}, {2}, {83}, {sa}} <
P(S) a ling sublattice of P(S)?
a. Give an example of a ling semilattice order of 10 under

sup.

b. Give an example of a ling semilattice of order 10 under

inf.
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17. Compare the ling semilattices obtained in problems 16
(a) and (b).

18. Give an example of a ling modular lattice that is not
distributive.

19. Is this ling lattice given in the following figure

distributive?
1
aj
az
as
as
a4
ae
a7 asg
0
Figure 1.35

Does L satisfy modular law?

b) Is this ling sublattice modular or distributive?

Prove your claim.
de

ay as

0
Figure 1.36



d)
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Is this ling sublattice modular or distributive or
neither? Prove your claim.

ai
a

as
as

a4
Figure 1.37
1

ai

Figure 1.38

Is the ling sublattice given by F distributive or
modular or both?

Can we say F is a ling chain lattice?

Prove or disprove F is the longest maximal ling
chain of L!
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20.

21.

22.

iv) How many such maximal ling chains L has?
V) Obtain any other interesting property enjoyed by
L.

Define ling complements of a ling lattice.

Can a ling chain lattice have complements? Justify your

claim.

Find the ling complements of the following ling lattice L.

Figure 1.39

a) Is the ling complement of any ai € L unique?

(1 £1<6) Justify your claim.
b) Can we say L satisfies distributive identity?
c) Will L satisfy the modular identity?

d) Can we say L is not a Boolean algebra? Prove It!



23.

24.

25.

26.

27.
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Figure 1.40

L; is a ling lattice.
a) Is L, aling complemented lattice?

b) How is the L; different from the L given in problem
(22)?

Prove C = C,xC,xC,xC,xC, 1is a ling Boolean

5—times

algebra L of order 2°.

Prove P(S) a ling power set of S; [S| =5 is a ling Boolean
algebra B of order 2°.

Prove L is isomorphic B as ling Boolean algebras.

Is the given ling lattice a semiring? Justify your claim.
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1
b
e
L= c
d
{0}
Figure 1.41

28. Is the given line lattice L given by the following figure a
semiring. Prove your claim.

® a

@

Figure 1.42

29. s the lattice P given in the following figure a semiring?
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Figure 1.43
Justify your claim.

30. LetL be aling lattice B given by the following figure will

B be a semiring?

1
B =
b
d
c
a
0
Figure 1.44

Justify your claim.



98 | Special Subset Linguistic Topological Spaces

31.

32.

33.

34.

35.

Let S = Z°[x] be the polynomial ring Z° = Z*U{0}. Prove

{S, +, x} is a semiring of infinite order.

IsP=7Z°%x27°xZ72°={(X,y,2}/X,y,z € Z°} a semiring

of infinite order under componentwise addition and

product?
1
IfC, = is a line lattice. Prove or
0
Figure 1.45

disprove B = C; x C; x C; x C; x Cyx C; is a semiring,.

Can we say for any set S, P(S) its power set is a semiring

under U and N?
Define a sublattice of a lattice L.

a) Can we say for the modular lattice L all its

sublattices will be modular

b) Prove or disprove this in case

l

0

Figure 1.46
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36. Find all sublattices of order greater of the lattice L given
in figure.

as
0
Figure 1.47
a) Does L contain modular sublattice?
b) How many modular sub lattices does L contain?
c) Is L modular?

d) Prove L has a sublattice which is not modular.



100 | Special Subset Linguistic Topological Spaces

37.

e)

2)

h)

3

How many sublattices of L are Boolean algebra
of order 4?

Can L have a sublattice of order 8 which is a

Boolean algebra?
How many maximal chains does L contain?
What is the length of the maximal chain?

IsP=

an

ais

ais

Figure 1.48

a modular sublattice of L.

Does L contain elements which are

complements (of course other than 0 and 1).

Let L be a lattice given by the following example.
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1
ai a
L = & a4
as s
0
Figure 1.49
a) Does L have sublattices which are modular?
b) Is L a distributive lattice?
c) Prove or disprove L has only 2 maximal chains.
d) Can L has complements other than (0 and 1)?
e) What is the complement of a¢?
f) What is complement of a;?
g) Can the complements of L be unique?

38. Obtain any other special properties associated with ling

lattices.

39. Isthe lattice L given in problem 37 distributive?
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40.

1
ae
as
a4
0

Figure 1.50
1) Is it a modular lattice?
i) Can L have sublattices which are distributive?
i) Find the complement of as (does it exist).
v) Find the complement of a,.

Let S = {good, bad, best, worst, very good, fair, just bad,
just good, just fair, very bad} be the ling set associated
with the ling variable performance of students in a

classroom.

a) Prove {S, min, max} is a ling semiring.

b) If P(S) be ling powerset of S disprove or prove
{P(S), min, max} = M 1is a ling Boolean
algebra.

c) Prove {P(S), U, N} is a ling semiring.

d) Is every Boolean algebra a semiring?
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Can every semiring be a Boolean algebra? Justify your
claim.

Is every chain lattice a semiring?

Prove or disprove all semirings are not chain lattices.
Enumerate all interesting properties about

1) ling semiring

i) ling lattices and

i) ling chain lattices.



Chapter Two

LINGUISTIC TOPOLOGICAL SPACES AND THEIR
PROPERTIES

In this chapter, we for the first time define, describe and
develop the new notion of linguistic topological spaces using

subsets of a linguistic set associated with the linguistic variable.
We recall the definition of topological spaces from [16].

Definition 2.1. Let X be a non empty set. A class T of subsets of
X is called a topology on Xif it satisfies the following two

conditions.
i) The union of every class of sets in T'is a set in T.
ii) The intersection of every finite class of sets in T

isinT.

A topology on X is thus is a class of subsets of X which is
closed under the operations of arbitrary unions and finite

intersections.
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Thus a topological space consists of two objects: a non
empty set X and a topology T on X. The sets in the class T are
called the open sets of the topological space (X, T) and the

elements of X are called points.
We provide examples of them.

Example 2.1. Let X be a non empty set. Let the topology T be
the collections of all subsets of X including X and ¢.

Thus (X, 1) is a topological space called the discrete

topological space.

The following example gives the extreme form of the

topological space described above.

Example 2.2. Let X be a non empty set, T = {X, ¢} be the
subsets of X. X is a topological space which is opposite extreme

case of the example 2.1.
Example 2.3. Let X = {(0, )} be the continuum of reals.

T = {collection of all open intervals of (0, «)}. We see

{X, T) is a topological space of infinite order.
Ifx=(5,20)and y = (3, 26) e T then
xNy=(528)n(3,26)=(5,26) and
xUy=(528)uU(3,26)=(3,28).

This is the way operations are performed on the subsets
of (0, 0); that is on P((0, o)).
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We proceed onto give one more example.

Example 2.4. Let X = {a, b, c, d} be a set of order four.

T ={¢, {a}, {a, b}, {a, ¢}, {a, d}, {a, b, ¢}, {a, c,d}, {a, b, d},
{a,b,c,d} =X}. {X, T} is a topological space of order 9.

Now having seen the concept of topological spaces we
now proceed onto define ling topological spaces associated with

a ling variable V.

Example 2.5. Let us consider the interval; I = (0, 1). The
subintervals of I denoted by B = {(a, b) / 0 <a, b < 1} be the
collection of all open subintervals of 1.

We see (B, T) is a topological space of open intervals,
where if x = (0.3, 0.6) and y = (0.75, 0.9) in B then

xNy =(0.3,0.6) " (0.25,0.9)=(0.3,0.6) € B
and xuy =(0.3,0.6) U (0.25,0.9)=(0.25,09) € B
Hence our claim.

Now before we proceed onto define subspaces of
topological spaces. We define the new concept of linguistic
topological spaces. Just before we define ling topological spaces

we proceed onto provide a few examples of them.

Example 2.6. Let V be a linguistic variable associated with
height of people.

Let S = {very tall, just tall, tall, short, very short, shortest, just
short, medium, just medium} be the ling set associated with the



Linguistic Topological Spaces and their properties | 107

ling variable V. P(S); be the powerset of S. S and ¢ be elements
in P(S) t = P(S) under U and M is closed.

Thus (S, 1) is a topological space defined as the linguistic

topological space of finite order.

Example 2.7. Let V be the ling variable associated with the age
of people. Let S = [youngest, oldest] be the linguistic

continuum.
We can have three types of ling topological spaces.

If ©1 = {collection of all subsets of S including S and ¢} then
(S, t1(u, M)) is a ling topological space as for all A, B € 11 both
A N Band A U B e 7, infact finite intersection of ling subsets

and union of ling subsets from 7, is in t; referred as t; (U, N).
Next consider

© = {[(.¢,] /{,, ¢,e [youngest, oldest] be the

collection of all closed ling intervals of [youngest, oldest]}.
We define operations on 1 as follows.
If A=Jla,a]and B=[bi, b:] € 2
where aj, az, by, b, € [youngest, oldest] = S.
Clearly S is a totally ordered set.
Further min{a;, a;} = aj, max{a, a;) = a,
min {b;, bo} =b; and max{b;, bo} =bs.

Suppose min{a;, b;} =a; and min{as,b,} = b, then
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min {A, B} = min{[ai, a,], [bi, b2]}
= [min {ai, b1}, min{a,, by}]
=[ai, b2] € T2.
max {ai, b1} = b, max {a, by} = a.
Thus max{A, B} =max {[ai, az], [b1, b2]}
=[max {a;, b;}, max{as, b}]=[bi, a:} € &

Hence {S, 12 (min, max)} is a ling topological space under min,

max operations.

Let 13 = {collection of all open intervals of S = [youngest,
oldest]} = {(a, b) / a, b € S =[youngest, oldest]}.

Let A = (ai, a») and B = (b1, b2) be two ling open intervals

of 13, where aj, a, bi, b, € S = [youngest, oldest].
We know min{ai, a»} = a1, max{ai, az) = a.
min{bi, bo} =b; and max{bi, bo} = b,, min{a;, b1} = by,
max {b,, bo} = by, max{a;, b;} =a; and min{ay, by} = a..
Now min{A, B}  =min{(ai, az), (b1, b2)}
= (min{ai, b1}, min{a, bo}) = (b1, a2) € 7.
max {A, B} =max{(ai, a), (b1, b2)}

= (max {a, b}, max{ay, by})= (a1, b2) € 1.
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Thus {S, 13 (min,max)} is a ling topological space of open ling

intervals.

All the three ling topological spaces are different and
distinct.

Next we provide yet another example of ling topological
space.

Example 2.8. Let V be the ling variable associated with the
colour of the eyes of internationals. The ling set S associated
with V is given by

S = {black, blue, green, amber, brown, light brown, dark
brown}. Let P(S) be the power set of S.

7 = P(S) is closed under both the operations U and M.
Infact (S, t) is a ling topological space of finite order.

Definition 2.2. Let V be a ling variable. S be a ling set
associated with the ling variable V. Suppose 1, be the

collection of ling subsets of S such that if A, B € t,then A UB

and A N B are in <, and further both S and ¢ are in t,.
We define the pair (S, t,) as a ling topological space.

We have illustrated these by several examples.

However if instead of the ling set S and <, just the

collection of ling subsets satistying conditions if we take S to be
a ling continuum that is the ling variable V leads that to the ling
set which is a ling continuum then we can define open or closed
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ling intervals on these ling continuum and on these class of
open or closed ling intervals T or T respectively of the ling
continuum we can define max and min operations so that the
ling continuum S together with 1, or 1, forms ling topological

spaces denoted by {S, 11 (min, max)} and {S, 1, (min, max)}.
However we wish to record the following facts.

1) We in case of ling topological spaces get ling
topological space only depending on the ling
variable V under consideration.

Thus there are several ling topological spaces depending
on the underlying ling variable.

i) All the ling variables in general will not yield a
ling continuum, as the ling set associated with it.
Only some of the ling sets will be a ling
continuum, some can be just finite ling sets S
where the ling set S cannot be even a partially
ordered set, where as some of the ling sets can be
just partially ordered sets and some of them can
be totally ordered sets.

So all ling variables will not yield ling continuum as the
ling set associated with it.

However we have several ling topological spaces only
depending on the ling variable under study.

Now if the ling variable results in a ling set which is a
ling continuum then we see we can build three different types of
ling topological spaces. However with just ling sets which are
not ling continuum; we have defined and given examples of
only one type of ling topological spaces using class of subset of
the ling set under consideration.
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Now having seen examples of just topological spaces and
ling topological spaces we proceed onto define the notion of
subspaces or to be more specific topological subspaces and
describe them by examples.

Definition 2.3. Let (X, 1) be a classical topological space. Y be
a non empty subset of X. We define Y is a topological subspace
of X if' Y itself under the topology tof X is a topological space,
that is (Y, 1) is a topological space.

We however will give a modified form of this definition
once we succeed in defining the notion of metric on ling spaces
and so on.

Now as an immediate examples we have the following.

Example 2.9. Let S= {a, b, c, d, e, f} be a set.

P(S) = {9, {a}, {b}, {c}, ..., {f}, {a, b}, {a, ¢}, ..., {e, f}, {a, b,
c}, {a,b,d}, ..., {d, e, f}, {a,b,c,d}, {a,b,c, e}, ..., {c,d, e,
f}, {a,b,c,d, e}, {a,b,c,d,f}, ..., {b,c,d, e f}, {a,b,c, de,
fl =S} =1

be the class of subsets of S. (S, 1) is a topological space under
the topology of sets of finite intersection and arbitrary unions of
subsets are in 7.

Suppose ' = {{0}, {a}, {a, b}, {a, c}, {a, b, c}, {a, b, d},

{a’ b’ C, d}' {a’ b, c, e}, {a’ b’ C’ d’ e}’ {a, b, c’ d’ f}’ s = {a’ b’ C’
d,e, f}}

is such that (S, 1) is a topological subspace of (S, 7).

Infact we can have several such topological subspaces of
the topological space (S, t). However as we have not defined a
metric or distance so far on ling sets we give a crude form of
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definition of ling topological subspaces as one given earlier in
2.34. We provide examples of them.

Example 2.10. Let V be the ling variable associated with
performance aspects of workers in a company. S be the ling set
associated with V given by

S = {good, bad, very good, very bad, just bad, very fair, fair,
just fair}.

Clearly o(S) = 8 and infact S is a totally ordered set;
7,= P(S) be the collection of all ling subsets of S. We see {S,

1, } 18 a ling topological space.
Consider the subsets collection

7, = {¢, {good}, {bad}, {fair}, {good, bad}, {good, fair}, {fair,
bad}, {good, bad, fair}}.

We see {S, 1, } is a ling topological subspace of (S, 7).
We provide yet another example of the same.

Example 2.11. Let V be the ling variable associated with the
weight of people. Let S = [lowest weight, highest weight] be the
ling continuum associated with the ling variable V.

Let T= {(a, b) / a, b € S be the collection of all ling open
intervals of S. T is closed under the operations min and max.

Thus {S, T(min, max)} is a ling topological space of
infinite order.

Consider P = [medium weight, high weight] < S
= [lowest weight, highest weight].
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LetT'={(a,b)/a,be P} cT.

P, T , € (S, T(min, max)) is a ling topological subspace of

(min,max
S.

Now having seen examples of ling topological subspaces
we now proceed onto define special type of ling topological
spaces which we call as special subset ling topological spaces.

We will illustrate this situation by some examples.

Example 2.12. Let V be the ling variable which studies the
performance aspects of students in a class room.

Let S = {fair, good, best, just good, bad, very fair, just
fair, very bad worst}

be the ling set associated with the ling variable V.

Let t = P(S) = {collection of all subsets of S including S
and the empty set ¢}; powerset of S.

For A, B € P(S) we define min{A, B} and max{A, B} as
follows.

Suppose A = {good, best, just, good, bad, fair} and
B = {very bad, fair, good} € P(S).

We find min{A, B} = min{{good, best, just good, bad, fair},
{fair, good, very bad}}

= {min{good, good}, min{good, fair}, min{good, very bad},
min{best, good}, min{best, fair}, min{best, very bad}, min{just
good, good}, min{just good, fair}, min{just good, very bad},
min{bad, good}, min{bad, fair}, min{bad, very bad}, min {fair,
very bad}, min{fair, fair}, min{fair, very bad}}

= {good, fair, very bad, just good, bad} ..I



114 | Special Subset Linguistic Topological Spaces

Clearly min{A, B} € P(S) max{A, B} = max{good, best, just
good, bad, fair}, {very bad, fair, good} }

= {max{good, very bad}, max {good, fair}, mad{good, good},
max{best, very bad}, max{best, fair}, max{best, good},
max {just good, good}, max{just good, fair}, max{just good,
bad}, max{bad, very bad}, max{bad, fair}, max{good, bad},

max {fair, very bad}, max {fair, fair}, max {fair, good} }
= {good, best, just good, bad, fair} i
We see max{A, B} € P(S).

We see {P(S), max, min} is a special subset ling

topological space.

We see these special ling topological are different from

the ling topological spaces.

It is pertinent to keep on record that even in case of
classical topological spaces if we define special topological
spaces they are different. This is established by the following

examples.

Example 2.13. Let S = {2, 4, 6, 20, 15, 18, 25, 14,9, 19} be a
set of integers.

Let P(S) \ {¢} be the power set of S in which the empty
set ¢ is deleted from P(S).

Let X and Y be two subsets of P(S) given by

X = {4,20,9, 18, 14} and Y = {25, 18, 15, 9, 19, 2}.
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We find min{X, Y} and max{X, Y} min {X, Y}
=1{4,2,18,15,9,19, 14} e P(S)\ ¢ |
max{X, Y} = {25, 18, 15,9, 19, 4, 20, 14} P(S)\ ¢. .II

We see max{X, Y} and min{X, Y} are different. Further
{P(S) \ ¢, max min} is a special subset topological space of

different type.

However {S, t} the classical topological space is

different from the special subset topological space as
XNY={18,9} and LI
XuY=1{4,20,09,18,14,25, 152,19} Y
Clearly I and II are different from III and IV.

Suppose if we take S = Z or Z" or Z" U {0}, clearly
{S, x} and {S, +} are semigroups and S is closed under x and +

respectively.

Then we can built yet another special type of topological
spaces which cannot be built using ling sets or subsets of along

set.

However for the sake of completeness we make a

mention of them by an example.

Example 2.14. Let S = {Z" U{0}} be the set of positive integers
P(S) be the collection of all subsets of S including S and ¢.

We define x and + on P(S) as follows.



116 | Special Subset Linguistic Topological Spaces

Let A={3,5,9,2,20,18,1} and B={0, 1, 6, 10, 15,7, 8, 9}
be two proper subsets of P(S).
AxB=1{3,59,2,20,18,1} x {0, 1, 6,10, 15,7, 8, 9}

= {0, 3, 18, 30, 45, 21, 24, 27, 5, 50, 75, 35, 40, 9, 43, 90,
135, 63, 72, 81, 2, 12, 20, 14, 16, 120, 160, 200, 140, 180, 108,
270, 126, 144, 162, 1, 6, 10, 15, 7, 8} L

Now A+B={3,5,9,2,20,18,1} + {0, 1, 6, 10, 15,7, 8, 9}

=1{3,4,9,13,18, 10, 11, 12, 5, 6, 15, 20, 14, 19, 24, 16, 17, 2,
8,21, 26, 30, 35, 27, 28, 29, 33,25, 1, 7} il

Clearly I and II are distinct.

We see {P(S) \ {¢}, +} is a closed set; it can only be a
semigroup with {0} as its additive identity. As + operation is

performed we see {0} = {¢}.

Now {P(S)\ {0}, x} is only a semigroup of infinite order

which is commutative. {1} acts as its multiplicative identity.

Thus both {P(S) \ {¢}, +} and {P(S) \ {¢}, x} are

commutative monoids of infinite order.

Thus we see under these operations + and x P(S) \ {¢}
enjoys a commutative monoid structure. Infact what we need is
if the set P(S) \ {¢0}; (S =Z" U {0}) is closed under these two

operations it is sufficient for us.
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Now we can say {S, P(S) \ {¢}, +, x} enjoys a special
type of topological structure which we choose to call as special
subset topological spaces.

We call it special as the two operation + over x are not

distributive in general.

For if A, B, C € P(S) then A x (B+ C)=A x B+ A x C may
not hold good.

Take A= {3,5},B={4,1} and C= {9, 10} € P(S)\ {¢}.
We findoutif Ax (B+C)=AxB+AxC.
Consider Ax (B+C)={3,5} x ({4, 1} + {9, 10})
={3,5} x ({13, 10, 14, 11})
= {39, 30, 42, 33, 65, 50, 70, 55} |
Clearly o(A x (B +¢))=8.

Consider AxB+ A xC

={3,5} x {4, 1} + {3, 5} x {9, 10}.

={12,3,5,20} + {27, 30, 45, 50}.

= {39, 30, 32, 47, 42, 33, 35, 50, 57, 48, 65,
62,53, 55,70} i

o(AxB+AxC)=15.

However Ax (B+C)#AxB+AxC.

Hence the + operation on P(S) \ {¢} does not distributive

over X.
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So only we define the topological space with + and x
defined over P(S) \ {¢} as a special subset topological space of

infinite order.

We have several such type of special subset topological
spaces which are illustrated by the following examples.

Example 2.15. Let Z be the set of integers P(Z) be the power set
of Z. Take P(Z2) \ {b}; {P(Z)\ {¢}, +} and {P(Z) \ {0}, x} are
infinite commutative monoids with identities {0} and {1}.

However it can be easily verified + does not distributive over x.

Thus P(Z) \ {0} gives way to the special subset
topological space of infinite order.

Example 2.16. Let Q be set of rationals P(Q) be the power set
of Q {P(Q)\ {6}, x, +} is a special subset topological space of

infinite order.

Example 2.17. Let R be the reals P(R) the powerset of R.
{P(R)\ {¢, +, x} is a special subset topological space of infinite

order.
Infact we have {P(Z)\ {6}, +, x} < {P(Q)\ {¢}, +, x}

c {PR)\ {9}, +, %} < {P(O)\ {9}, +, %}

are 4 special subset topological spaces such that they form a
chain of special subset topological spaces.

In fact we can say {P(Z) \ {¢}, +, x} is a special subset
sub topological space (topological subspace) of {P(Q) \ {¢}, +,
x}, {P(R) \ {¢}, +, x} and {P(C)\ {¢}, +, x} what do we term
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as special subset topological subspaces, we define it in a crude

way.

Definition 2.4. Let {P(S) +, x} be a special subset topological
space. We say a proper subset V of P(S) is a special subset
topological subspace of V if {V, +, x} itself under the operations
of P(S) is a special subset topological space of P(S).

For a given special subset topological space we may have

several subset special topological subspaces.
We will illustrate this situation by some examples.
Example 2.18. Let {P(C) \ {b}, +, x} be a special subset

topological space. We see {P(Z" U {0}) \ {0}, +, x}, {P(Z)\

{03, <3, APQ Vo), +, %}, {P(R)\ {9}, +, x}, {P(Q" w {0})
\ {o}, +, x}, {P(R" U {0} \ {¢}, +, x}} are some of the special
subset topological subspaces of {P(C) \ {¢}, +, x}.

All these subset special topological spaces so far given by

us are only of infinite order.

Now we proceed onto describe some special subset

topological spaces of finite order.
We will illustrate this situation by some examples.

Example 2.19. Let Z;3 be the ring of modulo integer mod3.

P(Zs) = {{¢}, {0jm {1}, {2}, {1, 2}, {0, 2}, {1, 0}, {1, 2, O}.
{P(Z3) \ {d}, +, x} is a special subset topological space of order
7.
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Example 2.20. Let Zs = {1, 2, 3, 4, 5, 0} be the set of modulo
integers mod 3. {P(Ze¢) \ {d}, +, x} is a special subset

topological space of order 63.
Consider
A=1{2,4,0},B={1,3,5,2} and C= {5, 4} € P(Zo) \ {0}.

We will check if the distributive law is true in case of this
A, B, C.

Consider A x (B+ C) = {2, 4,0} x ({1,3,5,2} + {4, 5})
=(2,4,01 x {5,1,3,0,2,4} = {4,2,0" ...I

AxB+AxC=1{2,4,0} x {1,3,5,2} +{2,4,0} x {5, 4}
={2,0,4} + {4,2,0} = {4,2, 0} i
So I and II are equal so the distributive law is true for this triple.
Let A={1,2,53},B={1,3,4} and
C={5,3,0} € P(Zo) \ {0}.
AxB+C)={1,2,53} x({1,3,4} +{5,3,0})
=1{1,2,5,3} x {0,4,1,2,3}
=1{0,4,1,2,3,5} |
AxB+AxC ={1,2,53} x{1,3,4} +
{1,2,5,3} x {5,3,0} ={1,2,5,3,0,4}
+1{5,4,2,3,0} ={1,2,5,3,0,4} WD

I and II are identical.
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We leave it for the reader prove or disprove the validity
of the distributive law in the case of {P(Z,) \ {0}, +, x}, the

special subset topological space of finite order.

Having seen examples of both special subset topological
spaces of finite and infinite order we see we have infinitely

many subset special topological spaces of finite order.

We see all the special subset topological spaces which we
constructed are both associative and commutative; however we

say they may or may not satisfy the distributive laws.

We provide one or two examples of non commutative

special subset topological spaces.

Example 2.21. Let M = {collection of all 2 x 2 matrices with
entries from Z or Q or C or R or Zn; 2 < m < o} be the set

under consideration.

Let P(M) be the power set of M, {P(M)\ S {¢}, +} be the
commutative monoid of infinite or finite order depending on the
fact where the entries are taken from {P(M) \ {¢}, x} is a non

commutative monoid of infinite order.

0 0
For {P(M) \ {¢}, +} the subset {{O Oj} acts as the additive

0 0
identity where as for {P(M) \ {6}, x} the subset {{O Oj } acts
as the multiplicative identity.

Thus {P(M) \ {¢}, +, x} is a special type of subset

topological spaces or in short special subset topological spaces.
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For more about special subset topological spaces refer [WBV +
FS].

Since our aim is to build special subset ling topological
spaces and show how this same concept exist in case of classical
spaces. As + and x cannot be defined we are forced to define
only max and min for U and m will yield only linguistic
topological spaces which will not be special subset topological

spaces.

Now translate this to the case of special subset linguistic

topological spaces.
We first illustrate this situation by some examples.

Example 2.22. Let us consider the ling variable V age of
people. Suppose S = [youngest, oldest] be the ling continuum
associated with the ling variable V.

a, a
LetM {( : Zj /ai € S =[youngest, oldest]; 1 <i<4}
a, a,
be the collection of ling matrices of 2 x 2 order.

Clearly {M, min, max} is a ling topological space of

infinite order as cardinality of M is infinite.
Now consider P(M) the power set of M.

We see {{P(M) \ {¢}, min max} is a special subset

topological space of 2 x 2 ling matrices.
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However for the set P(M) if are define min, max min
operations we see {P(M) \ {¢}, min, max min} is a non

commutative special subset ling topological space.

We first show that for the same M defined in example
{M, min, max min} is a non commutative ling topological space
of matrices.
[ young old

Let A=| . and
| justold middleage

old old

[ middleage young}
B= €

We define

young old }

max {min{A, B}} = max{min | | .
justold middleage

middleage young 1
old old

max {min{young, middleage},
min{old,old}}
max {min {just old, middle age}

min{old, middle age}

max {min{young, young},
min{old,old}
max {min{justold, young},

min{middleage,old} }
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[ max{young,old} max{young,old}

= | max{middleage, max {young,

middleage} middleage}

[ old old
| middleage middleage

Consider max{min{B, A}}

middleage young} [young old }

= max {min . . §
old old justold middleage

max {min{middleage, young},
min{young, justold}}

max {min {old, young}, min
{old just,old} }

max {min{middleage,old}
min{middleage, middleage} }
max {min{old,old},
min {old, middleage}

; I
justold old

3 { young middle age}
Clearly I and II are distinct.
Hence max{min{A, B}} # max{min{B, A}}.

Thus {M, min, maxmin} is a linguistic topological space
which is non commutative.
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We now we prove {M, min min max} is also a non
commutative linguistic topological space of infinite order.

Consider min{max{A, B}}

young old } [middleage young}

= min {max | | )
justold middleage old old

[ min{max {young, middleage}, min{max{young,young},
max {old,old} }} max{old,old}}

min{max{justold, middleage}, min{max{justold,young}

max {middleage,old} max {middleage,old} }

3 [ min{middleage,old} min{young,old}
| min{justold,old}  min{justold,old}

_ [middleage  young .
| Jjustold  justold o
min{max {B,A}
. middleage young young old
= min{max 5 | . 3
old old justold middleage
[ min {max {middleage, young} min{max {middleage,old}
3 max {old, justold} max {young, middle age} }
min{max {old, young}, min{max {old,old}, max
max {old, justold} } {old,middleage}
['min{middleage, min{old,
= old} middleage}
| min{old,old}  min{old,old}
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I

_ | middleage middleage
old old

Clearly I and II are not equal, hence {M, min, min max}
is a non commutative linguistic topological space of 2 x 2
matrices.

Now having seen examples of non commutative linguistic
topological spaces we proceed onto develop and describe
special subset of non commutative linguistic topological spaces
by examples both of finite and infinite order.

At the outset we first provide examples of non
commutative linguistic topological spaces of finite order.

Example 2.23. Consider the linguistic variable V performance
aspects of 10 students in the classroom.

The linguistic set associated with the linguistic variable V be

S = {good, fair, bad, very bad, best, very good, just good, just
fair}.

Clearly S is a totally ordered set and the total order is given by
very bad < bad < just fair < fair < just good < good < very good
< best.

Now let M = {collection of all 2 x 2 linguistic matrices
with entries from S}

a b
={[ ]/a,b,c,deS}.
c d

Now {M, min} is a ling semigroup of finite order which
is commutative.
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bad fair

_ good best bad best
Forif A= and B = eM

min {A, B} = min {(

verygood verybad

good Dbest bad best
bad fair )’ ( verygood verybad

3 ( min{good, bad} min {best, best} ]

[bad best

min{bad, verygood} min{verybad, fair}

. Clearly min{A,B}
bad verybad

= min{B,A} as we know min{si, s,} = min{s,, s;} as every term

or component in this linguistic matrix is commutative hence the
fact min{A, B} = min{B, A}.

min{max { [

Now we find min max{A, B}

good best bad best
bad fair )’ | verygood verybad

min{max {good,bad}, min{max{good,best},
max {best, very good} } max{best, verybad}}
min{max{bad,bad} min{max{bad,best},
{fair, very good} } max {fair, very bad} }

min{good,best} min {best, best}
| min {bad, very good} min{best, fair}

good Dbest
bad fair

Consider min{max{B, A}}
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bad best good best
verygood verybad )’ | bad fair

= min{max{(

min{max {bad, good}, max[best,bad} }
min{max {very good, good}, max {very bad,bad}

min{max {bad, best}, max {best, fair} |
min{max {very good, best}, max {very bad, fair}

min{good,best} min{best, best}
| min{very good,bad} min {best,fair}

B [good best "
| bad  fair |

We see this pair is commutative.
We will provide some X and Y € M with

min{max{X, Y}} # min{max {Y,X}}.

. bad  good fair  bad
Consider X = ] and Y = eM
fair verybad best good

. ) (bad good J
min{max{X, Y}} = min{max{ ,

fair verybad

fair  bad N
best good
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min{max{bad,fair}, min{max{bad,bad},
max {good, best} } max {good, good}

min{max {fair, fair}, min{max{best,good},

max {best,verybad}} max{good,verybad}}

_ ( min{fair,best} min{bad,good}) (fair bad I
min {fair,best] min{best,good} fair good

min{max{Y, X}}

fair bad] (bad good J

= min{max{ {best good ) | fair verybad

B { min{max {fair,bad}, max {bad, fair} }

min {max {best, bad}, max {good, fair} }

min {max {fair, good}, max {bad, verybad} }
min{max {best,good}, max {good, verybad} }

_ ( min{fair,fair}  min{good,bad}
min{best,good} min{best,good}

_( fair  bad m
good good B
I and II are not equal.

Thus min{max{X, Y}} # min{max{Y, X}}.

Hence {M, min, min, max} is a non commutative
linguistic topological space of finite order of 2 x 2 linguistic
matrices.
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Thus we have provided non commutative linguistic
topological spaces of both finite and infinite order.

Now we spell out the main condition under which
linguistic topological spaces commutative or non commutative
of finite or infinite order.

The linguistic set S associated with the linguistic variable
V should be totally ordered set.

That it is mandatory for us to define linguistic topological
spaces (S, <) must be a totally ordered set.

Now we proceed onto define the notion of linguistic
topological spaces.

Definition 2.5. Let V be a ling variable such that the linguistic
set S associated with V is a totally ordered set. {S, min, max} is
a linguistic topological space if ;

i) Forall s, s; € S; min{s;, s;} and max{s;, 52} € S.

ii) S has an element s, € S called the least element
of S'it is such that max{s, s,}=s for all s € § so

that {S, max} is a monoid.

iii) S contains the greatest element s; € S such that
{S, min} is a monoid that is min{s, sg} = s for all

s € S are satisfied.

We say {S, min, max} is a finite linguistic topological
space if order of S is finite. {S, min, max} is a linguistic
topological space of infinite order if order of S is infinite.

Clearly as min{a, b} = min {b, a} and max{a, b} =
max{b, a} for all a, b € S we have {S, min, max} is a

commutative linguistic topological space.
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Now we define non commutative linguistic topological
spaces.

Definition 2.6. Let V be a linguistic variable and S be a
linguistic set associated with the linguistic variable V. To define
a linguistic topological space basically we need S to be a totally
ordered set.

Now define M = {collection of all n x n linguistic
matrices with entries from S; 2 < n < oo}, {M, min, min max}
{M, min, max min}, {M, max, min max} and {M, max, maxmin,

are non commutative linguistic topological spaces as
i) {M, max} is a commutative linguistic semigroup.

ii) {M, minmax} and ({M, maxmin}) are both non
commutative ling semigroups.

So {M, max, min max} and all other four ling topological
spaces are non commutative.

If M is of finite order that is, S is of finite order so is M,
then M will contribute to finite order non commutative
linguistic topological spaces.

If M is of infinite order that is, S is of infinite order then
M will contribute a non finite order non commutative ling
topological spaces.

We have provided examples of them so that it is easy for
the reader to understand them.

Next we proceed on to describe and develop the notion of
commutative and non commutative linguistic special subset
topological spaces of both finite and infinite order.
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Example 2.24. Let V be a linguistic variable describing the
height of people. The linguistic set S associated with this ling
variable V is a linguistic continuum given by

S = [shortest, tallest].
Let P(S) be the linguistic power set of S including S and ¢.
Suppose
A = {tall, short, very short, just tall, medium, very tall} and
B = {¢, tall, tallest, shortest, just medium, just short} € P(S).
We find min{A, B} and max{A, B}.

min{A, B} = min{{tall, short, very short, just tall, medium, very
tall}, {¢, tall, tallest, shortest, just medium, just short} }

= {min {tall, ¢}, min{tall, tall}, min{tall, tallest}, min{tall,
shortest}, ..., min{very tall, ¢}, min{very tall, tall}, ...,
min{very tall, just short} }

= {¢, shortest, just medium, just short, short, very short, just tall,
medium, very tall} € P(S).

Now max{A, B} = max{{tall, short, very short, just tall,
medium, very tall}, {¢, tall, tallest, shortest, just medium, just
short}} = {maxf{tall, ¢}, max{tall, tall}, max{tall, tallest}, ...,
max {very tall, ¢}, max{very tall, tall}, max{very tall, tallest},
..., max{very tall, just short} }

= {tall, tallest, short, just medium, just short, very short, just
tall, medium, very tall} e P(S).

Thus {P(S), min, max} is a special subset topological
linguistic space of infinite order.
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Clearly {P(S), min, max} is a commutative special subset
topological linguistic space of infinite order.

It is mandatory the ling set S associated with the ling
variable for us to define a special subset linguistic topological
space should be a totally ordered set, that is (S, <) is a totally
order set.

Now we proceed on to describe a special subset linguistic
topological space of finite order by an example.

Example 2.25. Let V be the linguistic variable associated with
the height of some 12 children in various age groups.

Let S = {tall, very tall, short, just short, medium, just tall,
very short}

be the linguistic set. These values are not arbitrary the height is
assessed relative to age.

Clearly the linguistic set S is a totally ordered set with the
total order given by

very short < short < just short < medium < just tall < tall < very
tall.

Let P(S) be the power set of S which includes S and ¢, ¢
the empty linguistic set.

Let A = {just short, short, tall, very tall, medium} and
B = {very short, very tall, just tall, just short, medium} € P(S).

We find min{A, B} = min{{tall, just short, short, very
tall, medium}, {very short, very tall, just tall, just short,
medium} }

= {min {tall, very short}, min{tall, very tall}, min{tall, just
tall}, min{tall, just short}, minf{tall, medium}, ...,
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min{medium, very short}, min{medium, very tall},
min{medium, just tall}, ..., min{medium, medium} }

= {very short, just short, tall, just tall, medium, very tall} e
P(S).

Now we find max{A, B} = max{{just short, short, tall,
very tall, medium}, {very short, very tall, just tall, just short,

medium} }

= {just short, very tall, just tall, medium, short, very tall,
medium} € P(S).

This T = {P(S), min, max} is a special subset linguistic
topological space of finite order which is commutative. Infact
order of T = [P(S)| = 2.

Now here also to define special subset linguistic
topological spaces of finite or infinite order it is mandatory we
need to have the underlying linguistic set to be a totally ordered
set.

Next we proceed onto describe special subset linguistic
topological space which is non commutative by examples.

Example 2.26. Let us consider the ling variable V temperature
of water from ice state to vapours state.

Let S = {lowest, highest} be the ling set associated with
V. Clearly S is a totally ordered.

Now let P(S) be the linguistic power set of S including S
and the empty linguistic set ¢.

Let M = {collection of all 3 x 3 linguistic matrices with entries
from S}
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a b c
={ld e f|/ab,c,de,f, g h IxS}
g h i

Let us define two operations min and min max on M.

low high low
Consider A = | verylow justhigh high and

low medium  veryhigh

high low low
B = | veryhigh high high| e M
verylow high low

min{A, B}
low high low
=min{| verylow justhigh high |,
low medium  very high

high low low
veryhigh high high |}
verylow high low

min{low,high} = min{high,low} min{low,low}
min{very low, min{justhigh,
very high} high}

i min{medium, min{veryhigh,
min {low, very low} high! low!

min{high, high}
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low low low
= | verylow justhigh high |.

verylow medium low

It is easily verified min{A, B} = min{B, A};

thus {M, min} is a commutative linguistic semigroup of infinite

order.
Now for the same A and B we find
min{max{A, B}}
low high low

=min{max{| verylow justhigh high |,

low medium  very high

high low low
veryhigh high high |}}
verylow high low

[ min{max {low, high}, max {high, very high},
max {low, very low} }
min{max {verylow, high}, max{just high,
very high}, {high, verylow} }

min{max {low high}, max {medium, very high},

max {very high, very low}
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min{max {low,low}, max {high, high},
max {low, high}}
min{max {very low,low}, max{justhigh,
high}, max {high,high} }
min{max {low,low}, max {medium, high},

max {low,low} }

min{max {low,low}, max {high, high}, |
max {low,low} }
min{max {very low,low}, max {just high,
high}, max {high,low} }

min{max {low,low}, max{medium, high},

max {very high, low} }

[ min{high, very high, min{low,high, min{low, high,_
low} high} low}

min {high, justhigh, min{low,high, min{low,high,
very high} high} high}

min{high, veryhigh, min{low,high, min{low,high,

very high} very high} very high}
low low low
=| justhigh low low .|

high low low

high low low
min{max{B, A}} =min{max | veryhigh high high |,
verylow high low
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low high low
verylow justhigh high }

low medium  very high

min{max {high,low}, max {low,
verylow}, max {low,low} }
min{max {very high,low}, max {high,
verylow}, max {high,low}

min{max {verylow,low}, max {high,

very low}, max {low,low} }

min{max, {high, high}, max {low, just high},
max {low, medium} }
min{max {very high,high}, max {high,
justhigh},max {high, medium} }
min{max{very low, high}, max {high,

justhigh}, max {low, medium} }

min{max{high,low}, max {low, high},
max {low, very high} }
min{max {very high,low},max {high,
high}, max {high, very high}

min {max {very low,low},max {high, high},

max {low, very high} }
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min {high, low, min {high, justhigh, min{high, high,_

low} medium} very high}
_ | min{veryhigh, min{very high, min{very high,
high, high} high, high} high, high}

min {high, high, min{low, high,
min {low, high, low} thigh, hig {low, hig

medium} very high}

low medium high
=|high  high  high NI

| high medium low

Clearly I and II are distinct hence
min{max{A, B}} # min{max{B, A}}.

Clearly {M, min max} is a non commutative semigroup
of infinite order. Hence {M, min, min max} is a non

commutative linguistic topological space of infinite order.

On similar lines we can prove {M, max, max min} is also

a non commutative linguistic topological space of infinite order.

Now we will give one example of non commutative

linguistic topological space of finite order.

Example 2.27. Let V be the linguistic variable associated with
the performance aspects of factor workers.

Let S = {good, bad, fair, very bad, just bad, very fair, just fair,
very good, best, just good, very very good}

be the linguistic set associated with the linguistic variable V.
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S is a totally ordered set for;

very bad < bad < just bad < just fair < fair < very fair < just
good < good < very good < very very good < best.

Let P = {collection of all 2 x 2 linguistic matrices with

entries from S}
a b
={(( j/a,b,c,deS}.
c d

We show {P, max} is a commutative semigroup of finite order.

i good fair
Forif A= a
bad best
bad best
B= .| € P, then max{A, B}
good fair

( good fair bad best \
= max 5 .
bad best ) |good fair

_ [ max{good,bad} max {fair,best}
max{bad,good} max{best, fair}

good Dbest
= eP
good Dbest

Thus {P, max} is a commutative semigroup.
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good fair bad best
bad best) | good fair

maxmin{A, B} = max{min{ (

_ ( max{min{good,bad}, min {fair, good} }
max {min{bad, bad}, min{best,good} }

max {min{good, best} min{fair, fair} })

max {min{bad, best}, min{best, fair} }

3 [max{bad,fair} max{good,fair}j 3 ( fair goodj I

max {bad,good} max{bad,fair} good fair

max{min{B, A}}

bad best} {good fair}

= max{min
bad  best

good fair

{ max {min {bad, good}, min {best, bad} }

max {min{good, good}, min {fair,bad} }

max {min{bad, fair}, min{best, best} } J

max {min{good, fair}, min {fair, best} }

3 [max{bad,bad} max {bad, best} j 3 [bad best]

max {good, bad} max {good, fair} good good

I and II are distinct hence max{min{A,B}} # max{min{B,A}}.

Thus {M, maxmin} is a non commutative semigroup of

finite order.
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So we claim {M, max, maxmin} is a non commutative

linguistic topological space of finite order.

Now we proceed onto develop and describe the notion of

linguistic topological subspace by some examples.

Example 2.28. Let V be the linguistic variable associated with
age of people. S = [youngest, oldest] be the linguistic set
associated with V. S is a linguistic continuum hence S is a

totally ordered set.

We know {S, max min}is a linguistic topological space

of infinite order.
Take P = [youngest, middle age]  [youngest, oldest] = S.

Now {P, maxmin} is also a linguistic topological space of

infinite order.

We call {P, max, min} as a linguistic topological

subspace of {S, max, min} of infinite order.

Consider T = {young, just young, very young, old, very
old, middle age, oldest} € S

is a finite subset of S but clearly is not a linguistic continuum

but however T is a totally ordered set given by

very young < just young < young < middle age < old <

very old < oldest.

Now {T, max min} is a linguistic topological space of

finite order which is commutative.
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Infact T < S and {T, max min} is defined as the linguistic

topological subspace of {S, max min} but of finite order.

This example infact let us know in case of linguistic
topological spaces of infinite spaces we can have nontrivial
linguistic topological subspaces of finite order as well as
linguistic topological subspaces of infinite order.

All these linguistic topological spaces as well as linguistic
topological subspaces are commutative.

We now provide one example of linguistic topological

subspace of a non commutative linguistic topological space.

Example 2.29. Let V be the linguistic variable associated with
the weight of people. The associated linguistic set of V is given

by S = [lowest, highest] which is a linguistic continuum.

Now let M = {all 5 x 5 linguistic matrices with entries
from S}

{M, min, minmax} is a noncommutative linguistic topological
space of infinite order.

Consider N = {collection of all 5 x 5 linguistic matrices
with entries from P = [low, high] < S = [lowest, highest].

Clearly P is a linguistic continuum of infinite order.

Infact {N, min, minmax} is a linguistic topological

subspace of N of infinite order which is noncommutative.

If take the set W = {low, lowest, high, very low, just low,
just high, medium, just medium, highest, very high} < M, and
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let B = {collection of all 5 x 5 linguistic matrices with entries
from W} c M,

{B, min min max} is a non commutative linguistic topological

subspace of M and is of finite order.

Now having seen both commutative and non
commutative linguistic topological spaces using square
linguistic matrices we now proceed onto define appropriate
operations define again a new class of m x n linguistic

topological spaces of matrices of any order.

We proceed onto give some examples of them in the

following.

Example 2.30. Let V be a linguistic variable associated with
age. Let S = [youngest, oldest] be the linguistic set associated
with the linguistic variable V. Clearly S is a linguistic

continuum. Infact S is a totally ordered set.

[S]

w

LetM={ /aie S, 1<i1<7}

[

=N

i T sl

]

= {collection of all 1 x 7 column linguistic matrices with

entries from S}.
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Now define on M the two operation min and max as

follows.
[ old | [ young |
young old
justold medium
Let A= | middleage | and B=| justold | € M.
just young just young
old old
young | | young
[ old ][ young |
young old
justold medium

We define max {A, B} = max{| middleage |,| justold |}

justyoung | | justyoung

old old

young || young

max {old, young} 1 [ old |
max {young,old} old
_ max {just old, medium} _ justold cM
max {just young, just young} just young

max {old,old} old

max{young,young} | | young

Thus we see {M, max} is a commutative linguistic

semigroup.
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We see youngest is the least element in S.

Ifl=

[ youngest |

| youngest |

youngest
youngest
youngest
youngest

youngest

€ M; it is such that

max{A, I} =max{l, A} =Aforall A € M.

We call, the linguistic matrix I as the identity of M under the

max operation.

Thus we conclude {M, max} is a commutative linguistic

monoid of infinite order.

Take same A and B € M, we now find

old

min {A, B} = min{

young
justold
middleage
just young
old

young

b

young
old
medium
justold
just young
old

young

)



Linguistic Topological Spaces and their properties | 147

min{old, young} i young
min{young,old} young
min{justold, medium} middleage
=| min{middleage, justold} | = | middleage |.
min{just young, just young} just young
min{old, old} old
min{young,young} | | young

We see {M, min} is a linguistic commutative semigroup.

[oldest |
oldest
oldest

The matrix J = | oldest | e M

oldest

oldest
oldest |

where the linguistic term oldest is the greatest value and we see
for all A € M, is such that min{A, J} = A.

So we can claim {M, min} is a commutative linguistic

monoid of finite order.

Thus {M, min, max} is a commutative linguistic

topological space of infinite order.

This will also be known as commutative linguistic

topological space of column linguistic matrices of infinite order.

Now we provide an example of a linguistic topological

space of column linguistic matrices of finite order.
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Example 2.31. Let V be the linguistic variable associated with
weight of 20 children.

Let S = {low, very low, high, very high, medium

(normal), just low, just high, very medium}

be the linguistic set associated with the linguistic variable V
weight of children. When we give the linguistic values we keep
in mind the approximate age of those children for which we
have found the weight.

Clearly S is a totally ordered set for

very low < low < just low < very medium < just medium
< just high <high < very high.

Now let N = {collection of all 6 x 1 column linguistic

a
b
matrices with entries from S} = { (Cl /a,b,c,d, e, feS}.
e
_f_
[ low ] [ high
high very high
just low low
Let A= and B =
low low
high medium
| very high | | verylow |

be two ling column matrices in N.
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We calculate min {A, B}

low [ high
high very high
. justlow low
= min{ , )
low low
high medium

| veryhigh | | verylow |

min {low, high} 1 [ low |
min{high, very high} high
B min{justlow, low} | low
- min {low,low} | low

min{high, medium} medium

| min{veryhigh,verylow} | | verylow |

Clearly min{A, B} € N.

We see S is a totally ordered set so has the greatest and
the least element very low is the least element and very high is

the greatest element.

[ veryhigh |
very high
very high . S .
Ifl= . eN is a linguistic matrix such that
very high

very high

| very high |
min{A, [} =A forall A e N.
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Thus we conclude {N, min} is a finite linguistic monoid
which is commutative {N, min max} is a finite commutative

linguistic topological space of linguistic column matrices.

It is important to note that for one to define a
commutative linguistic topological space of linguistic column
matrices finite or infinite order it is mandatory that the
underlying linguistic set S on which the linguistic matrices are

built must be a totally ordered set.
With this in view we have the following result.

Theorem 2.1. Let V be a linguistic variable, S the linguistic set
associated with V (S can be a infinite continuum or if S is a
finite set it should be totally ordered).

M = {collection of all n x 1 linguistic column matrices with
entries from S}. Then {M, min max} is a commutative linguistic
topological space of n x 1 matrices (finite if |S| < oc and infinite

if S'is a linguistic continuum).
Proof'is left as an exercise to the reader.

Next we proceed onto give examples of linguistic

topological spaces of linguistic row matrices.

Example 2.32. Let V be the linguistic variable associated with
the height of people. Let S = [shortest, tallest] be the linguistic

continuum (set) associated with V.
LetP={(a;,az, ...,a9)/aj € S; 1 <i<9}

= {collection of all 1 x 9 linguistic row matrices with entries
from S}.



Linguistic Topological Spaces and their properties | 151

Define on P the operation min as follows; let
A = (tall, just fall, short, very short, tall, very tall, short, tall,
short) and

B = (short, medium height, very short, tall, just short, tall, short,
just tall, short) € P.

We now find min{A, B} = min{(tall, just tall, short, very
short, tall, very tall, short, tall, short), (short, medium height,
very short, tall, just short, tall, short, just tall, short)}

= (min(tall, short), min(just tall, medium height), min(short,
very short), min(very short, tall), min(tall, just short), min(very
tall, tall) min(short, short), min(tall, just tall), min(short, short)}

= (short, medium height, very short, very short, just short, tall,
short, just tall, short) € P.

Clearly it can be easily verified min{A, B} = min{B, A};

that is min operation is commutative.

We see as S is a totally ordered set; S has the least

element and the greatest element.

The greatest element of S is tallest and the least element
of S as shortest.

J = (tallest, tallest, tallest, tallest, tallest, tallest, tallest,
tallest, tallest) € P is such that min{J, A} = A for all A € P.

Thus {P, min} is a linguistic commutative monoid of

infinite order.
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Now for the same A, B € P we define the max operation;
max{A, B} = max{(tall, jus tall, short, very short, tall, very tall,
short, tall, short), (short, medium height, very short, tall, just
short, tall, short, just tall, short)}

= (max tall, short) max (just tall, medium height), max(short,
very short), max(very short, tall), max(tall, just short), max(very
tall, tall), max(short, short), max(tall, just tall), max(short,
short)}

= (tall, just tall, short, tall, tall, very tall, short, tall, short) € P.
Thus max(A, B) € P.

Further max(A, B) = max (B, A).

Finally as S is a linguistic continuum so it has the least element,
viz shortest.

I = (shortest, shortest, shortest, shortest, shortest, shortest,
shortest, shortest, shortest) is in P and we see max{A, I} = A for
all A € P.

Thus {P, max} is a commutative linguistic monoid of row

linguistic matrices infinite order.

In view of all these we see {P, max min} is an infinite
linguistic topological space of linguistic row matrices which is

commutative and is of infinite order.

Now we provide one example of a finite linguistic

topological row matrices which is commutative.
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Example 2.33. Let V be a linguistic variable associated with the
temperature of weather for 16 consecutive hours a day. The
linguistic set

S = {hot, just hot, just cold, cold, very cold, very hot, hottest,
coldest}

is a finite totally ordered set given by

coldest < very cold < cold < just cold > just hot < hot <

very hot < hottest.

Now let T = {collection of all 1 x 5 row matrices with

entries from S}.

T is of finite order S has hottest to be the largest linguistic term
of S and coldest to be the least linguistic term of S.

Thatis T = {(ai, a2, a3, a4, as) /ai € S; 1 <1 <5},
Let A, B € J where A = (hot, cold, just hot, hottest, hot) and
B = (cold, hottest, hot, cold, just hot) € T.

min{A, B} = min{(hot, cold, just hot, hottest, hot), (cold,
hottest, hot, cold, just hot)}

= (min{hot, cold}, min{cold, hottest}, min{just hot, hot},
min¢{hottest, cold}, min{hot, just hot}) = (cold, cold, just hot,
cold, just hot) € T.

Thus {T, min} is a commutative linguistic semigroup of
finite order.

Now consider X = (coldest, coldest, coldest, coldest,
coldest) € T;
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clearly min{A, X} = X for all A as coldest is the least linguistic
element of S.

Further if I = (hottest, hottest, hottest, hottest, hottest) € T

where hottest is the greatest linguistic element of T.

Now min{A, I} = A for all A € T. So {T, min} infact a

commutative linguistic monoid of finite order.
Now for the same A,B € T

max{A, B} = max{(hot, cold, just hot, hottest, hot), (cold,
hottest, hot, cold, just hot)}

= (max¢{hot, cold}, max{cold, hottest}, max{just hot, hot},
max {hottest, cold}, max {hot, just hot})

= (hot, hottest, hot, hottest, hot) € T.
Further for X € T we have max{A, X} = Aforall A € T.

Thus {T, max} is a finite commutative linguistic monoid of row
matrices.

Now having seen examples of both finite and infinite
order commutative ling row matrices we now proceed onto give
a result on commutative linguistic row matrices in the
following:

Now {T, max} and {T, min} are commutative linguistic
monoids.

In view of this we have {T, min, max} is a commutative
linguistic topological space of 1 x n row matrices.

Theorem 2.2. Let V be a linguistic variable such that its
associated linguistic set S is such that S is totally order set with
l as its least linguistic element and g as its greatest linguistic
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element. Suppose R = {collection of all 1 x n linguistic row

matrices with entries from S} = {(ai, ..., an) / a; € S} then

i) {R, min} is a linguistic commutative monoid of
finite order if |S|, oo and infinite order if S is a

linguistic continuum.

ii) {R, max} is a linguistic commutative monoid of
finite or infinite order as in (i)

iii) {R, max, min} is a linguistic commutative
topological space of order as in (i)

Proof'is left as an exercise to the reader.

Next we proceed onto give examples of linguistic
topological space of m x n (m # n) linguistic matrices of both

finite and infinite order which are commutative.

Example 2.34. Let V be the ling variable corresponding to
height of people. S = [shortest, tallest] be the ling set associated
with V.

S is a linguistic continuum.

So S is a totally ordered set with shortest as the least
element and tallest as the greatest element.

al a2 a3
a4 a5 a()
LetM={| 7 % ®|/aes 1<i<18)
alO a'll a12
al3 al4 alS
_al6 a17 a18_
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be the collection of all 6 x 3 linguistic matrices with entries
from S.

Now we define min and max operation on M.

[ short tall tall
tall justshort verytall
justtall  verytall tall

Let A= ) and
short justtall short
tall tallest  shortest
| medium tall short | .
[ verytall short medium |

medium tall tall

short short very tall

B= . e M.
very short tall justshort

very tall tall tall

short Justshort  veryshort |

[ short tall tall

tall justshort verytall
) . justtall  verytall tall
We find min{A, B} = min{ . ,
short justtall short
tall tallest  shortest
| medium tall short
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[ min {short, very tall}

min{tall, medium}

min{just tall, short}

min{short, very
short}
min {tall, very tall}

min{medium, short}

short short

medium  justshort
short short
veryshort  justtall

tall tall

short just short

On similar times

[ verytall short medium |
medium tall tall
short short very tall
very short tall justshort
very tall tall tall
short Justshort  veryshort |
min{tall,short}  min{tall, medium} |
min{justshort, .
min{very tall, tall}
tall}
i tall,
mingverytall, - tall,very tall
short}
. min {short, just
min{just tall, tall}
short}
min{tallest,tall}  min{shortest, tall}
min{tall, just min {short, very
short} short}
medium |
tall
tall
e M.
short
shortest
veryshort |
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[ verytall tall tall
tall tall very tall
max{AB} = justtall verytall .Very tall M.
short tall justshort
verytall tallest tall
| medium tall short |

Since S is a total lest ordered set S has the least linguistic

element viz shortest and a greatest linguistic element tallest.

shortest
shortest
shortest
shortest
shortest
| shortest

is such that min{A,
all A in M.

shortest
shortest
shortest
shortest
shortest
shortest

shortest |
shortest
shortest
shortest
shortest
shortest

eM

16x3

I} =1forall A € M and max{A, I} = A for

Thus {M, max} is a commutative linguistic monoid of

infinite order.

Now J =

tallest
tallest
tallest
tallest
tallest
| tallest

tallest
tallest
tallest
tallest
tallest
tallest

tallest |
tallest
tallest
tallest
tallest

€ M is such that

tallest |

max{A,J} =J forall A € M and min{A, J} = A forall A € M.
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Hence {M, min} is a linguistic commutative monoid of
infinite order. Further {M, min, max} is the linguistic

commutative topological space of infinite order.

We can by take the linguistic set S to be of finite order
and S is such that S is totally ordered built any m x n matrix
m # n then that collection say W will be a linguistic topological
space under min and max and W will be commutative and be of

finite order.
Thus we can have the following result.

Theorem 2.3. Let V be a linguistic variable such that the
linguistic set S associated with V is totally ordered set of finite
or of infinite order. M = {collection of all m x n linguistic

matrices with entries from S(m £ n)).
Then the following results are true

i) {M, min} is a linguistic commutative monoid of
finite or infinite order.

ii) {M, max} is a linguistic commutative monoid of
finite or infinite order.

iii) {M, min, max}! is a linguistic commutative

topological space of finite or infinite order.
Proof'is left as an exercise to the reader.

Now we see only in case of square linguistic matrices one
can have both non commutative and commutative linguistic

topological spaces of square matrices.
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Already we have defined developed and described
linguistic topological spaces of square matrices which are non
commutative. Here we provide examples of commutative

linguistic topological spaces of square matrices.

Example 2.35. Let V be the linguistic variable associated with
the performance aspects of students in general in the classroom

atmosphere. The linguistic set associated with V is given by
S = [worst, best].

Clearly S is a linguistic continuum with worst as its least

linguistic element and best as the greatest linguistic element.

a b c
LetM={|d e f|/ab,c,d,e f ghieS}
g h i

be the collection of all 3 x 3 linguistic square matrices with

entries from S. Define on M the max operation.

[worst  good fair
For A= bad verybad good |and
bad fair fair

good fair  bad
B=| worst Dbest good| € M.

| verygood fair  bad
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worst  good fair

We have min{A, B} =max{| bad verybad good |,
bad fair fair

good fair  bad
worst  best good |}
verygood fair bad

max{worst,good} max{good,fair}  max {fair,bad}
max {very bad,

max {good, good
best! {good, good}

= | max{bad, worst}

bad, o .
max {bad, very max {fair, fair} max {fair, bad}

good} ]

good good fair
= bad best good | € M.
verygood fair  fair

Thus {M, max} is a commutative linguistic semigroup of

linguistic square matrices infinite order.
Now for the same A, B € M we find min{A, B} =
worst  good fair good fair  bad

min{| bad verybad good|,| worst best good |}
bad fair fair verygood fair bad
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min{worst,good} min{good,fair} min{fair,bad}
i bad, i d,

= | min{bad, worst} min tvery ba min{goo

best} good}

in{bad, . D a : .
min {bad, very min{fair,fair} min{fair,bad}

good}

worst fair bad
= | worst verybad good | € M.
bad fair bad

Thus {M, min} is a linguistic commutative semigroup of

square linguistic matrices.

best best best
Wesee [ = | best best best
best best best

in M is such that all entries of I are the greatest ling term of S.

Hence min{A, I} = A for all A € M making the ling
commutative semigroup {M, min} into a ling commutative
monoid of square matrices as I = (best) servers as the linguistic

identity matrix for the min operat9ion.

Similarly J = (worst) is such that max{A, J} = A for all A
€ M making {M, max} into a linguistic commutative monoid

with J as its linguistic matrix identity.

worst  worst  worst
Here J = | worst worst worst | = (worst).

worst  worst  worst
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Thus {M, max, min} is a linguistic commutative
topological space of square matrices which is commutative and

1s of infinite order.

By considering the linguistic set S to be finite order and if
S is a totally ordered set then certainly collection of square
matrices with entries from S will be a commutative finite
linguistic topological space of square matrices. With this mind
we can build infinite collection of finite and infinite order
linguistic topological spaces of square matrices.

Next we proceed onto describe the notion of linguistic
topological subspaces of both finite and infinite order by some
examples.

Example 2.36. Let V be the linguistic variable associated with
growth of the height of the paddy plants. Let S be the linguistic
set associated with V; that is

S = [shortest (most stunted), tallest).

Clearly S is a linguistic continuum with shortest or most
stunted as the least linguistic element and tallest as greatest
linguistic element.

Suppose {S, min} is the linguistic commutative monoid
under the operation min. Then tallest is the linguistic identity
for the linguistic operation min.

Consider P = [shortest, medium height] < S to be
linguistic subinterval of S.

Clearly {P, min} is again a linguistic monoid but now
with medium height as the linguistic identity for
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min {p, medium height} = p as all elements p in P \ {medium
height} is clearly less than medium height.

Now we claim {P, min} is a linguistic submonoid of S.
The vital difference is only the linguistic identity of S and P are
different.

Now consider the max operation on S, {S, max} is a
linguistic monoid with the linguistic operation max. Further
shortest is the linguistic identity of {S, max}.

For max {x, shortest} = x for all x € S as shortest < x.
Consider M = [just short, tall] < S.

Clearly {M, max} is a linguistic monoid which is

commutative with linguistic identity just short and infact

{M, max} is a linguistic submonoid of {S, max}, the only
information to note is that the linguistic identities of M and S

are different.
Further max {just short, x} = x for all x € M.

We can have several linguistic submonoids of the
monoids {S, max} and {S, min}. The only important factor to
observe is these submonoids in most cases have linguistic
identities which are different from that of the monoids {S, max}

and {S, min} of infinite order.

Infact the linguistic monoids {S, min} and {S, max} both

have linguistic submonoids of finite order.
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For consider T = {short, very short, just short, medium height,
tall, just tall, very tall, very very tall, tallest}  S.

We see both {T, max} and {T, min} are linguistic submonoids

of finite order.

Further the linguistic identity of {T, max} is very short and that
{T, min} is very very tall. Infact we can have an infinite

collection of linguistic submonoid of finite order.

Now having seen examples of commutative linguistic

submonoids of commutative linguistic monoid.

We give examples of commutative linguistic topological
spaces of linguistic matrices using mainly the concept of

linguistic monoids.

Example 2.37. Let V be the linguistic variable weight of dogs.

The linguistic set associated with this V is given by

S = [lightest, heaviest].

1

w
S RN - R - B =)
=N ~ N

0

/aieS;1<i1<12}

7

9

IS

a

a

aS
Let M = {

a

a

a

o ®

11

S

= {collection of all 6 x 2 linguistic matrices with entries from
S}.

Now it is easily verified min{A, B} and max{A, B} e M
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lightest lightest

lightest lightest

and [ = = (lightest) e M

lightest lightest |,
is such that max{A, I} = A and min{A, I} =L

heaviest heaviest

heaviest heaviest
Now J = . .

heaviest heaviest o

= (heaviest) € M is such that max {A, J}
=Jand min{A, J} = A forall A € M.

Thus J = (heaviest)s « 2 is the linguistic identity matrix for the
min operation on M and I = {lightest) is the linguistic identity
matrix for max operation on M.

Thus {M, max} and {M, min} are linguistic monoids of

matrices.

Take P = [light, medium weight] < S = [lightest,
heaviest]; clearly {P, max} and {P, min} are linguistic sub

monoids of {S, max} and {S, min} respectively.
Further for {P, max}, I, = (light)

a a

1 2

Clearly R = { a'3 a.4 /aeP;1<5i<12} M
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is such that {R, min} and {R, max} are linguistic submonoids of
{M, min} and {M, max} respectively but the ling matrix

1dentities are

light light

light light

1 IE L (light) e R
light light |

is such that max{A, [,} = A forall A € R.

medium weight medium weight
medium weight medium weight
Now Jp = . .

mediumweight medium weight |

= (medium weight) € R is such that Jp is the linguistic identity
matrix of {R, min} for min {A, Jp} = A forall A € R.

Thus {R, min} is a linguistic submonoid of linguistic matrices.

Now {M, max, min} is the linguistic topological space of
linguistic matrices and {R, max, min} is the linguistic

topological subspaces of linguistic matrices.

We can by this way construct infinite number of

linguistic topological subspaces of linguistic matrices.

Now we can also build linguistic topological subspaces of
finite order.

We will illustrate this situation by an example.
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Take W = {light, lighter, just light, very light, medium
weight, very heavy, heavy, just heavy} e [lightest, heaviest].

We see W is a ordered set for

lighter < very light < light < just light < medium weight < just
heavy < heavy < very heavy < heaviest

We see lighter is the least elements in W and heaviest is
the greatest element of W.

a,

B A 4 . .
v={l . Sl /aeW;1<i<12}

be the collection of all 6 x 2 linguistic matrices with entries
from W.

Clearly order of V is finite and

lighter lighter

lighter lighter

A= e V is such that A is least matrix of V.

lighter lighter

Thus for the linguistic submonoid {V, max}; A is the

linguistic identity matrix such that

max{A, D} =AforallD € V.
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heaviest heaviest
heaviest heaviest
= ) ) SAS

heaviest heaviest

B is the linguistic matrix identity of V for the linguistic
submonoid {V, min}; for min{D, B} =D forall D € V.

We see {V, max, min} is a linguistic topological
subspace of M.

Clearly V is a find ordered commutative linguistic
topological subspace of M.

Thus we can easily prove {M, min, max} the
commutative infinite topological space of 6 x 2 linguistic
matrices infinite number of commutative linguistic topological

subspaces of linguistic matrices of finite order.

Likewise {M, max, min} has infinite number of

topological subspaces of linguistic matrices of infinite order.

We just give one or two examples of non commutative
linguistic topological subspect of matrices of both infinite or

finite order.

Example 2.38. Let V be the linguistic variable age of people.
Let S = [youngest, oldest] be the linguistic set which is clearly a
linguistic continuum. So S is a totally ordered set.

1) We know {S, min, max} commutative is a

linguistic topological space of infinite order.
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i) If P(S) is the power set of S then {P(S), U, N} is
again a commutative linguistic topological space

of infinite order.

1i1) {P(S), min, max} is a special type of linguistic

topological space of infinite order.

Recall if A = {young, old, very old, just young, very
young, middle age} and

B = {youngest, just old, just middle age, just young, very old}
are two distinct linguistic sets of P(S); then

min{A, B} = min{{young, old, very old, just young, very
young, middle age}, {youngest, just old, just middle age, just
young, very old}}

= {youngest, just young, just old, just middle age, very old, just
young, very young, middle age}. |

max{A, B} = max{{young, old, very old, just young, very
young, middle age}, {youngest, just old, just middle age, just
young, very old}}

= {young, just old, just middle age, very old, old, just young,
very young, middle age}. i

I and II are distinct.

Thus {P(S), max, min} we have defined as the special
type of subset linguistic topological space of infinite order

which is commutative.
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Now using S we can define a class of linguistic row
matrices as R = {collection of all 1 x n ling row matrices with

entries from S} = {(ai, az, ..., an) /a2 € S; 1 <i<n}.

We see {R, min, max} is again a linguistic topological
space of linguistic row matrices.

Clearly {R, min, max} is commutative and is of infinite

order.

Let C= {collection of all m x 1 linguistic column matrices

with entries from S}
al
a, )
={| . /ai€ S;1<i<m}.

Clearly {C, min, max} is a linguistic topological space of

column linguistic matrices of infinite order.

Likewise if M = {collection of all p x q linguistic

matrices p # q with entries from

a, 8, .. a,
a, a, .. a

21 22 2

S=1{| . .

a, a, .. a,

where aj € S; 1 <i<Pand 1<j<q}.
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It can be verified {M, min, max} is a commutative
linguistic topological space of infinite order p x q or rectangular

linguistic matrices.

Finally we consider N = {collection of all n x n linguistic

square matrices with entries from S}

a, ... a,
a, ... a, .

={| | where ajj € S; 1 <1,j<n}.
a'nl am

We see {N, max, min} is a linguistic topological space
(of square linguistic matrices) which is commutative and is of

infinite order.

Now we can define 4 different non commutative
linguistic topological spaces using only linguistic square

matrices.

We list out the 4 different non commutative linguistic
topological spaces of squares matrices which are of infinite

order.

{N, max, min max}, {N, max, max min}, {N, min, min

max} and {N, min, max min}.

For the sake of better understanding we will illustrate all

the four situations by some example for n = 3.

Let N = {collection of all 3 x 3 linguistic matrices with

entries from S}



Linguistic Topological Spaces and their properties | 173

a a

11 12 alS

={la, a, ay|/aeS;1<ij<3}.

a31 a32 a33

We define min max operation.

It is know {N, max} is a linguistic commutative monoid

of infinite order.

Now we illustrate how the operation min max is carried

out on N.

young old young
Let A = | justyoung young veryold | and
veryold  veryyoung old

old young old
B=| veryold veryyoung young |eN.

just young oldest youngest

We find min max {A, B}

young old young
= min{max{| justyoung young veryold |,

veryold  veryyoung old

old young old
veryold veryyoung young |}}

just young oldest youngest
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min{max{young,old}, max{old, veryold},
max {young, just young} }
min{max {just young,old}, max {young, veryold},
max {veryold, just young} }
min{max {veryold,old}, max {very young, very old},

max {old, just young} }

min {max {young, young}, max {old, very young},
max {young, oldest} }
min {max {just young, young}, max {young, very young},
max {veryold, oldest} }
min{max {very old, old}, max {very young, very old},
max {old,oldest} }

min{max{young,old}, max{old, young},
max {young, youngest}
min{max {just young,old}, max {young, young}
max {veryold, youngest} }

min{max {veryold,old}, max {very young, young},

max {old, youngest} }

min{old, very old, just young}
= | min{old, veryold, veryold}
min{veryold, veryold,old}

min{young,old,oldest}
min{just young, young,oldest}

min{very old, veryold, oldest}
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min {old, old young}
min{old, young, veryold}
min{veryold, young,old}

just young young young

old justyoung young |
old veryold  young

This is the way min max operation is performed.

We now find out the value of minmax {B,A}

old young old
=min{max{ | veryold veryyoung young |,
just young oldest youngest
young old young

just young young veryold |}}
veryold  veryyoung old

min{max {old, young}, max {young, just young},
max{old, veryold} }
min{max {very old, young}, max {very young,
just young}, min{young, very old} }
min{just young, young}, max {oldest, just young}

max {youngest, veryold} }
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min{max {old,old}, max {young, young},
max {old, very young} }
min{max {very old, old}, max {very young,
young}, max {young, very young} }
min {max {just young,old}, max {oldest, young}

max {youngest, very young} }

min{max{old, young}, max {young, veryold},
max{old,old}}
min{max {veryold, young}, max {very young,
veryold}, max{young,old} }

min{max {just young, young}, max {oldest, veryold},

max {youngest,old} }

min{old, young,  min{old, young, min{old,

veryold} old} veryold}
min{veryold, just min{veryold,  min{veryold,
young, very old} young,young}  veryold,old}
min{young,oldest, min{old,oldest, min{young,

veryold} very young} oldest,old}
young young old
= | justyoung young old WD

young veryyoung young
We see I and II are distinct, that is
minmax{A, B} # minmax{B, A}.

Hence {N, minmax} is a noncommutative linguistic semigroup

of 3 x 3 matrices.



Linguistic Topological Spaces and their properties | 177

Thus {N, max, min max} is a non commutative linguistic

topological space of 3 x 3 linguistic matrices of infinite order.

In view of this we can say {N, min, min max} also is a
non commutative linguistic topological space of 3 x 3 linguistic

matrices of infinite order different from {N, max, min max}.

Now we know {N, max} is a commutative monoid of

linguistic 3 x 3 matrices of infinite order.

Consider max min operation on N for the same A and B

we now find out max{min {A, B}}

young old young
=max {min{ | just young young veryold |,

veryold  veryyoung old

old young old
veryold veryyoung young |}}
just young oldest youngest

max {min{young,old}, min{old, very old}
min {young, just young}
max {min{just young,old}, min{young, very old}
min{very old, just young} }
max {min{veryold,old}, min{very young, veryold}

min{old, just young} }
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max {min{just young,old}, min{young, very old}
min{veryold, just young}
max {min{just young, young}, min{young, very
young}, min{very old,oldest}
max {min{just young,old}, min{young, young},

min{veryold, youngest} }

max {min{veryold,old}, min{very young,
very old}, min{old, just young}
max {min{veryold, young}, min{very young,
very young}, min{old, oldest}
max {min{very old, old}, min {very young,

young, min{old, youngest} }

max {young,old, max {just young, young,
just young} just young}
max{just young,young, max{justyoung,very
just young} young, very old}

max{old, very young, = max{just young, young

just young} youngest}

max {old, very young, just young}
max {young, very young, old}

max {old, very young, youngest}

old young old
= | young veryold old il
old justyoung old

Now we find max{min{B,A}}
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old young old
=max{min{ | veryold veryyoung young |,
just young oldest youngest
young old young

just young young veryold |}}
veryold  veryyoung old

max {min{old, young}, min{young,
just young},min{old, very old}
max {min{very old, young} min{very
young, just young}, min{young, veryold}
max {min{just young, young} min{oldest,

just young}, min {youngest, veryold} }

max {min{old,old}, min{young, young},
min {old, very young}
max {min{very old, old}, min{very young,
young}, min{young, very young}
max {min{just young,old}, min{oldest,

young}, min{youngest, very young} }

max {min{old, young}, min{young, veryold}
min{old, old} }
max {min{veryold, young}, min{very young,
veryold}, max {young,old} }
max {max {just young, young}, min {oldest,

veryold}, min {youngest,old} }
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max {young, just young, max {old, young,
old} very young}
_ | max{young,very young, max {old, very young,
- young} very young}
max {just young, just young, max{justyoung,young,
youngest} youngest}

max {young, young,old}
max {young, very young, young}

max {just young, very old, youngest

old old old
= young old young LAV
justyoung young veryold

Clearly equations (III) and (IV) are distinct.
Hence max{min{A, B}} # max{min{B, A}}.

Thus {N, max min} is a linguistic non commutative

semigroup of infinite order.

Hence {N, min, max min} is a non commutative
linguistic topological space of (3 x 3 linguistic square matrices)

infinite order.

This linguistic noncommutative topological space 1is

different from the other two topological spaces

{N, min, min max} and {N, max, min max}.
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Finally we see {N, max, max min} is a different non
commutative linguistic topological space of 3 x 3 square

linguistic matrices of infinite order.

This linguistic topological space {N, max, min max} is
different from {N, max, max min}, {N, min, minmax} and {N,
min, max min}, the three different non commutative linguistic
topological spaces.

Now we proceed onto give a few linguistic topological
subspaces of these four linguistic topological spaces of both
finite and infinite order.

Consider the linguistic subinterval
P =[young, old] < [youngest, oldest] = S.

Clearly as P is a linguistic subinterval of the linguistic

interval S. P is also a totally ordered linguistic set.

Let T = {collection of all 3 x 3 linguistic matrices with

entries from P < S}

all a'12 313
={la, a, a,|/lajeP;1<i,j<3}.

a31 a32 a33

{P, max, min max}, {P, max, max min}, {P, min, min
max} and {P, min, max min} are 4 distinct linguistic
topological subspaces of the linguistic non commutative
topological spaces, {N, max, min max}, {N, max, max min},

{N, min, min max} and {N, min, max min} respectively.
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All these 4 linguistic topological subspaces are also non

commutative and infact all of them are of infinite order.

Finally we provide example linguistic noncommutative
topological subspaces of {N, max, min max}, {N, max,
maxmin}, {N, min, minmax} and {N, min, maxmin} of finite

order.

Consider W = {old, young, just old, very young, very old,
very very old, youngest, just young, middle age} € S; clearly W

is a finite linguistic subset of S.

Further W is also a totally ordered set; the ordering of W is as
follows:

youngest < very young < just young < young < middle
age < just old < old < very old < very very old.

Now let V = {collection of 3 x 3 linguistic matrices with entries

from W}
all a12 al3
={la, a, a,|/aeW,1<1j<3}.
a, a, a

{V, max, min max}, {V, max, max min}, {V, min,
minmax} and {V, min, maxmin} are finite order non
commutative ling topological subspaces of {N, max, min max},
{N, max, max min}, {N, min, min max} and {N, min, maxmin}

respectively.

Now having seen both finite and infinite order linguistic

topological subspaces which are non commutative we proceed
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onto describe the fact all totally ordered linguistic sets are
linguistic semirings under max and min operations as the

operations are distributive.

Infact it is not possible to develop the notion of linguistic
group; however one should find by some means to develop a
group structure. This will be taken up as a very big task in due

course of time.

However we know {P(S), U, n} is a linguistic

topological space akin to the classical topological space.

Now using P(S) we can construct subset linguistic
topological spaces of special type using linguistic subset

matrices.

We first recall the properties of usual subset matrices in

reals and describe them by examples.

Example 2.39. Let R be the real lien P(R) be the power set of R.
Now{P(R), n, U} is the classical topological space.

Consider A = {collection of all 1 x 4 matrices with
entries from P(R)}} = {(ai, a2, a3, a4) / a; € P(R); 1 <1 <4},

Now if
x=({3,4,7}, {8,9, 11,4}, {2, 1}, {7, 8,9, 11, 12}) and

y=({3,7,20, 11}, {8,9,1,2,3}, {2,5,7, 1}, {8,9, 11, 12}} €
A.

xNy=({3,4,7},{8,9, 11,4}, {2, 1}, {7, 8,9, 11, 12}) N ({3,
7,11,20%, {8,9, 1, 2,3}, {2,5,7, 1}, {8, 9, 11, 12})
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=({3,4,7} n {3,7, 11,20}, {8,9,4, 11} n {8,9, 1, 2, 3}, {2,
1} {2,5,7,1},{7,8,9,11,2} n {8,9, 11, 12})
=({3,7},{8,9}, {2, 1}, {8,9, 11, 12}) € A.
Thus {A, N} is a commutative monoid as for any x € A
x N (R)=xforall x € A, where (R) = (R, R, R, R).

Now we show U defined on A is again a commutative

monoid. For the same x and y we find

xUy=({34,7, {89, 11,4}, {2, 1}, {7,8,9, 11, 12}) U
({11,3,7,20, {8,9, 12,3}, 12,5,7, 1}, {8,9, 11, 12})

=({3,4,7} U {3,7, 11,20}, {8,9, 11, 4} U {8,9, 12, 3}, {2,
1} U {2,5,7,1}, {7,8,9, 11, 12} U {8,9, 11, 12})

=({3,4,7, 11,20}, {8,9, 11,4, 12,3}, {2, 1,5, 7}, {7, 8,9, 11,
12}) € A.

Thus it is easily verified {A, U} is a subset monoid of
row matrices; infact (¢, ¢, ¢, ¢) = (¢) acts as ling row matrix

identity.
For x U (¢) =x for all xe A.

Thus {A, U, N} is a subset topological space of matrices

or subset matrix topological space.

Now we give using same set R, that is reals define P(R)

the power set of R.
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Let B = {collection of all 5 x 1 subset column matrices
with entries from P(R)}

N

/ai e P(R); 1 <i<5}).

N

Il
-
I VI SR S
oS

w

Now we show {P(R), U, N} is a subset column matrix
topological space.

{7,-1,5,8,3,4,1} | [ {7,1,9}
{3,4,7,8} {9,18,27}
Letx = {d} andy=| {40,-9} | eB.
{4,-8,-9,-18,9} {0}
| {1,3,2,1-4,-9,9,27} | 41,2,3,4,9} |
[ {7,-1,5,8,4, 3,1} | [ {7.,9%
{3,4,7,8} {9,18,27}
XNy= {0} N | {40,-9}
{4,-8,-9,-18,9} {0}
44,3,2,1,-4,-9,9,27} | | {1,2,3,4,9} |

7.1
{0}
= {p e B.

19}
| {1,2,3,4,9} |
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Thus {B, N} is a commutative subset monoid of column

subset matrices.

= (R) serves as the subset matrix identity of B as

A 8RR R

(R)nx=xforall x € B.
Now we can define the operation U on B as follows.

We consider the same X, y € B;

{7,-1,5,8,3,41} | [ {7,1,9
{3,4,7,8} {9,18,27}
XUy= {0} v | {40,-9}
{4,-8,-9,-18,9} {0}
44,3,2,1,-4,9,-9,27} | | {1,2,3,4,9} |

{7,-1,5,8,3,4,1} U {7,1,9}
{3,4,7,8} U {9,18,27}
= {0} L 140,-9;
{4,-8,-9,-18,9} U { {}
| {4,3,2,1,-4,9,-9,27} U {1,2,3,4,9} |
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[ {7,1,-1,5,8,3,4,9} ]
(3,4,7,8,9,18,27}
= {40,-9} e B.
{4,-8,-9,-18,9}
{4,3,2,1-4,9,-9,27} |

Thus {B, U} is a monoid of column subset matrices.

We see {B, U, N} is the topological space of subset

matrices of infinite order.

Now we can have topological subspace of subset matrices

both of finite and infinite order.
We know Q < R where Q is the set of rationals.

Further P(Q) < P(R) their power sets also satisfy the

containment relation.

If D = {collection of all 5 x 1 matrices with entries from

1

2

P(Q) = { /ai € P(Q); 1 =i=5} {D, N} < {B, N}, {D, U}

3

4

I R SR SIS

5

c {B,u}and {D, U, N} < {B, U, N}.

Thus PD, U, N} is the subset topological subspace of 5 x 1
column matrices of {B, U, N}, {D, U, N} is also a subset

topological subspace of matrices of infinite order.
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LetT={1,10,-1,5,7,8,9, 16, 20, 22, 19, 18, 27, -9} c R be

a finite subset of R.
Clearly P(T) < P(R) and P(T) is of finite order.

If G = {collection of all 5 x 1 matrices with entries from P(T)}
cDcB.

{G, U, N} is a subset topological subspace of subset 5 x 1

matrices of finite order.

Thus we have given examples of finite and infinite order

subset topological subspaces of matrices.

Example 2.40. Let Z>, be the modulo integers P(Z2) be the

power set of Zag.

a'1 aZ a3
M={|a, a, a,|/aeP(Zn)1<i<9}
a7 ax a9

= {collection of all 3 x 3 subset matrices}.

M is of finite order.

{0,2,3,9) {8,911} {4,3,8}
Let A=|{9,11,1617} {3,612} {9,0,1}
{1,4,5} {8,6,0} {71}

(7,2,4y {10,5,7} {6,4,2,0}
and B=| {30} {0,,9 {79} |eM.
68,4y {1,2}  {6,5,9,8
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{0,2,3,9 {8,911} {4,3,8}
Wesee ANB=|{9,11,1617} {3,6,12} {9,0,1}
{1,4,5} {8,6,0;  {7.1}

{1,3,0}  {0,1,9} {7,9}

{7,2,4y {10,5,7} {6,4,2,0}
N
{6,8,4y {L,2}  {6,5,9,8}

9,11L,16,17 ~{1,3,0}  {3,6,12} " {0,1,9}

{0,2,3,9y{7,2,4}  {8,9,11} " {10,5,7}
{1,4,5} n {6,8,4} {0,6,8} N {1,2}

{9,0,1} N {7,9}

{4,3,8 N {6,4,2,0}
{7,1} n{6,5,9,8}

20 9 &
= {or {07 {9 =
4 {or o)

{0,2,3,9)U{7,2,4}  {8,11,9}L{10,5,7}
AUB=|19,111617'U{,3,0 (3,6,12} U {0,1,9}
{1,4,5} U {6,8,4} (8,6,0} U {1,2}

{9,0,1} U {7,9}

{4,3,8} LU {6,4,2,0}
{7,1} L {6,5,9,8}

9,11,16,17,1,3,0} {3,6,12,0,L,9}  {9,0,1,7}

10,2,3,4,7,9y  {8,9,11,5,7,10} (4,3,8,6,2,0}
= 1
(1,4,5,6,8} (8,6,0,,2}  {7,1,6,5,9,8}
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I and II are distinct.

Thus {P(Zx), U,N} is a subset topological space of

square matrices of finite order.

Now we can also define noncommutative operations
which will be dealt later.

We provide yet another example.

Example 2.41. Consider S = Zis the modulo integer P(S) =
P(Z13) be the power set of Zis.

Let B = {collection of all 5 x 3 matrices with entries from

a, a, a;
a, a, a,
P(Zis)} ={|a, a, a, |/aeP(Zi);1<i<15}
al() all al2
la, a, ag;]

Now we can define U and M on P(Zs) and see

{P(Zis, U, N} is again a topological subset matrix space of

finite order.
This is also commutative.

Hence all subset topological subspaces will also be only of

finite order and will be commutative.

Now in this case of subset matrices we can define both +

and x as well as min and max.
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We will describe them first by examples.

Example 2.42. Let S = Z the set of integer. P(S) be the power
set of S. Consider D = {collection of all 1 x 6 subset matrices
with entries from P(S)} = {(ai, a2, ..., as) / ai € P(S); 1 <1< 6}.

We know how to define U and m on D.

Infact we have proved {D, U, N} is a subset topological

space of subset row matrices.
We define product on D; consider

a=({3,4,9}, {0,2,9, 18}, {9}, {2,0,-4,-9}, {7,8,9,0, 6, —
9}) and

b= ({1, 2,3, 7}, {8}, {15, 24, 3} and {4, 1}, {0} € D we now
find

atb=({3,4,9}, {0, 2,9, 18}, {9}, {2,0,4,-9}, {7,8,9,0, 6,
9h) + ({1, 2,3,7}, {8}, {15, 24, 3}, {4, 1}, {9})

=({3,4,9} +{1,2,3,7},{0,2,9, 18} + {8}, {9} + {15, 24, 3},
{2,0,—4,-9} + {4, 1}, {7,8,9,0,6,-9} + {0})

= ({4,5,6,10,7, 11, 12, 16}, {8, 10, 17, 26}, {12, 24, 33}, {6,
4,0,-5,3,1,-3,-8},{7,8,9,0,6, —9}) ...I

This is the way ‘+’ operation on D is performed and it is easily
verifieda+b=b+aforalla,be Danda+b e D,

{D, +} is infact a subset semigroup.
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We can claim {D, +} to be subset monoid by taking (0) = ({0},
{0}, {0}, {0}, {0}) € D as the additive subset identity as a + (0)
=(0)+a=aforallaeD.

Now define x on D as follows take the same a and b in D.

axb=({3,4,9}, {0, 2,9, 18}, {9}, {2, 0,4, -9}, {7, 8,9, 0,
6,-9}) x ({1,2,3,7}, {8}, {15, 24, 3}, {4, 1}, {9})

=({3,4,9} x {1, 2,3, 7}, {0,2,9, 18} x {8}, {9} x {15,
24,3},{2,0,-4,-9} x {4,1}, {7,8,9,0,6,-9} x {9})

=({3,6,9,21,4,8, 12,28, 18, 27, 63}, {0, 16, 72, 144}, {27,
135,216}, {8,0,-16,-36,2, —4,-9}, {0} e d.

We see {D, x} is also a monoid of subset row matrices
with I=({1}, {1}, {1}, {1}, {1}) € D.

axI=aforallaeD.

Thus {D, x} is a commutative monoid of subset row

matrices.

Clearly {D, x, +} is a commutative topological space of

subset matrices.
Nof if

M = {collection of all 3 x 5 subset matrices with entries
from P(Z)}
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={la, a, a, a, a,|/aeP@);1<i<15}.

We show how product and sum operation are performed.

Infact we assume U and M are know operations M.
We consider

(3,79} {4,3) 4 0L {623,7,9
A=| 8 567-1) (3% {7,912} 3,40} |and
920 {0,1,2,3}  {4,2,0} {8,0,L,4} {0}

[ {2,7,6) {5} {2,0,1}
B=| {7} {5,6,7,9,0} {3,-1,0,2}
{0,1,2,3,4)  {8,0} {1,0,5,9}

(3,0,2)  {3,4,5,7,0}
{9} 8,9,0 |eM
(1,0,3,4} {0}

G I T Y S VR (S A
AnB=|{p} {5670 31 {9 {0} i
12y {0y {0} {0,1,4} {0}

[ {3,7,9,2,6} (4,3,5) 12,0,1}
AUB=| &7 {5,6,7,-1,9,0} {3,-1,0,2}
1{0,1,2,3,4,9)  {0,1,2,3,8  {1,5,0,2,4}




194 | Special Subset Linguistic Topological Spaces

{1,2,3,04  {6,2,3,7,9,4,5}

{7,9,12} {8,9,0,7,12} i
{8,0,1,4,3} 18,0,1,4}
[ £5,10,9,14,13, 3,1,2
{ {98} 812
11,16,15}
A+B- (15} {10,11,12,14,5,13,15  {6,2.,3,5}
6,16,7,4,8,—1}
{9,10,11,12,13, {0,5,1,9,4,13
{0,1,2,3,9,10,11}
2,3,5,6} 3,7,6}
{3,0,2,1,3,4}  {6,2,3,7,9,5,11,10, |
12,13,8,14,16}
{16,18,21}  {0,3,4,8,11,12,9,13} I
{8,0,1,4,9,2,5, {0}
11,3,7,12} |
[{6,21,18,14,49, {15,20}
{2,0,1}
42,36}
{-5,-6,-7,-9,0,25,
{56}
AxB= 30,35,36,42,54,  {9,-3,0,6}
49,63}
{0,2,4,6,8,9, {0,8,16,24} {4,0,20,36,
18,27,36} 2,10,18}
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{18,6,9,21,27,24.8, |
{0,3,2} 12,28,36,30,10,15,
49,63,21,35,45,42,14}
{81,63,108} {0,24,32,27,36} Y
{8,0,1,4,24,3,12 {0}
16,32}

All the four operations are distinct.

. ) 4, .
In view of this we can have 4C, = 5 = 6 distinct subset

topological spaces of subset matrices given by;

M, U,n}, M, +, x}, M, U, N}, {M, N, +}, {M, U, x} and
{M, N, x}.

Now proceed to define min and max operation on subset

2 x 3 matrices with entries from P(Z).

Let N = {collection of all 2 x 3 subset matrices with
entries from P(Z)}

al a2 a% .
={ | /aie P(Z); 1<i<6}.
a, a; ag

. {0,1,2,5,7} {0} {5,7,9}
Consider A=
3,-1,0,1} {1,2,4,68 {7,9)
{134577859} {937783_4} {_772}
and B=
9,7,1,8,6) {7,2,~1,-3} {8,-1,0}
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be two 2 x 3 subset matrices

min{A, B} = {{0’1’2’4’5’7} 10,4} {—7,2,5,7}}

{1a35_190,1} {_15_3,19 23496’ 7} {_1,05 738}

e P(Z) Y

max{A, B} = {

{1343758,995} {9’758,_4} {5,7>9}
{,6,7,8,9,3y {7,2,4,6,8,1} {7,9,8}

It is pertinent to see {N, min} and {N, max} are subset

matrix subset monoids of infinite order.

There are 6 distinct operation on N or M or for that matter

for any collection of subset matrices.

We can have 6C; = f—; = 15 distinct subset topological

space of subset matrices.

If M is the collection of subset matrices with entries from
the power sets P(Z) or P(Q) or P(R) or P(C) or P(Z,) then

M, U, N}, M, max, min}, {M, x, +}, {M, U, max}, {M, U,
min}, {M, U, x}, (M, U, +}, (M, N, max}, {M, N, +}, {M, U,
min}, {M, N, x}, {M, +, min}, {M, +, max}, {M, x, min} and
{M, x, max} are the 15 distinct subset topological space of

subset matrices.

Now all these 15 subset topological space of subset

matrices are commutative. We now give examples of non
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commutative operations on square subset matrices whose entries
are from P(Z) or P(Q) or P(R).

al aZ a3
LetN={|a, a, a,|/aeP(Z)1<i<9}
a, a, a

= {collection of all 3 x 3 subset matrices with entries from P(Z)
or P(Q) or P(R)}.

$3,9,2y {0} {1,2,3)
LetA=| {460 {0 {0 |and
2y 17,0,6} 1{4,6,2,0}

1,0,5' {1,2,31 {6,0,2}
B=|{5100 {900 {1,2,3,0 eP(Z)orP(Q)orP(R).
(5,2} {0,1,2}  {5,6}

We now find out usual matrix product (that is classical

product).

(3,92 {0} {1,2,3
AxB=| {46/ (1,0} o | x
0} {7,0,6} {4,6,2,0}

{1,0,5} {1,2,3} {6,0,2}
{5,1,0  {9,0} (1,2,3,0}
5,2y {0,L,2}  {5,6}
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3,9,2V % {1,0,5) + {0} x {5,1,0}  {3,9,2} x {1,2,3} + {0}
+{1,2,3} % {5,2} x{9,01 +{1,2,3} x {0,1,2}
| 4,6} % {1,0,5) + {1,0}x {5,1,0}  {4,6}x {1,2,3} +{1,0}
- 110} % {5,2} x{9,0% + {0} x {0,1,2}
021 x {1,0,5(+{1,0,6} x {5,1,0} {2} x {1,2,3} +{7,0,6}
+{4,6,2,0} x {5,2) x{9,0} + {4,6,2,0} x {0,1,2}
£3,9,2 % {6,0,2} + {0}
x{1,2,3,0} + {1,2,3} x {5,6}
(4,6} % 16,0,2} + 11,0} x
(1,2,3,0} + {0} x {5,6}
(21%16,0,2} +{7,0,6} x

{1,2,3,0} +{4,6,2,0} x {5,6} |

£3,9,2,0,10,15,4,5} + {0} + {5,10,15,2,4,6}
= {4,6,0,20,30} + {5,1,0} + {0}
12,0,10} +{7,0,6,35,30} + {20,30,10,0,8,12, 4}

{3,9,2,1,18,4,6,27} + {0} + {1,2,3,0,4, 6}
{4,6,8,12,18} + {9,0} + {0}
{2,4,6} +10,63,54} + 10,4,6,2,8,12}

{18,54,12,0,6,4} + {0} + {5,10,15,6,12,18}
124,36,0,8,12} + {1,2,3,0} + {0}
{12,0,4} +{7,0,6,14,12,21,18} +
{20,30,10,0,36,24,12}
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(8,14,7,5,15,20,50,13,19,12,10,25,55,9,5,11
4,2,47,17,7,13,6,14,49,16,21,51}
9,11,0,25,35,5,6,1,21,31}
129,22,28,57,50,37,30,36,65,60,21,39,32,38,

67,47,40,46,4,24,35,0,75,70,20,30,45,25,27,
26,55,37,36,19,12,18,7,6,20,10,50,17,16,45,
9,2,8,53,14,43,42,12,52,4,13,6,14,43,51,51,13,41}

{3,9,2,6,18,4,0,27,4,10,7,19,5,28,15,
11,8,20,29,12,21,30,13,22,31,24,33}
{4,6,8,12,18,13,15,17,21,27}
{2,4,6,65,67,69,56,58,60,8,10,71,12,63,62
64,71,73,75,66}

{23,59,17,5,11,9,28,64,22,10,16,14,33, 69,
27,15,21,19,40,24,60,18,6,12,36,72}

{25,37,1,9,13,26,38,2,10,14,27,39,3,11,15,0}
{0,7,6,14,12,21,18,11,4,10,16,25,22,19,12,26,
24,33,30,27,34,32,41,38,31,36,45,42,37,44,

51,48,40,46,61,35,52,49,42,37,44,51,48,40,
46,61,35,52,49,42,56,54,63,60,17,28,21,20,
29,36,34,43,50,57,47,58,55,62,69,66,35,23}

It 1s left as an exercise for the reader to find the classical matrix
product of B x A and show B x A # A x B.

However for the sake of readers satisfaction we would
take a subset matrix of order 2 x 2 and show A x B#B x A.

. {3,0,6,1}  {4,7,9,1}
Consider A = an
{1,2,0}  {1,5,0,10}
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B= {2,1,0,10}  {4,7,9,1}
{1,2,0}  {1,5,0,10}

} two 2 x 2 subset matrix from

P = {collection of all 2 x 2 subset matrices with entries from
P(Z) or P(Q) or P(R)

_ {{“1 az} /ai € P(Z) or P(Q) or P(R) : 1 <i< 4.
a a

3 4

We find the classical product A x B and B x A and find if
A xB=B x A ornot.

Let A= { 0.1y {2’5}1 B= [{5,4} {3,10}} cp
We find A x B = [ 0.1} {2,5}} . [{5,4} {3,10}}
1,105 i 7h {1,204

3 (40,13 % {5,4} +{2,5} < {7} {0,1} x {3,10} +{2,5} {1,20}
- | 16,10} x {5,4} + {1} x {7} {6,10} x{3,10} + {1} x {1,20}

[ {5,4,01+1{14,35}  {0,3,10} +{2,5,40,100} |
| {30,50,24,40} + {7} {18,30,100,60} +{1,20}

{2,5,40,100,8,43,103, ]
{19,18,14,35,39,40}

12,15,50,110}
{19,31,101,61,38,50,
120,80}

B x A{{SA} {3,1,0}}[{0,1} {2,5}}
71200 6100 (1

(37,57,31,47}
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(5,41 x {0,1} + {3,101 x {6,100 {5,4} x {2,5} + 13,19} x {1}
(Tyx{0,1} + {1,201 x {6,10}  {7}x{2,5} +{1,20} x {1}

_ [40,5,4} +{18,60,30,100}  {10,8,25,20} + {3,10}
| {07} +1{6,10,120,200}  {14,35}+{1,20}

[{18,60,30,100,23,65,35 {13,11,28,23,20,18,25

| 105,22,64,34,104} 30} )
{6,10,120,200,13,17,
{15,36,34,55}
127,207}

Clearly B x A # A x B evident from the equation I and II.
Thus {P, x (classical)} is a non commutative subset monoid of

infinite as

e {{1} {0}} o
)= € P serves as the subset identity matrix.
{0y {1}
{Iy {0} ... {0}

Suppose I, = is the subset identity

{0y {1} ... {0}
{0y {0} ... {1}
under classical matrix product of n x n square subset matrices.

We see {P, min x (classical matrix product} is a non

commutative subset topological space of subset square matrices.

Next we proceed onto describe minmax and maxmin

product in subset square matrices.
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Let P = {2 x 2 subset matrices with entries from P(Z)} =

{collection of 2 x 2 subset matrices with entries from P(Z)}.

Let A= {{3’7’8} {0’4}1 and B = [{2’1} {1,3,0}1 eP

min{max {A, B}}

, [{3,7,8} {0,4}} [{2,1} {1,3,0}1

= min{max { )
{1,24  {5,6} {0,5y {7,2}
| min{max{{3,7,8},{2,1} },max {{0,4} {0,5} }
- min{max{{l,2} {2,1} },max{{6,5},{0,5} } }

min{max{{3,7,8},{1,3,0} },max {{0,4} {7,2} }
min{max{{1,2} {1,3,0} },max{{6,5},{7,2}}

_ [min{{3,7,8},{0.4,5} min {{3,7.8},{7,2,4}}
| min{{1,2},{6,5}} min{{1,2,3},{6,5,7}}

[10,3,4,5 3,2,4,7} |
R 1,230 |

min{max {B,A}}

2,1} {1,3,0}1 {{3,7,8} {0,4}1}}

= min{max { [{035} (7,2} {2} {56}
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min{max{0,5},{3,7,8} },max {{7,2},{1,2} }
min{max{2,1},{0,4} } ,max{{1,3,0} {5,6} }}

[min{max{ {1,2},{3,7,8} },max {{1,3,0} {1,2} }

min{max{0,5} {0,4} },max{{7,2},{5,6} }

3 [ min{{3,7,8},{1,3,2}},min{{2,1,4} {5,6}}
- | min{{3,7,8,5},{7,2} },min{{7,5,6},{0,4,5} }

[ 214 )
2357 10,45

Clearly I and II are distinct, hence
min{max{A, B}} # min{max{B, A}.

So min max operation on subset square matrices is non

commutative.

In view of this we claim {P, min, min max}, {P, max,
min max}, {P, U, min max}, {P, N, min max}, {P, +, min max}
and {P, x, min max} are 6 distinct subset non commutative

topological spaces.
If we take on the other hand
{P, x-classical product of subset matrices, min max}

is defined as the doubly non commutative subset topological

space as both the subset semigroups {P, min max} and

{P, x-classical subset matrix product} are non commutative.
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Now consider the operation max min on subset square

matrices A and B just given earlier

max {min{A, B}}
. {{3,7,8} {0, 4}} [{2,1} {1,3,0}}
= max {min{ ) ¥
{L.2} {56} [{0,5} {7.2}

| max{min{{3,7,8},{2,1} },min{{0,4},{0,3} } }
B max {min{{1,2},{2,1} },min{{5,6},{0,5} } }

max{min{{3,7,8},{1,3,0} },min{{0,4},{7,2} } }
max {min{l,2},{1,3,0} },min{{5,6},{7,2} } }

_ min{{3,7,8},{7,2,4}} _ {1,2,3} {1,0,3,4,2} -
min{{1,2,3},{6,5,7} } {L,2,5} {2,5,6} -
max {min{B,A}}
, {{2,1} {1,3,0}} [{3,7,8} {0,4}1
= max{min{ ) 3
{0,5}  {7,2} {1,2}  {5,6}

| max{min{{2,1},{7,3,8} },min{{1,3,0},{1,2} } }
- max{min{{0,5},{3,7,8} } ,min{{7,2},{1,2} } } }

max{min{{2,1},{0,4}},min{{1,3,0},{5,6}} }
max {min{{0,5},{0,4} },min{{7,2},{5,6}}}

~ [max{{1,2},{0,1,2}} max{{0,1,2},{0,1,3}}
| max{0,3,5,{1,2}}  max{{0,4},{2,5,6}



Linguistic Topological Spaces and their properties | 205

IV

[ a2 01,23
C13,5,1,2) {2,5,6,4)

III and IV are distinct hence the operation maximum is non

commutative.

In view of this we can say {P, max min} is a non

commutative semigroup.

Thus this leads to the fact that {P, max, max min}, {P,
min, maxmin}, {P, U, maxmin}, {P, N, max min}, {P, + max
min} and {P, x maxmin} are all non commutative topological

spaces of subset square matrices.

Finally we will using these concepts in the following
chapter to building non commutative topological spaces of

linguistic square matrices.
We suggest the following problems.
SUGGESTED PROBLEMS

1. Let V be the linguistic variable related with the height of
people.

a) Is the linguistic set associated with the ling
variable V a linguistic continuum or a linguistic
partially ordered set or a linguistic totally ordered

set?

b) How many linguistic topological can be built

using this V?
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2. Let V be the linguistic variable associated with the yield

of paddy.
a) Find the linguistic set S associated with it.
b) Is S a linguistic continuum justify your claim?

c) Will S be a totally ordered set?

d) Can we say S is just a finite set? Substantiate your

claim!
e) Will S be atleast a partially order set? Justify.

f) Will S be having several linguistic continuums?

Justify your claim.

3. Distinguish between the linguistic topological spaces and
the classical topological spaces.

4, Characterize those linguistic variables which give way to

linguistic topological spaces.

5. Enumerate all those common features enjoyed by both
classical topological spaces and linguistic topological

spaces.

6. Give an example of non commutative linguistic

topological spaces.

7. Let V be the linguistic variable associated with age of
people. Let S = [youngest, oldest] be the linguistic set
associated with V.
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= [youngest, oldest] 1 < i < 25} be the 5 x 5 linguistic

square matrices.

1) Prove {M, max} is a linguistic commutative

monoid.

i) What is the linguistic identity of M under max

operation?

iii) Prove {M, min} is a linguistic commutative

monoid of infinite order.

iv) What is the linguistic identity of M with respects

to min operation?
V) Compare the linguistic identities in I and IV.

vi) Prove {M, max, min} is a linguistic topological

space of finite order and it is commutative
vii) Is {M, min max} a commutative operation?
viii)  Prove {M, max min} is a linguistic semigroup.

1X) Is {M, max min} a ling monoid? Justify your

claim.
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X) Can we say {M, min max min} and {M, max,
max min} are linguistic topological spaces of
infinite order which is noncommutative? Prove
your claim.

x1) Prove {M, min max} is a linguistic semigroup
and not a linguistic monoid.

xii))  Prove {M, max, min max} and {M, min min
max} are non commutative linguistic topological
spaces of infinite order.

xiii)  Will {M, max, min, min max} be a linguistic
topological space? Justify your claim.

xiv) Can {M, max, min max} the linguistic
topological space have finite order linguistic
topological subspaces?

XV) Can {M, max min, min max} be defined as
strongly non commutative linguistic topological
space? Prove or justify your claim.

8. Can we have linguistic topological spaces which are not

linguistic topological square ling matrices?

9. Let V be the linguistic variable associated with height

people. S = [shortest, tallest] be the linguistic variable

associated with V.

N={|a, a a, a, a, a,|/aeS;1<1<18}

13
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be the 3 x 6 ling matrices.

i)

vi)

vii)

viii)

Prove {N, min} and {N, max} all linguistic

monoids of infinite order.

Prove {N, min, max} is a linguistic topological

space of infinite order which is commutative.

Can any linguistic submonoid of {N, min} be a
linguistic submonoid of {N, max}? Justify your

claim.

Can {N, min, max} have linguistic topological
subspaces of finite order? Substantiate your

claim.

Give four linguistic topological subspaces of {N,

min, max} which are of infinite order?
Prove or disprove every subinterval

I < [shortest, tallest] = S 1is a linguistic
topological subspace {M min, max} of {N, min,

max}, where

a, a, .. a,
M={la, a, .. a,|/ael;1<i<18}.
a13 a14 alS

Will {M, max} and {M, min} be linguistic sub
monoids of infinite order?

Will every proper subset P of finite order in S be
such that
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10.

a'1 aZ a’6
{J=|la, a, .. a,|/aeP;1<i<I18}c
a13 a14 i alS

M, min, max} be a linguistic topological
subspace of {N, min, max} of finite order. Prove

your claim.

iX) Will {J, max} be a linguistic submonoids of finite
order? What is the linguistic matrix identity of
{S, max}?

X) Study question (ix) relative to {J, min}.

xi) Find any other special features enjoyed by

{J, min, max} {J given in ix}.

Will the linguistic variable V; colour of the eyes of
internationals pave way to a totally orderable linguistic
set S.

Can we say {S, max} and {S, min} can be defined?

1) If P(S) is the powerset of S; will {P(S), min} be a

linguistic monoid?
i) Will {P(S), max} be the linguistic monoid?

i) What are the linguistic identities in the linguistic

monoids given in (i) and (i1)?

v) Will {P(S), min max} be a linguistic topological
space analogous to classical topological space.
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Find all the possible linguistic topological spaces

associated with the linguistic variable height of persons.

a) How is this linguistic variable different from the
linguistic variable growth of paddy plants and its
yield?

b) Can we build ling monoids using the variable

mentioned in (a)? Justify your claim.

c) Show by examples that all linguistic variables
cannot be yield itself to build algebraic structures

as its associated linguistic sets.

Let V be the linguistic variable weight of people.
S = [lowest, highest] be the linguistic set associated with
it.

Suppose W = {collection of all 9 x 9 linguistic square

matrices with entries from S}.

1) Prove {W, U}, {W, N}, {W, max} and {W, min}

are linguistic monoids. Are these distinct?

i1) Prove {W, min max} and {W, max min} are
linguistic semigroups of infinite order which are

not commutative.

i) Find lying subsemigroups of finite and infinite
order in case of linguistic semigroups mentioned

in (i)

iv) Prove {W, U, N} and {W, U, min max}, {W, N,

max min}, {W, U, max min} and {W, N, min



212 | Special Subset Linguistic Topological Spaces

vi)

vii)

viii)

x1)

xii)

xiii)

max} are 5 distinct linguistic topological spaces
of square linguistic matrices.

Prove only {W, U, N} is a commutative ling

topological space of square linguistic matrices.

What is doubly non commutative linguistic
topological space?

Can we say {W, min max, max min} is a doubly
non commutative linguistic topological space of

infinite order.

Obtain any other special feature enjoyed by the
doubly non commutative linguistic topological

space in general.

Can we say {W, min max, max min} be a

linguistic semiring? Justify your claim.

Can we say {W, U, min max} is a linguistic non
commutative semiring of infinite order on the

linguistic square matrices.

Is {W, U, N} a linguistic commutative semiring

of linguistic square matrices?

Can we see {W, N, U} = {W, min max}? Justify

your claim!

Will {W, min max} be a linguistic monoid of

linguistic square matrices?



14.

15.

16.

Linguistic Topological Spaces and their properties | 213

Characterize linguistic topological subspaces of
{N, max, min max} where N = {collection of all
7 x 7 linguistic matrices with entries from S}
where S = [lowest, highest] the linguistic set
associated with the linguistic variable V; the

temperature (whether) report for 10 days.

a) Find atleast 5 linguistic topological
subspaces of {N, max, min max} of finite

order.

b) What can be least order of the linguistic
topological subspaces of {N, max, min

max}?

c) Can we say {N, max, min max} has
infinite number of linguistic topological

subspaces of matrices? Justify your claim.

Obtain any other property enjoyed by linguistic
topological spaces which are non commutative square

matrices.

Is it possible to construct non commutative linguistic
topological spaces in any other way other than the ones

mentioned in this chapter?

Construct a subset topological space using P(Q) (Q the
field of rationals).

1) Prove or disprove {P(Q), U} and {P(Q), max} are
different.
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17.

18.

i) Wwill {P(Q), U, max} be a special subset

topological space?

iv) Can we say {P(Q), U, max}, {P, U, min} and
{P(Q), max, min} are subset semirings? Justify

your claim.

a a a
LetM={[1 2
a a a

4 5 6

j / aj € P(Z), P(Z) the power set
of integers 1 <1< 6} be the subset matrix.

1) Prove {M, U, N} is a special topological space of

subset matrices.

i) Prove {M, U, max} and {M, N, max} are also

subset topological spaces of subset matrices.

iii) Can we say {M, min, max} is a subset semiring

of subset matrices?

iv) Will {M, min max} be a subset topological

space? Justify your claim.

V) Can we define any noncommutative operation on
M?

Let B = {collection of all 5 x 5 subset square matrices
with entries from P(R); P(R) the power set of reals R}.

1) Prove {B, max min} and {B, min max} are two
distinct non commutative subset semigroups of
matrices?
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i) Can we say {B, min max} and {B, max min} are
subset monoids? If so find the respective identity

matrices?

iii) Prove {B, U, min max} is a non commutative
special topological space of square subset
matrices.

iv) How many special topological space of square

subset matrices can be built using B?

V) Will {B, U, min max}, {B, N, min max}, {B, min
minmax}, {B, max, min max} be non-
commutative subset semirings of subset square

matrices? If no why?

vi) Can we say {B, max min, min max} is a doubly
non commutative subset special topological

space of square matrices.

vii)  Will {B, max min, x (usual product)} be a non-
commutative doubly non commutative subset

special topological space of subset matrices?

viii)  Will {B, min max, x} be a subset special
semiring of subset square matrices which is non

commutative?



Chapter Three

SPECIAL SUBSET LING TOPOLOGICAL SPACES USING
LING SQUARE MATRICES

In this chapter, we for the first time, introduce the notion
of ling-special subset topological spaces using ling matrices and
ling square matrices. We call them special because we do not

use the classical way of dealing with ling subsets.

We show first examples of the operation on ling-subsets

and then extend it to ling-subset matrices.

Example 3.1. Let V be the ling variable height of people.
S = [shortest, tallest] is the ling set associated with V. Clearly S

is a ling continuum and S is a totally ordered set.
Let P(S) be the power set of S. Let

A = {short, very short, tall, just tall, very tall, medium height,
very very short, just short} and

B = {short, just short, very very tall, tallest, just tall} € P(S)
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min {A, B} = min{(short, very short, tall, just tall, very tall,
medium height, very very short, just short), (short, just short,
very very tall, tallest, just tall)}

= (min{short, short}, min{very short, short}, min{tall, short},
min{just tall, short}, min{very tall, short}, min{medium height,
short}, min{very very short, short}, min{just short, short},
min{short, just short}, ... min{just short, just short}, ...,
min{short, just tall}, min{very short, just tall}, ..., min{just
short, just tall})

= (short, very short, just short, just tall, tall, very tall, medium
height, very very short) € P(S) |

max{A, B} = max{(short, very short, tall, just tall, very tall,
medium height, very very short, just short), (short, just short,
very very tall, tallest, just tall)}

= {max {short, short}, max{short, just short}, max{short, very
very tall}, max{short, tallest}, max{short, just tall}, max{very
short, short}, ..., max{very short, just tall}, ..., max{just short,
short}, ..., max{just short, just tall} }

= {short, very very tall, tallest, just tall, just short, tall, very tall,
medium height} i

max{A, B} € P(S).

Clearly max{A, B} # min{A, B} as the equations I and II

are distinct.

Now we use this max and min operations are ling subset

matrices. It is pertinent to keep on record {P(S), max} and
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{P(S), min} are subset ling monoids of infinite order. Further
{P(S), min, max} is a special subset topological space which is

commutative and is of infinite order.

We first illustrate how we build ling subset matrices and

define max or min operations on them.

Example 3.2. Let V be the ling variable associated with age of
people. S = [youngest, oldest] be the ling set which is the ling
continuum associated with V. P(S) be the ling power set of the

ling continuum S.

Suppose M = {collection of all 1 x 4 ling subset row matrices}
= {(a1, a2, a3, a4) | a € P(S), 1 <i<4}.

We define on M min and max operations.

Let A = ({young, old, very old}, {just young, just old}, {very
old, old, very young}, {very old, old}) and

B = ({old, just old, middle age}, {old, young}, {very old,
young}, {young, old, middle age}) € N

min {A, B} = min{({young, old, very old}, {just young, just
old}, {very old, old, very young}, {very old, old}), ({old, just
old, middle age}, {old, young}, {very old, young}, {young, old,
middle age})}

= (min{{young, old, very old}, {old, just old, middle age}},
min{ {just young, just old}, {old, young}}, min{{very old, old,
very young}, {very old, young}}, min{{very old, old}, {young,
old, middle age}})
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= ({young, old, just old, middle age}, {(just young, just old,
young}, {very old, old, very young, young}, {old, young,
middle age}) e M |

Thus {M, min} is ling subset row matrix semigroup, in

fact a ling subset row matrix monoid

1= ({S}, {S}, {S}, {S}) € M is such that min{l, A} = A
forall A e M.

Now for the same A, B € S we find

max {A, B} = max{({young, old, very old}, {just young, just
old}, {very old, old, very young}, {very old, old}), ({old, just
old, middle age}, {old, young}, {very old, young}, {young, old,
middle age})}

= {(max{{young, old, very old}, {old, just old, middle agge}},
max { {just young, just old}, {old, young}}, max{{very old, old,
very young}}, max{{very old, young}, {young, old, middle

age}})

= ({old, just old, middle age, very old}, {old, young, just old},
{very old, old, young}, {very old, old, young, middle age})
WD

Clearly I and II are distinct max{A, B} € M.

Further {M, max} is a long subset matrix monoid. The ling

subset matrix identity being (¢) = ({0}, {¢}, {d}, {¢}) € M is
such that max{A, (¢)} = A forall A € M.
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Clearly {M, min, max} is a special subset topological

space of subset row matrices.

Now for this special subset topological space we can have
special subset topological subspaces of both finite and infinite

order. They are infinitely many.

We will provide one or two examples of the same and

proceed to develop different types of operations on them.

Consider the ling subcontinuum S; = [middle age, oldest]
< S, P(S)) the ling power set of Si; P(S1) < P(S).

Let N ={collection of all 1 x 4 ling subset row matrix with
entries from P(S1)} = {(d1, d2, d3, ds) | di € P(S1); 1 <i<4}cM
= {(a1, a2, a3, a4) | a; € P(S); 1 <i<4}.

It can be verified {N, max} is a ling subset submonoid of
ling subset row matrix of infinite order of {M; max}. Similarly
{N, min} is again a ling subset submonoid is ling subset
submonoid of ling subset row matrices of infinite order of {M,
max}. Similarly {N, min} is again a ling subset submonoid of

ling subset row matrices of infinite order of {M, min}.

Thus {N, min, max} is a ling special subset topological

subspace of {M, min, max} of ling submatrices of infinite order.

Having seen ling sub structure of infinite order we

proceed onto give examples of ling substructures of finite order.

Consider S; ={young, just young, old, very old, middle
age, very very young, just old} < S (S; is a finite subset of S

since S is a totally order ling set so is S»).
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P(S,) be the ling powerset of S; P(S2) < P(S), is also a
finite order ling subsets of P(S).

Let Q = {collection of all 1 x 4 ling subset row matrices

with entries from
P(S2)} = {(C1,Cs, C3,Cs) | Ci e P(S2); 1 <i<4} =M

is a finite collection of ling subset row matrices. {Q, max} is a
ling subset matrix submonoid of {M, max} and {Q, min} is
again a ling subset matrix submonoid of {M, min}. Infact {Q,
min, max} is a ling special topological subset subspace of ling

subset matrices of finite order.

Having seen special subset topological subspaces of both
finite and infinite order, we proceed to work for

noncommutative structure.

Example 3.3. Let V be the ling variable associated with the
weight of people. S be the ling set associated with V.

S = [lightest, heaviest] be the ling set which is a ling continuum,
so S is a totally ordered set.

Let T = {collection of all 6 x 1 ling subset column
matrices with entries from P(S); where P(S) is the ling power
set of S}

a, )
={| 7| /aieP(S);1<i<6}
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{T, min} and {T, max} are ling subset monoids of subset ling
column matrices {T, min, max} is a ling subset special

topological space of subset ling column matrices.

We leave the task of finding finite and infinite
substructure in them.

Now we give yet another example of a 5 x 3 ling subset

matrices.

Let L = {collection of all 5 x 3 ling subset matrices with
entries from P(S)}

N
w

® o
N
®» » o
wn
® »
N

/a; e P(S); 1 <1< 15},

<
=
)

N

[ I

s
[
[

{L, min} and {L, max} are ling subsets monoids of 5 x 3

ling matrices.

We see {L, min, max} is a special ling subset topological
space of ling subset matrices.

Let D = {collection of all 3 x 3 ling subset matrices with

entries from

a,

P(S)} ={|a, a, a,|/aieP(S);1<i<9}.

a; a5 4
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It is easily verified {D, min} and {D, max} are
commutative ling subset square matrix monoid of infinite order.

We see {D, min, max} is clearly a ling subset square

matrix special topological space of infinite order.

Only using these square ling matrices we can build non
commutative special subset ling matrices of monoid and
consequently build special subset topological spaces of square

ling subset matrices.
Now we find min{max{A, B}} where A and B € E.

where E = {collection of all 2 x 2 subset ling matrices with
entries from P(S)}

3 4

a1 aZ :
={ /ai € P(S); 1 <i1<4}.
a, a

{light, very light, {light,

h h
Consider A = cavy; veryheavy} and
{veryheavy, {heavy, very
heavy, light} light}

{verylight, very {heavy,light,

B heavy, medium weight}  veryheavy}
{light, {light,heavy,

very light} very light}

in E.

We find min{max {A, B}}
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{light, verylight  {light, very
heavy} heavy}
= min{max { ,
{veryheavy,  {heavy,very
heavy,light} light}

{verylight,veryheavy {heavy,light,
medium weight very heavy}

light, heavy,
dight,verylighty  (1gnt-heavy
very light}

min{max{ {light, verylight, heavy},
{verylight, very heavy, medium wt} },
max { {light, very heavy}, {verylight,
light} }
min{max { {very heavy, heavy,light},
{verylight, very heavy, medium weight} },
max { {very light, heavy}, {light,
very light} } }

min{max{ {light, very light, heavy},
{heavy, light, very heavy} } ,max{ {light,
very heavy},{light, very light, heavy} }
min{max{ {very heavy, heavylight},
{heavy, light, very heavy} }, max { {heavy,
very light}, {light, heavy, verylight} } }
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min{{light, very heavy, medium wt,
very light, heavy}, {light, very heavy} }
min{{very heavy, heavy,light, {verylight,
light, medium wt}, heavy} }

min{{heavy,light, very heavy}, {light,
very heavy, heavy} }

min{{very heavy, heavy,light}, {heavy,
light, very light} }

{light, very light, )
. ) {light,heavy, very heavy}
heavy, very light, medium wt}

light, light, h . i
{lig very light, heavy {heavy, light, very light}
medium wt}

min{max {A, B}} € E.

min{max{B, A}} =

{verylight,veryheavy, {heavy,light,very

int { medium wt} heavy}
min{max ,
{light, heavy, very

light, very light
{light, very light} light!

{light, very light, {light,
heavy} very heavy}

{veryheavy, {heavy, very
heavy, light} light}
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min{max { {very light, very heavy,
mediumwt}, {light, very light, heavy} }
max {heavy, light, very heavy}, {very heavy,
- heavy, light} } }
min{max { {light, very light}, {light, very light, heavy} },
max { {light, heavy verylight}, {heavy, very heavy,
light} }}

min{max { {very light, very heavy, medium wt} },
{light, very heavy} }, max {heavy, light, very heavy},
{heavy, verylight}}}
min{max { {light, very light}, {light, very heavy} },

max{ {light, heavy, very light}, {heavy, verylight} } }

min{{light, verylight,heavy min{{light, very heavy, medium
very heavy, medium wt} wt},{heavy,light, very heavy} }

min{{light, verylight, . .
. . min{{light, very heavy},
heavy}, {light, very light

heavy} }

{light, very light, heavy} }

{light, very light,heavy, {light,heavy, very heavy,
= | very heavy, medium wt} medium wt} I

{light, very light,heavy} {light, heavy, verylight}
Clearly equations I and II are distinct.
Hence min{max{A, B}} # min{max{B,A}}.

Thus we see {E, min max} is a ling subset square matrix

semigroup which is non commutative and is of infinite order 1.
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Now for the same A and B in E we find
max {min {A, B}} and max{min{B, A}}.
max {min{A, B}}
{light, very light,
heavy}
= max{min{

{veryheavy, light
heavy}

{light, very heavy}

{heavy, very light}

{verylight,veryheavy, {heavy,light,very

medium wt} heavy}

Iy
{light, heavy, very

light, very light
{light, very light} light)
max {min{ {very light, light, heavy},
{verylight, very heavy, medium wt} },
min{{light, very heavy}, {light, verylight} } }
max {min{{very heavy, light, heavy}, {very
light, very heavy} }, medium wt},
min { {heavy, very light}, {light, very light} } }

max {min{ {light, very light, heavy},
{verylight, very heavy, medium wt} },
min{ {light, very heavy}, {light, heavy
very light} } }
max {min{{very heavy, light, heavy} {heavy,light,
very heavy} }, min{heavy, very light}, {light, heavy,
verylight} } }
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max { {light, very light, medium wt,
heavy},{light, verylight} }
max { {heavy, very heavy, very light, light,
medium wt}, {light, verylight} }

max { {light, very light, heavy?}, {light,
very light, heavy} }
max { {very heavy, heavy, light}
{heavy, very light, light} }

{heavy,light, verylight, {light, verylight,
medium} heavy}

{heavy,light, very light, {very heavy, heavy
very heavy, medium wt} light}

Clearly max {min{A, B}} € E. We find
max{min{B,A}} =

{verylight, very heavy,

. {heavy, light, very heavy}
medium wt}
max {min {

light, heavy,
{light, very light} (light, heavy, very
light}

light, very light, )
ilight, verylig {light, very heavy}
heavy}

3
heavy, h
tveryheavy.heavy vy verylight)
light}
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max {min{ {very light, very heavy, medium wt},
{light, very light, heavy} }, min { {heavy, light,
very heavy},{very heavy, heavy,light} } }
max {min{ {light, very light}, {light, verylight,
heavy} }, min{{light, heavy, verylivht}, {very

heavy, heavy,light} }

max {min{ {very light, very heavy, medium wt{,
{light, very heavy} } , min{ {heavy, light,
very heavy}, {heavy, verylight} }
{max {min{{light, verylight}, {light, very heavy},
max {min{light, heavy, verylight},
{heavy, verylight} }

max {light, verylight, heavy, medium weight},
{light, heavy, very heavy} }
max { {light, very light}, {light, verylight,
heavy} }

max { {very light, light, very heavy, medium wt},
{heavy, verylight, light} }
max { {light, very light}, {verylight,
light, heavy} }

{light,heavy, mediumwt, {heavy,verylight,light,
= very heavy} very heavy, mediumwt} | . [V

{light, very light,heavy}  {light, verylight, heavy}

Clearly max{min{B,A} € E.
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Further the equation III and IV are distinct. Thus max
min{A,B} # max{min{B,A}}.

Hence {E, max min} is a subset ling semigroup of subset

ling square matrices which is non commutative.

We see in view of this {E, max, max min} and {E, min,
max min} are non commutative special subset ling topological

space of ling subset square matrices.
The formal abstract definition is given in the following.

Definition 3.1. Let V be a ling variable S be the ling set
associated with this ling variable V such that S is a totally

ordered ling set.

Let 11 and n: be two distinct operations defined on S. We
define {S, n1, 1n2} to be doubly non commutative ling topological

space if and only if
i) S, n} is a ling noncommutative semigroup.
ii) {S, m} is again a ling non commutative
semigroup.

We can prove the existence of such doubly non

commutative ling topological spaces.

The following theorem infact proves the existence of a

large class of doubly non commutative ling topological spaces.

Theorem 3.2. Let V be a ling variable such that the ling set S

associated with V is a totally ordered set.
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P(S) be the ling power set of S.

Let M = {Collection of all n x n ling subset square

matrices with entries from P(S)}

mll le In
m m m

={ °! :22 :2" | mij € P(S); 1 <i,j<n}.
mnl ng mnn

Then {M, min max, max min} is a doubly noncommutative

special subset topological space of subset ling square matrices.

Proof. Clearly {M, min max} is a subset ling semigroup of ling
subset square matrices as for any A, B € M; it can be clearly
proved min{max{A, B} # min{max{B, A}}. Hence the claim.
Similarly max{min{A, B} # max{min{B,A}} their by making
the ling subset semigroup of square matrices to be non

commutative.

Thus {M, max min, min max} is a doubly non
commutative special subset ling topological space of subset ling

square matrices. Hence the claim.

Now we can have special ling topological subset

subspaces of both finite and infinite order.

We can have only 4 non commutative special subset ling
topological spaces of ling subset square matrices give by {M,
min, max min}, {M, max, max min}, {M, min, min max} and
{M, max, min max}. However in case of reals or rationals using
square matrices we have several of them which is elaborately
discussed in chapter II of this book.
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We have introduced them and described and discussed
them mainly keeping in mind this very notion is new and needs
some sort of repetition will help the reader to work and

understand these concepts easily.

We can have only one doubly non commutative ling

special subset topological space of subset ling square matrices.

On the contrary in case of ling special subset topological
spaces or special ling non commutative special subset
topological spaces can be many for depending on the ling

variable we get them.

For instance we can build ling doubly non commutative
special subset topological spaces of square ling subset matrices
for long variables such as height of people, age of people,
weight of people, performance aspects of students or teachers or
workers. Weather report (like temperature or rainfall ‘or’ used
in the mutually exclusive sense), density of plantation and so

on.

In all these cases basically we need ling set associated

with the ling variable to be a totally ordered set.

If we do not have the ling variable contributing to a
totally ordered set still we can have the classical type of
topological spaces constructed using the ling power set P(S)
(S the ling set associated with the ling variable).

Now {P(S), U m} will be the classical ling topological
space. We call them classical as S is any set and in particular
here S is a ling set. So classicality plays a vital role in its

construction.
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We will for the sake of completeness give some

examples.

Example 3.4. Let V be the ling variable associated with the
quality of mango fruits from a particular mango grew. Mangoes

vary in size, sweetness, colour and so on.

Let S = {big, small, very small, very ripe, just ripe, ripe,
sweet, very sweet, bitter, insipid, very big, just big, green,

yellow, orange and so on} be the ling set.

Clearly S is not a totally ordered ling set. Let P(S) be the

ling powerset of S.
{P(S), U, N} is the classical ling topological space.

Example 3.5. Consider the ling variable colour of the eyes of
itnernationals. S = {brown, dark brown, light brown, black,
green, blue, amber} be the ling set. P(S) be the ling power set of
S. {P(S), U, N} is the finite order ling classical topological

space.

Example 3.6. Let V be the ling variable associated with the
weather in a month. S = {rain, heavy rain, light rain, drizzle,
hot, very hot, just hot, neither hot, not cold, just cold, very cold,
very breezy, thunderstorm and so on}.

We cannot order them fully.

However {P(S), U, n} is a ling classical topological

space.

Thus having seen classical as well as non classical ling

topological spaces we proceed on to suggest a few problem for
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the reader. By solving these problems the reader may have a

better understanding of these new concepts.
SUGGESTED PROBLEMS

1. Give an example of ling variable which can yield only a

classical ling topological space.

2. Give examples of ling variables which can yield only a
ling topological space which is classical and is

commutative but different from problem (1).

3. Give examples of ling variables which give way to
special subset noncommutative ling topological spaces of

finite order.

4. Consider the ling variable V temperature of weather in 24
hours. S = [oldest, hottest] be the ling continuum

associated with the ling variable V.

1) Prove {S, min max} is akin to a classical ling

topological space.

i) Prove {P(S), U, N} can be a classical ling
topological space or otherwise depending on

how U and M are defined on elements of P(S).

i) Let M = {collection of 5 x 5 ling subset square

matrices with entries from



Special Subset Ling Topological Spaces ... | 235

a11 a12 alS
a a ... a

PO} = 7 2 |/ ai € P(S)
a a a

52 55

1<1i,j<5}.
Prove {M, min} is a subset ling square
matrix monoid which is commutative. What

is its ling matrix identity?

Is {M, max} a ling subset square matrix
monoid? Does it have a ling matrix

identity?

Prove {M, N} is a ling monoid of subset

square matrices.

Establish {M, ~n} 1is different from
{M, max} and {M, min}

Prove {M, U} is a ling monoid of subset

square matrices.

Find the ling identity of {M, U}.

o ¢ ... ¢
Can we say (¢) = d) d) ¢ eM

is the ling identity with respect to N?
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vi)

vii)

g.  Prove {M, max}, {M, min} and {M, N} are
3 different ling subset square matrix
monoids different from {M, U}; the ling

subset square matrix monoid.

h.  Will {M, max} and {M, U} have the same

subset ling square matrix as its ling identity.

1. Does the ling square matrices {M, N} and
{M, min} enjoy same type of ling square
identity? (Justify or prove your claim).

Prove {M, max, min} is a ling topological space

of subset square ling matrix.

a) Is {M, max, min} a commutative ling
special topological space? Justify your
claim.

Prove {M, U, N} is a ling topological space of
subset square matrices (under usual classical
intersection of subsets).

Are the two ling topological spaces {M, max,
min} and {M, U, N} identical or distinct? Prove

your claim.

Prove {M, max min} is a ling subset monoid of

ling subset square matrices.

a. Is {M, max min} commutative? Prove your

claim.
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viii)  Prove {M, max, max min} is a ling subset special

topological space of ling subset square matrices?

a. Is {M, max, max min} a commutative
special topological subset space? Prove

your claim.

ix) Prove {M, min, max min}, {M, U, max min} and
{M, N, max min} are 3 distinct subset special
ling topological space of square matrices

different from {M, max, max min},

X) Is {M, min, min max} a special subset ling

topological space of subset square ling matrices?

a. Prove {M, min, min max} is a special

subset non commutative topological space.

xi) Prove {M, min, min max}, {M, max, minmax},
{M, U, min max} and {M, N, min max} are 4
distinct special ling topological subset spaces of

ling square subset matrices.

Xii) Describe a doubly non commutative special
subset ling topological space of ling square

subset matrices.

xiil)  Can we say {M, min max, max min} is a ling
special subset doubly non commutative
topological space of ling square subset matrices?

Justify / prove your claim.
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Xiv)

5. Let V

Obtain any other interesting properties associated
with special subset ling topological spaces in
general and in particulars subset special ling
topological spaces which are non commutative

and doubly non commutative.

be the ling variable associated with the

performance aspects of factory workers. S = [worst, best]

be the ling continuum associated with V.

ii.

1ii.

1v.

vi.

Vii.

viii.

Prove S is a totally ordered ling set,

Prove{S, U, N} is a topological ling space like

classical topological spaces.
Is {S, min, max} a ling topological space?

Are these ling topological spaces {S, U, N} and
{S, min max} identical or distinct? Prove your

claim.

Find finite ordered ling subtopological
subspaces?

Is the number of infinite ling subtopological
spaces of {S, U, N} infinite or finite? Prove

your claim.

Prove {P(S), n, U} is akin to the classical

topological space?

Find the differences between {P(S), U, N} and

{S, U, N}.



1X.

X1.

Xil.

xiii.

X1V.

XV.

XVi.

XVvil.
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Find finite order ling subspace of {P(S), U, N},

Are they finite in number or infinite in number?

Justify your claim.

Prove there are infinite number of infinite
ordered ling topological subspaces of
{P(S), U, N}.

Prove {P(S), min, U} is a ling topological space
of subsets (where min is defined in the special

way described earlier).

Prove {P(S), max, U} is also a ling subset

topological space.

Can we say {P(S), max, U} and {P(S), min, N}

are distinct? Justify / prove your claim.

Prove {P(S), min, U} is a subset ling
topological space which is different from
{P(S), max, U} and {P(S), min U}.

Is {P(S), min, N} a special subset topological
ling space different from {P(S), min, U} {P(S),
max, U} and {P(S), max, N}? Substantiate /

prove your claim.

Obtain any other special feature enjoyed by
these four types of ling subset special

topological spaces.
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xviil. Let B= {[

XiX.

XX.

XX1.

Xxil.

a, a, ... a,

a a a

10 11 18

}/aies;

1 <1 < 18} be the collection of ling 2 x 9

matrices.

a. Prove {B, U} is a ling commutative

monoid. Find its ling identity matrix.

b. Is {B, max} different from {B, U}

substantiate / prove your claim.

c. Is {B, N} a ling commutative monoid of

2 x 9 ling matrices?

d. Is {B, min} different from {B, N}?

Justify/prove your claim.

Prove {B, U, min} is a ling commutative

topological space of 2 x 9 ling matrices.

a. Find ling commutative topological
subspaces of {B, U, min} of both finite

and infinite order.

Is {B, N, min} a ling topological space of ling

matrices? Justify your claim.

Is {B, N, min} different from {B, U, min}?

Substantiate your answer.

Compare {B, U, max} with {B, N, max}? Are
they different? If so prove it!
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xxiii. Prove all the four ling topological spaces are
distinct.

2

w
N

xxiv. If D= {

-

o o o o o
w
%

a
a
a, | /aieP(S); 1<1<10}
a
a

©

10

be the ling subset 5 x 2 matrices is such that

{D, U} is a ling subset 5 x 2 matrix monoid.

xxv.  Prove {D, U}, {D, N}, {D, max} and {D,
min} four distinct ling subset 5 x 2 matrix

monoids of infinite order

xxvi. Can {D, min, max} and {D, max min} be
made into ling subset monoids of 5 x 2 ling
subset matrices commutative or non

commutative prove your claim?

xxvii. Suppose N = {collection of all 3 x 3 ling

matrices with entries from S}

al aZ a3
={la, a; a,|whereaieS;1<1<9}.
a

a a

7 8 9

a. Prove {N, min}, {N, max}, {N, U} and
{N, N} are four distinct ling square
matrices of infinite order which are

commutative!.
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xxviii. Can we prove {N, min max} and {N, max
min} are two distinct noncommutative ling
matrix monoids? Substantiate / Justify your
claim.

a. Find ling matrix submonoids of both

finite and infinite order.

xxix. Prove {N, U, max min}, {N, N, max min},
{N, max, max min} and {N, min, max min}
are four non commutative ling topological

space of square matrix.

xxx.  Find both finite and infinite ling topological

sub spaces of square matrices.

xxxi. Let T = {collection of all 4 x 4 ling subset

square matrices with entries from P(S)

a, a, a, a,
a, a, a, a
5 6 7 8
={ / aj € P(S);
a9 a'10 all alZ
a'13 a'14 a15 al()
1<i<16}.

a. Prove {T, U} is a ling subset square

matrices monoid of infinite order.
b.  How is it different from {N, U}?

c. Prove {T, n}, {T, min} and {T, max}

are different ling subset square matrices
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monoids of infinite order which are

commutative.

Prove {T, max min} and {T, min max}
are two distinct ling subset square
matrix monoids which are non

commutative.

IfA=
{worst,good} {good}
{verybad,bad, fair} = {verybad}
{verygood,bad, {good,bad,
justbad, good} very bad}
{fair,good,

bad, good
L tbad, good} bad, justbad}
{best, good, 1
{S}
very good}
{good}  {good, bad, justbad}
{0} {good, worst, bad}
{bad} {bad, good}
e T.Find AT

Prove min {max{A, AT}} # min
{max {AT, A}}.

Prove max {min {A, AT}} #
max {min{AT, A}}
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xxxii. Prove {T, U, max min}, {T, max, max min},

{T, N, max min} and {T, min, max min} are

four distinct noncommutative special ling

subset topological space of subset square

matrices.

xxxiii. Prove {T, U, min max}, {T, N, min max},

{T, min, min max} and {T, max, min max}

are four different ling special topological

space subset square ling matrices.

xxxiv. Show the four special subset topological

spaces defined in xxxii

different. Justify your claim.

xxxv. Find special subset topological subspaces of

both finite and infinite order given in xxxiii.

6. Let V be the ling variable associated with the height

of 20 people. Let S be the ling set associated with V.

i Is S a totally ordered set?
ii. Will S be finite or infinite?
iii. Show {S, min} and {S, max} are ling

monoids of finite order.

iv. P(S) be the power set of S. Prove {P(S),
min}, {P(S), max}, {P(S), N} and {P(S), U}

are four distinct ling monoids of finite order

and are distinct.



vi.

vil.

viii.
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(If A = {tall, very tall, short} B = {short, just
short, medium height tall} € P(S).

A N B = {tall, short}

A U B = ({tall, short, very tall, just short,

medium ht}

min {A, B} = {short, just short, medium
height, tall}

max {A, B} = {tall, just short, very tall, short,
medium height})

Prove {P(S), min max} and {P(S), U, N} are

ling topological spaces of finite order.

Will {P(S), U, min}, {P(S), U, max}, {P(S),
N, min} and {P(S), M, max} be ling
topological subset spaces of finite order?

Justify your claim.

Let T = {collection of all 3 x 5 ling matrices
with entries from S}; prove {T, U}, {T, N}
and {T, U, N} are ling monoids of matrices

and ling topological spaces respectively

If M = {Collection of all 6 x 6 ling matrices
with entries from S}; prove {M, U}, {M, N},
{M, max} and {M, min} are ling
commutative subset monoids of finite order.

Are they distinct? Justify your claim.
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1X. Prove or disprove {M, U, max}, {M, N,
max}, {M, U, min}, {M, N, min}, {M, N, U}
and {M, min, max} are 6 distinct ling subset

matrix topological spaces of finite order.

X. Prove {M, max min} and {M, min max} are
distinct ling subset non commutative monoids

of finite order.

X1. Are {M, U, max min}, {M, U, max min},
{M, max, max min} and {M, min, max min}
distinct non commutative ling topological

spaces? Prove your claim.

xii. Show {M, min max} and {M, max min} ling
non commutative monoids of square matrices
of finite order? What is order of {M, min

max} and {M, max min}}.

xiii.  Prove {M, min max, max min} is a doubly
noncommutative ling topological space of

ling square matrices of finite order.

a'1 aZ a3
xiv. LetN={|a, a, a,|/aeP(S);1<i<9}
a7 ax a9

be the ling subset square matrices

a. Will {N, U} {N, n}, {N, max} and {N,
min} be 4 distinct commutative subset

ling monoids of finite order?
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Are {N, max min} and {N, min max}
ling subset commutative monoids of
ling subset square matrices of finite
order?

Will {N, max, max min}, {N, max, min
max}, {N, min, max min}, {N, min,
min max}, {N, N, max min}, {N, N,
min max}, {N, U, max min} and {N,
U, min max} be ling non commutative
special subset topological space of ling
subset square matrices? Justify your
claim.

Prove {N, max min, min max} is a
doubly noncommutative special subset
ling topological space of subset square

matrices.
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In this book, authors, for the first time, introduce
the new notion of special subset linguistic
topological spaces using linguistic square matrices.
This book is organized into three chapters.
Chapter One supplies the reader with the concept
of ling set, ling variable, ling continuum, etc.
Specific basic linguistic algebraic structures,
like linguistic semigroup linguistic monoid, are
introduced. Also, algebraic structures to linguistic
square matrices are defined and described
with examples. For the first time, non-commutative
linguistic topological spaces are introduced.
The notion of a linguistic special subset of doubly
non-commutative topological spaces of linguistic
topological spaces is introduced in this book.
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