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Significance of the research problem

The inscription on theate of Plato’s Academy is commonly believed to hawvead: “Let no one enter here

who is ignorant of geometry”. Mathematical knowledge, specifically knowledge of geometry, was once
considered an essential prerequisite for further academic studies. Yet in Australia today, many students ar
entering university who lack basic knowledge and understanding of mathematics (Slattery & Perpitch 2010;
Brown 2009). In order to begin to remedy this significant problem, though, we need to know what
mathematical understanding is and only then can we promote mathematical understanding.

Recently some philosophers have argued that understanding rather than knowledge is the real goal of inqu
(Kvanvig 2003). Yet, how can understanding be different from knowledge, and if it is, why does it matter?
Some philosophers contend that understanding a phenomenon is simply a matter of knowing its cause. Ot
claim that understanding is distinct from knowledge, and involves discerning patterns (Zagzebski 2001), or
seeing connections between propositions that form a coherent theory (Kvanvig 2003). If knowledge is distir
from understanding, then perhaps epistemologists have been spending too much time trying to analyse the
concept of knowledge rather than seeking to understand the concept of understanding.

Understanding as an epistemic value is typically neglected in the sceptical modern tradition in epistemology
that prizes certainty and the guarantee of knowledge above all else. Understanding is the main goal of ager
in confronting well-established bodies of knowledge; it therefore flourishes in non-sceptical eras (Zagzebski
2001). Understanding is therefore a particularly appropriate goal in looking at mathematics, a well-establish
body of knowledge if ever there was one.

Given mathematics’ role as the paradigm of knowledge for rationalist philosophers, it is surprising to find that
contemporary epistemological discussions omit to consider in depth the case of mathematics. That is
particularly surprising since mathematics has always been the main source of examples of pure a priori
understanding, where on a certain appealing naive picture, a mathematician may come to appreciate why t
Pythagorean Theorem holds true in a certain instance even though nothing about the world has changed
except her understanding.

The aimof this research project is to develop a rich theory of mathematical understanding that is grounded i
mathematical practice as well as philosophical epistemology. The project has three central research questit

1. What is mathematical understanding in a given problem domain, and how does such understanding
differ, if at all, from knowledge?

2. In what way might mathematical knowledge be a kind of practical knowledge, and how does such
practical knowledge relate to understanding?

3. What is the role of visualization and technology in promoting mathematical and scientific
understanding and what does this tell us about the nature of understanding?

Significance and I nnovation

The project will develop a theory of mathematical understanding grounded in both contemporary epistemol
and the practice-based philosophy of science and mathematics. It will be the first to distinguish sharply bet
mathematical knowledge and mathematical understanding, demonstrating that they are distinct epistemic k
will apply this distinction to studies of visualization’s role in mathematical thinking, asking how and whether
visualization promotes mathematical understanding.

! When this proposal was written, | had just finished work as a Research Associate on an ARC Discovery Project, “Mathematics,
the Science of Structure”, based at UNSW in Sydney, Australia. | would like to acknowledge the assistance | received from
Professor James Franklin in revising the prose of this research description, the encouragement | received to create it in the
first place, and for his helpful guidance throughout my pursuit of this topic.



Most epistemology of mathematics until recently has tried to assimilate mathematical knowledge to other ki
scientific knowledge, and so naturally it applied the reigning model of scientific understanding and explanat
mathematics (e.g. Colyvan 2001). Yet this approach risks forgetting the norms and methods distinctive to
mathematics such as proof and axiom selection (Maddy 2001).

This project starts from the default assumption that mathematical knowledge is unique. Moreover, this proje
does not assume that mathematical understanding is a kind of causal knowledge, or that knowledge and
understanding are interchangeable kinds. This project argues for and accepts the premise that knowledge :
understanding are distinct epistemic kinds, and applies it to the mathematical domain.

Moreover, this project operates within the new genre of ‘practice-based’ philosophy of mathematics, which seeks

to ground philosophical theories of mathematics in mathematical practice. Practitioners of ‘practice-based’
philosophy of mathematics use case studies and actual examples of mathematical practice in order to gene
about the nature of the objects of mathematics and mathematical knowledge. Although not abandoning
foundational studies, practice-based philosophers of mathematics think that philosophy of mathematics has
proceeded with too much isolation from mathematics itself (Mancosu 2008a). The remedy for this problem |
philosophers to collaborate with mathematicians.

Advancement of Knowledge

With regard to [1], there is very little sustained discussion in the philosophy of mathematics that bears direc
on the distinction between mathematical knowledge and understanding. It is intuitive, however, that there is
such a distinction because one can know that Fermat’s Last Theorem is true without really understanding why

this is so. Furthermore, different proofs of the same theorem may deepen our understanding without addinc
our knowledge that the theorem is true. Finally, some explanations and proofs in mathematics do not really
promote understanding. For example, proofs by adition can be unsatisfactory when they don’t really

show why the theorem in question is true.

The closest existing literature to our topic concerns mathematical explanation. Mancosu (2008b) surveys
theories of mathematical explanation. He notes that philosophers of mathematics have tended to reach for
philosophy of science in order to give an account of understanding, but this approach doesn’t work well for
mathematics. A prominent account of scientific understanding is causal (Salmon 1984). Roughly, on cause
approaches, to understand something is to know its cause. Yet it is not obvious that mathematical
understanding really is a matter of having causal knowledge or indeed that mathematical reality is causally
active (cf. Newstead & Franklin 2011; Colyvan 2001).

Another theory of scientific understanding is that such understanding results when disparate theories are
unified (Kitcher 1989). The phenomenon of theory unification does have an echo in mathematical practice.
The explanatorinesstf Andrew Wiles’ proof of Fermat’s Last Theorem is due in part to the unification

effected between the theories of elliptical curves and modular forms. Yet unification cannot account for whe
it is to understand a solitary theorem, and it cannot be the whole story about mathematical explanation and
understanding.

With regard to [2], there is an existing theory of understanding that holds that understanding is in part a
matter of practical knowledge. Zagzebski (2001) develops such a theory of understanding, on which
understanding is tied to mastery of a practice (a techne). Understanding, unlike knowledge, is less vulnerak
to sceptical challenges, because the criteria for successful understanding on this view are wholly internal to
it. In determining whether one understands, say, the art of gourmet cooking, the understanding is
demonstrated by engaging in the practice skilfully.

This project will pursue in depth the proposal that understanding is a kind of practical knowledge as applied
to the example of mathematical understanding. Historically there has been an emphasis on geometrical
knowledge as a kind of practical knowledge based on the activity of performing constructions based on
diagrams as in Euclid’s Elements (Hintikka 1974). Avigad (2008) puts forward a Wittgensteinian view of
understanding as a matter of knowing how to give proofs and engage in other kinds of activities tied to
mathematical practice. Yet this ‘practicalist’ conception of understanding needs to be related to other

epistemic kinds, including propositional knowledge (cf. Hetherington 2011). By providing a kind of ‘road

map’ to contemporary epistemology on this matter, the present project will deepen our understanding of the

relations between practical knowledge, understanding, and theoretical knowledge.



With regard to [3], in philosophy of mathematics proper there is great excitement about the role of
visualization in understanding mathematics, much of it motivated by the fact that computer graphic and
visualization packages are now actually used in mathematical research (Palais 1999). Still, not much is
known, and even less is understood, about how visualization contributes to understanding. One of the best
philosophical works on visual thinking is Giaquinto (2007), which argues that visual thinking is invaluable

to most kinds of mathematical discovery and knowledge. However, Giaquinto does not explicitly consider
knowledge and understanding as distinct epistemic kinds. His discussion concerns knowledge, and for the
most part, he espouses a reliabilist epistemology focused on concept formation and obtaining true beliefs.
Unlike Giaquintds work, this project would employ the internalist notion of understanding as its main
concept, rather than the notion of reliably produced true belief.

The topic of whether visualization and visual aids such as diagrams, figures, graphs, and pictures are
relevant to proof is still not settled in philosophy of mathematics. Brown (2008) defends the extreme view
that pictures and diagrams can be proofs in themselves and thus constitute a kind of mathematical
knowledge, but never discusses the distinction between knowledge and understanding. Once the distinctio
is drawn between understanding and knowledge in mathematics, it becomes possible to answer questions
about the admissibility of visual aids in generating mathematical ‘knowledge’. The recurrent debate about

the illegitimacy of reliance on visual intuition in mathematical justifications, for example, can be recast as a
debate between those who find visual representations useful for understanding aspects of a mathematical
problem and those who find that visual representations have no place in formal proofs used to justify
mathematical knowledge (Newstead & Franklin 2009; Franklin 2014). Thus the present project will
differentiate between the various roles that visualization might play in a range of formal and informal
mathematical activities rather than restricting the discussion to the role of visualization in proof per se.

The topic of undrstanding and visualization’s role is discussed increasingly in educational circles (e.g.
Presmeg 2006) but typicalyfor reasons of a different emphasiithout much epistemological reflection.
Bobis, Mulligan & Lowrie (2009) discuss how to foster dhih’s developing understandings of

mathematics in the classroom, but do not say much about what such understanding is or how it differs from
knowledge. Educational researchers such as Sierpinksa (1994) and Pirie & Kieren (1994) are concerned w
describing stages of understanding (a genetic description), not with normative epistemology. Nelsen (2000)
and Alsina & Nelsen (2006) provide classroom resources for teaching mathematics visually. Such
educational research does have the virtgaite opposite to that found in philosophgf taking into

account real-life cases of mathematical understanding in students.

Hanna (2000) sounds a cautionary note amidst the new enthusiastisudfairmaths’, noting that

visualization does not necessarily deliver the kind of understanding obtained by deductive proof. Hanna,
Jahnke, and Pulte (2009) are one of the very few volumes to connect approaches in philosophy of
mathematics and mathematics education, with most of the discussion revolving around proof. Linn (2011)
has also warned that when students claim to understand something based on visualization, they may be tal
in by the ‘deceptive clarity’ of visual modes of presentation. That is to say, they may think they understand

more than they do about how something works after viewing a seductive visualization. In the age of iPAD:
these epistemological warnings are important.

Approach and Methodology

The project applies thgractice-based’ philosophy of mathematics (Mancosu 2008). As Mancosu (2008b)

notes there is a need for more case studies of mathematical knowledge and mathematical explanation in ot
construct a rich, empirically grounded theory of mathematical explanation. The practice-based philosophy
mathematics starts from the bottom-up, using actual case studies to generalize and draw inferences about
nature of mathematical explanation and understanding.

Successful pursuit of practice-based philosophy of mathematics requires some knowledge of mathematics,
basic mathematical knowledge suffices. Examples from geometry are particularly good for case studies, sir
they touch on the question of whether mathematical understanding need be propositional in form. Case stt
from Euclid’s geometry will be discussed, probably the propositions that cannot be demonstrated without
essential reliance on diagrams (Norman 2006; Mumma 2010). Examples from geometry are discussed in
Giaquinto (2007) but as noted his discussion of mathematical knowledge employs a basically reliabilist
epstemology, which seems inappropriate for mathematical understanding. The project will use an internali
approach to understanding. Furthermore, full account will be taken of the new possibilities afforded by digit:
visual technology (e.g. Jackiew’s geometer’s sketchpad) that can be used to teach geometry.
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