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ABSTRACT ARTICLE HISTORY

How is knowledge of geometry developed and acquired? Received 27 October 2020
This central question in the philosophy of mathematics has Accepted 30 November 2021
received very different answers. Spelke and colleagues argue KEYWORDS

for a “core cognitivist”, nativist, view according to which Geometric cognition; proto-
geometric cognition is in an important way shaped by geometry; core cognition;
genetically determined abilities for shape recognition and nativism; culturalism;
orientation. Against the nativist position, Ferreirés and philosophy of mathematics
Garcia-Pérez have argued for a “culturalist” account that

takes geometric cognition to be fundamentally a culturally

developed phenomenon. In this paper, | argue that when

understood as moderate versions supported by the state-of-

the-art research, the nativist and culturalist views are in fact

possible to reconcile. While Ferreirés and Garcia-Pérez pre-

sent the work of Spelke and colleagues as implying that

geometric cognition is genetically determined, | argue that

they fail to appreciate the role that Spelke and colleagues see

for cultural factors. On this basis, | provide theoretical and

terminological clarifications and show that moderate ver-

sions of the nativist and culturalist view are in fact consistent

with each other. | then propose a unifying theoretical frame-

work for future study that can integrate the two accounts in

ontogeny by moving beyond the crude nature (nativism) vs.

nurture (culturalism) dichotomy.

1. Introduction

Geometry is a key area of mathematics in several ways. It forms an impor-
tant part of mathematical education on almost every level, and geometric
theories are fundamental for many scientific fields, such as physics and
chemistry. Historically, geometry has served a crucial role in the develop-
ment of mathematics both in terms of content and methodology, therefore
shaping mathematical thinking in important ways (Boyer, 1991).
Nevertheless, the development and characteristics of the cognitive processes
involved in the learning and practice of geometry are not well known at the
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present time. This is the case already with the very foundation of geometric
cognition. Some researchers have argued for a “core cognitivist”, nativist,
view according to which geometric cognition is in an important way shaped
by “evolutionarily ancient” abilities for shape recognition and orientation
(e.g., Spelke & Dehaene & Brannon, 2011; Spelke & Lee, 2012; Spelke et al.,
2010). This approach has been contested by researchers arguing for
a “culturalist” view according to which geometric cognition is fundamen-
tally a culturally developed phenomenon (Ferreirés & Garcia-Pérez, 2020).

In this paper, I aim to show that these two views, understood in a proper
way, are not necessarily in conflict with each other. In particular, I will focus
on the version of the nativist view proposed by Spelke and colleagues
(Spelke et al., 2010) and the recent criticism of it by Ferreirés and
Garcia-Pérez (2020). The latter present Spelke et al. as implying that geo-
metric cognition is in a strong way shaped by genetically stored information,
and thus fails to include the way geometry is the product of a long line of
cultural development. At first glance, this view is understandable, given the
emphasis that Spelke and colleagues place on the influence of “evolutiona-
rily ancient”, so-called core cognitive systems, that we share with many non-
human animals, and which are thought to function as a basis for the
development of geometry and the acquisition of geometric abilities.
However, I will argue that Ferreirés and Garcia-Pérez fail to appreciate
the role that Spelke and colleagues see for culture-specific factors in their
account. As a consequence of this, I believe that the criticism of Ferreirds
and Garcia-Pérez is partly misplaced. Nevertheless, I believe it is fruitful
criticism that will enable future research to be more attentive to the balance
of genetic and cultural factors in explaining the emergence and acquisition
of geometric knowledge.

The purpose of this paper is to show how this can be achieved by
establishing a common ground for the nativist and culturalist views. The
requirement for that is that the views in question are of moderate types that
can include a plurality of influences, moving beyond a crude dichotomy
between nature (nativism) vs. nurture (culturalism) in ontogeny, as well as
the dichotomy between biological evolution (nativism) and cultural devel-
opment (culturalism) in the phylogeny and history of geometrical knowl-
edge. If geometric cognition is thought to be determined solely by
genetically stored information, the culture-specific aspects of it are merely
superficial conventions. Conversely, if geometry is thought to be exclusively
a cultural development, the results about core cognition related to geometry
may be inconsequential for the development of geometric cognition. I will
argue that both of these radical positions are untenable in the face of the
state-of-the-art of empirical data and the best philosophical understanding
of them. However, I will also argue that the theory of Spelke and colleagues
is not nativist in this radical sense, nor is the critical view of Ferreirés and
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Garcia-Pérez culturalist in a similarly extreme sense. While some differences
remain, a common ground can be established that can work toward
a synthesis of factors including products of biological evolution and cultural
evolution.

In Section 1 of the paper, I will analyze the core cognitivist view and its
place in the study of foundations of mathematics. I will use similar, but at
present further developed, work on the foundations of arithmetic cogni-
tion as a parallel in order to establish how the core cognitivist view of
geometry, what Spelke and colleagues call “natural geometry”, should be
understood. In Section 2, I analyze the criticism of “natural geometry” by
Ferreir6s and Garcia-Pérez, focusing on their notion of “proto-geometry”.
I use my earlier notion of proto-arithmetic to illuminate the importance of
distinguishing between proto-mathematical and mathematical cognition,
a distinction which is important for theoretical coherence. Like the pro-
posed core cognitive proto-geometric abilities in the case of geometry,
evolutionarily developed proto-arithmetic abilities (subitizing and estimat-
ing) may form the foundation for arithmetic cognition, but should not be
confused with arithmetic abilities. Based on these distinctions, I will argue
that there are important similarities in the earlier discourse on arithmetic
cognition and that of geometric cognition, and similar theoretical con-
siderations should be made in both. This analysis will then be used in
Section 3 to show that the account of Spelke and colleagues is in fact
consistent with the culturalist view of Ferreirdés and Garcia-Pérez. In
Section 4, I will propose a way forward by reconciling the two seemingly
opposed views into a coherent theoretical framework. Finally, in Section 5
I will propose a way to pursue future research in such a theoretical frame-
work, with focus on the notions of enculturation and cumulative cultural
evolution.

2. Core cognition and mathematics

In the past two decades, the study of foundations of mathematics, which in
the 20™ century was mainly focused on approaches based on logic in the
tradition of Frege (1884), Russell (1903), and others (see, e.g., Benacerraf &
Putnam, 1984), has taken a significant “cognitive turn”. Many researchers
have aimed to explain the emergence and acquisition of mathematical
knowledge in terms of evolutionarily ancient abilities that shape the devel-
opment of our cognitive faculties (for overviews, see, e.g., Cohen Kadosh &
Dowker, 2015; Dehaene & Brannon, 2011). For the most part, this research
direction has focused on the cognitive foundations of natural numbers and
their arithmetic (e.g., Butterworth, 1999; Carey, 2009; Dehaene, 1997/2011).
There has been a wealth of studies on how humans (including infants and
individuals in isolated cultures) and nonhuman animals process
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quantitative information (e.g., Gordon, 2004; Pica et al., 2004; Piazza et al,,
2007; Spelke & Dehaene & Brannon, 2011; Nieder, 2016). Many researchers
have argued that these processes form the cognitive basis for arithmetic
knowledge (e.g., Carey, 2009; Dehaene, 1997/2011; Feigenson et al., 2004).

According to the best current understanding, there are two evolutionarily
developed core cognitive proto-arithmetic systems for processing quantita-
tive information (Carey, 2009): the object tracking system (OTS) and the
approximate number system (ANS) (see, e.g., Pantsar, 2019, 2021a; Spelke
et al,, 2010). By allowing the observation of the surrounding environment in
terms of discrete objects, the OTS is thought to enable the subitizing ability
of determining the amount of objects without counting, up to four items
(Carey, 2009; Spelke, 2010). The OTS cannot track more than four objects,
but quantitative information is also processed by the ANS, which allows
estimating and comparing the sizes of larger collections (Agrillo, 2015;
Dehaene, 1997/2011; Feigenson et al., 2004). While the ANS is not limited
to small quantities, it becomes increasingly inaccurate as the quantities
become larger, thus having a logarithmic character: it is easier to distinguish
the difference between, say, six and eight objects than it is between sixteen
and eighteen objects. Some authors believe that the ANS is the primary
system for the development of arithmetic (e.g., Dehaene, 1997/2011) while
others argue that OTS is the key core cognitive system (e.g., Beck, 2017;
Carey, 2009). In recent times, also hybrid models in which both the ANS
and the OTS are thought to play a crucial role in the emergence and
acquisition of arithmetic knowledge have been proposed (e.g., Pantsar,
2014, 2015, 2019,Pantsar, 2021b; vanMarle et al,, 2018)." This discussion
has been highly active in recent years and the analysis of the cognitive
foundations of arithmetic has become an important research question
both in the cognitive sciences and the philosophy of mathematics.

More recently, important results suggest that also geometric knowledge is
based on core cognitive abilities (e.g., Izard & Spelke, 2009). Infants, animals
and members of isolated cultures have been reported to be sensitive to
detecting geometric shapes and orienting based on geometric structures
(Dehaene et al., 2006; Izard et al., 2011; Spelke et al., 2010). For example,
it has been reported that infants react to changes in angle size rather than in
the orientation of the angle (Cohen & Younger, 1984), suggesting that
observing shapes in terms of angles has an ontogenetically early basis. In
the experiment reported by Cohen and Younger, and later replicated and
extended by others (see, e.g., Lindskog et al., 2019), 6-week-old and 14-week
-old infants were habituated to simple two-dimensional forms consisting of
two lines forming an angle. During the test trials, the angle (either 45 or 135
degrees) remained the same while the orientation changed. The results of
tracking their eye movements showed that the 6-week-olds dishabituated to
a change in orientation. In other words, they were surprised by the changing
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orientation and had a long looking time at each new form. The 14-week-
olds, on the other hand, dishabituated to the angle size and not the orienta-
tion. As long as the angle stayed the same, they were not surprised by the
next form. But as soon as the angle changed, their looking times became
longer.

What Cohen and Younger (1984)concluded was that there must be
a developmental shift between the ages of 6 and 14 weeks, during which
the infants became sensitive to recognizing the geometric property of two
lines being at a certain angle. In addition to these habituation experiments
on infants, similar tests have been run on older children. It has been
established that at least from four years of age, children can consistently
pick out a deviant geometric form (a different angle, but also others, such as
different lengths) from a collection of forms (Izard & Spelke, 2009).

Results like these are often reported in terms of infants observing geome-
trical shapes. However, as will be seen in the next section, such evolutiona-
rily ancient abilities should be distinguished from actual geometrical
cognition. Thus the question is, is the ability to discriminate between
different angles, lengths, and other properties treated in geometry indicative
of a universal core cognitive ability, similar to those studied in relation with
arithmetic cognition, that is the foundation of geometric cognition? Studies
of the Munduruku people of Amazon suggest that the discrimination ability
is indeed universal to humans. Adults and children from (at least) four years
of age can make similar shape discriminations as European and North
American children (Izard et al., 2011). Combining the infant data with
these results, the evidence converges toward the position that as the product
of biological evolution, there is an ability to observe our environments in
terms of simple reoccurring shapes like angles, comparable to the abilities
due to OTS and/or ANS for observing quantities.

Like in the case of proto-arithmetic cognition, there actually appear to be
two distinct core cognitive systems that can feasibly form a (at least partial)
basis for geometric knowledge, one for shape recognition and one for
orientation. Hupbach and Nadel (2005), for example, showed that when
reorienting themselves after a disorientation in a rhombic environment,
children up to four years of age were not sensitive to differences in the angles
of the rhombus. Instead of looking for an object in a specific corner (that
they had observed before the disorientation), they looked in each four
corners equally. This was unexpected since children of that age are able to
distinguish between angles when they observe visual forms. It has been
reported that both children and non-human animals differ also in other
ways in completing detection and reorientation tasks, for example, when it
comes to using the shape of a surface to find an object (Spelke et al., 2010).
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Results like this have made many researchers conclude that the core
cognitive system for detecting shapes must be different from the core
cognitive system for orientation. Importantly, like the former system, also
the latter is often considered to form a cognitive foundation for geometry
(e.g., Hohol, 2019; Spelke, 2011). Experiments suggest that the orientation
system, which is used by birds and other animals for navigation, works by
capturing spatial relationships in an abstract manner. For example, Quirk
et al. (1990) report that rats navigate according to the shape of a chamber
even in the dark. It is also reported that radical changes in the texture,
material and color of a chamber do not influence rats’ navigation over the
shape (Lever et al., 2002).

In their analysis of the core systems for quantity, shape recognition and
orientation, Spelke et al. (2010) have emphasized that there is a parallel
between the core cognitive origins of arithmetic and those of geometry.
They argue that just like “natural number” is thought by many, most
influentially by Carey (2009), to be a concept constructed based on the
core cognitive abilities related to quantities, Euclidean geometry is con-
structed in a similar way based on the core cognitive abilities for shape
recognition and orientation (Hohol, 2019; Spelke, 2011).*> Following this
analysis, Spelke et al. (2010) call Euclidean geometry “natural geometry”, as
a kind of conceptual counterpart of “natural number”.

3. “Natural geometry” and “proto-geometry”

The claim by Spelke et al. (2010) that Euclidean geometry is “natural
geometry” based on core cognitive systems has been contested recently by
Ferreirds and Garcia-Pérez (2020). They argue that what Spelke and collea-
gues call “natural geometry”, namely Euclidean geometry, is not natural in
any relevant sense, but rather a product of a long line of culturally deter-
mined development in which cognitive artifacts (e.g., ruler, compass) and
external representations (e.g., pictures and diagrams) play a crucial role. To
establish their view, Ferreirés and Garcia-Pérez (ibid.) introduce a three-
part distinction between the abilities due to the core cognitive systems, an
intermediate stage that they label “proto-geometry”, and finally proper
“geometry” (or theoretical geometry). Importantly, unlike the core cognitive
abilities, both proto-geometry and geometry are culturally developed. In this
manner, they end up classifying the following three-level process for the
emergence of geometric knowledge (Ferreirds & Garcia-Pérez, 2020, p. 194).
On Level 1 is visuo-spatial cognition, which includes the kind of core
cognition described by Spelke and colleagues. Level 2 is the level of proto-
geometry, on which basic concepts, like circle or square, are formed. On this
level, artifacts and external representations play a key role, and with their
help approximative results (for example, that the value of pi is
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approximately 3) on the basic concepts can be acquired. It is only on Level 3,
geometry, that Euclidean geometry (and other properly mathematical the-
ories of geometry) appears in the development. Euclidean geometry requires
systematic refinement of proto-geometry with further cultural develop-
ments. Thus the main argument of Ferreirds and Garcia-Pérez (2020) is
that the gap between visuo-spatial cognition (which the core cognitive
abilities fall under) and geometry is too wide for Euclidean geometry to be
called “natural geometry”.

I believe that the kind of distinction that Ferreirds & Garcia-Pérez make
between visuo-spatial cognition, proto-geometry, and geometry is impor-
tant in order to avoid conceptual confusion. It is much too common in the
literature to conflate different abilities related to geometric concepts. To give
just one example, there is an influential paper titled “Ants Learn Geometry
and Features” (Wystrach & Beugnon, 2009). With conceptual distinctions
like the ones proposed by Ferreir6s and Garcia-Pérez (2020) in place,
ascribing geometric abilities to ants becomes radically mistaken, as it should
be.” T believe that establishing a coherent theoretical framework, including
consistent terminology, is an important development if we wish to have
fruitful and systematic interdisciplinary collaboration in the study of foun-
dations of geometry. If the word “geometry” is used both for Euclid’s system
and the ability of ants, there is little hope of finding the required termino-
logical and theoretical coherence.

To see this more clearly, let us consider the corresponding situation in the
foundations of arithmetic. I have in my previous work on the epistemology
of arithmetic argued for the importance of making a distinction between
arithmetic and proto-arithmetic in order to distinguish core cognitive and
other primitive abilities for treating numerosities from the actual arithmetic
treatment of natural numbers (Pantsar, 2014, 2015, 2019, 2020, Pantsar,
2021b). In the case of arithmetic, the problems arising from confusing
terminology are obvious. For example, in reporting perhaps the most
famous experiment in the field of numerical cognition, Wynn (1992)
wrote that infants can carry out simple addition and subtraction operations.
Wynn observed infants reacting with surprise (i.e., longer looking time) to
the “unnatural arithmetic” of 1 + 1 = 1, instantiated by the infant seeing two
dolls being put behind a screen but only one being there after the screen was
lifted (the other having been removed clandestinely). This is thought to be
due to the OTS-based core cognitive ability of subitizing (Starkey & Cooper,
1980). From different configurations in the subitizing range (from one to
four), Wynn concluded that infants are able to carry out rudimentary
arithmetic operations. But as I have argued before (Pantsar, 2018), this
conclusion is unwarranted. What the infants could be doing is having
some kind of cognitive mechanism or procedure in place for keeping
track of one quantity. When the expected quantity did not match their
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expectations, they were surprised. Under this explanation, nothing like an
arithmetic operation is presupposed to take place in the cognitive process.
What is presupposed is merely an ability to track small quantities.
Nevertheless, Wynn’s paper was called “Addition and subtraction by
human infants”, postulating arithmetic abilities to situations in which proto-
arithmetic abilities were in fact being employed. Similar confusions have
been made also in animal studies, where talk of arithmetic abilities in non-
human animals is common (e.g., Agrillo, 2015).

The notion of proto-arithmetic I have proposed, when transferred to the
domain of the development of geometric cognition, would include both
Levels 1 and 2 of Ferreirds and Garcia-Pérez (2020). The details of the
applied taxonomy are certainly not without importance, but for the present
purposes the crucial point is to distinguish between proper mathematical
cognition and the proto-mathematical cognition preceding it. In this way,
the approaches of Ferreir6s and Garcia-Pérez (2020) and Pantsar (2014,
2015, 2018, 2019, 2020, 2021a, Pantsar, 2021b) are compatible. The simila-
rities go beyond the distinction between proto-mathematics and mathe-
matics, because both approaches emphasize how modern mathematical
systems have been made possible by a long line of culturally shaped devel-
opment, and that we should be very careful to distinguish the cognitive
abilities applied in connection with those systems from the proto-
mathematical abilities that have preceded them.*

Directly related to this, one major problem Ferreirés and Garcia-Pérez
have with the approach of Spelke et al. (2010) is the way the latter see
Euclidean concepts as being “extremely simple”, in the sense that “just five
postulates, together with some axioms of logic, suffice to specify all the
properties of points, lines, and forms.” (Spelke & Lee, 2012, p. 2785). As
Ferreir6s and Garcia-Pérez (2020, p. 187) point out, this does not corre-
spond to the modern foundational study of mathematics. First of all, basing
a system of geometry on logical principles requires an axiomatic system that
is much richer than Euclid’s five postulates, as shown by Hilbert (1902) and
others (see Manders, 2008). But more interestingly in the present context,
Ferreir6s and Garcia-Pérez (2020, p. 188) continue, Euclidean geometry
should not be equated with modern axiomatic Hilbert-style geometry focus-
ing on logical step-by-step proofs. As the likes of Netz (1999) and Manders
(2008) have shown, Euclidean geometry is heavily based on a particular
method of proof in which diagrams (lettered diagrams, in particular, as Netz
argues) play an indispensable role. Indeed, Ferreirds (2015) has argued that
Euclid’s postulates should not be considered to be on par with Hilbertian
axioms. Rather, they should be thought of as rules for constructing dia-
grams. This distinction is important because, as Ferreirds and Garcia-Pérez
(2020, p. 188) argue, the different styles of geometry involve different
cognitive abilities. When searching for the cognitive foundations of
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geometric knowledge, this is undoubtedly an important matter. Euclidean
geometry may not be “extremely simple”, after all, as it is closely tied to
artifacts (ruler, compass) that allow the construction of diagrams, and the
embodied practices involved in the successful application of those artifacts.
If knowledge and skills for using such artifacts is required for developing
and learning Euclidean geometry, the question is just how “natural” can
it be?

4. Could Euclidean geometry still be “natural geometry”?

I agree with Ferreirds and Garcia-Pérez (2020) that Euclidean geometry,
neither in its original form nor in the modern versions (like that of Hilbert),
is not as simple as it may seem. This is the case formally in terms of the
logical principles required, but more importantly for the present context,
also in terms of the cognitive abilities required. However, I contend that it
could still be “natural geometry”, in the sense meant by Spelke and collea-
gues (Spelke & Lee, 2012; Spelke et al., 2010). This is due to a crucial
difference in what is understood by “natural geometry” by the participants
of this discussion. It is important to note that Spelke et al. (2010) write about
“natural geometry” as a simple abstract conceptual system comparable to
“natural number”. Furthermore, following Carey (2009), they emphasize
that as natural as they may seem, natural number concepts do not come
particularly naturally to humans (Spelke et al., 2010, pp. 863-864). They
explicitly mention that the construction of integers depends on culturally
developed cognitive artifacts, namely counting devices (ibid, p. 864). From
this, they conclude that:

Natural number may be therefore partly a product of human culture, built on
a foundation of core systems that emerge in infancy, guide the reasoning of adults
in all cultures, and are shared with other animals.. (Spelke et al., 2010, p. 864)

Similarly, moving to their treatment of the development of geometric
cognition, Spelke and colleagues ask: “What are the sources of Euclidean
geometrical intuitions?” (ibid.). Leaving aside potential problems with dif-
ferent understandings of the word “intuition”, the underlying message
appears to be clear. While they certainly seem to downplay the cognitive
complexity (Pantsar, 2021c, 2021d) of Euclidean geometry, Spelke and
colleagues are not claiming it is “natural geometry” because we have
straight-forward, natural cognitive access to it. What they are claiming, to
the best of my understanding, is that Euclidean geometry is in an important
way based on cognitive abilities that are easily acquired due to their close
relation to the cognitive core systems, which are the product of biological
(rather than cultural) evolution.
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Here it is again helpful to consider the case of arithmetic in parallel. As
seen above, Spelke and colleagues explicitly compare the development of
“natural number” to that of “natural geometry”. Both, they argue, are based
on cognitive core systems but require culturally determined aspects to
develop. This, I assume, is the case in ontogeny (in the way individual
members of a particular culture acquire arithmetic concepts), but also in
phylogeny and history (in the way arithmetic concepts originally emerged
within cultures). In modern mathematics, the standard way of presenting
the arithmetic of natural numbers is by the Peano (or Dedekind-Peano)
axioms. These are comparable to the five Euclidean postulates in that they
are seemingly very simple and easy to grasp (Peano, 1889). The Peano
axioms have the following informal content:

(1) Zero is number.

(2) If n is a number, the successor of n is a number.

(3) Zero is not the successor of any number.

(4) If two numbers have equal successors, they are themselves equal.

(5) If a set S of numbers contains zero, and for every number in § its
successor is also in S, then every number is in S.

The last axiom is called the “induction principle” and it can be presented as
a second-order axiom (as in here) or a first-order axiom schema. At least for
a person with some mathematical education, the Peano axioms are likely to
appear obvious. Indeed, when explained in familiar terminology, with the
possible exception of the induction principle, the amount of mathematical
education required to understand the axioms seems to be rather minimal.
Nevertheless, to say that the Peano axioms are simple would be careless in
a similar way to calling the Euclidean postulates “extremely simple”. They
are the product of a millennia-long development in arithmetic. While their
informal content is perhaps unproblematic to understand for a person
educated in basic mathematics, a proper mathematical grasp of the Peano
axioms may require more complex cognitive abilities than is initially appar-
ent. Thus “natural number” as a mathematical concept may not be as
“natural” as it first seems. This can be seen in the divergent paths that the
development of arithmetic has taken in different cultures. The Mayans, for
example, had very sophisticated systems of arithmetic that allowed calcula-
tions for extremely large numbers, yet it did not seem to include the concept
of infinity, at least in the sense it exists in our arithmetic (Ifrah, 1998).°
This is not to suggest that the concept of natural number could not be
natural in that it is in a strong way influenced by the core cognitive abilities
for determining quantities. The point I want to make here is that since Spelke
et al. (2010) draw a parallel between “natural number” and “natural geome-
try”, their account of the latter already includes a strong influence by
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culturally developed factors. Indeed, in Spelke et al. (2010), “culturally vari-
able counting devices” are explicitly mentioned as something that the con-
struction of natural numbers depends upon (p. 864). Following a similar line
of argumentation, it is clearly possible that diagrams and other cognitive tools
(Fabry & Pantsar, 2021) play an integral role in the construction of the
concepts of “natural geometry”, understood as Euclidean geometry. But this
matter does not concern only the difference between the Levels 1 and 3 of the
three-part distinction of Ferreir6s and Garcia-Pérez (2020), i.e., visuo-spatial
cognition and theoretical geometry. When analyzed in terms of the three-part
distinction of the development of Euclidean geometric knowledge (and other
theoretical geometry), also proto-geometry is the result of culturally deter-
mined developments. Following my analysis above, the account of Spelke
et al. (2010) is consistent with this. In the case of arithmetic, they argue, the
culturally variable counting devices are required to acquire and grasp natural
number concepts. Similarly, the way I understand the proposal of Spelke and
colleagues, acquiring basic concepts like circle and square (which fall under
proto-geometry) is tightly connected to culturally variable devices, including
artifacts like compass or ruler. Therefore, for Spelke et al. (2010), only visuo-
spatial cognition appears to be free of cultural influences. This is perfectly
consistent with the view of Ferreirds and Garcia-Pérez (2020).

5. Reconciling the two approaches: Culturally determined “natural”
geometry

The analysis in the previous section should make us reconsider whether the
approaches of Ferreir6s and Garcia-Pérez (2020) and Spelke et al. (2010) are
necessarily in conflict. If not, could the problem be more in the usage of
different theoretical frameworks and the consequent clash in terminology?
To start analyzing this question, it should first be noted that Ferreir6s and
Garcia-Pérez (2020) do not want to deny the possibility that Euclidean
geometry is natural geometry. They write:

Perhaps it is impossible to establish conclusively that the CKS [core cognitive system]
and Level 1 do not contain structures corresponding to Euclidean geometry, but here
the burden of proof should be on those who make such a claim. (Ferreirés &
Garcia-Pérez, 2020, p. 200)

But why, one must wonder, should the burden of proof be on those who aim
to explain geometric cognition as emerging from the cognitive core systems?
Ferreirés and Garcia-Pérez answer:

Merely for reasons of information-theoretic plausibility, an explanation of our pro-
togeometric knowledge that does not rely exclusively on genetically stored informa-
tion seems more plausible than a nativist viewpoint. (ibid.)
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Concerning this, two points should be made. First, it is important to note
that neither Spelke and her collaborators nor, to the best of my knowledge,
anyone else in the modern literature suggest that proto-geometric knowl-
edge in the sense of Level 2 (let alone geometric knowledge in the sense of
Level 3) of Ferreirds and Garcia-Pérez relies exclusively on genetically stored
information.® While there are different views concerning to what extent the
cognitive core systems shape geometric cognition, Spelke and colleagues
always include cultural influences in developing what is, in the terminology
here, proto-geometric cognition. The following passage, for example, leaves
little doubt about it:

Like natural number, natural geometry is founded on at least two evolutionarily
ancient, early developing, and cross-culturally universal cognitive systems that cap-
ture abstract information about the shape of the surrounding world: two core systems
of geometry. Nevertheless, each system is limited: It captures only a subset of the
properties encompassed by Euclidean geometry, and it applies only to a subset of the
perceptible entities to which human adults give shape descriptions. Children go
beyond these limits and construct a new system of geometric representation that is
more complete and general, by combining productively the representations delivered
by these two systems. This productive, combinatorial process, we suggest, depends in
part on uniquely human, culturally variable artifacts: pictures, models, and maps.
Thus, like the system of number, the system of geometry that feels most natural to
educated adults is a hard-won cognitive achievement, constructed by children as they
engage with the symbol systems of their culture. (Spelke et al., 2010, p. 865, emphasis
added).

A second point should also be made about the above quotation of Ferreirds
and Garcia-Pérez. They claim that due to “reasons of information-theoretic
plausibility”, the nativist (i.e., core cognitivist) explanations carry the bur-
den of proof. Perhaps this would be seen in different light once it is made
clear that the core cognitivist view of Spelke and others does not require
exclusive reliance on genetically stored information. But assuming that the
argument of Ferreirds and Garcia-Pérez would remain similar, it is not at all
clear why the burden of proof should lie on the nativist side. As I understand
information-theoretic plausibility in this context, the least plausible view is
that the evolutionarily developed core-cognitive abilities do not play any
role at all in the development of proto-geometric cognition. It seems highly
unlikely that proto-geometric cognition would develop completely indepen-
dently of the core cognitive abilities for orientation and shape recognition.

While I see that as unlikely, it is of course a possibility that should be
analyzed. If proto-geometric cognition is indeed independent from the core
cognitive abilities for orientation and shape recognition, there are two
remaining options. First, proto-geometric cognition develops based on
some other evolutionarily ancient abilities, but not the two that the nativists
have proposed. It is certainly a conceivable scenario that other core
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cognitive abilities are in play. Indeed, even if we accept the core cognitivist
view of Spelke and others, this possibility should be considered. But if core
cognitive abilities are evoked in the explanation anyway, on what grounds
do we exclude the two abilities that seem to fit proto-geometric cognition
the best? I am not claiming that this kind of argument necessarily makes the
nativist position stronger. But it should make us reconsider where the
burden of proof lies.

The second possibility is that proto-geometric cognition develops in an
important way independently of evolutionarily ancient abilities.” In this
case, proto-geometric cognition would be essentially a matter of convention.
This possibility cannot be completely ruled out, either. But again, the
burden of proof surely lies now in showing that all the resemblances
between proto-geometric cognition and the abilities based on core cognitive
abilities are merely coincidental.

Of course, Ferreirds and Garcia-Pérez do not claim that proto-geometric
cognition is completely independent of the core cognitive abilities. But
based on my analysis above, neither would Spelke and her colleagues
claim that what Ferreir6s and Garcia-Pérez call proto-geometric cognition
is entirely determined by the core cognitive abilities. Therefore, both views
can include a role for both core cognitive abilities and cultural influences in
the development of geometric cognition. Certainly there are important
differences in the accounts, some of which may be irredeemable. Spelke
and colleagues clearly emphasize the importance of the core cognitive
abilities. For example, in Dehaene et al. (2006), — in which Spelke is one
of the authors - it is explicitly argued that the data on the Munduruku is
evidence of universal intuitions of basic geometric concepts (e.g., points,
lines, parallelism). Even adjusting for terminology (i.e., calling the intuitions
proto-geometric), this is very different from the kind of basic object percep-
tion that Ferreirds and Garcia-Pérez are ready to accept.

Nevertheless, even accounting for such differences, I believe that the
approaches of Ferreirds and Garcia-Pérez and Spelke and colleagues are
for the most significant part compatible. To see why, let us analyze the
concluding words of Ferreirds and Garcia-Pérez in their paper:

[W]e aim to promote interdisciplinary work in this field by bringing in logical results
and historical evidence, in a spirit of constructive cooperation with the empirical
cognitive sciences. The problem of analyzing visuo-spatial cognition and proto-
geometry is quite complex, and perhaps none of the disciplines mentioned can
hope to succeed working in isolation. We believe that the strategy should be one of
interdisciplinary cooperation, working toward convergence between the various fields,
as well as trying to clarify and explain those issues further by “triangulating them,” so
to say, with information obtained from different disciplines. (Ferreirés &
Garcfa-Pérez, 2020, p. 200, italics in the original).
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In this spirit, I suggest that the present paper should be considered an effort
to “triangulate” the issue of natural geometry in the name of exactly such
interdisciplinary cooperation by applying systematic conceptual analysis on
the key terms “natural geometry” and “proto-geometry”. I hope to have
shown that in the approaches of Spelke and colleagues on the one hand, and
Ferreir6s and Garcia-Pérez on the other hand, such convergence can hap-
pen to a large degree, and the apparent conflict is mainly due to a lack of
terminological and conceptual coherence between the two accounts.

6. A way forward

The reconciliation of the “nativist” and “culturalist” views I have argued for
in this paper may sound like an inherently flawed pursuit. Indeed, it would
be one, were we to understand nativism and culturalism as radical versions
that do not allow for other types of influences in the development of
geometric cognition. However, neither the view of Spelke and colleagues
nor that of Ferreir6s and Garcia-Pérez, as I have argued, represents such
a radical position. Instead, I interpret both ultimately as the kind of mod-
erate accounts that leave space for a plurality of influences. Therefore, the
purpose of the present account is not to argue for one of the accounts over
another. Instead, I want to propose an approach in which we can move past
the limiting, crude dichotomy of nature (nativism) vs. nurture (culturalism)
in ontogeny. Similarly, in the proposed approach we move beyond the
dichotomy between biological evolution (nativism) and cultural develop-
ment (culturalism) in the phylogeny and history of geometrical knowledge.
The first stage of this approach is to construct a conceptually coherent
theoretical framework, including consistent inter-disciplinary terminology.
As we have seen, this issue of terminology is not merely a question of
establishing acceptable jargon. Inconsistent terminology can lead to erro-
neous positing of cognitive abilities for groups of subjects, like when ants are
thought to learn geometry and infants to have arithmetic abilities.
Establishing a coherent theoretical framework is of course only a first step
in explaining the emergence of geometric cognition and the acquisition of
geometric knowledge and abilities. Indeed, as the work progresses, it is
possible that the framework itself needs updating. Yet we must start from
somewhere in trying to find basis for inter-disciplinary research on geo-
metric cognition that can include both genetically and culturally shaped
influences. Due to considerations of space, it is not possible here to give
a detailed presentation of what such a theoretical framework should com-
prise. Nevertheless, some central characteristics of a feasible framework can
be established. I submit that an acceptable framework should contain at least
three key elements. First, it should be sensitive to the contribution of the
core cognitive systems to the early (and possibly also later) development of
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geometric cognition. Second, it should be sensitive to the way cultural
developments take place and how they are transmitted across generations
and social groups. Finally, third, it should be able to combine the two types
of contribution - and their interrelation - for a plausible explanation on
a neuronal level. That is, the framework should provide theoretical grounds
for an empirically informed explanation of the way human subjects develop
geometric cognition in ontogeny by adopting culturally shaped information
and practices.

For the first of the above key elements, the work of Spelke and colleagues,
as well as others (see, e.g., Hohol, 2019), has paved the way. The empirical
data on core cognitive abilities in shape recognition and orientation are
increasing both in quantity and quality, and I believe that the core cogniti-
vist view proposed by Spelke and others is fundamentally on the right track
about how this data should be included in explanations of the development
of geometric cognition. This work should also be combined with an account
of how perception is possible in the first place, as well as an account of how
the core cognitive abilities are employed in further steps of cognitive
processing. Hatfield has emphasized the importance of distinguishing
between “sense perception” and “cognitive perception” (Hatfield, 2009,
p. 5). Sense perception refers to the mere color and spatial properties of
the visual scene, while cognitive perception assigns functional significance
and identities to objects. Placed within this account, the core cognitive
abilities related to geometric cognition would seem to play a crucial middle
part. Shape recognition is based on sense perception by applying the core
cognitive systems, while cognitive perception of objects is possible by the
shape recognition (and orientation) enabled by the core cognitive systems.

For the second key element, the development of culturally specific knowl-
edge, practices and artifacts related to geometry, the kind of work presented
in Ferreirés (2015) and Ferreir6s and Garcia-Pérez (2020) is of great impor-
tance (for literature on artifacts, see also Hohol & Mitkowski, 2019;
Magnani, 2013, 2021; Netz, 1999). Generally, this kind of historical work
fits well with work on cumulative cultural evolution, which refers to the way
human cultures gradually develop their knowledge and skill sets (see, e.g.,
Boyd & Richerson, 1985, 2005; Henrich, 2015; Heyes, 2018; Tomasello,
1999). Technologies and practices are improved upon in small generational
increments, and in large enough societies — or ones with extensive interac-
tions with other societies - this process can establish a status of knowledge
and skills where they are no longer tied to a small group of individuals. In
addition to language and other culturally specific practices, just like
Ferreir6s and Garcia-Pérez (2020) argue, a crucial aspect of mathematical
practices is formed by the tools that are used (for an overview, see Robson &
Stedall, 2009).
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The importance of cultural evolution can also explain why the core
cognitive systems have not had a universally transforming effect on
human cultures, even though the core-cognitive capacities are shared uni-
versally. Just like the development of arithmetic, the emergence of geometry
has required a suitable cultural setting in which language, artifacts and
practices could develop. This development is connected to practical applica-
tions, educational practices, and many other cultural factors that are not
universally present in human cultures (Pantsar, 2019). In this way, the
evolutionarily ancient core cognitive capacities may have been a necessary
condition for the development of geometry, but they are far from a sufficient
condition. Geometry requires processes of cultural evolution, which take
place on a much smaller time scale than biological evolution.

Finally, the theoretical framework I have proposed requires the third key
element, how to combine genetic and cultural factors on the neuronal level.
For this, I see great potential in the notion of enculturation as proposed by
Menary (2015) for explaining mathematical cognition. Processes of encul-
turation transform our basic biological faculties through the cultural trans-
mission of cognitive practices. In particular, enculturation refers to the
transformative process in which interactions with the surrounding culture
determine how cognitive practices are acquired and developed (Fabry, 2020;
Menary, 2015; Pantsar, 2019, 2020). Enculturation is made possible by the
mechanism Menary (2014), (2015) calls “learning driven plasticity”, which
enables the acquisition of new cognitive capacities due to the neural plasti-
city of the brain that makes both structural and functional variations
possible (Anderson, 2015; Ansari, 2008; Dehaene, 2009; Fabry, 2020;
Jones, 2020). The human brain is now understood to be highly plastic,
developing in different ways depending on the specific experiences of
different individuals, while also being constrained by genetically determined
factors. Culturally developed cognitive abilities like reading and writing are
thus made possible by redeploying older, evolutionarily developed neural
circuits for new culturally specific functions (Dehaene, 2009; Menary, 2014).
The same has been argued to be the case for the cognitive ability of
arithmetic (Fabry, 2020; Jones, 2020; Menary, 2015; Pantsar, 2019). Here
I want to submit that there is great potential in giving geometric cognition
a similar treatment. To be more precise, I believe that close attention should
be given to the hypothesis that in the development of geometric cognition,
neural circuits associated with the core cognitive abilities are partly rede-
ployed for proto-geometric and geometric functions.

However, this kind of reuse of evolutionary ancient cognitive capacities does
not need to be limited to the redeployment of particular neural circuits (what is
called neuronal recycling in the literature (Dehaene, 2009; Menary, 2014)).
Anderson (2015) has argued for a more general principle of neural reuse,
which has been proposed by Fabry (2020) and Jones (2020)as a better fit
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with the development of arithmetic cognition. This could be also the case for
the development of geometric cognition. My proposed framework in this paper
is not restricted to a particular theory concerning the mechanism of learning on
the neuronal level. The important matter is that the mechanism allows for
culturally-specific factors to shape the development of mathematical cognition
based on proto-mathematical capacities. This can include both the redeploy-
ment of specific neuronal circuits or a more general reuse of neural resources.

There is evidence of mathematical cognition including at least some domain-
general properties. Cognitive processes involving analogical reasoning, which is
thought to be crucial for the kind of abstract reasoning involved in mathe-
matics, involve a similar neural circuit as cognition of geometric relations,
comprising the bilateral dorsal prefrontal and intraparietal cortices (Amalric
& Dehaene, 2016; Krawczyk et al,, 201cl; Watson & Chatterjee, 2012). As
reported by Amalric and Dehaene (2016), fMRI studies of high-level mathe-
matical cognition show remarkably little domain-specificity: solving problems
in algebra, analysis, topology, and geometry induce activity in largely the same
areas of the brain, namely the bilateral intraparietal sulci, the bilateral interior
temporal regions, and the mesial prefrontal cortex. This suggests that high-level
mathematical reasoning deals with similar cognitive processes regardless of the
particular area of mathematics. Interestingly for the present purposes, however,
geometric reasoning showed additional activation in the posterior inferior
temporal and the posterior parietal cortices (Amalric & Dehaene, 2016). The
inferior temporal cortex is associated with shape and object recognition
(DiCarlo et al., 2012) while the posterior parietal cortex is typically activated
in spatial reasoning, including movement planning (Sack, 2009). Evidence thus
suggests that brain activity connected with the core cognitive processes of shape
recognition and orientation occurs partly in the same regions as geometric
reasoning. This supports the hypothesis that there is a connection between the
core cognitive systems and the development of geometric cognition, plausibly
due to a partial redeployment of the neural circuits associated with the core
cognitive processes for new, culturally specific purposes. However, at present
the empirical data is far from conclusive and further study is needed especially
on how activity in different areas of the brain is associated with cognitive tasks
in different developmental stages and levels of expertise.

Although we still need to learn much more about the neuronal-level
mechanism of culturally shaped learning, I believe that the framework of
enculturation provides a highly promising platform on which to proceed. In
this manner, by explaining how cultural practices, which are the product of
cumulative cultural evolution, transform our basic biological core cognitive
faculties, introducing the notion of enculturation can complete the three-
part theoretical framework suggested above. How this process exactly hap-
pens is something that requires the kind of inter-disciplinary triangulation
suggested by Ferreirds and Garcia-Pérez. Granted, the rough outline of
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a framework I have suggested here is only the very beginning. But I believe it
is the beginning of a highly important process: finding a coherent way to get
the best out of the results offered by different disciplines involved in the
study of the foundations of geometric cognition.

Notes

1. In addition, it has been recently proposed that the distinction between the OTS and the
ANS is not required to explain many empirical data (Cheyette & Piantadosi, 2020).

2. Euclidean geometry refers to the system of geometry presented by Euclid in his text-
book The Elements around the year 300 BC. This system is the basis for the geometry
taught in schools. It should be noted that there are also many other types of geometric
systems studied in mathematics, including two so-called non-Euclidean geometries,
namely hyperbolic and elliptic geometries. These geometries reject the Euclidean
postulate that given a line on a plane and a point not on the line, at most one line
that is parallel to the given line can go through the point. See (Coxeter, 1998) for more.

3. To be clear, I do not want to suggest that Wystrach and Beugnon (2009) believe that
ants learn geometry in the sense human beings do. The point I want to make is that the
two abilities are so distant from each other that a single term should not cover both.

4. In Section 5 I will discuss the importance and the mechanisms of culturally shaped
factors on the development of mathematical cognition.

5. There could be some debate whether such systems should be called “arithmetic”.
However, as I have argued before (Pantsar, 2014, 2015, 2018), limiting the word
“arithmetic” to Western modern axiomatic system is problematic. While, to the best
of our knowledge, the Mayan arithmetic did not include the kind of proof procedures
familiar to us, the calculating ability and practical applications were highly sophisticated
and general, comparable to Western pre-modern arithmetic (Ifrah, 1998; Pantsar, 2019).
I have proposed that both systems should be called arithmetic, while modern axiomatic
arithmetic should be characterized as “formal arithmetic” (see Pantsar, 2018 for more).

6. It should be noted that “genetically stored information” is a potentially problematic
notion here, as the same genes can be expressed in different phenotypes. Instead of the
genetic information itself, it would seem that it is the phenotype that is — under the
nativist account - important for the development of geometric cognition. I thank
Regina Fabry for pointing this out.

7. 1 say “in an important way” here because certainly some genetically determined
abilities, like vision, always play a role.

Acknowledgments

I would like to thank Regina E. Fabry for many fruitful comments on an earlier version of
this manuscript, as well as the two anonymous reviewers for their very helpful remarks.

Disclosure statement

No potential conflict of interest was reported by the author(s).



PHILOSOPHICAL PSYCHOLOGY 19

Funding

This work was supported by the Suomen Kulttuurirahasto.

Notes on contributor

Markus Pantsar received his Ph.D. from the University of Helsinki in 2009. He has
published extensively on the epistemology and cognitive foundations of arithmetic. In
addition, his research interest include artificial intelligence, mathematical applications in
science and logic. He is currently a senior fellow at RWTH University, Aachen.

ORCID

Markus Pantsar () http://orcid.org/0000-0001-8572-1453

References

Agrillo, C. (2015). Numerical and arithmetic abilities in non-primate species. In R. C. Cohen
Kadosh & A. Dowker (Eds.), The Oxford handbook of numerical cognition (214-236).
Oxford University Press.

Amalric, M., & Dehaene, S. (2016). Origins of the brain networks for advanced mathematics
in expert mathematicians. Proceedings of the National Academy of Sciences, 113(18),
4909-4917. https://doi.org/10.1073/pnas.1603205113

Anderson, M. (2015). After phrenology: Neural reuse and the interactive brain. MIT Press.

Ansari, D. (2008). Effects of development and enculturation on number representation in
the brain. Nature Reviews Neuroscience, 9(4), 278-291. https://doi.org/10.1038/nrn2334

Beck, J. (2017). Can bootstrapping explain concept learning? Cognition, 158 Jan , 110-121.
https://doi.org/10.1016/j.cognition.2016.10.017

Benacerraf, P., & Putnam, H. (eds.). (1984). Philosophy of mathematics: Selected readings.
Cambridge University Press.

Boyd, R., & Richerson, P. J. (1985). Culture and the evolutionary process. University of
Chicago Press.

Boyd, R., & Richerson, P. J. (2005). Not by genes alone. University of Chicago Press.

Boyer, C. (1991). A History of mathematics (2nd ed.). John Wiley and Sons.

Butterworth, B. (1999). What counts: How every brain is hardwired for math. The Free Press.

Carey, S. (2009). The origin of concepts. Oxford University Press.

Cheyette, S. J., & Piantadosi, S. T. (2020). A unified account of numerosity perception.
Nature Human Behaviour, 4(12), 1265-1272. https://doi.org/10.1038/s41562-020-00946-
0

Cohen Kadosh, R. C., & Dowker, A. (eds.). (2015). The Oxford handbook of numerical
cognition. Oxford University Press.

Cohen, L. B.,, & Younger, B. A. (1984). Infant perception of angular relations. Infant
Behavior & Development, 7(1), 37-47. https://doi.org/10.1016/S0163-6383(84)80021-1

Coxeter, H. S. M. (1998). Non-Euclidean geometry (6th ed.). Cambridge University Press.

Dehaene, S., & Brannon, E. (eds.). (2011). Space, time and number in the brain. Academic
Press.


https://doi.org/10.1073/pnas.1603205113
https://doi.org/10.1038/nrn2334
https://doi.org/10.1016/j.cognition.2016.10.017
https://doi.org/10.1038/s41562-020-00946-0
https://doi.org/10.1038/s41562-020-00946-0
https://doi.org/10.1016/S0163-6383(84)80021-1

20 M. PANTSAR

Dehaene, S., Izard, V., Pica, P., & Spelke, E. (2006). Core knowledge of geometry in an
Amazonian indigene group. Science, 311(5759), 381-384. https://doi.org/10.1126/science.
1121739

Dehaene, S. (1997/2011). The number sense: How the mind creates mathematics (2nd ed.).
Oxford University Press.

Dehaene, S. (2009). Reading in the brain: The new science of how we read. Penguin.

DiCarlo, J. J., Zoccolan, D., & Rust, N. C. (2012). How does the brain solve visual object
recognition?. Neuron, 73(3), 415-434.

Fabry, R. E. (2020). The cerebral, extra-cerebral bodily, and socio-cultural dimensions of
enculturated arithmetical cognition. Synthese, 197(9), 3685-3720. https://doi.org/10.
1007/s11229-019-02238-1

Fabry, R., & Pantsar, M. (2021). A fresh look at research strategies in computational
cognitive science: The case of enculturated mathematical problem solving. Synthese,
198(4), 3221-3263. https://doi.org/10.1007/s11229-019-02276-9

Feigenson, L., Dehaene, S., & Spelke, E. (2004). Core systems of number. Trends in Cognitive
Sciences, 8(7), 307-314. https://doi.org/10.1016/j.tics.2004.05.002

Ferreirés, J., & Garcia-Pérez, M. J. (2020). Beyond natural geometry: On the nature of
proto-geometry. Philosophical Psychology, 33(2), 181-205. https://doi.org/10.1080/
09515089.2019.1683726

Ferreir6s, J. (2015). Mathematical knowledge and the interplay of practices. Princeton
University Press.

Frege, G. (1884). The Foundations of Arithmetic. Basil Blackwell.

Gordon, P. (2004). Numerical cognition without words: Evidence from Amazonia. Science,
306(5695), 496-499.

Hatfield, G. (2009). Perception & cognition. Oxford. Oxford University Press.

Henrich, J. (2015). The secret of our success: How culture is driving human evolution,
domesticating our species, and making us smarter. Princeton University Press.

Heyes, C. (2018). Cognitive gadgets: The cultural evolution of thinking. Harvard University
Press.

Hilbert, D. (1902). The foundations of geometry. Open court publishing Company.

Hohol, M., & Mitkowski, M. (2019). Cognitive artifacts for geometric reasoning.
Foundations of Science, 24(4), 657-680. https://doi.org/10.1007/s10699-019-09603-w

Hohol, M. (2019). Foundations of geometric cognition. Routledge.

Hupbach, A., & Nadel, L. (2005). Reorientation in a rhombic environment: No evidence for
an encapsulated geometric module. Cognitive Development, 20(2), 279-302. https://doi.
0rg/10.1016/j.cogdev.2005.04.003

Ifrah, G. (1998). The universal history of numbers: From prehistory to the invention of the
computer. The Harvill Press.

Izard, V., Pica, P., Spelke, E. S., & Dehaene, S. (2011). Flexible intuitions of Euclidean
geometry in an Amazonian indigene group. Proceedings of the National Academy of
Sciences, 108(24), 9782-9787. https://doi.org/10.1073/pnas.1016686108

Izard, V., & Spelke, E. S. (2009). Development of sensitivity to geometry in visual forms.
Human Evolution, 23(3), 213 https://www.ncbi.nlm.nih.gov/pmc/articles/PMC3045057/ .

Jones, M. (2020). Numerals and neural reuse. Synthese, 197, 3657-3681.

Krawczyk, D. C., McClelland, M. M., & Donovan, C. M. (2011). A hierarchy for relational
reasoning in the prefrontal cortex. Cortex, 47(5), 588-597. https://doi.org/10.1016/j.
cortex.2010.04.008

Lever, C., Wills, T., Cacucci, F., Burgess, N., & O’Keefe, J. (2002). Long-term plasticity in
hippocampal place-cell representation of environmental geometry. Nature, 416(6876), 90.
https://doi.org/10.1038/416090a


https://doi.org/10.1126/science.1121739
https://doi.org/10.1126/science.1121739
https://doi.org/10.1007/s11229-019-02238-1
https://doi.org/10.1007/s11229-019-02238-1
https://doi.org/10.1007/s11229-019-02276-9
https://doi.org/10.1016/j.tics.2004.05.002
https://doi.org/10.1080/09515089.2019.1683726
https://doi.org/10.1080/09515089.2019.1683726
https://doi.org/10.1007/s10699-019-09603-w
https://doi.org/10.1016/j.cogdev.2005.04.003
https://doi.org/10.1016/j.cogdev.2005.04.003
https://doi.org/10.1073/pnas.1016686108
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC3045057/
https://doi.org/10.1016/j.cortex.2010.04.008
https://doi.org/10.1016/j.cortex.2010.04.008
https://doi.org/10.1038/416090a

PHILOSOPHICAL PSYCHOLOGY e 21

Lindskog, M., Rogell, M., Gredebick, G., Kenward, B., & Marciszko, C. (2019).
Discrimination of small forms in a deviant-detection paradigm by 10-month-old
infants. Frontiers in Psychology, 10 (10), 1032. https://doi.org/10.3389/fpsyg.2019.01032

Magnani, L. (2013). Thinking through drawing: Diagram constructions as epistemic med-
iators in geometrical discovery. The Knowledge Engineering Review, 28(3), 303-326.
https://doi.org/10.1017/5026988891300026X

Magnani, L. (2021). Diagrams, conceptual space and time, and latent geometry. Axiomathes.
https://doi.org/10.1007/s10516-021-09532-z

Manders, K. (2008). The Euclidean diagram. In P. Mancosu (Ed.), The philosophy of
mathematical practice (pp. 80-133). Oxford University Press.

Menary, R. (2014). Neuronal recycling, neural plasticity and niche construction. Mind &
Language, 29(3), 286-303. https://doi.org/10.1111/mila.12051

Menary, R. (2015). Mathematical cognition: A case of enculturation. In T. Metizenger (Ed.),
Open MIND. MIND Group doi:10.25358/openscience-437.

Netz, R. (1999). The shaping of deduction in Greek mathematics. Cambridge University
Press.

Nieder A. (2016). The neuronal code for number. Nature Reviews Neuroscience,17(6), 366—
82. doi: 10.1038/nrn.2016.40.

Pantsar, M. (2014). An empirically feasible approach to the epistemology of arithmetic.
Synthese, 191(17), 4201-4229. https://doi.org/10.1007/s11229-014-0526-y

Pantsar, M. (2015). In search of aleph-Null: How infinity can be created. Synthese, 192(8),
2489-2511. https://doi.org/10.1007/s11229-015-0775-4

Pantsar, M. (2018). Early numerical cognition and mathematical processes. Theoria, 33(2),
285-304. https://doi.org/10.1387/theoria.17682

Pantsar, M. (2019). The enculturated move from proto-arithmetic to arithmetic. Frontiers in
Psychology, 10 (10) , 1454. https://doi.org/10.3389/fpsyg.2019.01454

Pantsar, M. (2020). Mathematical cognition and enculturation: Introduction to the Synthese
special issue. Synthese, 197(9), 3647-3655. https://doi.org/10.1007/s11229-019-02478-1

Pantsar, M. (2021a). Bootstrapping of integer concepts: The stronger deviant-interpretation
challenge (and how to solve it). Synthese, 1-24. https://doi.org/10.1007/s11229-021-
03046-2

Pantsar, M. (2021b). Objectivity in mathematics, without mathematical objects. Philosophia
Mathematica 29(3) , 1-35 . https://doi.org/10.1093/philmat/nkab010

Pantsar, M. (2021c). Cognitive and computational complexity: Considerations from math-
ematical problem solving. Erkenntnis, 86(4), 961-997. https://doi.org/10.1007/s10670-
019-00140-3

Pantsar, M. (2021d). Descriptive complexity, computational tractability, and the logical and
cognitive foundations of mathematics. Minds and Machines, 31(1), 75-98. https://doi.
0rg/10.1007/s11023-020-09545-4

Peano, G. (1889). The principles of arithmetic, presented by a new method. In H. Kennedy
(Ed.), Selected works of Giuseppe Peano (pp. 101-134). University of Toronto Press.

Piazza, M., Pinel, P., Le Bihan, D., & Dehaene, S. (2007). A magnitude code common to
numerosities and number symbols in human intraparietal cortex. Neuron, 53(2),
293-305. https://doi.org/10.1016/j.neuron.2006.11.022

Pica, P., Lemer, C,, Izard, V., & Dehaene, S. (2004). Exact and approximate arithmetic in an
Amazonian indigene group. Science, 306(5695), 499-503. https://doi.org/10.1126/science.
1102085

Quirk, G. J., Muller, R. U., & Kubie, J. L. (1990). The firing of hippocampal place cells in the
dark depends on the rat’s recent experience. Journal of Neuroscience, 10(6), 2008-2017.
https://doi.org/10.1523/INEUROSCI.10-06-02008.1990


https://doi.org/10.3389/fpsyg.2019.01032
https://doi.org/10.1017/S026988891300026X
https://doi.org/10.1007/s10516-021-09532-z
https://doi.org/10.1111/mila.12051
https://doi.org/10.25358/openscience-437
https://doi.org/10.1038/nrn.2016.40
https://doi.org/10.1007/s11229-014-0526-y
https://doi.org/10.1007/s11229-015-0775-4
https://doi.org/10.1387/theoria.17682
https://doi.org/10.3389/fpsyg.2019.01454
https://doi.org/10.1007/s11229-019-02478-1
https://doi.org/10.1007/s11229-021-03046-2
https://doi.org/10.1007/s11229-021-03046-2
https://doi.org/10.1093/philmat/nkab010
https://doi.org/10.1007/s10670-019-00140-3
https://doi.org/10.1007/s10670-019-00140-3
https://doi.org/10.1007/s11023-020-09545-4
https://doi.org/10.1007/s11023-020-09545-4
https://doi.org/10.1016/j.neuron.2006.11.022
https://doi.org/10.1126/science.1102085
https://doi.org/10.1126/science.1102085
https://doi.org/10.1523/JNEUROSCI.10-06-02008.1990

22 (&) M.PANTSAR

Robson, E., & Stedall, J. (Eds.). (2009). Oxford handbook of the history of mathematics.
Oxford University Press.

Russell, B. (1903). Principles of Mathematics. Norton.

Sack, A. T. (2009). Parietal cortex and spatial cognition. Behavioural Brain Research, 202(2),
153-161. https://doi.org/10.1016/j.bbr.2009.03.012

Spelke, E. S., & Lee, S. A. (2012). Core systems of geometry in animal minds. Philosophical
Transactions of the Royal Society B: Biological Sciences, 367(1603), 2784-2793. https://doi.
org/10.1098/rstb.2012.0210

Spelke, E. S. (2011). Natural number and natural geometry. In Dehaene & Brannon (Ed.),
Space, time and number in the brain (pp. 287-318). Academic Press.

Spelke, E., Lee, S. A., & Izard, V. (2010). Beyond core knowledge: Natural geometry.
Cognitive Science, 34(5), 863-884. https://doi.org/10.1111/j.1551-6709.2010.01110.x

Starkey, P., & Cooper, R. G. (1980). Perception of numbers by human infants. Science, 210
(4473), 1033-1035. https://doi.org/10.1126/science.7434014

Tomasello, M. (1999). The cultural origins of human cognition. Harvard University Press.

vanMarle, K., Chu, F. W., Mou, Y., Seok, J. H., Rouder, J., & Geary, D. C. (2018). Attaching
meaning to the number words: Contributions of the object tracking and approximate
number systems. Developmental science, 21(1), 1-17.

Watson, C. E., & Chatterjee, A. (2012). A bilateral frontoparietal network underlies visuos-
patial analogical reasoning. Neuroimage, 59(3), 2831-2838. https://doi.org/10.1016/j.neu
roimage.2011.09.030

Wynn, K. (1992). Addition and subtraction by human infants. Nature, 358(6389), 749-751.
https://doi.org/10.1038/358749a0

Wrystrach, A., & Beugnon, G. (2009). Ants learn geometry and features. Current Biology, 19
(1), 61-66. https://doi.org/10.1016/j.cub.2008.11.054


https://doi.org/10.1016/j.bbr.2009.03.012
https://doi.org/10.1098/rstb.2012.0210
https://doi.org/10.1098/rstb.2012.0210
https://doi.org/10.1111/j.1551-6709.2010.01110.x
https://doi.org/10.1126/science.7434014
https://doi.org/10.1016/j.neuroimage.2011.09.030
https://doi.org/10.1016/j.neuroimage.2011.09.030
https://doi.org/10.1038/358749a0
https://doi.org/10.1016/j.cub.2008.11.054

	Abstract
	1. Introduction
	2. Core cognition and mathematics
	3. “Natural geometry” and “proto-geometry”
	4. Could Euclidean geometry still be “natural geometry”?
	5. Reconciling the two approaches: Culturally determined “natural” geometry
	6. A way forward
	Notes
	Acknowledgments
	Disclosure statement
	Funding
	Notes on contributor
	ORCID
	References

